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Abstract. In this paper, we consider U-statistics whose data is a strictly stationary
sequence which can be expressed as a functional of an i.i.d. one. We establish a
strong law of large numbers, a bounded law of the iterated logarithms and a central
limit theorem under a dependence condition. The main ingredients for the proof
are an approximation by U-statistics whose data is a functional of ¢ i.i.d. random
variables and an analogue of the Hoeffding’s decomposition for U-statistics of this

type.

1. Introduction and main results

1.1. Context. Let (Xj)j>1 be a strictly stationary sequence, in the sense that the

vectors (X;)! ; and (X;1x);—, have the same distribution for all n and k > 1. The
U-statistic of kernel h: R x R — R and data (Xj)j>1 is defined as

Up:= Y h(Xi,X;), n>2 (1.1)

1<i<j<n

The study of the asymptotic behavior of the sequence (U,,), -, properly normal-
ized is a question of interest in probability theory and the applications. We will be
interested in the following three limit theorems.

(1) Law of large numbers: let 1 < p < 2; the following convergence holds

1

7 (U, —E[U,]) =0 a. s.. (1.2)
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(2) Bounded law of the iterated logarithms: the random variable

1
sup ———=1|U, — E U, 1.3
ey 0~ W (13)
is almost surely finite, where L: Ry — R, is defined by L(z) =
max {lnz,1} and LL (x) := Lo L (x).
(3) Central limit theorem: there exists a ¢ > 0 such that

1

T (Un, —E[U,]) = oN in distribution, (1.4)

where N is a standard normal random variable.

Usually, the conditions for guarantying this kind of limit theorems are on the
dependence of the sequence (X]) >1 and also on the kernel h, for example by
requiring some integrability condltlons on h(Xy,X2). We will first review a few
results for the case where the data (X),, is i.i.d. and the kernel h is symmetric.

(1) If 1 <p<2and h (X, Xy) € LP, then (1.2) holds Giné and Zinn (1992).

(2) If h(X1,X2) € L?, then the random variable defined by (1.3) is almost
surely finite. Moreover, for all 1 < p < 2, according to Theorem 2.5 in
Arcones and Giné (1995), the following inequality holds:

Sup —F/———= < Cp ||h(X17X2)H2~

sup \/7 |U (h f, & 162) E [Un (h7 fs (E’i)iGZ)”

(3) The convergence (1.4) has been established in Hoeffding (1948).

The extension of these results to the case of stationary dependent data is a
challenging problem. The law of large numbers has been established under a -
mixing assumption in Arcones (1998a); Dehling and Sharipov (2009). In the case
p = 1, the independence assumption can be replaced by a 4-dependence assumption,
that is, for all 4-uple of distinct integers (iy,42,13,14), the collection of random
variables (Xik)izl is independent. If the sequence (Xj),, is identically distributed,
then the law of large numbers hold (Theorem 1 in Arcones (1998b)). The question
of an equivalent of the ergodic theorem when the data is any strictly stationary
sequence was considered in Aaronson et al. (1996). The question of the law of the
iterated logarithms was also adressed in Dehling and Wendler (2010b) where the
data is allowed to be a-mixing or a functional of a S-mixing sequence. A central
limit theorem has been established under a S-mixing assumption in Arcones (1995)
and under an a-mixing condition in Dehling and Wendler (2010a). The 7-dependent
case has been addressed in Leucht (2012). The case of associated random variables
has also been investigated in Dewan and Prakasa Rao (2002). Note that there are
also results dealing with the asymptotic behavior of U-statistics of a semimartingale
(Podolskij et al., 2014) and of Poisson processes (Reitzner and Schulte, 2013).

In this paper, we will be interested in establishing the law of large number, the
law of the iterated logarithms and the central limit theorem when the data can be
expressed as a functional of an i.i.d. sequence. In a similar context on the data but
for weighted U-statistics, the central limit theorem was investigated in Hsing and
Wu (2004).

Let us precise the context. Let (¢;),., be an independent identically distributed
sequence with values in R, k£ > 1. Given measurable functions h: R x R — R and
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f:R%? = R, we are interested in the asymptotic behavior of the U-statistic of order
two defined by

Un (ha fv (Ei)iez) = Z h (f ((Ei—k)keZ) 7f ((ej—k)kez)) ) (15)

1<i<j<n

that is, letting X; := f ((Ej—k)kez)’ U,, is a U-statistic of kernel h and the data
is the strictly stationary sequence (Xj)j>1. More precisely, we are interested in
conditions involving the kernel h and the sequence ( f ((53-,;@),9 eZ))jzl which guar-
antee the previously mentioned limit theorems. Sequences of the aforementioned
form are among the most natural examples of strictly stationary processes. In-
deed, they cover for instance the case of Holderian functions of linear processes,
function of linear processes with independent Gaussian innovation (in connec-
tion with chaos expansion) and Volterra series, that is, processes of the form
Xj = > <iy @ir,is€j—ir€j—ip- The central limit theorem was considered (IHsing
and Wu, 2004) and a law of large numbers was established in Borovkova et al.
(2001). We aim to complement the results in this area by giving rates in the law
of large numbers for U-statistics whose data is a function of an i.i.d. sequence and
also provide a general tool for dealing with this type of U-statistics, namely, a gen-
eralized Hoeffding’s decomposition. We also study the bounded law of the iterated
logarithms via the control of a maximal function, which could be of use in order to
refine the consistency that we could derive with an application of the law of large
numbers. It is also an interesting theoretical challenge to have checkable sufficient
conditions for boundedness with respect to n of normalized U-statistics with the
weakest possible normalization.

In all the paper, the kernel h is supposed to be symmetric in the sense that
h(xz,y) = h(y,z) for all z,y € R.

The paper is organized as follows. In Subsection 1.2, we will introduce a measure
of dependence of a U-statistic whose data is a functional of an i.i.d. sequence. In
Subsection 1.3, we formulate an analogue of the Hoeffding decomposition for such
U-statistics. Subsections 1.4, 1.5 and 1.6 are devoted respectively to the statements
of the law of large numbers, the bounded law of the iterated logarithms and the
central limit theorems for U-statistics of Bernoulli data. In Subsection 1.7, we give
examples of kernels h for which the measure of dependence can be estimated with
the help of the dependence of the data. Section 2 is devoted to the proofs of the
previously mentioned results.

1.2. Measure of dependence. The extension of the results of the i.i.d. case requires a
measure of dependence. Let (€y), ., be anii.d. sequence, f: R% — R a measurable
function and A: R x R — R. In order to deal with the dependence which comes
into play in U, (h,f, (si)iez), we need the following notations. Denote X; :=
f ((ej=i);cz) and define the random vectors

Vie = (eu)iL] (1.6)

u=j—~£"

The random variable E[X; | V; ] can be writen as a function of Vj, and by sta-
tionarity and Lemma A.6, the involved function does not depend on j. Therefore,
we write

E[X; | Viel = fe(Vie). (1.7)
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We then define for p > 1 and ¢ > 1 the coefficient of dependence
Orp = sup 17 (fe (Vo,e) s fe (Vie)) = b (fe—1 (Vo,e=1) , fomr (Vie-0))ll,  (1.8)
Ji>

and for £ =0, 0y,, = sup;>¢ 1A (fo (Vje) s fo (V0,€)>||p-
In particular, finiteness of 2421 ¢, allows to write

Un (ho f(e)iez) = Y h(fo(Vio) s fo (Vio))

1<i<j<n

A3 (e (Vie) s fe (Vie)) = h(feor (Vieer) s feo1 (Viee)), (1.9)

£>11<i<j<n

where the convergence takes place in IL? and almost surely. The interest of the
decomposition (1.9) is that it reduces the treatmeant of the original U-statistic to
that of U-statistics whose data is a strictly stationnary sequence which is a func-
tional of 2¢+ 1 independent identically distributed random variables. Nevertheless,
this task requires some work in order to be reduced to U-statistics of independent
data.

Note that in the particular case where h(z,y) = x + y, the coefficient 6, , can
be estimated (see Theorem 1 in Wu, 2005)by the inequality

Op < 2|1fe Vo,e) = fo—1 (Vo,e-1)ll,, (1.10)
which can be bounded in turn by 24, , + 26_; ,, where for k € Z,
Ok = 1 Xk — Xzl » (1.11)

Xi=f ((6’,;7u)uez>7 el =g, if u # 0 and &} = ), where &), has the same law as
g0 and is independent of (e4),cy-

In some other cases, the dependence coefficient 6, , can be bounded in terms of
Ok,p; see Subsection 1.7 for more details.

1.3. A generalized Hoeffding’s decomposition. A usefull tool to establish limit the-
orems for U-statistics with i.i.d. data is the Hoeffdings’s decomposition (Hoeffding,

1948). Let h: R¥ x R¥ — R be a symmetric measurable function and (Xj) ez be
an i.i.d. sequence. We write decompose h in the following way:
h(z,y) =0+ hi () + by (y) + h2 (z,9), (1.12)
where 6 = E [h (X1, X2)],
hi(z) =E[h(Xy,2)] — 6 and (1.13)
ha (z,y) = h(z,y) — h1 (x) — h1 (y) — 6. (1.14)

In this way, the following equality holds

n
n
> h(Xi,X) = <2)9+n2h1 (X)+ > ha(Xi, X;). (1.15)
1<i<j<n i=1 1<i<j<n

The part involving hs can be treated by martingale techniques, since the sequence
(Zf;ll ha (Xi,Xj)) is a martingale differences sequence with respect to the

j>1 ‘

filtration (o (X,,u < j)) and the terms Zf;ll ha (X;, X;) can be treated thanks to
a reverse martingale differences property.
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We would like to extend this to the setting mentioned in 1.1, that is, X; =
F((e5=k)yez)s Where (eu),cz is an iid. sequence. We introduce the following
notation

Ut (b (ei)iez) = D, hileie)) (1.16)
1<i<j<n

where (g;);c, is an i.i.d. sequence of random variables with values in R* and
h: R*¥ x R¥ — R is a measurable function.

One naturally expects the decomposition to be more complicated than in the
independent case. Let us point out the major differences and common points. Like
in the independent case, the decomposition of the centered U-statistic involves a
stationary sequence and a degenerated U-statistic. But in the context of Bernoulli
data, one gets a series involving stationary sequences and a series of degenerated
U-statistics. Another difference is that we also have remainder terms which are not
directly associated to the involved stationary sequences or degenerated U-statistic.
The origin of these terms will be explained during the proof.

Proposition 1.1. Let (g4),cy be an i.i.d. sequence of random variables, (€/,),cz
an independent copy of (€u),cz and f: RZ — R be a measurable function. Let

Viee == (EU)Z+§; g and Vi, = (a;)q’jg;%. Let fo: R*+1 — R be a function such
that

fe (Vk’g) =K [f ((‘Sk*u)uez) ‘ Vk)g] a.s. (1.17)

Let h: R xR — R be a symmetric measurable function. Assume that the following
convergence holds almost surely for all 1 <i < j:

m h (fe Vi) s fe (Vi) = b (f ((Gimu)uez) » f ((E5-u)uez)) - (1.18)
Then the following equality holds:

n

Un (s 1, (€)icz) = E [Un (b £, ()icz)] = n DB [h (fo (Vio) s fo (Vi) | Vo]

k=1
(4é+2)|_4;’ﬁj+1

+ Z (40 + 1) LMHHJ Z Yk(f) + Uind (h(O), (61‘)1-)

1 k=1
> > ot (B () + R + R +ZR b (119)
L%J a.b? i n,1,1 n,1,2 n,ks
£>1 a,be[40+4-2]
where for each £ > 1 and all a,b € [40 + 2], the U-statistic UILIEJ (h((f?)a ( a, b)) has
2¢

independent data and is degenerated, the random variable Yk(e) is defined by

¢
Yk( '=E (B (fe (Vie) s fo (Vo.o)) | Vie]) —E[B (fe=1 (Vie—1) s fo—1 (Vg.o-1)) | Vaye—1],
the function hfﬁ: R4¥+2 x R¥+2 5 R is defined by

¢ ¢ ¢
hé,?) = ha,b ((xz);l -|1-2 ’ (y])j:—if)
4442 _a,b 4042 _ab a,b a,b
_ha,b(( Vet €0 )_hab(( i) AN )"'E[h (50 V€0 )}

and the function hgp: R*F2 x RY¥2 - R is defined for 0 < a —b < 2( by
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4042 4042 20+1 20+1 20+1 20+1
ha,b ((xz)l —il_ 7<yj)j=—ii ) =h ((lera b)l —’1_ a(y ) ] )+h’ ((yj+a b)J t 7(1'1‘)7;:—’1_ )

and for (20 +1)<a—-b<(40+2)—1 by
4042 4042
hab ((wl)z -1_ 7(yj>j=—§ )
20+1 20+1
=h ((xz'+a—b—(2e+1))i:1 (Y )%H) +h ((yj-‘ra—b—(%—i-l))]‘:l ,(xi)fﬁl) )

the random vectors €% are defined by

a +1)(46+2)+b—0—1
g@b = (5j)§‘iu(i(z+2)-:b—z ,0<a—0b<2¢

ut1) (40+2) +b+¢
e3P = (Ej)§‘:u(z)1(é+2)-|2b+e+1 J(20+1)<a-b< (40+2)-1;

and the remainder terms are defined as

n
Ryq1q = Z Z Z HZ(Z])

21 5= (4@+2)L J+1z 4E+2)|_4J£+12J

<.
|
—

4042 |_4¢7+2 -1
Rupz=3 2, Z 2 Hiit oy a5
{>1 a= 1 =( J+1
s (©)
Z Z Hu(4f+2)+a u(4042)+b
€21 u=0  a,be[4l+2]
a<b
& © )
= Z Z Z (Ha,v(4z+2)+b + H, v(4/+2)+a)
1 =l a,be[44+2]

0<a—b<(20+1)—1

Rua=) 2 (A1

>1 a,bE[46+2)
(2041)<a—b< (40+2)—1

(0)
(v+1)(4642)+b T H(4e+2)+b,v(4e+2)+a)

—2
_ © ©
Ry s = Z (Hu(4e+2)+a (u-+1)(40+42)+b Hu(4€+2)+a72m(2€+1)+b>
>1 a be[4£+2 u=0
(20+1)<a—b<(40+2)—1
e 0
¢ ¢
Ry = Z Z (Hb,v(4é+2)+a - Hv(4€+2)+b,v(4€+2)+a) g
£>1 a,be[40+2] v=1

(2641)<a—b<(46+2)—1
with
HY) = h(fe (Vi) o (Vi) = E[h (fe (Vi) s fo (Vie))]
= (h(fe—1 (Vig=1), fe—1 (Vje—1)) = E[h (fo—1 (Vie-1) s fo—1 (Vie—1))]) -



Limit theorems for U-statistics of Bernoulli data 799

Let us make some comments on the decomposition (1.19). The terms associated
to terms of the form E [h (fg (Vo) s fe (Vo,,e>) | kag}, that is, the first two terms

of the right hand side of (1.19), are partial sums of a strictly stationary sequence.

In all our application to limit theorems, the term R, := Rpi11 + Rpi12 +
22:2 R, will have a negligible contribution: for the law of large numbers,
(Rn/n1+1/”)n>1 converges to 0 almost surely, for the law of the iterated logarithms,

the p-th moment sup,,~ [R,|/ (n®2LL (n)) can be bounded in an easier way than
for U-statistics and for the central limit theorem, (R, /n?/ %)
probability.

For the strong law of large numbers, one can show that the term associated to
the degenerated U-statistics normalized by n~2/? goes to 0 almost surely, hence its
contribution is negligible with respect to the term associated with the stationary
sequence. For the law of the iterated logarithms and the central limit theorem, the
main contribution is made by the term associated to a stationary sequence.

Let us now explain the origin of the terms involved in (1.19). First of all, we de-
compose the original centered U-statistics as a series (indexed by ¢) of U-statistics.
Each term is a U-statistics whose data is a function of 2¢ + 1 independent ran-
dom variables. Up to some technical steps, these can be decomposed as a sum of
U-statistics whose data consists of independent identically distributed vectors.

Notice that in Hsing and Wu (2004), the author use a similar approach in the
derivation of a central limit theorem, that is, an approximation by U-statistics of
independent data combined with Hoeffding decomposition. The main difference is
that the obtained decomposition in the aforementioned paper gives a U-statistic
having a more general form than the one in (1.5), since the function h is allowed to
vary with the indexes ¢ and j. The linear term is not stationary, not even in the case
of constant weights. This is not an issue in establishing a central limit theorem, as
the involved linear terms are approximated by functions of ¢-dependent sequences
and one can use a central limit theorem for arrays. However, in the context of
the law of large numbers and the bounded law of the iterated logarithms for U-
statistics with Bernoulli data, one would like to use the results corresponding to
U-statistics of i.i.d. data, like Proposition 1.2 and Theorem 2.5 in Arcones and Giné
(1995). Tt is likely that some results could be obtained for more general Hoeffding’s
decompositions, that is, involving U-statistics with varying kernel, but it seems to
be beyond the scope of this paper.

n>1 converges to 0 in

1.4. Law of large numbers. We first present a result on the Marcinkievicz law of
large numbers for U-statistics of i.i.d. data. In order to extend it to the context of
functional of i.i.d., we need a control on a maximal function.

Proposition 1.2 (Marcinkievicz-Zygmund law of large numbers). Let (¢;).., be an

i€z
i.i.d. sequence with values in RY and let h: R? x R? — R be a measurable function.
For 1 <p <2, define

1 .
M, :=sup |U;Lnd (h, (Ei)iez)| . (1.20)

n>1 n2/p
Assume that E[|h (g9,21)|"] is finite and that for all x € R, B [h (g9, 2)] = 0. Then
the following statements hold:

(1) the sequence (n=2/? \Und (h, (2);e2) |)n converges to zero almost surely;

>1
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(2) for any positive x,
2PP{M, > z} < k,E||h (g0,1)["], (1.21)
where Ky is bigger than 1 and depends only on p.

Corollary 1.3. Let (¢;),c5 be an i.i.d. sequence with values in R® and let h: R? x
R? — R be a measurable function. For 1 < p < 2, define
1 ind
M, = ilgl) i ’Un (h7 (Ei)ieZ)| . (1.22)

Assume that E[|h (e0,e1)["] is finite and E[h(eg,e1)] = 0. Then the following
statements hold:

(1) the sequence (n='=Y/P|Uind (h, (Ei)iez)|)n>
surely; B
(2) for any positive x,

2PP{M, > z} < k,E[|h(0,21)|"], (1.23)

where Kk, is bigger than 1 and depends only on p.

| converges to zero almost

The previous Proposition gives a control in terms of the weak-ILP-semi-norm,
defined as || X[, ,, = sup,q (2PP {|X| > 2})Y? p > 1. However, the triangular
inequality may fail, which is not convenient in view of the decomposition obtained
in Proposition 1.1. For this reason, we introduce the weak-IL?-norm, defined as

1/p—1
X, 00 = sup P(A)Y"E[X]|14]. (1.24)
A:P(A)>0
Notice that for all fixed p > 1, there exists constants ¢, and C, such that for all
random variable X, ¢, [|X{|, ., < [ X, o < Cy [IX]],,,- Moreover, the observation
that for any sequence of non-negative random variables (Yn)nZD
P
supYn| <> (VP (1.25)
n>1 pw n>1

will be useful in the sequel.
We are now in position to present our first result, which gives a control on the
maximal function of a U-statistic whose data is a functional of an i.i.d. sequence.

Theorem 1.4. Let (¢y),cq be an i.i.d. sequence, f: R - R and h: Rx R — R
be measurable functions. Let p € [1,2). Then

1
sup nl+1/p ’Un (h7 s (Eu)uEZ —E [Un (h’ f; (EU)U€Z)])}

n>1

p,00

<cp | Oop+ Y PO, | (1.26)
>1

The second result of this Subsection is a Marcinkievicz law of large numbers.

Theorem 1.5 (Marcinkievicz law of large numbers). Let (¢y),c; be an i.i.d. se-
quence, f: RZ — R and h: R x R — R be measurable functions. Let p € [1,2).
Suppose that
> 0rg,, < oo, (1.27)
£>0
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Then the following almost sure convergence holds:

ﬁ |Un (h, fa (6u)uez —E [U’rb (h7 fv (su)uez)} )| — 0 (128)

A law of large numbers has been obtained in Borovkova et al. (2001), Theorem 6.
They considered the classical law of large numbers (p = 1) but for functions of a
[-mixing process. When applied to a Lipschitz-continuous kernel and a function of
an i.i.d. process, their condition requires

S (Emw)uez) —E[f (Emw)yez) le—tr- -] ||, < +o0. (1.29)

>1

When f ((s_u)uez) is a linear process with Bernoulli innovations, that is,
f((e—w)yez) = Yiezaic—i and P{eg =1} = P{eg = —1} = 1/2, this is equiv-
alent, by Marcinkievicz-Zygmund inequality, to

1/2

Y. af < 400, (1.30)

01 \i€z,li|>¢

while our condition read . ., |a;] < +oo and is less restrictive. However, in
Borovkova et al. (2001), the case of functional of S-mixing process and of a not
necessarily continuous kernel is treated there and not in the present paper.

1.5. Bounded law of the iterated logarithms. Let us present our next result concern-
ing the bounded law of the iterated logarithms. Like in the independent case, one
can control the moments of order p € (1,2) of the maximal function of U-statistic
with the normalisation n%/2 LL (n).

Theorem 1.6. Let (¢y),c; be an i.i.d. sequence, f: R* - R and h: Rx R — R
be measurable functions. Let p € [1,2). For all 1 < p < 2, the following inequality
holds:

[Un (B /s (Fu)uez) = E [Un (B s (Fu) uez) ]|

1
sup —mm————
o 1372, /LT (n) )

<c¢p 90,24—241/292,2 . (1.31)
>1

where ¢, depends only on p.

1.6. Central limit theorem. Let us present our result concerning the central limit
theorem. We will make essentially three assumptions on the dependence of our U-
statistic. The first and second one involve the coefficients d. 5 and 6,1 respectively
and the third condition is imposed is summability of the family of covariances of a
strictly stationary sequence which comes from the generalized Hoeffding decompo-
sition of Proposition 1.1.

Theorem 1.7. Let h: R? = R be a measurable function, f: R* = R be a measur-

able function and (ey),c, be an i.i.d. sequence. Let

Xj=f((E-rpez)» Uni= Y. h(XiX;). (1.32)

1<i<j<n
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Suppose that

D 0205 < o0y Y (P60p < +oo (1.33)
>0 >0
and that
> [Cov (Yo, V)| < +o, (1.34)
kEZ

where the random variable Yy, is defined by the following L2-convergence

Y, = ZELHOOE (B (fe Vi) s fe (Vo.r)) | Vie] —E[h (fe (Vie) s fe (Vae))]  (1.35)

and Vi o = (su)ﬁii_é, Vie= (5;)53;_5, where (€,,),cz 15 an independent copy of
(EU)uGZ'
Then the following convergence in distribution holds:
s U ~E[0.]) = N (0,0%), (1.36)
where
o? = ZCOV (Yo, Y%). (1.37)

keZ

Let us give some comments about this results and how it relates with existing
results.

Remark 1.8. Tt is not clear to us whether the condition (1.33) guarantees (1.34).
Nevertheless, conditions of the type

STIE Vi | o (cu,u < 0)] = E[Yi | 0 (u,u < =1)]], < 00 (1.38)
kEZ

guarantee (1.34) and are not too hard to check for the choices of kernel involved
in Subsection 1.7. Note also that the convergence of »,., 02 guarantees that Y}
admits the simpler form h

Yy =E [h <f (k—u)ues)  f ((s’_u)uez)) |0 (cuyu € Z)}
—E [ (f (er)uez) f () uez) )] - (1:39)

Condition (1.38) can be checked under the assumption that

S ¥ = ¥, < o, (1.40)
kEZ

where Y;* is a random variable defined as Y}, but the occurence of ¢ is replaced by
ey, where € has the same law as ¢ and is independent of the o-algebra generated

by the sequences (ey),; and (£},),cz-

Remark 1.9. In the context of Theorem 1.7, it is possible that the variance o2

equals 0. In this case, the normalization should change and a deeper analysis is
required in order to identify the limiting process.

Remark 1.10. It does not seem to be an easy task to compare the condition of
Theorem 1.7 with those in Hsing and Wu (2004) in full generality. One way to
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measure the dependence in the latter paper is given (in the case where the weights
are all equal to one) by the coefficients

G = sup 17 ((e—a)uez + (Ei-w)uen) — b (fe Vo), fe (Vi) - (1.41)

A sufficient condition (which follows from a combination of Theorem 3 and Propo-
sition 4) for the central limit theorem is

Zsupég < 400. (1.42)

i>1 =2t

In a particular case, this condition can be compared with ours. Let h: (z,y) — z+y
and (X;).., be a causal linear process:

Xj = Zaisj_,;, (143)

i>0

j=z1

where (g,),,¢y is i.i.d. centered and square integrable and (a;), ., is square summa-

ble, conditon (1.42) reads
S D a2 <+ (1.44)
i>1 \| £>i

(see Theorem 9). With the same kernel and definition of (X;) -,

more restrictive, since the convergence of Y, 26,1 implies that of Y, (*ay.
Nevertheless, our result deals with not necessarily causal process.

our condition is

Remark 1.11. A central limit theorem has been obtained in Borovkova et al. (2001),
Theorem 7, for functions of a [-mixing process. When applied to a Lipschitz-
continuous kernel and a function of an i.i.d. process, their condition requires

Zfz Hf ((E—u)uez) —-E [f ((E—u)uez) | S ,Ed Hl < +00. (1.45)

1
When f ((s,u)uez) is a linear process with Bernoulli innovations, that is,
f ((e—u)yez) = Dicz @ic—i, this is equivalent to
1/2

el Y a < 400, (1.46)

>1 i€Z,|i|>¢

while our condition reads Y~ ,; €% (Jas| + |a_¢|) < 400 and is less restrictive. How-
ever, in Borovkova et al. (2001), the case of functional of S-mixing process and of
a not necessarily continuous kernel is treated there and not in the present paper.

Remark 1.12. In Beutner and Zihle (2012), an approach based on empirical pro-
cesses has been done in order to derive a central limit theorem for U-statistics of
dependent data. As mentioned in Example 3.8, the case of function of i.i.d. pro-
cesses can be treated, since the convergence of empirical processes of functions of
an i.i.d. sequence has been treated in Wu (2008). However, in the later paper, the
condition on the weak dependence relies on the physical dependence measure of
1 {f ((5i—u)uez) < t} and this does not seem to be comparable with our assump-
tions.

1.7. Applications. In this Subsection, we give examples of kernels h for which the
measure of dependence defined by (1.8) can be estimated.
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1.7.1. Uniformly continuous kernel. Let h: R> = R be a measurable function. We
assume that there exists a non-negative function w: Ry — R, which is increasing,
satisfies w (0) = 0 and for each z, 2", y,y" € R,

h(z,y) = h(@ ) Sw(lz—a') +w(y—y1). (1.47)
Then the following inequality holds:

17 (fe (Vo,e) 5 fe (Vi) = R (fe—r (Vo,e=1) 5 fe—1 (Vie—1))ll,
< llw (Ife Vo,e) = fe—1 Voe—0)DIl, + llw (1fe (Vo) = fe—1 (Vie-1)I)

Since (Vj ¢, Vje—1) has the same distribution as (Vp ¢, Vo ¢—1), the two terms of the
right hand side of (1.48) are equal hence

Orp < 2w (| fe (Vo,e) — fe—1 (Vo,e=1)DII,, - (1.49)

In particular, if h is a-Holder continuous for some o € (0,1), we can choose
w: t > ct® for some constant ¢ and in this case, the estimate (1.49) becomes

Ocp < 2¢|lfe (Vo,e) = fo—1 (Vo,e=1)ll, (1.50)

which can be rewritten as

Orp < 2¢c||E[Xo | Vo,e] = E[Xo | Vo,e—1]]l

(1.48)

[

o (1.51)
1.7.2. Variance estimation. Consider the kernel h: R? — R defined by h (z,y) :=
(z — y)? /2. The associated U-statistic is (after normalization) the classical variance
estimator. For this choice of kernel, one can estimate the measure of dependence
defined by (1.8). One needs to control the LP-norm of the difference of the square
of two random variables Y and Z. Since

Y222 =E Y—ZpY+Zp<IE|Y—Z2p 1/2E Y + 7% e 1.52)
» | " "] < | | | (
we derive that

P

We use this for a fixed £ > 1toY = f; Vo) — fe (Vi) and Z = fo_1 (Voe—1) —
fo—1 (Vje—1). Accounting the following bounds (which are a consequence of sta-
tionarity):

1V llsy + 1213, < 21fe (Vo) + 211 fe (Voet)llpy < 41 Xollyy,  (154)

we get that

Orp < 2| Xollyp [IE[Xo | Vol = E[Xo | Vo1l (1.55)

p
1.7.3. Correlation integral. Correlation integral is defined for a sequence of random
variables (X;);5, and t > 0 as Ny s 1= 37 ;00 1{|Xi — X[ <t} It plays an
important role in the study of the dynamical systems, see for instance Denker and
Keller (1986); Serinko (1994); Wolff (1990). Since the summand is symmetric in ¢
and j and vanishes for i = j, the correlation integral NNV, ; may be expressed as a
U-statistic with kernel h: (z,y) € R? — 1 {|z — y| < t}. Under some conditions on
the density of f, (Vo,¢) and the dependence of the sequence (X;);,, one can derive
bounds for 6, , and the obtained limit theorems translate in the following way.
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Theorem 1.13. Let (X;);», be a sequence such that X; = f((€i—u)yez) for

some measurable function f: R* — R. Let t > 0 and N,; =

doi<izjen V{IXs — Xj| <t} Suppose that for each £ and j > 1, the random

variable E[Xo | 0 (ey, £ < u < O] -E[X; | 0 (cu,j — € <u < j+L)] has a density

ge,; and that for some r > 1, Zsu>pl ||9€,j||]Lr(R) is finite. Let mp := E[Xo | Vo] —
G2

E[Xo | Vo,e—1], where Vo = (su)k

u=—k"

(1) Strong law of large numbers. If for some p € [1,2) and q > 1, the series
a__r
oy VP | mel|g VT converges, then

1
Sup ——-~ |Nn,t -E [Nn,t”

>1 nlt+i/p =Gy (1.56)

P

and ﬁ [Nyt — E [Ny ]| = 0 almost surely.
(2) Bounded law of the iterated logarithms. Suppose  that

q T
D1 Y2 ||l U s finite for some ¢ > 1. Then for each p € [1,2),
1

— N, —E[N,
N e S

P
is finite.
(3) Central limit theorem. Let ¢ > 1. Suppose that the series
9___ r -_r
S ot 2|2 and S yey 2 el 0 are convergent. Assume
furthermore that for each k, Zy — Z; has a density gp such that
SuPy>1 |9k [l () is finite, where

e[ et ()] < )]
and Z;, = E [1 {‘f ((EZ—U)uGZ) —f ((EL“)uEZ)’ < t}], where ef = &; if

i #0, 5 =¢p and (eu) ez, (€4)uey and ey are independent and e, €, and
el’ have the same  distribution. We  finally assume that
PR A E— . .
> okez |2k — Zp || 27+7=10 s finite.
Then there exists o such that the convergence in distribution
Nn,t —E [Nn,t]
n3/2

takes places, where N is a standard normal random variable.

—oN (1.57)

2. Proofs

2.1. Proof of the generalised Hoeffding’s decomposition. Let us explain the idea of
proof of Proposition 1.1. First, we write U, (h7 /s (Ei)iez) as a series (index by ¢)
of U-statistics. For the term of index ¢, the data of the corresponding U-statistic
is a function of 2¢ + 1 i.i.d. random variables. We then decompose this a sum of
4 (2¢ + 1) U-statistics of independent data.

We divide the proof in two steps:

(1) First we treat the case where X; = f ((su)jH ) and h: RxR - R a

u=j—~¢
symmetric function.
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(2) Then we write the mentioned U-statistic a sum of U-statistics tractable
with the work of step 1, plus a remainder term.

Step 1: we decompose a U-statistic whose data is a function of 2¢ + 1 i.i.d.
random variables as a sum of 4/ + 2 U-statistics of i.i.d. data plus remainder terms.

Lemma 2.1. Let £ > 1 be an integer, h: R**T1 x R2+1 — R be a measurable
function, let (e4),cq be an i.i.d. real-valued sequence and (g},),c, an independent
copy of (EU)uEZ'l Define Uy, (h» (Eu)uEZ) = Zl§i<j§n h(Vi,Vj) = Zl§i<j§n H;;,
where V; = (5U)3;€‘—e and H; j := h (V;, V).

Then

Un (ha (E’U«)uEZ) = Z Uind" | (ha,b’ (5?711)) + ; Rk, (2.1)

a0tz
a,be40+2]

where
e the function hgp: R¥*T2 x R¥+2 5 R is defined for 0 < a—b < 2( by

hao (@157 030}
= h (@2 )I5) + 0 (rame 35 @) (22)
and for (20+1)<a—-b< (4 +2)—1 by
Bab ((»’Ui)?flﬂ . (in)in)
=nh ((€C¢+a—b—(2e+1))jgl ; (yj)iiﬁl) +h ((yj+a_b—<2e+1>)ji+11 ; (-’Ei)?ﬁ1> » (23)
e the random vectors €%° are defined by

a +1)(40+2)+b—t—1
et = () v T 0<a—b < 28 (2.4)

1) (4042)+b+L
eat = (e)) e e 20+ 1) <a—b < (40+2) — 15 (2.5)
e the remainder terms are defined (with the convention that Z;ﬁl =0,k<0)
by
Ryn1 = Z H;j;— Z H; j; (2.6)
1<i<j<n 1<i< < (404+2) | 125 |
laz= )1
Ruai= Y > Hugero)rauae2) b (2.7)
u=0  a,be[40+2]
a<b
Lo
Ry, 3= Z Z (Ha,o(ae42)+6 + Hy v(a042)+a) ; (2.8)
v=1 a,be[40+2]
0<a—b<(20+1)—1
lat=] 1
R,y = Z Z (Ha,(o+1)(a042) 46 + H(1042)4b,0(4042)+a) 5
a,be[40+2] v=1

(2041)<a—b< (46+2)—1
(2.9)
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|_41’«T-L%—2J -2
R, 5= Z Z (Hu(ae42)+a,(ut1)(@04+2)+6 — Hu(a012)+a,2m(2041)+b) ;
a,be[40+2] u=0
(20+1)<a—b< (40+2)—1
(2.10)
L] 1
Ry = > > (Howes2)ra — Ho@er2) 4b(aes2)a) - (2:11)
a,b€[40+2] v=1

(204+1)<a—b< (4€+2)—1

Proof: Before going into the details of the proof, let us explain the general idea,
which will also explain the origin of the remainder terms. First, it turns out that it
would be more convenient that n is a multiple of 4¢ + 2. However, it has no reason
to be the case and we should also take into account the difference between U,, and
U, where n’ is a multiple of 4¢ + 2 close to n. The control of the difference of
these two terms is precisely R, 1. Now that we are reduced to the case where n is
a multiple of 4¢ + 2, we look that the terms H; ; and the remainder of ¢ and j by
the Euclidian division by 4¢ + 2. If these remainder are closed enough, then we can
write the corresponding sum as a U-statistic whose data are independent vectors
of length 4¢ + 2. If the remainders are too far way, we have to add and substract
a term to be reduced to the previous case, and this leads to the definition of R, i,
3 < k < 6. If the quotient in the Euclidean division by 4¢ + 1 of i and j are the
same, then the corresponding sum is R, .
From the equality U, (hz, 7 (52')@'62) = Zl§i<j§n H, ; we get by (2.6) that

U, (hg, (gi)ieZ> = Z H;; + Ry 1. (2.12)

1<i<<(46+2) | 75 |

For simplicity, let us denote by I the set [4¢ + 2] and m := {J?J. With these
notations and in view of (2.7), the following equality takes place
> Hij
1<i< < (404+2) | 125 |
= Z Z (Hu(a042)+a,0(a+2)+b T Hu(a042)+6,0(40+2)+a)
0<u<v<m—1 a,bel
0<a—b<(204+1)—1
+ Z Z (Hu(ae42)+a,0(4042)+6 + Hu(1042)1b,0(4042)+a) + B 2-
0<u<v<m-—1 a,bel
(20+1)<a—b< (46+2)—1
(2.13)

Let us treat the first term. For a,b € I such that 0 < a — b < 2/, in view of the
definitions (2.2) and (2.4) and the symmetry of ho, the following equaliy holds

hab (€27, €0") = Hyaesa)+aw(er2)+b + Hu(aor2)16,20(4042)+a (2.14)
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hence

Z Z (Hu(ae+2)+a,0(ae42) 46 + Hu(a012)+b,0(a042)+a)
0<u<v<m-—1 a,bel
0<a—b<(20+1)—1

— pyind (ha,67 (stb)uez) + Rps. (2.15)

Let us treat the second term in the right hand side of (2.13). Adding and subtracting
the terms Hy,(4042)+a,(o+1)a0+2)+b aNd H(yp1)(4042)+b0(4042)+a giVes, after having
rewriten the corresponding sums as double sums and exploited a telescoping of the
inside sum,

Z (Huae+2)+aw@e2)+b + Hu@er) 1oo(a042)+a) =S + Rns + Rug,
0<u<v<m-—1

where
Si= Y (Huueoyra(or) @b T Hourt)@er)1ho(ais2)+a)  (2.16)
0<u<v<m-—1
We express S as a U-statistic of independent data. Noticing that

0<a—-(b+(20+1)) <(20+1)—1, we are in a similar situation as in the case
0<a-b<(20+1)—1, with b replaced by b+ (2£+ 1). Therefore, in view of
(2.5), (2.3) and (2.9), we obtain that

S =yind, (ha,b, (ggvb)uez) + R (2.17)

Collecting these terms gives

Z Z (Hu(ae42)+a,0(4042)+b T Hu(a042)46,0(4042)+a)
,bel 0<u<v<m—1
(2£+1)§aafb€§(4l+2)71 =
= > my (ha,b, (si’b)uez) + Rys+ Ruys+ Rog. (2:18)
a,berl

(204+1)<a—b< (4€+2)—1

We end the proof of Lemma 2.1 by combining the equalities (2.13), (2.15) and
(2.18). O

Now, we can apply the Hoeffding decomposition to each U-statistic of i.i.d. data
and rewrite the remainder term in a more tractable form.

Lemma 2.2. Let £ > 1 be an integer, h: R**T1 x R2+1 — R be a measurable
function, let (e4),cq be an i.i.d. real-valued sequence and (g},),c5 an independent

copy of (Eu)uGZ' Define U, (ha (Eu)ugz) = Z1§i<]‘§nh(Vi VJ) - ]E[h (Vzavj)] =
+4 j+4

Z[lg(iqgn)f]{i’j, where Vi = (eu))25_,, V] = ()15, and H;j == h(V;,V;) —

E[h(V;, V)]
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Then

Un (R (u)uez)

n (e+2) (| =] )+
=+ LMHJ > (E[h (Vi, Vo) | Vil = E[h (Vi, Vi)])
k=1
+ 3 o (w5 () +ZRM, (2.19)
a,be[40+42]

where the function hyp: R¥F2 x RY¥*2 - R is defined by
2 4042 4042
nE) = hao (@057 0)}57)

— hap (@27 65" ) = haw (00,557 166" ) +E [hao (c5%,26™") | (220)
and
o the function hgp: R4¥+2 x R¥+2 5 R s defined for 0 < a —b < 20 by

l ¥4 J4 4 Y4 4
hao (@157 @)} 57) = b (@ara o255 )3 )+ ()i @7
(2.21)
and for 20+ 1) <a—-b< (40+2)—1 by

has (@157 ))5F7)

2041 20+1 20+1 20+1
=h ((xi+a—b—(2£+1))i:1 7(%) § ) + h ((yj—o—a—b—(QZ—i-l))j:l 7(‘757;)1':J1r ) 5

(2.22)
e the random vectors e%° are defined by
et = () e T 0<a—b <20 (2.23)
et = (o) et e ) Sa—b < a0+ 2) -1 (2:24)
e the remainder terms are defined (with the convention that 1 =0,k<0)

by
n j—1

Rpa11:= Z H; ;

j= (4@+2)L4e+2J+11 (4z+2)u[+12j

4042 n L4Je+12 J -1

R Z > > Huesoperass

=(40+2)| 25 |+1 k=0

|_4f+2J -1

R, = Z Z Hoy(4042)+a,u(404+2)+b
u=0  a,be[40+2]

a<b
L4Z+2J 1
Ry3:= Z Z (How(ae42)+6 + Hp o(10+2)+a)
v=1 a,bel40+2]

0<a—b<(20+1)—1
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=1
Ry4= Z (Ha,(o41)(a0+2)+6 + H(a042)4b,0(4042)+a)
a,be[40+2] v=1
(20+41)<a—b< (40+2)—1
|_4@+2J -2
R, 5= Z Z Hoy(1042)+a,(u1)(40+2)+b — Hu(a012)+a,2m(204+1)+b)
a,be[40+2] u=0
(2041)<a—b<(46+2)—1
| =1
Ry 6= Z (Hp,v(a0+2)+a — Hy(a042)+b,0(4042)+a) -
a,bE[40+2] v=1

(204+1)<a—b< (40+2)—1

To sum up, the centered U-statistic whose data is a function of 241 i.i.d. ran-
dom variables can be decomposed as a partial sum of a strictly stationary sequence,
a sum of degenerated U-statistics plus a remainder term.

Proof of Proposition 1.1: By the assumption (1.18), the following equality holds
almost surely:

Un (h7 f’ (gu)uEZ) =U, (h fO’ (5u)uez)
+ Z (b, for (e)uez) — Un (B foo1, (fu)uez)) - (2:25)

Since U, (h, fo, (5u)uez) is a U-statistic of independent identically distributed data,
it can be treated by the classical Hoeffding’s decomposition written in (1.15).

To proceed, we need to decompose for a fixed £ > 1 the term U, (h, fe, (Eu)uEZ) —
Un (h, fe—1,(eu)yez)- To this aim, we apply Lemma 2.2 in the following setting:
the function h is replaced by h: R2¢+1 x R2+1 5 R, which is defined by

B2 w2
= n (f (@20") fe (@0300)) = (fomr (@072) s fomr (@0035)) - (226)

In this way,
Un (h7 Ie, (Eu)uez) Uy, (ha fe—1, <EU)u€Z) = Z E ((Ei*u)izfz ) (Ej*v)iz_z)
1<i<j<n

i+4
u=1—4~0’

Un (h7 ffv (Eu)uez) - U, (h‘7 fe*h (EU)UEZ)

—E [Un (h7 f@ (Eu)uez) —Un (h fefl’ (EU)UGZ)}
(40+2) 5 |+1

)
= (40 +2) ij_ QJ Z ( { (Viees Vo o) | Va, e} [71 (Vie, Vi o) |Vk,1zD

+ > Uk (hab,(z’b))JrZRnk (2.27)

4L+2
a,be[40+2]

and with the notation V; » = (g,) Lemma 2.1 gives
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Observe that

B[ (Vi Vi) | Vie| =B [0 (fe Vi) fe (Vi) | Vil
—E[h(fom1 Vie—1) s frer (Vg oo1) | Vie)]  (2:28)
and using Lemma A.5, this equality becomes
E [ﬁ (Vies Vo o) | Vk,e} =E[h(fe (Vie), fe (Vie)) | Ve
—E[h(foor V1) frer (Vooo1)) | Vie—1] - (2.29)

Moreover,
ind (2) a,b o a,b b,a a,b b,a
U\_Tizj (hab7(' ))7 Z (}/Kuu Yvﬁuvi}/@ 1,u,v nluv)
1<u<v<| 725 |
where

YZ;bU = h (fe Viaer2yutare) » fr (Viaes2)os.0)) —

E [ (fe (Viaer2yutare) » Je (Vor)) | Viaer2yutane)
—E [h (fe Viaes2)ot.0) s fe (V5.0)) | Viaes2yorne] FE b (fe Vo), fe (Vor))] -
We conclude by collecting all the terms. |

2.2. Proof of the results of Subsection 1.J.

Proof of Proposition 1.2: It will be more convenient to work with dyadics, since
the martingale property will be useful to handle the maximums. First observe that
M, < 21/pM' where

My, = ]Svu>p1 9=2n/p onZeN U (h, (€0)icz) = E[U (B, (€0)ie2) ] - (2.30)

For a fixed integer n, consider the event

— Jo—2N/p ind _
Ay = {2 ,Jex, U (b, (€i)sez) | > 2}. (2.31)
It suffices to prove that there exists a constant ¢, (depending only on p) such

that
“+o0

> P(An) < E[|h (c0,21) "] (2.32)
N=1
Indeed, item 1 follows from an application of (2.32) to h/e for a positive € and
the Borel-Cantelli lemma. In order to prove item 2, we notice that P {MZ’7 > 2} <
X,(fl P(An) and we apply (2.32) to h/x for each positive z. Consequently, we
focus on establishing a satisfactory bound for P’ (Ay).
Define for j > 2 the random variable D; := 37— h(g;,¢;). Let F; denote the
o-algebra generated by the random variables 5,1 < k < j. Define

D} = D1 {|D;| < 22¥/7} —E (D {|Ds| <22V} | | and (233)

D/ :=Dj1 {|Dj| > 22N/P} ~E [Djl {|Dj\ > 22N/p} | fj_l] . (2.34)
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Since E[D; | Fj-1] = 0, it follows that D; = D+ D} hence Ay C Ay U AT, where

k
Al = 2*4N/P23;3>2<N > Dj|>1} and (2.35)
<k<2N |
k
"o —4n 1
A =142 /p2<rrlii)2(1\’ Zsz >1p. (2.36)
<2V |4

Let us bound p'y := P (A4’y). Markov’s inequality entails
2

k
/ —4N/p l
Py <2 E e ;Dj (2.37)

and since (D;-)j>2 is a martingale differences sequence, we obtain by Doob’s in-

equality and orthogonality of increments that

2N 2N
Py <2NPSE {D;."’} <22 INPNR {D§1 {\Dj| < 2N/P}] L (2.38)
Jj=2 j=2
Now, we use
22N/p
E [D]2.1 {\Dj| < 22N/PH - 2/ P {t <|D;| < 22N/P} dt (2.39)
0
92N/p
:2/ tP{|D;| >t}dt—22N/P1P>{\Dj| >22N/P}
0
92N/p
< 2/ tP{|D,| >t} dt (2.40)
0
and after the substitution s = 272V/P¢, we get
1
E [Dfl {\Dj| < 22N/PH < 21+4N/p/ sP {|Dj| > 22N/ps} ds. (2.41)
0
We thus obtained the estimate
oN 1
Py < 82/ sP{|Dj| > 22N/Ps} ds. (2.42)
j=2"0
In order to bound p%; := P (A%), we start by Markov’s inequality to get
2N 2N
pi 27NN E[|D)) <2V SR (IDs[1{IDyl > 2V ] (2.43)
j=2 =2

Since there exists a constant C),, depending only on p such that
—+oo

E [|Dj| 1 {\Dj| > 22N/PH = 22N/p1@{|pj| > 22N/P} +/ P{|D,| > t}dt
922N/p

+oo
gc,,/ P{D;| > thd, (2.44)
2

2N/p—1
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we derive after the substitution t = 22N/Ps that
oN +00
Py <2y / p{ID;| > 2°V/7s ) ds. (2.45)
=212

The combination of (2.42) with (2.45) yields

oN 400
P(Ay) < C, Z/ min {1, s} P {|Dj\ > 22N/ps} ds. (2.46)
j=2""0

We are thus reduced to control the tail of D;, which will be done by using Proposi-
tion A.1. Our particular setting permits some simplification of the involved terms.

We first observe that D; has the same distribution as 371 h (g9, ;) (since the
vectors (e1,...,€j-1,¢;) and (e1,...,€j_1,€0) are identically distributed). Define
d; = h(eo,&;). Since E[h(gg,z)] = 0 for all x € R?, the sequence (di)?zl is a
martingale differences sequence for the filtration (G;);_, where G, is the o-algebra
generated by ei, 0 < k < i. We apply Proposition A.1 to z = 22*/Ps for a fixed
positive s and ¢ = 2p. let i € {1,...,5 —1}. By Lemma A.5 applied to Y = d;,
F=o0(go) and G =0 (e1,...,6-1), we have

E(|di” | Gi-1] = E[|h (c0,5)I” | o (€0)] - (2.47)
Using Lemma A.6 with Y =¢;, Z = ¢¢ and f = h, we derive that
E(ldf? | Gia] = B[l (=0, e0)I” | o (c0)]. (2.48)

Using this equality combined with the fact that the random variables d;, 1 < i <
j — 1 have the same distribution as d; , one gets

1
IP’{|DJ-\ > 22N/ps} < (j— 1)/ ]P’{|d1\ > ac22N/puch}uq_1du
0
1
+01/ P{(jfl)l/” (E [|h(50,51)|P|a(50)])1/”>22N/Psuc2}uq*1du. (2.49)
0
In view of (2.46), we derive that
“+o0 1
P(Ay) < 6122N/ / P{\dﬂ > 1:22N/p3u02}u2p71dumin{l,s} ds
0 0
400 1 1
+012N/ / P{(E[\h(eo,slﬂp | o (£0)]) LS 2N/psu02}uzp_ldumin{l,s}ds.
o Jo

Summing over N, we get (2.32) in view of the inequality

22N p (Y > 22N/P) < 2E[Y?] (2.50)
N>1

for a non-negative random variable Y and the convergence of the integrals fol uP~tdu
and f0+oo min {1, s} s7Pds. This ends the proof of Proposition 1.2. O
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2.2.1. Treatment of Ry, 1,1 and R, 1,2. Recall that

HY) = (fe (Vie), fe (Vi) = E[h (fe (Vi) s fe (Vie)]
— (W (fo—1 (Vig—1), fo—1 (Vje=1)) = E[h (fo—1 (Vie-1), fo—1 (Vje=1))]) . (2.51)

and
n J—1
Runa =) Yog Yau: ) 2 Hij (2.52)
>1 J_(4e+2)L4;;2J+1 i=(40+2) | {5 | +1
4042 Lims] -1
Ry = Zvag; VAWRES Z Z Z H(4e+2)k+aj' (2.53)
>1 J=(4042) | g [ +1 k=0

For a fix £ > 1, we evaluate the contribution of of Y,, o and Z,, ;.

Lemma 2.3. Let £ > 1. The following inequalities hold:

- 1-1/pg, .
ilgi nl+1/p [Ya,el e < cpf O1.p; (2.54)
sup >1 nitl/p |Zn el < Cpelil/paf,pv (2.55)
P00

where ¢, depends only on p.

Proof: First observe that Y,,  is a sum of at most (4¢ + 2)2 random variables whose
weak-LP-norm does not exceed 6y, hence by cutting the supremum where n is
between two consecutive multiples of 4¢ 4 2 gives

1/p
3 71 Y, < 71 Y, ’ 2.56
e e, <\ gl el 2%
1/p
<@ +2*TYP ST | 6y, (2.57)
n>1
In order to treat Z, ,, we decompose it as Z,, , + Z;L/,z, where
4042 n L4751 : )
(¢ (¢
M - Z Z (H(4Z+2)k+a,j k {H(4z+2)k+aj | VMD

a= 1] (4é+2)|_42+2J+1 k=0

4042 n L4je_+12J -1

n, nt = Z Z Z E [H((2+2)k+a7j | ng} :

a= 1_7 (4é+2)l_41{+2j+1 k=0
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Using (1.25), it follows that
1/p

1
nl+1/p ‘Zmé‘

<[

p,;0 n>1

sup

1 /
nl-‘rl/p ‘ nl’

p,0

(40+2)(N+1)—1 p\ /P

<N 3 (12,

N>1 n=(40+2)N

and for all n such that (44 +2)N <n < (44+2)(N+1) -1,

1206l o
4642 | 4= ] -1 o ©
4 L
< Z Z (H(4Z+2)k+a,j - ]E |:H(4€+2 k+aj | V7 Z:|)
a= 1 =(40+2) | 7 + J+1 k=0 -
4042 (40+2)(N+1) ||[N—1 © "
4 l
< Z Z Z (H(4é+2)k+a,j -k [H(4e+2)k+a,j | V'JD
a=1 j=(4¢+2)N+1 || k=0 oo
hence
1 p
Slili nl+1/p ’ nf| b
4042 (444+2)(N+1)
<Y NPT (Ar+2)” ( >y
Nzl a=1 j=(40+2)N+1
N-1 P
(£) ()
Z (H(4f+2)/c+a] E |:H(4f+2)k+a] | VMD ) -2
k=0 oo

For all fixed j, we notice using Lemma A.5 that

( 7®

(©
(40+2)k+a,j -E {H

Viel)
(1e+2)kag | Vit 0<k<N-1

is a martingale differences sequence with respect to the filtration (Fy)y<p<n_1
where o

Fie =0 (Vi) Vo (Viaeryita,i < k)
hence by Burkholder’s inequality,

N-1 ® © p
¢ ¢
Z (H(4é+2)k+ag —E |:H(4€+2)k+aj | VND
k=0 oo
(0) p
< G Z HH(4€+2 Yk+a,j —E [H(4Z+2)k+a,j | VN} oo

< 2%, Z HH<42+2)k+ag ‘ < 2%¢, N6}, (2.59)
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and plugging this estimate into (2.58) gives

1+1/p | n2|

sup ————
n>17 P00
1/p
—p— p
SONTP (a0 +2) T (4l 4 2)7 (NHZP>
N>1

< Ot

©

In order to treat the contribution of Z” (40+2)k+a,j

n,l?

we observe that E [H | VJ4 is

independent of k hence
40+2 n o
P> > s
=(40+2) | 325 | +1

Consequently, the control of the contribution of sup,,~ n-1-1/p ‘Z,’l' ¢| can be done

thanks to Proposition A.2.
This ends the proof of Lemma 2.3. O

2.2.2. Treatment of terms of the form ZH (40+2)utb and

()
Z H(4Z+2)u+a7(44+2) |_427<L+2

u

Lemma 2.4. For all £ > 1 and all a,b € [40 4 2], the following inequality holds

| 7= ]
! S b20% <, (40+2)7 17 VPg 2.60
Sup — 7, Z ,(4Z+2)u+b <cp (U +2) Lp- (2.60)

n>1"N
P,00

Lemma 2.5. For all £ > 1 and all a,b € [4¢ + 2], the following inequality holds

|_4e+2

() —1-1/p
S‘ili n3/2 Z H(4€+2)u+a,(42+2)l_ﬁj+b < cp (40+2) Ocp- (2:61)

P00
These two lemmas are the consequence of the following observations.
(1) We first assume that 0 < a — b < 2¢; if not we add and subtract

H (eg 2012)(ut1)+ and use telescoping to treat instead

Zk%ﬁj H¢(1£34£+2)(u+1)+b
and b = b+2¢+1). A similar method can be used to treat the sum involved
in Lemma 2.5.

(2) The supremum involved in the statement can be restricted to the integers
n with are a multiple of 4¢ + 2.

(3) For all integer N and all sequence of random variables W; ;, 4,7 > 1, we

write
S Wiy, Si=> 0 Wi (2.62)

1<i<j<n 0<i<j<n

(where we will apply the previous case to @ = a
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With the choice W; ; := Y

(40+2)i+a, (404+2)j+b" the following equality holds:

4l+2

(£)
Z H, Goroyuss = = Sy — SN, (2.63)

when n = (4€+2) N. Since S% and Sy can be both expressed as U-
statistics of i.i.d. data, we can use Corollary 1.3 to treat these terms.

Lemma 2.5 can be done in a similar way: we express this time the
involved sum as Sy — Sy_1.

2.2.3. Treatment of terms of the form ), H(4e+2)u+a (4042)utb’

Lemma 2.6. For all £ > 1 and all a,b € [40 4 2], the following inequality holds

|_42+2J )
-1/
sup B i+ 1/p Z H(4e+2)u+a (4042)utb <cp(40+2) POrp.  (2.64)

u=1
p,0

This follows from the fact that (H )

(4€+2)u+a7(4€+2)u+b) o1 forms a two-dependent

sequence.

2.2.4. Proof of Theorem 1./ and Theorem 1.5. Theorem 1.4 is a consequence of the
combination of Proposition 1.1, the estimates of Lemmas 2.3, 2.4, 2.6 and 2.5.
In order to prove Theorem 1.5, we start from the decomposition

Un (h7 f> <Ei)i€Z) —-E [Un (h/a f7 (Ei)iGZ)] = An,L + Bn,L; (265)
where for a fixed L, A, 1 is the sum for the indexes ¢ smaller or equal to L (viewing

the terms associated to Vi as the corresponding ones for ¢ = 0) and B,  the
remaining term. We have to prove that for each positive ¢,

lim p{sup e Un (b £ (e0,e2) —E [Un (o, (20),)]) >25}:0.

N—+o00 >SN T

Using (2.65) and the fact that A,, 1, consists of sums of terms which can be treated
by Lemmas 2.3, 2.4, 2.6 and 2.5, we derive that for all fixed L,

. 1
ljifn’_l)il,}}o)]:? { sup Tl/ | n (h7 f7 (Ei)iGZ) —-E [Un (h7 f7 (Ei)iGZ)] | > 25}

1
<limsupP<{ sup ——— |B,..| >ec;. (2.66
- Na+£ {n X 1+1/p| 2 } (2.66)

Bounding the latter probability by ¢~? HSUPn21 W | B, L|H£ ,, and using Lem-
mas 2.3, 2.4, 2.6 and 2.5, we can see that for some constant C' depending only

on p,
1

2
meEs Y <CY Py, (2.67)

p,w {>L

sup ‘B7L7L|

which can be made arbltrarlly small.

2.3. Proof of Theorem 1.6. Like for the results on the strong law of larger numbers,
we have to control the contribution of the extra-terms in the decomposition obtained
in Proposition 1.1.
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2.3.1. Treatment of Ry 1,1 and R, 1,2. Recall that

HY) = h(fe(Vie), fe (Vi0) = Eh(fe (Vi) o fe (Vio)]
— (W (foe1 (Viye—1) s foo1 (Vi) =E [ (feo1 (Vie—1), feo1 (Vie—1))]) . (2.68)

and

<.

n —1

n,l,l = ZYn 05 nf = Z Z Hl(? (269)

21 _(4z+2)L4Z’;2J+1i=(4e+2)Lge;12j+1

4042 n
Rn,l,? = Z Zn,f; n e Z Z Z H((52+2)k+a j° (270)
=1

>1 —(40+2)| 25 |41 k=0
For a fix £ > 1, we evaluate the contribution of of Y;,  and Z,, ,.

Lemma 2.7. Let £ > 1. The following inequalities hold.

1

sup ———————=1Y, N 2.71

ngli n3/2,/LL (n) Vel . =% tp (2.71)
sup————— |Z,fl| < cpl00p. (2.72)
n>1 n3/2/LL (n) ’ p,00 ’

Proof: First observe that Y,, ¢ is a sum of at most (4¢ + 2)2 random variables whose
weak-LP-norm does not exceed 6, hence by cutting the supremum where n is
between two consecutive multiples of 4¢ 4 2 gives

» 1/p
1 1
sup —————— Y}, < — |V, 2.73
no1 12 LL(n)| ’dpoo n; HS/QVLL(TL)| ’Apoo i
1/p
c(l+2)' PN g, (2.74)

n>1

In order to treat Z,, ;, we decompose it as Zn T2 > Where

4042 n I_ 4]2:-12 J -

1
) )
n, ne = Z Z Z (H(4Z+2)k+a j —E {H(4€+2)k+a,j | V]Z])

o=l j=(4042) | 72+

4042 n L4je_+12J -1

n, nt = Z Z Z E [H((2+2)k+a7j | ng} :

a= 1_7 (4é+2)l_41{+2j+1 k=0
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We first use (1.25) to get

» 1/p
1 1
N < R /1
tieavenolcll NI Y rav it I
(404+2)(N+1)—1 P
< | S NTTE@eTE LS |z,
N>1 n=(40+2)N 7

and for all n such that (40 +2)N <n < (40+2)(N+1) -1,

Zrl
H n,l Pp,00

4042 | iz -1

) 0
< Z Z Z <H(4€+2)k+a,j —E |:H(4€+2)k+a,j | ‘/j,€:|)

o=l j=(40+2)| 125 |+1 k=0

P,
4042 (40+2)(N+1) ||IN-1 o ©
[ [
= Z Z Z (H(4e+2)k+a,j —-E [H(4e+2 Vk4a,j | VJ ED
a=1 j=(404+2)N+1 |l k=0 P00
hence
P
sup _ |Z,.]
n>113/2\/LL (n) ™ )
<N NPT e+ 2) 7 x
N>1
4042 (4+2)(N+1) ||N-1 o © p
Z Z Z (H(4Z+2)k+a,j —E [H(4z+2)k+aj | VMD (2-75)
a=1 j=(44+2)N+1 || k=0 P00

For all fixed j, we notice using Lemma A.5 that

( 7O

(0)
(4¢+2)k+a,j —E |:H

Vid])
(4¢+2)k+a,j ‘ 7> 0<k<N-1

is a martingale differences sequence with respect to the filtration (Fi)ocp<n_1
where

Fi =0 (Vo) Vo (Virsayita i < k)

hence
< (¢ (0)
Z (H(4e+2)k+ag E |:H(4€+2)/c+aj | VMD

=0
\ g (€)

[ [
Z ( (4042)k+a,j E [H(4e+2)k+a,j | VMD

2

p/2
§ ~E|H) v D) < e
(4€+2)k+a,] (40+2)k+a,j | Vie ) =6 2,2
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and plugging this estimate into (2.75) gives

1
o Z/
Ty wm A

P00
1/p
STNTIPR 04+ 2) R (01 2P NOY | < Cpat'?,
N>1
We control the contribution of Z/ , by noticing that E H((4;+2)k+a i | VM} is actu-
ally independent on k.
This ends the proof of Lemma 2.7. [
2.3.2. Treatment of terms of the form ) . H(Ez()4z+2)u+b and

(£)
> (40+2)uta,(40+2) | 725 |+b°

Lemma 2.8. For all £ > 1 and all a,b € [4¢ + 2], the following inequality holds

4F+2
() —-3/2
S L () Z Ho sl S (40427 00y (276)
p,00
Lemma 2.9. For all £ > 1 and all a,b € [4¢ + 2], the following inequality holds
) | 2] " )
¢ —1-1/p
_ <
:Lgi n3/2\/LL (n) ;::1 H(4£+2)u+a,(4e+2)t4212 <cp (40+2) Oe.p

P,

(2.77)

The proof follows exactly the same idea as the proof of Lemmas 2.4 and 2.5,
where the use of Corollary 1.3 is replaced by that of Proposition A.4.

‘
2.3.3. Treatment of terms of the form ), H((4z+2)u+a (40+2)utb"

Lemma 2.10. For all ¢ > 1 and all a,b € [44 + 2|, the following inequality holds

)
(£) —3/2
Slili Y Z H(4£+2)u+a,(4z+2)u+b <, (40 +2) O p- (2.78)
u=1

p,o0

This follows from the fact that (H © forms a two-dependent

(40+2)u+a, (4€+2)u+b) w>1
sequence. -

2.4. Proof of Theorem 1.7. Let us explain the idea of the proof. The convergence is
essentially due to the partial sums of strictly stationnary sequence (Y%),~,, where

Vi=Yio+ Y Yie— Yieo (2.79)
0>1

and

Yie :=E[h (foe(Vie) s fe (Vor)) | Vie] —E[h(fe(Vie) fe (Vee))] - (2.80)
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We can establish the convergence of (n_l/ 2 > orey Yk)n>1 by showing the conver-

gence of (n‘l/2 Sory Yk’L)n>1 for a fixed L and by controlling the remainder. We
have to prove that all the terms in the decomposition obtained in Proposition 1.1
converge to zero in probability. To sum up, we start by writing

—72Un (b . ()iez) ~ E [Un (. T (e0)e2)] = % St U (0, ;) +
k=1

+#Z Z Uif;ﬂij(hz(f%ﬂ(?b>>+Rn,1,1+Rn12+ZRnk, (2.81)

£>1 a,be[40+2)

where for each £ > 1 and all a,b € [4¢ + 2], the U-statistic U‘ffJ (hff%, (E?’b)) has
2¢ ’

independent data and is degenerated, and the remainder terms are defined as

-1

Rna= 3/2 Z Z Hl(l;)

£21 j=(a042) | 15 | +1i=(4+2) | 475 | +1

<.

4042 |_4e+ 1

7]
Ry 3/2 Z Z Z Z H(4€+2 k+a,j’

£>1 a= 1 (4[+2)L J+1

\_4“2 -1

n 2 3/2 Z Z Z H1(Lt21€+2)+a u(4042)+b

£>1  u=0 a,be[44+2]
a<b

1 [ ) @)
V4
Ry3 = n3/2 Z (Ha7v(4£+2)+b + 1, v<4€+2>+a>
>1 v=1 a,be[44+2]
0<a—b<(20+1)—1
| 2t ] -1

1 () )
Rpq= W Z Z ( a,(v+1)(404+2)+b + H(4/+2)+b v(4/+2)+a)
£>1 a,be(4e4+2]  v=1

(204+1)<a—b< (40+2)—1

4Z+2

(0)
”’5 n3/2 Z Z Z( w(404+2)+a,(u+1)(440+2)+ Hu(4z+2)+a,2m(2e+1)+b>
>1  a,be[40+2] u=0

(204+1)<a—b< (4€+2)—1

| 2= ] -

1
(£) (£)
R = n3/2 Z Z (Hb,v(4e+2)+a - Hu(4z+2)+b,u(4z+2)+a)
>1 a,be[40+2] v=1

(20+1)<a—b< (40+2)—1

_ 1 )
R, 7= 372 ZRn,77

>1

)

(4042) | 725 |+1 n

¢ n
Rf,,} = (M +1) LMHJ (Yie—Yio—1)—nY (Yie—Yie—1)

~
Il
-
£
Il
-
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with

HY = h(fe (Vi) s fe (Vi) —E R (fe (Vi) o fe (Vie)]
= (h(fo—1 (Vig—1), fo-1 (Vje—1)) =E[h(fr-1 (Vie-1), fo-1 (Vje-1))]) -
We then follow the steps:

(1) we show that (n=/23")_, Yi), -, converges to a centered normal distri-
bution with variance a

(2) We show the convergence in probability to zero of all the terms R, 11,
Rn,l,Q» Rn,k7 2 < k < 7.

2.4.1. Convergence of (n‘1/2 Yorey Yk)n>1' We use Theorem 4.2 in
Billingsley (1968), which states the following. For L,n € N, Z,, Zn,r, Wi, and Z
are real-valued random variables defined on a common probability space (Q, F,P).
We assume that

(1) for all L € N, Z, ;, — Wy, in distribution as n — oo;

(2) Wi — Z in distribution as L — oo, and

(3) for each € > 0, limy,_,o0 limsup,, ,.o P{|Zn, — Zn| >} =0.
Then Z,, — Z in distribution as n — oo.

We will apply the result in the following setting:

1 n
Zni=—7=) Yir, (2.82)
s

W, a centered normal variable with variance 0% := Zﬁzf . Cov (Yo,,Ye ) and W
a centered normal variable with variance 0% = 3", ., Cov (Yp, Yz).

The first item follows from the central limit theorem for (2L + 1)-dependent
random variables; the second one from the convergence of (O’%) 1> 1O o2, which
can be seen by writing Yi, . =Y = > s (Yi,e — Yi,e41) and using Cauchy-Schwarz
inequality:

L
Z Cov (YO,L; Yk,L) — Cov (}/07 Yk)
k=—L
L L
S Z |COV (YO,L;Yk,L - Yk)| + Z ‘COV (Y07L - YQ,Yk)|
k=—L k=—L
<2L|Yorlly Y Oea+2L(Yell, > 02 (2.83)
>L >L

and the quantities ||Y .||, and ||Y%]|, are bounded independently of L and k.
For the third item, we start from Chebytchev’s inequality:

P{|Zn,r — Zn| > €} <72 (| Zn1 — Znll, (2.84)
and
1 n
1Zn1 = Zully <Y NG > (Vew = Yie1) (2.85)
>L k=1 9
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and Hﬁ ZZ:1 (Yie — kag,l)H does not exceed a constant times 51/20572 hence
2

2

limsupP{|Z, 1 — Zn| > e} <e? 251/26‘&2 . (2.86)

n—-+oo >L

2.4.2. Convergence in probability of Ry 1.1, Rn12 and Ry, 2 <k <6 to 0. Ob-
serve that

j—1

EflBnaall < 3/2 Z Z Z HHZ(ZJ)) 1’

€21 j=(a042) | 8 | +1i=(40+2) | I

(2.87)

that HH 0 H < 0,1 and that the number of terms in the two inner sums is of order

£2 hence

E[|Rn1a]] < 3/221329“ (2.88)
£>1

We use the same method for the terms R, 12 and R, 1, 2 < k < 6.

2.4.3. Treatment of R, 7. First we rewrite R, 7 as a double sum, namely, as

R = 3/2 ZZ Yie = Yio—1) Cnke (2.89)
0>1k>1
where
—@r2) | k<@ || 41| —nk<nl,  (290)
Cn,kt = 40+ 2 > 0+2 n n|, .

with the notation [P] = 1 if the assertion P holds and 0 otherwise. Write n as
(44 +2) N + r, where 0 < r < 4¢+ 1. Then

e =—qlk < N@Al+2)+1)]—n[N((4l+2) <k<n], (2.91)
hence

(4042) | 725 |+1

|Rn7| < 3/2 Z Z (Yo = Yie—1)

£>1 k=1

and taking the expectation gives that

IR zlly <2072 46,1 (2.92)
>1
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2.5. Proof of Theorem 1.15. We start the proof of Theorem 1.13 by given a bound
on the dependence coefficients in terms of the L"-norm of the density of the random
variable E [Xo | 0 (ey, (< u<{)] —E[X, |0 (ey,j — ¢ <u<j+{)] and the LI-
norm of E [XO | V07g] —-E [XO ‘ ‘/07@_1]5
¢
Oep < Cllmellg " (2.93)

where C' is independent of /.

Let us show (2.93). By the definition of the dependence coefficients (1.8),
we have to control sup;~q |k (fe (Vo,e) fe (Vie)) — b (fi—1 (Vo,e—1), fo—1 (Vj,g_l))Hp
with A (z,y) = 1{|lx —y| <t}. We will control for a fixed ¢ and j the quan-
tity [|2 (fe (Vo,e) » fe (Vjie)) = h (fe—1r (Vo,e-1)  fem1 (Vje—1))|,,- The last quantity in-
volves four random variables, that we will define as

X =E[Xo|o(en, -l <u<{),
X' =E[Xg|o(eu,—l+1<u<l—1)]
Vi=E[X;|o(eu,j—t<u<j+0)],
Y =E[Xj|o(cu,j—L+1<u<j+l—1)
in order to ease the notations. For each fixed §, the following inequalities take place:
17 (fe Voe), fe (Vo)) = b (feer (Voe—1) 5 fe—1 (Vie—1))ll,,
=H{x -V <t} - 1{IX" = Y'[ < t}],
<X =Y <t} - 1{X" = Y| <},
+I{IX =Y <t} - 1{[X" =Y <1},
<P{X - X'|>8}"/"
HIA{X - Y[ <t} - 1{X" = Y[ < t}) 1{|X - X'| < 3},
FP{Y - Y| > 5}M/P
HIA{X =Y <t} - {X =Y | <) 1{[y = V'[ <6}, -
The terms P{|X — X’| > §}'/? and P{]Y —Y’| > 6}"/? can be bounded by
Markov’s inequality, giving
P{X - X'| > 8} /P4 P{Y - Y| >5}/" <
—q/ _ y9/p —q/ /P _ 95—q/ _ y9/P
O PNX = X7 4 0P Y = Y[ = 207X = XTI, (2.94)
where we used in the last equality the fact that X — X’ has the same distri-
bution as Y — Y’. Moreover, observe that 1{|X —Y| <t} — 1{|X' -Y| <t}
is equal to one if | X —Y] < ¢t and | X’ —Y]| > ¢ or the other way around. In
both cases, the additional information that |X — X’| < § shows that |X — Y| be-
longs to the interval [t — §,t + §]. Using a similar argument for the control of
[(L{X" =Y <t} —1{|X' = Y'| <t})1{]Y — Y| < 6},, we derive the bound
[h (fe Vo,e) s fe (Vie)) = h(fe—1 (Voe=1) 5 fe—1 (Vie=1))Il,,
<2677 | X — X'V 4 P{t -6 <|X ~Y|<t+6)7
FP{t -6 <|X —Y'|<t+a}7.
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Now, using the assumption on the density of X —Y and X’ —Y’, we obtain

1 (fe Vo,e), fe (Vo)) = b (femr (Voe=1) 5 fo—1 (Vie-1))ll,,

< 2§7/P X — X/Hg/p + 4\ grell c=

(R)
We choose § in such a way that the last two terms have a similar contribution equal.

This leads to the choice 6 = || X — X’||;+’%1 , from which inequality
17 (fe Voe), fe (Vo)) = b (fer (Vo,e—1) 5 fe—1 (Vie-1))ll,,

<C|IEXo|o(eu, A <u<tl)]—E[Xo|o(cu,—L+1<u<l— 1)]||q“("j”+"

follows, giving (2.93).

Now, the law of large numbers and the bounded law of the iterated logarithms
follow from the combination of (2.93) with Theorem 1.5 and Theorem 1.4 respec-
tively. For the central limit theorem, we use again (2.93) in order to check that
(1.33) holds. It remains to verify (1.34) which will be done by controlling each term
of the series in (1.40). To this aim, let Z;, and Z}, be the random variables involved
in the statement. We have to show that

DoI{1Ze - Xgl <t} = 1{IZ; — X5 <}, (2.95)
keZ

where X = f ((aLu)uez
the quantity |1 {|Z, — X{| <t} — 1{]|Z}, — Xg| < t}|, for each fixed k, that is, we

intersect over {|Zy —Z;|<d} for some well chosen §, namely, ¢ =
(r—1)
|Z — Z, é‘iﬂ"'*l). This ends the proof of Theorem 1.13.

). Use use the same method as before in order to control

A. Appendix

In this appendix, we collect some fact about partial sums of martingales or
functional of independent sequences that we will need in the proof.

The first is a probability inequality for martingales; Proposition A.2 and A.3
give a control of the maximal function involved in the strong law of large numbers,
respectively for martingales and functionals of a fixed number of i.i.d. random
variables. We end the Appendix by two lemmas on conditional expectation.

Proposition A.1 (Theorem 1.3 in Giraudo, 2019). Let 1 < p < 2 and ¢ > p. Then
there exists constants ¢1 and ¢y depending only on {p,q} such that if (d;);—, is a
martingale differences sequence with respect to a filtration (]:i)?zl, then for each
integer n and each positive x,

n 1
IP’{ >:U} SqZ/ P{|d;| > zucy} u?'du
i=1 70
1 n 1/p
+cl/ P <ZE[|di|p|fi1]> > zucy pul tdu. (A1)
0 i=1
The next Proposition gives a control of the maximal function involved in the

strong law of large numbers. A control on the r-th moment for r < p was obtained

n

S

i=1
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in the proof of Theorem 4.1 in Woyczyniski (1982). The control on the weak-ILP-
moment was explicitely established in Cuny (2015), p. 324, under a stationarity
assumption, but the proof works for martingale with identically distributed incre-
ments.

Proposition A.2. Let (dj)j21 be an identically distributed martingale differences
sequence with respect to the filtration <]:j)j>0' Then for all 1 <p < 2,

n>1

1 n
sup —— Z; d; <cpldill, . (A.2)
J= p,00

Proposition A.3. Let { > 1 and (Xj)j>1 be a sequence such that X; =
f ((eu)jH ), where (), ¢z 1 i.1.d. and Xy is centered. Then for all 1 < p <2,

u=j—~
1 |« _
SUp ZXj < 0t Xl - (A.3)
n>1 =1 pioo
Proof: We first notice that
e =
sup 7, doxil< > sup - > Xaes2yeta (A.4)
n21 j=1 aclde+2) "=t k=1

and we apply Proposition A.2 to the sequences (X(4g+2)k+a)k>l for all fixed a €

[4¢ + 2]. O

The next Proposition give a control of the weak-ILP-norm of the maximum func-
tion involved in the bounded law of the iterated logarithms for partial sum of
stationary sequences. When the involved sequence is i.i.d. and centered, this re-
duces to Théoréme 1 in Pisier (1976). This can be extended to the context of the
functional of 2¢ 4+ 1 i.i.d. random variables by the same method as in the proof of
Proposition A.4.

Proposition A.4. Let £ > 1 and (Xj)j>1
f ((%)f;é-_g), where (€y),¢y 5 i.1.d. and Xy is centered. Then for all 1 <p < 2,

be a sequence such that X; =

sup ZXj <% X, - (A.5)

1
n>1/nLL(n) 1=

Lemma A.5 (Proposition 2 p. 1693 in Wang and Woodroofe, 2013). Let Y be a
real-valued random variable and let F and G be two sub-c-algebra such that G is
independent of the o-algebra generated by Y and F. Then

E[Y | FVGl=E[Y | F]. (A.6)

Finally, the next lemma is well-known.

p,00

Lemma A.6. Let Y and Z be two independent random variables with values in
R?. Let f: R? x R* — R be a measurable function. Then

Elf(Y,2)|o(2)]=9(2), (A.7)
where g: RY — R is defined by g (2) = E[f (Y, 2)].
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