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Abstract. In this paper, we investigate the fluctuations of a unit eigenvector asso-
ciated to an outlier in the spectrum of a spiked N x N complex Deformed Wigner
matrix My. My is defined as follows: My = Wy /v N + Ay where Wy is an
N x N Hermitian Wigner matrix whose entries have a law p satisfying a Poincaré
inequality and the matrix Ay is a block diagonal matrix, with an eigenvalue 6 of
multiplicity one, generating an outlier in the spectrum of My. We prove that the
fluctuations of the norm of the projection of a unit eigenvector corresponding to
the outlier of My onto a unit eigenvector corresponding to 6 are not universal.
Indeed, we take away a fit approximation of its limit from this norm and prove the
convergence to zero as IV goes to oo of the Lévy—Prohorov distance between this
rescaled quantity and the convolution of x and a centered Gaussian distribution
(whose variance may depend depend upon N and may not converge).

1. Introduction

To begin with, we introduce some notations.

o My(C) is the set of N x N matrices with complex entries, M3*(C) the
subset of self-adjoint elements of My (C) and Iy the identity matrix.
e Trpy denotes the trace and try = % Try the normalized trace on My (C).
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||l.]| denotes the operator norm on My (C).

e For any X € M3*(C), (M(X),...,An(X)) denote the eigenvalues of X
ranked in decreasing order and the empirical spectral measure of X is de-
fined by

1 N
pX = Z}&\p{)-

e For a probability measure 7 on R, supp(7) denotes the support of 7 and
gr : 2 € C\ supp(7) = [ =dr(z) is the Stieltjes transform of 7.
e d; p denotes the Lévy-Prohorov distance, which is a metric for the topology

of the convergence in distribution.

1.1. Wigner matrices. Wigner matrices are complex Hermitian random matrices
whose entries are independent (up to the symmetry condition). They were intro-
duced by Wigner in the fifties, in connection with nuclear physics. Here, we will
consider Hermitian Wigner matrices of the following form :

1
VN
where Wy is an Hermitian matrix, {W;;, vV2RW,;, V2IW;; }1<i<; are independent
identically distributed random variables with law u, with mean zero and variance
o2. If the entries are independent Gaussian variables, Xy =: X is a matrix from
the Gaussian Unitary Ensemble (G.U.E.).

There is currently a quite precise knowledge of the asymptotic spectral proper-
ties (i.e. when the dimension of the matrix tends to infinity) of Wigner matrices.
This understanding covers both the so-called global regime (asymptotic behavior
of the spectral measure) and the local regime (asymptotic behavior of the extreme

eigenvalues and eigenvectors, spacings...). Wigner proved that a precise description
of the limiting spectrum of these matrices can be achieved.

XN = Wy

Theorem 1.1. Wigner (1955, 1958)
X - lse a.5. when N — +00

where

ditse 1
H (x) = Vio? — 22 1[_a520)(2) (1.1)

dx 2mo?

is the so-called semi-circular distribution.

A priori, the convergence of the spectral measure does not prevent an asymptot-
ically negligeable fraction of eigenvalues from going away from the limiting support
(called outliers in the following). Actually, it turns out that Wigner matrices do
not exhibit outliers.

Theorem 1.2. Bai and Yin (1988) Assume that the entries of W has finite fourth
moment, then almost surely,

M (XN) = 20 and An(XN) — —20 when N — +00.

In Tracy and Widom (1994), Tracy and Widom derived the limiting distribution
(called the Tracy-Widom law) of the largest eigenvalue of a G.U.E. matrix.
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Theorem 1.3. Let ¢ : R — R be the unique solution of the differential equation
q"(x) = zq(x) + 2q(2)*

such that q(x) ~p— oo Ai(x) where Ai is the Airy function, unique solution on R of
the differential equation f"(x) = xf(x) satisfying f(x) ~ (4my/x)"/? exp(—2/32%/?)

at +o0o. Then
2/3 G
lim P (N (Al(XN) - 20) < s) = F5(s),
o VN

where Fy(s) = exp (— fs+oo(x - s)qQ(w)dx) :

The first main step to prove the universality conjecture for fluctuations of the
largest eigenvalue of Wigner matrices has been achieved by Soshnikov (1999); in
Lee and Yin (2014), a necessary and sufficient condition on off-diagonal entries of
the Wigner matrix is established for the distribution of the largest eigenvalue to
weakly converge to the Tracy-Widom distribution. We also refer to these papers
for references on investigations on edge universality.

In regards to eigenvectors, it is well known that the matrix whose columns are
the eigenvectors of a G.U.E. matrix can be chosen to be distributed according to the
Haar measure on the unitary group. In the non-Gaussian case, the exact distribu-
tion of the eigenvectors cannot be computed. However, the eigenvectors of general
Wigner matrices have been the object of a growing interest and in several papers,
a delocalization and universality property were shown for the eigenvectors of these
standard models (see among others Bloemendal et al., 2014; Erdés et al., 2009a,b;
Knowles and Yin, 2013; Tao and Vu, 2012 and references therein). Heuristically,
delocalization for a random matrix means that its normalized eigenvectors look like
the vectors uniformly distributed over the unit sphere. Let us state for instance the
following sample result.

Theorem 1.4. (Isotropic delocalization, Theorem 2.16 from Bloemendal et al.,
201/). Let Xy be a N x N Wigner matriz satisfying some technical assumptions.
Letv(1),...,v(N) denote the normalized eigenvectors of X . Then, for any C; > 0
and 0 < € < 1/2, there exists Cy > 0 such that

€

su v(1),u)| < ,
s o)) <

for any fived unit vector uw € CV, with probability at least 1 — CyN~C1,

1.2. Deformed Wigner matrices. Practical problems (in the theory of statistical
learning, signal detection etc.) naturally lead to wonder about the spectrum reac-
tion of a given random matrix after a deterministic perturbation. In those applica-
tions, the random matrix is the noise and the perturbed matrix is a noisy version
of the information; the question is to know whether the observation of the spec-
tral properties of the perturbed matrix can give access to significant parameters on
the information. Theoretical results on these deformed random models may allow
to establish statistical tests on these parameters. A typical illustration is the so-
called BBP phenomenon (after Baik, Ben Arous, Péché) which put forward outliers
(eigenvalues that move away from the rest of the spectrum) and their Gaussian
fluctuations for spiked covariance matrices in Baik et al. (2005) and for low rank
deformations of G.U.E. in Péché (2006).
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In this paper, we consider additive perturbations of Wigner matrices. The pio-
nner works on additive deformations go back to Pastur (1972) for the behavior of
the limiting spectral distribution and to Fiiredi and Komlos (1981) for the behavior
of the largest eigenvalue.

We refer to Capitaine and Donati-Martin (2017) and the references therein for
a survey on spectral properties of deformed random matrices.

The model studied is as follows:

Wy

My = — + An, 1.2
No= g AN (1.2)

where

(W) Wy is a complex Wigner matrix, that is a N x N random Hermitian matrix
such that {W;;, V2RW;;,v/2IW;;}1<;<; are independent identically distributed
random variables with law pu. We assume that p is a distribution with mean zero,
variance o2, and satisfies a Poincaré inequality (see Appendix). Note that this con-
dition implies that p has moments of any order (see Corollary 3.2 and Proposition
1.10 in Ledoux, 2001).

(A) Ay isa N x N deterministic Hermitian matrix, whose spectral measure 4,
converges to a compactly supported probability measure v. We assume that Ay
has a fixed number ¢ of eigenvalues, not depending on NN, outside the support of
v called spikes, whereas the distance of the other eigenvalues to the support of v
goes to 0.

The empirical spectral distribution par, converges a.s. towards the probability
measure \ := gz B v where . is the semicircular distribution with variance o2
and B denotes the free convolution, see Pastur (1972) (in this paper, the limiting
distribution is given via a functional equation for its Stieltjes transform), Anderson
et al. (2010, Theorem 5.4.5). We refer to Voiculescu et al. (1992); Mingo and
Speicher (2017) for an introduction to free probability theory.

Concerning extremal eigenvalues, Capitaine et al. (2011) proved that the spikes
of Ay can generate outliers for the limiting spectrum of My, i.e. eigenvalues outside
the support of the limiting distribution A. More precisely, Capitaine et al. (2011)
proved the following (see Capitaine et al., 2011, Theorem 8.1 for a more general
statement).

Proposition 1.5. Capitaine et al. (2011) Assume that a spike 6 with a fived mul-
tiplicity ko in the spectrum of Ay satisfies :
dv(z) 1

0 e ("')0-7,, = {u € R\Supp(l/),/Rm < ﬁ} (13)
Denote by ng + 1,...,n9 + ko the descending ranks of 8 among the eigenvalues of
Apn. Then the ko eigenvalues (Apo4+i(Mn), 1 < i < ko) converge almost surely
outside the support of \ towards pg := 0 + 2g,(0). Moreover, these eigenvalues
asymptotically separate from the rest of the spectrum since (with the conventions
that Ag(My) = 400 and Ax41(My) = —o0) there exists 0 < 0¢ such that almost
surely for all large N,

Ang (M) > po + 00 and Apgtro+1(Mn) < pg — do. (1.4)



Non universality of fluctuations of outlier eigenvectors 133

Note that Capitaine et al. (2011) assumes that the distribution p is symmetric
but this assumption can be removed. Indeed, this assumption is used for establish-
ing Theorem 5.1 in Capitaine et al. (2011) that is now generalized by Theorem 1.1
in Belinschi and Capitaine (2017). Note also that Capitaine et al. (2011) assumes
moreover that the support of v has a finite number of connected components in or-
der to prove Theorem 6.1 in Capitaine et al. (2011) but this assumption is removed
in Theorem 2.3 in Capitaine and Péché (2016).

Remark 1.6. Note that
dv(x) 1
— 1} = {u € R\supp(v), H'(u) > 0}

{u € R\supp(v), /R <

and for any 6 in this set, pg = 0 + 02g,(0) = H(0), where H is defined by (2.14)
(see Section 2.4 below).

g

It turns out that we can also describe the angle between the eigenvector asso-
ciated to the outlier of My and the corresponding eigenvector associated to the
spike 6. Capitaine (2013) (see also Capitaine and Donati-Martin, 2017) proved

Proposition 1.7. Capitaine (2013) We keep the notation and hypothesis of Propo-
sition 1.5. Let £ be a unit eigenvector associated to one of the eigenvalues
(Mo+i(Mn), 1 <i < ko). Then, a.s.

| Picer(an—on (€ —Nostoo T(0) := 1 — 02/ (0 1 dv(z), (1.5)

— )2
where Pg denotes the orthogonal projection onto any subspace E.

Note that fluctuations of outliers for deformed non-Gaussian Wigner matrices
have been more extensively studied in the case of perturbations Ay of fixed rank r.
We emphasize that the limiting distribution in the CLT for outliers depends on the
localisation/delocalisation of the eigenvector of the spike. Roughly speaking, in the
delocalized case, the limiting distribution of the fluctuations of the correponding
outliers is Gaussian. In the localized case, the limiting distribution depends on the
distribution p of the entries and thus, this uncovers a non universality phenomenon.
We refer to Capitaine et al. (2012) for these results.

We first recall the fluctuations of the largest eigenvalue A1 (Mpy) when the matrix
Ap is a diagonal matrix of rank 1 in the localized case.

Proposition 1.8. Capitaine et al. (2009) Assume that Ay = diag(6,0,...,0) with
0 > o. The fluctuations of A\1(My) around pg = 6 + "; are given by

law
coVN (A (M) = po) 8 jux N(0,03)

2 4 4
where cg = (1 — 3—2)’1, vi = %m40}3” + 2%z and my denotes the fourth moment

of .

Capitaine and Péché (2016) proved a fluctuation result for any outlier of a full
rank deformation of a G.U.E. matrix. Their result yields the following

Proposition 1.9. Capitaine and Péché (2016) Assume that Wy is a G.U.E. matriz
(that is p = N(0,02)) and that Ay is a diagonal matriz with a spike \;,(Ay) =
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0 € O, of multiplicity one and limiting spectral distribution v. The fluctuations
of Aiy(My) around

(N) 2 1 1
pp =0+0 ~ Z A
N1y @s0f ~ 2(AN)
are given by':
law
e VN (M) - p§™) % N(0,02,,)

N—o00

—1
where ¢y, = (1 —o% [ ﬁdu(z)) and

i = (1m0 [ i)

1.3. Main results. In the following, we consider block diagonal perturbations. We
focus on spikes of the perturbation with multiplicity one generating an outlier in the
spectrum of the deformed Wigner model. Therefore, we shall consider the following
assumption on Ay throughout the paper:

(A’) Ay satisfies (A) and
AN = diag(Ap, AN—p);

with Ax—p a (N — p) x (N — p) Hermitian matriz for some fized integer p, A, =
PDP* is a fized matriz (independent of N ) where P a p X p unitary matriz and D
is a diagonal matriz.

Assume that Ay has a spike of multiplicity one, which is an eigenvalue of A,,
0 = Niy(AN) for some iy, satisfying (1.3). Without loss of generality, we can
assume that 0 = Dqq.

We set
_ (W YT
Wy = (Y WNp) !
where W), € M,(C), Y € M(n_p)xp(C) and Wx_, € My_,(C).

The main results of this paper are the following Theorems 1.11 and 1.12 on
non universality of fluctuations of an eigenvector associated with such an outlier.
But, sticking to the approach of Capitaine (2020), we first establish Theorem 1.10
below, which is an extension in the non-Gaussian case of Proposition 1.8 and Propo-
sition 1.9, in the block diagonal case.

Let My be defined by (1.2) with assumptions (W) and (A’). By Proposition 1.5,

Xio (MN) = N—4oo Po aS.. (1.6)
Define
PN = 9+029#AN_1,(9)' (1.7)
Note that
PN —*N—s+oo PO- (1.8)

1They consider fluctuations around this point depending on N in order to not prescribe speed
of convergence of p 4, to v.
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Theorem 1.10. Let My be defined by (1.2) with assumptions (W) and (A’).
Define

t _ ; _
c, _{ com(0I, — Ap), if 01, — A, #0 ’ (1.9)

1, else

where com(B) denotes the comatriz of a matrix B, and

cgl) = (1 Jroz/((i)\(ac))Q) Tr,(Cp).
po —

dip (VN iy (M) = pi), &x) — 0 (1.10)

where &n = Tr,(C,W,) + Zn, W), is the p x p upper left corner of the Wigner
matric Wy, Zn is a Gaussian random variable, independent from Wy, with mean
0 and variance v,(N), with

Then

N— -
A= ,LLSCEHI/, KN = ﬁzizlp(((alN—p*AN—p) 1)1’1‘)2'
In particular, if An_,p is diagonal, cgl)\/ﬁ()\io (My)—pn) converges in distribution

to Tr,(C,W,) + Z where Z is a Gaussian random variable, independent from W,
with mean 0 and variance v,, with

oy =00t [ PO Lm0t [ (j_(f) S (€’

(,09 - $)2 i=1

0p(N) = Trp(C2)o" /

The aim of Theorems 1.11 and 1.12 below is to study the fluctuations associated
to the a.s. convergence given in Proposition 1.7 above, for block diagonal perturba-
tions. We first state an approximation result in distribution, in the spirit of Najim
and Yao (2016) for perturbations Ay satisfying (A?).

Theorem 1.11. Let My be defined by (1.2) with assumptions (W) and (A’). Let
Usy, TESD. U, be a unit eigenvector associated to the spike 0 of Ay, resp. the outlier
Xio (My). Define 7i(0) an approzimation of T(0) by

N (0) =1 -0 / ﬁd,mw(x). (1.11)
Then
drp(VN([(uig, vig)|* = 75(0)), ¥ el
where the r.v. Wy is given by
Uy = (P*(co,o0Wp+ Zpn)P)1,
where
co.o =gl (), (1.12)

Wy is the p x p upper left corner of the Wigner matrix Wy, Z, n is a centered
Gaussian Hermitian matriz of size p, independent from W,, with independent en-
tries (modulo the symmetry conditions). The diagonal coefficients are i.i.d. with
variance

1
0439’,, + §(m4 — 304)A9,V7N (1.13)
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where )
1 o 1+ 20%g,,(0)
By, =—- neg Yo 2 v 1.14
b= 5ol 0) = GOV T (114)
AQ,V,N
1 P 2
N—p (0293(0)[(GIN719 - AN*p)_l]ii -1+ Uzgg(g))[(elep - AN*p)_Q]ii) )

i=1

(1.15)
my s the fourth moment of u, g, is the Stieltjes transform of v. The off diagonal
elements Z, n(i,7), © < j are tid complex Gaussian with distribution Z such that
E(Z%) =0 and E(|Z)?) = 0*By,,,.

In the case where the matrix Ax_, is a diagonal matrix, the sequence (A, n)n
defined in (1.15) converges as N tends to infinity. This leads to the following
fluctuations result:

Theorem 1.12. Let My be defined by (1.2) with assumptions (W), (A’) and
An—p diagonal.

Let w;,, resp. vi, be a unit eigenvector associated to the spike 0 of A, resp. to
the outlier \;,(My). Then,

VN ({tigs vig)12 = 7 (0)) &9 (P (co.0Wy + Z)P)y,y (1.16)

where T (0) is defined by (1.11). W), is the p x p upper left corner of the Wigner
matrix Wy, Z, is a centered Gaussian Hermitian matriz of size p, independent
from W, with independent entries (modulo the symmetry condition). The diagonal
coefficients are i.i.d. with variance

1
§(m4 —30")Ap, +0*Bg, (1.17)

and the off diagonal elements are iid complex Gaussian with distribution Z such

that E(Z%) = 0 and E(|Z|?) = 0*By,, where
Cop = 02913(9),
Aoy = —2 00 + 6,0 20 GO0 0) PG OF, (g
1+ 202g.,(0)
B — _ 2 T &Y Jv\V)
0,v 691/ (9) 2 (gl/(e)) 1+029L(9) ’

my is the fourth moment of u and g, is the Stieltjes transform of v.

2
1 oc,

In particular, we readily deduce the following corollary.

Corollary 1.13. Let My be defined by (1.2) with assumptions (W) and (A’).
Assume moreover that Ayx is a diagonal matriz (p = 1). Let u;,, resp. v;, be a
unit eigenvector associated to the spike 0 of An, resp. the outlier \;y(My). Then,

VN (|(uiy, i) = 7n(0))

]i]la—u;) co Wi+ 2 (1.19)

—00
where Z is a centered Gaussian variable, independent from W11, with variance :

1
5(m4 —30%)Ap, +*By,. (1.20)

See Eq.(1.18) for the definitions of cg.», Ag,, Boy.
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Note that when the Wigner matrix is Gaussian, the choice of a diagonal matrix
for Ay is not a restriction, due to the unitary invariance of the G.U.E..

The proof of Theorem 1.11 relies upon a representation, through Helffer-
Sjostrand formula, of the variable |{u;,,v;,)|* in terms of the p x p-matrix val-
ued process {G,(z), z € C\R} where G,(z) denotes the principal submatrix of size
p of the resolvant matrix G(z) = (2Ixy — My)~'. Then, the fluctuations of the
process {G,(z),z € C\R} are analysed using Schur’s formula which enables to
express {Gp(z),z € C\R} in terms of random sesquilinear forms. This approach
is described in Section 4 where we also prove Theorem 1.12. Section 2 gathers
preliminary results used in the proof of the main results. Therein, first we recall
classical algebraic identities, Helffer-Sjostrand’s calculus, tightness criterion for ran-
dom analytic process and some basic facts on free convolution with a semicircular
distribution; later we establish some extension of central limit theorem for random
quadratic forms and recall or deduce some results on deformed Wigner matrices
from Belinschi and Capitaine (2017); Capitaine (2020). In Section 3, we first estab-
lish Theorem 1.10, sticking to the approach of Capitaine (2020). The last Section
is an appendix reminding the reader about Poincaré inequality and concentration
phenomenon.

For any integer number k&, we will say that a matrix-valued function fy on C\R
is O (ﬁ) if there exists a polynomial Q with nonnegative coefficients and an integer
number d such that for all large N, for any z in C\ R,

Q(IS2"H (2 + 1)
Nk '

v (2)] <

For a family of functions fz(\;)a i€{l,...,N}? we will set f](\f) =0 (ﬁ) if for
cach i, f{) = O (5 ) and moreover one can find a bound of the norm of each f§’
as above involving a common polynomial () and a common d, that is not depending
on 1.

For two sequences (X )y and (Y )n of random variables, Xy = Y +op(1) means
that Xy — YNy — N0 0 in probability.

2. Preliminaries

2.1. Basic identities and inequalities. For a matrix A € My (C) and I and J non
empty subsets of {1,..., N}, we denote by Ary; the submatrix of A obtained by
keeping the rows with indices ¢ € I and columns with indices j € J. We set
A[ = AI><I-

Proposition 2.1 (Schur inversion formula). Let I be a non-empty subset of
{1,...,N} and A € MN(C) such that A is invertible, then A is invertible if and
only if Aje — AICX[AflAlxlc is invertible, in which case the following formulas
hold:

AN = (A7 + (A M Arsre (Are — Arexr A7 Arsre) H Aresr (A 71,
rxre = —(Ar) " Arscre (Are — Apes r Ay Apsere) ™1,
rexs = —(Are — Apex g A7 Aryre) P Aresr (Ar)
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Lemma 2.2. For any matriz B € My (C) and for any fived k, we have

N
> Byl <||B|? (2.1)
1=1
(or equivalently
N
> IBul> < |IBII*) (2.2)
1=1
Therefore, we have
1N
N > Bul® <|IB|*. (2.3)
k=1
Proof: Note that
N
> IBul* = Trn(BEwBY)
1=1
= TI‘N(B*BEk-k)

A

IB* Ten (Eir) = | BII.

Now, since

N N N
> Bul> =Y [Bual* = > _I(B*)l* and | B*| = ||B],
=1 =1 =1

(2.1) and (2.2) can be deduced from each other thanks to conjugate transposition.
Finally (2.2) readily yields (2.3). O

Lemma 2.3 (Lemma A2 of Capitaine, 2020). Let A and H be m X m matrices
such that, for some K > 0,

JAll < K, |H]| < K. (2.4)

Then
det(A + H) = det(A) + Try, (‘com(A)H) + e,

where com(A) denotes the comatriz of A, and there exists a constant Cp, g > 0,
only depending on m and K, such that |e| < Cy, i || H|*.

We will often use the following obvious facts that for any z € C\ R, for any
N x N Hermitian matrix H,

| (zIn — H) || < [Sz2] 7 (2.5)

and for any probability measure v on R, the Stieltjes transform g, satisfies for any
z € C\R, $239,(2) <0, |g,(2)] <3271, and for any o > 0, any z € R,

(2.6)
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2.2. Helffer-Sjostrand’s calculus.

2.2.1. Helffer-Sjostrand’s representation formula. We recall Helffer-Sjostrand’s rep-
resentation formula (see Benaych-Georges and Knowles, 2017, Proposition C.1): let
f € C**1(R) with compact support and M be a Hermitian matrix; we have

1 [ -
_! / GFL(f)(2) (M — 2)~1d22 (2.7)
T Jc
where d?z denotes the Lebesgue measure on C,
k
Fro(f)(x + iy) Z f“) x(y) (2.8)
1=0

where x : R — RT is a smooth compactly supported function such that y =1 in a
neighborhood of 0, and 9 = £(0, + i0,).

The function Fy(f) coincides with f on the real axis and is an extension to the
complex plane.

Moreover

(@)X (9)- (2.9)

_ 1 (iy)* i (iy)!
OF(f) (o + i) = - WD 00 @y + L 50 W)
=0
Thus, since x = 1 in a neighborhood of 0, we have that, in a neighborhood of the
real axis,
1 (iy)*

S @) = Oy asy 0. (210)

OF(f)(z +iy) =

2.2.2. Computation of Helffer-Sjostrand’s integral.

Proposition 2.4. Let h be a smooth function with compact support in (pg— 20, pg+
20) and satisfying h = 1 on [pg — 6, pg +d]. Let x be a compactly supported function
n (—L,L), and x = 1 around 0. We denote by D = (pg — 20, pg + 26) x (—L, L).

Let ¢ be a meromorphic function in D, with a pole in pg. Then,

= l/ OFy(h)(2) ¢(2)d*z = —Res(¢, pg) (2.11)
T Jc

where Fy,(h) is defined in (2.8). Res(¢, pg) denotes the residue of the function ¢ at
the point pg.

Proof: Let € small enough such that Fy(h)(z) = 1 for 2 € B(pg,€). Set D, =
D\B(pg,€). ¢ is holomorphic on D,. Since Fy(h) has compact support in D, we
have,

0= /BD Fr(h)(z) ¢(2)dz

/ Fk(h)(z)qb(z)dz—i—/ Fr(h)(2) ¢(2)dz
oD, OB (pg€)

= 7 3] z 2)d%z 2)dz
- a/Deam)(w( ) */mmd’( )d

where the first term is obtained by Green’s formula using that d¢(z) = 0 on D,.

/ OF,(h o(2)d Z*)’/TI((f))
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and
/ F(h)(2) ¢(z)dz = 2imRes(¢, pp).
9B(po€)
(]

2.3. Tightness criterion for a sequence of random analytic processes. We recall here
some results from Shirai (2012). Let D C C be an open set in the complex plane.
Denote by H(D) the space of complex analytic functions in D, endowed with the
uniform topology on compact set. For f € H(D) and K a compact set of D, we
denote || f||x = sup,ex |f(2)|. The space H(D) is equipped with the (topological)
Borel o-field B(H (D)) and the set of probability measures on (H(D); B(H(D))) is
denoted by P(H(D)). By a random analytic function on D we mean an H(D)-
valued random variable on a probability space. The probability law of a random
analytic function is uniquely determined by its finite dimensional distributions.

Proposition 2.5 (Proposition 2.5. in Shirai, 2012). Let f,, be a sequence of random
analytic functions in D. If ||follx is tight for any compact set K, then L(f) is
tight in P(H(D)).

Using that, by Markov’s inequality, for any C' > 0 and any r > 0,

P(lfullic > ©) < 2B (5l (212)

the following lemma turns out to be useful to prove tightness results.

Lemma 2.6 (lemma 2.6 of Shirai, 2012). For any compact set K in D, there exists
0 > 0 such that

11l < (m0%)! /7|f(2)|’"m(d2)7 f e H(D),

Ks

for any r > 0, where K5 C D is the closure of the §-neighborhood of K and m
denotes the Lebesgue measure.

2.4. Free convolution with a semicircular distribution. Let T be a probability mea-
sure on R. Its Stieltjes transform g, : z — fR idT(.’E) is analytic on the complex
upper half-plane CT. There exists a domain

Dypg={u+iveCul <av,v>p}
on which g, is univalent. Let K be its inverse function, defined on g.(Dq, g), and

Re(2) = Ko(2) 1.
Given two probability measures 7 and v, there exists a unique probability measure
A such that
Ry=R.+R,

on a domain where these functions are defined. The probability measure X is called
the free convolution of 7 and v and denoted by 7 Hv.

The free convolution of probability measures has an important property, called
subordination, which can be stated as follows: let 7 and v be two probability
measures on R; there exists an analytic map w,, : C* — C* such that

Vz € (C+, gTEElV(z) = gu(wﬂl/(z))'
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This phenomenon was first observed by D. Voiculescu under a genericity assumption
in Voiculescu (1993), and then proved in generality in Biane (1998) Theorem 3.1.
Later, a new proof of this result was given in Belinschi and Bercovici (2007), using
a fixed point theorem for analytic self-maps of the upper half-plane.

In Biane (1997), P. Biane provides a deep study of the free convolution by a
semicircular distribution. We first recall here some of his results that will be useful
in our approach. Let v be a probability measure on R and pg. the semicircular
distribution defined by (1.1). For any z € C \ supp(usc B v), the subordination
function w,_, is given by

ni2) = 2 — 5 3(2). (2.13)
In the following, we will denote w,,_,,, by w. For any = € C\ supp(v), define
H(z) =z + 02g,(x). (2.14)
We have for any x € C \ supp(us. Bv),
H(w(z)) = x. (2.15)

More precisely, the following one to one correspondance holds:

w

R\ supp(us. B ) g {u € R\ supp v, / ﬁdu(z) < %} (2.16)

Assume that Ay satisfies (A). Let {6;, 1 < j < ¢} be the spiked eigenvalue of Ay
outside supp(v). Furthermore, for all §; € O, ,,, where O, , is defined by (1.3), we
set

po, = H(0;) = 0; + 0%, (0)) (2.17)
which is outside the support of ps. B v according to (2.16), and we define
K;,(01,...,0q) = supp(psc Br) U {pgj, 0; € @gvy} .
An important consequence of (2.16) is the following
Proposition 2.7 (Theorem 2.3 in Capitaine and Péche, 2016). For any 6 > 0,
supp(ftse B pray) C Kop(01,...,04) + (—9,0),

when N is large enough.

2.5. Central limit theorem for processes of matriz valued random quadratic forms.

Lemma 2.8 (Lemma 2.7 in Bai and Silverstein, 1998). There exists C' > 0 such

that for any N x N deterministic matric B = (b;;)1<: j<n, any random vectors
Y

Y = in CN with i.i.d. standardized entries ( E(y;) = 0, E(|y;|*) = 1,
YN

E(y?) = 0) such that E(|y;|*) < k and any independent copy X of Y, one has

E(|[Y*BY — Trn(B)|?) < Ck Try(B*B),
E([Y*BX*) < Ck Try(B*B).

In Najim and Yao (2016), the authors establish the following variation around
the central limit theorem for martingales.
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Lemma 2.9 (Lemma 5.6 in Najim and Yao, 2016). Suppose that for each n

(Yojs1 < j <) isa C?-valued martingale difference sequence with respect to

the increasing o-field {G,, ;;1 < j < r,} having second moments. Write
Y=,

njscco nj)'

Assume moreover that (0,(k,1)), and (0,(k,1)), are uniformly bounded sequences
of complex numbers, for 1 < k,l <d. If

Tn . -
DB (V5T 1 Gngt) =OnlhD) 22 0 (2.18)
p

Tn B p

z;E (Yai¥n | Gnj1) = Onlk,) — 0, (2.19)
J:

and for each € > 0, Z;L E (HYMHQIHKUHX) —notoo 0, then, for every bounded
continuous function f:C? — R,

Tn

Ef(Y Yai) —Ef(Zn) — 0, (2.20)

n—-+oo

where Z,, is a C*-valued centered Gaussian random vector with parameters
E(Z,Z7) = (©n(k, 1)1y and B(Z,ZT) = (0,,(k, 1) .1-

Following the lines of the proof of the central limit theorem for quadratic forms by
Baik and Silverstein in the appendix of Capitaine et al. (2009) and using Lemma 2.9,
we will establish the following extension.

Proposition 2.10. Let (21,...,24) be in 19, where I is a subset of C such that
Vze I,z el Foranyzin{z,...,2}, let B(z) = (bij(2)) be a N x N matric
such that (B(z))* = B(Z) and there exists a constant a > 0 (not depending on N)
such that for any z in {z1, ..., 24}, ||B(2)|| < a. Let p be a fized integer number and
YN = (yij)1<i<ni<j<p be a N xp matriz which contains i.i.d. complex standardized
entries with bounded fourth moment and such that E(y?,) = 0. Set

Viv = (/YN (V3B Yy = Tex(BO)), -,
(VN (V3B(2q)Yx = Tes(B(zo)y))-

If there exists uniformly bounded sequences (fn)n and (gn)n of functions on I*
such that for any z;, zj,

N
& (BB = Il ) +o(1),

and
trn (B(z1)B(2k)) = gn (21, 2) + 0(1),

then drp (Vn,Vn) — 0 where Vn = (Gn(21),-..,Gn(24)), Gn is a centered Gauss-
ian matriz valued process whose distribution is given as follows:

1) the processes ((Gn(2))ij): for 1 < i < j < p are independent, and (Gn(z2));i =

(GN(2))ij-
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2) Fori < p,
E((Gn(2))i(Gn(z1))i) = E(lynl* —2) (fn (2, 20))
+gn (21, 21)
and
E((Gn(21))ii(Gn (2x))ii) = E((Gn (21))ii (G (22))id) (2.21)

3) For1<i#j<p,
E((Gn(21))15(Gn(2))ij) =0
and
E((Gn(21))i3(Gn (20))i5) = gn (21, 20). (2.22)

Proof: First, for any B in {B(z),z = z1,...,%¢} and any 1 < s,t < p, one can
write (1/v/N) (YX,BYN - Tr(B)Ip> as a sum of martingale differences:
st

(1/VN) (Vi BYy — Te(B)L,).

N
= (1/VN) Z ((yisyit — 05t)bii + Yis Z Yjtbi; + is Z yjtbij>

i=1 j<i J>i
N
= (1/VN) Z ((yisyit — 0st)bii + Yis Z Yitbij + Vit Z yjsbji>
i=1 j<i j<i
N
= > (Zi(B))a
=1

where

(Zi(B))st = (1/VN) <<yisyit — 0st)bii + Uis Z Yjtbij + Yit Z yjsbji) .
j<i j<i
Let Fn; be the o-field generated by {y1s,...,¥%is,1 < s < p}. Let also E;(-) de-
note conditional expectation with respect to Fu ;. It is clear that for any B in
{B(z),z €I}, Z;(B) € M,(C) ~ CP” is measurable with respect to Fn,; and satis-
fies Ezfl(ZZ(B)) = 0.

We will show that the conditions of Lemma 2.9 are met for the C9°-valued
martingale difference sequence Y, = (Z;(B(21)), ..., Zi(B(2,))).
Write (Z;(B))st = X} + X3, with X} = (1/V'N)(Jisyit — dst)bii. Then for e > 0,

N
ZEGX“Q 1(\X{\26)) < a2E(|glsylt - 5st|2 1{|@1sy1t755t\22\/ﬁe/a}) —0 (223)
i=1

as N — oo, by dominated convergence theorem.
We have

E[> yibisl*
Jj<i

= E(lyel* D [bi*) + 2B b, 1P [0ij |*) + Byt > D big [*bisu|)
7<i * *
E|y1t|4E[(H;6;X [bi])* max(BB")ui] + (2 + Elyi,[*)E[(BB");]

a*[Elyre|* + 2 + Elyi,|?]

IN

IN
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where the sum Y is over {j; < i, jo < i, j1 # j2}. Therefore E|X3|* = o(N~1) so
that for any € > 0,
N
D E(IX57 1(xg56) < (1/€%) ZE\X2|4 —0 as N — oo. (2.24)
i=1 i=1
Thus, by (2.23), (2.24) and (A.4) in Capitaine et al. (2009), {Z;(B)} satisfies the
Lindeberg condition of Lemma 2.9.

Now, we shall verify condition (2.19) of Lemma 2.9. We have for any B and C
in {B(z),z € I}, for any 1 < s,t,',t' <p,

N
ZEi—l(Zi(B))stZi(C)s’t/) (2.25)
i=1
N
= (1/N) Z {(]E|y11|4 - 1)5515655’55/15’ + (sst’(ss/t(l - 555’))biicii (226)
i=1

AE(|y11*011) |Sstbasr D YjerCishii + Owribssr D yjebijcis

j<i i<i

+E(Jy11*y11) |SstOur > TjorCjibii + Ssrvrbrr Y Yjsbjicis (2.27)

i j<i j<i
+0gr Z Ujsbyi Z Yjt Cij + Ostr Z Yjs' Cji Z Y;tbij }
j<i j<i j<i j<i

Let By, (resp. By denote the strictly lower (resp. upper) triangular part of B. We
have, using Cauchy-Schwarz’s inequality, that

N-1
]-/N Zcuzyjtb2]| = 1/N Zyjtzciibij|2
i=1 j:].

Jj<i i>7
N-—
= 1/N Cn ij C“ )
=1 i>j >3

= (UN?EQY_ cutii(BLB;)u)

0%

]E[(max|c”| (1/N)( Z|BLB 2)1?]

IN

- E[(mﬁxlcwa/mm BBy
< ]E[(m;ctx|Cii|)2(1/\/ﬁ)||BL||2]-

We apply the following bound (due to R. Mathias, see Mathias, 1993): ||B| <
v~ | B|| where yx = O(In N), and the bounds ||B|| < a, ||C]| < a, to conclude that

(1/N) ZCUZyﬂb” —> 0.

7<i
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Thus,

ZEz 1 efZ (O) /t’)

N

= (I/N) Z { [(]E|y11|4 - ]-)5st5ss’§s’t’ + §st’5s’t(1 - 555’)] bncu
i=1
+0sr Z Yjsbji Z Yji' Cij + Ot/ Z Yjs' Cji Z yjtbij} + op(1)
Jj<i Jj<i Jj<i j<i

= [(E|y11|4 - 1) st(sss’(s e+ 5st’5 ’t ]- - ss Zbucu

+051(1/N)(Yn ) BuCL(YNn)e + s/ (1/N)(Yn)} CUBL(YN) + op(1)

Besides, from Lemma 2.8 we have

](1/N)(( N)sBuCL(Yn)w —6sth&r(BUCL))\2 < (1/N*)E(Tr(C; B, ByCr)

In* N
< KE| B|*|[C|]? —N—oo 0.
Hence,
N
ZEzfl(Zi(B))st(Zz(C»s t’
i=1
= [(E|y11| - 1) Ot 055t Ogrer + D40 /t Oss N szzcu
+5 t’5s 't NT Z bz]C]z + d ’tast’ Z bjzcu + OIP’
j<’L ]<’L
1 N
4
[(E|y11| —1)0s¢0s5 0574 + Osprsr¢ (1 — N Z iiCid
+5st’5s tiTr(BC s t(sst’ Z bucu + OIP’
1
= [(Elyi|* = 1)0st0s5 050 — Osp051¢0557)] N ; biicii
+5st/5s’t try (BC) + OP(I)'
Proposition 2.10 readily follows. O

2.6. Preliminary results on deformed Wigner matrices.

2.6.1. Preliminary results from Belinschi and Capitaine (2017). Note that, in Sec-
tion 5 in Belinschi and Capitaine (2017), the authors consider for any fixed integer
numbers m, r,t and any fixed m x m Hermitian matrices v, aq,...,a., 581, ..., B,

(v)
the matrix model in M,,(C) @ Mn(C), y@IN+> 1 _, a, ® Wﬁ + Ei:l Bu® As\q;)

where the W](\;J Vs are independent more general Wigner matrices than ours and
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the AE\I;)’S are deterministic matrices such that supy ||A§\7)|| < 00. Therefore, the
results therein apply to our model by choosing m =1,r =¢t=1 and a1 =1 = ;.

For any z € C\R, G(2) = [Gij(2)|1<ij<n = (2In —Mnx)~"! denotes the resolvant
of My. Note that by (2.5),
1G] < 92 (2.28)
For any z € C\ R, define gn(z) = E(try G(2)) and denote by gn(z) the Stieltjes
transform of pe. B pa, -

Lemma 2.11. For any (i,j) € {1,...,N}2,
E(Gij(2)) = {((2 — o2gn(2))In — AN)AL]- +ot (\;N) .

Proof: According to Corollary 5.5 in Belinschi and Capitaine (2017), for any (4, j) €
{1,...,N}?,

N
B(Gy(2)) = (), + LTS (i (2), (Vo). O E (G2
s,l=1
+0 ()
where

Yiv(z) = ((z = gn(2)In — An) ™
and kg3 is the third classical cumulant of . Note that |S(z —gn(2))] > |Sz| so that,

by (2.5)
1
REN

YN ()] < (2.29)

Now,

7 (Y (2)y (Y (2)),, (Y (2)y E (Gaj(2))

s,l=1

N
< 3 1N E)al (YN (2)) | H(Ya (2))] [E (Gij(2)]

s, =1

N /2 , N 1/2
32/ 72N (Z |E(st(2))|2> (Z I(YN(z))u|2>
s=1 =1

< NSz
where we used Lemma 2.2, (2.29) and (2.28). Therefore
() = () _1
E(Gij(2)) = (YN(Z))M + Oij (ﬁ)

Now, according to (5.56) in Belinschi and Capitaine (2017),

HYN(,Z) - ?N(Z)H ) (&)

Yn(2) = ((z — gn(2)In — An) . (2.30)
Lemma 2.11 readily follows. (]

IN

where
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Lemma 2.12. We have
5 1
Vz e C\R, gn(2) =gn(2) + O(N)

Proof: According to Proposition 5.8 in Belinschi and Capitaine (2017), we have

gn(2) = gn(2) = (1= 3w (2)) L (2) + O(—=)

1
NVN
where

N

o) = g S (), [0, ) (e

il=1

Ra(L+V=T) N\~ (5
+ ;\/§N2\/N 'zz=:1 (YN(Z) )u

(
DS (), (),
(

<

2V2N2V/N =,

0D S (1), (709),, (09,

i,l=1

S

and Yy is defined by (2.30). (Note that in Proposition 5.8 in Belinschi and Capi-

taine, 2017, in full generality the (Yx(z)) ’s are m x m matrices which a priori do
il

not commute and G ~(zI,) is a m X m matrix too. But in the present paper, since
m=1, (?N (z)) ’s are scalar and obviously commute and Gy (21,,) = gn(2).)

il
Note that, |S(z — gn(2))] > |Sz| so that, by (2.5),

Y ()] < |92~
Lemma 2.12 readily follows by using Cauchy-Schwarz’s inequality and (2.3). d

Lemma 8.7 in Belinschi and Capitaine (2017) implies in particular the following
variance estimates.

Lemma 2.13.

Var(G;;(z)) = O(“)(l/N).
Lemma 2.14.

Var(try G(2)) = O(1/N?)

The following result is a corollary of Theorem 1.1 in Belinschi and Capitaine
(2017).

Proposition 2.15 (Theorem 1.1 in Belinschi and Capitaine, 2017). Let [b;c] be a
real interval such that there exists § > 0 such that, for any large N, [b+ &;¢ + 4]
lies outside the support of pscBuay. Then, almost surely, for all large N, there is
no eigenvalue of My in [b; c].
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2.6.2. Quantitative asymptotic freeness. Let ¢¢ > 0 be fixed such that

d(pg,supp(psc Bv) U {po,;,0; # 0}) > €0 and d(6,supp(v) U {0;,0; # 0}) > eo. Let
Qu be the event on which there is no eigenvalue of WNA’,’” +AN_p in |pg—eo; po+eol,

Wall <3
VNI =
Propositions 2.7, 2.15 applied to Mpy_,, Proposition 1.5 and Bai-Yin’s theorem

lead that

Ai (M) is the unique eigenvalue of My in |pg — €0/2; po + €0/2[ and ‘

N]_l}riloo 1o, =1, as. (2.31)

Denoting by G N—p the resolvent of the lower right submatrix of size N — p of
My and py being defined by (1.7), we have the following

Proposition 2.16.

JN {ter Gy (ow) oy — / dpse Bpay_,(2) }

(pn — )

goes to zero in probability.

Proof: We stick to the proof of Proposition 5.5 in Capitaine (2020). Using Propo-
sition 2.7, for N large enough,

d(pN7 SUPP(Nsc H MApr)) > 6()/2 (232)
and on Qu, d ({pN, Xio (M)}, spect (WN”) + AN_p)) > €p/2, so that

VN

A 2
G plow)] < =,
€0

Gy () < 2 (239

Moreover, there exists K > 0 such that for any = € supp(pse B pay_,),

Wa_p

‘(pNIN—p_ i —An_p|| £ K.

lov — 2| < K and on Qu,

Let g : R — R be a C* function with support in {€p/4 < |z| < 2K} and such that
g=lon{e/2<|z| <K} fia— % is a C*° function with compact support.
Note that

dlffsc BHMApr (il?) _
/ (pn —z) / fon — ) dpse Bpay_, (z) (2.34)
and on Qy, éN—p(pN) =f <pNIN_p _ Mj\’f\;p _ AN—p> ' (2.35)

According to Lemma 2.12, for any z € C\ R,
d/”'sc H NAN,p (J})
(ow —2— 1)

where there exist polynomials Q1 and Q2 with non negative coefficients and (d, k) €
N2 such that

VNtry_ ,E [GN—p(pN - Z)} =VN + 0 (1), (2.36)

Szl Dz + D! _ 1 @a(ISz])(|2] + 1)
VN VN Sz '

Therefore, by Helffer-Sjostrand functional calculus (see Section 2.2),

\/ﬁterpE (f (pNINp - W\;VN_Z) - ANp))

lo@ 1)) < 4l (2.37)
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_ OFL(f)(2)VNtry_, E [CA}'N,p(pN — z)] d*z
T Jo\R
and
VE [ Fl(ow =) Bpua,(0) = & [ oR(p)@VE L B o,
T JC\R PN —2Z—X)

Hence, using (2.36) and (2.34), we can deduce that

\/NtrN,pE (f (pNINp - Wjip — ANp>>

_ f/dungMAN o (T )+1/ OF,(f)(2)0 (1)d22
™ z€C\R

PN—I‘

Note that since f and y are compactly supported, the last integral is an integral
on a bounded set of C and according to (2.37) and (2.10),

[ om0

C\R

< ¢
C VN

Thus,

\/N{E try_p (f (pNIN,p - % _ Apr)) _/dusZ;ENufl_)p(x)} v ie 0.

(2.38)
Define k : M3 (C) — C by

k(X) =trn_p [f (onIn—p — X = An_p)].
Applying Poincaré inequality, we get that

Wy Wyo, |2 _C ‘ (WN_ > 2
E| |k 2y _E(k P < —E adk P )
(’(ﬁ) R )—N (gr vw ),
with
2
leradb(X)I2 = s SR
wesy (Mg (C)) | dt

Since f is a Lipschitz function on R with Lipschitz constant C7, its extension on Her-
mitian matrices is Cr-Lipschitz with respect to the norm || M|, = (Try_, M?)'/2.
Therefore,

e,

d
sup ’ k(X + tw)
wes, (Mg (C)) | dt

<5
(o (5D <5

It readily follows that

VNtry {f(PNfN—p - % —An—p) —E (f(PNIN—p - W\/;vﬁ_p - AN—p))}

= op(1) (2.39)
Proposition 2.16 follows from (2.35), (2.38), (2.39) and (2.31). O

[t=0

and then
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3. Proof of Theorem 1.10

The approach to prove (1.10) is the one of Capitaine (2020). On Qy, defined at
the beginning of Section 2.6.2, we have by Proposition 2.1,

det (X,(N)) =0, (3.1)
e X, (N) = A, (My)I, Wo _ 4= Ly (My))Y,
D = Nig UHEN p‘ﬁ_ N N—p( zo( N)) )

and GN_p is the resolvent of W\I/\’N"’ + An—_p. Let pn be as defined by (1.7). Using

the identity
Gn—p(pn) = GN—pNiy (MN)) = (Xiy (M) — pn)GN—p(pn)Gn—p(Nig (M),

we have

X,(N) = Hy(N) + X7,
where
X\ =01, - A,,

Hy(N) = (MNig(Mn) = pn)Ip — A1(N) — Az(N)
+(Nig (MN) — pn)ri(N) — \I;V]% — (Niy (M) — pn)?r2(N)
with X
ri(N) = ﬁY*éN—p(PN)QlﬂNY,

1. R
r2(N) = NY*GN—p(PN)ZGN—p()\iO(MN))lnNK

_ Lyl ooy - T (Gn-plon)a, )
=N N—plpN)lay N N-p \TN-plPN)lan )
1 .

AQ(N) = NTerp (Gpr(PN)]QN) _/

First, by Lemma 2.8 we have that,

1 N
ri(N) — Uzﬁ TrN—p(GN—p(PN)z)IQNIp = op(1).

Aq(N)

dpsc B N'AN,p(Z‘)
(pn — )

By (2.31), (2.35), (1.8), (2.32) and asymptotic freeness of W\I/Vﬁ’p and Ay_p (see

Theorem 5.4.5 Anderson et al., 2010),
d\(x)

1 A 2
N T‘I‘N—p(GN—p(pN) )IQN Njgo m almost Surely. (32)

Therefore,
n(N) 5 o2 [ M)

Caed e (3.3)

Now on y, using (2.33),
A 21 Y2 (2)
Ir2 (W)l < || En—plon)tan | [|Gropis i) t0y | - <0(2) - 39)

By Lemma 2.8,
A1(N) = op(1). (3.5)
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Lemma 3.1.
N—

N-
Z{ p(pN ”} IQN:N pz [(6 = An-—p)~ 1]33] + op(1).

1 j=1

=
Proof: By (4.29) which will be proved below, for any r > 0,

1 . i 12
N_p ; |:GNP<p9 + r)j;} lo,
1 i 2
= N_p Z [[(w(pg + ;) - ANp)_l]jj:| + op(1),

Jj=1

with w defined by (2.13). Now, using resolvent identity, one can easily obtain that
there exists some constant C(ep) such that for any » > 0 and any N,

N—p . 9
Nl_p ; {GN—p(PN)jj} loy

2
[GN p(po + )j] 1o,

< C(eo) <i +pN p) :

Moreover, w(pg) = 6 so that for all large N, d(w(ps), supp(pay_,) > €o/2.
Now, choose 7y large enough such that for all large N, Vr > 1o,
d(w(pg + L),supp(pay_,) > €o/4. Using resolvent identity, one can easily obtain
that there exists some constant C'(ep) such that for all large N, Vr > rg,

N-p . 2
Nl_p ; {[(w(ﬂe T %) - ANp)_l]j'] N » Jz_:l — Anp) i)
< C(eg)/r-

Lemma 3.1 follows by letting NV go to infinity and then r go to infinity. ]
(3.2), Lemma 3.1 and Proposition 2.10 yield that

VNAL(N)? = op(1), (3.6)
Now, one can prove that by Proposition 2.16, we have

VNAL(N) = op(1). (3.7)
Thus (1.6), (1.8), (3.3), (3.4), (3.5) and (3.7) yield that

Hy(N) = op(1). (3.8)

Therefore, according to Lemma 2.3 (using (3.8)) and (3.1), with a probability going
to one as N goes to infinity,

0 = det X,(N)
= det(X" + H,(N))

= det(X ") + Tr, [BXIgO)Hp(N)} ten

= Ty, [BXéO)Hp(N)] ten,
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where
BXZ(,‘” =t com(XZ()O)),
en = O(|Hy(N)[]?).
Thus, using (1.6), (1.8), (3.3), (3.4), (3.7) and (3.6),
VNen = 0p(VN(Aio (My) = pn)) + op(1).

Hence, with a probability going to one as N goes to infinity,
VN, (My) — pn) [TTPBXI(P) (I, + 1 (N)) + o]p(1)}

=Try [Byo (VNAI(N) + W, )| + 0s(1).

(1.10) readily follows from (3.2), Lemma 3.1, Proposition 2.10, the independence of
A1(N) and W,. When An_, is diagonal, the result follows using (4.29).

4. Proofs of Theorems 1.11 and 1.12

Let My be defined by (1.2) with assumptions (W) and (A’). We denote by
Ai(AN), resp. \;(My), the eigenvalues of Ay, resp. My and wu;, resp. v; the
normalized associated eigenvectors. According to assumption (A), there exists
6 > 0 such that for all large N, the distance from 6 to the rest of the spectrum
(that is the other eigenvalues of Ay except ) is greater than §. Moreover, from
Proposition 1.5, we know that a.s.

Nig (MN) =N 100 po = 0 + g, (0). (4.1)

and there exists dg > 0 such that almost surely for all large N, the distance from pg
to the rest of the spectrum (that is the other eigenvalues of My except A;,(My))
is greater than dg.

Throughout this section, h is a smooth function with support in |pg — do/2; po +
00/2[ which is equal to 1 near py.

4.1. Representation in terms of resolvent. The aim of this section is to be brought
back to the study of the fluctuations of the p x p-matrix valued process {G,(z), z €
C\R} where G,(z) denotes the principal submatrix of size p of the resolvant matrix
G(Z) = (ZIN — MN)il.

Proposition 4.1. Almost surely, for all large N,
VN (|(tig, vig)[* = v(6))
_ 7%/(:5Fk(h)(z) (PVN (Gp(2) ~ M) P) P,
where T (0) is defined by (1.11),

Apl2) = (2 = Ay = 0% (2)1,) " (42)
and gy —p(z) is the Stieltjes transform of psc B pay_, -

Proposition 4.1 readily follows from the two preliminaries Lemmas 4.2 and 4.3.
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Lemma 4.2. Almost surely, for all large N, for any integer number k,
]' ) *
(o) == [ ORE) (PG )Py, . (43)

T
where Fy(h) is defined by (2.8).
Proof: Let f be any smooth function with support in |0 — §/2;60 + 6/2[ which is
equal to 1 near #. From the formula

N

Ty (R(Mn)f(ANn)) = > h(Ni(Mn) F(N (AN))] (g, 03], (4.4)

i,j=1
we easily deduce that, almost surely, for all large IV,

|<ui07vio>|2 = Z (P*)lih(MN)iijL (4.5)

ij=1

By Helffer-Sjéstrand’s representation formula (2.7), we can write h(My);; as

h(M)y; = —% /C DFL(h)(2) Gy (2)d=,

so that
P 1 )
> (P b ()P = =3 [ ORWE) (P'Gu(P), &5 (40)
ij=p €
Lemma 4.2 follows from (4.5) and (4.6). O

Lemma 4.3. For N large enough,

7'1\/'(0) = I—UQ/ﬁduApr(z)

1 = N - _
- /(CaFk(h)(z) (P (zI, — Ap — UQgN_p(z)Ip) 1P)11 d*z
where gn—p(2) is the Stieltjes transform of prse B pay_, -

Proof: Note that
1
z—02gn_p(z) — 0’

(P*(2p — Ap — 0%Gn—p(2) L)' ), =

Let us define for any z € C\ supp(pay_,),
Hy_yl(2) = 2+ 0%un, (2) (47)
and for any z € C \ supp(psc B pay_,),
o —p(2) = 2= PG (2) = 2 = 0% (2). (43)

Note that, for any z € C\R, |Swy—_p(2)| > |32z| > 0. Moreover, according to (2.16),
the following one to one correspondance holds:

WN—p

—
R\supp(pscBpay_,) +— {u € R\supp (uAN_p),/
Hy_,

1 1

mdﬂfm_p(z) < g}
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and for any = € C\ supp(pse B pay_,), Hv_p(wn_p(z)) = 2. Hence py =
Hy-p(0) = 0+ 0°gpu,, , (0) is the single pole of — 21— in C. Therefore,

z—02gN—_p(2z)—0

(1.8) and Proposition 2.4 (used with ¢(z) = m) imply that

1 [ = 1 o 1 - .
= /C OFG) ;o= e = memri Hy_,(0) = mn(0). (4.9)
O
We now consider the process
&n(z) = (PVN (Gpl2) = 4,(2)) P) . (4.10)

where A, is defined by (4.2).
4.2. Tightness of the sequence of processes {En .
Proposition 4.4. ¢y is tight on H(C\ R).

Proof: &En 1 2z — (P*\/N(Gp(z) —Ap(,z))P>1 is analytic on C \ R. Let K be
1

a compact set in C \ R. According to Lemma 2.6, there exists § > 0 such that

K; C C\ R and for any r > 0,

lenle < (m8%)~! /JsN(z)Vm(dz).

Ks
Therefore
E(lEnllx) < (7T52)71/?E(IEN(Z)\T)m(dZ) (4.11)
< (me?)7 SI%E(KN(Z)V)W(E)- (4.12)

In order to prove the tightness of £y, using (2.12) and (4.12), we are going to
show that, for any compact set K C C\R, there exists a constant C’ > 0 such that
for all large N,

sup E (|§N(z)|2> <C. (4.13)
zeK
We have for any z; and z5 in C\ R,
E (En(21)6n(22))
P
= N Y PiPuPj,PaE((Gij(z1) — (Ap(21))ij) (Guo(22) — (Ap(22))uw))
3,7,u,v=1
and

E((Gij(z1) = (Ap(21))ij) (Guo(22) — (Ap(22))uv))
= E((Gij(21) = E(Gij(21))) (Guo(22) — E(Guv(22))))
+ [E(Gij(21)) = (Ap(21))i5] [E (Guw(22)) = (Ap(22) un] -
According to Lemma 2.11 and the block diagonal structure of Ay, we have for any
1=1,2,
E(Gy(2) = (21 — v (20)T, — Ap) "+ O(1/V/N), (4.14)
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where gy is the Stieltjes transform of pa, B ps.. First set

. Wi -1
Gy _plw) = (uN_p - ]\;V_Pp - AN_p> .

By (2.5), we have

Cr—p(D] < 9217 (15)
Note that
C?N_p(z) =Gn_p(2)
b A .
A Ty (e Gl Gy~ vy R
4.16

Now, Lemma 2.12 yields that
gn(z) =E(try G(2)) + O(1/N)

and

G3-(2) = E (trn—p Cv—y(2)) + O(L/N),
and then, using (4.16), that

Gv-(2) = E (tryp G- y(2)) + O(1/N). (4.17)
Since by (A.1.12) in Bai and Silverstein (2010), we have:

E (try G(2) = E (try—p Giv-p(2)) + O(1/N),
we can deduce that gy (2) = gn—p(2) +O(1/N), and thus that, for any 1 < 4,5 < p,
E (Gij(z1) = (Ap(21))i + O(1/VN).
Moreover, by Lemma 2.13,
Var(Gij(z1)) = O(1/N).

It readily follows that there exist polynomials P, and P, with nonnegative coeffi-
cients such that

E(En(z1)én(22)) < Py (|%2’1|_1) P, <|%Z2|_1)

and then there exists some polynomial P; with nonnegative coeflicients such that
for all large N and all z € C\ R,

E (Jen(2)) < Py (19271). (4.18)

This implies (4.13). Therefore, for any compact subset K in C\ R, there exists a
constant C' > 0 such that for all large N, E <||§N(Z)H§() < C and the tightness of
&v in H(C\ R) follows from (2.12) and Proposition 2.5. O
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4.3. Finite dimensional distributions of &xn. Set
Vn(2) = VN (Gy(2) = Ap(2)) -
We use Proposition 2.1 for the inversion of
1 _ S S v
Iy — My — 21l — \/ﬁlwp A, WY
7\/7NY ZIN_p — MN—p
where My _,, is the lower right submatrix of size N — p of My, leading to:
1 1
VN N

where GN_p is the resolvent of My_,. Thus,

Gp(z) = (21, W, —A, — =Y*Gn_p(2)Y)"! (4.19)

VN () = Gy ) Wy + V(Y Onp ()Y — iy (A2, (4:20)
Lemma 4.5. Define for z € C\R,
Vn(2) = (2L, = Ay — a?g(2)1,) 7 (Wy, + Qn (2)) (21, — Ay — 0%g(2)1,) ™", (4.21)

where QN (z) is the following matrixz of size p :

On(2) = \/LN(Y*GN_,J(Z)Y — P Ty (Gyp()L,), 2 €C\R  (4.22)
For any z € C\ R,
Vn(z) = Vn(z) = 0
Proof: Obviously, we have
Mpl2) (I = Ay — 0%g(2)1,) (1.23)
and (4.14) and Lemma 2.13 yield that
Gp(2) = (21, — A, — o2g(2)1,) . (4.24)

N—o0

We write

\/N(%Y*GN—p(z)Y - UQQN—p(Z)Ip)

= Gy ()Y =0 Ty Gy (D))
+VNo® (ter;n(Gpr(Z))Ip — gn—p(2)1p). (4.25)
(4.17) and Lemma 2.14 yield that
VNo? (trn—p(Cy—p(2) Ly = Gn—p(2)1y) = 0. (4.26)

Lemma 4.5 readily follows from (4.20), (4.25), (4.23), (4.24), (4.26) and the tightness
of Qn(z) (which readily follows from Lemma 2.8), by using Slutsky’s theorem and
classical operations on convergence in probability. ([l

We now state an approximation result in distribution for the finite dimensional
distributions of the process {Qn(z), z € C\R}.



Non universality of fluctuations of outlier eigenvectors 157

Lemma 4.6. Let (z1,...,24) be in (C\R)Z. Set Vy = (Qn(z1),...,Qn(2y))-
Then, under the assumptions of Theorem 1.11

drp(Viv, (Gn(21), -GN (%)) = 0

where Gy is a a centered matrix valued Gaussian process whose distribution is given
as follows :
1) the processes ((Gn)ij(2)). for 1 < i < j < p are independent, and (Gn);i(z) =

(GN)ij(2)-
2) Fori < p,
E((Gn)ii(zk)(GN)ii(z1)) (4.27)
= MN_p((Z —0%g(z) — An—p) V(21 — 2g(21) — An—p) Vs
2(N—p) £ k 9\ 2k N-p i \\ 21 g\zi N-p i
 f 1 -
+o /(zkfx)(zl 7x)d)\( ) (4.28)

) For1<i#j<p,
E((Gn)ij(21)(GN)ij(21)) =0

and

B(O0)i ()G @) = o [ s M)

)z — x)
Proof: We apply Proposition 2.10 to the matrices B(z) = Gn_p(2), 2 € C\ R.
Note that these matrices are random but they are independent of the NV x p matrix
Y.
In order to conclude, we need to show that

N-p
Iy := 7N1—p (GN-p(21))it(GN—p(22))ii) = fn(z1,22) + 0(1) (4.29)
i=1
with
N-p
In(21,22) = N ’ Z ((zi — 0®g(z) — An—p) ii((z — 0?g(21) — An—p) V)i
i=1
and

Jy = tI‘N,p(GN,p(Zl)GN,p(ZQ)) —> L d)\(,’E)

N—oo ) (21 —x)(22 — @)

The second convergence follows from the convergence of s, _, towards .
For the first one, Lemma 2.11 and (4.16) yield that, for k < N — p,

E(@rvop(@is) = [((—o?avop(o)In — Avo) ] +0 (<

p p p kk \/N

= [(G= oty —avoy) ] oM.
Thus, using Lemma 2.13, we can deduce that
E((GN—p(21)k(GN—p(22))1r)
= [(z1 — 0?g(z1) — An—p) '], [(22 — 0g(22) — An—p) '], + 0™ (1)  (4.30)
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From Lemma 5.1 in the Appendix, using that fy (W) = ﬁ Zf\;p[(m -W -
AN—p) Yiil(z2 = W — An_p) i is Lipschitz with constant |3(21)]72|S(22)| 7! +
|5(21)|71S(22)| 72, we can deduce that
1 = .
~— D _(Gn—p(21))ii(GN—p(22))ii

1 A R

= 5= 2 E((@np))alGnp(e))ir) + 0n(1).

We also use to obtain (4.28) from Proposition 2.10 that for 02 = 1,
1
E(lynl*) -2 = 5(ma=3),

where we recall that p is the distribution of v2Ry;1 and v23y;;. [l
Corollary 4.7. Under the assumptions of Theorem 1.11, for any (z1,...,2,) be in
(C\R),

drp((En(21),-- 58N (2)), (T (21), - -+, T (24))) = 0
where £y is the process defined by (4.10) and

Tn(2) = (2 =0 = 0°g(2)) 2 (P*(W, + Gn(2)) P)y, (4.31)

Gn being a centered Gaussian matriz valued process independent from W, whose
distribution is described in Lemma /.0.

4.4. Fluctuations of the eigenvector. Recall from Proposition 4.1 that, for any k €
N*, &5 defined as

VN ([{tig, vi,)* = 7 (6))

has the representation
1 _
Dy =~ / OF(h)(2)én (2)d>2. (4.32)
C

We follow the proof of Lemma 6.3 in Najim and Yao (2016) based upon the following
estimates, from (4.18) :

sup B([En (2)]) < P3(IS(2)| ), (4.33)
and from Lemma 4.6 and (2.6), (Ty being defined by (4.31))
sup B(| 7w (2)]) < P5(IS(2)| ™), (4.34)

where P3, Py and Ps are some polynomial with nonnegative coefficients. Hence in
the following, in (4.32), we choose k greater than the degrees of Ps, P, and Ps.

Proposition 4.8. Under the assumptions of Theorem 1.11, de(<PN,<i>N) — 0
where @y is given by
Oy = (P*(co Wy + Zp N) P11,

where W, is a Wigner matriz of size p, Z, n 15 a centered Gaussian Hermitian
matriz of size p with independent entries (modulo the symmetry condition); the
diagonal coefficients are iid with variance

1
§(m4 — 304)1497,,,]\; + 0‘439’,, (4.35)
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and the off diagonal elements are i.i.d. complex Gaussian with distribution Z such
that E(Z%) =0 and E(|Z)?) = o' By,

See Eq.(1.18) for the definitions of cp.o, By, and (1.15) for the definition of
Ap.uN-
Proof: For the reader’s convenience, we repeat here the strategy of Lemma 6.3 in

Najim and Yao (2016). For any 0 < € < 1 small enough such that x =1 on | —€; €],
define

D.={z € C,|3(2)| > €}
Set

Un = /Cng(h)(Z)fN(z)dzz, Uy = /D IFy(h)(2)En (2)d?z
and

V= [ORMETN G Vi = [ IR0 TV E

where Ty is defined by (4.31). Let f be a bounded continuous complex function
on C.
We have

E(f(UN) =E(f(Vn) < [E(f(UN)) -E(f(UN))

+[E(f(UR)) - E(F(VE)
+[E (f(V&) —E(f(Va))]
Let 6 > 0.
i) For any 7 > 0 and K > 0, we have
E(£(Un)) — E(F(UR))]
< BN = FUR) Yoy -vgn (4.36)
+[E(FWUN) = FOR) Yoy —vg 1 niomivioy x| (4.37)
+[E (PN = FUR) Yo vy 1<niowiviog <] (4.38)

In the following, the constant C' > 0 may vary from line to line. By (2.10), for any
z = x + iy in a neighborhood of the real axis,

|0Fk(h)(2)] < Clyl*. (4.39)
(2.9), (4.33) and (4.39) readily yield that for any € > 0, for any N,
B(UND VE(URD < [ 0R0):)Blen ()1d%: < C.
and therefore

P(UNI VUK > K) < P(Un|>K)+P(|Uy| > K)

IN

2 C
— S < —.
—E([Un) VE (U5 < &

Thus, we can choose K such that, for any € > 0, any n > 0 and any N, the RHS in
(4.37) is smaller than §. Now, since f is uniformly continuous on {z € C\ R, |z| <
K}, one can choose n small enough such that, for any € > 0 and any N, (4.38)
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are smaller that 0. Finally, by using (4.33) and (4.39), for any e small enough, for
any N,

E|Uy — US| =E / OFW(h)(2)En (2)d22| < Ce,  (4.40)
{z,|S(2) <€}

and then

P(Uy ~ Uil > ) <

The term |E (f(VS)) —E(f(Vn))| is treated in the same way, using (4.34).

ii) Note that since h and x are compactly supported, fDE OF(h)(2)én(2)d%z may be
seen as an integral on a fixed compact set K. C D.. Proposition 4.4 readily yields
that &y is tight on the set C(K,) of complex continuous functions on K. Thus,
using Corollary 4.7 , since [ +— fDe OFy(h)(2)f(2)d?z is continuous on C(K,), it
remains to prove the tightness of the process {7x(.)} on any compact set K in
{z,|S2| > €} to deduce from Lemma 5.7 in Najim and Yao (2016) that:

E(f(UN) —=E(F(VE) | 2 N—t00 O-

We postpone the proof of the tightness of the process {Tn(.)} (see Lemma 4.9 below)
Thus, up to the proof of Lemma 4.9, the convergence to 0 of
drp(®n, —= [o OFk(h)(2)Tn(2)d?z) follows.

It remains to compute ¢y, By, Ag,v nv. The computation of ¢y, follows from
Proposition 2.4:

1 - 1 1
Cow = —— /(C@Fk(h)(z) o) = 9)2dz = Res( (= o2g(2) = 9)2,09).

A straightforward computation gives

- _ w”(pG) :H//(a)

0% 02 ") = W)

Res(

where w(z2) = 2z — 02g(2) (g := g») and H(z) = z + 02g,(2).
From Lemma 4.6 and using Fubini theorem, the diagonal entries of Zy have
variance equal to

1
§(m4 —30")Ag, N+ "By,

and the off diagonal entries of Zy have variance equal to 0% By, where

N—p _ 2
_ 1 L[5 [(z = 0%g(2) = An—p) i »
AN = ; (ﬁ /C ORI () = o —gr— 42) W@
B —/ l/5F(h)() ! 22) dr()
B R N e T E R CEr M B
The functions ¢;(z) = [(Z_ii(;gg_(f;\':e'slil]“ for i < N —p and ¢.(2) =

(27029(2)176)2(%9:) for € supp(\) satisfy the hypothesis of Proposition 2.4.
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Straightforward computations lead to:
N-p

_ 1 [(z — Uzg(z) — AN—p)il}ii
AguN = m ; (Res( (z — 02g(z) — 6)2 vP9))2
N-—p
=% - p 2 (H"(O)[(01y—p — An—p) i = H'O)[(OIn—p — An—p) i)
N—p
= ﬁ 2 (O'Qg’y’(ﬁ)[(HIN_p—Az\f_p)*l]ii—(1—|—029,'j(9))[(0]1\;_1,—141]\;_1,)*2]%)2
and
By, = /R(Res( = o29(2) 17 e x),pg))Qd)\(x)
Lo o’ " 2%

O
We now prove the following Lemma, used in the proof of the above Proposition.

Lemma 4.9. Let K be a compact subset in {z,|Sz| > €}, for some ¢ > 0. The
process {Tn(.)} defined in (4.31) is a tight sequence on K, more precisely,

wp  EUTNG) - TuGa)P) _

z1,22€ K,neN ‘zl - 22‘2

(4.41)

Proof: From Lemma 4.6,

E(|(Gn)ij(21) — (Gn)ij(22)?) = 5¢j%(m4 — 30%)x
N-p
N5 1_ » ; (|((z1 — 02g(21) — An—p) " ")ii — (22 — 02g(22) — An—p) " D)ii|?)

1 1
tot / | - 2dA(z).
21— X zZ9 — X

From the resolvent identity,

(1 — 029(21) - Apr)_l — (22— 029(22) —An- p>_1
= (20—21—0%(g9(22) —g(21))) (21 —02g(21) = An—p) H(22—02g(20) = An_p) ",
thus,

[((z1 — 0%g(21) = An—p) ™ Dii — (22 — 0°g(22) — An—p) )il

1 2
< 50+ *)|Zl — 22|
and thus,
N— p
N 5 1_1 ((z1 = 0?g(z21) — An—p) Vi — (22 — 0%g(22) — Anv—p) Duil?)

1 o?
< 0+ F)a -2l

4
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Since moreover

1 1 1
[1- - = Pax@ < BalPlapla - 2P < Sl -2
Z1— X zZ9 — X g

(4.41) readily follows. The tightness follows from Kolmogorov’s criterion (see
Billingsley, 1999). O

Proposition 4.8 and Proposition 4.1 readily yield Theorem 1.11.
4.5. Proof of Theorem 1.12. Theorem 1.12 follows from Theorem 1.11 once we
proved that Ay, n converge to Ay, .

Lemma 4.10. Assume that the matriz An satisfies (A’) with Ay_, diagonal.
Then, the sequence (Ag ., n)n defined by (1.15) converges to Ag,, defined by (1.18).

Proof: Denote by d; the eigenvalues of An_,.

N-p
tow = S 00— - w00 - 4y
" 2 1 , ” 1
v ('O [ Goavta) =28 OF"0) [ G av(e)
O [ G=rrte)
= —(H"(0))*g,,(0) — H'(0)H" (8)g,/(0) — %(H'(9))2gﬁl(9)

Using, H'(0) = 1 + 02¢.,(0) and H"(0) = 02g!/(#), we obtain the formula for Ay,
given in (1.18). O

5. Appendix: Poincaré inequality and concentration phenomenon

A probabilty p satisfies a Poincaré inequality if for any C' function
f:R — C such that f and f’ are in L?(p),

V(f) < Cpr / 2,

with V(f) = [|f — [ fdp|*dp.

If the law of a random variable X satisfies the Poincaré inequality with constant
Cpy then, for any fixed a # 0, the law of aX satisfies the Poincaré inequality with
constant o2Cp;.

Assume that probability measures pq,...,un on R satisfy the Poincaré inequal-
ity with constant C'p;(1),...,Cpr(M) respectively. Then the product measure 1 ®
<+ ® pup on RM satisfies the Poincaré inequality with constant Cp; =

{maxM} Cpy(i) in the sense that for any differentiable function f such that f
ie{l,...,

and its gradient gradf are in L?(u; ® -+ ® par),
V() < Cy [ llradfldin o @ s

With V() = [ 1f = [ fdu @ - & s Py @ -+ © pias.
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Lemma 5.1 (Lemma 4.4.3 and Exercise 4.4.5 in Anderson et al., 2010 or Chapter 3
in Ledoux, 2001). Let P be a probability measure on R™ which satisfies a Poincaré
inequality with constant Cpy. Then there exists K1 > 0 and Ky > 0 such that, for
any Lipschitz function F on RM with Lipschitz constant |F|Lip,

€
Ve >0, P(|F —Ep(F)| >¢) < K exp().
{ ) ) ! Kov/Cpr|FlLip
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