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Abstract. Let F(N,m) denote a random forest on a set of N vertices, chosen
uniformly from all forests with m edges. Let F'(N,p) denote the forest obtained
by conditioning the Erdés-Rényi graph G(N, p) to be acyclic. We describe scaling
limits for the largest components of F(N,p) and F (N, m), in the critical window
p=N"1+O(N*3) orm=N/24+ O(N?3). Aldous (1997) described a scaling
limit for the largest components of G(N,p) within the critical window in terms of
the excursion lengths of a reflected Brownian motion with time-dependent drift.
Our scaling limit for critical random forests is of a similar nature, but now based
on a reflected diffusion whose drift depends on space as well as on time.

1. Introduction

Let G(N,p) be the Erdés-Rényi random graph with vertex set [IV], in which each
of the (J;] ) possible edges appears independently with probability p. In a seminal
paper, Aldous (1997) gave a scaling limit for the joint distribution of the sizes of the
largest components of G(N,p) within the critical window p(N) = & + O(N~4/3).
In this regime, the largest components are of order N2/3 (as was shown first by
Bollobds, 1984 up to a logarithmic correction, and then by Luczak, 1990); after
rescaling by N2/3, their sizes converge to the lengths of the excursions of a reflected
Brownian motion with time-dependent drift. The central result of Aldous (1997)
may be written as follows:
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Proposition 1.1. Let A € R, and consider the sequence of random graphs G(N, p)
with p = p(N) = N1 + AN~4/3. Let Cf(N’p),CS(N’p),... be the sequence of
component sizes of G(N,p) written in non-increasing order, augmented by zeros.

Let BX(t),t > 0 be a (time-inhomogeneous) reflected Brownian motion, with drift
A —t at time t, and B)(0) = 0. Let CB” be the lengths of the excursions of B*,
written in non-increasing order. Then

N3 (Cf ™ cg®™e ) 4 B as N = oo 1.1
1 2

with respect to the €2 topology.

A similar result may be written for the random graph G(N,m) (that is, a graph
chosen uniformly from all those with vertex set [N] and with m edges), in the
regime m = N/2 4+ O(N?/3).

Aldous’s result has been extended in multiple ways. The same Brownian scaling
limit has been shown to arise in more general settings including configuration mod-
els and inhomogeneous random graphs, provided the tail of the degree distribution
is sufficiently light (Turova, 2013; Riordan, 2012; Joseph, 2014; Bhamidi et al., 2010,
2014b; Dhara et al., 2017). In some such cases, finer scaling limits describing the
metric structure of the large components, as well as their size, have been obtained,
in terms of objects related to the Brownian continuum random tree (Addario-Berry
et al., 2010, 2012; Bhamidi et al., 2014a, 2017). When the third moment of the
vertex degrees is infinite, different scaling limits arise (Joseph, 2014; Bhamidi et al.,
2012; Dhara et al., 2016) which can be described in terms of excursion lengths of
the “thinned Lévy processes” introduced in Aldous and Limic (1998). Finally, dy-
namic models have been studied in which the developing component structure of a
random graph process (or more generally a multiplicative coalescent) is described
(as a process) by excursions of a Brownian motion or thinned Lévy process whose
drift changes with time (Armendariz, 2001; Broutin and Marckert, 2016; Limic,
2016; Martin and Rath, 2017).

In this paper we develop in a new direction, to consider the sizes of trees in
random forests. Write F(N,m) for a graph chosen uniformly at random from
all forests on [N] with m edges (equivalently, those forests consisting of N —m
trees). Write also F(N,p) for the graph G(N,p) conditioned to be acyclic. Our
main results give a scaling limit for the joint distribution of the sizes of the largest
trees in F'(N,m) or in F(N,p) in the critical regime (this critical regime coincides
with that for G(N,m) and G(N,p) above). The limit is given by the collection
of excursion lengths of a diffusion, as at (1.1) but now the limiting diffusion is
inhomogeneous in space as well as in time.

Just as for Aldous’s proof of Proposition 1.1, these convergence results are proved
by analysing the graph exploration process, which encodes enough of the graph
structure to recover the sequence of component sizes. We discuss the exploration
process, and its scaling limit, in Section 1.3; before that, we introduce the notation
needed to state our main results.

1.1. Definition of the diffusion. Luczak and Pittel (1992) studied the model
F(N,m), and identified subcritical, critical and supercritical regimes. Within the
critical window, specifically for m = N/2 + (A + o(1))N?/3, their Theorem 4.1 es-
tablishes convergence in distribution for N=2/3C},, where C}, is the size of the kth
largest tree in F/(N,m).
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Buczak and Pittel’s analysis relies on enumeration results of Britikov (1988),
which we also use extensively. Britikov gives asymptotics for f(N,m), the number
of forests on [N] with exactly m edges, via Bell polynomials. The relevant regime
of Britikov’s result is summarised by Lemma 2.1(ii) of Luczak and Pittel (1992):

Lemma 1.2. For any constant ¢ > 0, as N — oo,

NN-1/6 m—
Fvm) = (1 o) e g (P (12

oN=m(N —m)? \ N3
uniformly for m € [N/2 — cN*3 N/2 + cN?/3], where
1 o0
g(z) = ;/o exp(—%t?’/Q)cos(xt + %t3/2)dt, (1.3)

is the density of a stable distribution with parameter 3/2.

As we shall see in Lemma 2.10, it follows that the asymptotic probability that
G(N,p) is acyclic in this regime is @(N~1/6).

Definition 1.3. For b > 0 and A € R, let

oo _ —a)3 2
fo a"2g(\ — a)exp (()‘ 5 ) ) eXp(—g—a)da
fooo a=3/2g(\ — a) exp (%) exp(—%)da-

Lemma 1.4. The function g defined in (1.3) is positive, bounded, and uniformly
continuous, and satisfies g(x) — 0 as x — +oo. The integrals in the numerator and
denominator of (1./) both converge for all b and X. The function « is continuous
and increasing in its first argument, and satisfies a(b,\) — 0 as b | 0, uniformly
on A in compact intervals.

a(b, ) =

(1.4)

We will prove Lemma 1.4 in Section 5, after the main probabilistic arguments.

We now define a reflected diffusion, Z*, whose drift at time s and height b is
A — 5 —a(b,A —s). The excursion lengths of Z* will describe the scaling limits of
the largest trees in our critical random forests. Comparing with the definition of
B in Proposition 1.1, we see that the function « provides the correction to the
drift which is required to account for the acyclicity condition.

Proposition 1.5. Consider a standard Brownian motion W (-) with natural filtra-
tion FW. For each A € R, there exists a unique pair of non-negative F" -adapted
processes Z*, K satisfying:

ZX0) =0, (15)
dZMt) = [A—t—a (Z 1), A —t)] dt + AW (t) + K*(t), ’

where K is the local-time process of Z* at zero. That is, K*(-) is continuous and
increasing, with K*(0) =0, and [;° Z*(t)dK*(t) = 0.

Since the drift term in (1.5) is dominated by A — ¢, Z* almost surely has a
well-defined largest excursion, and second-largest excursion, and so on.

Definition 1.6. Let C* := (C7,C3,...) be the sequence of lengths of the excur-
sions of Z*, written in non-increasing order.
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1.2. Main results. We can now state the main results of the paper.

Theorem 1.7. Fiz A € R and suppose that m(N) is a sequence of integers such
that m = N/2 + (A 4+ 0(1))N?/3 as N — oo. Consider the sequence of random

forests F(N,m). Let C’f(N’m) > C’QF(N’m) > ... be the sequence of tree sizes in
F(N,m), in non-increasing order, augmented with zeros. Then
N2/ (Ofw””),cf(N’m),...) A (1.6)

as N — 0o, with respect to the £ topology.

Theorem 1.8. Fiz A € R and suppose that p(N) is a sequence such that p =
N+ A+ 0o(1)) N3 as N — oo. Consider the sequence of random forests
F(N,p). Let C’f(N’p) > C’QF(N’Z)) > ... be the sequence of tree sizes in F(N,p), in
non-increasing order, augmented with zeros. Then

e (e S N I (1.7)
as N — 0o, with respect to the €2 topology.

We will work mostly in the context of the model F(N,p). In Section 6 we will
deduce separately that Theorem 1.8 for F(N,p) implies Theorem 1.7 for F(N,m).

1.3. Exploration processes. As was the case for Aldous’s Proposition 1.1, our proof
of Theorem 1.8 is based on an analysis of the exploration process of the graph.
To be specific, we will work with a breadth-first ordering (although the argument
would work equally well with various other orderings).

Let G be any graph with vertex set [N]. We define the breadth-first ordering
v1,V2,...,vN in the following way. For a vertex v, let T'(v) be the set of neighbours
of vin G. For each n =0,1,..., N, denote

Zp:=T(v)U...UT(vx)\{v1, ..., 00}

Now recursively, for each n =0,1,..., N — 1:

e if |Z,| =0, then let v,41 be the smallest element of [N]\ {v1,...,v,}, and
let vng2, -+, Unp 14T (v,,)| De the elements of I'(vp+1), in increasing order;
o if |Z,] =7 >0, then let {vp4ri1,--., Untrra} be the elements of Z,,1\ Z,
in increasing order, where a = | 2,41 \ Z,|.
Note that Zg =0, v1 =1, and Z; =T'(1).

We can interpret the construction as follows. We imagine exploring the graph
one vertex at a time, revealing neighbours as we proceed. Z,, is the stack after step
n, consisting of the vertices that we have seen but not yet processed. At the next
step n, if there are any vertices on the stack, we process the one which was added
earliest (namely v,,41), removing it from the stack and adding to the stack all its
neighbours that have not previously been seen. If instead the stack is empty, we
select a new vertex (the smallest-labelled vertex that has not previously been seen)
and process that vertex in the same way.

We define the reflected exploration process (Zy)n>0 by Z, = |Z,|. If we define
0 = ng,n1,...,nc = N to be the times n such that Z,, = 0, written in increasing
order, then the components of G are {vy, 41,Vn,42,--.,Vn, ., } fori=0,...,C — 1.
In this way we can interpret the component sizes of G as the lengths of excursions
from 0 of the reflected exploration process.
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The strategy of proof of Theorem 1.8 is now to show that the exploration pro-
cesses ZNP of the forests F(N,p), in the regime of Theorem 1.8, converge as
N — oo, when suitably rescaled, to the diffusion Z*, in such a way that the
rescaled lengths of the longest excursions of ZV'P converge to the lengths of the
longest excursions of Z*. Our main convergence result is the following:

Theorem 1.9. With X, (p(N)) as in Theorem 1.8, let (ZYP), > be the reflected
exploration process of F(N,p). For s >0, set

ZNP = N2 (1.8)

Then we have ZN» % Z>, uniformly on compact time-intervals.

Let us try to give some intuition for this result and for the role played by the
function «, by comparing the behaviour of the exploration processes for G(N,p)
and for F(N,p), for p= N1 4 AN—4/3,

We first recall the heuristic for the scaling in the G(N, p) case. The exploration
process Z,,n > 0 is a Markov chain. Condition on Z,, the size of the stack after
n steps, being equal to r > 0 and consider the distribution of Z,; — Z,, + 1,
which is 1 more than the next increment of the process. This quantity is the
number of neighbours that the vertex v, has in [N]\ {v1,...,vn4r}, and it has
Bin (N — n — r, p) distribution, with mean (N —n — r)p.

If we write n = tN2/3 and r = bN'/3, the mean of that increment is then

(N —tN?/3 —pNV3)Y(N-Y3 £ AN—H/3) 1

which (for t and b of constant order) is approximately (A — t)N~1/3. Meanwhile
the variance is 1 + O(N~1/2). If we rescale time by a factor N?/3 and space by a
factor N1/3, we converge to a process with drift A — ¢ and variance 1 per unit time,
namely the diffusion B* of Proposition 1.1.

Now consider instead the exploration process for F/(N,p), which is G(N, p) con-
ditioned to be acyclic. We will see in Section 2.2 that the exploration process is
still a Markov chain, but the acyclicity condition changes the distribution of the
increments. Suppose again Z,, = r, so that the current stack is {vp41,. .., Unpr}-
These stack vertices are already known to be in the same component of the graph.
For the graph to remain acyclic, we now require that the subgraph induced by the
vertices {vp11,...,vn} is a forest, and furthermore no two of the stack vertices
are in the same tree of this forest. As a result of this conditioning, the quantity
Zn+41 — Zn + 1 no longer has Bin (N —n — r,p) distribution as in the G(V, p) case
just discussed, but is stochastically dominated by Bin (N — n — r,p); furthermore,
the downward bias produced is stronger when the stack size r is higher.

What we establish is that, in the same regime as above, this bias produces a
change in the expected increment which is again of order N~'/3 and depends on
the size of the stack. After rescaling as above, the drift obtained is now instead
A —t—a(b,\ —t), leading to the diffusion Z* defined at (1.5).

The particular convergence properties that we need in order to obtain Theorem
1.9 are collected in the following result:

Proposition 1.10. Fiz A € R, and let p = p(N) satisfy the conditions of The-
orem 1.8. For each N € N, the reflected exploration process ZNP of F(N,p) is
a Markov chain. Further, fix any T, K < oo and 6 > 0. Then, uniformly on
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n € [0,TN?/?] and r € [1, KN'/3],

NYE (200 = 2N 207 = 1| = A= s + o (5 A - w3m)] 2 0, (19)
2
E Hz,m - Zfl\“p} )ij’P = r} 1, (1.10)
N2/3p (yzjfgi — ZNP| > N3 ) ZNP = r) 0, (1.11)
as N — oco. In addition,
2

liminf inf E {ijf;] ’Z,QV’P =0| > 0. (1.12)

N—00 nef0,TN2/3)

Here (1.9) and (1.10) give the required convergence of the mean and variance of
the increments respectively. Then (1.11) will imply that the limit process does not
have jumps, and finally (1.12) ensures that the limit process reflects appropriately
at zero.

In Section 5.4, we show that Proposition 1.10 is sufficient to imply Theorem 1.9.
The main ingredient will be Theorem 5.7, a special case of the very general results
of Stroock and Varadhan (1971) on the convergence of Markov processes to reflected
diffusions.

We mention one further technical point which causes extra complication in the
proof of Theorem 1.8, compared to that of Aldous’s Proposition 1.1. We will
need to go slightly beyond Theorem 1.9 in showing that the excursions of the
discrete exploration process (whose lengths are the tree sizes of the forest) converge
appropriately, after rescaling, to the excursions of Z*. To do so, we need to exclude
the possibility that zeros of Z* arise only as the limits of small positive local minima,
of the discrete processes; for this we will use the fact that, conditional on its vertex
set, a tree appearing in F'(V, p) is a uniform random tree, whose exploration process
we can approximate by a Brownian excursion. (In the case of Proposition 1.1, the
limiting diffusion B* is homogeneous in space; hence Aldous was able to work
instead with the unreflected process, and correspondingly with a slightly different
version of the exploration process, whose height at step m is equal to the stack
size minus the number of complete components already explored. Then one only
needs to show that excursions above the running minimum of the discrete processes
converge to excursions above the running minimum of the diffusion, which follows
easily from the uniform convergence of the paths.)

1.4. Discussion. Before embarking on the proof of our main results, we discuss var-
ious aspects of the ensembles F(N,p) and G(N, p), the limiting diffusion processes
Z>» and B*, and other related models.

1.4.1. Ezcursions of B* and of Z*. Just as for the process B*, the excursions of Z*
occur in size-biased order. This property is inherited from the discrete exploration
processes — since the graph is exchangeable, the exploration visits the components
in size-biased order.

We also have that, conditional on their length, the excursions of Z* are Brownian
excursions. That is, if we condition on the set of excursion intervals of the process,
the paths of the process on these intervals are independent Brownian excursions.
This follows from the fact that the trees of F(N,p) are uniformly distributed,
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given their vertex sets, and the fact that the exploration process of a uniform tree
converges in distribution to a Brownian excursion (Le Gall, 2005). For the process
B*, in contrast, the excursions are Brownian excursions weighted by the exponential
of their area (see Aldous, 1997); relative to Brownian excursion, the higher drift
at the beginning and lower drift at the end of the interval favours excursions with
higher area in B*, but in Z* this bias turns out to be precisely cancelled by the
negative contribution to the drift from the o term. These properties of size-biased
ordering and Brownian excursions are not at all obvious from the definition of Z*.
It is interesting to ask whether there are other diffusions which have both these
properties.

1.4.2. Monotonicity properties. It’s straightforward that the edge set of G(N,p)
is stochastically dominated by that of G(N,p’) when p < p'; similarly we have
stochastic domination of G(N,m) by G(N,m') for m < m/.

However, there seems no obvious argument leading to analogous properties to
hold for the families F(N,p) and F(N,m); as far as we know, the question of
whether these monotonicity properties hold is open.

From the combinatorial calculations that we use to estimate the probability that
G(N,p) is acyclic, we obtain that in the critical window, the number of edges in
the forest F(N,p) typically behaves like N?p/2 + O(N'/?). (In fact, much more
strongly, one could immediately obtain that the local central limit theorem for the
number of edges is the same in F/(N, p) as in G(V, p)). If we also had a monotonicity
result, it would then be easy to deduce Theorem 1.7 for F'(N,m) from Theorem 1.8
for F(N,p), using a simple sandwiching argument. Without it, we need to work a
little harder. In Lemma 6.2 in Section 6, we prove an ‘almost monotonicity result’:
for parameters in an appropriate range, we can couple a sequence of random forests
with different numbers of edges in such a way that, with high probability, the edge
sets are indeed monotonic.

1.4.3. X\ — o0, the supercritical phase, and random planar graphs. In the subcritical
regime, the behaviours of G(N,m) and F(N,m) are very similar. Consider for
example m ~ ¢N where 0 < ¢ < 1/2. Then with probability bounded away from
1 as N — oo, the graph G(N,m) is itself acyclic. In both models, the size of the
largest component is on the order of log N. More broadly, the results of Luczak
and Pittel (1992) indicate that the scaling limit for the largest components is the
same for the two models whenever N/2 —m > N?/3.

However the supercritical behaviour of G(N,m) and F(N,m) is very different.
First consider the regime where m ~ ¢N where ¢ > 1/2. For both models, we see a
single “giant component” of linear size, and the second-largest component has sub-
linear size. In G(NN,m), the second-largest component has size O(log N); we have
the well-known “duality” property whereby, once the giant component is removed,
the rest of the graph looks like a subcritical random graph. For F(N,m), on the
other hand, Luczak and Pittel (1992) show that the size of the second-largest tree
(and, in fact, of the kth-largest for any k > 2) is on the order of N2/3. The number
of vertices outside the giant tree is sufficiently large that the remainder of the graph
looks critical rather than sub-critical.

Luczak and Pittel (1992) also show (in Theorem 5.1) a distributional scaling
limit for the O(N?/3) fluctuations of the size of the giant tree around its mean. A
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supercritical random forest without its giant tree can then be treated as a critical
forest with random criticality parameter A.

As a consequence, for the models FI(N,m) and F(N,p), the scaling limits de-
scribed in terms of the excursions of the diffusion remain relevant in describing the
kth largest components for k£ > 2 in the supercritical regime as well as in the critical
window. Although we do not state such a result here, one can show that the scaling
limit for these components is (up to a uniform multiplicative correction) a mizture
of the distributions obtained in our main theorem.

The different behaviour between the random graph model and the random forest
model is already visible “at the top of the scaling window”. Suppose m = N/2+ s
where N2/ « s « N. For the random graph case (Bollobds, 1984), one has
\C’lG(N’m)\ ~ (440(1))s and |C’2G(N’m)| = o(N?/3). In the random forest, the largest
component grows approximately half as quickly, with \CIF (N’m)| ~ (24 0(1))s, and
for k > 2, \C’,f(N’m)| remains on the order of N2/3.

We can also see the difference between the two models reflected in the behaviour
of the diffusion processes B* and Z*, as A\ — co. When \ becomes large, B*
typically has a single large excursion, which begins at time o(1) and ends at time
2\ £+ o(1). At the end of the excursion, the drift of the process is —\ + o(1), and
all subsequent excursions are very small. On the other hand, one can show from
Theorem 1.9 that the large excursion of Z* again begins at time o(1), but it is
roughly half as long as for B*, ending at time A & O(1). At this time, the drift
of the process is O(1), and the next largest excursions remain of constant order as
A — 0.

Another related model is that of the random planar graph P(N,m), uniformly
chosen from all planar graphs on [N] with m edges, which in a sense interpolates
between F'(N, m) and G(N,m). Kang and Luczak (2012) analysed the behaviour
of P(N,m) in various regimes, including the critical window m = N/2 4+ O(N?/3).
In this window, the largest components of P(N,m) are again on the scale of N 2/3
and towards the top of the window, the scaling is similar to that of F/(IV,m) rather
than G(N,m); if m = N/2 + s with N?/3 < s < N, then \Cf(N’m)| ~ (24 0(1))s,
and for k > 2, \C’,f(N’m)| = O(N?/3). It’s interesting to speculate about whether
one could also obtain a scaling limit for the joint distribution of the sizes of the
largest components of P(N,m) in terms of the excursion lengths of a diffusion.
However, it’s not clear whether one can formulate an exploration process of the
graph P(N,m) which has the Markov property; without this, it would perhaps be
less plausible to obtain suitable convergence to a diffusion.

1.5. Plan of the paper. Section 2 is devoted to proving Proposition 1.10. We show
the Markov property for the exploration process, and establish the estimates on
the expectation and variance of its jumps, and the necessary properties concerning
continuity and reflection at 0 of the limiting process.

In order to maintain the flow of the argument as much as possible, some of the
more involved combinatorial calculations required for Section 2 are postponed to
Section 4.

In Section 3 we prove that Theorem 1.9 (giving convergence of the exploration
process on compact time-intervals) implies Theorem 1.8 (our main scaling limit
result for F'(N, p)).
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Section 5 covers various technical aspects, first justifying the regularity properties
in Lemma 1.4 and the existence of the diffusion Z*, and then applying Stroock and
Varadhan’s general theory for the convergence of Markov processes to diffusions in
order to show that Theorem 1.9 follows from Proposition 1.10.

At this point we have completed the proof of Theorem 1.8. Finally Section 6
is devoted to the coupling arguments needed to deduce the result for F(N,m) in
Theorem 1.7 from that for F(N,p) in Theorem 1.8.

2. Convergence of the reflected exploration process

This section is devoted to the proof of Proposition 1.10. After collecting a few
basic results concerning couplings and expected component sizes for the models
G(N,p) and F(N,p), we turn to the Markov property for the exploration pro-
cess of F(N,p), and give its transition probabilities. Then we embark on various
combinatorial calculations concerning the probability of acyclicity in various crit-
ical random graphs. Some of the more involved calculations will be completed in
Section 4.

2.1. Proper couplings and estimates. First, we state two standard results, which we
will use regularly. The first couples G(N, p) as p varies. The second relates G(N, p)
and F(N,p), and follows from Strassen’s theorem (Strassen, 1965) and the Harris
inequality (Harris, 1960), since acyclity is a decreasing event.

Lemma 2.1. For all N € N, p < q € [0,1], there exists a coupling of G(N,p) and
G(N,q) such that E(G(N,p)) C E(G(N,q)) almost surely.

Lemma 2.2. For all N € N, p € [0,1), there exists a coupling of G(N,p) and
F(N,p) such that E(F(N,p)) € E(G(N,p)) almost surely.

The following result, adapted from Janson and Spencer (2007), controls the
expected size of the component of a uniformly-chosen vertex from G(V,p) in the
critical window.

Lemma 2.3. (Janson and Spencer, 2007, Corollary 5.2). Fiz A € R, and let
(p(N)) satisfy NY/3(Np(N)—1) = X. Let |Ca(n,p)(v)| be the size of the component
containing a uniformly-chosen vertex v in G (N, p). Then there exists ©* € (0, 00)
such that
N=BE [|Conp) (v)]] — ©* (2.1)
as N — oo. Thus by Lemma 2.2, if we now let |Cp(n,p)(v)| be the size of the
component containing a uniformly-chosen vertex in F(N,p), we have
limsup N™7E [|Cpy ) (v)[] < ©*. (2.2)

N—o0

Lemma 2.4. ©" is increasing as a function of X, and ©* = 0 as A\ — —oo.

Proof: The increasing property follows from Lemma 2.1. Then, take A < 0 and
p= % It is well-known (see van der Hofstad, 2017 for details) that the ex-
ploration process of G(N,p) is stochastically dominated by the exploration process
of TNP the Galton-Watson tree with Poisson(Np) offspring distribution. From
this, we obtain

1 Nl/s
1-Np Al

E[|Canp(@)|] <E [|TNPH =
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and the result follows on taking A — —oc. ([l

Let S%(G) be the sum of the squares of the component sizes in a graph G. Then
the expectation in (2.1) is simply E [S*(G(N,p))] /N (since C(v) is a size-biased
choice from the components of G), and the following corollary is an immediate
consequence of Lemma 2.3.

Corollary 2.5. Suppose that p(N) = 1/N + O(N~4/3) as N — co. Then the
quantities N~*/3S%(F(N,p)) and N=*3S%(G(N,p)) are bounded in expectation.

2.2. Stack forests.

Definition 2.6. For a graph G, we say a set A C V(G) is separated in G if no pair
of vertices in A lie in the same component of G.

Recall from Section 1.3 that we are considering a breadth-first exploration pro-
cess of F'(N,p). For the remainder of this short section, we suppress notation on N
and p in the exploration process, since the result to follow holds for all p € (0,1).
Then Z,, is the stack of vertices which have been seen but not explored yet. Note
that all the vertices in Z,, are in the same component of F(N, p), since components
are explored one-by-one. In particular, in the graph restricted to [N]\{v1,...,v,},
no pair of vertices in Z,, lie in the same component, as otherwise there would be
a cycle in F'(N,p). We refer to the Z,, trees on [N|\{v1,...,v,} containing each
v € Z, as the stack forest, as in Figure 2.1. We can see that the vertices in Z,, are
separated in the restricted graph on [N]\{v1,...,v,}.

STACK

8 ggw

STACK FOREST
Trees already  Vertices in current Rest of forest

fully explored tree which have been
fully explored

FiGure 2.1. Illustration of the definition of stack forest

Now, suppose we condition on {vy,...,v,} U Z,, and the structure of F(N,p)
on these n + Z,, vertices. Then, the graph restricted to [N]\{vi,...,v,} has the
same distribution as

F([N}\{Ulv s vvn}’p)a

with the extra condition that no pair of vertices from Z,, lie in the same component.
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We expand this explanation considerably in the proof of the following lemma,
which formalises the claim that (Z,,),>0 is Markov, and characterises its transition
probabilities via separation of the current stack in the remainder of the graph.

Lemma 2.7. Let (Z,)n>0 be the exploration process of F(N,p). Then Z is a
Markov chain, and forn >0 and r > 1,

P(Zpr=r+l—1|Z,=r)

~ <N —Z - T)pe(l —p) NP ([r 4 £ — 1] separated in F(N —n —1,p))
(2.3)

as ¢ varies over {0,1,...,N —n —r}.
The distribution of Z,+1 given Z, = 0 is the same as the distribution of Z, 41
given Z, = 1.

Proof: In the F(N,p) model, each forest H appears with probability proportional
|E(H)|
to (L) , where |E(H)| is the number of edges of H.

1-p

Consider the first n steps of the exploration process. As well as conditioning on
Z, =, consider conditioning further on the history (Z1, ..., Z,—1), on the identity
of the processed vertices vy,...,v, and on the vertices v,y1,...,Vn4, currently
on the stack. Let us write V,, = {v1,...,v,} for the processed vertices, Z, =
{Un+1,- -+, Unir} for the stack, and U,, = [N]\ (V,, U Z,,) for the remaining vertices.
Assume for the moment that r > 1, i.e. that Z,, is non-empty.

The conditioning determines the edges of the graph H restricted to the vertex
set V,, U Z,,. Furthermore, under this condition there are no edges between V,, and
U,,, with probability 1. So to specify H fully it is now enough to give the restriction
H = H|z,u, of H to the vertex set Z, UU,.

The set of H which are consistent with the conditioning is the set of H for which
H is a forest; for this, we require precisely that H is a forest in which the vertices

of the stack Z, are separated. Subject to this constraint, each H appears with
|E(H)| _ _
probability proportional to (% where |E(H)| is the number of edges of H.

After a suitable relabelling of the vertices, this gives the model F'(N — n, p) subject
to the condition that the vertices of [r] are separated.

The event in (2.3) occurs if the next increment 7,1 — Z, of the exploration
process has size ¢ — 1. This occurs if vertex v,11 (the next vertex to be processed,
which is currently on the stack) has ¢ neighbours in i,,. The conditional probability
of an increment of size £ — 1 is then equal to

N e =P (degg (1) = £ [r] separated in H) where H ~ F(N —n —r,p).

Note that this an . ¢ depends on the history we conditioned on only through the
value of r; hence in particular, given Z,, = r, the next increment is independent of
the history (Z1,...,Zn—1) = (r1,...,7n—1) of the exploration process, as required
for the Markov property to hold, and the conditional probability on the left of (2.3)
is also equal to an ,re-

There are ( N _?_T) ways to choose ¢ neighbours outside [r] for vertex 1. Without
loss of generality, consider the case where these £ neighbours are r+1,7+2,...,r+/.
Then the property that [r] is separated is equivalent to the property that the set
2,3,...,7+ £ is separated in the graph with vertex 1 removed.
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Reasoning in this way, and omitting factors which are constant in ¢, we obtain
anpre X P(F(N —n—rp) has [r] separated and deg(l) = ¢)
x P(G(N —n —r,p) is a forest with [r] separated and deg(1) = ¢)

N-—-n-— —n—r—
=< . T)pe(l—p)N ’

xP(G(N —n—r—1,p) is a forest with [r 4+ ¢ — 1] separated)

N-—-n-— —n—r—
(NPT

xP(F(N —n—r—1,p) has [r + ¢ — 1] separated) .

This is equal to the right-hand side of (2.3) as desired.

Observe that in the argument above, if » = | Z,,| = 1 then the property that the
vertices of Z,, are separated in H becomes vacuously true; all forests H are consis-
tent with the history of the exploration process, and the conditional distribution of
H above becomes simply that of F(N —n,p). In the case r = 0, where the stack
is empty, we start exploring again from a new vertex (specifically, the vertex in U,
with smallest label). Again all forests H are consistent with the history, and so in
fact the law of the rest of the process in the case Z,, = 0 is the same as that in the
case Z, = 1, as desired. O

We want to quantify exactly how large a probabilistic penalty is incurred by
adding an extra vertex to the stack, and so will consider limits of the quantity

P ([r + ¢] separated in F(N —n —1,p))
P([r + ¢ — 1] separated in F'(N —n —1,p))’

Given a graph in which [r+ ¢ — 1] are separated, the conditional probability that
r + { is also separated depends on the size of the stack forest rooted by [r+ ¢ — 1].
So we will calculate the expected size of a stack forest in Section 2.4. We need
precise asymptotics for the probability that G(N,p) is acyclic, which we derive in
Section 2.3. We then use this to calculate the probability that the stack forest has
a particular size.

2.3. Enumerating weighted stack forests. In this section, we consider the probability
that G(N, p) is acyclic.

Definition 2.8. Let f(N,m) be the number of forests with vertex set [N] and
exactly m edges. With a mild abuse of notation, we also define

N-1 m
FN.p) = F(GOV.p) aeyetio) = (1= )3 Y- fvom) ($22) . pe oot
" (2.4)
Lemma 2.9. For any N >0 and any p € (0,1),
F¥) = SN+ 10) 2 SV L= GNPE o @] (25)

where Cg(np)(v) is the component containing a wuniformly-chosen wverter v
in G(N,p).
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Proof: Graphs with zero, one or two vertices are certainly acyclic, so f(0,p) =
f(1,p) = f(2,p) = 1, the statement is true for N = 0,1. We assume from now on
that N > 2. We can define a forest on [N + 1] via the restriction to [N] (which is
clearly also a forest) and the neighbourhood of vertex N 4 1, where the latter must
obey some conditions to avoid cycles. We take P to be a probability distribution
which couples G(N,p) and G(N + 1,p) such that E(G(N,p)) C E(G(N + 1,p)),
P-a.s. Recall that in a graph G, for v € V(G), T'(v) is the set of vertices connected
to v by an edge in E(G). Then

f(N+1,p) = f(N,p)P (F(N + 1) separated in G(N, p) | G(N,p) acyclic) ,

and so the first inequality in (2.5) certainly holds. Now, for any set A C [N], the
event that A is separated in G is decreasing, while the event that G is acyclic is
also decreasing. So, again by the Harris inequality,

f(N+1,p) > f(N,p)P(I'(INV + 1) separated in G(N,p)),

and so

1-— fN+1.p) <P (T'(N + 1) not separated in G(N,p)). (2.6)

f(N,p)
Observe that the event that T'(IV + 1) is not separated in G(N, p) is the union
over i,j € [N] of the events

{i,7 both in (N + 1) and both in the same component of G(N,p)}.
Thus, by exchangeability of the vertices in [N],

P (C(N + 1) not separated in G(N, p))

N
< (2 >p2 P (1 and 2 in same component of G(N,p)).

Then, if [Cg(np)(1)] is the size of the component of G(N,p) which contains
vertex 1,

E[|[ConwpnD] -1
N -1 '

P (1 and 2 in same component of G(N,p)) =

We conclude that

N E ||C D)l —1
P (T'(N + 1) not separated in G(N,p)) < (2 >p2 . [ G(ijvzj_)(l)”

IA

1
§Np2E [1Canp (D],

from which the result follows, using (2.6) and the fact that the vertices in G(N, p)
are exchangeable. [

Now, using the asymptotics for f(N,m) in (1.2), we may obtain asymptotics
for f(N,p). Here, and in subsequent sections, some straightforward but lengthy
calculations are required, and in some places, various expansions have to be taken
to fifth order. To avoid breaking the flow of the main argument, we postpone this
proof until Section 4.1.

Lemma 2.10. Fiz A= < AT € R. Given p € (0,1), define A = A(N,p) =
N'3(Np—1). Then

f(N,p) =P(G(N,p) acyclic) = (1 + o(1))g(A)e>/*/2nN~1/6, (2.7)
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uniformly for A € A7, %] as N — oo.

Motivated by the definition of stack forests, for each 0 <7 < N, let Ay, C Fn
denote the set of forests where the vertices 1,...,r are separated. Furthermore,
given a forest F € Ay, let k.(F) be the sum of the sizes of the components
containing vertices 1,...,r. We also define

-AN,T,k = {F S AN,’I‘v kT(F) = k}7 (28)
the set of forests where 1,...,r are separated, and their stack forest has size k.

Definition 2.11. Given p € (0,1) and N, N’,r k € N satisfying N/ < N, and
r < k < N, we will use the following rescalings:
k
A=A(N,p):=NY3(Np—-1), a=a(N,k):= PR
r N N—-N

:W, SZS(N,N).:W.
Here, b represent the rescaled size of the stack and a represents the rescaled size
of the stack forest. When analysing the exploration process of G(N,p), we require
estimates for the graph structure on the N’ < N vertices which have not yet been
explored. Then s represents the rescaled number of vertices already explored in the
exploration process.

b=0b(N,r): (2.9)

Note. Observe that for p(IN) satisfying the conditions of Theorem 1.8, we have
A(N,p(N)) = A

Definition 2.12. For much of this and the following sections, it will be necessary
to make estimates uniformly across several variables. For constants 7' < oo, and
AT <At and 0 < e < K < oo, we let

IV AT 6 K, T) = {(N’,p, rk) € Nx (0,1) x Nx N : s(N,N') € [0, 7],
A(N,p) € N7, A%, B(N, ) € [e K], k € [r, KN*/4]}.
In addition, we define the projection this set onto its first three entries
YA AT e K, T)
= {(V,p,7)  s(N,N') €[0T, A(N,p) € [\~ \H], B(N.7) € [e, K1},
and a variant with a broader range of r
TN K, T)
= {(Vpr)  s(N,N') € 0,7, AN, p) € A7, A7), m e [1L KN

The following lemma gives uniform asymptotics for the probability that G(N’, p)
lies in Apnv ;5. The proof is postponed until Section 4.2.

Lemma 2.13. Fiz constants A=, \",¢, K, T as in Definition 2.12. Then,
P(G(N',p) € Anrri) = (14 0(1))e¥/*g(A — s — a) N=/6pa=3/2 (2.10)
Xexp(—b(A—s)—g—Z _W),
uniformly on (N',p,rm, k) € WV (A", At e, K,T), as N — co.
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2.4. Expected size of the stack forest. We now condition on [r] being separated in
F(N',p), and obtain an estimate for the expected size of the corresponding stack
forest. Recall from (2.9) the definitions b = b(N,r) and s = s(N, N'), the rescaled
stack size, and graph vertex count deficit, respectively.

Lemma 2.14. Fiz constants A=, AT, K, T as in Definition 2.12. Then,
N72P3E [k.(F(N',p)) | F(N,p) € An+ ] — a(b,A — 5) = 0, (2.11)
uniformly on (N',p,r) € Y ( A=, A", K,T), as N — co.

Proof: We can rewrite the expectation in (2.11) in terms of the unconditioned
random graphs G(N’,p) as follows.

_ Y P (F(N',p) € Anvirr)

Yl P(F(N',p) € Anv )
_ S MP(G(N',p) € Anvrk)

Yl B(G(N',p) € Axvrk)
We shall see that both of the sums in (2.12) are dominated by contributions from
k= O(N?/3).

In order to use Lemma 2.13, we assume € € (0, K) is given. We will first show
that (2.11) holds uniformly on W~ (A=, AT e, K,T). Then, at the end, we will take
€ — 0. We also select M > K, which we will take to oo shortly.

3 3

We write h(a,b) := a=3/2g(A — s —a) exp (%) exp(—b%/2a). Since

g is bounded, h(a,b) — 0 as a — 0 (indeed uniformly on b € [¢, K], A € R,

s € R>g), so fOM h(a,b)da < oo for all M < oo. On compact intervals in (a, b, A, s),
h is uniformly continuous and bounded away from zero. We may now use Lemma
2.13 to approximate every summand in (2.12), uniformly over the required range.
(Recall from (2.9) that a is a linear function of k.) So

E [kT(F(vap)) |F(N/,p) € »AN’,T]

(2.12)

[MN?/3]
S P(G(N'p) € Awrp) = (1+0(1)BN "0 exp (—b(A — ) — U524 9)
k=r

o« N2/3 /M a=32g(A — 5 — a) exp (W) exp (—%) da,
0

[MN?/3]
> KP(GIN',p) € Anrpr) = (14 0(1))bN o exp (~b(A - s) - 452 1 3)
k=r

x N4/3 2N — s — (A=s—a)® ~2)q
a 9( s —a)exp 5 exp ( —3. ) da, (2.13)
0

uniformly on (N’,p,r) € UJ' (A=, A", e, K, T), as N — 0.
Observe, by comparison with the definition of « in (1.4), that

2/3
i N-2/8Dker WP (GIN',p) € Anepi)
Moo SN TP (GO, p) € Anr k)

uniformly on (N',p,r) € IV (A=, A", e, K, T).
Therefore, to apply (2.12) to verify (2.11), we must check that the contribution
to the expectation from the event that the size of the stack forest is larger than

= (1 +o(1))a(b, A —s),
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MN?/3 vanishes as M — co. From (2.13), the contribution to the numerator of
(2.12) from summands for which & € [r, [M N?/3]] has order N ~5/6 x N*/3 = N1/2,
So to verify (2.11) uniformly on W) (A=, T ¢, K, T), it will suffice to check that
the following statement holds:

NI
lim limsup sup N2 Z kP(G(N',p) € An+ v i) = 0.
M=00 N—yoo (N/,p,r)eWd (A= AF,e,K,T) fe [ MN2/3

(2.14)

The stack forest is not too large. To show (2.14), we will show that the sequence
(kP (G(N',p) € AN rk))k>r is eventually bounded by a geometric series. From the
definition of F(N,p) in (2.4), we have that

k—r
P(G(N,p) € Anp) = (1—p)(2)=("27) @j_‘f) <1fp) rk* " F(N =k, p).
(2.15)

An explanation of where each term in this expression comes from is given in the
proof of Lemma 2.13 in Section 4.2. We will use this to control the ratio of the
probabilities P (G(N’,p) € An’ ) in the following lemma.

Lemma 2.15. Given the same constants as in Lemma 2.1/, there exist constants
M < oo and v > 0 such that for all large enough N,

(k+1P(G(N',p) € AN’ rk41)
kP (G(N',p) € AN+ k)

<1—AN72/83 (2.16)

whenever (N’ p,r) € O (A", A\, K, T) and k € [MN?/3 N’ —1].

This lemma is proved in Section 4.3. But then, we can bound (2.11) via a
geometric series as

N/
N7 Z kP (G(N',p) € AN’ 1)
k=MN2/3
1/2 [MNQ/B—I]P (G(vap) € AN’,T,(MN?/«?})

<N~
= 1— (1—yN-2/3)

By Lemma 2.13, this RHS is

1
(14 0(1))N~Y2=N2/3 . MN?/33/4g(A — s — M)N~5/6pN1—3/2
gl

X exp (—b(A —5)— % + (A_S_M)GB_(A_S)B)

=(1+ 0(1))M71/267b2/2M exp ((AfsfM);*(Afs)s) x g(A—s— M)

X

E:Mbexp (—b(A —s)— %) .
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Recall that g is uniformly bounded above and exp <(A787M)637(A78)3) < 1. Then

observe that M~—1/2¢b*/2M 0 as M — oo. Therefore

N/
lim limsup sup N2 Z kP (G(N',p) € An' i) = 0.
M—o0 N0 (N’,p,r)€¥N (A~ AT,e,K,T) k=| MN2/3]

So we have finished the proof of (2.14), and thus we have shown that (2.11) holds
uniformly on WYY (A=, A+ ¢, K, T).

Small stacks. To finish this proof of Lemma 2.14, it remains to extend the conver-
gence to uniformity on r € [1, [Kn'/3]], rather than on [[eN'/3], [K N1/3]].

Recall from Lemma 1.4 that a(b, A) — 0 as b | 0 uniformly on compact intervals
in A. In particular

- - _
lgr(l) lb{’njélop Ae[s;l}?ﬁ] Q@ (N1/3 A 5) =0. (2.17)
s€[0,T], re[1,eN/3]

Before Definition 2.12, we defined k,.(F) for a forest F', but we can extend the
definition to a general graph G with vertex set [N]. If |C(i)| is the size of the
component containing vertex i € [N], then set k.(G) := |[C(1)| + ... + |C(r)],
so some components may be counted at least twice. In particular, k,.(G) is an
increasing function of graphs. However, for any r, the set Ay, is a decreasing
family of graphs. Therefore

E [k (G(N",p) | G(N',p) € An,s] S E [k (G(N',p))] < 7E [|Con (D] 5
(2.18)
where |Ce(n py(1)] is the size of the component containing vertex 1 in G(N’,p).
From Lemma 2.3, for the range of N’,p under consideration,

lim sup sup N7Y3E [|Capnr (D] < 0N < 0. (2.19)
N—oo N'e[N-TN?/3 NJ
A(N,p)eA™ AT]
We now take r < eN'/3 in (2.18), and apply (2.19) to obtain

lim lim sup sup N723E [k (G(N',p)) | G(N',p) € An+ ] < lim 0"
e—=0 N 00 N’E[N—TN2/3,N] e—0
AN p)ENT AY]
re[l,eN/3]

So, with (2.17), this gives

lim lim sup sup N723E [k.(G(N',p)) |G(N',p) € A+ v]
€20 N—oo N'e[N-TN2/3 N]
A(Np)e[X™ AT]
refl,eN'/3]

—a (s, A—s)| =0 (2.20)
We already know that (2.11) holds uniformly on ¥~ (A=, A\ e, K,T). So, com-

bining with (2.20) and taking e small shows that (2.11) does hold uniformly on
(N',p,7) € B (A=, A\t K, T), as required for the full statement of Lemma 2.14. [
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2.5. Proof of Proposition 1.10: convergence of the drift. Recall that Ay, C Fy is
the set of forests on [IN] where vertices 1,...,r are separated. Let F be a uniform
choice from Ay . Then

N —k
N -7’

P(F € Anr1 |F € Anps) =
as the labels of the k — r other vertices in the stack forest containing vertices [r]

are uniformly chosen from {r + 1,..., N}. Furthermore, Ay ,4+1 C A, and so

P(F(N,p) € AN r+1)
P(F(N,p) € An )

P(F(N,p) € Anyy1 | F(N,p) € An)

N
:Z Np EANT’+1|F )EAN,r,k)

k=

X P( (Nap) S AN,r,k | F(N,p) € AN,T‘)

_ N—E[k(F(N,p) | F(N,p) € Av.r]
N —r ’

It follows that uniformly on (N’,p,7) € )Y (A=, AT, K, T), as in Lemma 2.14, as
N — oo,

N1/3 {1 _ P(F(N',p) € AN’,r-‘rl):l

A — .
P(E(N,p) € Anr) s) =0

-« (N"ln/S )
The sequence p(N) satisfies the conditions in the statement of Theorem 1.8, that

is A(N,p(N)) — A € Rin the notation of Definition 2.11. So in fact we may replace
A with ), obtaining, again uniformly on (N’,p,7) € U (A=, AT, K, T),

N1/3 [1 -~ P(F(N',p) € AN/ r41)
P(F(N',p) € An',y)

]—a(N’f/37)\—s)—>0. (2.21)

Now we can return to the increments of ZV-?| the exploration process of F(N, p).
Recall Lemma 2.7, which asserts that

R P N

XxP(F(N—-n—-1,p) € AN_n_1r40-1), £2>0,
where BN="="P ~ Bin (N —n —r,p). So we define

P(F(N—-n—1,p) € AN—n—1r4¢-1)

N,n,r N—n—r
=P(B b= '
i ( l) x P(F(N—-n—-1,p) € AN—p-1,-1)

(2.22)

il =z =0—1|Z)r = r) x ¢;"™". Heuristically,

from (2.21), this quotient, which we will think of as a weight, should be approxi-
mately

Therefore we also have P (Z N.p

L
(1= (g = ) N2

and so we will be able to approximate qév’"’r by the probability generating func-
tion of BN="~"P_ Indeed, this approximation only breaks down when 7 4 ¢ — 1 >
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KN'/3 that is, outside the range of (2.21). Therefore, for any 6 > 0, for large
enough N, we have, for all n € [0, TN?/3], r € [1, EN/3], and ¢ < N4,

PEIN—n—1p) € AN-n-1r+e-1) - ri1 n—1 -1/3
P(F(N—-n—1,p) € AN—n-1,-1) = H}(l B (a( N1/3 ’Afm) - 5)N )

The function « is uniformly continuous. Since the range of ¢ in this product is
asymptotically negligible relative to N1/3, for large enough N, for large enough N
we may replace r +i — 1 by r, and A = A(N,p) by A. That is,
P(F(N—n—lp)EAN_, —1’r+€—1) ( 1
’ n—1, < (1= r_A—-—2 ) _§N /3>_
]P’(F(N—n— 1;17) €¢4N—n—1,r—1) = (a(N1/3, N2/3) )

An identical argument gives

P(F(N —n— ]-vp) € -Aanfl,rJrlfl)
]P)(F(N —-—n- 17p) € AN—n—l,T—l)

vV

4
(1= (o (oA = ) +0) NTV2)

under the same conditions. From now on, we write aﬁ{r =« (ﬁ, A— #) for
brevity.
Keeping § > 0 fixed, we now address the sums )_,° qév’”’T and Zﬁo(ﬁ—l)qé\”"’r.

(Note first that both qév’”’r and ™" — 1/e, so these sums are uniformly bounded

below.) For large enough N, we have, again for all n € [0, TN?/?], r € [1, S N1/3],

N—-n—r
N,n,r
> w
£=0
[N/ .
< 3 PBY T =0) (1= (o, —NTV) B (BN > N
£=0
N—-n—r

< [(1 —-p)+p (1 —(af), - 5)N’1/3>]

Now, note that

+P (Banfr,p > N1/4)

—n—r

(1 =p)+p (1= (@, - N")]
N—-n—r

= [1= (@, — N2 4+ O(N—/%)] :

n,r

from which we find that
N-—-n—r
N3 [1 —[a=p+p (1@, —oN)] ] +(al, —5) =0, (2.23)

uniformly as N — co. The probability P (BN —n=rp > N1/ 4) decays exponentially
with some positive power of N, so we have shown that for large enough NV,
N—-n—r
g™ <1 (o, —25) N7V3, (2.24)

£=0

Under the same conditions,

N—n—
> @ 21 (gl +20) NV
£=0
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Now we consider the sum 3 £g,"""

N—-n—r N—-n—r
S otgymm < Y P (BYTTTP =) (1 — (apl, — §)N‘1/3)£
£=0 £=0

+ NP (BN > N4
<(N—-n-r)p (1 — (oz,]XT — (5)N_1/3)

x [(1=p)+p (1= (@, - )N~1/3)] T 005)

+ NP (BN‘”""” > N1/4) .

We can treat the term [(1—p) +p (1 — (af Neoner=t

n,r 6)N_1/3):|
We also have

as in (2.23).

(N—n—r)p (1 - (aﬁr—é)N_l/?’) =14+ (A— =25 — (o, —8)) N34 O(N2/3),

_n__
N2/3 n,r

So, in a similar fashion to (2.24), we establish

N—n—r
S0 lg) T <14+ (A 20, + 30 — m) N7V, (2.26)
=0
and
N—-n—r
S otg)™ =14+ (A —2a), - 35 — 2m) NTUVE
£=0

Therefore (where each successive statement holds whenever (N —n,p,r) €

T (A, AT, £, T) for large enough N)

N—n—rg N,n,r N—n—r Nn,r
E [Zr]yﬁ Zyr|Zyr = r} = £4=0 quin; =0 %
=0 Q"
< (A= 20&51\{7, + 36 — N’;/S) N3 ¢ (a N,r +26) N-1/3
< 1+ (A—al, =25 — J&z) N~1/3
< (Aol — 355 +60) NTV3,
Similarly

E[Z)0 = 20| 20 =r] = (A= alf, — s — 68) N71/%,

n,r

and so since § > 0 was arbitrary, after replacing % with K, we have completed the
proof of (1.9) in Proposition 1.10.

2.6. Proof of Proposition 1.10: variance, jumps and reflection.
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Variance of increments. We can show (1.10) using the estimates from Section 2.5.
Recall the definition of g, ™" from (2.22). As in (2.25), we have

- 6)N‘1/3)2

\T

Z 00 —1)g)"" < (N =n—7)(N—-n—r—1)p (1 — (o
=0

x [(1 —p)+p (1 — (o, — 5)]\7‘”3’)}]%“#72
+ NP (BN e > NV

Again, we use (2.23) and similarly to (2.26), we have

+ (2N —3ad, — 46 — F)N7I3
N—-n—r
< D UE=1)g)"™ <14 (20 = 30y, + 46 — ) N7V
£=0
In particular, we obtain
N-—-n—r N—-n—r N—-n—r N—-n—r
(0 —1)2q) " = Z 0l —1)gmr — Z A T AR |
=0 =0 £=0

uniformly, which is exactly (1.10).
Jumps in the limit. For any n € [N],
(| Np o gNe| s 5N1/3) <P (Hv € [N], degpy ) (v) > 5N1/3)
]ﬁ’(ﬂv € [N],degg(y p)(v) > 5N1/3)
< NP (degG(N)p)(l) > 5N1/3) .

But degg(y ) (1) ~ Bin (N —1,p), and so for any § > 0, this final term vanishes
exponentially fast. So (1.11) follows.

Speed at the boundary. Finally, we check that the discrete processes (ZV?) do not
get stuck at zero. By Lemma 2.7, we have

(22521127 0) _p(evirs) _vonop

P (foﬁi —o|ziv=0) PBT=0 T 1-p
Therefore
o P(Z)h =1|z)r =0)
lim inf inf > 1,
ND ne0 TN P (720 — 0] 23 = 0)
and so
1
liminf  inf E [[Zﬂﬂ |z 0] > 2,
N—oco negl0,TN2/3] 2

as required for (1.12).
This completes the proof of Proposition 1.10 (subject to the proofs of Lem-
mas 2.10, 2.13, and 2.15 in Section 4).



934 J. B. Martin and D. Yeo

3. Excursions and component sizes

In this section, we will prove that Theorem 1.8 follows from Theorem 1.9.

As in Aldous (1997), we must check that excursions of the limiting reflected
SDE are matched by excursions of the discrete exploration processes. In particular,
it must happen with vanishing probability that a zero of the limiting process Z*
appears only as the limit of small positive local minima of the discrete processes
ZN-P In addition, we must show that there are with high probability no large
discrete components which appear late enough in the exploration that they are
not represented in the limit. Several stages of the argument will be based on
a comparison of F'(N,p) and the original model G(N,p), for which some of the
results are easier, or known.

3.1. Large components are explored early. Theorem 1.9 establishes convergence of
the exploration processes on compact time intervals. To use this to study the sizes of
the largest components in F'(N, p), we need to ensure that these largest components
appear early in the exploration process. We establish this in the following series of
lemmas.

Lemma 3.1. Fiz AT € R. Then

lim limsup sup P (01 (F(N,p)) > 7N2/3> =0. (3.1)
Y Nosoo A(N,p)<A+

Proof: We have

1
E [|OF(N,p)(U)|] =K N Z Cz‘(F(N, p)) (32)
i>1
1 N2/3)2 ,
> LE(CEN) > T (0 () = a8
Result (3.1) then follows by using Lemma 2.3 and the coupling of Lemma 2.2 to
control the first expectation in (3.2). O

The following lemma shows that critical components will with high probability
include a vertex with label O(N/3).

Lemma 3.2. Fiz e >0, and At € R. Then

lim limsup sup P(3<mt67sz1Aap):|O|z¢de3 (3.3)
P=oo Nooo A<

andC’ﬂ{l,...,LI‘Nl/3J} :@) —0.

Proof: Applying Markov’s inequality to (2.2), and summing over all vertices,

At
limsup sup N2/°E H{v €[N : |Crwp ()] > ENZ/?’}H e
N—oo A(N,p)<A+t €
Therefore,
o
limsup sup E [#cpts Cin F(N,p) s.t. |C| > 6N2/3:| < —
€

N—oo A(N,p)<A+
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Then, since the labelling is independent of the component sizes in F'(N,p),

limsup sup E [#cpts Cin F(N,p) st. |C| > eN?/3
N—co A(N,p)<A+

andCﬁ{l,...,LFN1/3J}:®]

N—|TN'/3
C | LeLNQ/?’j J)
S T X hm 7 N N\
€ N—00 (|_€N2/3j)
0N

S eT exp(—Fe),

where the final limit can be evaluated using Stirling’s approximation. (3.3) follows.
O

‘We now use the previous result to show that the largest components will typically
appear near the start of the exploration process. This will be important later, since
if large critical components appear arbitrarily late in the exploration process, then
they cannot be treated via convergence on compact intervals.

Lemma 3.3. Fiz ¢ > 0 and AT € R as before. Then

lim limsup sup P (3 ept C in F (N,p) : |C| > eN?/3 (3.4)

=00 Noo A(Np)<AT

andCﬂ{vl,...,vLTNwsj} ZG) =0,

where (v1,va,...,vN) is the exploration process of F(N,p).

Proof: Fix I > 0, and let Cp(n p) (k) be the component of vertex k in F'(N,p). We
define the events

AVT(F(N,p) = {|Crvg (D] + - + [Crinp ITNY3])] > TN3),

BET(F(N, p)) := {3 ept C in F(N,p) : |C] > eN?/3, €0 {1, o Ler/ﬂ} - @},
as in Lemma 3.2. Then, by Markov’s inequality,

_ TNYSE [|ICruvp ()]

P (AVT(F(N,p)))

So by Lemma 2.3

SN
limsup sup P (AVT(F(N,p))) < :

3.5
N—soo A(N,p)<i+ T (3.5)

Whenever F(N,p) contains a component of size at least eN 2/3 which is not ex-
hausted during the first TN?/3 steps of the exploration process, at least one of
AVT(F(N,p)) and BT (F(N,p)) must hold. So take I' = /T, then let T — oo.
By (3.5) and Lemma 3.2, the result follows. O



936 J. B. Martin and D. Yeo

3.2. Components and excursions up to time T - notation and goal. Throughout
this section, we fix A € R and work with a sequence p(N) for which A(N,p) =
N1/ 3[Np — 1] — X as before. We will mostly suppress notational dependence on p
and .

First, we establish the notation we will use to describe the sequence of rescaled
component sizes in F(N,p). Fix T > 0, then:

o Let CV := (CF,C¥,...) be the sequence of sizes of components of F(N,p),
in non-increasing order.

e Analogously, let CNV'T .= (CNT T, .. ) be the sequence of sizes of the
components of F(N,p) which intersect with {v1,...,v|py2/5)}, an initial
segment of the breadth-first ordering introduced in Section 1.3. That is,
least one vertex has been seen by step |T'N 2/ 3| of the exploration process.
Again, we assume the sequence is ordered such that C{V’T > C’év’T > ...

We first show that for any 7' < oo the excursion lengths in the exploration
processes on the interval [0, T] appear correctly in the limit.
In everything that follows, we work on the probability space (Q,F,P) whose

existence is guaranteed by the Skorohod representation theorem, where ZN-? Fas

Z* with respect to the topology of uniform convergence on compact intervals.

In a mild abuse of notation, let ClT > CQT > ... be the lengths of excursions
of Z* above zero which have non-empty intersection with [0, 7], in non-increasing
order. Set CT := (CT,CT,...). We will prove the following convergence result for
the components seen within the first TN?/3 steps of the exploration process.

Proposition 3.4. FixT >0 and k > 1. Then as N — oo,
N=2B@ENT N oMy 4 (T cr,... cf). (3.6)

The concern is that the reflected exploration process might regularly approach
zero without actually hitting zero, and thus starting a new component. To show
that this effect does not appear in the limit, we use the fact that the components of
F(N,p) have the structure of uniform random trees. Then we can approximate the
exploration process within a component by a Brownian excursion, and show that
the probability of zeros in the limit which do not correspond to the start or end of
a component is small.

Definition 3.5. Given two sequences a = (ay,...,ax), b = (b1,...,bs), let a¥,bt
denote the sequences rearranged into non-increasing order. Then, we say a = b or
a weakly majorises b if for every £ < k,

¢

It is easy to check that this gives a pre-order on (R U {co})*, and a partial order
on non-increasing sequences finer than the standard ordering.

We will prove Proposition 3.4 by stochastically sandwiching CT between any
weak limit of CN'T, and any weak limit of a related sequence of lengths CV:10
associated with ZV, which will be defined shortly. This stochastic ordering will be
with respect to weak majorisation. The two directions of this sandwiching argument
occupy the next two sections. Finally, we show that for small enough §, these outer
distributions are close in the sense of the Lévy—Prohorov metric.
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3.3. Limits of component sizes stochastically majorise excursion lengths. We show
that limit points of CNV>T majorise C”, P-almost surely.
For any reference time s € [0,7], we define

£(s) :==sup{t < s:Z(t) =0}, EN(S) :=sup{t < s: ZN(t) =0},

r(s) ;== inf{t € [s,00) : Z(t) = 0}, NV (s) == B(T) A inf{t € [s,7(T)] : ZN(t) =0},

so that r(s) — £(s) is the width of the excursion of Z around time s. It will be
convenient to avoid values of s where /¥ and r" are non-constant, so we define

Q:= U N—2/37,
NeN

We also define the event

ol = {ZN — Z uniformly on [0,7(7T")], Z continuous on [077"(T)]} .

Since 7(T') < oo almost surely, and ZN — Z uniformly on compact intervals, we
have P (\I!T) = 1. It follows easily that on ¥7,

limsup ¢~ (s) < £(s), liminfr™(s) > r(s), Vs [0,T]. (3.7
N—oo N—o0
Now, on W7 given Z, choose s1,...,s, € [0,7]\Q such that each s; lies in the
ith longest excursion of Z, which has non-empty intersection with [0,7]. That is,
7(s;) — £(s;) = C¥. Now consider any limit point

(0(s1), - 0(s1),7(51), - .., 7(s8),CT, ..., O, (3.8)

of (N (51), ..o 6N (51), 7N (51), o, 7N (s8), O T, ..., O™, as N — oo, where we
allow C7 and at most one of the 7(s;) to be co. By compactness, we can be sure that
there are such limit points. To avoid introducing extra notation, we will assume
that (3.8) is a true limit, rather than a subsequential limit.

By (3.7), for any m < k,

Ui, 7(s0)] 2 (1), 7(s0)],

i=1 i=1
where the sets in the union on the right-hand side have disjoint interiors. By con-
struction of £V (s;), ™ (s;), any pair of intervals [(V (s;), 7V (s;)] and [(V (s;), 7V (s)]
are either equal or disjoint. Therefore the intervals in the union on the left-hand
side are either equal or have disjoint interiors. So for any limit point (3.8), let
I, C [m] be some set of indices such that

[6(si), 7(s0)] # [U(s5), 7(s;)], Vi#j€Tm

and

i€l i=1

Furthermore, we may demand I'y CT's C ... CT'y. Thus
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That is,

(7(51) —l(s1)y...,T (S\Fk|) — Z(5|Fk|) 0,004, 0)
= (r(s1) —€(s1),...,7(sk) — L(sk)). (3.9)

For any N, and any s € [0, 7]\Q, the interval [V (s), 7V (s)] is associated via the
reflected exploration process with exactly one component of F'(N,p). The size of
this component is at least (7 (s) — £V (s))N?/3.

Note. The two cases where the size of the component is not exactly equal to
(rN(s) — €N (s))N?/3 are: 1) when 7V (s) = 7(T); 2) when ZV(s) = 0. In the latter
case, since we have excluded the possibility s € N~2/3Z, it must hold that ZN s
locally constant and equal to zero around s, so the component has size 1.

For large enough N, the intervals {[¢V (s;), 7V (s;)] : i € 'y} are disjoint, and so
N_2/3(ClN’T, . ,C,]CV’T) > (TN(Sl) — EN(sl), N (S‘FH) — N (s|pk‘) ,0,... ,0) .

Since majorisation is preserved under limits (as the relation is a finite union of
closed sets in R* x R¥), we obtain

(C'lT, R C']?) - (F(sl) — [7(51), T (5|Fk|) — Z(S\FH) ,0,... ,O) .
So, combining with (3.9), we obtain
(Cf,....C) = (O ,....CP), (3.10)

which holds for every limit point (CT,...,CF) of ]\7_2/3(011\/’T7 R C,JCV’T) on the
event UT and so, in particular, P-almost surely.

3.4. Stochastic sandwiching via excursions above §. We now give a stochastic lower
bound for CT' (again in the sense of weak majorisation).

Fix some § > 0. For any realisation of the path ZV, the set DN-47 := {5 € [0,T] :
ZN(s) > 8} is a finite union of left-closed, right-open intervals. Let N=2/3(CN*T >
R C,iv ’6’T) be the sequence of the k largest lengths of those intervals which are
contained within the support of some excursion of ZV (above zero) which has non-
empty intersection with [0, T]. As before, augment with zeros if necessary. (Note
that the N—2/3 ensures that C{V’ﬁ’T has the same scaling as CN'T.) Certainly, for
any 0, (CNVT ..., C’,JCV’T) - (C{V’B’T, cee C,iv"s’T) for each trajectory of ZVN. We will
show that CT majorises limit points of N=2/3(CN*T . C’év"s’T), again P-almost
surely.

Again, we work on the event W7 Then, consider DT := {s € [0,T] : Z(s) > 0},
the collection of open intervals where the limit process Z is positive. On U7, for
large enough N, we have ZV(s) < §/2 whenever Z(s) = 0, and so DN-4T C DT,
Therefore the sequence of all interval lengths in D™:%T in non-increasing order is
majorised by the corresponding ordered sequence of interval lengths in D7. So in
particular

(CF,....CF) = N23(NOT  oNOT),

for large enough N, and hence on ¥7 any limit point (C_'f’T, ey C_',f’T) of
N=2B(CNOT oMY satisfies

(cr ....chy=@dT,....com).
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By (3.1), the collection N_2/3(CfV’T, A C,]CV’T, C{V’é’T, cey Cév’é’T)Nzl is tight
in RFxR¥. Let (CT,...,CT,CoT ..., C_’g’T) be any joint weak limit of the sequence
N=2BEeNT el oMt e T, Since P (W) = 1, by combining with
(3.10) we have shown that

CT,....CH =y (CL,....CT) =y (CT,...,C%T). 3.11
k k 1 k

CN’T CN,(S,T

3.5. Comparing and via uniform trees. We will now show for small
§, any weak limits (CT,...,Cl') and (C’f’T, N C';z’T) are themselves close in dis-
tribution in the sense of the Lévy-Prohorov metric on R¥. To do this, we have to
bound above the probability that the exploration process drops below height dN1/3
in the middle of an excursion above zero of width ©(N?/?). The components of
F(N,p) are, conditional on their sizes, uniform trees. Aldous (1991) explains how
to view the uniform tree as an example of a Galton—Watson tree, here with Poisson
offspring distribution, conditioned on its total progreny. From this, large excursions
of ZN are well-approximated by Brownian excursions. We then can then bound
the probability that ZV hits § without hitting zero using standard estimates.

Let Tx be a uniform choice from the K% ~2 unordered trees with vertex labels
given by [K]. Then, let 1 = SOTK,SlTK, cee SIZK = 0, be the corresponding breadth-
first exploration process. The appropriate rescaling to consider is then ST (s) :=

#SLT;;S | for s € [0,1]. From the description of Tx as a conditioned Galton—

Watson process, we follow Le Gall (see Lemma 1.16 of Le Gall, 2005) in using
Kaigh’s scaling limit result for conditioned random walks (Kaigh, 1976) to obtain

(57(s),s € [0,1]) 4 (B(s),5 € [0,1]), (3.12)

where B® is a standard normalised Brownian excursion on [0, 1], and convergence
is in the uniform topology.
We say the event xV'7(§,€,v) holds if IM, K € Z>o with % > 7, and % <

T, such that {vp,...,vp4x—1} is a component of F'(N,p), and
In € [eK, (1 — ) K] st. ZV (M) <. (3.13)

That is, F(N,p) has a component of size at least yN 2/3 which is seen, at least
partially, in the exploration process before time T'N?/3, and for which the ex-
ploration process takes a small value in the macroscopic interior of the interval
defining the component. Now, given any M, K, and conditional on the vertices
{vpm, ..., vpr+K—1}, and the statement that they form a component, the structure
of this component is a uniform tree. That is,

d
(Z]]\ZV":ZJJ\\/;-&-K—l) = (S1TK7~--,51T(K)-

Therefore the following processes on s € [0, 1] can be identified in distribution:

(ZN (M+SK)) _ (N—1/3zi\]’w+sm) 4 (N_l/?’Sf;I}(J) = (%STK(S))

N2/3

Therefore, for every M, K, conditional on any choice of vertices {vpr, ..., vpr4K—1},
the probability that (3.13) holds is equal to the probability that

i ST (s) < M 26. (3.14)
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N1/3
K1/2

By assumption § < ~~1/25, and by (3.12), and the Portmanteau lemma,

o ® (_int | S7() <5714 ) < imaw (_nt | $7(s) <207
s€

K—o0 [e,1—€] K—oo s€le,1—¢]

< IP’( min  B%(s) < 27_1/26) .

s€[e,1—¢]

Therefore, we obtain

lim sup P (XN’T((S, 6,7)) <E [# cpts size > yN?/? seen before TN?/3 in ZN}

N —oc0

x P ( min  B(s) < 271/25>

s€fe,1—¢]

limsupP (x""7(d,€,7)) < (I + 1) P ( min B(s) < 271/25) . (3.15)
N—oo i s€le,1—¢]

Given ¢, v, we can choose § > 0 so that the RHS of (3.15) is arbitrarily small. Now,

fix some v > 2¢, and consider the event x™:7 (6, %, €). Then, when N7 (4, i, €),

does not hold, for every component with size K > ¢N?/3 there is a unique excursion

of ZN above 6N'/3 of length at least K (1 — %) We call such an excursion above

SNY/3 a principal excursion. If we also have CV < yN?/3 then the length of any
principal excursion is at least K — e N2/3. Thus, any other excursion above §N1/3
within the component of size K, has length at most e N2/3.

So, consider any ¢ < k such that CfV’T > ...C’Z»N’T > eN?2/3. Then, if both
NI, 35,€)° and {CN < yN?/3} occur, at most i — 1 elements of (CN°7T ...,
C’,iv ’J’T) can be larger than CiN T These are the principal excursions obtained
from each of C{V ’T,...,Ci]\l 1T No other excursions above §N?/3 obtained from

C’{V ’T,...,Ci]\i 1T are relevant, since they have lengths at most eN?/3. However,
these principal excursions from
cNT . .,cNT all have length at least V7 (1 — £). Thus we obtain

v~

Mt >t > o1 £) > T - eN?B, (3.16)

And so

limsup P (max ‘CiN’T - CiN’&’T’ > 6N2/3)
N—oo i€[k]

< limsupP (C’{V > ’yNz/s) + limsup P (XN’T(§, %, e)) .
N —oc0 N—oc0

For fixed € > 0, letting v — oo we can make the first term on the RHS small, and

then by letting § | 0 we can make the second term small. In particular, we can

demand

limsup P <max ‘C’iN’T - C’iN’J’T‘ > ENQ/B) <e. (3.17)
N—o00 i€ (k]
Now, recall (CT,..., C_’g, C’f’T, e C_';z’T) is some joint weak limit of
N=2B3(NT ,C,JCV’T, oot Cév’é’T). Let 7 be the usual Lévy-Prohorov

metric for probability measures on R¥, with respect to the o, norm on R*. From
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(3.11) and (3.17), we have for each € > 0,
m(L(CE, ... ClY, LT, ..., c0T)) <
T ety < (cf,...,chy = (CT,....Ch).

From this, it is easy to see that m(L(CY{,...,CL),L(CT,...,CY)) < ke. Since

e > 0 is arbitrary, we find (CT,...,CT)) £ (CT,...,CT), and thus the required
convergence in distibution (3.6) follows, completing the proof of Proposition 3.4.

3.6. Proof of Theorem 1.8.

Convergence in the product topology. In both the discrete exploration processes and
the limiting SDEs, we would expect the k largest components/excursions to appear
early. From (3.4),

lim sup lim sup P <max ‘CZ-N’T - CZN‘ < 6N2/3> =1.

T—o0o N-—oo i€[k]

Recall again that X is fixed. By comparing the drifts, we can couple Z* and B*,
as defined in Proposition 1.1 and Proposition 1.5, such that Z*(t) < B*(t) for all
t > 0. The largest excursion of B* above zero is almost surely finite, and so the
same holds for Z*. Thus, now turning to (C},C3,...), the sequence of excursions
lengths of Z* in decreasing order,

limsupP ((Cf,...,C}) = (C{\,...,C,;\)) =1.

T—o00
So we can lift (3.6) and conclude that

d

NN, o) (C,....C), (3.18)

as N — oo.

Convergence in ¢2. To lift (3.18) to convergence in 2, it is enough to show that for
every € > 0

lim limsupP [ Y (CY)? > eN*/? | = 0. (3.19)
00 N—voo i>k

The corresponding result for G(N, p), namely that for every € > 0,

lim limsupP [ Y Ci(G(N,p))* > eN*/? | =0, (3.20)
h=reo N—oo i>k

is implied by Proposition 1.1; the argument establishing this property for G(N, p) is

given in the proof of Proposition 15 of Aldous (1997). We can again use the coupling

of F(N,p) and G(N,p) to derive (3.19) from (3.20). We require the following
lemma.

Lemma 3.6. Consider a family of finite non-increasing sequences

X1 = (33171,.. .,l‘17gl), X9 = (.Ig,l,...,.fg,gz), ey XN = (l‘M,l,...,.I‘M7gM)
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with sums x1 > x2 > ... > xpr. Now let y1 > yo > ys= ¢, be the permutation
of all the terms x; ; in descendmg order. Then, for any k >1andn >0,

Sy <nzx +) af (3.21)

i>k/n i>k
Proof of Lemma 3.6: Noting that each sequence x; is non-increasing, set m; :=
max {m : z;, > nx;} (with max @ := 0). So m; < % for all 7. It follows that for
any k > 1,

k. my k/n
2D ey
=1 j=1
Thus i

2 2 2

PIRTED DD DD I

i>k/n i=1j>m; i>k

But me 75 S 2 jom, Tig(nzi) < nx?, and so (3.21) follows. O

Proof of (3.19): Under the coupling of Lemma 2.2, each component of G(N,p)
is the disjoint union of components of F(N,p). So we apply Lemma 3.6 Wlth
1 > Ta > ... as the component sizes of G(N,p), and y1 > y2 > ... as the
components of F(N,p), obtaining, for every n > 0,

PINTYEN(CN)P2e| <P|NTY2Y Ci(GN,p)° > 5

i>k/n i>1

+P [ N3N Ci(G(N,p)® > §

i>k

So, using (3.20) to eliminate the second term on the RHS, we have

lim sup limsup P N—4/3 Z (CiN)Q 2

k—oco N—o0 i>k/n
<limsupP [ N™*%> " Ci(G(N,p))* > %
N—=oo i>1
< 2o,
€
applying Lemma 2.3 and Markov’s inequality in the final step. Taking n — 0

completes the proof of (3.19), and of Theorem 1.8. O

4. Detailed combinatorial calculations

4.1. Proof of Lemma 2.10. For convenience, we recall the statement of Lemma 2.10:

Lemma. Fix A~ < At € R. Given p € (0,1), let A = A(N,p) = N'/3(Np —1).
Then

P (G(N, p) acyclic) = (1 + o(1))g(A)e>/4v/2x N~1/6, (4.1)
uniformly for A € [A7,AT] as N — oo.
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Proof: For this range of p, we will see that the sum in (2.4) is dominated by con-
tributions on the scale m = % + AN;B + ©(N'/2). Shortly we will be required
to approximate these relevant contributions in detail, but first we show that con-
tributions from outside this regime vanish as N — co. We consider those m for
which

> N3/5,
2 2 |~

Let B ~ Bin ((g),p) Since f(N,m) < ((gl)),

N AN?/3
-4~

[N/2+AN?/3/2—N3/5]

(1-p® [ S s ()"

m=0

N-1 m
+ 3 FN,m) (125) ]

[ N/2-+AN2/3 /24 N3/5 |
<P (|5 (D)l = ¥°)

Var(B) _ N?p 1+ ATN-U/3
< <
- N6/5 — 9N6/5 — IN1/5
Here we used Chebyshev’s inequality, which is sufficient for our purposes, but note
that the probability of this moderate deviation event for B decays exponentially in
some positive power of N.

Given A € R and m < N € N, define x = (N, m,A) = % m — %— AN;/3 .

4.2
< N~V/6, 2

Then, we consider the set of m satisfying

N  AN?/3
m— - ‘ < N3/5) that is, |z| < V2N/10. (4.3)
Thus
. 2(N —m) vy _
—m=N _AN2/3_ & N1/2 SN -m) g /3 _ 1/2
N-m=%4-4N SN and so = =1-AN V2z N2,

From this, we obtain
2(N — -
log( ( - m)) — _AN"YB \@qu/z . A72N72/3 o \/§A$Nﬂ/6

_ A%N—l — 22N 4 O(N—16/15),

uniformly on the set of m defined at (4.3). In calculating the scale of this final error
term, we use that |z| < V2NY/10 Then

2(N —m) A AT2/3 z A71/2 | A% a71/3 | Az arl/6 | A% | 22
(N—m)log(N>——{2N/ + ENYE L ANV BENTO A g o
+ [A;NW + Az N1/ 4 A{’]
Az 7A71/6 2 —1/15
+[\/§N +x]+o(N )
__AnN2/3 @ arl/2 | A% arl/3 | Az a7l/6
=—5N ﬁN + 5N +\/§N

_2igio(n).
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We now return to (1.2) and use Stirling’s approximation and the expression we
have just shown, as well as continuity of g. Uniformly on the set of m in (4.3), (for
which, recall, N —m = (1 + o(1))N/2),

V2rNN-1/6 2m — N
QNm(Nm)!g< N2/3 ) ’
g(A)VITNN-1/0 1 e\
oN-—m V2r/N—m (N - m)
= (1+0(1)) g(AWVIN™ 2 exp(N — m) exp (—(N — m) log (25522

f(N,m) = (140(1))

= (1+0(1))

g
A Ar2/3 z AT1/2 A2 Ar1/3 Az a71/6 | A8 2

— 2 T 3 22
= (14 0(1)) g(A)VIN" " exp (§ — 4INV2 - SgN10 44— ).

(4.4)
Now, we have
N N -
(5 )osa = = (§) [-220972 - 4n2 o759
N _ Apr2/3 -1/3
and also
Np -1/3
log )= log(1+AN""/°) —log(l — p)
-P
—1/3 _ A% nr—2/3 | A% -1 -1 —4/3
= ANV NS RN N O (N,
At this point, recall the definition
m= X AN 4 2 N2,
So, uniformly on the set of m for which |z| < v/2N/19, as before,
N
ENETR——
A% ar1/3 _ AP Az a71/6 -1/6
+ [ANYE - 8] 4 AN1e o (N7, (4.6)

where each bracket corresponds to a term in the definition of m.
Therefore, combining (4.5) and (4.6), uniformly in the same sense,

1=p)G) (125)" = (1+o()N""exp (~5 + 4NV 4 S N1/0 401 2).
(4.7)
Combining (4.4) and (4.7), we obtain

(1=p)3) (25)" F(Nm) = (1 +0(1)g(A)V2N " exp (-5 + ). (48)

We now fix N and A, and sum this quantity over the range of m given by (4.3).
Recall that x is linear in m, with scaling factor L\/;, and so as N — oo, the sum
of (4.8) over this range of m converges after rescaling to a integral. That is,
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[N/2+AN?/2 /24 N3/5] )
N e
(1-p)(2) S F(N,m) (%)
m=|N/2+AN2/3/2-N3/5]
[N/2+AN?/3 /24 N3/5]
=1+ 0(1))63/4g(A)\/§N*2/3 Z —"
m=|N/24+AN?/3/2—N3/5]

N*l/ﬁ 0o
V2 )

= (14 0(1))e**g(A)vV2rN~1/6,

Combining with (4.2), which showed that contributions to the sum (2.4) outside
this range of m are o(N~'/9), we obtain the required result. (]

2
e /24y,

= (1+o(1))e* g(A)V2

4.2. Proof of Lemma 2.13. We recall the statement of Lemma 2.13:
Lemma. Fix constants A=, AT, e, K, T as in Definition 2.12. Then,

P(G(N',p) € Anrrk) = (1 +0(1))g(A — s — a)e®/*N=5/6pq=3/2 (4.9)

xexp(—b(A—s)—%er),
uniformly on (N’,p,7, k) € ¥V (A", AT, e, K,T), as N — oc.

Proof: We will add the required uniformity in N’ at the end of this proof. First,
we show

P(G(N,p) € Ax.rx) = (1 +0(1)g(\ — a)e3/*N~5/0pa=3/2 (4.10)

xexp(—bA—%—!—W),

uniformly on (p, 7, k) such that (N,p,r, k) € UV (A=, AT, ¢, K,0), as N — oo.

Subject to the constraint that vertices 1,...,r are in different tree components,
with sum equal to k, there are (]Z_j) ways to choose which remaining vertices are
part of this stack forest. Given this choice, we can view the trees as rooted at
the vertices [r]. In particular, Cayley’s formula states that there are rk*~"=! such
labelled rooted forests. Hence

P(G(N,p) € An,rk)
. N—k—1

—1-p> A (gp)k_rmk*r*l S pW k) (25)7 . ()

m=

o

By Lemma 2.10, uniformly on (p, k) and for any r such that (N,p,r k) €
UN (A7, A\, ¢, K,0) (in fact r is arbitrary),

N—k—1
1= Y sV =km) (125) " = (1+0(1)g (AN = k,p)) ¥/ V2rN 1/,

m=

(=)
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Recall that this final sum is, up to a power of (1—p), the probability that G(N —k, p)
is acyclic. We also have

AN — k,p) = (N — aN?/3)1/3 [(N — aN?/3)p — 1}
= (1+0(1)) N'/? [(Np —1) - aN—l/ﬂ
= (L+0(1)) [A(N,p) —a+o(1)].
So, again uniformly on (p,r, k) such that (N,p,r, k) € UN (A=, A" ¢, K,0),

Nlcl

f(N—=k,m ( )m = (14 0(1))g (A —a)e¥*V2rN~1/6,

(4.12)
We now carefully address the other terms in (4.11), starting with the term

_ k—r
1—p)(2)-("2") (&) . Recall that Np = 1 + AN~1/3. Firstly

o

m=

log {(1 + AN—l/S)“] = |aN?? —pNVE] [ANTVE - N0 1 0 (N
= AaNY3 —Ab— 2240 (N—1/3) .
Also

(3) = (FH —krr=20 - O5 b kgr
= Nk -5 +0 (N*?)

= aN®/3 — %2N4/3 +0 <N2/3) ’
from which
log {(1 _p ()= (Y2 k)kﬂ
) (3)- (") e

— log [(1 ~ Nl _AN"Y3

=[N3 = SN+ 0 (N#2)] [-N7T = ANTHE 40 (N72)]

= —aN?/® — AaN'3 4 € N3 4 A 4 O (N—l/?’) .
From this,

a-p®-C ()"
= (14 o(1))N~* =) exp (—aN2/3 + N3 A Aa(q - A)) L (413)
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N—r

) in (1.11), we treat each factorial

Turning now to the binomial coefficent (
separately. First observe that

log {(1 — bN*2/3> N-bNH

|= [V = bNVE] [oN =2/ 4 0 (N-1/3)]

= —bN'3 L O(N~1/3)

N—aN?/37

log [(1 - aN_1/3) = N34 N3 12 40 (N—1/3)
aN2/3_ 1/3:
) A :be1/3+%+O<N*1/3).

log [(1 — %N*I/g

Then Stirling’s approximation gives

V2rN

eN—bN1/3

V2rN

— (14 o(1)) 20 NN-bNYE o (—pNY/3
N—-bN1/3

e

vV 271'N NNfaN2/3

eN—aN2/3

)Nbel/S‘

(N—bN1/3)! = (1+0(1)) (N—bN1/3

(N —aN*/3)1 = (1+ 0(1)) exp (~aN?/? 4 £NV 4 )

<aN2/3 - bN1/3)! -
V2V aN?2/3 aN2/37bN1/3N§[aN2/37bN1/3]

1/3 | b?
(1 + 0(1)) m exXp (—bN / + %) .

So we obtain

% exp (aN2/3 _ %Nl/:f. _ % _ aT;) _

The final ingredient of (4.11) is the term
plk—T=1 — pgaN?/P—bNP—1 3 [aN?/P—bN2] -y (4.15)

To recover (4.11), we study the product of (4.12), (4.13), (4.14) and (4.15). Note

that
3 3
exp (—% + ATC‘z — %) = exp (W) So we can treat the terms in (4.11)

uniformly on (p,r, k) such that (N,p,r,k) € UN(A~=, At ¢ K,0), as N — oo and
obtain (4.10) as required.

We now finish the proof of (4.9), where in addition we require a uniform estimate
over N’ € [N — TN?/3,N]. We consider (N',p,r,k) € UN(A", A\t ¢, K,T) as
N — oo. Observe that

A = A(N',p) = (1+0(1)) (AN,p) — s), N’ =(1+0(1))N, (4.16)
b :=b(N',r) = (14+0(1))b(N,7), a =a(N' k)= (1+o0(1))a(N,k). (4.17)
Now fix § € (0,€). Then, for large enough N,
(N',p,r,k) € UN(A™, AT e, K, T)

= (N,prk) e UN (A" =T —6,A" +6,e—6,K +6,0). (4.18)
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Certainly N — TN?/3 — 00 as N — o0, so by (4.10) and (4.18),

P(G(N',p) € Axri) = (14 0(1))g(A — a)e®/*N'=5/6y/ ¢/=3/2

X exp (fb’A' - %2, 4 @=a)oAn 6)37/\/3) ,

uniformly on (N, p,r, k) € N\, AT e, K,T) as N — oo. Finally, using (4.16),
(4.17), and the fact that g is uniformly continuous, we may conclude

P(G(N',p) € Anrrr) = (1 +0(1))g(A — s — a)e®/* N~5/0pq=3/2

><exp(—b(1\—8)—%—&—w>7

as required, uniformly on (N',p,r, k) € WV (A=, A\t e, K, T). O

4.3. Proof of Lemma 2.15. We repeat the statement of Lemma 2.15:

Lemma. Given the same constants as in Lemma 2.14, there exist constants M < oo
and v > 0 such that
(k+1DP(G(N',p) € AN’ rk41) <
kP (G(N/7p) € AN’,T‘,k) -
for large enough N, whenever (N’,p,r) € U (A\~, At K,T) and k € [MN?/3, N’ —
1].

1—yN~2/3 (4.19)

Proof: Again, we will use (4.11), which for convenience we recall here.

]P)(G(va) € AN,r,k)
N—-k—1

—1-p)E) () (%)k rkk—r=1 Z}O (N —k,m) (lpp)m

= (- p)O- ) (1) T EW - k).

k—r 1—p

We apply this to (4.19) (with N replaced by N’). Note that (k+1 ")) =

%7 and (N,Q_k) - (N/_Qk_l) = N’ —k — 1. We obtain

(k + 1)IP (G(vap) € AN’,T,k—i—l)
kP (G(N',p) € AN r1)

(k+ 1)1 = p)~ ) (35) b+ DS RN = k= 1,p)
k(=)= () ek (O — k)
__k+1 (1= p)N' - 2N/]\;k (1+AN*1/3)

k+1—17
k—r
k+1 F(N' — k-1
X vl . M (4.20)
k F(N/ - kap)
We proceed in two parts. First we control the ratio of the F/(N' — k, p) terms using
(2.5). Then, we control the ratio of the remaining terms with an elementary but
long Taylor expansion.
First, note that from the second inequality in (2.5), that for k < N’ — 1,

F(N'—k,p) 1 2 N'—k—1
1-— < —(N'"—k—-1)p°E P .
F(N'—k—-1,p) — 2( p ['C (v)@
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where |CN'P(v)| is the size of the component containing a uniformly-chosen vertex
v in G(N,p). Now, via (4.16),

lim sup A (N— LMN2/3J7P) <At - M.

N—oo

When k > MN?/3, we have
N71/3]E |:|CN’,k—1,p(,U)|:| < N*l/SE |:|CN*[MN2/3J,P(U)|:| ,

and so from (2.2),

T e [y Pyt
N—oo N'¢[N-TN?/3 N|
E>MN?2/3
‘We obtain
F(N' -k 1
lim sup sup N2/3 [1 _ (/,p)} < 7@>\+—M7
N—oo N’e[N—TN?/3 N] F(N'—k—1,p) 2

AN, p)eA™ At]
0<k<N’'—1

from which it follows that
F(N' —k-1 1
lim sup sup N?/3 {(,p) — 1] <@ M (4.21)
N—oo N'e[N-TN??3 N] 2
AN p)EAT,AT]
0<k<N'—1
We now treat the remaining terms in the ratio (4.20), that is
k41 Npo N —k ) E4+1\"""
A 4 .7.(1 AN /3>. S .
Fri—r 177 N * k
We split the calculation into several steps. Recall the rescalings a = ﬁ and

b= 7. Since we assume k > MN?/3, we have 1 = O(1).

log _kt1l :_10g<1_L):L_FL(L)z_FO(N—l)
E+l—r Rt 1 T2 \ B+
_ gN_1/3+%N_2/3+O(N_1)7

log (1 + AN*1/3) = ANT3 _ AIN2/3 4 (N,

log

<k;€r1>k—r] _ [aN2/3 _le/a} [éNﬂ/a LN 40 (N,Q)}

= 1—§N_1/3— iN_2/3+O(N_1).

The final two terms in the product require extra care, because there is no finite
upper bound on a. However, since a < N'/3, we can still handle the error in the
following term:

log [(1— p)N*H} - [N — (s +a)N?/3 — 2} [-N*l — AN 10 (N*2)}
=14 (s—A+a) N34 A(a+s) N2 O(N).
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Finally, we have

N —k
log < ~ > = log (1 —sN7V3 — aN*I/?’) < —(a+s)NV/3 %(a+s)2N*2/3.
So there exists a constant C = C(A\~, A", ¢, K,T) < oo such that

(01 -9 ) (325) e+ 0

1-p
log eca—
k(1 —p)~C2 D () pkhr—
1 b? 1 C
<N72B|_Z(A— 2y |+ = 4.
= { gA—(ats) 455 2a} N’ (4.22)

uniformly on (N, p,r) € UN (A", A\, ¢, K,T) and k > MN?/3 as N — co. Recall
that b € [¢, K], and that k > MN?/3 is equivalent to a > M. So for large enough
M, the term 25 is dominated by the term —-L in (4.22). Then it holds that for

2a 2a
large enough N,
B A N —r
(et 00 -p” O (S) rbr Sy
k(1 —p)~ (S () gk I

Using Lemma 2.4, we now also demand that M be large enough that N —M < %.
So combining with (4.21), we can now approximate the LHS of (4.19) as required.
Now take v € (0, 55z), and we find that for large enough N

(k+1DP(G(N,p) € AN’ k1)
kP (G(N7p) S AN’,T,k)

< 1—7N_2/3.

5. Regularity of g and «

In this section, we prove various regularity properties of the function g defined
in (1.3), and from this the technical properties we require about «. In particular,
the content of Lemma 1.4 is a subset of what follows.

5.1. Properties of g. Recall the definition of g from (1.3):

1 o0
g(z) = 7/ exp(f%tS/Q) cos(xt + %ts/z)dt.
T Jo

Britikov (1988) observes that g is, after stretching by a factor (2/3)2/3, the density of
the canonical stable distribution with self-similarity exponent o = 3/2 and skewness
B = —1. The following lemma, which restates the regularity properties of g required
for Lemma 1.4, follows from standard properties of such distributions, as stated,
for example, by Zolotarev (1986).

Lemma 5.1. The function g defined in (1.3) is smooth and positive and has finite
integral. Furthermore, it is bounded, uniformly continuous, and satisfies g(x) — 0
as x — too.
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5.1.1. The function « is well-defined. For k € N, we define

Ji(b,N) = / a*k/zg()\ —a)exp (O‘Ea)s) exp (7%) da, b>0,AeR. (5.1)
0

Lemma 5.2. For each k € N, this function Jy is well-defined and continuous, and
has partial derivative with respect to b given by

0
%Jk(b, A) = —bJp1a(b, A). (5.2)
Furthermore, the function a(b,\) = iggig defined in (1.4) is also well-defined,

continuous and differentiable with respect to b.

Proof: To show that Ji (b, \) < oo, we consider the integral in (5.1) separately over
the ranges a € (0,1] and a € [1,00). We have

/ a—k/Zg(/\ _ CL) exp ((A—Ga)?’) exp (_%) da < 6>\3/6/ g()\ — a)da
1

1

< o0, (5.3)
and
. 1
/ a_k/2g()\ —a)exp (%) exp (_%) da < e)\s/ﬁgmax/ at/? eXp (_%) da
A 0
< 0. (5~4)

Thus we have Ji (b, ) < oco.

Since the bounds (5.3) and (5.4) hold locally uniformly in (b, A), continuity of
Jy, follows from the dominated convergence theorem.

We can check that we may differentiate (5.1) inside the integral to obtain that
(5.2) holds for all £ > 1. Well-definedness and continuity of a(b, \) := j;EZ§g follow
immediately, since J3(b,A) > 0 for all b > 0,A € R, and furthermore a(b, \) is
differentiable in its first argument as required, with

9 by (b, A) 5 (b, A)
T A SV

through two applications of (5.2). O

—b, (5.5)

5.2. Monotonicity of . Heuristically, we can view (1.4) as the expectation of a with
respect to the measure with density a=3/2g(\ — a), weighted by a factor exp(f%).
Increasing b reweights in favour of larger values of a, so (b, \) is increasing in b.
We make this formal with the following straightforward lemma.

Lemma 5.3. Let f,h be functions Ry — Ry such that h is strictly increasing, and
the integrals

/ af(a)h(a)da, / f(a)da,
0 0
exist and are finite. Then

Jo~ af(@h(a)da _ [* af(a)da
I f@h@)da ~ [ fl@)da

Corollary 5.4. «a(b,\) is increasing as a function of b.
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Proof: Fix A € R and &/ > b, then set

fla) = ‘173/290\ —a)exp <%) exp (f%) , and h(a) := exp (7 6/2271172) ;

in Lemma 5.3. O

5.3. Lipschitz property of a. The following proposition establishes the behaviour
of a(b,\) as b | 0 in the sense required to complete the proof of Lemma 2.14.
It also establishes a Lipschitz condition for «a, required in Proposition 1.5 for the
well-posedness of the reflected SDE (1.5).

Proposition 5.5. Given —oo < A~ < AT < oo, we have

lim sup «a(b,A) =0. 5.6
i _swa) (5.6)

Furthermore, given p < oo, there exists a constant C' < co such that « satisfies the
Lipschitz condition

la(b, \) — (b, \)| < Clb—=V|, b,b €(0,p], A€ [A7,AT]. (5.7)
Proof: To show (5.7), it suffices to prove the following:
sup 2oz(b, )\)‘ < 0. (5.8)
be(0,p), Ae[A—,A+] | Ob

The steps we take to prove (5.7) will also allow us to read off (5.6). Recall the
expression (5.5) from the proof of Lemma 5.2:
0 bJ1(b, A)J5 (b, A
704(1),)\): 1(7 )5() )
ob J3(b, \)?
From Lemma 5.2, we know that Za(b,)\) is continuous, and so to verify (5.8),
it remains to consider the limit as b | 0. We examine the behaviour of each of
J1(b,A), J3(b, \), J5(b, \) in this limit.
First, we consider J;. We define

1(A) = e’\a/ﬁ/ a=?g(\ - a)da,
0
which is seen to be finite by a similar decomposition to (5.3) and (5.4). Then

W)= S0 N) < g [ a2 [0 exp (052 exp (2] e

< 6A3/6gmax/ a_1/2 []- — €xp (_%)} da,
0

and so by monotone convergence we have as b | 0,

sup  |Ji(b,A) — v1(A)| — 0. (5.9)
AE(—o00,AT]

—b. (5.5)

Substituting v = % into (5.1) gives

2 > 2 _ﬁ 3
J3(b,\) = \b[/ u?g ()\ - S—u) exp (W) exp(—u)du.
0
So we define -
300 1= VEgN® [ exp(-u)du

0
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and then by dominated convergence and uniform continuity of g,

lim sup  [bJ3(b,A) —v3(N\)| = 0. (5.10)
b0 Ne(—oco,A ]

A very similar argument can be deployed to obtain
lim  sup  [bPJ5(b,A) — 5(N)| =0,
bl0 Xe(—oo,A*]
where
¥5(A) = 2\/59()\)6/\3/6/ u'/? exp(—u)du.
0
So we can return to (5.5), which we rewrite as
9, J1(b, X) - b3 J5(b, N)
9 (bJ3(b, A))?
We now take the limit b | 0, for A € [A7,A"]. This denominator is uniformly
bounded away from zero for A € [A\~, A*]. So we obtain
_ 71 (A)y5(A)
13(A)?
Now, 73,75 are clearly continuous, and v; is also continuous by the same argu-

ment as given for continuity of J in the proof of Lemma 5.2. Furthermore, 3 is
positive, and so we have

S5}

(b, \) = —b.

lim sup ga(b, A)

=0. 5.11
bl0 xe[a—,a+] | Ob (5.11)

A in () > 0.
)\e{f\@f\ﬂ’h( ) < o0, Aeﬁl—n,lm%( )>0

Taken with (5.10), the latter shows that

lim inf  J3(b,A) = o0.
bl0 AE[A~ A+]

Therefore, since a(b,A) = j;éii;, using (5.9) as well, we obtain precisely the first

required statement (5.6).
For similar reasons, we have

Y1 (A)75(N)

5.12
A=A+ y3(A)? (5:12)

. Since %a(b, A) is continuous on (0, p] X [A\~, AT], from (5.11) and (5.12), it’s clear
that

0
sup —a(b, )\)‘ < 00,
be(0,p A A+] | O
from which (5.7) follows. This completes the proof of Proposition 5.5. O

5.4. Existence of Z*. First we prove Proposition 1.5, which asserts that Z* is
well-defined. The short proof considers a limit of localised reflected SDEs, whose
existence is given by the following theorem, which assumes a global Lipschitz and
boundedness condition on the coefficients of the reflected SDE.

Theorem 5.6. (Revuz and Yor, 1991, 81X 2.14). Let o(s,x) and b(s,x) be func-
tions Ry x Ry — R, and W a Brownian motion. For zy > 0, we call a solution to
the SDE with reflection e, (0,b) a pair (Z,K) of processes such that
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(1) the process Z is continuous, positive, F* -adapted, and

Z(t) = 2o +/0 o(s, Z(s))dW(s) +/0 b(s, Z(s))ds + K (t), (5.13)

(2) the process K is continuous, non-decreasing, vanishing at zero, F'W -
adapted, and

/ Z()dK (s) = 0. (5.14)
0
If 0 and b are bounded and satisfy the global Lipschitz condition

|0'(87$L’) - U(Say)| + |b<87.'13) - b(87y)| < C‘SL’ - y|7 (515)

for every s,z,y € (0,00) and some constant C, then there exists a solution to
e, (0,b), and furthermore this solution is unique.

5.4.1. Proof of Proposition 1.5. We now return to the existence of Z* as in (1.5),
for fixed A € R. In this setting o(s,z) = 1, but

b(s,x) :=A—s—a(z,A—s), (5.16)

is neither bounded below nor satisfies the global Lipschitz property. However, by
Proposition 5.5, for any R > 0, we can define b'(s, z) such that b(s, z) is bounded
and globally Lipschitz in z; and b'(s,z) = b(s, x) whenever (s,z) € [0, R] x [0, R].
Then Theorem 5.6 asserts that there is a unique pair of processes (ZME, K*F)
corresponding to this drift, where Z*(0) = 0.

Let 7% be the time at which ZM® first hits R. Take R’ > R. Then, it is clear
that ZME is equal to ZME up to time R A 7M1 almost surely. Also, since b(s, ) is
bounded above by A, it follows that 7% — co as R — oo almost surely. Therefore,
we may define

22() = lim 2R(),

for almost all paths of W, and Z*. It is immediate that Z* satisfies (1.5). Further-
more, any solution (Z*, K*) to (1.5) must coincide with (ZME KMR) up to 745,
and so uniqueness of (Z*, K*) follows as well, as required for Proposition 1.5.

5.5. Convergence of non-negative Markov processes. It remains to show that The-
orem 1.9 follows from Proposition 1.10 as claimed.

A general framework for showing convergence of Markov processes to the solu-
tions of SDEs was introduced by Stroock and Varadhan in the 60s (see, for example,
Stroock and Varadhan, 2006). The convergence of Markov processes to reflected
diffusions is treated by Stroock and Varadhan (1971) in high generality, allowing
for general boundaries in R%, and inhomogeneous stickiness at the boundaries.

We assume that a sequence of Markov chains ZV, N € N is given, where ZV
has discrete state space SV C Rsg, with 0 € S, and initial condition Z(0) = 0.

We define the time-inhomogeneous transition operator 7'V as

ﬂg(z,y) :]P’(ZN(n+1) :y|ZN(n) :as), neN, z,yeSV.
We consider a time-rescaling (h(N))nen for which A(N) — 0 as N — oo.

Remark. In our specific example, we have SV = N~1/3Z+,, and h(N) = N—2/3.
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Then, for every x € SV, we define the following rescaling transition quantities
corresponding to drift, diffusivity, and macroscopic jump probabilities, respectively,

1
b (t,x) = h(N) Z (y— z)”ﬁ/h(N)J(SC,y),
yeSN
1

>

N
a(t,z) = o) Z (y — x)QWf\t[/h(N)J (2,9),
yeSN
1
N

A= > Tl (@)-

yESN
ly—z|>€

The following theorem, which is a special case of Theorem 6.3 from Stroock
and Varadhan (1971), gives conditions under which time-rescaled versions of Z¥
converge to SDEs with reflection.

Theorem 5.7. Suppose we have that for any T, M > 0, and any € > 0,
lim sup sup AN(t,z) =0, liminf inf o™ (t,0) >0

N—o0 te[0,7] zeSN N—oo t€[0,T]
<M
A}me sup  sup |aN(t,x) — 1| =0, ngn sup  sup |bN(t,x) — b(t,x)| =0,
te[0,T] zesSN tel0,T] zesSN
0<z<M 0<z<M

and that furthermore b(-,-) satisfies the global Lipschitz condition (5.15) of the pre-

vious theorem. Then
2 (latwy)) o, = (Z@O)ezo,

as N — oo with respect to the topology of uniform convergence on D[0,T] for each
T < oo, where Z is the unique solution to eg(1,b), as given by Theorem 5.0.

5.5.1. Proof of Theorem 1.9. Now let Z™'P be the exploration process of F(N,p),
satisfying the conditions of Theorem 1.8. Again, in our setting, we must account
for the fact that the drift of Z* is neither bounded nor globally Lipschitz.

Recall from (5.16) and the following paragraph the definitions of b(s,z) and
bR (s,z). For any R € N, we can construct a Markov process (ZY?% n > 0) whose
transition probabilities coincide with those of ZN? whenever n € [0, TN?/3] and
ZNpR < RN'/3_ and for which, by Proposition 1.10,

1/3 N.p,R N.p,R| »N,p,R _ 1/3 R
N'PE [ZtN2/3+1 = ZyN2js | Zyners = N / } = b"(t,2),

uniformly for ¢ € [0,7] and z in any compact interval in (0,00). We define the
rescaled process ZNM from ZN2 1 analogously to (1.8). Then we have ZN:P-% 4
Z* B uniformly on [0, 7).

From this,

P ( sup  ZNPE > RN1/3) -0,
nel0,TN2/3]
as R — oo, and so as processes on [0, T], the law of ZNp.R converges to the law of
ZNP as R — 00, and the law of Z% converges to the law of Z*. Thus we have
proved Theorem 1.9.
Combining with the results of Sections 2 and 3, the proof of our main result
Theorem 1.8 is now also complete.
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6. Lifting from F(N,p) to F(N,m)

So far we have worked in the context of the model F(N,p) (since in that case the
transition probabilities in the exploration process are rather more straightforward
to work with than in the case of the model F/(IN,m)). In this section we show that
Theorem 1.8 for F'(N,p) implies Theorem 1.7 for F'(N,m).

As discussed in Section 1.4.2, if we had natural monotonicity properties for the
families F'(N,p) and F(N,m), then it would be straightforward to deduce Theo-
rem 1.7 from Theorem 1.8 by a sandwiching argument. Instead, we will construct
an “almost monotonic” coupling. The idea of Lemma 6.2 below is that, within the
scaling window, if the difference between m~ and m™* is small compared to N2/3
as N — oo, then we can couple F(N,m~) and F(N,m") so that with high prob-
ability, the former is contained in the latter. This coupling is achieved, informally
speaking, by adding edges one by one uniformly at random, unless doing so would
create a cycle. The next lemma will provide an upper bound on the probability
that a cycle does in fact appear.

Lemma 6.1. Let H be a forest on [N], and let S?* = S*(H) be the sum of the
squares of the component sizes of H. Let k edges, chosen independently and uni-
formly at random from [N] x [N], be added to H. (For convenience we allow self-
edges and repeated edges). The probability that the resulting graph contains a cycle
2kS? /N2
1— 2kS2/N?
k = o(N?/S?), then the graph is a forest with high probability as N — oo.

(including a self-edge or a repeated edge) is at most In particular if

Proof: Let the components of H be C,...,C, with sizes x1,...,x,.

To create a cycle, for some r > 1, and some distinct by, bs,...,b., we have to
add an edge between Cy, and Cy,,, for each 1 <7 < r — 1, and an edge between
Cy, and Cy,. This creates a cycle containing r new edges (and also perhaps some
further edges which were already part of H).

The probability that a given edge has endpoints in C, and Cy is 2xpzy /N>
if b # b, and z/N? if b = b/, so by a union bound, the probability that at
least one of the k new edges created has endpoints in Cp, and Cjy is at most
2kxywy /N?. For fixed r and by, ..., b,, a simple conditional probability argument
then gives a bound on the probability of creating a collection of edges as specified,
of (2k/N?)"(xy,xv,) - .. (xp,_, @, ) (Tp, s, ), which is (2k/N?)"zf ... a7 .

Summing over r and over distinct by,...,b,, we obtain that the probability of
creating a cycle is at most o (%SQ)T, which gives the claimed bound. O

We don’t know whether F(N,m + 1) stochastically dominates F(N,m) in gen-
eral; that is, whether there is a coupling such that F(N,m) C F(N,m + 1) with
probability 1. We get round this by introducing a method to create a coupling
which is “monotone with high probability”.

Let H,, ~ F(N,m), and consider generating H,,; by adding an edge chosen
uniformly at random (from [N] x [N]) to H,,. Let A be the event that H,,1 is a
forest.
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We claim that conditional on A, the distribution of H,, 1 is F(N, m + 1). For

P =H) = Y 5P (Ho=H\{})
ecE(H')
Ly 11
ecE(H') N2 f(N,m)
 m+1
- N2f(N,m)’

which is indeed constant over H'.
Define also H,,11 to be distributed according to F'(N,m + 1), independently
from H,, and the added edge. Now define

1 B H,41 onA
T Hm+1 on A° .

Then indeed Hy4q1 ~ F(N,m+ 1), and P (H,,, C Hpnt1) = P(A).

We may extend this; starting from H,,, sequentially add k edges independently
and uniformly, to give graphs H,, 1, Hmio, ..y Hpip.

Let A; be the event that adding the first j edges does not create a cycle (including
a self-edge or repeated edge).

Let Hyy1,. .., Hypp be independent samples from F(N,m+1),..., F(N,m+k)
respectively, and independent of H,,, _H-m+1, R Hm+k.

Now define
H,i: on A;
Hypyj = {ﬁ[ +i .
m+j On .Aj

Then Hy,yj ~ F(N,m+j)for j=0,1,...,k, and P(H,, C Hp41 C -+ C Hpgr) >
P (Ax).

Lemma 6.2. Letm = N/24+0O(N?/3) as N — co. Definep~ and p* by N?>p~— /2 =
|m — N3/5| and N?p* /2 = [m + N3/°].

Then there is a coupling of F~ ~ F(N,p~), F ~ F(N,m), and F* ~ F(N,p™)
such that with high probability as N — oo, F~ C F C F't,

Proof: Let M~ have the distribution of the number of edges of F(N,p~), and
independently let M have the distribution of the number of edges of F(N,p™).

Note that if, conditional on M~ and M+, F~ ~ F(N,M~) and F* ~ F(N,M™)
then the unconditional distributions of F~ and F* are F(N,p~) and F(N,p"),
respectively.

(2.7) and (4.2) tell us that in this regime, the probability that the number of
edges of the graph F(N,p) deviates from N2p/2 by N3/5 or more goes to 0 as
N — oo.

So with high probability as N — oo, we have M~ € (m — 2N3/5, m) and M+ €
(m, m+2N3/5). If either of these fails, we give up trying to do anything smart and
simply set F’~ ~ F(N,M™), F ~ F(N,m) and F'" ~ F(N, M™) independently.

Otherwise, we have M~ < m < M™, and we use the above idea of adding edges
sequentially. Throughout the construction below we condition on M~ and M ™ and
regard them as fixed.
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Let Hy;- ~ F(N,M™), and sequentially add K = M+t — M~ < 4N3/5 edges
independently and uniformly, to give graphs I_{Mf_H, I_{Mf_i_Q, ..., Hy+. As before,
let A; be the event that adding the first j edges does not create a cycle.

Let Hy~41,...,Hy+ be independent samples from F(N,M~ + 1),...,
F(N, M) respectively, and independent of H -, H'M__H, oo Hyger

Now for 1 < j < K, define

Hy—45 = I?M7+j OnAj.
B Hpy-j on AS§

Then Hy-4; ~ F(N,M~ +j) for j =0,1,...,K, and Hy;- C Hyj-4q C -+ C
H s+ whenever Ay occurs.

In particular define F~ = Hy;—, F = H,, and F'" = H+. Then (uncondition-
ally), F~, F and F'* have the desired marginal distributions, and will be ordered
as desired whenever the event Ax occurs. So to complete the proof it suffices to
show that Ax occurs with high probability as N — oo.

Let S%(Hy;-) be the sum of squares of the component sizes of Hy;—. We
know that, averaging over M—, the distribution of Hj,- is that of F(N,p~).
This is stochastically dominated by G(N,p~), and so Corollary 2.5 tells us that
E [S*(Hy-)] < E[S*(G(N,p~)] = O(N*/3). In particular, S?(Hy,-) < N*/3+¢
with high probability as N — oo, for any € > 0.

But the number of edges K that we add in the sequential construction is at most
4N3/5. So Lemma 6.1 tells us that if indeed S?(Hy;—) < N4/3%¢ then (if € is taken
sufficiently small) with high probability no cycle is created by adding K edges to
H ;- . Hence the event Ag occurs with high probability as desired. ([

Finally, we can deduce our main scaling limit result for the model F(N,m).

Proof of Theorem 1.7: If m has the given asymptotics, and p~ and pT are defined
in terms of m as in Lemma 6.2, then p~ = 1/N + (A + 0(1))N=%/3, and the same
is true for pt.

From Theorem 1.8, this means that the rescaled component sizes of both
F(N,p~) and F(N,p*) have the limit in distribution given by C*.

But from Lemma 6.2, if the component sizes of F(N,p~) and F(N,p") both
have this distributional limit, then the same must be true of F(N,m), and we are
done. O
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