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Abstract. We study jump-diffusion processes with parameters switching at ran-
dom times. Being motivated by possible applications, we characterise equivalent
martingale measures for these processes by means of the relative entropy. The min-
imal entropy approach is also developed. It is shown that in contrast to the case
of Lévy processes, for this model an Esscher transformation does not produce the
minimal relative entropy.

1. Introduction

We investigate some basic properties of the jump-diffusion processes
X(t) =T°(t) + N"(t)+ W°(t), t>0,

with time-dependent deterministic driving parameters switching simultaneously at
random times. Here W denotes the Wiener part, defined by the stochastic integral
(w.r.t. Brownian motion B) of the process which is formed by switching at random
times of the deterministic diffusion coefficients o; = 0;(t), i € D :={1,...,d}, d >
2; by N’ is denoted the jump part, i.e. the stochastic integral (w.r.t. process
N = N(t) counting number of the regime switchings) applied to the switching
functions h; = h,(t), i € D, and T is path-by-path integral in time ¢ of switching
velocity regimes ¢; = ¢;(t), i € D (see the detailed definitions in Section 2). In
the case of d = 2 and exponentially distributed inter-switching time intervals such
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processes are called telegraph-jump-diffusion processes, Ratanov (2010), or Markov
modulated jump-diffusion.

In this paper the random inter-switching time intervals are assumed to be in-
dependent and arbitrary distributed. In general, such a process is not Markovian,
and it is not a Lévy process as well. We study these processes from the martingale
point of view, including Girsanov’s measure transform.

Similar models without a diffusion component were considered first in Mel'nikov
and Ratanov (2007) and more recently have been analysed in detail by Di Crescenzo
and Martinucci (2013); Di Crescenzo et al. (2013), Ratanov (2015b, 2013, 2014b),
see also the particular cases in Di Crescenzo (2001); Di Crescenzo and Martinucci
(2010). The model with missing jump component is presented in Di Crescenzo
et al. (2014); Di Crescenzo and Zacks (2015). The processes with random driving
parameters are studied in Ratanov (2013). The recent paper Ratanov (2014a) is
related to the model of random switching intensities.

This setting is widely used for applications, see e.g. Weiss (1994). The mar-
tingale approach developed in this paper is motivated by financial modelling, see
Runggaldier (2003) for jump-diffusion model. See also Ratanov (2007) for jump-
telegraph model (and a more detailed presentation in Kolesnik and Ratanov (2013)).

The Markov modulated jump-diffusion model of asset pricing (with additive
jumps superimposed on the diffusion) has been studied before, see Guo (2001);
Ratanov (2010). This model for a single risky asset possesses infinitely many mar-
tingale measures, and thus the market is incomplete. The model can be completed
by adding a further asset; for the jump-diffusion model see Runggaldier (2003), and
for the telegraph-jump-diffusion model see Ratanov (2010).

In this paper we explore another approach. We describe the set of equivalent mar-
tingale measures and determine the Follmer-Schweizer minimal probability mea-
sure (so called the minimal entropy martingale measure (MEMM)), Follmer and
Schweizer (1991). In his seminal paper Frittelli (2000) Fritelli has showed the equiv-
alence between maximisation of expected exponential utility and the minimisation
of the relative entropy. Then, by this approach the models based on Lévy processes
have been studied in Fujiwara and Miyahara (2003).

Observe that for Lévy processes and for regime switching diffusions the usual
technique is based on an Esscher transform, which produces the MEMM, see Fu-
jiwara and Miyahara (2003); Esche and Schweizer (2005) and Elliott et al. (2005,
2007).

In our model this method does not work. The Esscher transform under regime
switching does not affect the switching intensities. In the Lévy model Fujiwara
and Miyahara (2003) this contradicts the minimal entropy condition (if the process
is not already a martingale), see (5.4). In the case of the regime switching model
Elliott et al. (2005) some additional entropy given by the jumps embedded into this
model can be reduced by more flexible measure transformation, see Section 5.

Moreover, in contrast with Lévy model and with the regime switching diffusions
without jumps our model has the following important feature: the entropy minimum
as well as calibration of MEMM depend on the time horizon under consideration.

The paper is organised as follows. Section 2 contains the definition and the main
properties of the regime switching jump-diffusion processes with arbitrary distri-
butions of inter-switching time intervals. We construct Girsanov’s transformation
in Section 3. Then, we define the entropy and derive the corresponding Volterra
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equations. In Section 4 we describe the set of equivalent martingale measures for
the regime switching jump-diffusion processes. The minimal entropy equivalent
martingale measures are studied in Section 5 for the case of constant parameters.

Applications to financial modelling have been recently published in Ratanov
(2015a).

2. Generalised telegraph-jump-diffusion processes. Distributions and
expectations

Let (2, F,P) be a complete probability space with the given right-continuous
filtration F, t > 0, satisfying the usual hypotheses, Jeanblanc et al. (2009). We
start with a d-state Fz-adapted semi-Markov (see Jacobsen (2006)) random process
g, ¢(t) € D, t > 0. The switchings occur at random times 7,,, n > 0, 79 = 0, and
process ¢ is right-continuous with left-hand limits.

Let N = N(t) be the counting process, N(t) = max{n | r,, < t}, t > 0.

2.1. The definition of telegraph-jump-diffusion process. For the set of deterministic
measurable functions z; = z;(t), t > 0, ¢ € D, we construct first the piecewise
deterministic random process z' combining z;, i € D, by means of the switching
process €:

) =Yzt —Ta)la, (), t>0. (2.1)
n=1
Here A, := [fn_1, Tn), n > 1, and 1a(+) is the indicator function. Process z

starts from the origin at the switching time 7y = 0; at each further switching time
Tn, m > 1, the process z' is renewed.
Second, consider the integrals of z! of the following three types:

(1) the generalised d-state telegraph process (path-by-path integral)

(2) the pure jump process (integral w.r.t. counting process N)

NE(t) = /O AN, >0, (2.3)
(3) the Wiener process (It integral)

W= (t) = /Ot 2T (u)dB(u), t>0, (2.4)

where B = B(t), t > 0, is an F;-adapted Brownian motion, independent of
e. Note that W# = W#(t), t > 0, is a Gaussian (F, P)-martingale.
Let ¢; = ¢i(t), hy = hi(t) and o; = 04(t), t > 0, i € D, be deterministic
measurable functions. We assume that functions ¢; are locally integrable, and o;
are locally square integrable,

¢
/ oi(u)?du < oo, t>0,1i€D.
0



576 Antonio Di Crescenzo and Nikita Ratanov

In this paper we analyse the jump-diffusion process with switching regimes X =
X(t), t >0, of the following form

X(t) :=T(t)+ N"(t) + W(t), t>0, (2.5)

with the components 7¢, N" and W which are defined by (2.2), (2.3) and (2.4)
respectively. Process X satisfies the stochastic equation

dX( ) CE(TN(f))(t TN(t) )dt+h (TN (t)) (TN(t))dN( )+U€(TN(f))(t TN(t )dB( ) t>0.

Equivalently, processes T¢, N", W can be expressed by summing up the paths
between the consequent switching instants 7,:

T¢(t) = / w)du = Z le(ry_)(Tn) + lS(TN(t))( NG (2.6)
NM(t) = / Kt (u Zhgm (T 27)
0

t
WU(t) :/0 Z We (1, _ 1) —I— wE(TN(t))( (t))» (2.8)

where the following notations are used

;(t) :/0 c¢i(u)du, w;(t) :/0 o;(uw)dB(u), t>0,ieD. (2.9)

Note that I;(t), i € D, are deterministic and the variables wl(t)7 i € D, are zero-
mean normally distributed with the variances X, ( = fo oi(u)?du, t >0, i € D.

We say that the regime switching jump- dlffusmn process X defined by (2.5)-
(2.9) is characterised by the triplet (c, h,o) with distributions of inter-switching
time intervals 7}, which are determined by the hazard rate functions ~;; = v;;(t),
i,j € D, (see the definition in (2.11)).

We apply the notations X; and T¢, N, W?, if the initial state i € D of the
underlying process ¢ is given, £(0) = .

Further, we will need the following explicit expression for the stochastic expo-
nential &(X) of X = T¢+ N" + W¢. It is known, see e.g. Jeanblanc et al. (2009),
that

Ny
E(X) = exp (Tc_02/2(t) + WU@)) H (1+ hs('rn)<Tn)) =exp (Y (t)), (2.10)
n=1
where Y (1) = Te—0°/2 (t)+NROFR) () LW (1), t > 0. Here T¢=°°/2 is the telegraph
process (2.6) with the velocities ¢; — 02/2 instead of ¢;, i € D, and N™(+) is the
pure jump process (2.7) with the jump values In(1 + h;), instead of h;, i € D,
switching at random times 7,,, n > 1.

2.2. Semi-Markov process ¢ = €(t). In order to state the distribution of X (t) we
introduce conditions on the driving processes € and {7, }n>1.

Denote by F; = F;;(t), t >0, i,j € D, the transition probabilities of the form
Jacobsen (2006, (3.17)):

Fij(t) =P{n >t e(n)=j|e(0)=i}, t>0,i,j€D.
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Let F;;(t) >0, t >0, i,j € D. Consider the hazard functions T';;,
Fij(t) = —lnfij(t), t>0,14,5€D.

_ dF,;
Let functions F;; be differentiable, 1 L(t) = —fi;(t), t >0, i,j € D. Thus the
hazard functions I';; = I';;(t) are expressed by
t
F”(t) = / 'yij(u)du, t Z 0.
0
Here
fij(u)

vij(w) ==L uw >0, i,j €D, (2.11)
! Fij(u)

are the hazard rate functions, and f;;, 4,7 € D, are the density functions of the
interarrival times. We assume the non-exploding condition to be hold:

(o)
/ Yij(w)du = +oo,  i,j € D. (2.12)
0

Fyi(t) = exp (- /O s (u)du) 7
o0 =0 (= [ ).

The survival function of the first switching time 7 is given by

Fut) =P{r >t c(0) =i} = [[ Fist)=exp (— /Ot%(u)du) ,

Note that

t>0, i,j€D.

t>0, 1 €D,
where
vi= > v i€D. (2.14)
JED\{i}

Furthermore, let

Fi(t) = —dfti (£) = 7i(t) exp (—/0 %(u)du) L t>0, ieD. (21

Due to (2.13) N is an inhomogeneous Poisson process with switchings at 7,,, n >
1, and with the instantaneous intensities v;;(t), t > 0, i,j € D.

If the process € is observed beginning from the time s, 79 < s < 71, the cor-
responding conditional distributions can be described by the following conditional
survival functions,

~

Fijt|s)=P(n >t e(n)=j|mn>s, e0)=i)= ”(t), (2.16)

i(s)

B!

with the density functions

fult|9) = =5 Fylt| 9 = 223,

0<s<t, ij€D.
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Moreover, let

Fi(t]s):=P(r >t| 7 >s, e(0)=1) =exp (

filt | 5) = w(t)exp (—
(2.17)
see (2.13).
Notice that

Fij(t|0)=Fi(t),  Fi(t|0)=Fit),
fij(t | 0) =fi; (1), fit [ 0) = fi(t),

Assume the inter-switching time intervals T,, = A7, = 7, — 7,—1, n > 1, to be
independent, and process € to be renewal in the following sense: n > 1,

P{T, >t |T,>s, e(th_1) =i} =Fi(t]s), t>s>0, i€ D,
see (2.16)-(2.17).

t>0, 4,jeD.

2.3. The distribution and expectation of X (t). Our further analysis is based on the

following observation.

Let 1 = Tl(i) be the first switching time, where ¢ € D is the fixed initial state of

the process €, €(0) = ¢. Owing to the renewal character of the counting process N,
see Cox (1962), we have the following equalities in distribution:

Xi(t) 2 (Li(t) + wilt)1p e+ [li(ﬁ) +wi(T1) + hi(71) + Xeyry) (t = 71) | Lry <t

t>0,7€ D,
. (2.18)
where X is the regime switching jump-diffusion process independent of X which

starts at time 7;. Here 14 is the indicator of event A.
Let

pi(x,t) :=P(X;(t) € do)/dz, ¢ >0,
pi(z,t | s):=P(X;(t) € dz | Ni(s) =0)/dz, t>s,
be the density functions of X; ( ), @ € D. Note that p;(x,t | 0) = p;(z,t), i € D.

In these terms equalities (2.18) take the following form
pilx,t | s) =thi(z —Li(t), )Fi(t | s)
t oo
3 ([ pite -t = ) - et um(y,u)dy)
JED\{i} "*® -
X fij(u | s)du,
t>s5>0, x € (—00,00), i €D.

x € (—00,00), i € D,

(2.19)
Here 9; = v;(x,t) is the density function of the Gaussian random variable w;(t), ¢ >
0,i€D,

1 22
i(x, 1) = ————=e —_—— |, T € (—00,0),
i@ = o e Xp( 2E¢(t)2> ( )
where ;( foal Y2du, t >0, i € D.
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In the Markov case of two-state processes, d = 2, with constant parameters
ciyhiyoi, @ € {1,2}, and with exponentially distributed inter-switching times T,
the distributions of X1 (¢) and X2 (t) have been analysed in detail in Ratanov (2010).

Let us study the expectations

pi(t) =E[X;(t)], t=0,i€D,
and
wi(t ] s) == E[X;(t) | Ni(s) =0], t>0,i€D,
of the d-state process X = X(¢), t > 0.
Note that E[W7(¢)] =0, ¥t > 0. Moreover, for t € [0, s], ;i (¢t | s) =1;(t), i € D.
To characterise 1;(t), ui(t | s), ¢ € D, we use the following notations:

ai(t) = / (W Fi(w) + hi(w) fi(w)] du, >0,
0 ieD.

¢
a;(t | s):=1;(s) —|—/ [c;:(w)Fi(u | 8) + hi(w)fi(u | s)]du, t>s>0,

Here fi(u), F;(u) and f;(u | s), Fi(u | s), i € D, are defined in (2.13), (2.15) and

(2.17).

Proposition 2.1. The expectations u;(t), t > 0, i € D, satisfy the following
Volterra system of integral equations,

i (t) + > /u] ) fij(w)du,  t>0,i€D. (2.20)
JED\{i}

If functions p;(t), t >0, i € D, solve system (2.20), then the conditional expec-
tations u;(t | s) are given by

wi(t | s)=a;(t] s)+ Z /,u] u)fij(u | s)du t>s,ie€D. (2.21)
jeD\{s}

Proof: By applying (2.19) (with s = 0) to

pi(t) = /°° zp;(z, t)dx

— 00

one can get

wi(t) =Lt Fi(t)
+Jeg\:{}/ </ Yi(y,u dy/ $pj(l'li(u)hi(u)y7tu)dx>
X fij(u)du

_ s /th—u+l()+h()}fm()

jeD\{i}

Integrating by parts we have

wit) = LOF) + Y [/O (1 (8 = w) + hi(w)) fij(u)du — () Fij ()

FED\{i}
t
+/ Ci(u)Fij(u)du],
0
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which gives (2.20). The proof of (2.21) is similar. O

In the case d = 2 equations (2.20) are derived e.g. in equations (3.2)-(3.3) of
Ratanov (2013).
Corollary 2.2. The identities

wi(t) =0, t >0, and pi(t ] s) =1i(s), t > s, i€ D,
hold if and only if
~vi(t)hi(t) + ¢;(t) =0, t>0,i€D, (2.22)

where v; = v;(t), t > 0, i € D, are the hazard rate functions, which are defined by
(2.11), (2.14).
Proof: Notice that systems (2.20) and (2.21) have the trivial solutions u;(t) = 0,
t>0,i€Dand u(t]s)=1li(s), t >s, i €D, respectively, if and only if a;(t) =0
and a;(t | s) =1p(s), i € D. These equalities hold, when

ci(u)Fy(u) + hi(u) fi(u) = 0,
ci(u)Fi(u | s) + hi(u) fi(u | 5) =0,
which is equivalent to (2.22), due to (2.11)-(2.13) and (2.16). O

u>s>0,7€D,

Remark 2.3. Condition (2.22) has the sense of Doob-Meyer decomposition. These
type of conditions for the jump-telegraph processes appears first in Ratanov (2007,
Theorem 1) in the case of constant deterministic parameters ¢, h,v ( see also
Kolesnik and Ratanov (2013)). In this case condition (2.22) is intuitively evident.
It means that the displacement performed by the telegraph process during a time-
period 7 equal to the mean-switching-time is identical to the jump’s size performed
in the opposite direction.
This intuitively explains why this is a martingale condition.

3. Girsanov’s transformation

In this section we analyse the problems which are important for applications, e.g.
for financial modelling. First, we describe all possible martingales in our setting.
Then, we derive a generalisation of Girsanov’s Theorem.

3.1. Martingale’s characterisation. Since the diffusion part W7 = W(t) =
fg ol (u)dB(u) is already a P-martingale, it is sufficient to investigate the process
X =T¢(t)+ N'(t), t > 0.

Theorem 3.1. Let X = X(t), t > 0, be the process with the parameters (c;, h;), i €
D, switching at random times T,, n > 0. Let the inter-switching times T,, = 7, —
Tn—1, 1 > 1, be distributed with hazard rate functions v; = ~v;(t), t > 0, i € D, see
(2.11), (2.14).

Process X is a martingale if and only if the equalities in (2.22) are fulfilled.

Proof: If X is a martingale, then po(t) = u1(t) = 0, which is equivalent to (2.22),
see Proposition 2.1.

Conversely, it is known, see Jeanblanc and Rutkowski (2002), Proposition 2.13,
that the compensated jump process N — T7" is a martingale. Therefore, if iden-
tities (2.22) hold, then —7° is the compensator of N” and the sum 7¢ + N" is a
martingale. ]
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Notice that if jumps vanish, h; = 0, ¢ € D, process X is a martingale only in
the trivial case: ¢; =0, i € D, and thus X = 0, see (2.22).

Corollary 3.2 (Ratanov (2010)). Let X = X(t), t > 0, be the jump-diffusion
process with switching constant parameters ¢;, h; and o;, i € D. Let h; #0, i € D.

Process X is a martingale if and only if ¢;/h; <0, i € D, and the distributions
of the inter-switching times T,, are exponential, Exp();), with parameters A;, \; =
—c¢;/h; >0, i € D. In this case the underlying € is a Markov process.

Remark 3.3. In the paper by Di Crescenzo et al Di Crescenzo et al. (2014) the
generalised 2-state geometric telegraph-diffusion process S = S(t) with constant
parameters cg, ¢; and o is studied,

S(t) = soexp[T(t) + oB(t)],

where B is a standard Brownian motion and the inter-switching times are indepen-
dent and arbitrarily distributed. The authors expected that the process S = S(t)
can be transformed in a martingale by superimposing of a jump component. This
expectation is not justified.

The process S(t)/sg is the stochastic exponential of X = T'(t) + o B(t) + o%t/2.
After the inclusion of a jump component with constant jump amplitudes hy, ho >

CZ‘+O'2/2

—1, such that < 0,i € D ={1,2}, processes X and S become martingales

i
only in the standard case of exponentially distributed inter-arrival times, Exp()\;),
with constant intensities

C; +0’2/2

>\i = )
h;

ieD={1,2},

(see Corollary 3.2).

3.2. Girsanov’s Theorem. The problem of existence and uniqueness of an equivalent
martingale measure is extremely significant for applications, especially in the theory
of financial derivatives. It is important to understand how the equivalent martingale
measures can be constructed if such a measure exists.

Let e(t) € D, t > 0, be the switching process on the filtered probability space
(Q, F, F;,P) governed by the hazard rate functions v; = 5 (t) = fi(t)/Fi(t), t >
0,7 € D, of the inter-switching times, see (2.14), (2.11), satisfying the non-exploding
condition (2.12).

Let ¢ and h}, i € D, be measurable functions satisfying the martingale condition
(2.22),

VORIt +c(t) =0  t>0,i€D. (3.1)
We assume ¢, i € D, to be locally integrable and hf(t) > —1, t > 0, ¢ € D. Thus,
) <AFt), vt>0,ieD. (3.2)

Furthermore, let

/OOO (¢ (u) — i (u)) du = —o0, 1€ D. (3.3)
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Consider the jump-diffusion martingale X* = T*(¢t)+ N*(t)+ W*(t) with regime
switching, where

N(t)

Z I )+ B o) E— T w)s

N(t

Z Wi (T (3.4)
N(t

Z Wer, ) (Tn) + Wiy ) (E = TN (o))-

Here, see (2.9),

where o, ¢ € D, are locally square integrable functions.
Let Z— Z(t) = £(X™) be the stochastic exponential of X*. By (2.10)

N

Z(t) = E(X") =exp (197720  + W () T (1 + h2r, ) (T) s
n=1 .

= exp (Tc*fcr*Q/Q(t) + Nln(1+h*) + Wa*(t)> ]
Here T ~7"/2 is the d-state generalised telegraph process (2.6) with the velocity

regimes ¢ — (07)?/2 instead of ¢;, and N™(*+"") ig the pure jump process (2.7)
with the jump values In(1 + h}) instead of h;, i € D.

Theorem 3.4 (Girsanov’s Theorem). Assume that conditions (3.1)-(3.3) hold.
Let measure Q be equivalent to P under the fized time horizon t, t > 0, with the
density

dQ

ple =20, (3.6)

Under the measure Q :

(a) the inter-arrival times {T,, = T, — Th—1}n>1 are independent and dis-
tributed with the survival functions

Fi(t) = exp(i{(()F; (1), t20, i€ D. (3.7)
The hazard rate functions ’y;@ of these distributions are given by

V() = () = i) = L+ i) (), =0, i€D, (3.8)

and the non-exploding condition
oo
/ Y (u)du = +o0, i€ D, (3.9)
0

holds;
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(b) the process B(t) = B(t) — L*(t) is the standard Q-Brownian motion,
where L*(t), t > 0, is the generalised telegraph process with switching ve-
locities o}, v € D, t.e.

. N(t) Ty thN(t,)
L*(t):=T° (t) = Z /0 a;(mil)(u)du—k/o a;(TN(t))(u)du;
n=1

(¢c) the P-jump-diffusion process X with switching regimes, which is defined
by (2.5),
X =T°(t)+ N (t) + W(t), t >0,
under measure Q s still a jump-diffusion process

X =T () + N"(t) + W(t), t >0,

characterised by {(c + oo*, h,o), with the hazard rate functions 7;;@ of the
inter-switching times {T},}n>1, determined by (3.8). Here W is the sto-
chastic integral (2.8) based on the Q-Brownian motion B.

Proof: By definition, see (3.5)-(3.6), we have

FR(t) =Q{m >t | £(0) = i} = Bp { Z(1)1(r, 51y | £(0) =i}

—exp ( JACOR <oz>2<u>/z1du) E [exp(w} (1)] B(ry > £ | (0) = i).

0

Owing to E [exp(w} (t))] = exp (% fot(o';‘)Q(u)du> we obtain (3.7).
Note that by (3.7) and (3.3)

)
exp (— /O t v;%)du) = F(t) = exp(l; (1)) F; (1) = exp ( /0 (e () = AP () (du) )
3.10
t>0,i€eD.

Hence, 72 = AF — ¢r. Since by (3.1) ¢ = —h4F, and (3.8) is completely proved.
The non-exploding condition (3.9) follows from (3.3).

The part (b) of the theorem follows from the classical Girsanov’s Theorem, see
e.g. Jeanblanc et al. (2009), Proposition 1.7.3.1.

The part (c) holds by the following observation. The Wiener part W7 of process
X under measure Q becomes W (t) = W¥(t) + T°° (t), see part (b). Here W7 is
the Q-Wiener process, i.e. the Ito integral w.r.t. Q-Brownian motion E, and 777"
is the Q-telegraph process which is driven by the subsequently switching velocities
o;(t)of(t), i € D.

Therefore, under measure Q the process X is still the jump-diffusion process

with switching regimes,
X(t) =T (8) + N (¢) + Wo(t), >0,

characterised by (¢4 oo*, h,o). The theorem is proved. (I
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3.3. Relative entropy. Let P and Q be two equivalent measures. Under the time
horizon t, t > 0, the relative entropy of Q w.r.t. P is defined by the set of functions
H;(t),t>0,i€D:

dQ

Hi(t) == Eq {mdp() 0 0

£(0) = ] Ep[dp()l dp()‘a(o):i}, (3.11)

d
see Erittelli (2000). Here the Radon-Nikodym derivative d%(t) = & (X*) is pre-
sented by (3.5)-(3.6).

Theorem 3.5. Let conditions (3.1)-(3.3) hold.
The relative entropy functions H; are expressed by

Hi(t) = Eqg {Tf*+("*)2/2(t) + N;n“*h”(t)} . t>0,i€D, (3.12)
and satisfy the system of the integral equations
Hi(t) = ai(t / H(t—u)fi(u)du, >0, ieD.  (3.13)
JeD\{i}

where functions a; are defined by

ai(t) = /O t bi(w)F o (u)du, >0, i€ D. (3.14)

Fow =ew (- [ far).

bi(w) = () — 72 (w) + Gulu) + 5o (),

Here

(3.15)

Q u
22w n pp((u))] i) £0

$i(u) =
0, if7;(u) =0,
u>0,i€eD.
Proof: Owing to (3.5)

Hi(t) = Eq [ln i(g()\ s<0>=@} =Eq [/ )+ NP )+ w1

(3.16)
where the alternating tendencies TZ.C*_(U*)Q/ ?, the jump process N, and the
Wiener process W¢  are defined by (3.4) (with ¢ — (67)?/2 instead of ¢f and
In(1 + h}) instead of h}, ¢ € D).

‘ —(0%)2/2 In(1+h*) o
By Theorem 3.4, part (c), the process T} (t) + N; )+ W7 (t)
under measure Q becomes T T /Q(t) + Nl-ln(Hh*)(t) + Wi"* (t), where Wf* (t) is
the stochastic integral w.r.t. the Q-Brownian motion B. Therefore, Eq {Wf* )| =
0, t >0, and

In(1+hx)

?

—Eq { ¢ *4(o*)? /2( )+Ni1n(1+h*)(t)} :

Hz(t) :]EQ |:Tc*+(0'*)2/2(t) + Niln(1+h*)(t) 4 ’WVZ_O'* (t)jl
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which gives (3.12).
Equations (3.13)-(3.15) follow from Proposition 2.1 and Theorem 3.4, see (3.8).
([l

It is easy to see that functions b; defined by (3.15) are non-negative, b;(u) >
0, w > 0, i € D. Hence, functions a; defined by (3.14) are also non-negative,
a;(t)>0,t>0,i€D.

Remark 3.6. By applying the Laplace transform f — f(s) = JoSe st f(t)dt to
(3.13) one can obtain the system:

H;(s) = a;(s) + Z fij(s)H;(s), s>0, i€ D.
JjED\{i}
if the transformations a;(s), ¢ € D, exist. The above system yields the unique
solution.
For example, if d = 2, and b1, by (see (3.15)) are constants; if the alternating
distributions of inter-arrival times are exponential, 79(75) = A\ = const, i € {1,2},
therefore in this simple case

. B Ay
H —— 4t
1(s) 82+s+)\’{+)\§’
>0,
T2 T s A
where
4, o MOi=b) Nl by MbEAb g

AT +23)% AT+ AN
This corresponds to the following explicit solution of (3.13): the relative entropy
functions Hi(t), Ha(t), t > 0, are expressed by

Hi(t) = Ha(t; A, A3) =Bt + Ay [1 = e”MiH39)1]
o (3.18)
Hy(t) = Ha(t; X5, 03) =Bt + Ay {1 _ ef@mg)t} .

4. Equivalent martingale measure

Consider the jump-diffusion process X = T¢(t) + H"(t) + We(t), t > 0, with
the switching hazard rate functions 4, i € D, of inter-arrival times T},, n > 1, see
the definitions in (2.6)-(2.8).

Let the equivalent measure Q be defined by the Radon-Nikodym density Z(t) =
dQ
dP
of, i € D, satisfy (3.1)-(3.3). By Theorem 3.4 under measure Q the hazard rate
functions 7 are defined by (3.8).

The family of the equivalent martingale measures for X can be disclosed pre-
cisely.

|7, t > 0, see (3.5)-(3.6). Let driving parameters ¢, h}, h} > —1, and

Theorem 4.1. Measure Q is the martingale measure for process X if and only if

ci(t) + oi()or(t) + /2 () hs(t) =0, >0, i€ D. (4.1)
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Proof: This result is well known, see e.g. Bellamy and Jeanblanc (2000), Proposi-
tion 3.1. The proof follows from Theorem 3.1 and Theorem 3.4.

Let measure Q be defined by (3.5)-(3.6). Then, by Theorem 3.4, part (c), under
measure QQ the process

X(t) =T () + N'(&) + W°(t), >0,
is again the jump-diffusion process with switching regime. The martingale condition

(2.22) of Theorem 3.1 becomes (4.1).
The theorem is proved. u

The relative entropy functions H;(t), t > 0, i € D, of the martingale measure
Q w.r.t. P solve system (3.13) with functions a; specified by (3.14) and (3.15).
Driving parameters ¢, b, 0¥ and switching intensities 47,72, i € D, satisfy (3.8)
and (4.1).

Consider the following examples when the equivalent martingale measure Q is
unique.

Ezample 4.2 (Jump-telegraph process). Consider process X missing the diffu-
sion component,
X(t) =T¢(t)+ N'(t), t>0,
see (2.6)-(2.7).
Assume, that h;(t) # 0 almost everywhere,' and h;(t) is of the opposite sign
with ¢;(¢) :

ci(t)/hi(t) <0, t>0, i€ D. (4.2)
Moreover, let functions ¢;/h;, @ € D, be locally integrable and
 ¢i(u) .
du = — D. 4.3
/0 () u 00, i€ (4.3)

Then, by Theorem 4.1 the equivalent martingale measure Q exists and it is unique
with the hazard rate functions of interarrival times defined by
2t) = —¢i(t)/hi(t) >0, t>0, ieD. (4.4)
Here (4.3) is the non-exploding condition for measure Q. The corresponding mea-
sure transformation is determined by the functions ¢}, h}, ¢ € D,
Gt =7 (1) =27,  hi(t) = -1+ @)/% (), t>0, ieD,
if 77 (t) > 0 a.e., see (3.8) and (4.4). *
The entropy functions H;(t), i € D, solve system (3.13) with

Q

= [ [%() 20 4920 T | P,

where fy;@ are defined by (4.4). The survival functions F;Q, 1 € D, are defined in
(2.13).

1f, in contrary, h;(u) = 0 on a whole interval, u € (a,b) C [0,00), then, due to (4.1) with

o; = 0, we have no martingale measures (if ¢; # 0 on the interval (a, b)), or infinitely many ones

(if ¢; = 0 with free fragment of hazard rate function 'yi@)

2Measures @Q and P are equivalent. If P-distribution of the interarrival times has a “dead”
zone: ¥ (u) = 0, u € (a,b), for some time interval (a,b) C [0,00), then due to (3.8) and (4.1)
Q

for any martingale measure Q the hazard rate function v,~ also vanishes on (a,b), 79 (u) =0 and

ci(u) =cf(u) =0, u € (a,b).
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If the inequalities (4.2) do not hold, the martingale measure does not exist.
In particular, if the parameters c;, h;, h; # 0, are constant such that ¢;/h; <
0, i € D, with exponentially distributed inter-switching times, 7f = \;, i € D,
then by (4.4) under the martingale measure @ the inter-switching times are again
exponentially distributed with the switching intensities )\9 = —¢;/h;y, i € D. If
d = 2, then the closed form of the entropy functions is found, see Remark 3.6,
formulae (3.17)-(3.18), and more detailed analysis in Section 5 below. In this case
the unique martingale measure Q is defined by the Radon-Nikodym density (3.5)-
(3.6) with constant ¢} and h}:
¥
=N — Al hi =—-14+ —*, (4.5)
Ai
where \f = —¢;/h; > 0, i € D = {1,2}, are the new alternating intensities of the
inter-switching times, see e.g. Kolesnik and Ratanov (2013).
Formulae (3.17)-(3.18) for the entropy functions H;(t), ¢ > 0, hold with

C; C; C; .
T D ={1,2}.
bi=Xit g~ n{ MJ, i€ {1,2}

FEzample 4.3 (Diffusion process). Consider the diffusion process missing the jump
component and switching, ¢ is locally integrable and functions o, c¢/o are locally
square integrable. Assume that o(u) # 0 a.e.

Let Q be an equivalent measure. In this case the Radon-Nikodym derivative of
Q is defined by

%(t) = exp (/Ot o*(u)dB(u) — ;/{:U*(U)Qdu) ;

where ¢* is the locally square integrable function. By Girsanov’s Theorem the
process

t
B=B —/ o* (u)du
0
is Q-Brownian motion. Hence, process X takes the form
t t
X(1) = / le(w) + o (w)o* (u)] du + / ot (wdB(u),  t>0.
0 0

This is a martingale if and only if oo™ = —c.
By (3.11) the relative entropy H(t) of Q w.r.t. P is

H(t) = g {m ‘ﬁ(t)] —Eg { /0 ' o (u)dB ) —

Therefore, the relative entropy of the (unique) martingale measure is given by

H(t) = ;/Ot [g((z))rdu t>0.
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Remark 4.4 (Diffusion process with switching tendencies and diffusion
coeflicients). Consider the case of the diffusion process,

X(t) = T(t) + Wo(t), t>0,

with the switching tendencies ¢; = ¢;(t) and diffusion coefficients o; = o;(t) #
0, t >0, ¢ € D, where the jump component is missing.
In this case there are infinitely many equivalent martingale measures.

Theorem 4.1 shows that the measure transformation defined by % |7 = E(X™),
see (3.5) with hf = 0, ¢f = 0 and o}(t) = —c¢;(t)/oi(t), t > 0, i € D, eliminates
the drift component similarly as in Example 4.3. Under measure Q process X
becomes the martingale of the form X (¢t) = W?(t), t > 0, whereas by (4.1) the
inter-switching times are arbitrary distributed. Here W is the stochastic integral
(2.8) based on Q-Brownian motion B.

This model has been analysed in Elliott et al. (2005) by using the Esscher trans-
form under switching regimes. This transformation does not affect the distribution
of inter-switching times and the corresponding equivalent martingale measure is of
the minimal relative entropy, see Elliott et al. (2005), Proposition 3.1.

In the next section we study in detail the jump-diffusion model with switching
regimes based on the Markov underlying process e. We have discovered that in this
case the Esscher transform does not produce the minimal relative entropy.

5. Esscher transform and minimal entropy martingale measure

Typically, the jump-diffusion model with switching regime has no martingale
measure or it has infinitely many. The rare examples of the unique martingale
measure are presented above (Example 4.2 and Example 4.3). In this section we
discuss the case when the infinitely many martingale measures exist and discuss
some methods to select one. The first method is based on the so-called the Esscher
transform under switching regimes.

Let X = T¢(t)+N"(t)+W?(t), t > 0, be the jump-diffusion process with switch-
ing regime, see (2.6)-(2.8), defined on the filtered probability space (2, F, F¢, P).

Let 0; # 0, i € D, a. s. The case with missed diffusion (o; = 0, i € D) is
analysed in Example 4.2.

To choose an equivalent martingale measure by a reasonable way consider the
deterministic measurable functions 6, = 6;(t), ¢ > 0, ¢ € D, which define the
regime switching processes 81 = 01(t), ¢t > 0, i € D, similarly as in (2.1). Let
measure Qp (equivalent to P) be defined by the density

ag o2 ([H)ares) o)

® 7 o (JL 00 0) 1 7]

Here Y (t) = T¢=/2(t) + N (£) + WO (t), t > 0, see (2.10), and F¥ is the
P-augmentation of the natural filtration generated by . This particular choice of
the new measure is named a regime switching Esscher transform (or exponential
tilting), see Elliott et al Elliott et al. (2005).
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It is easy to see that
t
Ep [exp ( / 9f(s)dY(s)> ]—'f} —exp (T"(C"’Q/Q)(t) +N91n<1+h>(t))

0 X exp (T92”2/2(t)> .

Therefore the Radon-Nikodym derivative of the Esscher transforms is given by

d
| r= exp (W07 (1) - 17721
which corresponds to Radon-Nikodym derivative (3.5) with
of =0,0;,, ¢ =0, hi=0, 1€ D. (5.2)

Observe, that by Girsanov’s Theorem (see Theorem 3.4, equation (3.8)) due to
(5.2) the distribution of inter-switching times are not changed under such defined
measure, 'yQ9 = 7]1).

Hence, due to (5.2), the martingale condition (see Theorem 4.1, equation (4.1))
can be written as

P
bit) = — W OM) o (5.3)
oi(t)?

It is known that the Esscher measure transform defined by (5.1) with parameters
0;, i € D, determined by (5.3) corresponds to the minimal relative entropy, see El-
liott et al. (2005), Proposition 3.1. The similar approach with the Esscher measure
transform produces the minimal relative entropy in the case of Lévy processes (see
Esche and Schweizer (2005); Fujiwara and Miyahara (2003)).

For our model based on Brownian motion with jumps and with switching regimes
the Esscher transform does not produce the minimal relative entropy.

In the rest of this section for the sake of simplicity, we consider the Markov
case with d = 2, when the alternating distributions of inter-switching times are
exponential both under measure P and under an equivalent measure Q, i.e.

¥ = \; = const > 0, fy;@:)\’{:const>0, ieD=/{1,2},

and the driving parameters c;, h;, 04, ¢ € D = {1,2}, are constant. Here measure
Q is defined by (3.4)-(3.6) with constant parameters ¢}, hf,of, i € D = {1,2},
satisfying (3.1)-(3.3).

To analyse the set of equivalent martingale measures from the viewpoint of the
relative entropy we are looking for the solution of the integral equations (3.13).
Since this jump-diffusion process X is bounded, by Theorem 2.1 of Frittelli (2000)
there exists a unique minimal entropy martingale measure.

As it is shown in Remark 3.6, in this case the relative entropy functions are
defined by (3.18):

Hi(t) = Hy(t; M, 3) =Bt + Ay [1 - e”XiH29)1 ]
t>0,

Hy(t) = Ha(t; N, \3) =Bt + Az [1—e” T+
where A, A; and B are defined by (3.17) and (3.15).

Remark 5.1. Note that B = 0 (or, equivalently, b; = by = 0) if and only if process X
is already a P-martingale. Indeed, b; = b2 = 0 ifand only if 0¥ =0, i € D = {1, 2},
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and A} = A, i € D = {1,2}, (see (3.15)) , or equivalently, Q = P. Hence
Al = A2 =0 and Hl(t) = Hg(t) =0.

Remark 5.2. Let the jump-diffusion process X be a Lévy process, i.e. the alterna-
tion is missing and ¢; = ¢ = ¢, hy = hg = h # 0, 01 = 092 = 0 # 0 are constant.
This is the case of a Markov jump-diffusion process.

Let the new measure Q be defined by (3.4)-(3.6).
Therefore, by (3.18) the relative entropy functions are identical and linear in ¢,

HlEHQZBt,tZO,

where, due to (3.17), B =b = XA — X* + X*In\*/A + (0%)?/2, and A} = Ay = 0.
Here A = ~F and A* = 4@ are the constant jump intensities under measure P and
measure Q respectively; the parameter o* satisfies martingale condition (4.1):

_ct+Ah
pa—

=

In this case the martingale measure with the minimal relative entropy is defined
by the jump intensity \* which satisfies the algebraic equation:

* * h2 c *
b’()\)zln)\/)\—k?(ﬁ—k)\):o. (5.4)

The latter equation is equivalent to
c+ B*a® 4+ Ahexp(B*h) = 0, (5.5)

where the following change of variables \* = Aexp(8*h) is applied. In this par-
ticular case of Lévy process X, equation (5.5) coincides with condition (C) of Fu-
jiwara and Miyahara (2003), which gives the minimal relative entropy H (t) under
a measure defined by the Esscher transformation. In this example equation (3.18)
becomes

2 2
H(t) = | A1 — exp(8*h) + B*hexp(8°h)) + % (5 +Aexp(°n) } t, (56)
where $* is the (unique) solution of (5.5). Equation (5.6) corresponds to equation
(3.9) from Fujiwara and Miyahara (2003).
In the case of the jump-diffusion process with alternating parameters, such coin-
cidence is not available. In this case the minimal entropy functions depend on the
initial state and they have a bit more complicated behaviour.

Observe that functions by = by (A}, 07), ba = ba(N5, 05) are expressed by sum-
ming up of the two nonnegative and convex functions, f(z) = a—x+xIn(z/a), = >

0, (with A* for z) and g(y) = y?/2 (with o* for y). Hence, b; and by are nonneg-
As5b1 4+ ATb
ative and convex. Therefore, function B = B(A}, A3, 07,03) = % is also
1T A2
nonnegative.
We analyse the relative entropy functions Hy = Hi(t) and Hy = Hs(t) for
small and big times ¢ separately. These functions possesses the following time-

asymptotics.

Proposition 5.3. Let the relative entropy functions Hy and Ho be defined by
(3.18). Thus,
Hy (t) ~ blt, Hz(t) ~ bgt, t— 0, (57)
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and
Hl(t) NBt-l—Ah Hg(t) NBt-‘r—AQ, t — 00. (58)

Proof: As t — 0 formulae (3.17)-(3.18) lead to (5.7):
m@y:m+Aiﬁ—€“HﬁﬂA4B+A4ﬁ+xpﬁzma ieD={1,2}.
Long-term asymptotic (5.8) is evident. O

We choose the equivalent measure minimising the relative entropy function H(t)
under the martingale condition (4.1), i.e. A, of, i € D = {1,2}, satisfy the
following relations:

Cl+)\*'h1+0'*'0'1 :0,
. . (5.9)
62+/\2‘h2+0'2 '0’2:0.

If measure Q is constructed by way of minimising b; and by, we say that Q is
the short-term minimal entropy martingale measure (MEMM), see (5.7); measure
Q is the long-term MEMM, if Q minimises B, see (5.8).

The short-term and the long-term minimal entropy equivalent martingale mea-
sures are defined as the solutions of the following optimisation problems subject to
martingale condition (5.9):

o the short-term MEMM is defined by solving the problem w.r.t. o} and
Af, e D=1{1,2},

by =X\ — A} + X In\i /A + (07)%/2 — min, (5.10)

by = Ao — A3 + A3 In A3/ Ao + (03)?/2 — min. '

o the long-term MEMM is defined by solving the problem w.r.t. o) and
Af, e D=1{1,2},
Asby + ATb
B:ﬁ%iﬁﬁﬁmm. (5.11)
AT+ A3

Theorem 5.4. The solutions of problems (5.10) and (5.11) subject to condition
(5.9) exist and they are unique.

Proof: 1f o; # 0, then (5.9) gives

. .
* _L)\ZZ. (5.12)
0
Hence problem (5.10) is equivalent to minimisation of the function
1
m:Mﬁ%:&—ﬁ+ﬁmMWM+§7@H%Mf,ieD:ﬂﬂ}
9

If, additionally, h; = 0, then problem (5.10) has the unique solution A} = A;. In
this case we return to the Markov modulated diffusion process, see Remark 4.4 and
Elliott et al. (2005). This confirms again that in this case the minimum of entropy
and the Esscher transform (5.1) lead to the same result.

If 0, = 0, h; # 0, then we have jump-telegraph model (see Example 4.2). In
this case the martingale condition (5.9) gives A} = —c¢;/h;, which corresponds to
the unique equivalent martingale measure.
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On the contrary, if o; # 0, h; # 0, then the minimal entropy and the Esscher
transform (5.1) give different results. Observe that b;, ¢ € D = {1,2}, with o
given by (5.12) can be rewritten as

2

bi =b;(A]) ==X = A+ A In(Af /) + g (AF = ozz)Q, ie D={1,2}, (5.13)
where C’f = h?/o? >0 and o; = —¢;/h; > 0, i€ D={1,2}.

Differentiating (5.13) we have:

* h *
Vi(AT) == (c1/h1 + AT) + In(A] /),
(5.14)

By(N3) =12 (co/h + A3) + In(AS/Na).

2
o2
o1
2
52
03
We remark that functions b] and b, vary monotonically from —oco to +o00 as A}
and A} increase from 0 to +o0o. Hence, the system bj(A}) = 0, b4(A3) = 0 (and
minimisation problem (5.10)) has the unique solution.

Moreover, if \f < —c¢;/h;, then the solution A} of the corresponding equation
b’()\*) = 0 satisfies Af, A\f > A;, i € D = {1,2};if A} > —c¢;/h;, then A\f < \;, i €

= {1,2}. Therefore the solution Af of (5.10) is always between \; and —c¢;/h;,
i € D = {1,2}, whereas the Esscher transform gives A\f = \;, i € D = {1,2}.

We solve the problem (5.11) by differentiating again. System

0B 9B _
oy oNs
is equivalent to
Dy = (A + X501 (A]) + ba(AS) — b1 (A) =0, (5.15)
= (AT + 25 (A5) + b1 (A)) — b2 (N3) =0. (5.16)

By a similar reasoning as before, one can easily see that system (5.15)-(5.16) also
has (unique) solution. Indeed, owing to (5.13) and (5.14) we have

@1 = AT/ A1) +52(A3) = A+ AT+ (A — ) + CEOAT — an) (A3 + on)-

Thus,
0P, /\*
= CT(AT+ A
aAT )\* + 1( + 2)
Hence, function ®; increases monotonically from —oo to 400 as A] increases from
0 to 400, which means that equation (5.15) has the unique solution A} = ¢(A\5) > 0

for any fixed positive A5. Therefore system (5.15)-(5.16) is equivalent to
b1(¢(A3)) + b5(A3) = 0.
Differentiating this identity and (5.14) one can see that
C3+1/X;
CT+1/¢(X3)
Hence, function b (¢(A5)) decreases as A3 goes from 0 to +oco, whereas b5(A3)

strictly increases from —oo to +00. Therefore system (5.15)-(5.16) has the unique
solution.

¢(N) = <0,
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Then, the second derivatives of B are

AS 273
B — 2 bl/ )\* _ 2 _ @ * )\*
11 AT+)\§ 1( 1) ()\;{+)\§)5 1( 1 2)7
Al 273
B — 1 bl/ )\* _ 1 ¢ * )\*
22 AT‘FA; 2( 2) ()\;{+)\§)3 2( 1> 2)7
Al AS
Biz = Ba1 == ®1(A], A}) + 2 B2 (A, A)).
12 21 ()\,{+>\§)3 1( 19 2)+ (AT+A§)B 2( 1 2)
0’B . . .
Here B;; = o b € D = {1,2}. Hence, point (A}, A;), fitting for system
()
(5.15)-(5.16), gives the minimum of B. O
Hy 0/t
10r
0.8
0.6
04
0.2
0 1 2 3 2!
Ha(t)/t
5,
4
3,
2,
1,
0 1 2 3 2!

FIGURE 5.1. Plot of H,(t)/t, t > 0, where H,(t), i € {1,2}, is the
minimal entropy (for Ay = Ao =1,01 =02 =1, 1 = —1, c3 = 3,
hi =1, hy = —0.1).

Remark 5.5. Theorem 5.4 and Proposition 5.3 show that the minimal entropy mar-
tingale measure differs from the measure supplied by Esscher transformation. This
is confirmed by the plots presented in Fig. 5.1 and Fig. 5.2, where an asymmetric sit-
uation is considered. Surprisingly, the minimal entropy is supplied by A}, A5 which
depend on time horizon. Moreover, the entropy functions H;(¢t), ¢ > 0, i € {1, 2},
are not linear (cf. (5.6), Remark 5.2).



594 Antonio Di Crescenzo and Nikita Ratanov

1.0¢

0.4F

0.2

FIGURE 5.2. Plot of argmin Hq(t), for the same case of Figure 5.1.

In Elliott et al. (2007) the Esscher transform is applied to option pricing under
a Markov-modulated jump-diffusion model.
In the symmetric case,
Al =MXg, 01 =02 and c¢; = —co, hy = —hs, c1he = cohy, (5.17)
the solution of the minimal entropy problem is constant.

Proposition 5.6. In the symmetric case (5.17) the problem
Hi(t; A7, \3) — min,
( . i) _ (5.18)
Hy(t; A7, A5) — min

subject to condition (5.9) has the unique solution A} = A5 = const, which does not
depend on time t.
Proof: By Taylor representation we have
Hy =bit + A; (b1 — bo)t? - ¢ (A + A5)1)
Hy =bst + A3 (b = b1)t? - ¢ (AT + A3)1),
where

(_l)n-&-lxn

o0 =2

n=0
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Notice that in the symmetric case (5.17) function by and bs (see (5.13)) are equal:
b1(A) = ba(A) = b, A > 0. Hence, the problem (5.18) has the unique constant
solution, AT = A5 = \*, which corresponds to problem (5.10). The minimal entropy
is linear, H;(t) = Ha(t) = bt, where b = b(\*). O

References

N. Bellamy and M. Jeanblanc. Incompleteness of markets driven by a mixed diffu-
sion. Finance Stoch. 4 (2), 209-222 (2000). MR1780327.

D.R. Cox. Renewal theory. Methuen & Co. Ltd., London; John Wiley & Sons, Inc.,
New York (1962). MRO0153061.

A. Di Crescenzo. On random motions with velocities alternating at Erlang-
distributed random times. Adv. in Appl. Probab. 33 (3), 690-701 (2001).
MR1860096.

A. Di Crescenzo, A. Iuliano, B. Martinucci and S. Zacks. Generalized telegraph pro-
cess with random jumps. J. Appl. Probab. 50 (2), 450-463 (2013). MR3102492.

A. Di Crescenzo and B. Martinucci. A damped telegraph random process with lo-
gistic stationary distribution. J. Appl. Probab. 47 (1), 84-96 (2010). MR2654760.

A. Di Crescenzo and B. Martinucci. On the generalized telegraph process with
deterministic jumps. Methodol. Comput. Appl. Probab. 15 (1), 215-235 (2013).
MR3030219.

A. Di Crescenzo, B. Martinucci and S. Zacks. On the geometric brownian motion
with alternating trend. In C. Perna and M. Sibillo, editors, Mathematical and
Statistical Methods for Actuarial Sciences and Finance, pages 81-85. Springer
International Publishing (2014). DOT: 10.1007/978-3-319-05014-0_19.

A. Di Crescenzo and S. Zacks. Probability Law and Flow Function of Brownian
Motion Driven by a Generalized Telegraph Process. Methodol. Comput. Appl.
Probab. 17 (3), 761-780 (2015). MR3377859.

R.J. Elliott, L. Chan and T.K. Siu. Option pricing and esscher transform under
regime switching. Annals of Finance 1 (4), 423-432 (2005). DOI: 10.1007 /s10436-
005-0013-z.

R.J. Elliott, T.K. Siu, L. Chan and J.W. Lau. Pricing options under a generalized
Markov-modulated jump-diffusion model. Stoch. Anal. Appl. 25 (4), 821-843
(2007). MR2335068.

F. Esche and M. Schweizer. Minimal entropy preserves the Lévy property: how
and why. Stochastic Process. Appl. 115 (2), 299-327 (2005). MR2111196.

H. Féllmer and M. Schweizer. Hedging of contingent claims under incomplete infor-
mation. In Applied stochastic analysis (London, 1989), volume 5 of Stochastics
Monogr., pages 389-414. Gordon and Breach, New York (1991). MR 1108430.

M. Frittelli. The minimal entropy martingale measure and the valuation problem
in incomplete markets. Math. Finance 10 (1), 39-52 (2000). MR1743972.

T. Fujiwara and Y. Miyahara. The minimal entropy martingale measures for geo-
metric Lévy processes. Finance Stoch. 7 (4), 509-531 (2003). MR2014248.

X. Guo. Information and option pricings. Quant. Finance 1 (1), 38-44 (2001).
MR1810015.

M. Jacobsen. Point process theory and applications. Probability and its Appli-
cations. Birkh&user Boston, Inc., Boston, MA (2006). ISBN 978-0-8176-4215-0;
0-8176-4215-3. Marked point and piecewise deterministic processes.


http://www.ams.org/mathscinet-getitem?mr=MR1780327
http://www.ams.org/mathscinet-getitem?mr=MR0153061
http://www.ams.org/mathscinet-getitem?mr=MR1860096
http://www.ams.org/mathscinet-getitem?mr=MR3102492
http://www.ams.org/mathscinet-getitem?mr=MR2654760
http://www.ams.org/mathscinet-getitem?mr=MR3030219
http://dx.doi.org/10.1007/978-3-319-05014-0_19
http://www.ams.org/mathscinet-getitem?mr=MR3377859
http://dx.doi.org/10.1007/s10436-005-0013-z
http://dx.doi.org/10.1007/s10436-005-0013-z
http://www.ams.org/mathscinet-getitem?mr=MR2335068
http://www.ams.org/mathscinet-getitem?mr=MR2111196
http://www.ams.org/mathscinet-getitem?mr=MR1108430
http://www.ams.org/mathscinet-getitem?mr=MR1743972
http://www.ams.org/mathscinet-getitem?mr=MR2014248
http://www.ams.org/mathscinet-getitem?mr=MR1810015

596 Antonio Di Crescenzo and Nikita Ratanov

M. Jeanblanc and M. Rutkowski. Default risk and hazard process. In Mathematical
finance—Bachelier Congress, 2000 (Paris), Springer Finance, pages 281-312.
Springer, Berlin (2002). MR1960569.

M. Jeanblanc, M. Yor and M. Chesney. Mathematical methods for financial markets.
Springer Finance. Springer-Verlag London, Ltd., London (2009). ISBN 978-1-
85233-376-8. MR2568861.

A.D. Kolesnik and N. Ratanov. Telegraph processes and option pricing. Springer
Briefs in Statistics. Springer, Heidelberg (2013). ISBN 978-3-642-40525-9; 978-3-
642-40526-6. MR3115087.

A.V. Mel'nikov and N.E. Ratanov. Nonhomogeneous telegraph processes and their
application to the modeling of financial markets. Dokl. Akad. Nauk 412 (5),
597-599 (2007). MR2452226.

N. Ratanov. A jump telegraph model for option pricing. Quant. Finance 7 (5),
575-583 (2007). MR2358921.

N. Ratanov. Option pricing model based on a Markov-modulated diffusion with
jumps. Braz. J. Probab. Stat. 24 (2), 413-431 (2010). MR2643573.

N. Ratanov. Damped jump-telegraph processes. Statist. Probab. Lett. 83 (10),
2282-2290 (2013). MR3093815.

N. Ratanov. Double telegraph processes and complete market models. Stoch. Anal.
Appl. 32 (4), 555-574 (2014a). MR3219693.

N. Ratanov. On piecewise linear processes. Statist. Probab. Lett. 90, 60—-67 (2014b).
MR3196858.

N. Ratanov. Option pricing under jump-diffusion processes with regime switch-
ing. Methodol. Comput. Appl. Probab. published online 16 September 2015
(2015a). DOI 10.1007/s11009-015-9462-7.

N. Ratanov. Telegraph Processes with Random Jumps and Complete Market Mod-
els. Methodol. Comput. Appl. Probab. 17 (3), 677-695 (2015b). MR3377855.
W.J. Runggaldier. Jump-diffusion models. In S.T. Rachev, editor, Handbook of
Heavy Tailed Distributions in Finance, volume 1 of Handbooks in Finance, pages
169 — 209. North-Holland, Amsterdam (2003). DOI: 10.1016/ B978-044450896-

6.50007-8.

George H. Weiss. Aspects and applications of the random walk. Random Materials
and Processes. North-Holland Publishing Co., Amsterdam (1994). ISBN 0-444-
81606-2. MR1280031.


http://www.ams.org/mathscinet-getitem?mr=MR1960569
http://www.ams.org/mathscinet-getitem?mr=MR2568861
http://www.ams.org/mathscinet-getitem?mr=MR3115087
http://www.ams.org/mathscinet-getitem?mr=MR2452226
http://www.ams.org/mathscinet-getitem?mr=MR2358921
http://www.ams.org/mathscinet-getitem?mr=MR2643573
http://www.ams.org/mathscinet-getitem?mr=MR3093815
http://www.ams.org/mathscinet-getitem?mr=MR3219693
http://www.ams.org/mathscinet-getitem?mr=MR3196858
http://www.ams.org/mathscinet-getitem?mr=MR3377855
http://dx.doi.org/10.1016/B978-044450896-6.50007-8
http://dx.doi.org/10.1016/B978-044450896-6.50007-8
http://www.ams.org/mathscinet-getitem?mr=MR1280031

	1. Introduction
	2. Generalised telegraph-jump-diffusion processes. Distributions and expectations
	2.1. The definition of telegraph-jump-diffusion process
	2.2. Semi-Markov process ep=ep(t)
	2.3. The distribution and expectation of X(t)

	3. Girsanov's transformation
	3.1. Martingale's characterisation
	3.2. Girsanov's Theorem
	3.3. Relative entropy

	4. Equivalent martingale measure
	5. Esscher transform and minimal entropy martingale measure 
	References

