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Abstract. In this paper, we study spatial averages for the parabolic Anderson
model in the Skorohod sense driven by rough Gaussian noise, which is colored in
space and time. We include the case of a fractional noise with Hurst parameters H0

in time and H1 in space, satisfying H0 ∈ (1/2, 1), H1 ∈ (0, 1/2) and H0 +H1 > 3/4.
Our main result is a functional central limit theorem for the spatial averages. As
an important ingredient of our analysis, we present a Feynman-Kac formula that is
new for these values of the Hurst parameters.

1. Introduction

We consider the Parabolic Anderson Model (PAM) on R+ × R
∂u

∂t
=

1

2
∆u+ u � Ẇ ,

u(0, ·) ≡ 1,

(1.1)
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where Ẇ (t, x) is a generalized centered Gaussian random field with covariance

E
[
Ẇ (t, x)Ẇ (s, y)

]
= γ0(t− s)γ(x− y). (1.2)

The product in (1.1) is the Wick product and the mild solution is defined in the
Skorohod sense. We assume that the covariance (1.2) satisfies one of the following
two (overlapping) sets of conditions:

(H1) γ0 : R → [0,∞] is a nonnegative-definite locally integrable function and
γ is a tempered distribution, whose Fourier transform µ admits a density ϕ that
satisfies the following modified Dalang’s condition:∫

R

ϕ(x)2

1 + x2
dx < +∞. (D)

We also assume that ϕ is continuous at zero with ϕ(0) = 0 and the following
concavity condition is satisfied: ∃ κ0 ∈ (0,∞) such that

ϕ(x+ y) ≤ κ0

[
ϕ(x) + ϕ(y)

]
for every x, y ∈ R. (C)

(H2) γ0(t) = |t|2H0−2 for some H0 ∈ (1/2, 1) and ϕ(z) = |z|1−2H1 for some
H1 ∈ (0, 1/2) such that1 H0 +H1 > 3/4.

The existence of a unique mild solution under condition (H1) has been estab-
lished in Huang et al. (2017a,b). Notice, that unlike many of the works on the
stochastic heat equation with spatial colored noise, in (H1) the correlation func-
tion γ does not need to be a measure. Previously the random field solution theory
for the stochastic heat equation driven by a Gaussian noise white in time and rough
in space, was restricted to the range H1 ∈ (1/4, 1/2) (see, for instance, Balan et al.,
2015; Hu et al., 2017, 2018). Condition H0 + H1 > 3/4 in case (H2) breaks the
barrier 1/4, which is required under (H1) if ϕ(x) = |x|1−2H1 , and it has been ob-
served in Song et al. (2020) that the random field solution exists for the PAM when
H0 ∈ (1/2, 1), H1 ∈ (0, 1/2) and H0 +H1 > 3/4.

We are interested in deriving a functional central limit theorem (CLT) for spatial
averages of the form

At(R) :=

∫ R

−R

[
u(t, x)− 1

]
dx, (1.3)

as R→∞, where t ∈ [0,∞). Using the chaos expansion of the solution (see (2.3))
and a chaotic CLT (see Theorem 1.4)), we prove the following main result.

Theorem 1.1. Let At(R) be defined as in (1.3) and suppose that one of the as-
sumptions (H1) or (H2) holds. Then, as R→∞,{

1√
R
At(R)

}
t∈R+

converges in law to a centered Gaussian process G on C(R+;R),

where for any t1, t2 ∈ R+,

E
[
Gt1Gt2

]
= 2

∫
R
E
[
g
(
I1,2
t1,t2(z)

)]
dz,

with g(z) = ez − z − 1 and I1,2
t1,t2(z) being the random variable defined in Proposi-

tion 1.3.

1In the fractional case we actually have ϕ(z) = c(H1)|z|1−2H1 , with c(H1) =
sin(πH1)

2π
Γ(2H1 +

1), but to simplify the presentation we take c(H1) = 1.
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Since the work Huang et al. (2020a) of Huang, Nualart and Viitasaari, there have
been a series of papers devoted to central limit theorems for spatial averages of sto-
chastic partial differential equations. The authors of Huang et al. (2020a) consider
the nonlinear stochastic heat equation driven by space-time white noise on R+×R
and they are able to provide a functional central limit theorem for At(R). Their
methodology begins with rewriting At(R) = δ(Vt,R) as a Skorohod integral and
then appeal to the recent Malliavin-Stein approach (Nourdin and Peccati, 2012) to
obtain a quantitative CLT for At(R) in total variation distance. The convergence
of finite-dimensional distributions can be proved using the multivariate Malliavin-
Stein bound and the tightness is established using Kolmogorov’s criterion. Other
key tools used in Huang et al. (2020a) are Clark-Ocone formula, Burkholder’s in-
equality and they essentially rely on the assumption that the underlying Gaussian
noise is white in time so as to render us a martingale structure. Soon later, the
authors of Huang et al. (2020b) consider the same equation with spatial dimension
d ≥ 1; while imposing that the Gaussian noise is white in time and it has a spatial
covariance given by the Riesz kernel, they establish a functional CLT and a quan-
titative CLT for spatial averages. We also refer interested readers to several other
investigations on stochastic heat equations in Chen et al. (2019, 2020); Gu and Li
(2020); Khoshnevisan et al. (2020); Pu (2020) and on stochastic wave equations
in Nualart and Zheng (2020b); Delgado-Vences et al. (2020); Nualart and Zheng
(2020c); these papers more or less follow the path paved by the work Huang et al.
(2020a), although the nature of the problems and the techniques differ.

In the above references, the underlying Gaussian noise is always white in time,
which is crucial to apply stochastic calculus techniques. These techniques are not
available in our framework because the noise is colored in time, which forces to
restrict our study to linear equations, where we can use Wiener chaos expansions
and Feynman-Kac formulas. In Nualart and Zheng (2020a), that is the closest work
to the present paper, Nualart and Zheng consider the PAM (1.1) on R+ ×Rd with
the correlation kernels γ0 and γ satisfying the following conditions:

(i) γ0 : R→ [0,∞] is nonnegative-definite and locally integrable.
(ii) γ is a positive finite measure, expressed as the Fourier transform of some

nonnegative tempered measure µ that satisfies Dalang’s condition (Dalang,
1999; Hu et al., 2015)

∫
Rd

µ(dξ)
1+‖ξ‖2 < ∞, where ‖ · ‖ denotes the Euclidean

norm.
In Nualart and Zheng (2020a), the Gaussian fluctuation is established for∫

{‖x‖≤R}
[u(t, x)− 1]dx

for each t > 0 and, under the extra integrability condition on γ0∫ t0

0

∫ t0

0

γ0(s− t)s−αt−αdsdt <∞, for some α ∈ (0, 1/2), t0 > 0, (1.4)

the functional CLT holds as well; see Nualart and Zheng (2020a, Theorems 1.6, 1.9)
for more precise statements. Note also that in our Theorem 1.1, we do not need to
assume condition (1.4) used to guarantee the tightness.

Observe that unlike in the papers Huang et al. (2020b); Delgado-Vences et al.
(2020), the variance order of At(R) is R, which does not depend on the parameters
of the covariance, for example, the Hurst index H1 in the setting (H2). This is due
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to our assumption ϕ(0) = 0 in both settings of (H1) and (H2), that forces the
negligibility of the first chaotic component of At(R) in the limit, while the other
chaoses contribute to the order R. This situation is completely different from the
case H1 > 1/2, where a nonchaotic behavior occurs.

In what follows, we briefly sketch the main steps of the proof of Theorem 1.1.
The first step in proving Theorem 1.1 is to show the order of the limiting variance
and more generally, to establish the limit covariance structure.

Proposition 1.2. Assume hypothesis (H1) or (H2). For t1, t2 ∈ R+,

1

2R
Cov

(
At1(R), At2(R)

) R→∞−−−−→
∫
R
dzE

[
eI

1,2
t1,t2

(z) − I1,2
t1,t2(z)− 1

]
, (1.5)

where I1,2
t1,t2(z) is defined in Proposition 1.3. Moreover if Πp(•) denotes the orthog-

onal projection onto the pth Wiener chaos associated to W (see Section 2 for more
details), we have for p = 1,

lim
R→∞

1

2R
Cov

(
Π1At1(R),Π1At2(R)

)
= 0, (1.6)

and for each p ≥ 2,

lim
R→∞

1

2R
Cov

(
ΠpAt1(R),ΠpAt2(R)

)
=

1

p!

∫
R
dzE

[ (
I1,2
t1,t2(z)

)p ]
. (1.7)

An important ingredient to prove Proposition 1.2 is the following Feynman-Kac
formula for the moments of the solution. In the case (H1), this formula is essentially
a reformulation of Corollary 4.4 in Huang et al. (2017a) and the result for (H2) is
new, so we provide in Section 6 a unified proof for both cases.

Proposition 1.3. In both cases (H1) and (H2), we have for any (si, ti, xi, yi) ∈
(0,∞)2 × R2, i = 1, . . . , k (k ≥ 2)

E

[
k∏
i=1

u(ti, xi)

]
= E

exp

 ∑
1≤i<j≤k

Ii,jti,tj (xi − xj)

 , (1.8)

where

Ii,jt,s(z) :=

∫ t

0

∫ s

0

drdvγ0(r − v)

∫
R
dξϕ(ξ)e−i(B

i
t−r−B

j
s−v+z)ξ

is understood as the Lp(Ω)-limit (for any p ≥ 1) of∫ t

0

∫ s

0

drdvγ0(r − v)

∫
R
dξe−εξ

2

ϕ(ξ)e−i(B
i
t−r−B

j
s−v+z)ξ =: Ii,jt,s,ε(z),

with B1, . . . , Bk being i.i.d. standard Brownian motions on R. Moreover, for each
i < j and for any λ > 0,

sup
{
E
[

exp
(
λ|Ii,jt,s,ε(z)|

)]
: ε > 0, z ∈ R

}
<∞.

Once Proposition 1.2 is proved, we apply the multivariate chaotic central limit
theorem to establish the convergence in law of finite-dimensional distributions
(f.d.d.). This chaotic CLT is a consequence of the well-known fourth moment the-
orems (Nourdin and Peccati, 2012; Nualart and Peccati, 2005; Peccati and Tudor,
2005).
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Theorem 1.4 (Multivariate chaotic CLT). Fix an integer n ≥ 1 and consider a
family

{
AR : R > 0

}
of centered random vectors in Rn such that each component

of AR = (AR,1, . . . , AR,n) belongs to L2(Ω, σ{W},P) and has the following chaos
expansion

AR,j =

∞∑
q=1

IWq (gq,j,R) with gq,j,R ∈ H�q,

where IWq denotes the qth-multiple stochastic integral with respect to W (see Sec-
tion 2). Suppose the following conditions (a)-(d) hold:

(a) ∀i, j ∈ {1, . . . , n} and ∀q ≥ 1, E
[
IWq (gq,j,R)IWq (gq,i,R)

] R→+∞−−−−−→ σi,j,q.

(b) ∀i ∈ {1, . . . , n},
∞∑
q=1

σi,i,q <∞.

(c) For any 1 ≤ r ≤ q − 1,
∥∥gq,i,R ⊗r gq,i,R∥∥H⊗(2q−2r)

R→+∞−−−−−→ 0.

(d) ∀i ∈ {1, . . . , n}, lim
N→+∞

sup
R>0

∞∑
q=N+1

E
[
IWq (gq,i,R)2

]
= 0.

Then AR converges in law to N(0,Σ) as R → +∞, where Σ =
(
σi,j
)n
i,j=1

is given
by σi,j =

∑∞
q=1 σi,j,q.

We refer to Campese et al. (2020); Nourdin and Peccati (2012); Hu and Nualart
(2005) for more details on this result and to Section 2.2 for the definition of the
Hilbert space H and the r-contraction ⊗r in our setting. As the last step in the proof
of Theorem 1.1, we will establish the tightness by using Kolmogorov’s criterion. The
key tool is the hypercontractivity property of the Ornstein-Uhlenbeck generator, see
(2.1).

Remark 1.5. Theorem 1.1 and Proposition 1.3 also hold under Hypothesis (H1)
if γ0 = δ0, that means, if the noise is white in time. The proofs are similar and
we omit the details. In this framework, the random variables Ii,jt,s,ε(z) defined in
Proposition 1.3 would have the expression∫ t∧s

0

dr

∫
R
dξe−εξ

2

ϕ(ξ)e−i(B
i
t−r−B

j
s−r+z)ξ.

The rest of this article is organized as follows: Section 2 is devoted to prelimi-
nary knowledge that is required for later proofs, and we prove Proposition 1.2 in
Section 3; we show the f.d.d. convergence and tightness respectively in Section 4
and Section 5; the last section contains the proof of Feynman-Kac formula.

2. Preliminaries

We first introduce some handy notation here.

2.1. Notation. For r ∈ N and xrxrxr = (x1, . . . , xr), we write dxrxrxr = dx1 . . . dxr,
µ(dxrxrxr) = µ(dx1) . . . µ(dxr) and τ(xrxrxr) = x1 + · · · + xr. For integers 1 ≤ r < p, we
write (ξ1, . . . , ξp) = ξpξpξp = (ξrξrξr, ηp−rηp−rηp−r) with ξrξrξr = (ξ1, . . . , ξr) and ηp−rηp−rηp−r = (ξr+1, . . . , ξp).

For any p ∈ N, Sp denotes the set of permutations of {1, 2, . . . , p}, and for any
spspsp = (s1, . . . , sp) we write sσps

σ
ps
σ
p = (sσ(1), . . . , sσ(p)).
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For any interval I, we use |I| to denote its length.
For any t > 0 and m ∈ N, put ∆m(t) :=

{
rmrmrm ∈ Rm+ : t > r1 > · · · > rm > 0

}
and SIMm(t) :=

{
wmwmwm ∈ Rm+ : w1 + · · ·+ wm ≤ t

}
.

For any p > 0 and any random variable X ∈ Lp(Ω), we write ‖X‖p =(
E[|X|p]

)1/p.
2.2. Wiener chaos expansion. For φ, ψ ∈ C∞c (R+ × R), we define

〈φ, ψ〉H =

∫
R2

+

dsdtγ0(s− t)
∫
R
dξϕ(ξ)Fφ(s, ξ)Fψ(t,−ξ)

where Fφ(s, ξ) :=
∫
R e
−ixξφ(s, x)dx is the Fourier transform with respect to the

spatial variable only. Due to our assumptions ((H1) or (H2)), the above functional
(φ, ψ) 7−→ 〈φ, ψ〉H defines an inner product, under which C∞c (R+ × R) can be
extended to a Hilbert space, denoted by H.

We can view the noise W as an isonormal Gaussian process over H, that is,
{W (h) : h ∈ H} is a centered Gaussian family with

E
[
W (φ)W (ψ)

]
= 〈φ, ψ〉H,

for any φ, ψ ∈ H. For any n ∈ N, we denote by H⊗n the nth tensor product of H
and by H�n the symmetric subspace of H⊗n.

It is a well-known fact that L2(Ω, σ{W},P) can be decomposed into an infinite
orthogonal sum:

L2(Ω, σ{W},P) =

∞⊕
p=0

Cp,

where Cp is called the pth Wiener chaos and it is the L2(Ω)-completion of the set{
Hp

(
W (ψ)

)
: ‖ψ‖H = 1

}
,

with Hp(x) = (−1)pex
2/2 dp

dxp e
−x2/2 denoting the pth Hermite polynomial. For any

integer p ≥ 1, the multiple integral IWp of order p is a bounded linear operator from
H⊗p onto Cp uniquely characterized by the following conditions:

(i) Given any orthogonal unit vectors e1, . . . , ek ∈ H (k ≥ 2) and any nonneg-
ative integers n1, . . . , nk such that n1 + · · ·+ nk = p, it holds that

IWp

(
e⊗n1

1 ⊗ e⊗n2
2 ⊗ · · · ⊗ e⊗nkk

)
=

k∏
i=1

Hni

(
W (ei)

)
.

(ii) For any f ∈ H⊗p, IWp (f) = IWp (f̃), where f̃ ∈ H�p denotes the symmetriza-
tion of f .

For p = 0, C0 = R and I0 is the identity. The following isometry property holds for
any f ∈ H⊗p and g ∈ H⊗q (see Nourdin and Peccati, 2012; Nualart, 2006 for more
details):

E
[
IWp (f)IWq (g)

]
= p!

〈
f̃ , g̃
〉
H⊗p1{p=q}.

Another important property of Wiener chaos is the following consequence of
hypercontractivity (see e.g. Nourdin and Peccati, 2012, Corollary 2.8.14): If F ∈ Cp
for p ≥ 1, then for any k ≥ 2,∥∥F∥∥

k
≤ (k − 1)p/2

∥∥F∥∥
2
. (2.1)
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Let us introduce the contractions appearing in condition (c) of Theorem 1.4. For
integers p, q ≥ 1, the r-contraction f ⊗r g for f ∈ H⊗p, g ∈ H⊗q and 1 ≤ r ≤ p ∧ q
is the element of H⊗(p+q−2r) defined by

f ⊗r g =

∞∑
i1,...,ir=1

〈f, ei1 ⊗ · · · ⊗ eir 〉H⊗r 〈g, ei1 ⊗ · · · ⊗ eir 〉H⊗r ,

where {ei, i ≥ 1} is a complete orthonormal system in H. In the particular case
where f and g are locally integrable functions, the contraction f ⊗r g has the
following expression

(f ⊗r g)
(
tp−rtp−rtp−r, ξp−rξp−rξp−r;sq−rsq−rsq−r, ηq−rηq−rηq−r

)
=

∫
R2r

+ ×Rr
(Frf)

(
tp−rtp−rtp−r, ξp−rξp−rξp−r, ararar, ζrζrζr

)
× (Frg)

(
sq−rsq−rsq−r, ηq−rηq−rηq−r, brbrbr,−ζrζrζr

) r∏
j=1

γ0(aj − bj)ϕ(ζj)dajdbjdζj ,

where Fr denotes the Fourier transform with respect to the r space variables. We
refer readers to the appendix of Nourdin and Peccati (2012) for more explanations
on the contractions.

2.3. Malliavin calculus. We will denote by D the derivative operator in the sense
of Malliavin calculus. That is, if F is a smooth and cylindrical random variable of
the form

F = f(W (h1), . . . ,W (hn)) ,

with hi ∈ H and f ∈ C∞c (Rn), then DF is the H-valued random variable defined
by

DF =

n∑
j=1

∂f

∂xj
(W (h1), . . . ,W (hn))hj .

The Sobolev space D1,2 is the closure of the space of smooth and cylindrical random
variables under the norm

‖DF‖1,2 =
√

E[F 2] + E[‖DF‖2H] .

We denote by δ the adjoint of the derivative operator given by the duality formula

E(δ(u)F ) = E(〈DF, u〉H),

for any F ∈ D1,2 and any u ∈ L2(Ω;H) in the domain of δ. The operator δ is
also called the Skorohod integral because in the case of the Brownian motion, it
coincides with an extension of the Itô integral introduced by Skorohod. We refer
to Nualart (2006) for a detailed account of the Malliavin calculus with respect to a
Gaussian process.

If F ∈ D1,2 and h is a deterministic element of H, then Fh is Skorohod integrable
and, by definition, the Wick product F �W (h) equals the Skorohod integral of Fh,
that is,

δ(Fh) = F �W (h).
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2.4. Mild solution. Now we define

Ft = σ
{
W (φ) : φ ∈ C∞c (R+ × R) has support contained in [0, t]× R

}
∨N ,

where N denotes the collection of null sets. This gives us a filtration F := {Ft : t ≥
0}.

For each t > 0 and x ∈ R, G(t, x) = (2πt)−1/2e−x
2/(2t) denotes the fundamental

solution of the heat equation.

Definition 2.1. An F-adapted random field u = {u(t, x) : t ≥ 0, x ∈ R} is a mild
solution to (1.1) if for all (t, x) ∈ R+×R, the process {G(t−s, x−y)u(s, y)1[0,t](s) :
(s, y) ∈ R+ × R} is Skorohod integrable and following integral equation holds

u(t, x) = 1 +

∫ t

0

∫
R
G(t− s, x− y)u(s, y)W (ds, dy), (2.2)

where the stochastic integral is understood in the Skorohod sense.

From the results of Huang et al. (2017b,a); Nualart and Zheng (2020a), under
hypotheses (H1) or (H2), there exists a unique mild solution to equation (1.1),
which has the following Wiener chaos expansion

u(t, x) = 1 +

∞∑
n=1

IWn (ft,x,n). (2.3)

where ft,x,n ∈ H�n is given by

ft,x,n(snsnsn, ynynyn) =
1

n!
G(t− sσ(1), x− yσ(1))

n−1∏
i=1

G(sσ(i) − sσ(i+1), yσ(i) − yσ(i+1)),

with σ ∈ Sn such that t > sσ(1) > . . . > sσ(n) > 0; we refer readers to Hu et al.
(2015); Huang et al. (2017a); Song et al. (2020) for the rigorous derivation of (2.3).

Then the core object in this paper At(R) has the following Wiener chaos expan-
sion

At(R) =

∞∑
p=1

IWp

(∫ R

−R
ft,x,pdx

)
,

as a consequence of stochastic Fubini.
In the end of this section, let us state a useful embedding result that is a conse-

quence of the Hardy-Littlewood inequality.

2.5. Embedding of L1/H0(Rn+) into H⊗n. Let H be the Hilbert space associated to
the fractional Brownian motion with Hurst parameter H0 ∈ (1/2, 1). That means,
H is the closure of C∞c (R+) under the seminorm

〈f, g〉H =

∫
R+

f(s)g(t)|s− t|2H0−2dsdt.

We have the continuous embedding L1/H0(R+) ↪→ H. More precisely, for any
f, g : R+ → R with ‖f‖L1/H0 (R+) <∞ and ‖g‖L1/H0 (R+) <∞, we have

|〈f, g〉H| ≤ CH0
‖f‖L1/H(R+)‖g‖L1/H(R+),
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where the constant CH0
only depends on H0; see, for instance, Mémin et al. (2001).

Then, by iteration, one can easily show that given two functions f, g ∈ L1/H0(Rn+),
then

|〈f, g〉H⊗n | =

∣∣∣∣∣∣
∫
R2n

+

ds1 · · · dsndt1 · · · dtnf(s1, . . . , sn)g(t1, . . . , tn)

n∏
j=1

|sj − tj |2H0−2

∣∣∣∣∣∣
≤ CnH0

‖f‖L1/H0 (Rn+)‖g‖L1/H0 (Rn+). (2.4)

3. Limiting covariance structure

For any nonnegative measurable function Θ and for any integer p ≥ 1, we define
the following two quantities:

K1,p(Θ, t) =

∫
[0,t]p

dspspsp

∫
Rp
µ(dξpξpξp)Θ(τ(ξpξpξp)) exp

−1

2
Var

p∑
j=1

Bsjξj

 (3.1)

K2,p(Θ, t) =

∫
[0,t]p

dspspsp

∫
Rp
µ(dξpξpξp)Θ(τ(ξpξpξp)) exp

−Var

p∑
j=1

Bsjξj

 1
2H0

, (3.2)

where, here and along the paper, B denotes a standard real-valued Brownian mo-
tion.

Notice that integrating on the simplex ∆p(t) and making the change of variables
ηj = ξ1 + · · ·+ ξj and sj−1 − sj = wj , j = 1, . . . , p, with the convention η0 = 0 and
s0 = 0, we obtain

K1,p(Θ, t) = p!

∫
SIMp(t)

dwpwpwp

∫
Rp
dηpηpηpΘ(ηp)e

− 1
2

∑p
k=1 wkη

2
k

p∏
j=1

ϕ(ηj − ηj−1) (3.3)

K2,p(Θ, t) = p!

∫
SIMp(t)

dwpwpwp

∫
Rp
dηpηpηpΘ(ηp)e

−
∑p
k=1 wkη

2
k

p∏
j=1

ϕ(ηj − ηj−1)

 1
2H0

.

(3.4)

The next technical lemma will play a fundamental role along the paper.

Lemma 3.1. Under hypothesis (H1), we have, for any N > 0,

K1,p(Θ, t) ≤ p!t
(∫

R
Θ(x)(1 + ϕ(x))dx

)
1

2
(8κ0CN )p−1 exp

(
tDN

2CN

)
, (3.5)

where the constants CN and DN , given by

CN :=

∫
{|η|≥N}

1 + ϕ(η) + ϕ(η)2

η2
dη and DN :=

∫
{|η|≤N}

(1 + ϕ(η) + ϕ(η)2)dη,

(3.6)

are finite for each N > 0 due to the modified Dalang’s condition2 (D). Moreover

K1,p(1, t) ≤
p!

2κ0
(8κ0CN )p exp

(
tDN

2CN

)
. (3.7)

2Condition (D) implies
∫
R
ϕ(x)+ϕ(x)2

1+x2
dx <∞.
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Under hypotheses (H2), we have

K2,p(Θ, t) ≤ p!
(∫

R
Θ(x)(1 + |x|1−2H1)dx

) Cp1

(
tph+

1−H1
2H0 ∨ tph+ 1

4H0

)
Γ(ph + 1−H1

2H0
) ∧ Γ(ph + 1

4H0
)
, (3.8)

where h = 2H0+H1−1
2H0

> 1
4 ; moreover,

K2,p(1, t) ≤ p!Cp2
tph

Γ(ph + 1)
, (3.9)

where C1 and C2 are constants depending only on H0 and H1.

Remark 3.2. Notice that inequalities (3.7) and (3.9) cannot be obtained from (3.5)
and (3.8), respectively, by simply putting Θ = 1.

Proof of Lemma 3.1: Let us first show the inequality (3.7) under hypothesis (H1).
We will make use of the expression (3.3), where Θ = 1. Using the concavity
condition (C) and the fact that ϕ(−x) = ϕ(x), we can write

p∏
k=1

ϕ(ηk − ηk−1) ≤ κp−1
0

∑
βββ∈Ap

p∏
k=1

ϕ(ηk)βk , (3.10)

where Ap is a collection of the indices βββ = (β1, . . . , βp) ∈ {0, 1, 2}p satisfying

x1

p∏
j=2

(xj + xj−1) =
∑
βββ∈Ap

p∏
k=1

xβkk .

It is easy to see that the cardinality of Ap is 2p−1. Plugging the inequality (3.10)
into (3.3) yields

K1,p(1, t) ≤ p!κp−1
0

∑
βββ∈Ap

∫
SIMp(t)

dwpwpwp

∫
Rp
dηpηpηpe

− 1
2

∑p
k=1 wkη

2
k

p∏
j=1

ϕ(ηj)
βj .

Following the same arguments as in the proof of Lemma 3.3 in Hu et al. (2015), we
have

K1,p(1, t) ≤ p!(2κ0)p−1

p∑
k=0

(
p

k

)
tk

k!
(DN )k(2CN )p−k, (3.11)

where the quantities CN and DN are defined in (3.6). The sum in the right-hand
side of (3.11) can be estimated as follows:

p∑
k=0

(
p

k

)
tk

k!
(DN )k(2CN )p−k = (2CN )p

p∑
k=0

(
p

k

)
(tDN )k

(2CN )kk!
≤ (4CN )pe

tDN
2CN . (3.12)

Substituting (3.12) into (3.11) yields (3.7).
To show (3.5), using the expression (3.3), the estimates

ϕ(ηp − ηp−1) ≤ κ0[ϕ(ηp) + ϕ(ηp−1)] and exp(−1

2
wpη

2
p) ≤ 1,

we write

K1,p(Θ, t) (3.13)

= ptκ0

(∫
R

Θ(ηp)ϕ(ηp)dηp

)
K1,p−1(1, t) + ptκ0

(∫
R

Θ(ηp)dηp

)
K̃1,p−1(1, t),
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where

K̃1,p−1(1, t) = (p− 1)!

∫
SIMp−1(t)

dwp−1wp−1wp−1

∫
Rp−1

dηp−1ηp−1ηp−1e
− 1

2

∑p−1
k=1 wkη

2
k

×

p−1∏
j=1

ϕ(ηj − ηj−1)

ϕ(ηp−1).

It is easy to show that the estimate (3.7) still holds if we replace K1,p(1, t) by
K̃1,p(1, t). Therefore, substituting the estimate

max(K1,p−1(1, t), K̃1,p−1(1, t)) ≤ (p− 1)!

2κ0
(8κ0CN )p−1 exp

(
tDN

2CN

)
into (3.13), we obtain (3.5).

Now let us prove (3.8) under hypothesis (H2). We observe that, using the
expression (3.4), we can write

K2,p(Θ, t)

= p!

∫
SIMp(t)

dwpwpwp

∫
R
dηpΘ(ηp)

∫
Rp−1

dηp−1ηp−1ηp−1e
−

∑p
k=1 wkη

2
k

p∏
j=1

ϕ(ηj − ηj−1)

 1
2H0

≤ p!

∫
SIMp(t)

dwpwpwp

∑
βββ∈Ap

∫
R
dηpΘ(ηp)

∫
Rp−1

dηp−1ηp−1ηp−1e
−

∑p
k=1 wkη

2
k

p∏
j=1

|ηj |βj(1−2H1)

 1
2H0

≤ p!
∑
βββ∈Ap

∫
SIMp(t)

dwpwpwp

∫
R
dηpΘ(ηp)

∫
Rp−1

dηp−1ηp−1ηp−1e
−

∑p
k=1 wkη

2
k

p∏
j=1

|ηj |βj(1−2H1)

 1
2H0

.

For βββ ∈ Ap, we have βp ∈ {0, 1}. As a consequence,

K2,p(Θ, t) ≤ CΘtp!
∑
βββ∈Ap

∫
SIMp−1(t)

dwp−1wp−1wp−1

p−1∏
j=1

(∫
R
dηje

−wjη2j |ηj |βj(1−2H1)

) 1
2H0

= CΘtp!
∑
βββ∈Ap

p∏
j=1

K
(
βj(1− 2H1)

) 1
2H0

∫
SIMp−1(t)

dwp−1wp−1wp−1

p−1∏
j=1

w
−

1+βj(1−2H1)

4H0
j ,

where CΘ =
∫
R Θ(x)(1 + |x|1−2H1)dx and we use the notation

K(θ) :=

∫
R
e−x

2

xθdx, θ ≥ 0.

It is clear that by our assumptions on (H0, H1), that the quantities αj :=

− 1+βj(1−2H1)
4H0

belong to the interval (−1, 0), so that∫
SIMp−1(t)

dwp−1wp−1wp−1

p−1∏
j=1

w
−

1+βj(1−2H1)

4H0
j =

∫
SIMp−1(t)

dwp−1wp−1wp−1

p−1∏
j=1

w
αj
j

=
tp−1+α1+···+αp−1

Γ(p+ α1 + · · ·+ αp−1)

p−1∏
i=1

Γ(1 + αi);
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see also Lemma 6.2 in Song et al. (2020). As β1 + · · ·+ βp−1 ∈ {p− 1, p}, then
p−1∑
j=1

αj ∈
{
−(p− 1)

1−H1

2H0
,

1

4H0
− p1−H1

2H0

}
and p+ α1 + ...+ αp−1 ∈

{
ph + 1−H1

2H0
, ph + 1

4H0

}
with h = 2H0+H1−1

2H0
> 1

4 . Thus,

Γ(p+ α1 + · · ·+ αp−1) ≥ Γ(ph +
1−H1

2H0
) ∧ Γ(ph +

1

4H0
).

Then, inequality (3.8) follows from the previous computations. The inequality (3.9)
has been proved in Song et al. (2020, Remark 3.3). �

Remark 3.3. Suppose that we choose Θ(x) = G(a, x) in Lemma 3.1, for some
a ∈ (0, 1). Then, if δ > 0 is such that ϕ is bounded in [−δ, δ], we obtain, under
hypothesis (H1) or (H2),∫

R
dxG(a, x)ϕ(x)dx ≤ sup

x∈[−δ,δ]
ϕ(x) +

√
a

∫
{|x|≥δ}

dx
ϕ(x)

x2
,

which implies

C0 = sup
a∈(0,1)

∫
R
G(a, x)(1 + ϕ(x))dx <∞. (3.14)

Next, we will give a useful estimate that will be applied in many places. For any
R > 0, we define

`R(ξ) =
sin2 (Rξ)

πRξ2
(3.15)

and note that ∫
[−R,R]2

dxdye−i(x−y)ξ =
4 sin2(Rξ)

ξ2
= 4πR`R(ξ).

By Nualart and Zheng (2020a, Lemma 2.1), {`R}R>0 defines an approximation to
the identity (as R→∞).

Lemma 3.4. Assume (H1) or (H2). For any ε > 0, there exists a constant C(ε)
such that ∫

R
`R(ξ)ϕ(ξ)dξ ≤ ε+

C(ε)

R
. (3.16)

Proof : In both cases (H1) and (H2), the function ϕ is continuous at 0. Thus, for
any ε > 0, there exists some δ > 0 such that ϕ(x) < ε for |x| < δ. Then,∫

{|ξ|<δ}
`R(ξ)ϕ(ξ)dξ ≤ ε

∫
R
`R(ξ)dξ = ε,

and

∫
{|ξ|≥δ}

`R(ξ)ϕ(ξ)dξ ≤


1

πR

∫
{|ξ|≥δ}

ϕ(ξ)

ξ2
dξ ≤ C(ε)

R
in case (H1),

1

πR

∫
{|ξ|≥δ}

|ξ|−1−2H1dξ ≤ C(ε)

R
in case (H2).

In this way, we just proved (3.16). �
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Remark 3.5. If we choose Θ(x) = `R(x) in Lemma 3.1, then, from Lemma 3.4, we
get

C1 = sup
R>1

∫
R
`R(x)(1 + ϕ(x))dx <∞. (3.17)

Let ΠpAt(R) denote the projection of At(R) on the pth Wiener chaos, where
At(R) is defined in (1.3), that is,

ΠpAt(R) = IWp

(∫ R

−R
ft,x,pdx

)
.

In view of Theorem 1.4, we need first to establish the asymptotic covariance of each
chaos of 1√

R
At(R) and we know that

1√
R
At(R) =

∞∑
p=1

1√
R

ΠpAt(R) =

∞∑
p=1

IWp

(
1√
R

∫ R

−R
ft,x,pdx

)
.

Now we are ready to present the proof of Proposition 1.2.

Proof of Proposition 1.2 : In what follows, we only present the proof for the
particular case where t1 = t2, and the general case follows from the same arguments
with solely notational modifications. Let us fix t > 0 and break the proof into three
steps.

Step 1: Proof of (1.6). Noting that Π1At(R) = IW1

(∫ R
−R ft,x,1dx

)
and recalling

Nualart and Zheng (2020a, page 32), we have

Var
[
Π1

(
At(R)

)]
=

∫ R

−R

∫ R

−R
dxdy〈fs,x,1, ft,y,1〉H

=

∫
[0,t]2

drdvγ0(r − v)

∫
R
dξ

∫ R

−R

∫ R

−R
dxdye−i(x−y)ξϕ(ξ)e−

1
2 (r+v)ξ2.

We deduce from (3.15) that

1

2R
Var
[
Π1

(
At(R)

)]
= 2π

∫
[0,t]2

drdvγ0(r − v)

∫
R
dξ`R(ξ)ϕ(ξ)e−

1
2 (r+v)ξ2 .

From Lemma 3.16 and using that γ0 is locally integrable, we get for any ε > 0,

1

2R
Var
[
Π1

(
At(R)

)]
≤ C

(
ε+

C(ε)

R

)
,

which implies lim
R→∞

R−1Var
[
Π1

(
At(R)

)]
= 0 in both cases (H1) and (H2).

Step 2: Proof of (1.5) and (1.7). Recall from Nualart and Zheng (2020a, page
31) that, for any p ≥ 2,

1

2R
Var
[
Πp

(
At(R)

)]
=

1

2R

∫
[−R,R]2

dxdyE
[
IWp (ft,x,p) I

W
p (ft,y,p)

]
= p!

∫
R
dz〈ft,z,p, ft,0,p〉H⊗p

|[−R,R] ∩ [−z −R,−z +R]|
2R
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and〈
ft,z,p, ft,0,p

〉
H⊗p =

1

(p!)2

∫
[0,t]p×[0,t]p

dspspspdrprprp
∏
j=1

γ0(sj − rj)
∫
Rp
µ(dξpξpξp)e

−izτ(ξpξpξp)

× E

 p∏
j=1

exp
(
−iBsjξj

)E

 p∏
j=1

exp
(
−iBrjξj

) . (3.18)

It is not difficult to deduce from Proposition 1.3 and the expression in (3.18) that

(p!)2
〈
ft,z,p, ft,0,p

〉
H⊗p = E

[(
I1,2
t,t (z)

)p]
.

Then

1

2R
Var
[
ΠpAt(R)

]
=

1

p!

∫
R
dzE

[(
I1,2
t,t (z)

)p] |[−R,R] ∩ [−z −R,−z +R]|
2R

.

Because |[−R,R] ∩ [−z − R,−z + R]|/(2R) converges to 1 as R tends to infinity,
the convergences (1.5) and (1.7) will be a consequence of

∞∑
p=2

1

p!

∫
R
dzE

[∣∣∣I1,2
t,t (z)

∣∣∣p] <∞. (3.19)

In view of Fatou’s lemma and taking into account that for any z ∈ R, I1,2
t,t (z) is the

Lk(Ω)-limit of I1,2
t,t,ε(z) (for any k ≥ 2) as ε tends to zero, to show (3.19), it suffices

to prove that

sup
ε>0

∞∑
p=2

1

p!

∫
R
dzE

[
|I1,2
t,t,ε(z)|p

]
<∞. (3.20)

From
∞∑
p=2

|x|p

p!
= e|x| − |x| − 1 ≤ (ex + e−x)− 2 = 2

∞∑
n=1

x2n

(2n)!
,

we deduce that (3.20) holds true provided

sup
ε>0

∞∑
n=1

1

(2n)!

∫
R
dzE

[(
I1,2
t,t,ε(z)

)2n
]
<∞. (3.21)

Next, let us prove (3.21). First consider the case (H1). Fix an even integer
p = 2n ≥ 2. For any ε, a > 0, by Fubini’s theorem,

Tε,a(p) :=

∫
R
E
[(
I1,2
t,t,ε(z)

)p]
exp

(
−a

2
z2
)
dz

= 2π

∫
[0,t]2p

∫
Rp
dξpξpξpdspspspdrprprp

 p∏
j=1

γ0(sj − rj)

 p∏
j=1

ϕ(ξj)e
−εξ2j


×G

(
a, τ(ξpξpξp)

)
E

 p∏
j=1

exp
(
−iBsjξj

)E

 p∏
j=1

exp
(
−iBrjξj

) . (3.22)
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Note that Tε,a(p) ≥ 0 since p is even. Using

E

 p∏
j=1

exp
(
−iBrjξj

) ∈ (0, 1],

we can bound Tε,a(p) as follows:

Tε,a(p) ≤ 2πΓpt

∫
Rp
dξpξpξp

∫
[0,t]p

dspspsp

 p∏
j=1

ϕ(ξj)

G
(
a, τ(ξpξpξp)

)
E

 p∏
j=1

exp
(
−iBsjξj

) ,
where the constant Γt :=

∫ t
−t γ0(r)dr is finite for each t > 0, since γ0 is locally

integrable. By the inequality (3.5) in Lemma 3.1,

sup
a∈(0,1)

Tε,a(p) ≤ sup
a∈(0,1)

2πΓptK1,p(G(a, •), t) ≤ C0tπΓpt p!(8κ0CN )p−1e
tDN
2CN ,

where C0 is the constant defined in (3.14). Then, recalling p = 2n ≥ 2 and letting
a ↓ 0, we obtain

1

(2n)!

∫
R
E
[(
I1,2
t,t,ε(z)

)2n]
dz ≤ C0tπΓ2n

t (8κ0ΓtCN )2n−1e
tDN
2CN , (3.23)

which implies (3.21), provided we choose N is such a way that 8κ0ΓtCN < 1.

Now we consider the case (H2) where γ0(t) = |t|2H0−2 and ϕ(z) = |z|1−2H1

with H0 > 1/2 > H1 and H0 + H1 > 3/4. We begin with (3.22) and apply the
embedding result (2.4) and Cauchy-Schwarz inequality to write for any ε, a > 0 and
any even p = 2n ≥ 2,

Tε,a(p) ≤ 2πCpH0

[∫
[0,t]p

dspspsp

(∫
Rp
µ(dξpξpξp)G

(
a, τ(ξpξpξp)

)
e−Var

∑p
j=1 Bsj ξj

) 1
2H0

]2H0

= 2πCpH0
[K2,p(G(a, •), t)]2H0 ,

where K2,p(G(a, •), t) has been defined in (3.2). Then, applying inequality (3.8) of
Lemma 3.1 leads to

Tε,a(p) ≤ 2πCpH0
(p!C0)2H0

C2H0p
1

(
t2H0ph+1−H1 ∨ t2H0ph+ 1

2

)
Γ(ph + 1−H1

2H0
)2H0 ∧ Γ(ph + 1

4H0
)2H0

,

for ε > 0, a ∈ (0, 1) and any even integer p = 2n ≥ 2, where h = 2H0+H1−1
2H0

> 1
4

and with C0 being the constant defined in (3.14). Thus, letting a ↓ 0, we have for
n ≥ 1,

1

(2n)!

∫
R
E
[(
I1,2
t,t,ε(z)

)2n]
dz ≤

C2n
2 ((2n)!)2H0−1

(
t4H0nh+1−H1 ∨ t4H0nh+ 1

2

)
Γ(2nh + 1−H1

2H0
)2H0 ∧ Γ(2nh + 1

4H0
)2H0

,

(3.24)

for some constant C2, which depends only on H0 and H1. Notice that the de-
nominator in the right-hand side of (3.24) behaves as [(2n)!]2H0h, as n → ∞, and
2H0h = 2H0 + H1 − 1. Thus, the estimate (3.24) implies (3.21) in the case (H2).
Hence the proof of Proposition 1.2 is completed now. �
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Remark 3.6. We observe that 1
2RVar

(
At(R)

)
is equal to

1

2R
Var

[∫ R

−R
(u(t, x)− 1)dx

]
=

1

2R

∫
[−R,R]2

(
E
[
u(t, x)u(t, y)]− 1

)
dxdy,

which in view of Proposition 1.3, is equal to

1

2R

∫
[−R,R]2

E
[
(eI

1,2
t,t (x−y)−1)

]
dxdy =

∫
R

|[z −R, z +R] ∩ [−R,R]|
2R

E
[
eI

1,2
t,t (z)−1

]
dz.

As R→∞, this converges to∫
R
E
[
eI

1,2
t,t (z) − 1

]
dz =

∫
R

∞∑
p=2

1

p!
E
[(
I1,2
t,t (z)

)p]
dz,

since E
[
I1,2
t,t (z)

]
= lim

ε↓0
E
[
I1,2
t,t,ε(z)

]
= 0, based on Step 1 in the proof of Proposi-

tion 1.2. The above limit is exactly the one in (1.5).

4. Convergence of finite-dimensional distributions

To apply the multivariate chaotic CLT (Theorem 1.4), we need to show the
convergence of finite-dimensional distributions. There are four conditions in this
theorem that we need to check. In fact, we only need to verify the condition (c), as
the other conditions are satisfied as a consequence of our estimates in the previous
section. We refer readers to Nualart and Zheng (2020a) for similar arguments.

We can write
1√
R
At(R) =

∞∑
p=1

IWp (gp,R(t)),

where

gp,R(t) :=
1√
R

∫ R

−R
ft,x,pdx.

Proposition 4.1. For each integer p ≥ 2 and each integer 1 ≤ r ≤ p− 1, we have∥∥gp,R(t)⊗r gp,R(t)
∥∥
H⊗2p−2r

R→∞−−−−→ 0.

Proof : Along the proof C will be a generic constant that may very form line to
line. We put

f(spspsp, ypypyp) = ft,0,p(spspsp, ypypyp)

and recall that, with B a real-valued standard Brownian motion on R,

(F f)(spspsp, ξpξpξp) = (Fft,0,p)(spspsp, ξpξpξp) =
1

p!
E

exp
(
− i

p∑
j=1

Bsjξj

) , (4.1)

where F f stands for the Fourier transform with respect to the spatial variables. As a
consequence, (F f)(spspsp, ξpξpξp) is a positive, bounded and uniformly continuous function
in ξpξpξp.



Spatial averages for the PAM driven by rough noise 923

Now we write, with the notation d`4p = dsrsrsrds̃r̃sr̃srdvrvrvrdṽr̃vr̃vrdtp−rtp−rtp−rdt̃p−rt̃p−rt̃p−rdwp−rwp−rwp−rdw̃p−rw̃p−rw̃p−r for
the Lebesgue measure on [0, t]4p,∥∥gp,R(t)⊗r gp,R(t)

∥∥2

H⊗(2p−2r) = (2π)2

∫
[0,t]4p

d`4p

(
r∏
i=1

γ0(si − s̃i)γ0(vi − ṽi)

)

×

p−r∏
j=1

γ0(tj − t̃j)γ0(wj − w̃j)

JR,
with JR = JR

(
srsrsr, s̃r̃sr̃sr, vrvrvr, ṽr̃vr̃vr, tp−rtp−rtp−r, t̃p−rt̃p−rt̃p−r,wp−rwp−rwp−r, w̃p−rw̃p−rw̃p−r

)
given by

JR =

∫
R2p

µ(dξrξrξr)µ(dξ̃r̃ξr̃ξr)µ(dηp−rηp−rηp−r)µ(dη̃p−rη̃p−rη̃p−r)

× (F f)(srsrsr, tp−rtp−rtp−r, ηp−rηp−rηp−r, ξrξrξr)(F f)(s̃r̃sr̃sr,wp−rwp−rwp−r, η̃p−rη̃p−rη̃p−r,−ξrξrξr)|a+ b|−1/2|a− b̃|−1/2

× (F f)(vrvrvr, t̃p−rt̃p−rt̃p−r,−ηp−r−ηp−r−ηp−r, ξ̃r̃ξr̃ξr)(F f)(ṽr̃vr̃vr, w̃p−rw̃p−rw̃p−r,−η̃p−rη̃p−rη̃p−r,−ξ̃r̃ξr̃ξr)|ã− b|−1/2|ã+ b̃|−1/2

× J1/2

(
R|a+ b|

)
J1/2

(
R|a− b̃|

)
J1/2

(
R|ã− b|

)
J1/2

(
R|ã+ b̃|

)
,

where we use the following short-hand notation a = τ(ξrξrξr), b = τ(ηp−rηp−rηp−r), ã = τ(ξ̃r̃ξr̃ξr),

b̃ = τ(η̃p−rη̃p−rη̃p−r) and J1/2(x) =
√

2
π

sin (x)√
x
, x ∈ R+ is the Bessel function of first kind

with order 1/2. This is obtained in the same way as in Nualart and Zheng (2020a)
and we refer readers to this reference for more details.

Now we decompose the integral in the spatial variable into two parts, and we
write for any given δ > 0, JR = J1,R,δ +J2,R,δ :=

∫
R2p 1{|a+b|≥δ}+

∫
R2p 1{|a+b|<δ}.

This leads to the decomposition∥∥gp,R(t)⊗r gp,R(t)
∥∥2

H⊗(2p−2r) = (2π)2(Y1,R,δ + Y2,R,δ),

where, for k = 1, 2,

Yk,R,δ

:=

∫
[0,t]4p

d`4p

(
r∏
i=1

γ0(si − s̃i)γ0(vi − ṽi)

)
×

p−r∏
j=1

γ0(tj − t̃j)γ0(wj − w̃j)

Jk,R,δ.
The proof will be done in two steps.

Step 1: We will show that for any fixed δ > 0, Y1,R,δ tends to zero as R → ∞.
First we apply Cauchy-Schwarz inequality several times to get

J1,R,δ ≤ 4

(∫
{|τ(ξpξpξp)|≥δ}

`R(τ(ξpξpξp))
∣∣F f∣∣2(srsrsr, tp−rtp−rtp−r, ξpξpξp)µ(dξpξpξp)

)1/2

×
(∫

Rp
`R(τ(ξpξpξp))

∣∣F f∣∣2(ṽr̃vr̃vr, w̃p−rw̃p−rw̃p−r, ξpξpξp)µ(dξpξpξp)

)1/2
(∫

Rp
µ(dξpξpξp)`R(τ(ξpξpξp))

×
∣∣F f∣∣2(s̃r̃sr̃sr,wp−rwp−rwp−r, ξpξpξp)

)1/2(∫
Rp
`R(τ(ξpξpξp))

∣∣F f∣∣2(vrvrvr, t̃p−rt̃p−rt̃p−r, ξpξpξp)µ(dξpξpξp)

)1/2

,

where `R(x) = 1
2 |x|

−1J2
1/2(R|x|) is introduced in (3.15). We will prove separately

for cases (H1) and (H2) that Y1,R,δ → 0 as R→∞.
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Proof of Y1,R,δ
R→∞−−−−→ 0 under (H1): By Cauchy-Schwarz inequality again ap-

plied to the integration in time, we get

Y1,R,δ ≤ 4

{∫
[0,t]4p

d`4p

(
r∏
i=1

γ0(si − s̃i)γ0(vi − ṽi)

)p−r∏
j=1

γ0(tj − t̃j)γ0(wj − w̃j)


×
(∫

Rp
`R(τ(ξpξpξp))

∣∣F f∣∣2(ṽr̃vr̃vr, w̃p−rw̃p−rw̃p−r, ξpξpξp)µ(dξpξpξp)

)

×
∫
{|τ(ξpξpξp)|≥δ}

`R(τ(ξpξpξp))
∣∣F f∣∣2(srsrsr, tp−rtp−rtp−r, ξpξpξp)µ(dξpξpξp)

}1/2

×

{∫
[0,t]4p

d`4p

(
r∏
i=1

γ0(si − s̃i)γ0(vi − ṽi)

)p−r∏
j=1

γ0(tj − t̃j)γ0(wj − w̃j)


×
(∫

Rp
`R(τ(ξpξpξp))

∣∣F f∣∣2(s̃r̃sr̃sr,wp−rwp−rwp−r, ξpξpξp)µ(dξpξpξp)

)

×
∫
Rp
`R(τ(ξpξpξp))

∣∣F f∣∣2(vrvrvr, t̃p−rt̃p−rt̃p−r, ξpξpξp)µ(dξpξpξp)

}1/2

=: 4V
1/2
1,R,δV

1/2
2,R .

For the term V1,R,δ, we have the estimate

V1,R,δ ≤ Γ2p
t

[∫
[0,t]p

dspspsp

∫
{|τ(ξpξpξp)|≥δ}

`R(τ(ξpξpξp))
∣∣F f∣∣2(spspsp, ξpξpξp)µ(dξpξpξp)

]

×

(∫
[0,t]p

dtptptp

∫
Rp
`R(τ(ξpξpξp))

∣∣F f∣∣2(tptptp, ξpξpξp)µ(dξpξpξp)

)
=: Γ2p

t V11,R,δV12,R, (4.2)

where we recall that Γt =
∫ t
−t γ0(s)ds. We will prove that V12,R is uniformly

bounded and V11,R,δ vanishes asymptotically as R →∞. In view of (4.1), making
the change of variables tj = t− sj and ηj = ξ1 + · · ·+ ξj for each j = 1, . . . , p, with
η0 = 0, we obtain, in view of (3.3),

V12,R =
1

p!

∫
∆p(t)

dspspsp

∫
Rp
µ(dξpξpξp)`R(τ(ξpξpξp)) exp

− p∑
j=1

(sj − sj+1)(ξ1 + · · ·+ ξj)
2


=

1

p!

∫
R
dηp`R(ηp)

∫
Rp−1

dηp−1ηp−1ηp−1

∫
SIMp(t)

dwpwpwp

p∏
j=1

e−wjη
2
jϕ(ηj − ηj−1)

= K1,p(`R, t).

By inequality (3.5) in Lemma 3.1 and (3.17), this implies

sup
R>1

V12,R <∞. (4.3)

In the same way, we have, for any ε > 0, using (3.5) and (3.16),

V11,R,δ ≤ K1,p(`R1(−δ,δ)c , t) ≤ C
∫
{|η|≥δ}

dη`R(η)(1 + ϕ(η))

≤ C
∫
{|η|≥Rδ}

dη
sin2(η)

πη2
+ C

(
ε+

C(ε)

R

)
. (4.4)
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for some constant C > 0. So, limR→∞ V11,R,δ = 0 and, therefore, from (4.4), (4.2)
and (4.3) we have proved that

V1,R,δ
R→∞−−−−→ 0.

For the term V2,R, note that V2,R ≤ Γ2p
t V

2
12,R, so we have the uniform boundedness

of V2,R over R > 1. Thus, we completed the proof of Y1,R,δ
R→∞−−−−→ 0 under (H1).

Proof of Y1,R,δ
R→∞−−−−→ 0 under (H2): Using the embedding result (2.4) and

Cauchy-Schwarz inequality, we can write

Y1,R,δ ≤ CpH0

[∫
[0,t]2p

dspspspdtptptp

(∫
{|τ(ξpξpξp)|≥δ}

`R(τ(ξpξpξp))
∣∣F f∣∣2(tptptp, ξpξpξp)µ(dξpξpξp)

) 1
2H0

×
(∫

Rp
`R(τ(ξpξpξp))

∣∣F f∣∣2(spspsp, ξpξpξp)µ(dξpξpξp)

) 1
2H0

]H0

×

[∫
[0,t]2p

dspspspdtptptp

(∫
Rp
`R(τ(ξpξpξp))

∣∣F f∣∣2(tptptp, ξpξpξp)µ(dξpξpξp)

) 1
2H0

×
(∫

Rp
`R(τ(ξpξpξp))

∣∣F f∣∣2(spspsp, ξpξpξp)µ(dξpξpξp)

) 1
2H0

]H0

= CpH0
TH0

1,R,δT
3H0

2,R ,

where

T1,R,δ :=

∫
[0,t]p

dtptptp

(∫
{|τ(ξpξpξp)|≥δ}

`R(τ(ξpξpξp))
∣∣F f∣∣2(tptptp, ξpξpξp), µ(dξpξpξp)

) 1
2H0

and

T2,R :=

∫
[0,t]p

dtptptp

(∫
Rp
`R(τ(ξpξpξp))

∣∣F f∣∣2(tptptp, ξpξpξp)µ(dξpξpξp)

) 1
2H0

.

From (4.1), a change of variables and inequalities (3.8) and (3.17), we can easily
get

T2,R =(p!)−
1
H0

∫
[0,t]p

dspspsp

∫
Rp
µ(dξpξpξp)`R(τ(ξpξpξp)) exp

−Var p∑
j=1

Bsjξj

 1
2H0

= (p!)−
1
H0K2,p(`R, t) ≤ C (4.5)

for all R > 1. The term T1,R,δ can be estimated as follows

T1,R,δ = (p!)−
1
H0

∫
[0,t]p

dspspsp

∫
{|ηp|≥δ}

µ(dξpξpξp)`R(τ(ξpξpξp)) exp

−Var p∑
j=1

Bsjξj

 1
2H0

= (p!)−
1
H0K2,p(`R1(−δ,δ)c , t) ≤ C

∫
{|η|≥δ}

dη`R(η)(1 + |η|1−2H1),

which converges to zero as R→∞ as we have already noted. Therefore, combining
the calculations on T1,R,δ and T2,R, we show that Y1,R,δ

R→∞−−−−→ 0 under (H2).

Step 2: We will show that

lim
δ→0

lim sup
R→∞

Y2,R,δ = 0. (4.6)
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Using Cauchy-Schwarz multiple times and changing of variables, we obtain

J2,R,δ ≤ 4

∫
{|a+b|<δ}

µ(dξrξrξr)µ(dηp−rηp−rηp−r)
√
`R(a+ b) F f

(
srsrsr, tp−rtp−rtp−r, ηp−rηp−rηp−r, ξrξrξr

)
×
(∫

Rp
µ(dξ̃r̃ξr̃ξr)µ(dη̃p−rη̃p−rη̃p−r)`R(ã+ b̃)

∣∣F f∣∣2(ṽr̃vr̃vr, w̃p−rw̃p−rw̃p−r, η̃p−rη̃p−rη̃p−r, ξ̃r̃ξr̃ξr
))1/2

[∫
Rp
µ(dξ̃r̃ξr̃ξr)

× µ(dη̃p−rη̃p−rη̃p−r)`R(ã+ b)`R(a+ b̃)
∣∣F f∣∣2(vrvrvr, t̃p−rt̃p−rt̃p−r, ηp−rηp−rηp−r, ξ̃r̃ξr̃ξr

)∣∣F f∣∣2(s̃r̃sr̃sr,wp−rwp−rwp−r, η̃p−rη̃p−rη̃p−r, ξrξrξr
)]1/2

≤ 4

[(∫
Rp
µ(dξ̃p̃ξp̃ξp)`R(τ(ξ̃p̃ξp̃ξp))

∣∣F f∣∣2(ṽr̃vr̃vr, w̃p−rw̃p−rw̃p−r, ξ̃p̃ξp̃ξp
))

×

(∫
{|τ(ξpξpξp)|<δ}

µ(dξpξpξp)`R(τ(ξpξpξp))
∣∣F f∣∣2(srsrsr, tp−rtp−rtp−r, ξpξpξp

))]1/2

×

[∫
{|a+b|<δ}×Rp

µ(dξrξrξr)µ(dηp−rηp−rηp−r)µ(dξ̃r̃ξr̃ξr)µ(dη̃p−rη̃p−rη̃p−r)

×
∣∣F f∣∣2(vrvrvr, t̃p−rt̃p−rt̃p−r, ηp−rηp−rηp−r, ξ̃r̃ξr̃ξr

)∣∣F f∣∣2(s̃r̃sr̃sr,wp−rwp−rwp−r, η̃p−rη̃p−rη̃p−r, ξrξrξr
)
`R(ã+ b)`R(a+ b̃)

]1/2

=: 4U
1/2
1,R,δU

1/2
2,R,δ. (4.7)

In what follows, we are going to prove separately in case (H1) and in case (H2)
that (4.6) holds.

Proof of (4.6) under (H1): From (4.7), using Cauchy-Schwarz inequality again
for the integration in time, we have

Y2,R,δ ≤ 4
√
X1,R,δX2,R,δ ,

where, for k = 1, 2,

Xk,R,δ

:=

∫
[0,t]4p

d`4p

(
r∏
i=1

γ0(si − s̃i)γ0(vi − ṽi)

)p−r∏
j=1

γ0(tj − t̃j)γ0(wj − w̃j)

Uk,R,δ.

One can show by the same arguments as before that, for all R > 1 and δ > 0,

X1,R,δ ≤ Γ2p
t V

2
12,R ≤ C.

Now we write

X2,R,δ ≤ Γ2p
t

∫
[0,t]2p

ds̃r̃sr̃srdt̃p−rt̃p−rt̃p−rdvrvrvrdwp−rwp−rwp−r

∫
{|a+b|<δ}×Rp

µ(dξrξrξr)µ(dηp−rηp−rηp−r)µ(dξ̃r̃ξr̃ξr)µ(dη̃p−rη̃p−rη̃p−r)

×
∣∣F f∣∣2(vrvrvr, t̃p−rt̃p−rt̃p−r, ηp−rηp−rηp−r, ξ̃r̃ξr̃ξr

)∣∣F f∣∣2(s̃r̃sr̃sr,wp−rwp−rwp−r, η̃p−rη̃p−rη̃p−r, ξrξrξr
)
`R(ã+ b)`R(a+ b̃)

= Γ2p
t

∫
R2p

µ(dξpξpξp)µ(dξ̃p̃ξp̃ξp)1{|ξ1+···+ξr+ξ̃r+1+···+ξ̃p|<δ}`R
(
τ(ξpξpξp)

)
`R
(
τ(ξ̃p̃ξp̃ξp)

)
×

(∫
[0,t]p

dspspsp
∣∣F f∣∣2(spspsp, ξ̃p̃ξp̃ξp))(∫

[0,t]p
dtptptp
∣∣F f∣∣2(tptptp, ξpξpξp)) .
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Using (4.1) and a change of variables in time, we can rewrite the last expression as
follows, with η0 = η̃0 = 0,

X2,R,δ ≤
Γ2p
t

(p!)4

∫
R2p

µ(dξpξpξp)µ(dξ̃p̃ξp̃ξp)1{|ξ1+···+ξr+ξ̃r+1+···+ξ̃p|<δ}`R
(
τ(ξpξpξp)

)
`R
(
τ(ξ̃p̃ξp̃ξp)

)
×
∫

[0,t]2p
dspspspdtptptp exp

(
−Var

p∑
j=1

Bsj ξ̃j

)
exp

(
−Var

p∑
j=1

Btjξj

)

=
Γ2p
t

(p!)2

∫
R2p

dηpηpηpdη̃p̃ηp̃ηp

 p∏
j=1

ϕ(ηj − ηj−1)ϕ(η̃j − η̃j−1)

1{|ηr+η̃p−η̃r|<δ}`R
(
ηp
)
`R
(
η̃p
)

×
∫

SIMp(t)2
dwpwpwpdw̃pw̃pw̃p

p∏
j=1

e−wjη
2
j e−w̃j η̃

2
j

≤
∫
G(δ)

dηpηpηpdη̃p̃ηp̃ηpΦ(ηpηpηp, η̃p̃ηp̃ηp),

where G(δ) = {(ηpηpηp, η̃p̃ηp̃ηp) ∈ R2p : |ηr + η̃p − η̃r| < δ} and

Φ(ηpηpηp, η̃p̃ηp̃ηp) :=
Γ2p
t κ

2(p−1)
0

(p!)2

∑
βββ, β̃̃β̃β∈Ap

 p∏
j=1

ϕ(ηj)
βjϕ(η̃j)

β̃j

 `R
(
ηp
)
`R
(
η̃p
)

×
∫

SIMp(t)2
dwpwpwpdw̃pw̃pw̃p

p∏
j=1

e−wjη
2
j e−w̃j η̃

2
j

Then, we decompose the set G(δ) as follows

G(δ) ⊂ {|ηr − η̃r| < 2δ} ∪ {|η̃p| ≥ δ}.

From the estimation (4.4) for the term V11,R,δ, it follows that, for any δ > 0,∫
{|η̃p|≥δ}

dηpηpηpdη̃p̃ηp̃ηpΦ(ηpηpηp, η̃p̃ηp̃ηp)
R→∞−−−−→ 0. (4.8)

On the other hand, from the proofs of the estimates (3.7) and (3.8) in Lemma 3.1,
we obtain∫
{|ηr−η̃r|<2δ}

dηpηpηpdη̃p̃ηp̃ηpΦ(ηpηpηp, η̃p̃ηp̃ηp) ≤ C sup
β,β̃∈{0,1,2}

∫
R2

∫
[0,t]2

dηrdη̃rdwrdw̃rϕ(ηr)
βe−wrη

2
r

× ϕ(η̃)β̃e−w̃r η̃
2
r1{|ηr−η̃r|<2δ}.

Note also that for any β, β̃ ∈ {0, 1, 2},∫
R2

∫
[0,t]2

dηrdη̃rdwrdw̃rϕ(ηr)
βe−wrη

2
rϕ(η̃r)

β̃e−w̃r η̃
2
r ≤ C.

Since 1{|ηr−η̃r|<2δ} → 0 as δ → 0, we deduce

lim
δ→0

lim sup
R→∞

∫
{|ηr−η̃r|<2δ}

dηpηpηpdη̃p̃ηp̃ηpΦ(ηpηpηp, η̃p̃ηp̃ηp) = 0. (4.9)

Thus, (4.8) and (4.9) allow us to complete the proof of (4.6) in case (H1).
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Proof of (4.6) under (H2): From (4.7), the embedding result (2.4) and Cauchy-
Schwarz inequality, it follows that

Y2,R,δ ≤ C

{∫
[0,t]2p

d`2pU
1

2H0

1,R,δ

}H0
{∫

[0,t]2p
d`2pU

1
2H0

2,R,δ

}H0

=: CZH0

1,R,δZ
H0

2,R,δ,

where

Z1,R,δ =

∫
[0,t]2p

dspspspdtptptp

(∫
Rp
µ(dξpξpξp)`R(τ(ξpξpξp))|F f|2(spspsp, ξpξpξp)

×
∫
{|τ(ξpξpξp)|<δ}

µ(dξpξpξp)`R(τ(ξpξpξp))|F f|2(tptptp, ξpξpξp)

) 1
2H0

Z2,R,δ =

∫
[0,t]2p

dspspspdtptptp

(∫
{|a+b|<δ}×Rp

µ(dξrξrξr)µ(dηp−rηp−rηp−r)µ(dξ̃r̃ξr̃ξr)µ(dη̃p−rη̃p−rη̃p−r)

×
∣∣F f∣∣2(spspsp, ηp−rηp−rηp−r, ξ̃r̃ξr̃ξr

)∣∣F f∣∣2(t̃p̃tp̃tp, η̃p−rη̃p−rη̃p−r, ξrξrξr
)
`R(ã+ b)`R(a+ b̃)

) 1
2H0

.

For the term Z1,R,δ, we deduce from (4.5) that

Z1,R,δ ≤

(∫
[0,t]p

dspspsp

(∫
Rp
µ(dξpξpξp)`R(τ(ξpξpξp))|F f|2(spspsp, ξpξpξp)

) 1
2H0

)2

= T 2
2,R ≤ C

for all R > 1 and δ > 0, which shows the uniform boundedness of Z1,R,δ over R > 1
and δ > 0.

Now let us consider the term Z2,R,δ. Similar to the analysis on the term Y1,R,δ,
one can get, with η0 = η̃0 = 0,

Z2,R,δ = (p!)−
2(1−H0)
H0

∫
SIMp(t)2

dwpwpwpdw̃pw̃pw̃p

(∫
R2p

dηpηpηpdη̃p̃ηp̃ηp1{|ηr+η̃p−η̃r|<δ}`R(ηp)`R(η̃p)

×
p∏
j=1

|ηj − ηj−1|1−2H1e−wjη
2
j

p∏
j=1

|η̃j − η̃j−1|1−2H1e−w̃j η̃
2
j

) 1
2H0

= (p!)−
2(1−H0)
H0

∫
SIMp(t)2

dwpwpwpdw̃pw̃pw̃p

(∫
R2p

dηpηpηpdη̃p̃ηp̃ηp1{|ηr+η̃p−η̃r|<δ}`R(ηp)`R(η̃p)

p∏
j=1

|ηj − ηj−1|1−2H1e−wjη
2
j
(
1{|η̃p|<δ} + 1{|η̃p|≥δ}

) p∏
j=1

|η̃j − η̃j−1|1−2H1e−w̃j η̃
2
j

) 1
2H0

=: Z21,R,δ + Z22,R,δ,

where

Z21,R,δ = (p!)−
2(1−H0)
H0

∫
SIMp(t)2

dwpwpwpdw̃pw̃pw̃p

(∫
R2p

dηpηpηpdη̃p̃ηp̃ηp1{|ηr+η̃p−η̃r|<δ}1{|η̃p|<δ}

× `R(ηp)`R(η̃p)

p∏
j=1

|ηj − ηj−1|1−2H1e−wjη
2
j

p∏
j=1

|η̃j − η̃j−1|1−2H1e−w̃j η̃
2
j

) 1
2H0
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and

Z22,R,δ = (p!)−
2(1−H0)
H0

∫
SIMp(t)2

dwpwpwpdw̃pw̃pw̃p

(∫
R2p

dηpηpηpdη̃p̃ηp̃ηp1{|ηr+η̃p−η̃r|<δ}1{|η̃p|≥δ}

× `R(ηp)`R(η̃p)

p∏
j=1

|ηj − ηj−1|1−2H1e−wjη
2
j

p∏
j=1

|η̃j − η̃j−1|1−2H1e−w̃j η̃
2
j

) 1
2H0

.

For Z21,R,δ, we have

Z21,R,δ ≤ C
∑

βββ, β̃̃β̃β∈Ap

∫
SIMp(t)2

dwpwpwpdw̃pw̃pw̃p

(∫
R2p

dηpηpηpdη̃p̃ηp̃ηp1{|ηr−η̃r|<2δ}`R(ηp)`R(η̃p)

×
p∏
j=1

|ηj |βj(1−2H1)e−wjη
2
j

p∏
j=1

|η̃j |β̃j(1−2H1)e−w̃j η̃
2
j

) 1
2H0

≤ C
∑

βββ, β̃̃β̃β∈Ap

(∫
[0,t]

dwp

(∫
R
dηp`R(ηp)|ηp|βp(1−2H1)e−wpη

2
p

) 1
2H0

)2

×

∫
SIMp−2(t)

dwp−2wp−2wp−2

∫
R(p−2)

dηp−2ηp−2ηp−2

∏
j∈{1,...,p−1},j 6=r

|ηj |βj(1−2H1)e−wjη
2
j

 1
2H0


2

∫
[0,t]2

dwrdw̃r

(∫
R2

dηrdη̃r1{|ηr−η̃r|<2δ}|ηr|βr(1−2H1)|η̃r|β̃r(1−2H1)e−wrη
2
r−w̃r η̃

2
r

) 1
2H0

.

Using some previous calculations, we obtain the following bound

sup
R>1

Z21,R,δ

≤ C
∫

[0,t]2
dvds

(∫
R2

dxdy1{|x−y|<2δ}|x|βr(1−2H1)|y|β̃r(1−2H1)e−vx
2−sy2

) 1
2H0

where βr, β̃r ∈ {0, 1, 2} and this proves, by the dominated convergence theorem,
that

lim
δ→0

lim sup
R>1

Z21,R,δ = 0.

On the other hand, the term Z22,R,δ can be treated as T1,R,δ and we obtain

lim
R→∞

Z22,R,δ = 0, for any fixed δ > 0.

Hence, the proof of (4.6) under (H2) is completed and this ends the proof of
Proposition 4.1. �

5. Proof of tightness

In this section, we will give the proof of the tightness by following the strategy
proposed in Nualart and Zheng (2020a, Section 3.3).
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Proposition 5.1. For any fixed T > 0, any 0 < s < t ≤ T ≤ R and any integer
k ≥ 2

1√
R

∥∥At(R)−As(R)
∥∥
k
≤ C|t− s|1/2, (5.1)

where C = CT,k is a constant that depends on T and k.

Proof : From the definition of mild solution (see Definition 2.2), we can write

u(t, x) = 1 +

∫
R+×R

G(t− s1, x− y1)1[0,t)(s1)u(s1, y1)W (ds1, dy1).

Therefore, for s < t we have the decomposition of u(t, x)− u(s, x) into∫
R+×R

d1(s, t, x; s1, y1)u(s1, y1)W (ds1, dy1)

+

∫
R+×R

d2(s, t, x; s1, y1)u(s1, y1)W (ds1, dy1),

with d1(s, t, x; s1, y1) = 1[0,s)(s1)
[
G(t− s1, x− y1)−G(s− s1, x− y1)

]
and

d2(s, t, x; s1, y1) = 1[s,t)(s1)G(t− s1, x− y1).

Now we express At(R)−As(R) as a sum of two chaos expansions that correspond
to d1 and d2:

At(R)−As(R) =

∞∑
p=1

J1,p,R +

∞∑
q=1

J2,q,R,

where Ji,p,R =
∫
BR

IWp
(
gi,p,x

)
dx for i ∈ {1, 2} and

g1,p,x(spspsp, ypypyp) =
1

p!

∑
σ∈Sp

1∆p(s)(s
σ
ps
σ
ps
σ
p )d1(s, t, x; sσ(1), yσ(1))

×
p−1∏
j=1

G(sσ(j) − sσ(j+1), yσ(j) − yσ(j+1)),

g2,p,x(spspsp, ypypyp) =
1

p!

∑
σ∈Sp

1∆p(s,t)(s
σ
ps
σ
ps
σ
p )G(t− sσ(1), x− yσ(1))

×
p−1∏
j=1

G(sσ(j) − sσ(j+1), yσ(j) − yσ(j+1)),

with ∆p(s, t) = {t > s1 > · · · > sp > s}. Finally, we apply (2.1) to get

1√
R

∥∥At(R)−As(R)
∥∥
k
≤ 1√

R

∞∑
p=1

(∥∥J1,p,R

∥∥
k

+
∥∥J2,p,R

∥∥
k

)
≤ 1√

R

∞∑
p=1

(k − 1)p/2
(∥∥J1,p,R

∥∥
2

+
∥∥J2,p,R

∥∥
2

)
.

Now, let us estimate
∥∥Ji,p,R∥∥2

for i ∈ {1, 2} and p ∈ {1, 2, . . . }.
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Case i = 2, p ≥ 2: Following the arguments in Nualart and Zheng (2020a, Section
3.3), we write

∥∥J2,p,R

∥∥2

2
= p!

∫ R

−R

∫ R

−R
dxdy

〈
g2,p,x, g2,p,y

〉
H⊗p

=
1

p!

∫ R

−R

∫ R

−R
dxdyE

[(
I1,2
t−s,t−s(x− y)

)p] ≤ 2R

p!

∫
R
dzE

[∣∣I1,2
t−s,t−s(z)

∣∣p].
From (3.23) and (3.24), in view of the factor t in the right-hand side of (3.23) and
the factor t4H0h+ 1

2 in the right-hand side of (3.24), with 4H0h + 1
2 > 1, it follows

easily that

∞∑
p=2

(
1

p!

∫
R
dzE

[
|I1,2
t−s,t−s(z)|p

])1/2

(k − 1)p/2 ≤ C(t− s)1/2.

Hence,
1√
R

∞∑
p=2

∥∥J2,p,R

∥∥
k
≤ C(t− s)1/2.

Case i = 2, p = 1: We have g2,1,x(s1, y1) = 1[s,t](s1)G(t− s1, x− y1), so it follows
from (3.15) that

1

4πR

∥∥J2,1,R

∥∥2

2

=
1

4πR

∫ t

s

∫ t

s

drdvγ0(r − v)

∫
R
dξ

∫ R

−R

∫ R

−R
dxdye−i(x−y)ξϕ(ξ)e−

t−r+t−v
2 ξ2

=

∫ t

s

∫ t

s

drdvγ0(r − v)

∫
R
dξ`R(ξ)ϕ(ξ)e−

t−r+t−v
2 ξ2 .

Then, from (3.16) we obtain

1

4πR

∥∥J2,1,R

∥∥2

2
≤ (t− s)ΓT

∫
R
dξ`R(ξ)ϕ(ξ) ≤ C(t− s).

As a consequence,

1√
R

∥∥J2,1,R

∥∥
2
≤ C
√
t− s so that

1√
R

∥∥J2,1,R

∥∥
k
≤ C
√
t− s.

Therefore, we have proved

1√
R

∞∑
p=1

∥∥J2,p,R

∥∥
k
≤ C(t− s)1/2. (5.2)

Next, we shall prove

1√
R

∞∑
p=1

∥∥J1,p,R

∥∥
k
≤ C(t− s)1/2. (5.3)
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Case i = 1, p = 1: We have g1,1,x(s1, y1) = 1{s1<s}
[
G(t−s1, x−y1)−G(s−s1, x−

y1)
]
and then,

1

4πR

∥∥J1,1,R

∥∥2

2
=

∫ s

0

∫ s

0

drdvγ0(r − v)

∫
R
dξϕ(ξ)`R(ξ)

(
e−

t−r
2 ξ2 − e−

s−r
2 ξ2

)
×
(
e−

t−v
2 ξ2 − e−

s−v
2 ξ2

)
≤
∫ s

0

∫ s

0

drdvγ0(r − v)

∫
R
dξϕ(ξ)`R(ξ)e−

s−r
2 ξ2

(
1− e−

t−s
2 ξ2

)
≤ t− s

2

∫ s

0

∫ s

0

drdvγ0(r − v)

∫
R
dξϕ(ξ)`R(ξ)e−

s−r
2 ξ2ξ2 as 1− e−x ≤ x, ∀x ≥ 0

≤ t− s
2

Γs

∫
R
dξϕ(ξ)`R(ξ)ξ2

∫ s

0

dre−
s−r
2 ξ2

= (t− s)Γs
∫
R
dξϕ(ξ)`R(ξ)ξ2 1− e−

sξ2

2

ξ2
≤ (t− s)ΓT

∫
R
dξϕ(ξ)`R(ξ) ≤ C(t− s),

for R ≥ T , in view of (3.16). This implies

1√
R

∥∥J1,1,R

∥∥
2
≤ C
√
t− s so that

1√
R

∥∥J1,1,R

∥∥
k
≤ C
√
t− s.

Case i = 1, p ≥ 2: Let us first compute the Fourier transform of g1,p,x(
Fg1,p,x

)
(spspsp, ξpξpξp) =

1

p!

∑
σ∈Sp

1∆p(s)(s
σ
ps
σ
ps
σ
p )

∫
Rp
dypypype

−iξpξpξp·ypypyp

×
[
G(t− sσ(1), x− yσ(1))−G(s− sσ(1), x− yσ(1))

]
×
p−1∏
j=1

G(sσ(j) − sσ(j+1), yσ(j) − yσ(j+1))

= e−iτ(ξpξpξp)x 1

p!
1[0,s](spspsp)

(
E
[
e−i

∑p
j=1(Bt−Bsj )ξj

]
− E

[
e−i

∑p
j=1(Bs−Bsj )ξj

])
.

Therefore,

1

4πR

∥∥J1,p,R

∥∥2

2
=

p!

4πR

∫ R

−R

∫ R

−R
dxdy

〈
g1,p,x, g1,p,y

〉
H⊗p

=
p!

4πR

∫ R

−R

∫ R

−R
dxdy

∫
[0,s]2p

dspspspdrprprp

p∏
i=1

γ0(si − ri)
∫
Rp
µ(dξpξpξp)

(
Fg1,p,x

)
(spspsp, ξpξpξp)

×
(
Fg1,p,y

)
(rprprp,−ξpξpξp)

=
1

p!

∫
[0,s]2p

dspspspdrprprp

(
p∏
i=1

γ0(si − ri)

)∫
Rp
µ(dξpξpξp)`R

(
τ(ξpξpξp)

)(
E
[
e−i

∑p
j=1(Bt−Bsj )ξj

]
− E

[
e−i

∑p
j=1(Bs−Bsj )ξj

])(
E
[
e−i

∑p
j=1(Bt−Brj )ξj

]
− E

[
e−i

∑p
j=1(Bs−Brj )ξj

])
.

(5.4)

Let us consider separately case (H1) and case (H2).
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In case (H1), using the local integrability of γ0 and the fact

E
[
e−i

∑p
j=1(Bs−Brj )ξj

]
− E

[
e−i

∑p
j=1(Bt−Brj )ξj

]
∈ [0, 1],

we can write
1

4πR

∥∥J1,p,R

∥∥2

2
≤ Γps

p!

∫
[0,s]p

dspspsp

∫
Rp
µ(dξpξpξp)`R

(
τ(ξpξpξp)

)
×
(
E
[
e−i

∑p
j=1(Bs−Bsj )ξj

]
− E

[
e−i

∑p
j=1(Bt−Bsj )ξj

])
.

We have

0 ≤ E
[
e−i

∑p
j=1(Bs−Bsj )ξj

]
− E

[
e−i

∑p
j=1(Bt−Bsj )ξj

]
= E

[
e−i

∑p
j=1(Bs−Bsj )ξj

(
1− e−i(Bt−Bs)τ(ξpξpξp)

)]
= E

[
e−i

∑p
j=1(Bs−Bsj )ξj

] (
1− e− 1

2 (t−s)τ(ξpξpξp)2
)

≤ t− s
2

τ(ξpξpξp)
2E
[
e−i

∑p
j=1(Bs−Bsj )ξj

]
. (5.5)

As a consequence, for all R > T , we can write

1

4πR

∥∥J1,p,R

∥∥2

2

≤ (t− s)Γps
2p!

∫
[0,s]p×Rp

dspspspµ(dξpξpξp)`R(τ(ξpξpξp))τ(ξpξpξp)
2E(e−i

∑p
j=1(Bs−Bsj )ξj )

≤
(t− s)ΓpT

2p!

∫
[0,s]p

dspspsp

∫
Rp
µ(dξpξpξp)

sin2(Rτ(ξpξpξp))

πR
E
[
e−i

∑p
j=1(Bs−Bsj )ξj

]
≤

(t− s)ΓpT
2πTp!

∫
[0,s]p

dspspsp

∫
Rp
µ(dξpξpξp)E

[
e−i

∑p
j=1 Bsj ξj

]
=

(t− s)ΓpT
2πTp!

K1,p(1, s).

Then, applying inequality (3.7), yields, for R > T ,

1√
R

∞∑
p=2

∥∥J1,p,R

∥∥
k
≤ 1√

R

∞∑
p=2

∥∥J1,p,R

∥∥
2
(k − 1)p/2

≤
√

1

Tκ0
(t− s)1/2

∞∑
p=2

√
(8κ0CN (k − 1)ΓT )p exp

(sDN

2CN

)
≤ C(t− s)1/2,

for some large N such that 8κ0C
′
N (k− 1)ΓT < 1. This, together with the previous

estimate for p = 1, leads to (5.3) under the hypothesis (H1).

Consider now the case (H2). Let us continue with (5.4) and apply the embedding
result (2.4) and Cauchy-Schwarz inequality to write

1

4πR

∥∥J1,p,R

∥∥2

2
≤
CpH0

p!

[∫
[0,s]p

dspspsp

[ ∫
Rp
µ(dξpξpξp)`R

(
τ(ξpξpξp)

)
×
{
E
[
e−i

∑p
j=1(Bs−Brj )ξj

]
− E

[
e−i

∑p
j=1(Bt−Brj )ξj

]} ] 1
2H0

]2H0

.
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We deduce from (5.5) and `R(x) = sin2(Rx)
πRx2 that

1

4πR

∥∥J1,p,R

∥∥2

2

≤
CpH0

p!

t− s
2πT

[∫
[0,s]p

dspspsp

(∫
Rp
µ(dξpξpξp)E

[
e−i

∑p
j=1(Bs−Bsj )ξj

]) 1
2H0

]2H0

=
CpH0

p!

t− s
2πT

[K2,p(1, s)]
2H0 .

Then, applying the estimate (3.9) yields

1

R

∥∥J1,p,R

∥∥2

2
≤ 2(t− s)

T
(p!)2H0−1

(
CH0C

2H0
2

)p( T ph

Γ(ph + 1)

)2H0

,

for s < t ≤ T ≤ R. Hence, for s < t ≤ T ≤ R,

1√
R

∞∑
p=2

∥∥J1,p,R

∥∥
k
≤ 1√

R

∞∑
p=2

∥∥J1,p,R

∥∥
2
(k − 1)p/2

≤
√

2

T
(t− s)1/2

∞∑
p=2

(
CH0

C2H0
2

)p/2
(p!)

2H0−1
2

(
T ph

Γ(ph + 1)

)H0

≤ C(t− s)1/2, (5.6)

where the last inequality follows from the fact that 2H0−1
2 − hH0 = −H1

2 . From
inequality (5.6) together with the one for p = 1, we can obtain (5.3) in case (H2).

Therefore, in both cases (H1) and (H2), the estimates (5.2) and (5.3) yield
(5.1), and hence the proof of tightness is concluded. �

6. Proof of Proposition 1.3

For a > 0, we define ϕa(t) = 1
a1[0,a](t), t ∈ R, so

{
ϕa(∗)G(ε, ·) : ε, a > 0

}
is an

approximation to the delta function. Consider the approximating equation
∂uε,a

∂t
(t, x) =

1

2
∆uε,a(t, x) + uε,a(t, x) �W ε,a

t,x , (6.1)

with initial condition uε,a(t, x) = 1 and

W ε,a
t,x =

∫ t

0

∫
R
ϕa(t− s)G(ε, x− y)W (ds, dy).

By following exactly the same lines as in the proof of Hu and Nualart (2009, Propo-
sition 5.2), we can show that

uε,a(t, x) = EB
[

exp
(
W (Aε,a,Bt,x )− 1

2
‖Aε,a,Bt,x ‖2H

)]
(6.2)

solves equation (6.1), where EB denotes the expectation with respect to the ran-
domness B and

Aε,a,Bt,x (r, y) =

∫ t

0

ϕa(t− s− r)G(ε,Bs + x− y)ds1[0,t](r)

=
1

a

∫ a∧(t−r)

0

G(ε,Bt−r−s + x− y)ds1[0,t](r),
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with {Bs, s ∈ R+} a standard Brownian motion on R independent of W . We omit
the details of the proof of (6.2)

The proof of the Feynman-Kac formula begins with the following identity: For
any t1, . . . , tk and any x1, . . . xk with k ≥ 2,

E

 k∏
j=1

uε,a(tj , xj)

 = E

exp

 ∑
1≤i<j≤k

〈
Aε,a,B

i

ti,xi , Aε,a,B
j

tj ,xj 〉H

 , (6.3)

where B1, . . . , Bk are k i.i.d copies of B; see e.g. equation (3.22) in Hu et al. (2015,
page 15).

The remaining proof consists of three steps. In Step 1, we will prove that the
expectations in (6.3) are uniformly bounded over ε > 0, a ∈ (0, c0) for some c0 > 0;
the second step is devoted to proving that

〈
Aε,a,B

i

ti,xi , Aε,a,B
j

tj ,xj 〉H
a↓0−−→
a.s.
Ii,jti,tj ,ε(xi − xj)

ε↓0−−−−→
Lp(Ω)

Ii,jti,tj (xi − xj),

where Ii,jti,tj ,ε(xi−xj) and I
i,j
ti,tj (xi−xj) are respective limits whose expressions will

be clear later; in Step 3, we will show the Lp(Ω)-convergence of uε,a(t, x) to u(t, x)
as ε, a ↓ 0. Combining these steps yields

E

 k∏
j=1

u(tj , xj)

 = E

exp

 ∑
1≤i<j≤k

Ii,jti,tj (xi − xj)

 ,

which is formula (1.8).

Step 1: It suffices to show that for i < j and any λ > 0,

sup
{
E
[
exp

(
λ
∣∣∣〈Aε,a,Biti,xi , Aε,a,B

j

tj ,xj

〉
H

∣∣∣)] : a ∈ (0, ti ∧ tj ], ε > 0
}
< +∞. (6.4)

Similar to (3.23) and (3.24) in Hu et al. (2015, page 15), we have

〈
Aε,a,B

i

ti,xi , Aε,a,B
j

tj ,xj

〉
H

=

∫
R
µ(dξ)e−εξ

2

e−iξ(xi−xj)
∫ ti

0

∫ tj

0

drdr̃γ0(ti − r − tj + r̃)

× 1

a2

∫ a∧r

0

∫ a∧r̃

0

dsds̃e−iξ(B
i
r−s−B

j
r̃−s̃).
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Thus, with m = 2n ≥ 2, we can write

E
[〈
Aε,a,B

i

ti,xi , Aε,a,B
j

tj ,xj

〉m
H

]
=

∫
Rm

µ(dξmξmξm)

(
m∏
k=1

e−εξ
2
ke−iξk(xi−xj)

)∫
[0,ti]m×[0,tj ]m

drmrmrmdr̃m̃rm̃rm

×

(
m∏
k=1

γ0(ti − rk − tj + r̃k)

)
1

a2m

∫
[0,a]2m

dsmsmsmds̃m̃sm̃sm1{sk≤rk,s̃k≤r̃k;∀k}

× E

[
exp

(
−i

m∑
k=1

ξk(Birk−sk −B
j
r̃k−s̃k)

)]

≤ 1

a2m

∫
[0,a]2m

dsmsmsmds̃m̃sm̃sm

∫
Rm

µ(dξmξmξm)

∫
[0,ti]m×[0,tj ]m

drmrmrmdr̃m̃rm̃rm1{sk≤rk,s̃k≤r̃k;∀k}

×

(
m∏
k=1

γ0(ti − rk − tj + r̃k)

)
E

[
exp

(
−i

m∑
k=1

ξk(Birk−sk −B
j
r̃k−s̃k)

)]
(6.5)

and for sk ≤ rk, s̃k ≤ r̃k,

E

[
exp

(
−i

m∑
k=1

ξk(Birk−sk −B
j
r̃k−s̃k)

)]

= exp

(
−1

2
Var

m∑
k=1

ξk(Birk−sk −B
j
r̃k−s̃k)

)
≤ exp

(
−1

2
Var

m∑
k=1

ξkB
i
rk−sk

)
.

Now let us consider case (H1) where γ0 is locally integrable and the spectral
density ϕ satisfies the modified Dalang’s condition (D). By changing (rk−sk, r̃k−s̃k)
to (rk, r̃k) for each k, we get the following estimate (a ≤ ti ∧ tj)

E
[〈
Aε,a,B

i

ti,xi , Aε,a,B
j

tj ,xj

〉m
H

]
≤ 1

a2m

∫
[0,a]2m

dsmsmsmds̃m̃sm̃sm

∫
Rm

µ(dξmξmξm)

∫
[0,ti]m×[0,tj ]m

drmrmrmdr̃m̃rm̃rm

×

(
m∏
k=1

γ0(ti − rk − sk − tj + r̃k + s̃k)

)
exp

(
−1

2
Var

m∑
k=1

ξkB
i
rk

)

≤ Γmti+tj

∫
Rm

µ(dξmξmξm)

∫
[0,ti]m

drmrmrm exp

(
−1

2
Var

m∑
k=1

ξkBrk

)
= Γmti+tjK1,m(1, ti),

with Γt :=
∫ t
−t γ0(s)ds and K1,m(1, ti) defined as in (3.1). The estimate (3.7) yields

E
[〈
Aε,a,B

i

ti,xi , Aε,a,B
j

tj ,xj

〉m
H

]
≤ 1

2κ0
m!(8κ0CNΓti+tj )

me
tiDN
2CN .

In particular, for any n ∈ N, we have

E
[∣∣〈Aε,a,Biti,xi , Aε,a,B

j

tj ,xj 〉H
∣∣n] ≤ (2κ0)−1/2

√
(2n)!e

tiDN
2CN (8κ0CNΓti+tj )

n.
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Note that for any given λ ∈ (0,∞) we can choose N > 0 such that
0 < 16κ0CNΓti+tjλ < 1. Thus, we deduce that

E
[
exp

(
λ
∣∣∣〈Aε,a,Biti,xi , Aε,a,B

j

tj ,xj

〉
H

∣∣∣)]
≤ 1 +

∞∑
n=1

λn

n!
E
[∣∣〈Aε,a,Biti,xi , Aε,a,B

j

tj ,xj 〉H
∣∣n]

≤ 1 + (2κ0)−1/2

√
e
tiDN
2CN

∞∑
n=1

√
(2n)!

n!
(8λκ0C

′
NΓti+tj )

n

≤ 1 + (2κ0)−1/2

√
e
tiDN
2CN

∞∑
n=1

(16λκ0C
′
NΓti+tj )

n,

where we used (2n)! ≤ 4n(n!)2. Hence, we have proved (6.4) in case (H1).

Now let us consider case (H2) where γ0(t) = |t|2H0−2 for some H0 ∈ (1/2, 1)
and ϕ(x) = |x|1−2H1 for some H1 ∈ (0, 1/2) such that H0 + H1 > 3/4. We begin
with (6.5) and make the change of variables ti−rk → rk and tj− r̃k → r̃k, to write,
with m = 2n ≥ 2,

E
[〈
Aε,a,B

i

ti,xi , Aε,a,B
j

tj ,xj

〉m
H

]
≤ 1

a2m

∫
[0,a]2m

dsmsmsmds̃m̃sm̃sm

∫
Rm

µ(dξmξmξm)

∫
[0,ti]m×[0,tj ]m

drmrmrmdr̃m̃rm̃rm

× 1{sk≤ti−rk,s̃k≤tj−r̃k;∀k}

(
m∏
k=1

|rk − r̃k|2H0−2

)

× exp

(
−Var

m∑
k=1

ξkBti−rk−sk

)
exp

(
−Var

m∑
k=1

Btj−r̃k−s̃k)

)
.

Then, the embedding property (3.23), together with Cauchy-Schwarz inequality
and the change of variables vk = ti − rk − sk, ṽk = tj − r̃k − s̃k, leads to

E
[〈
Aε,a,B

i

ti,xi , Aε,a,B
j

tj ,xj

〉m
H

]
≤ CmH0

∫
[0,ti]m

dvmvmvm

(∫
Rm

µ(dξmξmξm) exp

(
−Var

m∑
k=1

ξkB
i
vk

)) 1
2H0

H0

×

∫
[0,tj ]m

dvmvmvm

(∫
Rm

µ(dξmξmξm) exp

(
−Var

m∑
k=1

ξkB
i
vk

)) 1
2H0

H0

= CmH0
[K2,m(1, ti)K2,m(1, tj)]

H0 .

Finally, using the estimate (3.9), we can write

E
[〈
Aε,a,B

i

ti,xi , Aε,a,B
j

tj ,xj

〉m
H

]
≤ CmH0

C2H0m
2

(
titj
)mh (m!)2H0

(Γ(mh + 1))2H0
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Thus, for any λ > 0,

E
[
e
λ|〈Aε,a,B

i

ti,xi
,Aε,a,B

j

tj,xj
〉H|
]
≤ 2 + 2

∞∑
n=1

λ2n

(2n)!
E
[
|〈Aε,a,B

i

ti,xi , Aε,a,B
j

tj ,xj 〉H|
2n
]

≤ 2 + 2

∞∑
n=1

[
λCH0C

2H0
2

(
titj
)h]2n ((2n)!)2H0−1

(Γ(2nh + 1))2H0
<∞,

because 2H0 − 1− 2H0h = −H1 < 0. This implies (6.4) in case (H2).

Step 2. For fixed ε > 0 and i < j, as a ↓ 0,

1

a2

∫ a∧r

0

∫ a∧r̃

0

ds1ds2e
−iξ(Bir−s1−B

j
r̃−s2

)

is uniformly bounded and converges to e−iξ(B
i
r−B

j
r̃
), due to the path continuity of

Brownian motion. As µε(dξ) = e−εξ
2

µ(dξ) is a finite measure and γ0 is locally
integrable, we have

〈
Aε,a,B

i

ti,xi , Aε,a,B
j

tj ,xj

〉
H

a.s.−−→
a↓0

∫
R
µ(dξ)e−εξ

2−iξ(xi−xj)
∫ ti

0

∫ tj

0

drdr̃γ0(ti − r − tj + r̃)

× e−iξ(B
i
r−B

j
r̃
) =: Ii,jti,tj ,ε(xi − xj).

The above almost sure limit Ii,jti,tj ,ε(xi − xj) is real for any xi, xj ∈ R and any
ε > 0, since µ is symmetric (i.e. the spectral density is an even function on R). In
the sequel, we just write Ii,jε (xi − xj), Ii,j(xi − xj) to mean Ii,jti,tj ,ε(xi − xj) and
Ii,jti,tj (xi − xj) respectively.

We will prove Ii,jε (xi − xj) converges, as ε ↓ 0, in L2(Ω) (hence in probability)
to some limit, denoted by Ii,j(xi − xj). Note that, by Fatou’s lemma and the
estimates in Step 1, we can establish that for any λ ∈ R,

E
[

exp
(
λIi,jε (xi − xj)

) ]
≤ Cλ,

for all ε > 0, where Cλ is a constant that does not depend on ε. Now we rewrite

Ii,jε (xi − xj) =

∫
R
dξϕ(ξ)e−εξ

2

∫ ti

0

∫ tj

0

drdr̃γ0(r − r̃)e−iξ(B
i
ti−r
−Bj

tj−r̃
+xi−xj)

,

and we compute for ε1, ε2 > 0,

E
[
Ii,jε1 (xi − xj)Ii,jε2 (xi − xj)

]
=

∫
R2

dξ2ξ2ξ2ϕ(ξ1)ϕ(ξ2)e−
∑2
k=1 εkξ

2
ke−i(xi−xj)(ξ1+ξ2)

×
∫

[0,ti]2×[0,tj ]2
dr2r2r2dr̃2̃r2̃r2γ0(r1 − r̃1)γ0(r2 − r̃2)

× E
[
e
−i

∑2
k=1 ξk(Biti−rk

−Bj
tj−r̃k

)
]
.

Note that E
[
e
−i

∑2
k=1 ξk(Biti−rk

−Bj
tj−r̃k

)]
= exp

[
− 1

2Var
∑2
k=1 ξk(Biti−rk −B

j
tj−r̃k)

]
is positive, and note also from previous calculations in both cases (H1) and (H2)
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that ∫
R2

dξ1dξ2ϕ(ξ1)ϕ(ξ2)

∫
[0,ti]2×[0,tj ]2

dr2r2r2dr̃2̃r2̃r2γ0(r1 − r̃1)γ0(r2 − r̃2)

× exp

(
−1

2
Var

2∑
k=1

ξk(Biti−rk −B
j
tj−r̃k)

)
<∞.

By the dominated convergence theorem, the limit

lim
ε1,ε2↓0

E
[
Ii,jε1 (xi − xj)Ii,jε2 (xi − xj)

]
exists. Therefore, as ε ↓ 0, Ii,jε (xi − xj) converges in L2(Ω) to some limit Ii,j(xi −
xj), which is formally given by

Ii,j(xi − xj) =

∫
R
dξϕ(ξ)

∫ ti

0

∫ tj

0

drdr̃γ0(r − r̃)e−iξ(B
i
ti−r
−Bj

tj−r̃
+xi−xj)

.

In addition, it is easy to show that this convergence also takes place in Lp(Ω) for
any p ≥ 1.

Thus, together with (6.4), we deduce by first passing a to zero, then ε to zero
that

E

exp

 ∑
1≤i<j≤k

〈
Aε,a,B

i

ti,xi , Aε,a,B
j

tj ,xj 〉H

→ E

exp

 ∑
1≤i<j≤k

Ii,j(xi − xj)

 .
Step 3. The last step is to establish the Lp(Ω)-convergence of uε,a(t, x) to u(t, x),
as ε, a ↓ 0. It is enough to show the L2(Ω)-convergence in view of the moment
bounds from Step 1. First for ε1, ε2, a1, a2 > 0, we can write by similar arguments
as before,

E
[
uε1,a1(t, x)uε2,a2(t, x)

]
= E

[
exp

(
〈Aε1,a1,B

1

t,x , Aε2,a2,B
2

t,x 〉H
)]

and

〈Aε1,a1,B
1

t,x , Aε2,a2,B
2

t,x 〉H =

∫
R
µ(dξ)e−

ε1+ε2
2 ξ2

∫
[0,t]2

drdr̃γ0(r − r̃) 1

a1a2

×
∫ a1∧r

0

∫ a2∧r̃

0

ds1ds2e
−iξ(B1

r−s1
−B2

r̃−s2
)

a1,a2↓0−−−−−→
a.s.

∫
R
µ(dξ)e−

ε1+ε2
2 ξ2

∫
[0,t]2

drdr̃γ0(r − r̃)e−iξ(B
1
r−B

2
r̃) ε1,ε2↓0−−−−−−→

in L2(Ω)
I1,2
t,t (0).

By (6.4) again, we have

E
[
uε1,a1(t, x)uε2,a2(t, x)

] a1,a2↓0−−−−−−−−→
then ε1,ε2↓0

E
[
eI

1,2
t,t (0)

]
,

which implies that the limit

v(t, x) := lim
ε↓0

lim
a↓0

uε,a(t, x)

exists in Lp(Ω) for any p ≥ 1.
Now consider a test random variable F = exp

(
W (g)− 1

2‖g‖
2
H

)
for g ∈ C∞c (R+×

R) and recall that random variables of this from are dense in D1,2. For such a F ,
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we have

E
[
Fuε,a(t, x)

]
= E

[
exp

(
W (Aε,a,Bt,x + g)− 1

2
‖Aε,a,Bt,x ‖2H −

1

2
‖g‖2H

)]
= E

[
exp

(
〈Aε,a,Bt,x , g〉H

)]
= E

[
exp

(∫ t

0

〈ϕa(s− •)G(ε,Bt−s + x− ∗), g(•, ∗)〉Hds
)]

,

then putting St,x = E
[
Fuε,a(t, x)

]
, we deduce from the classical Feynman-Kac

formula that St,x solves the partial differential equation

∂tSt,x =
1

2
∆St,x + St,x〈ϕa(t− •)Gε(x− ∗), g(•, ∗)〉H

with initial condition S0,x = E[F ] = 1; see for instance Hu and Nualart (2009, page
315). It follows that

E
[
Fuε,a(t, x)

]
= 1 +

∫ t

0

∫
R
E[Fuε,a(s, y)]Gt−s(x− y)〈ϕa(s− •)Gε(y − ∗), g(•, ∗)〉Hdsdy

a↓0−−−−−−→
then ε↓0

1 + E
〈
DF, vGt−•(x− ∗)

〉
H
, (6.6)

where the convergence in (6.6) is verified at the end of this proof. Assuming (6.6),
we have

E
[
Fv(t, x)

]
= 1 + E

〈
DF, vGt−•(x− ∗)

〉
H
,

which is equivalent to say that v(t, x) solves the same equation for u(t, x) so that
v(t, x) = u(t, x) by the uniqueness of the mild solution; see also Hu and Nualart
(2009) for similar arguments for the case where the Gaussian noise is fractional in
time and white in space.

Now, let us now justify the convergence in (6.6). First, by L2-convergence of
uε,a(s, y), we have

E[Fuε,a(s, y)]
a↓0−−−−−−→

then ε↓0
E[Fv(s, y)].

And recall that g ∈ C∞c (R+×R) (suppose g(r, y) = 0 for (r, y) ∈ [0,K]c×[−K,K]c),
so that

|Fg(r, ξ)| ≤ C ∧ C

ξ2
, ∀(r, ξ) ∈ R+ × R.

Combining the above bound and Dalang’s condition, we have∫
R
dξϕ(ξ)|Fg|(r̃, ξ) ≤ C

∫
{|ξ|≤1}

ϕ(ξ)dξ + C

∫
{|ξ|>1}

ϕ(ξ)

ξ2
dξ < +∞. (6.7)

Noting also that γ0 is locally integrable, we observe that

〈ϕa(s−•)Gε(y−∗), g〉H =

∫
R2

+×R
drdr̃dξγ0(r− r̃)ϕa(s− r)ϕ(ξ)e−iyξ−

ε
2 ξ

2

Fg(r̃,−ξ)
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is uniformly bounded over (s, y, ε, a) ∈ [0, t]× R× (0,∞)2. Hence,

〈ϕa(s− •)Gε(y − ∗), g〉H =

∫ K

0

dr̃(ϕa ∗ γ0)(s− r̃)
∫
R
dξϕ(ξ)e−iyξ−

ε
2 ξ

2

Fg(r̃,−ξ)

a→0−−−→
∫ K

0

dr̃γ0(s− r̃)
∫
R
dξϕ(ξ)e−iyξ−

ε
2 ξ

2

Fg(r̃,−ξ)

(6.8)

ε→0−−−→
∫ K

0

dr̃γ0(s− r̃)
∫
R
dξϕ(ξ)e−iyξFg(r̃,−ξ) (6.9)

where we used (6.7) and the fact that ϕa ∗ γ0 converges in L1
loc(R) to γ0 to obtain

(6.8) and we applied the dominated convergence theorem in (6.9).
Another application of dominated convergence together with Fubini’s theorem

leads to

E
[
Fv(t, x)

]
= 1 +

∫ t

0

∫
R
E[Fv(s, y)]Gt−s(x− y)

∫
R
dr̃γ0(s− r̃)

∫
R
dξϕ(ξ)e−iyξFg(r̃,−ξ)dsdy

= 1 + EF
∫ t

0

ds

∫
R+

dr̃γ0(s− r̃)
∫
R
dξϕ(ξ)F

(
vGt−•(x− ∗)

)
(s, ξ)Fg(r̃,−ξ)

= 1 + EF 〈g, vGt−•(x− ∗)〉H = 1 + E〈DF, vGt−•(x− ∗)〉H, (as DF = Fg),

which confirms the convergence in (6.6).

Therefore, we can conclude our proof by combining the above steps. �
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