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Abstract. Differentiability of semigroups is useful for many applications. Here we
focus on stochastic differential equations whose diffusion coefficient is the square
root of a differentiable function but not differentiable itself. For every m € {0, 1,2}
we establish an upper bound for a C"-norm of the semigroup of such a diffusion
in terms of the C™-norms of the drift coefficient and of the squared diffusion co-
efficient. The constants in our upper bound are often bounded in the dimension.
Our estimates are thus suitable for analyzing certain high-dimensional and infinite-
dimensional degenerate stochastic differential equations.

1. Introduction

Let d € N and let X = (X¢)¢c[o,00) be the solution of a stochastic differential
equation (SDE)

dXt(Z) :bL(Xt)dt—F\/ CLL(Xt(Z))th(Z), 1€ {1,,d}, (1].)

with values in [0,1]%. We prove existence and continuity of spatial derivatives
of the functions [0,00) x [0,1]? > (t,2) = (T;f)(z) :== E[f(X;) | Xo = 2] € R,
f € C%(]0,1]%, R), under suitable assumptions. We focus on derivatives up to order
2 since these are needed for It6’s formula. More precisely, Theorem 4.1 below shows
under suitable assumptions for every ¢ € [0,00) and every m € {0, 1,2} that

2
ITefllom < et Am it £l g, (1.2)

where \,,, and u,, depend respectively on the partial derivatives of the drift function
and of the squared diffusion function up to order m and where for every f €
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C™(10,1]%, R) we define

la
1fllem = aemr?,?f\gm”%??“wf“w (1.3)
In particular, note that we do not assume differentiability of the diffusion coefficient
but only of the squared diffusion coefficient. The “cost” of allowing square-root
diffusions is that we need to assume the diffusion coefficient matrix to be diagonal.
We also note that even differentiability of the semigroup is nontrivial since singular
diffusion coefficients (that is, degenerate noise) can lead to loss of regularity; see
Theorem 1.2 in Hairer et al. (2015).
Partial differentiability of semigroups is used in a number of applications, e.g.:
e inequalities between expectations of diffusions with different coefficient
functions, e.g. Theorem 1 in Cox et al. (1996) or Proposition 2.2 in Hutzen-
thaler and Wakolbinger (2007),
e weak convergence rates for numerical approximations of SDEs, e.g. Theo-
rem 1 in Talay and Tubaro (1990),
e stochastic representations of quasilinear parabolic partial differential equa-
tions, e.g. Theorem 3.2 in Peng (1991),
and many more. These results can now also be derived for those SDEs for which
we establish differentiability of the semigroup.

In the literature, differentiability of semigroups is well-known in the case of differ-
entiable coefficient functions of suitable order (see, e.g., Theorem 8.4.3 in Gikhman
and Skorokhod, 1969) and in the case of one-dimensional SDEs including the case of
square-root diffusion coefficients (see, e.g., Dorea, 1976 or Ethier, 1978). Moreover,
Ethier (1976) establishes differentiability of semigroups for a class of multidimen-
sional SDEs with square-root diffusion coefficient {y € [0, 1]¢: Zle yi<l}sz—
(v/zi(1— Z?Zl 7j))ieq1,....d} € R¢. In addition, Lemma 4.3 in Epstein and Pop
(2019) establishes differentiability of semigroups corresponding to so-called Kimura
operators. So differentiability of semigroups corresponding to degenerate SDEs is in
principle known in the literature. However, we have not found a result on differen-
tiability of semigroups corresponding to the specific form of the SDE (4.1) beyond
the one-dimensional case.

In fact, differentiability of semigroups of degenerate SDEs is not our main con-
cern. Our main goal is to establish the regularity estimates (1.2) with constants
Ao, A1, A2, fo, f41, b2 that are bounded in the dimension. This dimension-
independence of regularity estimates of semigroups of degenerate stochastic differ-
ential equations seems to be a new observation. The benefit of such estimates with
dimension-independent constants is that it allows us to analyze infinite-dimensional
(where d = 00) or high-dimensional (where d — oo0) SDEs. To mention an example
application, our main result, Theorem 4.1 below, is applied in Hutzenthaler and
Pieper (2020) to a system of interacting diffusions on D € IN demes to obtain that
the partial derivatives of the semigroups are uniformly bounded in D € IN; see
Example 4.2 below for details. This then allows to establish a many-demes limit as
D — o0, that is, to generalize Theorem 3.3 in Hutzenthaler (2012) to a class of SDEs
with nonlinear squared diffusion coefficients. In addition, by approximation with
finite-dimensional SDEs, Theorem 4.1 can also be applied to McKean-Vlasov SDEs
(e.g. (1.2) with g(z) = (1 — x) in Dawson and Greven, 1993 or (1.2) in Hutzen-
thaler, 2012 or (8) in Hutzenthaler et al., 2015).
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An important technical insight of this paper is as follows. Results in the literature
are often (e.g., Ethier, 1976 or Epstein and Pop, 2019 with the domain suitably
replaced) formulated in the norms

onoamy = D s @]y

d
a€NE,|a|<m z€[0,1]

o™ (0,14, R) 3 f = |If]

This norm, however, introduces unnecessary dimension-dependence due to the sum
in (1.4). To give an illustrative example, if the drift coefficient is [0,1]? 3 x + 2 €
R4, if the diffusion coefficient is zero, and if f € C*(R,R), then the solution of the
SDE (4.1) is (xi€")¢e[0,00),ie{1,...,ay and it holds for all ¢ € [0, c0) that

.....

’H[O, 115z~ f(i:ziet) eR
i=1

c1([0,1]4,R)

d d d (1.5)
= sup f( xiet> + sup f'( xiet)et '
z€(0,1]¢ ; ;me[o,l]d ;
= sup|f(2)| + dsup|f'(z)e".
z€R z€R
If the norm ||| - |||Cl([0)1]d7R) is replaced by our norm || - [|c1 where the sum in (1.4)

is replaced by the maximum, then [|[0,1]¢ > z f(zzl:l zie') € Rl|cr does not
depend on the dimension.

1.1. Notation. We write INg := {0,1,2,...} and IN := INy \ {0}. For every topologi-
cal space (E, ) we denote by B(E) the Borel o-algebra on (E, ). For every d € N
and every m € Ny we denote by C™([0,1]¢,R) the set of functions f: [0,1]? — R
whose partial derivatives of order 0 through m exist and are continuous on [0, 1]¢.
For every d € IN and every f: [0,1] — R we define ||floo := sup (o 1ja|f(2)] €

[0,00]. For every d € IN and every multiindex o = (a1, ...,a4) € IN¢ of length

la] = 22:1 o we write 0% = %. For every d € IN, every m € Ny,
1 d

and every f € C™([0,1]%,R) we define ||f[lcm = maxaend jaj<m 0% flloo- For ev-

ery d € N, every @ = (@g)keq1,....ay € [0,1]%, and every i,j € {1,...,d} we write
Z; = (zk)ke{17...,d}\{i} and Z;; := (xk)ke{l,.wd}\{uj}-

2. Drift part

In this section, we prove (1.2) for m € {0,1,2} and an analogous result for the
|| - ||c3-norm under suitable assumptions in the case where the diffusion coefficient
is zero. The case of non-zero diffusion coefficients is analyzed in Section 3.

Lemma 2.1 (C™-esimate for drift part). Let d € N, let by, ...,bs € C3([0,1]%, R)
satisfy for all i € {1,...,d} and all * = (z1,...,24) € [0,1]% with x; €
{0,1} that (=1)%bi(xz) > 0, for every m € {1,2,3} we define A, =
maXaG]Ng,O<|a\§m Z;‘i:l”aabi”m} let y = (yla s ayd): [03 OO) X [07 1]d - [Oa 1]d sat-
isfy for alli € {1,...,d}, allt € [0,00), and all x = (z1,...,24) € [0,1]¢ that

w@@=m+AM@@@M& (2.1)
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let cp =1, co =4, c3 =13, and let {T}: t € [0,00)} satisfy for all t € [0,00), all
f€C(0,1)%R), and all x € [0,1]¢ that (T} f)(z) = (f oy)(t,x). Then it holds for
allm € {1,2,3}, all f € C™(0,1]%,R), and allt € [0,00) that T} f € C™(]0,1]¢, R)

and
1T} fllom < e“m At fllom. (2.2)

Proof: For the rest of the proof fix m € {1,2,3} and f € C™([0,1]4,R). The
theory of ordinary differential equations yields for all ¢ € [0,00) that y(¢, - ) €
C™(10,1)¢,10,1]%) (see, e.g. Corollary V.4.1 in Hartman, 2002) and this together
with f € C™([0,1]¢,R) implies that T, f € C1([0,1]%, R).

Case m = 1: The dominated convergence theorem and (2.1) imply for all 4,j €
{1,...,d}, all t € [0,00), and all = € [0,1]¢ that

oy Oy
S (ta) = Ly + / ayk (5.0) G () . (2.3)

It follows for all j € {1,...,d}, all t € [0,00), and all z € [0,1]¢ that

Z gx = 1+/ ( (y(s,x))D gilj(s,x) ds
SH/O (aeﬂ@éxl 1ZII8% oo > < o, (S,x)>ds (2.4)
t d
= Oy s,x)|ds
_1+/0>\1;8xj(, )d

This and Gronwall’s inequality yield for all j € {1,...,d}, all t € [0,00), and all
x € [0,1]¢ that

y;
Ox;

Z

It follows from the chain rule and from (2.5) for all j € {1,...,d}, all t € [0, c0),
and all z € [0,1]¢ that

== (t, x)' <eMt (2.5)

ayz

(t, ) 9
.7

,(m)\ < M| fn.

Ox;
(2.6)

d
<|lfller Y

i=1

5] =3
Ox;j b

Together with the fact that sup,c(g,o0) |7} flloe < || fllo, this implies for all ¢ €
[0, 00) that

d(foy)
&nj

(t, )

ITE fller = max $ || T} flloo, max — sup
JE{1,....d} z€[0,1]¢

} <M fller. (27)
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Case m = 2: The dominated convergence theorem and (2.1) imply for all ¢, j, k €
{1,...,d}, all t € [0,00), and all = € [0, 1]¢ that

82%
0z, 0z (t,2)
t d 2 d 2
B 0°b; Oym oy ob; 0%y
- A lAmZ:1 aymayl (y(sﬂ x)) 8$k (S, .T) axj (5? x) + ; ayl (y(57 x)) axkaxj (5? x) dS.

(2.8)

This, (2.5), and Ay < Ay imply for all 4,k € {1,...,d}, all ¢ € [0,00), and all
x € [0,1]¢ that

d 52%

Z Oz 0x; (Lx)‘

(s

+Z<

8y’m 8yl aCCj

o uls x»D

P (s, x))D S 50| S 12
%y

ds

1
3xk8xj (8, 33)

1=

' 1o} 8ym d 6yl
s/o <ae£§ﬁf§ ZZHa bi| ) ( P 8 x)D (; axj(s 1:)) (2.9)
mmax lea% ) (32 x>’ ds
O‘EJNSJ =1 = 8$k8x] ’

ds

I
«| 0z, 0; (s,2)

t
S / )\2 €2>\25
0

_1 Azt _ Z
_2

This and Gronwall’s inequality yield for all j, k € {1,...,d}, all t € [0,00), and all
x € [0,1]¢ that

)| ds.

axkaxj

< LM — 1)t (2.10)

It follows from the chain rule, (2.5), A1 < Ag, and from (2.10) for all j, k € {1,...,d},
all t € [0,00), and all € [0,1]? that

O*(foy)
8:ck6:vj (t71‘)
d d
*f oy 3yl Py
<
|2 EEGUE bGP Z amkax]( )
d d d
Ay dyi D%y
< tes (3] 0. ) (z T ) 1l 3|52
=1 i=1 J i=1 J
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S (62/\2t + %(62)\2t _ 1)6)\215) Hf||02
< (20 4 (20 = 1)e?) | fller = e fllca.

Together with the case m = 1 and A\; < Ag, this shows for all ¢ € [0, 00) that

2
T} = = max {IITtlfllm max sup |CUEY) ) } < e fla
jke{l,...,d} z€[0,1]¢| OTKOT;
(2.11)
Case m = 3: The proof of the case m = 3 is analogous to the case m = 2 and
therefore omitted. This finishes the proof of Lemma 2.1. O

3. Diffusion part

The goal of this section is to prove (1.2) for m € {0,1,2,3} under suitable
assumptions in the case where the drift coefficient is zero; see Lemma 3.8 below.
For that, we first look at the one-dimensional case in Subsection 3.1 below, and
then we lift this result to the multidimensional case in Subsection 3.2 below.

3.1. One-dimensional case. The following lemma on smoothness preservation of
the semigroup is well-known if, for m € {0,1,2,3}, the norm || - ||cm is replaced

by the equivalent norm ¢ — ZTZOH%HM; see Dorea (1976). The proof of the
new upper bound of the operator norm of the semigroup with respect to || - ||gm for
m € {0,1,2,3} is a straightforward adaptation of the proofs in Dorea (1976).

Lemma 3.1 (Smoothness preservation of one-dimensional diffusive part). Let a €
C3([0,1],R) satisfy that a(0) = 0 = a(1) and for all x € (0,1) that a(z) > 0, let
A: C%([0,1],R) — C([0,1],R) satisfy for all p € C*([0,1],R) and all x € [0,1] that

1 d*p
(Ap)(z) = Salz) -5 (), (3.1)
for allm € Ny we define D,,(A) := CQ([O, 1],R)ynCc™([0,1],R)nA~tC™([0,1],R),
we define vy = 0, v1 = 0, vy = %H%Hw, and v3 = ”%”00 + %”3273”007 and

we denote by {S;: t € [0,00)} the strongly continuous contraction semigroup on
C(]0,1],R) generated by (A, Do(A)); see Theorem 1 on p. 38 in Mandl (1968).
Then it holds for all m € {0,1,2,3} that
(i) it holds for all t € [0,00) that Sy: C™(]0,1],R) — C™([0,1],R),
(if) {Si:t € [0,00)} defines a strongly continuous semigroup on C™([0,1],R)
with generator (A, D,,(A)), and
(iii) 4t holds for allt € [0,00) and all ¢ € C™(]0,1],R) that

1Selicm < € lellom. (3-2)

Proof: For every m € {0,1,2,3} Theorem 1 and Remark 1 in Ethier (1978) and
the Main Theorem in Dorea (1976) yield for all ¢ € [0, 00) that S;: C™([0,1],R) —
C™([0,1],R) and that {Ss: s € [0, 00)} restricted to C™([0,1], R) defines a strongly
continuous semigroup with generator (A4, D,,(A)). This proves (i) and (ii).

It remains to check that (3.2) can be established with our choice of the norm
on C™([0,1],R). For every m € {0,1,2} Theorem k in Dorea (1976) with k = m
yields for all A > v, and all ¢ € C™([0,1],R) that Jyp := (A — A) "'y € D,,(A)
exists and its proof shows that

deALp 1
’ dx™ Hoo — A—VUm

2., (3.3)

dx™
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Fix m € {0,1,2} for the rest of this paragraph. Consider G := A — v,,, with
domain D(G) = D,,(A). Since C*([0,1],R) C D(G), it follows that D(G) is
dense in C™([0,1],R) w.r.t. || - ||cm. Equation (3.3) implies for all \, ' > 0 with
A =X+, and all ¢ € C™([0,1],R) that (' — G) "Ly = Jrp € D(G) and

x 58],

)\/—G_l m = J m
I = 6)llem = I agllon =, _max

k
y {Igééfm} 2 |1 GE (3.4)

s lellon = s lellcn-

Thus D(G) is dense in C™ ([0, 1], R), G is dissipative, and R(1—-G) = C™([0, 1], R).
Consequently, the Hille-Yosida theorem (see, e.g. Theorem 1.2.6 in Ethier and
Kurtz, 1986) yields that G generates a unique strongly continuous contraction semi-
group {P;: t € [0,00)} on C™([0,1],R). This implies that {e"m'P;: t € [0,00)}
is a strongly continuous semigroup on C™([0,1],R) with infinitesimal generator
Um + G = A. Tt follows that {S;: ¢ € [0,00)} restricted to C™(]0,1],R) is given by
{e¥m'P;: t € [0,00)} and that it holds for all ¢+ € [0,00) and all ¢ € C™([0,1],R)
that

IN

IN

ISepllom = e[| Pipllcm < e lleflcm. (3.5)
Since m € {0, 1,2} was arbitrary, (3.2) is shown for all m € {0, 1, 2}.
To prove (iii), it remains to treat the case m = 3. Define U3 1= v3 — %”%”O@
Theorem 3 in Dorea (1976) yields for all A > 3 and all ¢ € C3([0,1],R) that
Jrp = (A — A)7Lp € D3(A) exists and its proof shows that

1582 ., < 25 (1580 + 31581l S22 )- (3.6)
This, (3.3), and the inequality vg < 11 < vy < D3 yield for all A > D3 and all
© € C3([0,1],R) that

I ¢llos < 525 (Ielles + 3158 aellcs)- (3.7)
If A > v3, then A > D5 and 1 — ||£‘§||OO( —3) = i_”S > 0, rearranging (3.7)

therefore yields for all A > v3 and all ¢ € C3(]0,1],R) that

1x@llos < 3722525 lellos = 325 lollca- (3.8)

The remaining part of the proof of (iii) follows from an application of the Hille-
Yosida theorem as in the previous paragraph. This finishes the proof of Lemma 3.1.
O

3.2. Multidimensional case. Throughout this subsection, we use the definitions and
the notation introduced in the following Setting 3.2.

Setting 3.2 (Diffusion coefficients). Let d € IN, let (Q, F, P, (F¢);c[0,00)) be a stochas-
tic basis, let W = (W(1),...,W(d)): [0,00) x © — R be a standard (F;)c[o,00)
Brownian motion with continuous sample paths, let a1,...,aq €
C3([0,1],R) satisfy for all i € {1,...,d} and all x € (0,1) that a;(0) = O = a;(1)
and a;(x) > 0, and we define g := 0, 1 =0, p2 = MaX;eq1,.. q} 2H dz? oo, and
s = maxieqr, .y (|55 oo + 311955 o).

Theorem 3.2 in Shiga and Shimizu (1980) implies that there exist (F¢)ic(o,00)-
adapted processes Y = (Y*(1),...,Y%(d)): [0,00) x Q@ — [0,1]¢, z € [0, 1]¢, with
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continuous sample paths satisfying for all ¢ € {1,...,d}, all ¢ € [0,00), and all
r = (z1,...,74) € [0,1]¢ that P-a.s.

Y (i) = i + / Var V@) A, (i) (3.9)

We denote by {T7?: t € [0,00)} the associated strongly continuous contraction semi-
group on C([0, 1]4, R), which satisfies for all ¢ € [0,00), all f € C(]0,1]¢,R), and all
x € [0,1]% that (T2f)(z) = E[f(Y;*)]; see Remark 3.2 in Shiga and Shimizu (1980).
For every i € {1,...,d} we denote by {Si:t € [0,00)} the strongly continuous
contraction semigroup on C([0,1],R) associated with Y (), which satisfies for all

€ [0,00), all ¢ € C([0,1],R), and all z € [0, 1] that (Sip)(z) = E[p(Y*(i))], and
by

[0,00) x [0,1] x B(R) > (¢t,z, A) = pi(z, A) € [0,1] (3.10)

the corresponding transition kernel.

Note that Y (i), 7 € {1,...,d}, are independent diffusion processes with genera-
tors A;: C2([0,1],R) — C([0,1],R), i € {1,...,d}, satisfying for all i € {1,...,d},
all ¢ € C?([0,1],R), and all z € [0, 1] that

A i 3.11
(i) () = ai() S @), (3.11)

so that the result of Subsection 3.1 applies. Moreover, it holds for all ¢ € {1,...,d},
all t € [0,00), all ¢ € C([0,1],R), and all = € [0,1] that

(Sig)(x) = / P, dy)e(y) (3.12)

and it holds for all t € [0,00), all f € C([0,1]%,R), and all z = (21,...,24) € [0,1]?
that

d
T21)() = [ @ phGon,dn) F). (3.13)
k=1

The aim of this subsection is to show for all m € {0,1,2,3} that it holds for all
t € [0,00) that T?: C™([0,1]¢,R) — C™([0,1]¢,R) and for all ¢ € [0,00) and all
f € C™([0,1)%, R) that ||T2f|lcm < e*mt]|f|cm; see Lemma 3.8 below.

Lemma 3.3 (Continuity property). Assume Setting 3.2, let t € [0,00), let f €
C([0,1]*,R), and let I C {1,...,d}. Then the function
0,113z~ / ® pr (@, dye) f ((illicr + yilign)iequ.....ay) (3.14)
ke{l,...d\I

s continuous.

Proof: Throughout this proof, we denote by f: [0,1]¢ x [0,1]¢ — R the function
satisfying for all z,y € [0,1]¢ that fr(x,y) = f((zilics + Yiligr)iequ,....ay)- Let
{z":n € N} C [0,1]¢ be a convergent sequence with lim, ,., 2" = z € [0,1]<.
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Then it holds for all n € IN that

|/ ® pf(xZ’dyk)fl(xnvy) _/ ® pf(xhdyk)fl(x’y)

ke{1,....d\I ke{1,....d\I

< ® sk - fitey)

ke{l,..,d)\I

H ® debaney- [ Q@ sy
ke{l,...d)\I ke{l,..,d\I

< sup ’f[(l'n7y)—f[(l',y)|

y€[0,1]¢

+/ X pf(fﬂ’é,dyk)ff(x,y)—/ Q) vz, dyi) f1(z,y)]-
ke{l,...d\I ke{l,...d)\I

(3.15)

By uniform continuity of f on [0,1]¢, the first summand on the right-hand side
converges to zero as n — oo. For fixed x € [0,1]¢, the function [0,1]¢ > y
fr(xz,y) is continuous, which implies the continuity of [0,1]9 > 2z

.....

hand side converges to zero as n — oo. This finishes the proof of Lemma 3.3. O

Lemma 3.4 (Continuity of pure derivatives). Assume Setting 3.2, let
m € {0,1,2,3}, let t € [0,00), and let f € C™([0,1]¢,R). Then it holds for
every i € {1,...,d} that the partial derivative

m

1o )
[0, 1]d Sz o /pi(mi, dy) f(@1, ooy Tt Yis Tig 1y - -y Td) (3.16)
K3

exists and is continuous.

Proof: Tt suffices to prove the claim for i = 1. For fixed # € [0,1]%, the function
[0,1] 3 y — f(y,21) is in C™([0,1],R), so Lemma 3.1 implies that the function
0,1 > 2z — [p}(z,dy1)f(y1,%1) is in C™([0,1],R). This shows the existence of
the partial derivative (3.16). It remains to show continuity on [0,1]¢. For that,
let {z": n € N} C [0,1]% be a convergent sequence with lim,, . z" = x € [0, 1].
Lemma 3.1 implies for all n € IN that

S | P ) (£, = S, 2)

8(&3?)m t 1> ’ ’

orf  ~ oFf

< et max sup W(Z,JS’H)—
ke{0,...,m} z€[0,1] | O%

(3.17)

Z,T1

S ()

Since f € C™([0,1]%,R), it follows for all k € {0,...,m} that [0,1]¢ > 2 ak—f(x)

&
ox?

is uniformly continuous. Therefore, the right-hand side of (3.17) converges to zero
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as n — o0o. It holds for all n € IN that

am n - m A
‘W/pi(xl,dyl)f(yl,x"l) - W/pi(zl,dyl)f(yl,wl)

o 1/,.n > N
< ‘W/pt(l'ladyl)(f(th? 1) —f(yl,xl))‘ (3.18)
o™ m

+ ‘W/Pt(xl,dyﬁf(yhfl) - W/ptl(xl,dyl)f(yhgﬁl) .

The first summand on the right-hand side of (3.18) converges to zero as n —
oo by (3.17). We have shown above that [0,1] > z — [p;(z,dy1)f(y1,21) is in
C™([0,1],R), so also the second summand on the right-hand side of (3.18) converges
to zero as m — oo. This finishes the proof of Lemma 3.4. O

Lemma 3.5 (Continuity of pure derivatives, continued). Assume Setting 3.2, let
m € {0,1,2,3}, let t € [0,00), and let f € C™([0,1]¢,R). Then it holds for every
i €{1,...,d} that the partial derivative

0,13z 7/@1% (T, dyk) f(y) (3.19)

exists and is continuous.

Proof: Tt suffices to show the claim for ¢ = 1. By Fubini’s theorem, it holds for all
€ [0,1])¢ that

d d
[ @#trdmsw) = [vherdn) [@pkdnife): (20
k=1 k=2

For fixed x € [0,1]¢, the fact that f € C™([0,1]¢,R) and the dominated conver-
gence theorem imply that the function [0,1] 3 z — [ ®Z=2 pF(zr, dyr) f(2,91) is in
C™([0,1],R). Therefore, (3.20) and Lemma 3.1 prove the existence of the partial
derivative (3.19). Moreover, Fubini’s theorem, the fact that f € C™([0,1]¢,R),
Lemma 3.1, and the dominated convergence theorem imply for all z € [0, 1]¢ that

5:01 /@pt wk, dyy,) f /®pt (1, dy) /ptl(xl,dyl)f(y)
/ Qe i) 2 [ e i)

k=2

(3.21)

Consequently, Lemma 3.4 and Lemma 3.3 imply the continuity of (3.19). This
completes the proof of Lemma 3.5. O

Lemma 3.6 (Continuity of mixed second derivatives). Assume Setting 3.2 and let
t € [0,00) and f € C2([0,1]4,R). Then it holds for everyi,j € {1,...,d} that the
partial derivative

1] 22
0,1] axwaxla%/®pt 7 dyi) £ (9) (3.22)

exists and 1s continuous.
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Proof: The case where i = j is treated by Lemma 3.5. It suffices to consider i = 1
and j = 2. The dominated convergence theorem implies for all z € [0, 1]¢ that

0
a1 /®Pt (zk, dyr) f(z1,91) /®Pt xkvdyk / (x17y1) (3.23)

Using (3.23) and Fubini’s theorem, it follows for all z € [0,1]¢ that

0 . 0
Tﬁ/@zﬂf(wk,dyk)ﬂxhyﬂ =/pt 2, dy2) /®pt Zr, dyr) 5 / (whyl)
k=2

(3.24)
For fixed = € [0, 1]¢, the fact that f € C2([0,1]¢,R) and the dominated convergence
theorem imply that the function [0,1] 3 z — f®k 3 D} (mk,dyk)dxl (z1,2,912) is
in C*([0,1],R). Therefore, (3.24) and Lemma 3.1 imply the existence of the par-
tial derivative [0,1]? 3 2 + %211 I®Z=2 p¥ (g, dyy) f(z1,91). Fubini’s theorem,
Lemma 3.1, and the dominated convergence theorem imply for all 2 € [0, 1]¢ that

8:):283;1 /®pt (k, dyx) f (21, 1)

0 0 .
/@pt i, dyi) 5 /pt(ﬁcmdyz)af (1, 91).
1

Lemma 3.4 and Lemma 3.3 show that (3.25) is continuous as a function of z € [0, 1]¢.
Consequently, Schwarz’s theorem (see, e.g. Theorem 9.41 in Rudin (1976)) implies

. o 2 d . .
that the partial derivative [0,1]% > z ﬁ [ Qoo Pr @k, dyr) f (w1, 91) exists
and satisfies for all z € [0,1]? that

(3.25)

d j d 1), (3.26
Bmﬁm/@pt (@, dye) f (21, 51) = 8x28x1/®pt (r, dyr) f(x1,91). (3.26)

In particular, for fixed = € [0, 1]¢, the function z — arTzz Ik ®k:2 Pr(wr, dyr) f(2,91)
is in C1([0,1],R). From this and Lemma 3.1, it follows that the partial deriva-
tive (3.22) exists. Fubini’s theorem, Lemma 3.1, and the dominated convergence
theorem further show for all z € [0,1]¢ that

(9.1'1(9{,62 /®pt l’k,dyk )

0 0
/®pt -Tkvdyk /pt (9517112/1)8762 P?(zz,dw)f(y)-

(3.27)

Then Lemma 3.4 and Lemma 3.3 imply that (3.27) is continuous as a function of
x € [0,1]%. This concludes the proof of Lemma 3.6. O

The proof of the following Lemma 3.7 is analogous to the proofs of Lemma 3.5
and Lemma 3.6 above and therefore omitted here.

Lemma 3.7 (Continuity of mixed third derivatives). Assume Setting 3.2 and let
t € 0,00) and f € C3([0,1]4,R). Then it holds for everyi,j,l € {1,...,d} that the
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partial derivative

d
[07 1] ST o awlaxjaxl /®pt ‘rkhdyk ) (328)

exists and 1s continuous.

Lemma 3.8 (C™-estimate for multidimensional diffusive part). Assume
Setting 3.2, let m € {0,1,2,3}, let t € [0,00), and let f € C™([0,1]¢,R). Then it
holds that T2 f € C™([0,1]%,R) and

1T fllem < e[| fllem- (3.29)

Proof: Existence and continuity of the partial derivatives follow from Lemma 3.5
Lemma 3.6, and Lemma 3.7. It follows from Lemma 3.1 and from the dominated
convergence theorem for all n € Ny with n < m and all x € [0, 1]¢ that

on (T2 f
‘ 6(9:;11 ) ‘ pi (21, dy) /®pt i, dy:) f (y)

<ef' max  sup 9ok /®pt @i, dy;) f(2,01)

ke{0,...,n} z€[0,1]

(3.30)
=ef! max  sup /®pt Xy dy;) f( 1)

ke{0,...,n} 2€[0,1]

orf
ox¥

< e#nt max
ke{0,...,n}

o

If m > 2, then Lemma 3.1 and the dominated convergence theorem show for all
x € [0,1]¢ that

PTE), | _
6.’171 8$2 -

02 d )
921023 /p%(l'lvdyl)/®pt(:ci,dyi)f(y)
92F 8m2/®pt iy dyi) f (21, 91)
1
0
81‘2 /pt xQ,dyQ /®pt x“dyl f(zlayl)

< max sup
ke{0,1} z1€[0,1]

= max sup
ke{0,1} z1€[0,1]

o f
S max / p xkvdyk 21, % 7@
k140, 1}z17Z2e[o N2 ® ! ( 122 Gr2)
k+1
< max ot
k1e{0.1} || OxkOxh ||
(3.31)
Similarly, if m = 3, it follows for all 2 € [0, 1]¢ that
P (T7f) oy
—L L (z)] < et 3.32
‘890183:% z)| e ke{o,lrﬁ?e)f{o,m} oxkoxl || (3.32)
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and

ak-‘rl-‘rnf
Oxkdxhoxy ||
All of the above estimates also hold for the partial derivatives in the remaining co-

ordinate directions. Combining all of these estimates shows (3.29). This completes
the proof of Lemma 3.8. O

0x1012013 ‘ = k,l,ne{0,1}

4. Main result: Spatial derivatives of semigroups

The following main result, Theorem 4.1 establishes upper bounds for the C™-
norms, m € {0, 1,2}, of the semigroup corresponding to the SDE (4.1). We note
that A1, A2, A3, pe, g, which in principle depend on the dimension, are in certain
situations bounded in the dimension; see, e.g., Example 4.2.

Theorem 4.1 (C™-estimate for semigroups of square-root diffusions). Let d € IN,
let (2, F, P, (Ft)ico,00)) be a stochastic basis, let W = (W (1),...,W(d)): [0,00) x
Q — R? be a standard (Ft)te[0,00) -Brownian motion with continuous sample paths,
let ay,...,aq € C3([0,1],R) satisfy for all i € {1,...,d} and all x € (0,1) that
a;(0) = 0 = a;(1) and a;(x) > 0, let by,...,bg € C3([0,1]4,R) satisfy for all
i€{l,...,d} and all x = (21,...,2q) € [0,1]? with x; € {0,1} that (—1)%b;(x) >
0, for every m € {1,2,3} we define A ‘= max,end o<jaj<m Zf 110%bi|| 0, and

we define \g = 0 po =0, p1 = 0, po = mMaX;e(1,. .4} 2|| mQ oo, and ps =
2,
maie ...y (|54 oo + 31155 loo). Then

(i) there exist (Ft)ie[0,00)-adapted processes X* = (X*(1),..., X*(d)): [0,00)x
Q — (0,14, € [0,1)¢, with continuous sample paths satisfying for all
i€{l,...,d}, allt €[0,00), and all x = (21,...,24) € [0,1] that P-a.s.

Xf(i)xiJr/Otb(X“" ds+/ \/vidW (4.1)

and

(ii) 4t holds for all m € {0,1,2}, all t € [0,00), and all f € C™([0,1]¢,R) that
the function [0,1]¢ 3 x — E[f(X¥)] € R is an element of C™([0,1]%, R)
and satisfies

10, 1]* > 2 = E[f(X])] € R|

Proof: Theorem 3.2 in Shiga and Shimizu (1980) implies (i).

We denote by {T}: t € [0,00)} the family of operators on C([0,1]%,R) that sat-
isfy for all t € [0,00), all f € C([0,1]4,R), and all z € [0,1]¢ that (T}f)(z) =
E[f(X7)]. Then {T;: t € [0,00)} is the strongly continuous contraction semi-
group on C([0,1]4,R) associated with the diffusion process X'; see Remark 3.2
in Shiga and Shimizu (1980). Let G: CQ([O, 114, R) — C([0,1]4,R) satisfy for all

2
o < M At f

. (4.2)

f€C%0,1]%, R) and all x = (x1,...,24) € [0,1] that
1< o2 f
Zb 8x1 )+ izz::laz(fz)aix?(x) (43)

Then the generator of {T;: ¢t € [0,00)} is given by the closure of G (see, e.g., Re-
mark 3.2 in Shiga and Shimizu, 1980), so C*([0, 1] ,R) is a core (cf., e.g., Section 1.3
in Ethier and Kurtz, 1986) for G. Let {T}}: t € [0,00)} be as in Lemma 2.1, let
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{T?:t€[0,00)} be as in Settlng 3.2, and let G1,Ga: 02([0 114, R) — C([0,1]%, R)

satisfy for all f € C2([0,1]%,R) and all = (21,...,74) € [0,1] that
d af
(Gaf)() = S bila) 2L (a) (1.4
i=1 ¢
and
1< 82
(Gaf)(@) = 5 ;m (4.5)

Then the closures of G; and G4 are the generators of the strongly continuous con-
traction semigroups on C([0, 1]4, R) given by {T}}: t € [0,00)} and {T7?: t € [0,00)},
respectively. Hence, it holds that C2([0,1]¢, R) is a core for G, that C2([0,1]%, R) is
a subset of the domains of both G; and G, and that G = G; + G5 on C?([0, 1]¢, R).
Therefore, it follows from Trotter’s product formula (see, e.g., Corollary 1.6.7
in Ethier and Kurtz, 1986) that the semigroup {7;: t € [0,00)} satisfies for all
t € [0,00) and all f € C([0,1]¢,R) that

nlggo”th ( t/an2 ) fHoo =0. (4'6)

By induction, it follows from Lemma 2.1 and Lemma 3.8 for all n € IN, all
m € {0,1,2,3}, all t € [0,00), and all f € C™(]0,1]¢,R) that (Tt}nTén) fe
c™(10,1)¢,R) and

2 . e
H(Tt}nTtQ/n)nf”Cm < e((m +4- 13y ( L))>\m+um)t||fHCm. (47)

Equation (4.7) shows for allm € {0,1,2}, allt € [0,00), and all f € C’mH([O, 114 R)
that the sequence {(Tt}nT2 "fine ]N} is bounded in C™*+1(]0,1]4,R). Therefore,
the Arzela-Ascoli theorem guarantees for all m € {0,1,2}, all ¢t € [0,00), and
all f € C™*1([0,1]4,R) that every subsequence of {( Tt}"TE/”)”f: n € N} has a
convergent subsequence in C™ ([0, 1]¢, R), whose limit is given by T} f due to (4.6).
This and (4.7) imply for all m € {0,1,2}, all t € [0,00), and all f € C™*1([0,1]¢, R)
that T,f € C™([0, 1%, R) and

2
IT: fllom < el Ambsm|| ]| gon. (4.8)
For the rest of the proof, fix m € {0,1,2}, fix t € [0,00), and fix
f € ¢™([0,1]%,R). Since C™*1([0,1]¢,R) is dense in C™([0,1]¢,R), we find a
sequence {fy: k € N} C C™*1([0,1]¢,R) with the property that limy_, .|| f —

frllcm = 0. By the previous step, it holds for all k& € N that T} fr, € C™([0,1]¢,R)
and for all k,1 € IN that

2
T fr = Tifillom = 1Ti(fi = f)llom < ™ AmFemdt)| fi — fillcm, (4.9)

which shows that {T;fi: k € IN} is a Cauchy sequence in C™([0,1]¢,R). By com-
pleteness, it follows that {T}f.: k € IN} converges in C™([0,1]%,R). Moreover,
since T is a contraction on C([0,1], R), it holds for all k € IN that

ITef — Tefilloo = ITe(f = fi)lloo < If = filloo- (4.10)

This identifies the limit point of {T}fy: k € N} € C™([0,1]¢,R) and shows that
T.f € C™([0,1]%, R) and that limj_oo||Tif — Tifsllcm = 0. Then it follows
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from (4.8) that

. . 2 2
IT;fllom = Jim [[Tufillcm < lim et tmmt g = em*m bt f ..

(4.11)
Since m € {0,1,2}, t € [0,00), and f € C™([0,1]¢,R) were arbitrary, this proves
(ii) and completes the proof of Theorem 4.1. O

The following example applies Theorem 4.1 to a system of interacting diffusions
in Hutzenthaler et al. (2015); Hutzenthaler and Pieper (2020) (witha =2,k = a =
B=1, (MD)De]Nu{oo} =0).

Example 4.2. Let d € IN and for every i € {1,...,d} let b; = ([0,1]¢ > (21,...,2q)
— 52‘;:1 gjij (zj—x;)—x;(1—2;) € R)and a; = ([0,1] 3 2 — (2—2)z(l—2z) € R).
Then

d

A1 = max sup |s=b;(x
1 jE{lv--‘7d};I€[071]d| ( )|

d

= max E sup
Je{l,.d} = ze(0,1)¢

alizj (7(223732 (zj —z;) + 5:2) + iz (22 — 1)

d
< Z(% + ]li:j) =5,
=1
(4.12)
)\2 S 10, )\3 S 157 Mo = 3, and M3 = 15.
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