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Abstract. Exchangeable coalescents with dust are studied. The rate of convergence as the sample
size tends to infinity of the scaled block counting process to the frequency of singleton process
is determined. This rate is expressed in terms of a certain Bernstein function. The proofs are
based on Taylor expansions of the infinitesimal generators and semigroups and involve a particular
concentration inequality arising in the context of Karlin’s infinite urn model. The rate of convergence
is calculated for several examples of coalescents.

1. Introduction

Exchangeable coalescents (Z-coalescents) have been the subject of extensive studies over the last
decades. These are continuous-time Markovian processes II = (II;);>0 with values in the space P
of partitions of N := {1,2,...}. As time proceeds, blocks merge together to form larger blocks.
For fundamental information on these processes we refer the reader to Mohle and Sagitov (2001)
and Schweinsberg (2000a). Exchangeable coalescents are characterized by a finite measure Z on
the infinite simplex A := {u = (u;)ien : u1 > ug > --- > 0,|u| < 1}, where |u| := >, yu; for
u = (u;)ien € A. In general these processes allow for simultaneous multiple collisions of blocks.
The subclass of coalescents with multiple collisions (A-coalescents) is obtained if Z is concentrated
on {u € A :up = 0}. In this case the coalescent is characterized by the finite measure A on [0, 1]
defined via A(B) := Z(B x {0} x {0} x ---) for all Borel sets B C [0, 1]. Coalescents with multiple
collisions have been independently introduced by Pitman (1999) and Sagitov (1999). It is convenient
to decompose E = Z({0})dp + Zo, where =y has no mass at 0 := (0,0,...) € A. We focus on the
subclass of Z-coalescents with dust. By definition, a Z-coalescent II = (II;);>0 has no dust if, for
all times ¢ > 0, the frequency S; of singletons of II; satisfies P(S; = 0) = 1. For a precise definition
of S; we refer the reader to Section 3 of Mohle (2010). By the criterion of Schweinsberg (2000a),
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II has dust if and only if

Z({0}) = 0 and @ = / lul v(du) < oo, (1.1)

A
where v(du) := Eo(du)/(u, u) with (u,u) =Y,y u? for u = (u;);en € A. It is well-known (see, for
example, Eq. (8) of Mohle, 2010) that Z = (Z;)+>0, defined via Z; := —log S; for all ¢ > 0 (with the

convention —log0 := 00), is a drift-free subordinator with state space [0, oc], initial value Zy = 0
and Laplace exponent

B(q) = /A(1—(1_\u|)q)y(du), ¢>0. (12)

The subordinator Z has Lévy measure ¢ := vp, where vy denotes the image measure of v under
the transformation 7' : A — [0, 00| defined via T'(u) := —log(1l — |u|) for all uw € A. Note that S;
takes values in F := [0,1] and has moments E(S{) = ¢*®@ # ¢ > 0. The semigroup (T})¢>0 of
S = (St)e>0 1s given by

Tf(z) = E(f(Ssit)|Ss =) = E(f(zS,), t>0,f¢c B(E),z¢cE, (1.3)

where B(F) denotes the space of bounded measurable real valued functions on E. The infinitesimal
generator A of S satisfies

Af(x) = /A (fx(1 = [ul) = f(2)) v(du),  feC*(E),z€E, (1.4)

where C?(FE) denotes the space of twice continuously differentiable real valued functions on E. Note
that C?(FE) is a core for A (see the remark after the proof of Corollary 2.3).

Coalescents with dust have been studied in a number of papers (see, for example, Gaiser and
Mohle, 2016, Gnedin et al., 2011, Haas and Miermont, 2011 and Mdhle, 2010). The latter article
mainly focusses on the asymptotics as n — oo of the total branch length of Z-coalescents with dust
restricted to a sample of size n. In the more recent work of Gaiser and Mdohle (2016) the asymptotic
behavior of the block counting process of a coalescent with dust restricted to a sample of size n is
analyzed via the method of moments. Motivated from approximation theory it is natural to ask for
the speed of this convergence. This article provides detailed information on the speed of convergence
of the corresponding infinitesimal generators and semigroups of the block counting process, which
to the best of the author’s knowledge has not been addressed in the literature so far.

The article is organized as follows. Section 2 contains the main results concerning the block
counting process. Theorem 2.1 provides the speed of convergence for the generator of the scaled
block counting process as the sample size n tends to infinity. The rate r(n) of convergence (see
Eq. (2.1)) turns out to be related to a particular Bernstein function ® defined in (2.3). A Lévy—
Khintchine representation for P is provided in Lemma 4.6. For a couple of important examples of
coalescents the Bernstein function ® is computed in Section 3 showing that in these examples the
rate 7(n) of convergence is typically of order n =7 for some 3 € (0, 1] or of order (logn)/n. Proofs are
deferred to Section 4. The proofs are essentially based on Taylor expansions of the corresponding
infinitesimal generators and semigroups, but they involve in addition certain concentration inequal-
ities occurring in the context of Karlin’s infinite urn model (Karlin, 1967), where balls are allocated
independently to an infinite number of boxes. These concentration inequalities are provided and
verified in Sections 5 and 6 for A-coalescents and Z-coalescents respectively.

2. Results

For a Z-coalescent II = (I;);>0 and n € N we denote by Hin) the restriction of II; to Py, the
set of partitions of {1,...,n}. For t > 0 and n € N let Nt(n) be the number of blocks of Hgn). The
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process (Nt(n))tzo is called the block counting process of the restricted coalescent (Hgn))tzo. For =-
coalescents with dust it is known (see Theorem 2.13 a) of Gaiser and Mdohle (2016) or Corollary 2.4)

that the scaled block counting process (Nt(n) /n)i>0 converges in D 1)[0,00) to the frequency of
singleton process (S¢)¢>0 as n tends to infinity. We are interested in the speed of this convergence.
For this purpose let us briefly consider the semigroups and generators of the involved processes.

The scaled block counting process (Nt(n) /m)i>0 has semigroup

(n) (n)
o = () )

. .
() = S

fort >0,neN, ze€ E, ={k/n:ke{l,...,n}} and f : E,, - R. Thus, the corresponding
infinitesimal generator A,, satisfies

Af(e) =t @ @ <f<j> —f@))P’(NW)_”

t—0 t t—0 4

~+

nr—1 .
= Z <f<j>_f(x)>an,ja nEN7f:En_>R7336Em

¢ n
j=1

where g; ; := limy_o t_lP(Nt(i) =j), 14,7 € {1,...,n} with ¢ > j, are the infinitesimal rates of the

block counting process (Nt(n))tzo. By Mohle (2010, p. 2162), the infinitesimal rates ¢; j, ¢ > j, have
the form ¢;; = [\ P(Y (i,u) = j) v(du), where (see Mohle, 2010, Eq. (4))

Y(i,u) = Xo(i,u)+ Z Lix, (i,u)>0} (2.1)
reN

and (Xo(i,u), X1(i,u), X2(4,u),...) has an infinite multinomial distribution with parameters ¢ and
(1 — |ul,u1,usg,...). The occurrence of this infinite multinomial distribution comes from a putting
balls into boxes experiment, originally introduced by Karlin (1967) and further investigated by
several authors, see for example Dutko (1989), Gnedin et al. (2007) and Ben-Hamou et al. (2017).
In this experiment each ball is allocated independently of all other balls into box r with probability
up, 7 € Ng :={0,1,...}, where ug := 1—|u|. This experiment can as well be viewed as an urn version
of Kingman’s paintbox construction (Kingman, 1978a,b) of exchangeable random partitions. Most
articles concentrate on the number K; := ) - 1ix, (i,u)>0} of occupied boxes after i balls have been
allocated. In the context of coalescent theory however, Y (i,u), defined in (2.1), is the important
random variable, which counts all balls allocated in box 0 (the singletons) plus the number of all
other occupied boxes (the number of multiple collisions). The above formula for A, f(z) can hence
be written as

i) = 5 (7(2) - @) [P0t = wiaw

J=1

/A <E <f(Y(nnm>> - f(f”)) v(du) (2.2)

forneN, f: E, - Rand z € E,. The proofs later on will draw heavily from this representation
of the generator A,.

Particular integrals over the characterizing measure v play an important role in the theory of
E-coalescents. For example, the finiteness of the integral [, |u|v(du) in (1.1) characterizes the
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dust property and the integral in (1.2) characterizes the distribution of the associated frequency of
singleton process S = (St)¢>0. We shall see shortly that another family of integrals, defined via

/ Z (1— (1 —u)?) v(du), q>0, (2.3)
ieN

plays an important role when studying the speed of convergence as n — 00 of the scaled block
counting process of the E-coalescent. Note that ®(0) = 0, ®(1 = [ lulv( ®(1) and that
®(00) := limg 0 ®(¢) might be finite or infinite. By Lemma /.l in the appendlx, <I>( ) < ®(n) for
all n € N. Lemma 4.2 provided in Section 4 shows that ® is infinitely often differentiable on (0, 00)
with (—=1)¥1®®)(¢) > 0 for all k € N and ¢ > 0. Therefore, @, restricted to (0,00), is a Bernstein
function in the sense of Schilling et al. (2012, Definition 3.1). A Lévy-Khintchine representation for
P is provided in Lemma 4.6. For the subclass of A-coalescents with dust, ® = & coincides with the
Laplace exponent (1.2) of the subordinator Z associated with the coalescent. This equality of ® and
® however does not hold for arbitrary Z-coalescents with dust. In Section 3 the functions ® and o
are calculated for several examples of coalescents. Let us introduce the function r : (0,00) — (0, c0)

via
r(q) = —=, q>0. (2.4)

For natural reasons becoming clear immediately we call r the rate function. Lemma 4.5 shows
that r is non-increasing on (0,00) with r(¢) — 0 as ¢ — oo. Our main result, Theorem 2.1
below, shows that, for the Z-coalescent with dust, r(n) is the rate of convergence of the generator
of the scaled block counting process to that of the frequency of singleton process. The proof
of Theorem 2.1, provided in Section 4, is based on Taylor expansions of the generators and on
crucial concentration inequalities for Y'(n, u) defined via (2.1). These concentration inequalities are
provided in Sections 5 and 6 for A-coalescents and Z-coalescents respectively. Recall that E := [0, 1]
and B, :={k/n:ke{l,...,n}} (C E) for n € N. In the following 7, : B(F) — B(E,) is defined
via m, f(z) := f(z) for all f € B(E) and x € E,.

Theorem 2.1. (Rate of convergence of the generator of the scaled block counting process) Let
IT = (Ilt)¢>0 be a E-coalescent with dust and let A, and A be the generators of the scaled block

counting process (Nt(n)/n)tzo, n € N, and the frequency of singleton process (St)t>0 respectively.
Then, for all n € N and f € C%(E), the space of twice continuously differentiable real valued
functions on F,

[Anmnf — mnAf|l = sup [Apmn f(z) — T Af(2)] < Cpr(n), (2.5)

xEEn

where Cy := ||f'|| + 2| f"|| and the rate r(n) is defined via (2./).

Remark 2.2. (Optimality) The rate r(n) in (2.5) is optimal, which is seen as follows. Consider the
identity polynomial id(z) :=z, x € E. Forn € N, z € E,, and u € A,

E(id(Y(nW)) —id(z(1 - |u])) = E(Y(Zx’“)) — (1 — |u|)

_ Zl*(l*ui)nx.

1€EN
Integration with respect to the measure v and taking (1.4) and (2.2) into account yields

Aprnid(z) — T Aid(z / S (1= (1 - u)™) w(du) (2.6)

ieN
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for n € N and « € E,,. This expression is non-decreasing in € FE,, and hence takes its maximum
at x =1 € E,. Thus, the supremum over all x € E,, is

| Apnid — mpAid]| = 1/ S (1 - (1 —w)") v(du) = r(n).
" JA N
In this sense the rate r(n) in Theorem 2.1 is optimal. As a side effect the calculations show
that Cjq = 1 is the best possible (smallest) constant in Theorem 2.1. However, we do not claim
that the constant Cy in Theorem 2.1 is optimal in general. For example (see the remark after
the proof of Theorem 2.1), for the A-coalescent, Eq. (2.5) even holds with the optimized constant
Cr = |If'||+1f"|l. Finding the optimal constant C' is a subtile problem related to the optimization
of certain concentration inequalities, which does not seem to be straightforward to solve.

The following corollary provides an analog result on the level of semigroups.

Corollary 2.3. In the situation of Theorem 2.1 let (Tt(n))tzo and (Ti)¢>0 denote the semigroups of

the scaled block counting process (Nt(n)/n)tzo and the frequency of singleton process (St)i>0 respec-
tively. Then, for allt >0, n € N and f € C*(E),

T 7 f = maTof | < tCpr(n), (2.7)
where Cy is the constant from Theorem 2.1 and the rate r(n) is defined via (2.4).

The following weak convergence result is known from the literature, see Gaiser and Mohle (2016,
Theorem 2.13 a)). The proof in Gaiser and Mohle (2016) is based on the method of moments. We
provide alternative short proofs based on the bounds provided in Theorem 2.1 and Corollary 2.3.

Corollary 2.4. (Convergence of the scaled block counting process) In the situation of Theorem 2.1,
as n — oo, the scaled block counting process (Nt(n)/n)tzo converges in Do 11[0,00) to the frequency
of singleton process S = (St)i>0 = (e7Z*)t>0.

3. Examples

In this section the functions ® and ® and their asymptotics are computed for several examples.
The first two examples (beta coalescent and NLG-coalescent) are A-coalescents. In this case d
coincides with ®. The other five examples are true Z-coalescents (with simultaneous multiple
collisions) where ® in general differs from ®. In the following ¥ := (logT') = I"/T denotes the
digamma function (logarithmic derivative of the gamma function) and ~ := —I"(1) ~ 0.577216 the
Euler-Mascheroni constant.

Ezample 3.1. (beta coalescent) Let A = [(a,b) be the beta distribution with parameters a,b €

(0,00). From (1.1) it follows that the beta coalescent has dust if and only if a > 1. Clearly, ® = ®,
so it suffices to compute ®. For a € (1,00) \ {2} the Laplace exponent ® is given by

1
O(q) = B(;b)/o (1—(1—u)q)u“_3(1—u)b_1du

B I'(a+ ) a+b—2 a+b+qg—2 T(b+q)

B (a—l)(a—2)<I‘(a+b—1)_F(a—i-b—l—q—l) I'(b) )’ 120,

where B(.,.) denotes the beta function. The case a = 2 has to be treated separately. In this case

D(q) =b(b+1)(¥(b+q)—¥ (b)), ¢ > 0. Clearly, in all cases r(q) = ®(q)/q, ¢ > 0. For the particular

case a + b = 2, a class of coalescents studied extensively in the literature, the Laplace exponent

considerably simplifies to

o(g) - b 1 qI'(b+q) ’
(1-0b)T'(g+1)I(b)

qg>0,be(0,1).
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As g — oo,
I'(a +b) 2-a
@ if1 2
@-He2_arpm? TS
D(q) ~ b(b+1)loggq if a =2, (3.1)
(a+b—1)(a+b—2) a2

(a—1)(a—2)
In particular r(q) = ®(q)/q — 0 as ¢ — o0, in agreement with Lemma 4.5.

Ezample 3.2. (NLG-coalescent) Let A be the negative logarithmic gamma distribution with pa-
rameters «, o > 0 having density u — au®"'(—logu)?~!/T'(p), u € (0,1). We use the notation
A = NLG(q, o) for this distribution. As for the beta coalescents this family of A-coalescents contains
the Bolthausen—Sznitman coalescent (o« = ¢ = 1) and interpolates between the Kingman coalescent
(o — 0 or p — 00) and the star-shaped coalescent (o« — oo or p — 0). Schweinsberg (2000b, Exam-
ple 14) briefly considers the case a = 1 and ¢ = 2, where A has density u — —logu, u € (0,1). It
is readily checked that [utA(du) = (a/(aw—1))? < 00 for @ > 1 and [u " A(du) = oo for a < 1.
By (1.1), the NLG(«, g)-coalescent has dust if and only if & > 1, which is assumed in the following.
As for all A-coalescents, d = ®, so it suffices to consider ®. By (1.2),

af 1
®(q) = ) /0 (1—(1—w)u*"3(—logu)? " du, q > 0. (3.2)

I'(e
Note that @ is the Laplace exponent of a drift-free subordinator Z with state space [0, 00) and Lévy
measure a(T'(0)) 11 — e ®)*3(—log(1 — e )2 te=®dx, z € (0,00). Binomial series expansion

1-(1-u)?=377, (;1) (1)1, 0 <u <1, ¢ >0, leads to the alternating summation formula

[e.9]

" = () Y log ) du

(o.9] .
- ozgz <q> 7.(_1)J 1 :

S\ G +a=2)
For p = 1, NLG(a, 1) coincides with the beta distribution S(a,1), in which case ®(g) can be
expressed in terms of gamma functions for a € (1,00)\ {2} and in terms of the digamma function for
a = 2 (see Example 3.1). For integer ¢ € N similar formulas for ®(g) can be derived involving higher
derivatives of the gamma function, but these formulas become more and more involved for large
integer p. For example, for o = 2 and a > 2 the well-known formula fol w1 (1 =)’ (~logu) du =
B(a,b)(¥(a + b) — ¥(a)), a,b > 0, applied with a := o —2 and b € {1,q + 1}, leads to ®(q) =
a?/(a—2)?—a’Bla—2,¢+1)(¥(q+a—1)— ¥(a—2)). It does not seem to be possible to express
the integral in (3.2) more explicitly for general «, ¢ and q. We thus focus on the asymptotics of
®(q) as ¢ — o0o. Lemma 7.3 provided in the appendix, applied with a := a« —1 > 0, b := ¢ and
c := o, shows that, as ¢ — oo,

a¢ Pla—-1) 5, -1
P —— 1 ¢ f1 2
o) 2—a ¢ (logg)*" ifl<a<2,
20

®(q) ~ )(10g q)° if =2, (3.3)

I'o+1

o
( a > ifa> 2.
L o—2

For o = 1 the asymptotics (3.3) coincides with the asymptotics (3.1) of ®(q) as ¢ — oo for the
B(a, 1)-coalescent studied in the previous Example 3.1, which must be so, since NLG(«, 1) = B(a, 1).
As a side effect, Lemma 7.3 is also useful to clarify the coming down from infinity problem for the
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NLG(a, o)-coalescent for arbitrary parameters «, o > 0. For information on the coming down from
infinity property we refer the reader to Schweinsberg (2000b).

Proposition 3.3. Let a,0 > 0. The NLG(«, 0)-coalescent comes down from infinity if and only if
a<lora=1andp>1.

Remark 3.4. For a =1 and ¢ = 2 this result was obtained by Schweinsberg (2000b, Example 14).
Proof of Proposition 3.3: We have

NMp = n/ (1—(1—w™Hu " A(du)

[0,1]

a? /1 ( ( )n 1) « 2( 1 )g 1 d

= n—- 1-—(1—uw)" " )u"*(—logu)® " du.
I'(0) Jo
From Lemma 7.3, applied with a := «, b :=n — 1 and ¢ := p, it follows that, as n — oo,
af T(a) 44 -1
1 0 fo<a<l,
F(Q)l—lozn (logn) i «
Mn ~ m'ﬂ(log n)g ifa= 1,

1%
< a )n if > 1.
a—1

Thus, Y 0% o m, ! < oo if and only if @ < 1 or @ =1 and ¢ > 1. The statement of Proposition 3.3
therefore follows from the criterion of Schweinsberg (2000b, Corollary 2). O

Ezample 3.5. (Dirac coalescent) Assume that the characterizing measure v = ¢, is the Dirac measure
at some given point a = (a;);en € A\{0}. The corresponding coalescent has dust, since [ |u|v(du) =
la] <1 < oo0. By (1.2) and (2.3),

Olg) = 1—(1—la))” and B(q) = S (1-(1—a)), q=0.
€N

Note that ® is the Laplace exponent of a drift-free subordinator Z with Lévy measure o :=
d_1og(1—|a|) Whereas d is the Laplace exponent of a drift-free subordinator 7 with Lévy measure
0= icnO—log(1—a;)- Clearly ®(q) — 1 as ¢ — oo, since |a| > 0. The asymptotic behavior of ®(q)
as ¢ — oo is difficult to describe in general and heavily depends on the point @ € A\ {0}. Define
ap := 1 — |a| and consider Karlin’s infinite urn model (Karlin, 1967), where balls are independently
allocated to an infinite number of boxes with probability a; for each ball to be allocated in box
i € Ng. Then, ®(n) = Y ien(l = (1 —a;)") is the mean number of non-empty boxes (disregarding
box 0) after n € N balls have been allocated. It is well-known (see, for example, Gnedin et al., 2007)
that, for particular choices of the point a € A\ {0}, this mean number can oscillate with n. Under
additional regularity assumptions the asymptotic behavior of &)(q) as ¢ — oo can be determined as
follows. Let dq := Y, da; denote the counting measure of a. A straightforward calculation shows
that ®(q) = q Jy° e ®u(z)dx for ¢ > 0, where u(z) := dq([1 — e™%,1]) for all z > 0, so ®(q)/q
coincides with the Laplace transform of u. Define U(z) := [ u(t) dt for all z > 0. If

Uz) ~ z'7%(1/x), x — 0, (3.4)

for some «a € [0, 1] and some function ¢ slowly varying at infinity, then a Tauberian argument (apply
for example Theorem 1.7.1" of Bingham et al. (1987) with ¢ := 1 — «) yields

O(q) ~ T(2-a)g®lq), q— oo (3.5)

In the following three examples are provided corresponding to the cases a = 0 (slow variation),
0 <a<1and =1 (rapid variation).
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(i) Assume that a; = cp’, i € N, for some p € (0,1) and some ¢ € (0,(1 — p)/p]. Then u(z) =
|(log(1 — e™®) — logc)/logp| ~ plog(l/z) as @ — 0 and U(x) ~ pxlog(l/xz) as z — 0 with
constant p := —1/logp € (0,00). Thus, (3.4) holds with « := 0 and ¢(y) := plogy and, by (3.5),
E’(q) ~ l(q) = plogq as ¢ — oo. The asymptotic behavior of Cf)(q) can be alternatively derived
without exploiting Tauberian theorems via

B(q) = e o (A1t = g [ A2
3(q) —%(1 (1 - ep)?) /Ou (1— o)) dt u/o i
1 o _‘,Bq
~ u/o lux)deM(‘If(qul)Jrv)Nulogq, q — oo.

(ii) Assume that a; = ¢i™?, i € N, for some 8 € (1,00) and some ¢ € (0,1/¢(53)], where ¢(B) :=
Sieni?. Define a := 1/8 € (0,1). Then u(z) = [¢*/(1 — e ®)*| ~ ¢z~ as z — 0 and

2

U(z) ~ cx'=/(1 — a) as * — 0. Thus, (3.4) holds with /(y) := ¢*/(1 — ) and, by (3.5),
®(q) ~T'(1 — a)c*q® as ¢ — oo. Alternatively,
Blg) = S(1—(1—ci Vo)) ~ / (1= (1= ct=oy) at
ieN e

and the substitution z = ¢t~/ yields

~ La(l—(1—2)1 r 't -«
®(q) ~ Ca/o C xilﬂ )>dZL‘ = co‘( (165(—;_11_)1(_1 ) )—1) ~ I'(1 —a)c*q”

as ¢ — 00.

(iii) Assume that a; = 0 and a; = ¢/(i(logi)?), i € N\ {1}, for some 3 € (1,00) and some sufficiently
small constant ¢ > 0 such that |a|] < 1. A technical but straightforward computation shows that
u(z) = ly/(BW (y*/?/B))?|, where y := y(x) := ¢/(1—e~®) and W denotes the Lambert W function
satisfying W (z)eW®) = 2. From W (t) ~ logt as t — oo we conclude that u(z) ~ ¢/(z(—logz)?)
as x — 0. Therefore, U(z) ~ ¢/((8 —1)(—logz)?~1) as x — 0. Thus, (3.4) holds with o := 1 and
(y) = ¢/((B—1)(logy)?~1) and, by (3.5),

B(q) ~ qllg) = — a

B —1(logg)"~"

Ezample 3.6. (Dirichlet coalescent) Let X = (X1,..., Xy) have a symmetric Dirichlet distribution
Dn(a) with parameters N € N and a > 0 and let X(;) > -+ > X() denote the order statistics
of X. The Dirichlet coalescent with parameters N € N and a > 0 has been studied in Section 3
of Gaiser and Mohle (2016). In this case the measure v(du) = ZEg(du)/(u, u) is the distribution of
(X@),---»X(n),0,0,...). Since v is concentrated on Ay := {u = (u;)ien € A:us +---+uy = 1},
it follows that the Laplace exponent (1.2) of the associated subordinator satisfies ®(0) = 0 and
®(q) = v(A) =1 for ¢ > 0. The formula (2.3) for ®(¢) turns into

q — 00.

N
®(q) = d (1= —w))v(du), g¢>0.
AN =1
The function below the integral is symmetric with respect to ui,...,uy. Thus,

N
&3(q) = /Z (1-(1—-w)?)Dn(a)(duy,...,duy) = NE(1—(1—X;)7), q > 0.
i=1
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If N =1 then X; = 1 and hence ® = ®. Assume now that N € N\{1}. Since X is beta distributed
with parameters o and Na — « and hence satisfies

1
B -X)1 = B(a]\fla—a)/o (1—2)2 (1 —z)¥eme de
_ B(a,Na—a+q) T(Na)l'(Na—a+q)
B(o,Na—a)  TI'(Na—a)[(Na+gq)’

it follows that
N(Nao)I'(Na — o+ q)
I'Na—a)l'(Na+q)

<T>(q):N<1— ) — N, q — 0.

Note that ® is the Laplace exponent of a drift-free subordinator Z with state space [0, 00) and Lévy
measure g(dz) = N(B(a, Na — )~ (1 — e ®)> le~Na=®)2qy 4 € (0,00). The Laplace exponent
® does not coincide with ®.

Ezample 3.7. (Poisson-Dirichlet coalescent) The two-parameter Poisson-Dirichlet coalescent is the
E-coalescent where the measure v(du) = Eg(du)/(u,u) is the two-parameter Poisson—Dirichlet
distribution with parameters 0 < a < 1 and 6 > —a«. This coalescent has been introduced in
Mohle (2010) and for the particular case a = 0 in Section 3 of Sagitov (2003). The associated
block counting process and its Siegmund dual fixation line have been investigated in Section 4 of
Gaiser and Mohle (2016). Since v is concentrated on A* := {u € A : |u| = 1} it follows that
Sa lulv(du) = v(A*) = 1 < co, which implies that this coalescent has dust. Moreover, as in Exam-
ple 3.6, ®(0) =0 and ®(¢) = v(A) =1 for ¢ > 0. By Handa (2009, Eq. (2.1)), applied with n :=1
and f(x):=1—(1—x)9,

Bo) = [ 3 fw)rn) = [ (=02 m), g0
A jeN R
where 117 denotes the first correlation measure associated with the Poisson—Dirichlet distribution.

The density (correlation function) of uy is explicitly known (see, for example, Handa, 2009, Theo-
rem 2.1) and it follows that

1
@@):cmﬁ/(1—a—xmx“1u—xﬁm1da g0,
0

with normalizing constant c¢i 49 := B(1 —«a,0 + o) = I'(0 + 1)/(I'(1 — a)['(6 + «)). Note that
® is the Laplace exponent of a drift-free subordinator Z with Lévy measure o(dz) = ¢14,0(1 —
e~®)—ale=(0+)zqy g € (0,00). In particular, ® does not coincide with ®. In order to compute

d explicitly assume first that o > 0. Then the integral above can be expressed in terms of gamma
functions which leads after some straightforward manipulation to
~ 0+ql(@+a+ql'(0+1) 6

P = - — > 0.
(a) a TO+1+qT0+a) o 720

In particular ®(q) ~ T'(6 + 1)/T(6 + )¢/ as ¢ — co. Assume now that o = 0. Then
_ 1
O(q) = 0/ (1-(1- x)q):v_l(l —2) lde = o((0+q) —V(0)), q>0.
0

Because of the occurrence of the ¥-function in its Laplace exponent we call Z the U-subordinator
with parameter §. Note that ®(q) ~ 0logq as ¢ — oo.
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Ezample 3.8. (Dirichlet—Kingman coalescent) Let ay, ag, ... be positive real numbers satisfying a :=
ZneN a, < oo. For any finite non-empty subset J of N define ay := )" ._; a; and let P; denote the

jeJ
probability measure on A := {2 := (2;);es € [0,1]] 1 |2y == > jesTj < 1} with density
aj—1
A=z )= %
=T = (x;); A
fi(zy) (a) Ta—ay) Ty ())jes € Ay,

with respect to Lebesgue measure on Ajy. For any J C N with 1 < |J| < oo and any j € J

a straightforward calculation shows that fol_‘le fr(xy)de; = fu(xm) for all zy € Apg, where
H := J\ {j}. Thus, the family of probability measures (Py)  is consistent. The projective limit P
of (Py) is called the Kingman—Dirichlet distribution with parameter (a,,)nen. For more information
on this distribution we refer the reader to Huillet and Martinez (2008, Section 4). Let X7, Xs,... be
random variables with joint distribution P and let X (1) > X9y -+ denote these random variables in
decreasing order. The Dirichlet—Kingman coalescent, introduced in Example 6.1 on p. 549 of Huillet
and Mohle (2011), is the Z-coalescent where the characterizing measure v(du) = Zg(du)/(u, u) is (by
definition) the distribution of (X(y), X(2),...). For this coalescent a (i1, ...,4;)-merger, j,i1,...,%; €
N, occurs at the rate

din i) = [ i) = YOG X))

r1,...,7; EN 71,...,7 EN
all distinct all distinct
. . a/ . “ e a . s
=Y R exi =y nberiols
r1,...,r;EN r1,...,r;EN [a}“erJﬂj
all distinct all distinct
where [z]p:=1and [z]; :=x(x+1)---(x +i—1) forz € R and i € N.
If a; = -+ =any = a for some a > 0 and some N € N, then in the limit a,, — 0 for all n > N we

are back to the Dirichlet model discussed in Example 3.6.
As in the previous example, since v is concentrated on A*, this coalescent has dust and the Laplace
exponent ® of the associated subordinator satisfies ®(¢) = 1 for ¢ > 0. The formula (2.3) for
®(q) turns into ®(q) = Yoien(I = E((1 = X)) = > ien(1 = E((1 — X;)7)). Since 1 — X; is beta
distributed with parameters a — a; and a;, it follows that

0 - R(-eE). e

Alternatively, by Lemma 4.6 and (1.8), ®(q) = f[o,l}(l — (1 —2)?) p(dz), ¢ > 0, where u(B) :=
fA ien 1B(uwg) v(du) =3, .y E(1p(X5)) = > ,en P(X; € B) for all Borel sets B C [0, 1]. Note that
p is the intensity measure of the point process ) .y dx;.

In order to see that (ID( ) ~ alogq as ¢ — oo let us rewrite (3.6) for ¢ > 1 in the form

®(q) / . .

— = fq(?) On(di), qg>1, 3.7

e = . foli)du(a) (37)
where Jdy denotes the counting measure on N and

N1 B I'(a)['(1 —a; + q)
Jali) = log ¢ <1 I'(a—a)T(a+q)

>, qg>1,7€N.

From

I'(a)l(a—a; +q) N
I'(a = a;)l'(a +q)

it follows for all i € N that f,(i) — a; =: f(i) as ¢ — oo.

Fix go > 1. In the following we find a dominating map for the functions f;, ¢ > qo. For ¢ > 1 the

1—

ai(V(a+q) — ¥(a)) ~ a;logg, q — 00,
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Pochhammer map z — [z]; = I'(z + ¢)/T'(x) is convex on (0,00). (For ¢ > 1 even the map z~[z],
is completely monotone and hence convex on (0, 00) by Theorem 2.4 of Ismail et al. (1986), applied
with a := ¢ and b := 0.) Replacing z by a — x and multiplying by the factor I'(a) /T'(a + q) it follows
that

h(z) = I'(a) a—a], = I'(a)T'(a—z+q)

I'(a+ q) I'a—2)l'(a+q)

is convex on [0,a), which yields the inequality h(z) — h(0) > h'(0)z, 0 < = < a. Noting that
h(0) =1 and h’( ) =¥(a) — ¥(a + q) we obtain

L(a)'(a+q—x)
- < (v - 0,g>1,0< .
F(a—x)l"(a—l—q) — ( (CL—I—q) (CL))JI, a>U,qg=zl,Usz<a
Applying this inequality with x := a; (< a) yields for all i € N and all ¢ > ¢ that
. U(a+q) — VY(a
) < et
0g4q

where K := K, = sup,>, (¥(a + q) — ¥(a))/logq < oo, since qo > 1 and ¥(a + q) ~ logq as
q — oo. The dominating map i — Ka; is integrable with respect to the counting measure on N.
Thus, by dominated convergence, the integral in (3.7) converges to [y f(i) on(di) = >, ey ai = a as

a; < Ka,

q — 00. Thus, (I>(q) ~ alogq as ¢ — .

Ezample 3.9. (Symmetric coalescent) Let (mg)ren be a sequence of non-negative real numbers
satisfying >,y mr/k < 0o. Suppose that v assigns for each & € N mass my, to the point uk) =
(1/k,...,1/k,0,0,...) € A*. The assumption ) ;. mi/k < 0o ensures that the measure = is finite
as required. Except for the fact that we exclude a Kingman part for simplicity, i.e. Z({0}) = 0,
this class of coalescents has been recently studied in Gonzalez Casanova et al. (2021+). For this

coalescent a (i1,...,%;)-merger, j,i1,...,4; € N, occurs at the rate
; ij d _ k). A% _ (k)]
o(it, ..., 15 Z g v(du) = Z( ) o) e = Z i Ty
7'17 =1 keN k>j
all distinct

where i := i1 +--- +ij, (x)g := 0 and (x); :=2(x —1)---(x —j+ 1) forz € Rand j € N. In
this symmetric situation, P(Y (i,u®)) = j) is the probability to obtain j non-empty boxes when
1 € N balls are allocated independently and uniformly to £ € N boxes. This probability is given by
(a formula well-known from several textbooks, see for example Durrett (2019, p. 172), and already
known by Kolchin et al., 1978, Egs. (1) and (2))

Py (i,ul) = j) = s(i.5) 00 (3.9

where S(i,7) := (1/5!) f;: (—1)7~ ”(J) i,7 € Np, denote the Stirling numbers of the second kind.
Thus, the block counting process moves from state ¢ € N to state j € N with 7 < ¢ at the rate

Gij = /A]P’(Y(i,u):j)u(du) = Y PV u®) = jymy, = S(i,5) ) (’szmk,

keN keN

The total rates are

i—1
G = qu;,g Z ZSZJ
=1

keN j=1
- Z%( = > m (1-) ieN.

keN keN
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For all kK € N and 7,5 € N with ¢ < j,

k)iS(j,i)k —_ (k)it1 (i),

P(Y(j,u™) =i, Y(j+1LuM) =i+ 1) = (k:j ko kit

The Siegmund dual fixation line therefore moves from state i € N to state j € N with j > ¢ at the
rate (see Gaiser and Mohle, 2016, Proposition 2.5)

B = YRV ) =6 VG Lu®) =ik hmy = 56,0 Y T

keN keN

and the total rates are ~; := Zj>i Yi,j = Qi+1, © € N. The well-known (see Gaiser and Mohle, 2016,

Theorem 2.9) Siegmund duality relations Y7, ¢i1 =: Gi,<j = Vj,>i := 210 Vjis b»J € N, are hence
equivalent to the combinatorial identities (see also Mohle, 2018, Eq. (19))

1 & X 1 .
EZS(Zal)(kj)l = (k)]JrlZS(lv.])Wa Z,],kGN,
=1 l=i

for the Stirling numbers of the second kind. Note that the left hand side is a finite sum whereas
the right hand side is an infinite series. An analog combinatorial identity for the Stirling numbers
of the first kind is provided in Mohle (2018, Eq. (22)). Since the time of the first coalescence of the
associated Z-coalescent is exponentially distributed with parameter Y, o v({u®}) = 3, ymy =
v(A) it follows that this coalescent comes down from infinity if and only if ¥(A) = co. Since v is
concentrated on A* this coalescent has dust if and only if [, |u[v(du) = v(A) = 3 oy < 0.
Having dust and not coming down from infinity are therefore the same properties. In this case (2.3)
turns into

&>(Q) = kazk:<1—<1—]1€>q> = %kmko—(l—;)q)

keN =1

= / (1-QQ-=2)?)o(dz), ¢>0,
(0.1]

where the measure v (see Lemma 4.6) is discrete and assigns for each k € N mass kmy, to the point
1/k. These formulas for 5(q) do not seem to simplify much further except for particular choices
of the sequence (my)ren. If D oy kmi < oo then P(00) = limg o0 d(q) = > oken kmy < oo. If
> ken kmy = oo then ®(00) = 00, but the asymptotics of ®(q) as ¢ — oo is not easy to determine
in general. For example, let @ > 0 and assume that m; := k= for £ € N. Then the associated
coalescent has dust if and only if a > 1. For a > 2, ®(c0) = Spen k1 = ((a — 1) < oo, where ¢
denotes the zeta function. For a € (1, 2], as ¢ — oo,

B(q) ~ /lootl_a<1—<1—1>q)dt = /Oll_éi;x)qu

U(g+1)+~v ~ loggq if =2,
= 1 Mg+ 1)I'(a—1) MNa—1) 5, .
1) ~ ———¢% if 1,2).
2—04( I'(g+a—1) 2_a ! fae(l2)

For example, for a = 3/2, &)(q) ~ 2./TTq as q — 0.
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4. Proofs concerning the block counting process

Before we prove Theorem 2.1 we derive fundamental properties of the functions ® and r. We
start with an analysis of the function g : [0,00) x A — [0, 00), defined via

g(q,u) = Z (1 - (1- ui)q), qg>0,u€A. (4.1)
€N

Lemma 4.1. For every u € A the function g(.,u) is infinitely often differentiable on (0,00) with
derivatives

6k
9™ (q,u) = 87(}9((1&) = =) (1 —w)(log(l —w;))*,  keN,g>0. (4.2)
€N

Proof: (of Lemma 4.1) We proceed similar as in the proof of Lemma 3.1 of Herriger and Mdohle
(2012). For v = (1,0,0,...) € A, g(q,u) =1—-09 =1 — dyp, has a discontinuity at ¢ = 0 but is
infinitely often differentiable on (0, c0) and all derivatives vanish there. Thus, (4.2) obviously holds
for u = (1,0,0,...). In the following it is therefore assumed that (1,0,0,...) # u € A. Then u; < 1
for all i € N, so we can take the logarithm of 1 — u;. Note that ), y(—log(l — u;)) < oo, since
—log(1—t) =32, t"/n < tY> X t" =t/(1—t) <2t for all t € [0,3]. In the following (4.2) is
verified by induction on k£ € N.
For m € N define gy, : [0,00) x A — R via

m

Im(q,u) = Z(l—(l—ui)q), qg>0,u€A.
i=1

Applying the inequality t < —log(1 —t), t € [0,1), with ¢ := 1 — (1 — u;)? € [0,1) it follows that
1—(1—u)?< —qlog(l—u;),i€N,q>0. Therefore, for all ¢ > 0,

19(g,u) = gm(g,w)] = > (1= (1—u)?) < ¢ (—log(l—wu;)) = 0

i>m >m

as m — 00, S0 gm (., u) — ¢(., ) uniformly on any compact set K C [0, 00). Furthermore, each g, is
differentiable with respect to ¢ with continuous derivative g, (¢, u) = > i1 (1 — u;)?(—log(1 — u;)).
From

(g u) =Y (1 —ug)?(—log(1 —ug))| < Y (1= u;)?(—log(1 — uj))
€N i>m

> (—log(l —ug)) — 0

>m

IN

as m — oo it follows that g], (¢, u) — >, cn(1—u;)?(—log(1—w;)) uniformly for all ¢ € [0, 00). There-
fore, g(.,u) is differentiable with derivative g'(q,u) = limy o0 g1, (¢, u) = D ;cn(1 — u3)9(—log(1 —
u;)), q € [0,00). Thus, (4.2) holds for k = 1.

In order to prepare the induction step define gy, 1 : [0,00) x A = R, m, k € N, via

m

gm,k(Qvu) = = Z(l - u’b)q(]'og(l - UZ))k7 q Z O,U € A.
i=1
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The induction step from k& € N to k 4+ 1 works similarly as follows. Fix k& € N. By the induction
hypothesis,

m
- ’ = > (1= wi)?(log(L — ug))* + ) (1 — uy)(log(L — uy))*
=1 1€EN
< > (1 —u)?(=log(l —w))F < Y (—log(l—w;))F — 0
i>m i>m
as m — 0o, which shows that g, x(.,u) — g (., u) unlformly on [0,00). Furthermore each gy, j is
differentiable with respect to ¢ with continuous derivative g/, (q,u) = — 37 (1 —u;)9(1 —u;)*+! =
gmk+1(¢, ). From
|9 (@) + > (1= ug)?(log(1 —ug)) " < > (1= u;)9(— log(1 — u;))F*!
1€EN i>m
< > (—log(l—u))Ftt = 0
i>m

as m — oo it follows that g, ; (¢, u) = — >, cn(1 —u;)?(log(1 — u;))*+1 uniformly for all ¢ € [0, 00).
Therefore, g*)(.,u) is differentiable with derivative

g gw) = ") (qu) = lim g, 1(q,u)
=l gnpri(eu) = —%(1—ui>q<log<1—ui>>’f“-
1
The induction is complete. O

Lemma 4.2. The function ®, defined via (2.3), is infinitely often differentiable on (0,00) with
derivatives

a®) (g / Z (1 —u)?(log(1 — u)* v(du), keN,q>0. (4.3)
1€N

Remark 4.3. In general  is not differentiable at 0, which is seen by choosing the measure v such that
Sa lulv(du) < oo but [ 3 cn(—log(l — u;)) v(du) = co. Such an example (even a A-coalescent
where A has no mass at 1) is provided at the end of Remark 4.3 in Herriger and Mohle (2012). In
this example the measure A assigns for each m € N mass m ™2 to u,, := 1 — e~™. Therefore,

o0 o0
~ 1—(1—up) Z 1—e™ ™
mzzl m2u2, — m2(1 — e=m)?2

Thus, ® is a real-valued continuous function on [0, c0) and differentiable on (0, 0c) with derivative
'(q) =3 7™ /(m(1 — e ™)?), ¢ > 0, but ® is not differentiable at ¢ = 0.

Remark 4.4. If v has positive mass, say k > 0, at (1,0,0,...) € A, then ® has even a discontinuity
(a jump of size k) at ¢ = 0.

Proof: (of Lemma 4.2) By definition,

®(g) = /Ag(q,U) v(du),  ¢>0, (4.4)

where ¢ is defined via (4.1). Having Lemma 4.1 in mind it suffices to verify that

B0 (g) = /A o® (g u) v(du),  keNg>0. (4.5)
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We prove (4.5) by induction on k € N.

It is readily checked that for every g > 0 there exists a constant ¢, € (0,00) such that (1 —
t)9(—log(1—t)) < ¢4t forall t € [0,1). (Note that this statement does not hold for ¢ = 0.) Applying
this inequality with ¢ := u; < 1 it follows from Lemma 4.1 that |¢/(q,u)| = >, (1 —u;)9(—log(1 —
ui)) < D ienCqlhi = Cqlul, which implies that for every ¢ > 0 the map ¢'(q,.) is v-integrable.
Moreover, choosing some gy € (0,00) it follows that |¢'(q,u)] = > ;cn(1 — ui)?(—log(l — u;)) <
Yoien(I —u)®(=log(l — u;)) = |g'(qo,u)| < cqolul =: h(u) for all ¢ > qo, where the dominating
map h is v-integrable. By the differentiation lemma, (4.4) is differentiable with respect to ¢ € (0, c0)
and it is allowed to take the derivative below the integral, which shows that (4.5) holds for k = 1.

The induction step from k& € N to k£ + 1 works essentially in the same way as follows. Let k € N.
Again it is not hard to check that for every ¢ > 0 there exists a constant ¢, € (0,00) such that
(1 —1)9(—log(1 — t))k < cx 4t for all t € [0,1). Applying this inequality with ¢ := u; < 1 it follows
from Lemma 4.1 that [¢(*)(q,u)| = Sien(l — ui)?(—log(l — u;))F < cpqlul, which implies that
for every q > 0 the map g(k) (q,.) is v-integrable. Moreover, choosing some gy € (0, 00) it follows
that 1900 = Sl = 00)(—Iog(1 — )" < Fscn(L— ) log(1—ui)* = lo® g, )| <
Chqo|t| =1 hi(u) for all ¢ > qo, where the dominating map hy, is v-integrable. By the differentiation
lemma, (4’)) is differentiable with respect to ¢ € (0, 00) and it is allowed to take the derivative below
the integral, which shows that (4.5) holds with k replaced by k + 1. The induction is complete. [

Let us now turn to properties of the rate function r.

Lemma 4.5. Let Z be a measure on A satisfying (1.1). Then the rate function r, defined via (2./),
is infinitely often differentiable on (0,00) with first derivative

r(q) = M
e,y
€N

In particular, r is non-increasing on (0,00). Moreover, r(q) — 0 as ¢ — occ.
Proof: (of Lemma 4.5) With @ also r is infinitely often differentiable on (0, 00) with first derivative

oy d g q®(g) — (g
r(q) = 0 q - 2
q Ja 2ien(t —ua)?(—log(1 — wi)) v(du) = 5 Poien(l — (1 — u)?) v(du)

_ /Z l—uzq—l—(l—uz)qlog((l—ul)) V(du) < 0, >0,

€N q

since t — 1 —tlogt < 0 for all ¢ € [0,1]. In particular, r is non-increasing on (0, 00).

In order to see that r(q) — 0 as ¢ — oo fix u = (u;)ien € A and define s4(i) := (1 — (1 —u;)?)/q,
g >0, i€ N. Note that s4(i) < 1/¢ — 0 as ¢ — oo and s4(i) < u; for all i € N and ¢ > 1, where
the map 7 — wu; is integrable with respect to the counting measure dy on N. Thus, by dominated
convergence, for every u € A,

1— (1 — )
3 L= (zw)t / 5q(1) On(di) — 0
ieN q N

as ¢ — 00. Moreover, from s4(i) < u; for all ¢ > 1 and i € N we conclude that

ZM _ qu(i) < Z“Z = |

ieN q €N 1€N
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for all ¢ > 1 and u € A. Since the dominating map u — |u| is v-integrable, it follows that r(q) — 0
as ¢ — 0o again by dominated convergence. O

The following lemma provides a Lévy—Khintchine representation for ® and shows that the integral
over the infinite simplex A in (2.3) can be replaced by a simpler integral over the half-open unit
interval (0, 1].

Lemma 4.6. Let E be a measure on A satisfying (1.1). Then there exists a unique measure U on
(0,1] having total mass 7((0,1]) = ®(c0) € [0, 00] and satisfying f() 0.1] zv(dz) < oo such that

d(q) = / (1—(1-2)?)v(d), q>0. (4.6)
(0,1]

[1]

Remark 4.7. The following proofs show that v({1}) = ({(1 0,0,...)}). In particular, if the =-
coalescent has no star-shaped part, i.e. =({(1,0,0,...)}) = 0, then ® is the Laplace exponent of a

drift-free subordinator Z with state space [0, 00) and Lévy measure g := vy, where Uy denotes the
image of the measure ¥ under the transformation 7" : (0,1) — (0, c0) defined via T'(z) := —log(1—=x)

for all x € (0,1).

Proof: (of Lemma 4.6) Two proofs of (4.6) are provided. The first proof is measure theoretic and
provides an explicit formula (see (4.8)) for the measure v in terms of the measure v. The second
proof is based on a Bernstein function argument. Both proofs are relatively short.

Proof 1. Consider the measure space (A,B(A),v) and the measurable space (S5,S) :=
([0,1},B([0,1])). The point process  : A x S — Ng U {oc}, defined via {(u, B) := ) ;. 1B (u;) for
all u € A and B € S, has intensity measure

w(B) = E,( /5uB (du) /ZlBu, (du), BeS,
€N

and, hence, Campbell’s formula

E( [0’1]f<x>s<.,dx>) - /. [ g
= [ syvtan) = [ s us) (4.7)

€N [071}

holds for f = 1p and hence for all nonnegative measurable functions f : [0,1] — [0, 00]. Fix ¢ > 0.
Choosing f(z) := fq(x) := 1 — (1 — )7 shows that

/ S fyw)v(du) = [ foe) p(dz) = /(0’1]<1—<1—x>q>ﬁ<dx>,

1€N [071]

where v denotes the restriction of u to (0, 1], i.e

7(B) = / > 1p(us) v(du) (4.8)

1€EN
for all Borel sets B C (0,1]. Thus (4.6) holds. O
Proof 2. By Lemma 4 2, ® is infinitely often differentiable on (0, 00) with derivatives (1.3). In
particular, (—1)k10®) (4 = [ D ien(l = uy)?(—log(1 — u;))* v(du) > 0 for all k € N and ¢ > 0.
Thus ®, restricted to (0, ) is a Bernstein function in the sense of Definition 3.1 of Schilling et al.

(2012). By Schilling et al. (2012, Theorem 3.2), ® has a Lévy-Khintchine representation, i.e. there
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exist constants a,b > 0 and a unique measure p on (0, 00) satisfying f(o (1 Ay)o(dy) < oo such
that

d(q) = a—I—bq—i—/(O )(1—e’qy)§(dy) = a—l—bq—l—/(m) (1-(1-2)) v(de), q>0,

where 7 := p,, is the image of ¢ under the transformation ¢ : (0,00) — (0,1) defined via p(y) :=
1—eY forall y € (0,00).
Assume now first that v has no mass at (1,0,0,...) € A. Then @ is continuous at ¢ = 0 and

from ®(0) = 0 it follows that a = 0. Moreover, b = limg 00 ®(q)/q = limg 00 7(¢) = 0 by Lemma
4.5. Thus,

O(q) = / (1—(1—2)7)v(de), qg>0. (4.9)
(0,1)

Note that this formula obviously holds for ¢ = 0, since in this case both sides in (41.9) are equal to
0.

If v has mass k := v({(1,0,0,...)}) = 2({(1,0,0,...)}) € [0,00) at (1,0,0,...) € A, then extend
the measure 7 on (0,1) to a measure on (0, 1], again denoted by v, via v({1}) := k, and note that
one has to add to the above expression (4.9) for ®(q) the part

[ S = a0k = [ (10 o)
{(1,0,0,.)} jen {1}
which shows that (4.6) holds.

The total mass 7((0,1]) = ®(cc0) of the measure 7 might be infinite, but its first moment
| 01 % v(dx) = ®(1) is finite. Clearly, the measure v is uniquely determined by the values (4.6). O

Remark 4.8. The measure A(dz) := 225 (dz) satisfies

/ 27 A(dz) = / zv(der) < oo,
(0,1] (0,1]

which implies that the corresponding A-coalescent has dust. In this way we can define for each

Z-coalescent with dust a A-coalescent (allowing only for multiple COHlblOnb) with dust such that
both, the Z-coalescent and the A—coalescent have the same function ®. If the A-coalescent is in a
partition with b € N\ {1} blocks then each possible merger of k£ € {2,...,b} blocks into a single
block is occurring at the rate

h\ = —x xr) = xk —mb*k x
Rk = /(01] K1 — ) *5(d) /H (1 - 2)~*pu(da)
= /Zu (1—u)*Fu(du), 2<k<b, (4.10)
i€N

where the last equality holds by Campbell’s formula (41.7). The rates Xb,k: can hence be expressed in
terms of the characterizing measure v(du) = Z(du)/(u, u) of the exchangeable coalescent via (4.10).

We now prove Theorem 2.1.

Proof of Theorem 2.1: Fix f € C*(E),n € N, x € E, and u € A. Define ug := 1 — |u| and
Y = Y(nz,u) := Y(nz,u)/(nz) — uo for convenience. Note that —1 < Y < 1, so Y may take
negative values with positive probability, but the mean E(Y) = 3", (1 — (1 — us)™®)/(nz) € [0,1]
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is non-negative. By Taylor expansion,

f<Y(mc’u)) — f(zuo)

n

= ['(zuo) (W - xuo) + f"(6) (W - xu(])?

= [(aup)zY + f'(€)a"Y?
for some & = £(n, z,u) taking values between Y (nz,u)/n and zug, Taking expectation yields
Y (nx,u ~ ~
B(7(F)) < flaw) = fu)eBT) + B OT)
and taking the absolute value leads to

(15w

< CzE(Y) 4+ Cox?E(Y?) < CizE(Y) 4 CoxE(Y?),

where Cy := || f'|| < 0o and C = || f”|| < co. By Lemma 6.1 provided in Section 6, the concentration
inequality E(Y?2) < 2E(Y) holds. Thus, if we define €' := Cp:=C1+ 202, then
Y (nx,u) (1 —uy)”
E SRR )
’ <f< - >> flzug)| < C’xE CZ
€N
1-— (1 - uz)”
< C _
< 0 -
1€N

From the integral representations (2.2) and (1.4) for the generators A, and A we conclude that

Avmf(@) - mdf@) = | [ (B(r(F)) - ow) vaw

/A E(f <Y(n§’w>> — f(zuo)| v(du)

which is the desired result. OJ

IN

INA
Q
—
—_
—
|
&
=
[N
=
|
Q
=
2

Remark 4.9. For A-coalescents the sharper inequality E(Y?2) < E(Y) holds (see Proposition 5.1 in
Section 5) and the previous proof can hence be performed with the optimized constant C' := C1+Cj.

Proof: (of Corollary 2.3) Fix t > 0 and f € C?*(E). By (1.3), Tif(z) = E(f(zS)), = € E.
An application of the differentiation lemma shows that T} f is twice differentiable with derivatives
(T,f) (z) = E(Sef'(xS;)) and (Ti.f)"(x) = E(SZf"(xS;)), = € E. Moreover, exploiting the fact
that ||f”|| < oo it follows by dominated convergence that (T} f)” is continuous. Thus, T} f € C?(E)
showing that T,(C?(E)) C C%*(E).

From estimates for semigroups (see, for example, Ethier and Kurtz, 1986, p. 29, Eq. (6.2)) we
conclude that, for all n € N, ||Tt(n)7rnf — 7w T f] < fg |AnmnTsf — mn ATsf||ds < r(n) fot Cr,5ds,
where the last inequality holds by Theorem 2.1, applied to the function Tif € C?(E) instead of f.
The result follows, since Cr, r = [[(Taf) | +3(Tof)"l| < |7/ E(Ss) + 37| E(S?) < || ]|+ 2117 =
Cy. O

Remark 4.10. The previous proof shows that T;(C?(E)) C C?(E) for all t > 0. Since C?(E) is dense
in B(E), the standard core theorem (see, for example, Ethier and Kurtz, 1986, p. 17, Proposition 3,
applied with L := B(E) and Dy := D := C?(FE)) ensures that C?(E) is a core for the generator A
of the semigroup (7})¢>o0.
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Proof of Corollary 2./: Two proofs of Corollary 2.4 are provided. The first proof is based on the
generator bound in Theorem 2.1. The second proof is rather short and based on the corresponding
semigroup bound in Corollary 2.3.

Proof 1. (via generators) If g denotes the monomial defined via gy (z) := z* for all 2 € E, then,
by (1.4), Agr(z) = [5((z(1 — [u]))* — 2F) v(du) = 2* [, (1 = |u])¥F — 1) v(du) = —®(k)z*, where ®
denotes the Laplace exponent (1.2) of the associated subordinator. In particular, ADy C Dy, for all
k € N, where Dj denotes the finite-dimensional space of all polynomials f : £ — R of degree less
than or equal to k. The space D := |,y Dy of all polynomials is dense in L := C(E). Exploiting
the fact that ADy C Dy, for all k € N it follows as in the proof of Theorem 3.5 on p. 19 of Ethier and
Kurtz (1986) that (A — A)(D) = D for some A € (0,00). In particular, the range (A — A)(D) = D
is dense in L. Thus, by Ethier and Kurtz (1986, p. 17, Proposition 3.1), D is a core for A. From
Theorem 2.1 and Lemma 4.5 it follows that lim, e ||Anmnf — 7 Af|| = 0 for all f € D. From

Ethier and Kurtz (1986, p. 28, Theorem 6.1) we conclude that lim,, HTt(n)ﬂnf —m,Tif|| = 0 for
all f € L and t > 0. The statement therefore follows from Ethier and Kurtz (1986, p. 232, Corollary
8.7), applied with G, := E,,. O

Proof 2. (via semigroups) Corollary 2.3 yields lim,, o HTt(n)wnf —m,T;f|| =0 for all t > 0 and
f € C?*(E), and hence also for all f € L := C(FE), since C?(E) is dense in L. The statement therefore
follows again from Ethier and Kurtz (1986, p. 232, Corollary 8.7), applied with G,, := E,,. O

5. A phenomenon of concentration

In this section we restrict our attention to the subclass of coalescents with multiple collisions (A-
coalescents). In fact, what follows depends only on the random variables Y (n,u) defined via (2.1),
so we are dealing with a problem which arises in the context of Kingman’s paintbox construction
(Kingman, 1978a,b) or, equivalently, in Karlin’s putting balls into boxes experiment (Karlin, 1967)
further studied by Dutko (1989) and Gnedin et al. (2007). We are interested in the scaled random
variables

Y(n,u) := Y(Z’u)—(l—u) n € N ju e [0,1], (5.1)
where Y'(n,u) := Xo(n,u) + 1{x,(nu>0} (see Eq. (2.1)). We will prove in this section (see Propo-
sition 5.1 (ii)) that these random variables satisfy for all n € N and u € [0, 1] the concentration
inequality

E((Y(n,u)*) < E(Y(n,u)). (5.2)
Similar results that the second moment is bounded by the expectation are well-known for the number
of occupied boxes in Karlin’s model (see, for example, p. 153 of Gnedin et al., 2007). The inequality
(5.2) looks rather simple. However, we have not been able to find a short proof. In particular, we
have not been able to find a probabilistic proof of this inequality. The following analytic proof is
based on explicit calculations and carefully designed bounds. The proof shows that the inequality
(5.2) is more involved as it seems to be at a first glance. The conjecture that the same inequality
holds not only for A-coalescents but as well for the full class of all Z-coalescents will be discussed
in the following Section 6.

Proposition 5.1. For alln € N and u € [0, 1],
E(Y(n,u)) = n(l—u)+1—(1—u)" (5.3)

and
Var(Y(n,u)) = nu(l—u)+ (1—u)"(1—(1-u)") —2nu(l —u)" (5.4)

Moreover, the scaled random variable Y (n,u) := Y (n,u)/n—(1—u) has the following two properties.

(i) For every u € [0,1] the mean E(Y (n,u)) = (1 — (1 — u)")/n is non-increasing in n € N.
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(i) For alln € N and u € [0,1] the concentration inequality E((Y (n,u))?) < E(Y (n,u)) holds.

Proof: We suppress the parameters n and u and write Y for Y (n,u) and X; for X;(n,u) for
convenience. We have Y = Xo + 1{x,50}, where (Xo, X1) has a multinomial distribution with
parameters n € N and (1 — u,u). Taking expectation and noting that E(Xy) = n(l — u) and
E(lix,50p) = 1 = P(X1 = 0) = 1 — (1 —w)" yields (5.3). Eq. (5.4) follows from Var(Y) =
Var(Xo) + Var(lix,s0)) + 2Cov(Xo, 1{x,>0}) and the explicit formulas Var(Xo) = nu(l — u),
Var(1{x,>0y) = P(X1 = 0)P(X; > 0) = (1 —u)"(1 — (1 —u)") and

Cov(Xo, Iyx,>0y) = Cov(Xo,1—-1ix,—0y) = —Cov(Xo, l{x,—0})
= E(Xo)E(l{x,-0}) — E(Xol{x,—0})
= n(l—u)(1—u)"—nP(X; =0)
= n(l—u)"" —nl-uw)" = —nu(l—u)".

From (5.3) it follows that E(Y) = E(Y)/n— (1 —u) = (1 — (1 — u)™)/n. In order to see that this
expression is non-increasing in n € N we verify that the map m(z) := (1 — (1 —u)*)/z, x € (0,00),
is non-increasing on (0, 00). We have m/(z) = ((1 — u)® — 1 — (1 — u)®log((1 — u)*))/2? < 0, since
t—1—tlogt <0 for all t € [0,1]. Thus, the map m is non-increasing on (0, co).

It remains to verify (ii). From (5.3) and (5.4) we conclude that

A 2
E(Y?) Var(Y) + (E(YV))? = Vafg’”) + <1_(1_“) >

_ u(ln— u) n (1-— u)”(ln; (1—w)") 2u(1n— u)" n (1— (1n; u)")?
u(l —u 2u(1 —w)”  1—-(1—uw)
ETEIONE UL i B

Therefore, the function p, : [0,1] — R, defined via p, (u) := E(Y) —E(Y2), is a polynomial of degree
n + 1 of the form

pu(t) = 1-(1-w)" ul-—u +2u(1—u)" B 1—(1—u)". (5.5)

n n n n?

In particular p;(u) = u(l —u) > 0. In order to check that p,(u) is nonnegative we can therefore
assume that n > 2. We have p,,(0) = 0 and p,(1) = 1/n —1/n? > 0. A straightforward calculation
shows that

n

st = (),

It follows that p, has a local minimum at v = 1/2 (independent of n). (The polynomial p, has as

well a local maximum at v =1 — (nil)ﬁ, which is however not important in our context.) Since
the value p,,(1/2) = (3n — 4+ (1/2)"2)/(4n?) of p, at this minimum is still positive, it follows that

pn(u) > 0. Thus, the concentration inequality E(Y?2) < E(Y) holds. O

Remark 5.2. The previous proof shows that the polynomial p, in (5.5) is nonnegative on [0, 1].

By (a linear transformed variant of) Lasserre (2010, p. 24, Theorem 2.8) there exists d € Ny and
coefficients ¢;; = ¢;5(n) > 0, 4,7 € No with ¢ +j < d, such that pn(u) = >, jciu’ (1 —u). It
does not seem to be straightforward to determine the coefficients ¢;; explicitly.

Remark 5.3. From part (i) of Proposition 5.1 it follows that the quantity D(Y) := Var(Y)/E(Y),
sometimes called the index of dispersion in the literature (see, for example, Cox and Lewis, 1966,
p. 72, Eq. (3)), never exceeds 1.
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6. The phenomenon of concentration for =-coalescents

It is natural to conjecture that the concentration inequality (5.2) holds not only for the class of
A-coalescents but as well for the full class of all Z-coalescents. Unfortunately, we have not been able
to prove this conjecture. In this last section the less strict inequality E((Y (n,u))?) < 2E(Y (n, u))
is verified and some information is provided, which could be helpful in proving the conjecture that
E((Y (n,u))?) < E(Y(n,u)). The main results on the random variable Y (n, ), defined via (2.1),

are collected in the following lemma.

Lemma 6.1. For alln € N and u € A,

E(Y(n,u)) = n(l—|u))+ 3 (1- (1 -u)") (6.1)

ieN
and

Var(Y (n,u)) = nful(1— ful) + 320 — )" (1 — (1~ ug)")
1€EN
—2n(1 = [u) Y wi(l =)™t =2 ) (1 —w)" (L —wy)" = (1 —w —uy)"). (6.2)
1€EN 1,5€EN
1<J
Moreover, Y (n,u) := Y (n,u)/n — (1 — |u|) satisfies the concentration inequality
Ve 2 v 2 n
E((Y(n,u)?) < 2EY(n,u)) = =) (1-(1-w)"), neNucA, (6.3)
K 1€N
Remark 6.2. Write Y := Y (n,u) for convenience. Eq. (6.3) in particular implies that Var(Y) <
2E(Y). For the number K, := > ;o 1ix,(n,u)>0) Of occupied boxes (disregarding box 0) similar
statements that the variance Var(K,) is bounded by its expectation E(K,) are stated on p. 153 of
Gnedin et al. (2007).

Proof: Recall the notation |u| = >, yu; and ug := 1 — |u| for u = (u1,uz,...) € A. We suppress
the parameters n and w and write Y for Y (n,u) and X; for X;(n,u), i € N, for convenience.
We have Y = X + > ey I{x,>0}, Where (Xo,X1,...) has an infinite multinomial distribution
with parameters n € N and (ug, u1,...). Taking expectation and noting that E(Xy) = nuy and
E(lix,501) =1 =P(X; =0) =1 — (1 —u;)" yields (6.1). Eq. (6.2) follows from

Var(Y) = Var(Xo)+ Y Var(lix,-o)
ieN
+2 Z Cov(Xo, 11x,50}) +2 Z Cov(lix, >0y, 1{x;>0})
ieN i<j
and the explicit formulas Var(Xo) = nuo(l — uo), Var(lix,so1) = P(X; = 0)P(X; > 0) = (1 —
i) " (1= (1 —u)"),

COV(AX()7 1{X¢>0}) = COV(X(), 1-— 1{X¢:0}) = —COV(X(), 1{X¢:O})
= E(X0)E(1{x,=0}) — E(Xol{x,=0})
= E(Xo)P(X; =0)— Zj(?)%@ — g — )"
j=1

1

= nup(l —u)" — nup(l —u)" ' = —nugui(1 —w;)" !
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and

Cov(lix,>op: Lix;>0p) = Cov(l —1ix,—op 1 — Lix;=0})
= Cov(lix,=0}: l{x,=0})
= P(X; = X, = 0) — P(X; = 0)P(X; = 0)
= (T=wi—uy)" = (1 —w)"(1 —uy)"

for all 4,j € N with i # j. In order to prove (6.3) we write Y = Xo/n — ug + K,/n, where
Kn =) ien Lix,>0y denotes the number of occupied boxes (disregarding box 0). We have

w0 - 5{(3-) o530 ) 2((5))

The first expectation on the right hand side is equal to the variance of Xy /n. The second expectation
on the right hand side is non-positive since the covariance Cov(Xo, K,) = > ;o Cov(Xo, 1ix,501) =
—nug Y ey wi(l — u;)" ! of Xp and K, is non-positive. We therefore obtain the upper bound

E(Y?) < Var<)flo> +E<<I§”)2).

Using that u; =1 — (1 —u;) < 1— (1 —w;)", n € N, the first quantity on the right hand side is
bounded by

Var<);0) _ Wﬂ““” < %Zui < %2(1 (- w)) :E<Ii"> _E(Y).

1€N €N

From 0 < K,,/n < 1 we conclude as well that

() < 5(5) - o

which yields the desired inequality E(Y?2) < 2E(Y). O

Problem 6.3. For ug = ug = --- = 0 (which corresponds to the A-coalescent case), the sharper
inequality E(Y2) < E(Y) holds (see Proposition 5.1 in Section 5). It is hence natural to conjecture
that this sharper inequality E(Y?2) < E(Y) holds as well for arbitrary v = (u,)peny € A (which
corresponds to the Z-coalescent case). We have neither been able to verify this conjecture nor to
find a counterexample. In order to verify this conjecture one would need to show the nonnegativity
of the function p, : A — R, defined via

pu(u) == E(Y)—E(Y?) = EY) - (E(Y))?— Var(Y) = E(Y) — (E(Y))? - Va;gy)_
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Noting that E(Y) = LS en(l = (1 —w;)™) and, hence, (E (Y))? = ng Yoien(l = (1 —uy)™)(1—(1-
u;)") + 3 Doizi(1 = (1 —=u)")(1 = (1 = uyj)") we obtain via (6.2) for p,(u) the explicit formula

pu(u) = 721_ 1— )" n221— 1—u)™)(1— (1 —u)")

ieN €N
% (1= (1= u)")(1 = (1= u;)")
1,JEN
i
W(ln—\?ﬂ 2Zl—uZ (1—(1—w)")
1€EN
P2 5 1t
1€EN
L S - ) - (- )
1,JEN
i
- % (1= (1—u)") — = n ) 1_|u’ Z“i L—w)
€N e
_% (1—(1—u)"™)
1EN
+i2 Do =)+ (=) = 1= (1w —uy)")
i,jEN

In particular pi(u) = |u|(1 — |u|) > 0. Note that p, is a symmetric function with respect to the
coordinates u;, i € N. We have not been able to prove for general n € N that p,(u) > 0 and leave
this conjecture as an open problem for future research.

7. Appendix

Lemma 7.1. For alln € N and u = (u;)ien € A the inequality
L= (=)™ < Y (10— —uw)") (7.1)
1€EN
holds. In particular, ®(n) < ®(n) for all n € N.

Proof: Induction on n. Clearly (7.1) holds for n = 1. The induction step from n € N to n+ 1 works
as follows. By the induction hypothesis,

L= (1= Jul)"™™ = Jul+ Q= [u))(1 = (1 = |u))")
< ul (= Jul) Y1 (1 —u)™)

iEN
= a0 a1 - (=) <+ S0 =)L - (- )
ieEN ieN
= Y= (L—w)™Y) = S (1= )™,
€N iEN

where the last equality holds, since |u| = >,y u; by definition. Integration of both sides of (7.1)
with respect to the measure v yields ®(n) < ®(n) for all n € N. O
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The following two asymptotic results for beta like integrals with an additional logarithmic factor
are of general interest. Lemma 7.3 is used in Example 3.2 (NLG-coalescent).

Lemma 7.2. Let a,b,c > 0. Then, as b — oo,

1
/ w1 —u)b(—logu)tdu ~ B(a,b)(logh)! ~ T(a)b ?(logh)“ !, (7.2)
0
where B and I' denote the beta function and the gamma function respectively.

Proof: The integral is monotone (decreasing) in b > 0. It hence suffices to consider integer b € N.
Binomial expansion (1 —u)? = Z?’:O (?)(—u)j turns the integral into

3 (e [ vt = v () 2

J=0 J=0

which is asymptotically equal to I'(a)b~*(logb)¢~! as b — oo (see, for example, Rubinstein, 2013,
Theorem 1.7). O

Lemma 7.3. Let a,b,c > 0. Then, as b — oo,

r
l(a)bl_“(log bl ifo<ac<l,
—a

1 (&
/0 u“_2(1 —(1- u)b)(— logu)*~tdu ~ M ifa=1, (7.3)
(ar_fci)c ifa> 1.

Proof: Let I(b) denote the integral on the left hand side in (7.3). Assume first that 0 < a < 1.
Since I(b) is monotone (increasing) in b > 0 it suffices to consider integer b € N. Using 1— (1 —u)? =
uzk 0(1 — u)¥ it follows that

Z/ 1 —w)k(=logu)* ! du.

The integral below the sum is asymptotically equal to I'(a)(log k)¢~1/k® as k — oo by Lemma 7.2.
Taking a < 1 and ¢ > 0 into account we conclude that, as b — oo,

b—1 l—a

(log k)t I'(a)(logh) 12— if0<a<l,

I(b) ~ F(a) kz T ~ (logb)© fa=1

=1 c ’

since f;(log 2) 1 /2%dr ~ (logh)¢~16'7%/(1 —a) for 0 < a < 1 and, for a = 1, be(log )1/ rdr ~

(logb)¢/c as b — oco. Alternatively, the case a = 1 may be handled as follows. By partial integration,
= (b/c) fol(l —u)?’"(=logu)¢du ~ (logh)¢/c as b — oo by Lemma 7.2, applied with a := 1

and c replaced by ¢ + 1.

If @ > 1 then dominated convergence yields I(b) — fol u2(—logu)¢tdu = TI'(c)/(a — 1)°

q — o0. ]
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