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Abstract. The Mittag—Leffler process X = (X;);>0 is introduced. This Markov
process has the property that its marginal random variables X; are Mittag—Leffler
distributed with parameter e™*, ¢ € [0,00), and the semigroup (7});>0 of X sat-

isfies T} f () = E(f(z¢ ' X,)) for all # > 0 and all bounded measurable functions
f :[0,00) — R. Further characteristics of the process X are derived, for example
an explicit formula for the joint moments of its finite-dimensional distributions.
The Mittag—Lefller process turns out to be Siegmund dual to Neveu’s continuous-
state branching process. The main result states that the block counting process of
the Bolthausen—Sznitman n-coalescent, properly scaled, converges in the Skorohod
topology to the Mittag—Leffler process X as the sample size n tends to infinity. We
provide an equivalent version of this convergence result involving stable distribu-
tions.

1. Introduction and main results

Exchangeable coalescent processes with multiple collisions are Markov processes
with state space P, the set of partitions of N := {1,2,...}. During each transition
blocks merge together to form a single block. These processes are characterized by
a measure A on the unit interval [0, 1]. For more information on these processes we
refer the reader to Pitman (1999) and Sagitov (1999). The Bolthausen—Sznitman
coalescent (Bolthausen and Sznitman (1998)) is the particular A-coalescent IT =
(IL;)¢>0 with A being the uniform distribution on [0, 1]. In this article we focus on
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the process 1™ = (H§"))t20 of the Bolthausen—Sznitman coalescent 1I restricted
to a sample of size n € N. We are in particular interested in the process N(") :=
(Nt(n))tzo, where Nt(n) denotes the number of blocks of H§”). The process N is
called the block counting process of the Bolthausen—Sznitman n-coalescent. It is
well known that N is a time-homogenecous Markov chain with generator Q =
(qij)lfi,jfn having entries qij = Z/((’L —j)(l -7+ 1)) if 4 > 7, qij = 1—iifq =7
and ¢;; =0if ¢ < j. For n € N and ¢ € [0, 00) define

N

x™ = .
t ne—t

(1.1)

We call X(") .= (Xt(n))tzo the scaled block counting process of the Bolthausen—
Sznitman n-coalescent. Similar power law scalings of the form n® occur for example
when studying the number of occupied boxes of certain urn models with infinitely
many boxes. For more details we refer the reader to Section 10 of the survey of
Gnedin et al. (2007). The scaling n° * in (1.1) is somewhat unusual since it in-
volves not only the parameter n but also the time parameter ¢t. Clearly, X (™ is a
Markov process with state space E := [0,00), however, since the scaling depends
on t, X(™ is time-inhomogeneous. Our main result (Theorem 1.1 below) provides
a distributional limiting result for X (™) as the sample size n tends to infinity. The
arising limiting Markov process X = (X;):;>0 we call the Mittag—Leffler process,
since the marginal random variable X; turns out to be Mittag—Leffler distributed
with parameter e~f. Note that the distribution of X; is uniquely determined by
its entire moments E(X/™) = m!/T'(1 + me~*), m € Ny := {0,1,2,...}. For de-
tailed information on the Mittag—Lefller distribution and on the process X we refer
the reader to Section 2, where the existence of X is established and fundamental
properties of this process are derived. In order to wipe out possible confusion with
processes in the literature having similar names we mention that the process X
has nothing in common with the autoregressive Mittag—Leffler process studied for
example by Jayakumar (2003) and Jayakumar and Pillai (1993). These processes
are based on the (heavy-tailed) Mittag—Leffler distribution of the first type (see, for
example, Mainardi and Gorenflo (2000) and Pillai (1990) for some related works),
whereas the Mittag—Leffler distributed random variable X; is of the second type
and has finite moments of all orders. Let us now present our main convergence
result.

Theorem 1.1. For the Bolthausen—Sznitman coalescent the scaled block counting
process X(™ = (Xt(n))tzo defined via (1.1) converges in Dg|0,00) asn — oo to the
Mittag—Leffler process X = (X¢)¢>0 introduced in Section 2.

Remark 1.2. 1. The proof of Theorem 1.1 is provided in Section 4. For an equivalent
formulation of Theorem 1.1 involving a-stable distributions we refer the reader to
Theorem 2.6.

2. Theorem 1.1 can be also stated logarithmically as follows. The process
(log Nt(n) —e~tlogn)>o converges in Dg[0, 00) to the process (log X¢)¢>0 asn — 0o.
Neither X nor (log X:):>0 is a Lévy process. Note that the logarithmic block
counting process (log Nt(n))tzo plays an important role in the problem of whether

a coalescent process comes down from infinity, see, for example, Section 4 of Limic
(2012).
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3. Note that X (™) is time-inhomogeneous whereas the limiting process X is time-
homogeneous. Thus, Theorem 1.1 in particular states that X (™ is asymptotically
time-homogeneous.

The article is organized as follows. Section 2 is devoted to the Mittag—Leffler
process X. We prove the existence of this process and derive fundamental proper-
ties of X, among them representations for the semigroup of X (see (2.6)) and an
explicit formula for the joint moments (see Lemma 2.2) of the finite-dimensional
distributions of X. We also discuss the Siegmund dual of the process X, which
turns out to be Neveu’s continuous-state branching process, leading to an equiva-
lent formulation of Theorem 1.1 stated in Theorem 2.6. In Section 3 we provide
some fundamental formulas (see Lemma 3.1 and Lemma 3.2) for certain moments
of the block counting process N (™) of the Bolthausen-Sznitman n-coalescent. These
results rely on the spectral decomposition (Mohle and Pitters (2014)) of the gener-
ator of the block counting process. Lemma 3.1 in particular shows that Nt(") has
mean

I'(n+et)
P(n)I'(1+4e7?)

For large n (1.2) is asymptotically equal to n® (I'(14e~%))~t = n® "E(X;), which
indicates that n¢ " is the appropriate scaling in order to obtain a non-degenerate
limiting process for the scaled block counting process as n tends to infinity. In
the final Section 4 this argument is made rigorous leading to a proof of Theorem
1.1. First the convergence of the finite-dimensional distributions is verified and
afterwards the convergence in Dg[0, 00) is established.

Recently Baur and Bertoin (2015) independently obtained closely related results
on essentially the same topic via fragmentation of recursive trees.

We leave it open for future work to establish convergence results in analogy to
Theorem 1.1 for the block counting process N of more general coalescent pro-
cesses (that do not come down from infinity), for example for the 8(a, b)-coalescent
with @ > 1 (and b > 0).

E(N™) = neN,te[0,00). (1.2)

2. The Mittag—Leffler process

Before we come to the Mittag—Leffler process let us briefly mention some well
known results concerning the Mittag—Leffler distribution. Let n = n(a) be a random
variable being Mittag-Leffler distributed with parameter « € [0,1]. Note that n
has moments
I'(1+m)
En™) = —+=
(n™) T T ma)’

and that the entire moments E(n™), m € Ny, uniquely determine the distribution
of . Clearly, n is standard exponentially distributed for & = 0 and P(n = 1) =1
for a = 1.

If a, — «, then the moments of n(a,,) converge to those of n(«), which implies
the convergence 7(,) — n(«) in distribution as n — oo. Thus, the map o — P, ()
is a continuous function from [0, 1] to the space P(E) of probability measures on
E :=10,00) equipped with the topology of convergence in distribution.

For a € (0,1) the Mittag—Leffler distribution can be characterized in terms of
an exponential integral of a particular subordinator as follows. Let S = (S¢)i>0

m € [0,00),
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be a drift-free subordinator with killing rate k := 1/T'(1 — «) and Lévy measure o
having density

1 e—u/a
0 2.1
v I'(1—a)(l—e uw/a)atl’ u € (0,00), (2.1)

with respect to Lebesgue measure on (0, 00). It is readily checked (see Lemma 5.1
in the appendix) that S has Laplace exponent

I'(1+ ax)

P = =" 0 . 2.2
@) = fiata "€ (22)
The distribution of the exponential integral I := fooo e~Stdt is uniquely determined

(see Carmona et al. (1997)) via its entire moments

I'(l+ja) - T(1+ma)’

BU™) = Sregm] mH DG —Va) _ TUEm™ oy

Thus, I is Mittag—Lefller distributed with parameter a.

2.1. Emistence of the Mittag—Leffler process. In this subsection we prove the exis-
tence of a particular Markov process X = (X;);>0 having sample paths in Dg[0, c0)
such that every X; is Mittag-Leffler distributed with parameter e~*. Constructing
Markov processes with given marginal distributions has attained some interest in
the literature, mainly in the context of (semi)martingales. We exemplary refer the
reader to Madan and Yor (2002) and the references therein. Note however, that
the process X we are going to construct will be neither a supermartingale nor a
submartingale.

For ¢ € [0,00) let n; be a random variable being Mittag—Leffler distributed with
parameter e~ *. Define p : [0,00) x E x B(E) — [0,1] via

p(t,z,B) = E(lp(z® 'n)) = P n € B). (2.3)

The definition of p is such that for all (¢, z) € [0, 00) x E the random variable z¢ 1,
has distribution p(¢,x,.). In particular, p(¢, x,.) has moments

—t F(]. + m)

T(1+met)’ €[0,00), (24)

/ymp(t,x,dy) = E((=" 'm)™) = 2™
E

and the entire moments || pY"p(t,x,dy), m € Ny, uniquely determine the distribu-
tion p(t, z,.). In order to verify the Chapman—Kolmogorov property

p(s+t,z,B) = / p(s,y, B)p(t,z,dy), s,t€0,00),x € E,B¢€ B(E), (2.5)
B

fix s,t € [0,00) and « € E. For all B € B(E) define p1(B) := p(s + ¢, 2z, B) and
p2(B) == [ p(s,y,B)p(t,x,dy). Clearly, u1 and ps are probability measures on
E. By (2.4), 1 has moments

m _ m e L(1+m)
/EZ pa(dz) = /EZ p(s+tz,dz) = z I‘(l—l—m—e—(sﬂ))’ m € Ny,
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and these moments uniquely determine p;. By Fubini’s theorem and (2.4), uo has

moments
/zm,ug(dz) = /zm/p(s,y,dz)p(t,sc,dy)
E E E

/E </Ezmp(svy’d2)) p(t,z, dy)

- T'(1+m)
_ me
- /Ey F(1+me*5) p(t,.’l},dy)

F(l + m) —s
N me t d
F(1+me_s)/Ey p(t, x,dy)
_ F(l +m) mmefseft F(l +me—s)
T4 me) I'(1 4+ me—%e™t)

xme*(er” F(l + m)
['(1+ me(st1))’

and these moments uniquely determine po. Since the moments of pqy and ps co-
incide, it follows that p; = pe and the Chapman-Kolmogorov property (2.5) is
established. Thus, the family (7})¢>0 of linear operators T, defined via

T,f(x) = /E F@)p(t,x,dy) = E(f(@® 'n)), t € [0,00), f € B(E),z € E, (2.6)

defines a semigroup on B(FE), the set of bounded measurable functions f : E — R
equipped with the supremum norm || f|| := sup,cg|f(x)|. Note that (2.6) is also
well defined for some unbounded functions, for example for all polynomials f : £ —
R. The semigroup (T});>0 on B(F) is clearly conservative, since T;1 =1 for all ¢ €
0, 00). We have |73 /| = sup, e [E(f (2 1))| < sup,cp E(F (@ m)]) < |If] for
all t € [0,00) and all f € B(E). Thus, ||T]] <1 for all t € [0, 00), so the semigroup
(T:)e>0 is contracting. Moreover, (T3);>0 is obviously positive meaning that each
operator T; maps nonnegative functions (in B(E)) to nonnegative functions.

Let C(E) C B(E) denote the Banach space of continuous functions f : E — R
vanishing at infinity. Using the dominated convergence theorem it is easily seen
(see Lemma 5.3 in the appendix) that T,C(E) C C(E) for all ¢t € [0,00). With
some more effort (see again Lemma 5.3) it can be shown by exploiting the theorem
of Heine that, for all f € é(E), Tif(x) = f(x) as t — 0 uniformly for all z € E.
Therefore, (T3):>0 is strongly continuous on é(E), thus a Feller semigroup on
C(E). Hence (see, for example, Ethier and Kurtz (1986, p. 169, Theorem 2.7))
there exists a Markov process X = (X;)¢>o corresponding to (T3);>¢ with initial
distribution P(Xy = 1) = 1 and sample paths in the space Dg[0,00) of right
continuous functions z : [0,00) — E with left limits equipped with the Skorohod
topology. Note that E(f(Xs4¢) | Xu,u < s) = Ty f(Xs) for all f € B(E) and all
s,t € [0,00) and that

P(Xeyt € Bl Xy,u <s) = p(t, Xs, B), s,t € [0,00), B € B(E).

From E(f(X)) = E(f(Xy)| Xo =1) = To f(1) = E(f(m:)), f € B(E), t € [0,00), we
conclude that X; has the same distribution as 7, so X; is Mittag—Leffler distributed
with parameter e~t. We therefore call X the Mittag—Leffler process.
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Clearly, X; — X in distribution as t — oo, where X, is standard exponentially
distributed. Thus, the stationary distribution of X is the standard exponential
distribution.

Remark 2.1. The Chapman—Kolmogorov property holds whenever the random vari-
able 7, introduced at the beginning of the construction in this subsection has mo-
ments of the form E(n[*) = h(m)/h(me™") for some given function h : [0,00) —
(0,00) and if these moments uniquely determine the distribution of 7;. We have
carried out the construction for h(z) := T'(1 + z) leading to the Mittag—Leffler
process.

More generally, one may use other functions h, for example h(z) := I'(ax +b) for
some constants a,b € (0,00), leading to a construction of a wider class of Markov
processes X = (X¢);>0. In this case X; has moments E(X[") = h(m)/h(me™") =
['(am +b)/T(ame™t +b), m € [0,00). Letting t — oo it follows that the stationary
distribution of X has moments h(m)/h(0) = I'(am + b)/T'(b), m € Ny, and, hence,
density 2 — (al'(b))~at/a=1e==""" 2 € (0, 00), with respect to Lebesgue measure
on (0, c0).

A further simple example is h(z) := a” for some constant a € (0, 00), leading to
the deterministic process X = (X;)i>0 with X; = at=¢"" for all t € [0, 00).

2.2. Further properties of the Mittag—Leffler process. In this subsection we derive
some further properties of the Mittag—Leffler process X. The following lemma
provides a formula for the moments of the finite-dimensional distributions of X.

Lemma 2.2 (Moments of the finite-dimensional distributions of X). Let k € N,
0=t) <t1 <ty <-- <tg and my,...,my € [0,00). For j € {0,...,k} define
zji=ux;(k) = Zf:j-‘rl mge~ 4=t Note that 2, = 0 and x¢ = Zle mie~'i. Then

k
L(1+z; +mj)
E(X™ ... X)) = L L 2.7
( t1 tr ) E F(l‘f’x‘]fl) ( )
and the entire moments E(X'" - X['*), mq,...,my € No, uniquely determine

the distribution of (X4, ..., Xz,). In particular, E(X™) =T(1+m)/T(1 + me™"),
m € Ng, t € [0,00), and, hence, E(X;) = 1/T(1 + e~ ) and Var(X;) = E(X?) —
(E(Xy))?=2/T(1+2e7") —1/(T(1 +e71))%, t €]0,00).

Proof: Induction on k. Clearly, (2.7) holds for k = 1, since X;, is Mittag—Leffler
distributed with parameter e~%*. The induction step from k — 1 to k works as
follows. We have

E(X7" - X)) = E(EX - X0 Xy, X))
= B X RGN [ X, )
Define fi,(x) := 2™ for convenience. Using the formula (2.6) for the semigroup

operator Ty, the last conditional expectation is given by

L1+ myg) mpe” (tk—tk—1)

]E(ngk |th71) = (Ttk—tk—lfmk)(th—l) = F(l_'_mke—(tk—tk,l)) tk—1
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We therefore obtain
E(X[ - XP)

F(1+mk) mi ME_2 vme_14+mpe” Tk Tth—1)
B F(l"‘mke_(tk_tk—l))E(th XD X
(14 xp +my) 5 o
= TR TR R, et
1—\(1_"_1‘]{:71) ( t1 te—1 )7
where m; = m; for 1 < j < k — 2 and mg_; := mg_1 + mype”x"t-1) By
induction,
e 7 DA +y; +my)
]E Xm1 . k— 1 I S R v ,
o < IS
where y; 1= Zk_]l_H mie~ =) for all § € {0, — 1}. The result follows since,
for1 <j<k-—2,
Yy, = Z mie” G4 4 (my_y 4+ mye” Bty e (B =)
i=j+1
k
= Z mie_(t"_tf) = xy
i=j+1
and yr_1 = 0 and, hence, yp_1 + Mp_1 = Mp_1 = mpe 1) Ly | =
Th—1 + Mp—1. U

Remark 2.3. The mean E(X;) = 1/T(14e~") is increasing for ¢ < t¢ and decreasing
for t > to, where to & 0.772987 is the unique solution of the equation ¥(1+e~ %) =0
and ¥ := IV/T" denotes the logarithmic derivative of the gamma function. The
process X has therefore neither non-increasing paths nor non-decreasing paths. In
particular, we are not in the context of Haas and Miermont (2011), where essentially
all considered processes have non-increasing paths.

Corollary 2.4. The Mittag-Leffler process X = (X{)i>o0 is continuous in probabil-
ity, i.e. Xs — Xy in probability as s — t for every t € [0,00).

Proof: By Lemma 2.2, for all s,t € [0, 00),

2 I'(3) I'(3) _ 2
B(XJ) = (1 + 2e3) - D(1+2et) E(X), s,
and
B(X.X,) = L@t LG N 1 C =S O )

IF'l+es+et)T(1+elt=sl) I'(1+2e?)

It follows that E((Xs — X;)?) = E(X2) — 2E(XX;) + E(X?) — 0 as s — t. Thus,
for all e > 0, P(|1 X5 — X¢| > ¢) <E((Xs — X¢)?)/e2 — 0 as s — t. O

Remark 2.5. Note that (the Mittag—Leffler distributed random variable) X; is not
infinitely divisible. Moreover, X does not have independent increments. In par-
ticular, X is not a Lévy process. The process (log X;);>0 is as well not a Lévy
process, since this process does not have independent increments either. This can
be also seen as follows. The Fourier transform ¢;(z) := E(ei* 18 Xt) = E(X}*) =
I'(1+iz)/T(1 +ize™t), x € R, of log X; is not the t-th power of ¢;(z).
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We leave a possible construction of the Mittag—Leffler process via Lévy processes
or subordinators, for example as a random time change and/or by taking the ab-
solute value of a certain Lévy process, for future work. For related functionals of
this type (local time processes, Bessel-type processes) we refer the reader to James
(2010) and the references therein.

We finally provide in this subsection some information on the generator A of
the Mittag—Leffler process X, but we will not use the generator A in our further
considerations. Suppose that f € B(E) is infinitely often differentiable and that f
satisfies f(y) = Yoo o(f¥) (2)/k!)(y — x)* for all 2,y € E. Then

T, f(z) — f(=) = f O (@) E((af e — 2)F)
z) _ ,;1 o N .

t t
Let ¥ :=T"/I" denote the logarithmic derivative of the gamma function. Since
¢ 2¥(2) —zlogz for k=1,

E((z¢ m —2)")
for k € N\ {1}, (28)

ar(z) = lim = (—x)k
t\.0 t
k—1

the generator A of X satisfies

© £(k) (4
Af(z) = Zf ( )ak(x)

k!
k=1

with ag(z) defined via (2.8). Since f(zy) = S pe o (f® (z)/k)(—2)k(1 — y)* it
follows that

Af@) = aa)f (o) + [ EIHHEEC I g,
The substitution h = x(1 — y) yields
Af(z) = ai(z)f'(z) + x/o“” flz—h) - igx) +hf'()

2.3. Duality to Neveu’s continuous state branching process. For every t € [0, 00) and
y € E the map ¢ — P(Xs4 < y|Xs =2) = E(l[()’y](xeﬂnt)) =P(z¢ " <) is
non-increasing in « € F, i.e. X is stochastically monotone. Via duality (Siegmund
(1976)) it follows that there exists a Markov process Y = (¥;);>o with state space
E =[0,00), which is dual to X with respect to the duality function H : E? — {0,1}
defined via H(z,y) := 1 if 2 < y and H(z,y) := 0 otherwise. Note that ¥ has
transition mechanism P(Y; > z|Yy = y) = P(X; < y| Xo = 2) = P(z® ‘5 < y),
t € 0,00), z,y € E. The semigroup (S;);>0 of Y is hence given by

Sig(y) = E(gy® /n¢)) = E(g(y“'&)),  te0,00),9€ B(E),yecE, (29)

where o := et and & := n;et = nt_l/a. It is well known (see, for example,
Feller (1971, p. 453)) that & is a-stable with Laplace transform A — E(e™*¢t) =
e ", X\ € [0,00). Choosing g(y) := e ™, y € E, in (2.9) it follows that Y,
conditional on Yy = y, has Laplace transform E(e™*Yt|Yy = y) = Sig(y) =
E(g(y¢'&)) = E(e‘AyEtgf) = 0w = e ¥ X € [0,00). Thus, we identify
Y as the continuous-state branching process (CSBP) of Neveu (1992) with Lam-
perti branching mechanism (see, for example, Bertoin and Le Gall (2000, Section
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3)) u — ulogu. In summary we have just verified that Neveu’s CSBP is the
Siegmund dual of the Mittag Leffler process. Note that, for all m < a = e7¢,
E(Y™ | Yy = y) = y™'E(E™) = y™'T'(1 — me')/T(1 — m). On the state space
[0, 00] (including the point co) Y; converges in distribution as ¢ — oo to a random
variable Y, satisfying P(Yoo = 0| Yy =y) =e Y and P(Yo = 00| Yy = y) = 1—e V.

Alternatively one may derive this duality result via Mohle (2013, Proposition 2.2)
as follows. The set C; of all non-negative, non-increasing, left-continuous functions
f: E — R satisfying f(0) = 1 and lim,_, f(z) = 0 is a cone of X. Moreover,
each f € C7 has a unique integral representation over E with respect to H, namely
f(x) = [, H(z,y) Q¢(dy), € E, where the probability measure Q¢ on (E, B(E))
is (uniquely) defined via Q¢([z,00)) := f(z), € E. Thus, Proposition 2.2 of
Mohle (2013) is applicable, which yields the existence of the desired dual Markov
process Y.

If n is Mittag—Leffler distributed with parameter « € (0, 1], then (recall Feller
(1971, p. 453)) &€ := =Y/ is a-stable with Laplace transform A\ — E(e™*¢) =
e=", X € [0,00). This observation leads to the following equivalent formulation of
Theorem 1.1.

Theorem 2.6. For the Bolthausen—Sznitman coalescent, the stochastic process
AQEES (Zt(n))tzo, defined via Zt(n) = (Xt(n))_et = n/(Nt(n))et for alln € N and
t € [0,00), converges in Dg[0,00) as n — oo to the time-inhomogeneous process
Z = (Zy)1>0 with initial distribution P(Zy = 1) =1 and defined via Z; := X{et for
all t € [0,00).

Theorem 2.6 follows from Theorem 1.1 by applying the continuous mapping
theorem to the sequence of processes X (") = (Xt(n))tzo, n € N, and the continuous
map h : Dgoe)[0,00) = Dg[0,00), defined via h(z) := (x[et)tzo for all z =
(#4)1>0 € D(0,00)[0,00).

For every t € [0, 00) the random variable Z; has the same distribution as & and

is hence a-stable with Laplace transform \ + E(e™*%t) = e=*" | A € [0, 00), where

a:=et.

3. Moment calculations

In this section we provide formulas for certain moments of the block counting
process N (™ = (Nt(n))tzo of the Bolthausen—Sznitman n-coalescent. In the follow-
ing we use for x € (0,00) and m € [0,00) the notation [z],, := I'(z + m)/T'(z).
Note that for m € Ny the symbol [z}, = z(x +1)---(z +m — 1) coincides with
the ascending factorial. The following lemma provides an explicit formula for the
expectation of [N\™],,..

Lemma 3.1. Fizn € N and t € [0,00). For the Bolthausen—Sznitman coalescent

the random variable Nt(n) satisfies for all m € [0, 00)

n—1 . —t
n 7+ me
BN ) = Tn+1) []=——
j=1

F<m+1)(n—1+m6_t> B FF(m+1)

n1 ) = T tmenlhme
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In particular,

n Tritet n—1+et
B(V") = = - (

- 1 in] B [(n+et)
T Tre )T T Tm)TA + e

n—1 . _ 2
jt+2et —|— 2e~ j4et
Var(N{™) = 2 | | | | ( : ) .
- =t

Proof: Fixn € N and t € [0,00). The formula obviously holds for m = 0. Thus,

n

we can assume that m € (0,00). Clearly, E([Nt(")]m) = D j=1]lmpn;(t), where

Pnj(t) = ]P’(Nt(n) = 7). In the following s(.,.) and S(.,.) denote the Stirling numbers
of the first and second kind respectively. Plugging in

n

poit) = (-1 L ST st S . )
k=j

and

(see Mohle and Pitters (2014, Corollary 1.3), Equation (1.3), corrected by an obvi-
ously missing sign factor (—1)¥*7) it follows that

T'(j) i =Dt g(n 1)S(k, j)

k=3

(n) _ 9 (_q1ynti
BN ) = 3l (1" 5y

n k
= LS st e ) YT + m) (<178 (k).
Since T(j + m)(=1)7 = T(m) ml;(~1)7 = T(m)(—m)(—m — 1)+ (=m — j +1) =
I'(m)(—m);, where (z); = x(x —1)---(x — j + 1), the last sum simplifies to
3251 DG +m)(=1)78 (ks j) = T(m) 325, (=m);S(k, ) = D(m)(=m)*. Thus,

E(N]) = et s(n k) (e )T (m) (—m)*

n—1 '—|—me_t
= e'fme "], = I'(m+1) H %

n—1+me* 7F(m+1)
= F(m+1)( n—1 ) = m[n]mrt

Choosing m = 1 the formula for the mean of Nt(n) follows immediately. The
formula for the variance of N\™ follows from Var(N™) = E([N{"],) — E(N\") —
(E(N{™))2. O

The following result (Lemma 3.2) is a generalization of Lemma 3.1. It will turn
out to be quite useful later in order to verify the main convergence result (Theorem
1.1).
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Lemma 3.2. Let k € N, 0 =ty < t] <ty < -+ <ty and my,...,my € [0,00).
For j € {0,...,k} define zj := z;(k) := Zf:j_H mge~ ) Note that 0 = z, <
Tp—1 <SS 7 <20 = Z§:1 mie~t. Then

k k
E(H[Nt(]ﬁ) +xj]mj> = [n]a, Hw (3.1)

P i T+a)

Proof: Induction on k. For k = 1 the assertion holds by Lemma 3.1. The induction
step from k — 1 to k (> 2) works as follows. We have
(n)
o)

(HN(H)H% ) E(E(ﬁ[]\ft(j)mj]
= B TIN + oo B |52, 82

=1
j=1

since ¢, = 0. The process N = (Nt(n))tZO is time-homogeneous. Thus, for all
je{l,...,n},
E(NG e ING, = 3) = BNy, Jm)
(14 mke_(tk—tk—l))
where the last equality holds by Lemma 3.1. Thus,
(1 +my) (N

tk—l]mkef(tkftkfﬂ :

[j]mke*(tk*”k—l)?

(n) (n) y _
E([Ntk ]mk |Ntk 1) - F(1+mke—(t;€—tk71))

Plugging this into (3.2) yields

(1:[ N(" + Zi]m )

k—1
_ (1 +mg) (n) (n)
- T+ mke(t’“t""’_l))E<<J]:E_[N * Tilm, [N, 1Lnke (= te—1)

k—1
L(1+ x4+ my) ( (n) )
1—\(1 +xk71) jl;[l[ t; y]] J

where y; := x5 and ;= m; for 0 < j < k-2, yp—1 :=0and mp_1 := mp_1+Tp—_1.
By induction,

k—1 - _
T(1+y; +my T(1+x; +my)
E N 1. T\ Ty T y) J _ J J
(H[ t; +3/J]m1> U T(1+y,_1) U F(l1+xj_q)
=1 = =
and (3.1) follows immediately, which completes the induction. O

4. Proof of Theorem 1.1

(n)

The o-algebra generated by X, coincides with the o-algebra generated by

Nt(n). Thus, the Markov property of the block counting process N(™ carries over
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to the scaled block counting process X (™). Note however that the process X ™ is
time-inhomogeneous whereas N(™) is time-homogeneous.

As a warming up we first verify the convergence of the finite-dimensional dis-
tributions. Afterwards we turn to the convergence in Dg[0,00). Since the proof
of the convergence of the one-dimensional distributions turns out to be less techni-
cal, we start with a consideration of the one-dimensional distributions. Note that
the convergence of the one-dimensional distributions has already been obtained by
Pitman (2006), Theorem 5.19 in combination with Theorem 3.8.

Step 1. (Convergence of the one-dimensional distributions) Recall that S(.,.)
denote the Stirling numbers of the second kind. Fix ¢t € [0,00). Applying the
formula

m

™ = Z(—l)m_iS(m,i)[x]i, m € Ny, (4.1)
=0
it follows that
m (n)
B(X()™) = BN = S-S Om ) R

=0

n € N, m € Ng. By Lemma 3.1, E([N™];) = (T(i + 1)/T(1 + ie™*))[n];e-r =
E(X})[n]je-, leading to

E(X™)™) = i(—l)m_iS(m,i)E(Xz)El] - n e N,m € Ny.

Letting n — oo shows that lim,, ]E((Xt(n))m) = E(X[") for all m € Ny. This
convergence of moments implies (see, for example, Billingsley (1995, Theorems
30.1 and 30.2)) the convergence Xt(n) — X, in distribution as n — oo. Thus, the
convergence of the one-dimensional distributions holds.

Step 2. (Convergence of the finite-dimensional distributions) Let us now turn to

the convergence of the k-dimensional distributions, £k € N. Fix 0 =tg < t; < ta <
- <t < oo and my,...,my € [0,00). For j € {0,...,k} define z; := x;(k) :=

Zf:ﬂ_l mie~(ti—t)  Note that z; = 0 and that xy = Zle m;e t. We have

n 4 L J (n)
I1 X,E,MQ) H = — [TV 4™
j—1< ne j=1 nm’e ne o
Applying (4.1) it follows that
Tl \™ L (% )
(th +— ) = 11 (Z( )™ 7% S (my,4;)[N, +xj]“>
j=1 n J=1 “i;=
k
1 _ n
= nTo Z (H(_Dmg ZJS(mJ,Z])> (H[Nt( )+-T]]1J>
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Taking expectation yields

E( f[ (Xt(j) + =5 )m)
= Z (ﬁ(l)mjijS(mj,ij)) T;)E(li[]vt(f) +xj}ij).(4.2)

i1<mi,..,ig<mg ~j=1

By Lemma 3.2, the last expectation is O(nzé‘c:l ifeitj) and

k k
E(E[th + Zjlm;) = [n}xoj|=|1m+—xj_l) = [l B(X - X[,

where the last equality holds by Eq. (2.7) from Lemma 2.2. Thus, letting n — oo
in (4.2) yields

k mj
lim E(H (Xt(j”) + ”5]> ) = E(X™ - X), (4.3)
ne

n— 00
Jj=1

In order to get rid of the disturbing fractions mj/neft" on the left hand side in (4.3)
one may use the binomial formula

' m; mj , ] mj—l;
x4 2 ) = <m3>( IJ) XM
< t; ne tj l_,z_:o lj ne ( t; )

and conclude from (4.3) by induction on m :=mj + - -- + my, € Ny that

Tim E((X(0)™ - (XG0 = B XP%), ma,e.,me € Noo (44)

This convergence of moments implies (see, for example, Billingsley (1995, Problems
30.5 and 30.6)) the convergence (Xt(ln), . 7Xt(:)) — (X4,,...,X¢,) in distribution
as n — 0o. Thus, the convergence of the finite-dimensional distributions holds.

Step 3. (Preparing the proof of the convergence in Dg[0,00)) Let M(E) denote

the set of all measurable functions f : E — R. Define E,(s) := {j/n® " :j €
{1,...,n}} for all n € N and all s € [0,0) and

T f(a) = E(F(XT) | XM =2), neN,stel0,00),feME)xeE,s).
Note that (T(

X ™) Let us verify that, for all s,t € [0,00), all polynomials p : E — R and all
compact sets K C F,

lim  sup  |TUVp(x) — Tip(x)| = 0. (4.5)
N0 we B, (s)NK

3))8’,520 is the semigroup of the time-inhomogeneous Markov process

For m € Ny let p,,, : E — R denote the m-th monomial defined via p,,(z) := ™,
x € E. Fix s,t € [0,00) and a compact set K C E. For n € N, m € Ny and
x € E,(s) we have

TWpp(x) = E(XT)™| XM =)

E(NS)™ NS =ane ") B(NE™ )ym)

nme*(b”rt) nme*(*g**)

b



48 Martin Mohle

where the last equality holds since the block counting process N (™ = (Nt(n))tzo is
time-homogeneous. By (4.1) and Lemma 3.1 it follows that

—s

m (zn® )
Tpn(e) = ()5 (m, ) W)
1=0
S m—1 . 7 xne_s et
= S (s, (G e
1=0 n

Since Tipm () = E(pm(z¢ X)) = E(X™)z™ " it follows that

T(t pm( ) Ttpm(x)

Sl

[ Jmes ) +m ym=iS(m z)E(XZ)i[ it

n'yne*(s"’t) nme (s+1)
i=0

It is straightforward to check that this expression converges uniformly for all x €
E,(s)N K (even uniformly for all z in any compact subset of E) to zero as n — oo.
Therefore, (4.5) holds for every monomial p := p,,, m € Ny, and, by linearity, for
all polynomials p : £ — R.

Step 4. (Convergence in Dg[0,00)) According to a time-inhomogeneous variant
of Ethier and Kurtz (1986, p. 167, Theorem 2.5) it suffices to verify that for all

s,t €[0,00) and all f € C(E),

lim  sup [T f(z) - Tif(z)] = 0. (4.6)

N0 pe B, (s)

Fix s,t € [0,00) and f € C(E) Without loss of generality we may assume that
Ifl > 0. Let e > 0. Since f € C(E) and T,f € C(E), there exists a constant
xo = zo(e) > 1 such that |f(x)| < e and |T; f(x)| < € for all z > x¢. Moreover, since
P(Xort < 20| Xs = ) = Tyl me)(z) = P(2® Xy < 1) = P(Xy < /2 ) —
P(X; <0) =0 as  — oo, we can choose a real constant L = L(e) > xq sufficiently
large such that P(Xs4; < zo | Xs =) < /| f]| for all z > L. For all n € N and all
x € E,(s) we have

™ f(2)] < B(AXD) XD = )
E(F XD x5y | X = 2) + BUFXN T e <y 1 X = 2)
< et FIPXE, S | XM =2).

By Step 2, the convergence of the two-dimensional distributions holds. In partic-
ular, for every x > 1, ]P’(Xéi)t < 20| X = |2n"|/n¢ ") converges to P(X, s <
x| Xs = x) as n — oo pointwise for all © > 1. Since the map x — P(Xs4+ <
20| Xy = ) = Tliga0)(2) = E(lpp ) (2¢ X)) = P(2° Xy < 20), = > 1, is con-
tinuous, non-increasing and bounded, this convergence holds even uniformly for all
2 > 1. [The proof of this uniform convergence works essentially the same as the
proof that pointwise convergence of distribution functions holds even uniformly, if
the limiting distribution function is continuous.] Thus, there exists ng = ng(e) € N
such that P(X (n) <ao| XM = 2) < P(Xope < 20| Xy =) + /|| f] for all n > ng
and all z € E, ( ) [1,00). For all n € N with n > ng and all x € E,,(s) N [L, o) it



The Mittag—Lefller process and the Bolthausen—Sznitman coalescent 49

follows that

T £ ()|

IN

€
e+ Il (P(Xs+t <z Xs=2)+ ||f||>
26+ | fIIP(Xoqt <o | Xs =2) < 3e.

Thus, for all n > ng,

sup [T f(2) — T f ()]
z€E,(s)N[L,00)

< sw o TPf@+ swp |Tf()
r€E, (s)N[L,00) z€E,(s)N[L,00)
< 3e+4+¢e = 4e.

Thus it is shown that

lim sup |Ts(rz)f(x) —Tif(z)] = 0.

N=X peE, (s)N[L,0)
Defining K := [0, L] it remains to verify that
lim  sup [TV} f(a) = Tof(z)| = 0. (4.7)

N0 pe B, (s)NK

By the Tschebyscheff-Markov inequality, for all y > 0 and all z € E,(s) N K,
1
Ttl(y,oo)(x) = P(Xspi >yl Xs=2) < Q]E(XS-&-t | Xs =)

1 _
= “E(X)z*
B

t t

1 _
< —E(X;)L¢ .
y

Moreover, making again use of the Tschebyscheff-Markov inequality and using
Lemma 3.1, for all y > 0 and all z € E,(s) N K,

T o) = BXT, >y XM =2)

[mne_s}e—t
ne*(SJri)

1 1
< §E<X£11\X§“>:x> = JE(X)

[L’neis]e—t

e—(s+1)

1
< -E(X
< CE(X)

Thus, we can choose a real constant yo = yo(¢) > xo (which may depend on s, ¢
and L but not on n) sufficiently large such that

Ttl(yo,oo)(x) < ¢ and T.s(jz)l(yo,m)(‘%‘) < € (48)

1 —t
~ —E(Xy)L® n — oo.
Y

for all n € N and all z € E,(s) N K. With this choice of yy we are now able to
verify (4.7) as follows. Since |f(y)| < ¢ for all y > x and, hence, for all y > yo, we
obtain for all n € N and all x € E,,(s)

T f (@) = Tef @)] < 2+ g(x) = Tig(a)],
where g := f1jg,]- By the Weierstrass approximation theorem we can approximate
the continuous function f uniformly on the compact interval [0, yo] by a polynomial

p. Hence, there exists a polynomial p such that ||g — hl| < &, where h := pljg -
Thus, for all n € N and all x € E,,(s)

T (@) = Tif(x)] < e+ T h(z) — Tih(z)]
de + T p(@) — Top(a)| + [TV 1 ()| + | Tyr(2)),

A
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where 7 :=p —h =p — pljg 4] = Pl(y,,0)- It is already shown in Step 3 that

lim sup |T5(z)p($) — Tip(x)| = 0.
n—00 reE,(s)NK

Thus it remains to treat |T5(T;)r(x)| and |Tyr(z)|. Applying the Holder inequality
and using (4.8) we obtain

T @) < TP (@) T 1o 00y (0) < €T 07(a)

for all n € N and all © € E,(s) N K. Thus it remains to show that ng)pZ(x) is
bounded uniformly for all € E,(s) N K. We have

sup  [TVpP(@)| < sup [TV pP(x) — Top?(x)| + sup [Top?(x)]-

z€E,(s)NK z€E,(s)NK reK

Since p? is a polynomial, the first expression converges to zero as n — oo by Step
3. The last supremum is obviously bounded, since T;p? is continuous and hence
bounded on the compact set K, i.e. M := sup,cx |Tip*(x)| < co. Similarly, by the
Hélder inequality and (4.8), |Tyr(x)[?> < Typ?(2)Ti1 (yg,00) (2) < eTyp*(x) < eM for
all z € E,(s) N K. In summary, (4.7) is established. The proof is complete. O

5. Appendix

In this appendix we collect essentially two results. The first result (Lemma 5.1)
concerns the Laplace exponent of the subordinator S introduced at the beginning
of Section 2. The second result (Lemma 5.3) concerns some fundamental properties
of the semigroup (7}):>0 defined via (2.6).

Lemma 5.1. Fiz o € (0,1). The drift-free subordinator S = (S;);>0 with killing
rate k := 1/T(1 — «) and Lévy measure o with density (2.1) has Laplace exponent
(2.2).

Proof: By the Lévy-Khintchine representation, the subordinator S has Laplace
exponent ®(z) =k + [, . (1 —e™")o(du), x € [0,00). Since ¢ has density (2.1)
it follows that

1 ° e/
(I) — - 1 TN .
(z) k+F(1—a)/0 (1—e )(1_e—u/a)a+1du

The substitution y = 1 — e™%/* (= u = —alog(l — y) and du/dy = o/(1 — y))
leads to

1 o

O(x) = k+ I‘(l—a)/o (1-(1- y)a””)ywrl dy. (5.1)
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Partial integration with u(y) := 1 — (1 — y)** and v(y) := —y~* turns the last
integral into

! (6]
[a-a-pmtsay
= [0 0=y - [ an— g
0

1
—1+ ax/ y (1 —y)* T dy
0

'l —a)'(1+ ax) .

= —l+azB(l- = -1
+azB(1 — a,ax) + T —aton)
Plugging this into (5.1) and noting that £ = 1/I'(1 — «) yields ®(z) = I'(1 +
az)/T(1 — a + ax), which is (2.2). O

Let E := [0,00) and let C(E) denote the set of continuous functions f : £ — R
vanishing at infinity. The following result is well known, we nevertheless mention it

since it will turn out to be useful to verify fundamental properties of the semigroup
(T)e>0 defined via (2.6).

Lemma 5.2. Every [ € G(E) is uniformly continuous on E.

Proof: Let ¢ > 0. Since f vanishes at infinity, there exists 29 € [0,00) such that
|f(z)| < e/2for all x € [xg,0). By the theorem of Heine, f is uniformly continuous
on [0,z¢ + 1]. Thus, there exists § = d(¢) € (0,1) such that |f(z) — f(y)| < € for
all z,y € [0,z9 + 1] with |z —y| <4d. If [z —y| <dbut x >z +1ory >z +1,
then = > z¢ and y > xo and hence |f(z) — f(y)| < |f(@)|+|fly)| <e/2+¢e/2=¢.
Thus, |f(z) — f(y)| < e for all z,y € E with |z —y| < 9. O

Lemma 5.3. For every t € [0,00) the operator Ty defined via (2.6) satisfies
T,C(E) C C(E). Moreover, for every f € C(E), limy_o T f(x) = f(x) uniformly
for all x € E, so (Ti)i>0 is a strongly continuous semigroup on C(E).

Proof: For t € [0,00), f € C( )andeEwehave

/f )P, (dy) — 0, T — 00,

by dominated convergence and, similarly,

—t

T,f(x) — Tof(xo) = /E (@) = @5 ) Pa(dy) — 0, x> xp,

again by dominated convergence. Thus ﬂé’(E) C é(E) for all t € [0, 00).
In order to prove the second statement fix f € a(E) Note that f is bounded,
I fI| :== sup,ep |f(z)] < co. For a € [0,1] let Z, denote a random variable
being Mittag-Leffler distributed with parameter . Since Ty f(x) = E(f(z° 'n:)),
where 7; is Mittag-Leffler distributed with parameter o := e~%, we have to verify
that lim,—1 E(f(2%Z,)) = f(x) uniformly for all z € FE, where without loss of
generality we can assume that « € [1/2,1].
Fix ¢ > 0. Since f vanishes at infinity, there exists a constant xg € [1,00) such
that |f(z)| < e for all x > xg. Define K := 423 (> xo > 1). In the following the
uniform convergence lim, 1 E(f(z*Z,)) = f(x) is verified by distinguishing the
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two situations = € [K,o0) and = € [0, K|. For x € [K, c0) we essentially exploit the
fact that f vanishes at infinity. For 2 € [0, K] the uniform continuity of f (Lemma
5.2) comes into play. Let us start with the case = € [K, 00).

For all z > K and all z > 1/2 we have 2%z > 2%/2 > /z/2 > VK /2 = ¢ and,
hence, |f(x®z)| < e. We therefore obtain uniformly for all z > K

IE(f (= 2)| < /Ifx 2) — J(2)| Pz, (d2)
- / F(2%2) — f()] Pz (dz) + / F(@®2) — (2)] P, (d2)
[1/2’°°)T [0,1/2)‘—<2M—’
< 2 1 2|f|P(Za < 1/2) — 2¢

as a — 1, since Z, — Z; =1 in distribution as o — 1.

Assume now that z € [0, K]. By Lemma 5.2 the function f is uniformly contin-
uous on E. Thus, there exists a constant § = d(¢) > 0 such that |f(y) — f(z)| < e
for all z,y € E with |y — x| < §. Since x® converges to z as o — 1 uniformly
on [0, K] we can choose ap = ap(d) = ap(e) < 1 sufficiently close to 1 such that
|z* — x| < §/2 for all « € [ag, 1] and all z € [0, K|. For all « € [ag, 1], z € [0, K]
and all z € E with |z — 1| < :=6/(2K) we have

2%z — x| < |a%%z —2a% +|z% —z| = z%z— 1]+ |2® — x|

] ] ]
< Ka|z—1|+f < K|z—1|+§ < Ky+- =9,

2
and, hence, |f(z*z) — f(z)| < e. For all « € [ag, 1] and all z € [0, K] it follows that
E(f (= 2| < / F(@®2) — f(2)| P2, (d2)
- / F(2%2) — f(2)] Pz (dz) + / F(@®2) — f(z)] Pz, (d2)
{ {lz—1|>~} S~

z—1| <y} S———~—r—r—r
<e <2|I£1l

e+2|fIP(|Za =1 27) — ¢
as a — 1, since Z, — Z; = 1 in probability as a — 1. In summary it is shown that

limg 1 E(f(2%Zy)) = f(x) uniformly for all z € E. Thus, lim;,o T3 f(z) = f(x)
uniformly for all z € E. O

IN
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