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Abstract. Let M be a compact Riemannian manifold with smooth boundary. We obtain the exact
long time asymptotic behaviour of heat kernels on abelian covering spaces of M with mixed Dirichlet
and Neumann boundary conditions. As an application, we study the long time behaviour of the
winding number of reflected Brownian motion in M. In particular, we establish a Gaussian type
central limit theorem showing that when rescaled appropriately, the fluctuation of the winding
number is asymptotically Gaussian with an explicit covariance matrix.

1. Introduction.

The long time behaviour of the Brownian winding number is a classical topic and has been
extensively studied by many authors. In his seminal work in as early as 1958, Spitzer (1958) proved
that the total winding angle of a planar Brownian motion around the origin up to time ¢, denoted
as 0(t), satisfies the following long time asymptotics:

20(t) t—o00
—/=
logt

¢ in distribution,

where £ is the standard Cauchy distribution.

Since the appearance of this fundamental result, many related interesting questions were put
forward and studied in depth by various authors. For instance, two physicists Rudnick and Hu (1987)
(see also Rogers and Williams, 2000) showed that, the winding number of a reflected Brownian
motion in an exterior disk (instead of the punctured plane), the limiting distribution becomes
of hyperbolic type instead of being Cauchy. It is also natural to study the winding of planar
Brownian motion around multiple points or disks. However, in this context, the situation is much
more complicated as the “winding number” is intrinsically non-abelian and takes values in a free
group. Abelianized versions of planar Brownian winding around multiple points/disks were studied
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in Pitman and Yor (1986, 1989); Geiger and Kersting (1994); Toby and Werner (1995). Various
generalizations to the contexts of positive recurrent diffusions, Riemann surfaces as well as higher
dimensions were studied in Geiger and Kersting (1994); Lyons and McKean (1984); Watanabe
(2000). The proofs used in most of the above papers are based on the conformal invariance of planar
Brownian motion, and thus are specific to two dimensions. There is also some literature concerning
more general types of processes defined by stochastic line integrals. For instance, Kuwada (2009)
studied large deviation principles and Laplace’s approximation for current-valued processes in the
Riemannian geometric setting.

The present paper is motivated by the following question: What is the long time behaviour of the
abelianized winding number of a normally reflected Brownian motion on a compact Riemannian
manifold with boundary? The simplest example of this question is the abelianized winding number
of a reflected Brownian motion in a bounded planar domain with multiple disks removed. Unlike
the previous approach based on conformal invariance, we take a more geometric viewpoint, and
this naturally extends to higher dimensions. To be more specific, we lift trajectories of the reflected
Brownian motion to a suitable abelian covering space. Using this lifting we relate the abelianized
Brownian winding number to the long time behaviour of the heat kernel on this covering space.
The exact formulation of this problem and its relation to the long time behaviour of heat kernels is
stated precisely in Sections 3 and Section 5.1 below. Our result is a refinement of a classical result
by Toby and Werner (1995), and the relationship to their work is discussed in Section 5.2.

Motivated by the above question, we also study a more fundamental question about the long time
behaviour of heat kernels. The study of heat kernels on Riemannian manifolds lies at the core of
geometric analysis, and sheds light on many deep connections between analysis, geometry, topology
and probability. The short time behaviour has been extensively studied in the literature and is
relatively well understood (see for instance Berline et al.; 1992; Grigor'yan, 1999 and the references
therein). The long time behaviour, on the other hand, is subtly related to global properties of the
underlying manifold, and the general picture of this matter is far from being complete.

To our best knowledge, the main scenarios where the exact long time asymptotic behaviour of
heat kernel can be determined is summarized as follows. The simplest case is when the underlying
Riemannian manifold is compact, with or without boundary. In this case, the spectral theorem shows
that the long time asymptotic behaviour is governed by the bottom spectrum of the Laplace-Beltrami
operator. In the non-compact setting, the problem is highly non-trivial. Using representation theory,
Bougerol (1981) determined the exact long time asymptotics for the distribution of K-invariant
random walks on semi-simple Lie groups GG, and thus for heat kernels on the associated symmetric
spaces G/K. Using gradient and Harnack estimates developed by Li and Yau (1986), Li (Li,
1986) determined the exact long time asymptotics of heat kernels on Riemannian manifolds with
nonnegative Ricci curvature and polynomial volume growth. Using perturbations of elliptic operators,
Lott (1992) and Kotani and Sunada (2000) determined the exact long time asymptotics of heat
kernel on abelian covers of closed Riemannian manifolds. In a more recent paper, using hyperbolic
dynamics and mixing properties of geodesic flows in negative curvature, Ledrappier and Lim (2015)
determined the exact long time asymptotics of the heat kernel on the universal covering space of a
negatively curved, closed Riemannian manifold, generalizing the case of the canonical hyperbolic
space with constant negative curvature in which the heat kernel can be written down explicitly.

Motivated by the Brownian winding problem mentioned above, we consider abelian covers of
compact Riemannian manifolds with smooth boundary, and we impose mixed Dirichlet and Neumann
boundary conditions for the Laplacian. Our main result in this part (Theorem 2.1 below) determines
the exact long time asymptotics of the heat kernel on abelian covering spaces. We believe this result
is interesting in its own right, and to some extent, is more fundamental than the original motivation
from the winding number perspective. Our proof relies on the techniques developed in Lott (1992);
Kotani and Sunada (2000), which represent the heat kernel in terms of a compact family of heat



Heat Kernels and Brownian Winding Numbers 1299

kernels on twisted line bundles and understanding the perturbation of principal eigenvalues for each
of the associated twisted Laplacians.

There is a main obstruction in applying the above techniques when Dirichlet boundary conditions
are imposed on a portion of the boundary. Namely, under a suitable transformation, the main
difficulty can be reduced to an elegant eigenvalue minimization problem, that can be stated
elementarily as follows. Let w be a harmonic one form on the base manifold M which is tangential
at the boundary. Consider the following eigenvalue problem:

—A¢, —4mi -V, + 4772|w‘2¢w = fhwPw

under mixed Dirichlet and Neumann boundary conditions. We will shortly see that p, is the
principal eigenvalue of a certain elliptic operator associated to w, and we use the notation pu, to
emphasize the dependence of this eigenvalue on w (namely as a function of w). A key ingredient to
determining the long time asymptotic behaviour of the heat kernel is understanding the minimum
of w — . In the case that M has no boundary or only Neumann boundary conditions are imposed,
this is easy: the global minimum of p, is 0 and the corresponding eigenfunction ¢,, is constant.
Under Dirichlet boundary conditions (or under mixed Dirichlet / Neumann boundary conditions, as
we consider), the problem is more interesting and challenging. Namely, we will show that:

(i) Over all harmonic 1-forms w, the bottom spectrum ,, is minimized precisely at those forms
whose integral over closed loops is integer-valued.

(ii) The above minimum is of second order. That is, at the minimum, the Hessian of the map
w —> L, is a positive definite quadratic form.

In the case when only Neumann boundary conditions are imposed, as we have just pointed out,
the minimum of y,, is zero. In addition, due to the fact that the corresponding eigenfunction is
constant in this case, by explicit calculation the Hessian of w + p,, at the minimum is found to be a
constant multiple of the standard L2-inner product on harmonic forms (see Remark 2.3 in Section 2
below), which is certainly positive definite. The above formulation of the eigenvalue minimization
problem is thus a generalization of the Neumann boundary case (or without boundary). We will
prove these claims in Lemma 4.4 and Lemma 4.5 in Section 4 below where the formulation will also
be made more precisely in terms of representations.

Finally, to succinctly summarize our first main result (Theorem 2.1 in Section 2 below), we show
that the heat kernel I (t,z,y) on the abelian cover M behaves asymptotically like

/

A C(x,
H(t,z,y) ~ i(kﬂy) exp <—)\0t

dy(w,y)?

) ast — oo,
t

uniformly in z,y € M. Here k is the rank of the deck transformation group, Ag is the principal
eigenvalue of Laplacian on the base manifold M with the specified mixed boundary conditions, and
C%, d; are explicit functions we define in Section 2 below. Our second main result (Theorem 3.2 in
Section 3 below) uses the above heat kernel asymptotics to establish a Gaussian type central limit
theorem for the winding number of normally reflected Brownian motions on the base manifold M.

Plan of this paper. In Section 2, we state our main result concerning the long time asymptotics
of the heat kernel on abelian covers of M. In Section 3, we state our main result concerning the
long time behaviour of the winding number of reflected Brownian motions on M. We prove these
results in Section 4 and Section 5 respectively.
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2. Long time behaviour of the heat kernel on abelian covers.

Let M be a compact Riemannian manifold with a smooth boundary'. Let M be a Riemannian
cover of M with deck transformation group G and covering map 7. We assume throughout this paper
that G is a finitely generated abelian group with rank k£ > 1, and M = M /G. Let Gy = tor(G) C G

def

denote the torsion subgroup of G, and let Gr = G/Gr. The order of Gr is denoted by |Gr|.

Let A and A be the Laplace-Beltrami operators on M and M respectively. We assume that
OM, the boundary of M, is decomposed as the disjoint union of two relatively open components
OpM and OyM. Let H(t,p,q) be the heat kernel of A on M with Dirichlet boundary conditions
on 8DM and Neumann boundary conditions on Oy M. Correspondingly on the covering space, let
OpM = 7~ YOpM) and ONM = 7w~ (8NM) Let H(t x,y) be the heat kernel of A on M with
Dirichlet boundary conditions on 8DM and Neumann boundary conditions on 8NM Let \p > 0
be the principal eigenvalue of —A with the given boundary conditions.

Our main result concerning the asymptotic long time behaviour of the heat kernel H on the
covering space M is stated as follows.

Theorem 2.1. There exist explicit functions Cz,dr: M x M — [0,00) (defined in (2.7) and (2.9)
below), such that

Cr(x,y) 2m2d%(z, y)
k/2 oMot (T, Y _ \T, Y _
tlgn (t At x,y) — Grl exp( ; )) =0, (2.1)

uniformly for x,y € M. In particular, for every x,y € M, we have

Cr(x
lim t*/2e M A (t, 2, y) = Cr(z,y) )
t—o00 |GT’
The definition of the functions C'7 and dz above requires the construction of an inner product
structure on a space of harmonic 1-forms over M. More precisely, let

7—[1d:ef{weT*M\douzo7 d*'w =0, and w-v=0o0n OM},

be the space of harmonic 1-forms on M that are tangential on M. Here v denotes the outward

pointing unit normal on M, and depending on the context x - y denotes the dual pairing between

co-tangent and tangent vectors, or the inner product given by the Riemannian metric. By the

Hodge theorem we know that H! is isomorphic to the first de Rham co-homology group on M.
Now define H%; C H! by

HE = {w e H! ’ 7{71'*((.0) = 0 for all closed loops 4 C M} . (2.2)
¥

It is easy to see that H¢, is naturally isomorphic” to Hom(G, R), and hence dim(#},) = k. Define

an inner product on Hé as follows. Let ¢ be the principal eigenfunction of —A with the given

IThe results we state are still true if M has no boundary. In this case, however, the results are already contained
in Lott (1992); Kotani and Sunada (2000).

2The isomorphism between Hg and Hom(G;R), the dual of the deck transformation group G, can be described as
follows. Given g € G, pick a base point po € M, and a pre-image xo € ' (po). Now define

pulg) = / :(m (),

where the integral is done over any path connecting zo and g(xo). By definition of H¢, the above integral is independent
of the chosen path. Moreover, since 7" (w) is the pull-back of w by the covering projection, it follows that ¢ (g) is
independent of the choice of pg or zp. Thus w — ¢,, gives a canonical homomorphism between H¢ and Hom(G, R).
The fact that this is an isomorphism follows from the transitivity of the action of G on fibers.
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boundary conditions, normalized so that ¢9 > 0 in M and ||¢g|/;2 = 1. Define the quadratic form
Z:HE — Rby

I(w) = 8n2 / w268 + 87 / dow - Ve, (2.3)
M M
where g, is a’ solution to the equation
— Agw — 4w - v¢0 = )\ng 5 (2.4)

with boundary conditions
9w =0 on dpM, and v-Vg,=0 ondyM. (2.5)

In the course of the proof of Theorem 2.1, we will see that Z arises naturally as the quadratic form
induced by the Hessian of the principal eigenvalue of a family of elliptic operators (see Lemma 4.5

below).
Using Z, we define an inner product on ’Hé by

of 1
(w, )T d:fZ(I(w—{—T) —I(w—71)), w,TE HIG

We will show (see Lemma 4.5 below) that the function Z(w) is well-defined, and (-, )7 is a positive
definite inner product on H(;.

Remark 2.2. Under Neumann boundary conditions (i.e. if dpM = (), we know that \g = 0 and
¢o is constant. In this case, equation (2.4) admits only constant solutions, and (-, -)7 is simply the
(normalized) L2-inner product (see also Remark 2.3 below). Under Dirichlet boundary conditions,
however, (2.4) admits a non-trivial solutions, and the inner product (-, -)7 is not the standard L2-inner
product.

Next, to define the distance function dz : M x M — R appearing in Theorem 2.1, we take
z,y € M and define &, , € (HE)* < Ho m(H; R) by

&y [ (w), (2.6)

where the integral is taken over any any smooth path in M joining x and y. By definition of ’Hé,
the above mtegral is independent of the choice of path joining z and y. We will show that the
function dr : M x M — R is given by

dr(z,y) = |epllze = sup & y(w), forzye€ M . (2.7)
wEHG,
llwl|z=1

Here ||-||z+ denotes the norm on the dual space (H{;)* obtained by dualising the inner product (-, -)z.
Finally, to define C'z, we let

HE = {w € HE ) %w € Z, for all closed loops v C M} . (2.8)
g
Clearly H}, is isomorphic to ZF, and hence we can find wy,...,w; € H}, which form a basis of H1.
We will show that C7 is given by
" —1/2
Cr(w,y) = (2m)"|det (Wi wi)1) ;o) | d0(m(@))g0(m(y)) - (2.9)
Note that the value of Cz(x,y) does not depend on the choice of the basis (wi,...,wy). Indeed, if
(w],...,w}) is another such basis of the Z-module H3, since the change-of-basis matrix belongs to

GL(k,Z), it must have determinant £1.

3Note first that one has to verify a solvability condition to ensure that solutions to equation (2.4) exist. Moreover,
since Ao manifestly belongs to the spectrum of —A, the function g is not unique. Nevertheless, the function Z(w) is
well defined and does not depend on the choice of g,,. We show this in Lemma 4.5, in Section 4.4 below.
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We conclude this section by a few remarks on simple and but illustrative cases.

Remark 2.3 (Neumann boundary conditions). If Neumann boundary conditions are imposed on
all of OM (i.e. 9 pM = ), then the definitions of C'7 and dz simplify considerably. As mentioned
earlier, under Neumann boundary conditions we have

M=0 and ¢y =vol(M) /2,

and hence

872
<w’T>I:VOl(]\4)/Mw.T’ (2.10)

is a constant multiple of the standard L?-inner product. Here w - 7 denotes the inner product on
1-forms inherited from the metric on M. In this case, we have

B vol(M)\1/2 L
dz(x,y)—( o2 ) wsél;f}; /Iw (w).
lwllp2(ar=1
In addition,
_ (en)” L e
Cz(x,y) = vol(M) det((<w27w1>z)1<i,j<k)‘

is a constant independent of =,y € M.

Note that under Neumann boundary conditions, the heat kernel H (t,z,y) on the covering space
M decays with rate t%/2 as t — oo. On the other hand, if M has a Dirichlet component with
positive volume, then Ay > 0 and ﬁ(t, x,y) decays with rate t—k/2e=20t Tn addition, in this case
(-,-)7 is no longer a constant multiple of the standard L? inner product.

Remark 2.4 (Computation of w; in planar domains). Suppose for now that M is a bounded planar
domain with k disjoint disks excised, and assume that rank(Gr) = k. In this case, the basis
{w1, -+ ,w} can be constructed directly by solving some boundary value problems. Indeed, choose
(p;,qj) inside the j*® excised hole and define the harmonic form 7; by

det i((p—pj)dq— (q—q]')dp)
To2n N (p—pi)?+ (g - g5)?
Define ¢;: M — R to be the solution of the PDE
{ ~A¢;=0  inM,

(2.11)

o =1V on OM .

Then w; is given by
wj =T7; + dgbj .
The situation is completely explicit in the case when M is a symmetric annulus (see Example 3.3).

3. The abelianized winding of Brownian motion on manifolds.

We now study the asymptotic behaviour of the abelianized winding of trajectories of reflected
Brownian motion on the manifold M using the heat kernel asymptotics given by Theorem 2.1.
Although we formulate our result in the geometric setting, the intuition is mostly clear when M
is a bounded planar domain with multiple disk excised. The notion “abelianized” means we are
counting the winding number of the Brownian trajectory around each hole but do not keep track of
the order of winding around different holes.

The winding of trajectories can be naturally quantified by lifting them to the universal cover.
More precisely, let M be the universal cover of M, and recall that the fundamental group 71 (M)
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acts on_M as deck transformations. Fix a fundamental domain UC ]_\Z , and for each g € m (M)
define U, to be the image of U under the action of g. Also, define g: M — (M) by
g(x):ga iferg:
to be the map recording which fundamental domain the current position belongs to. -
Now given a reflected Brownian motion W in M with normal reflection at the boundary, let W
be the unique lift of W to M starting in U. Define p(t) = g(W}) € m1(M). Note that p(t) measures
the (non-abelian) winding of the trajectory of W up to time ¢.

Our main result of Theorem 2.1 will enable us to study the asymptotic behaviour of the projection
of p to the abelianized fundamental group 71 (M ),p. We know that

ol m(M)ab/ tor(my (M )ap)

is a finitely generated free abelian group, and we let k = rank(G). Let ng: m (M) — G be the
projection of the fundamental group of M onto G. Fix a choice of loops 71, ..., 7 € m1(M) so that
mq(71), .., ma(yx) form a basis of G.

Definition 3.1. The ZF-valued winding number of W, which is denoted as p(t), is the Zj-valued
coordinate process of mg(p(t)) with respect to the basis (1), ..., ma(vk). Explicitly, p(t) =

(P1(2), .. pi(t)) where

k
ma(p(t) = D pit)ma ().
i=1

Note that the ZF-valued winding number defined above depends on the choice of basis 1, ..., Y.
If M is a planar domain with & holes, we can choose 7; to be a loop that only winds around the "
hole once. In this case, p;(t) is the number of times the trajectory of W winds around the i*" hole
up to time t.

Our main result concerning the asymptotic long time behaviour of p can be stated as follows.

Theorem 3.2. Let W be a normally reflected Brownian motion in M, and p be its Z* valued
winding number (as in Definition 3.1). Then, there exists a positive definite, explicitly computable
covariance matriz X (defined in (3.3) below) such that

p(t) p(t) w
e 2o and W — N(0,X). (3.1)

Here N(0,X) denotes a normally distributed random variable with mean 0 and covariance matriz 3.

We now describe the covariance matrix ¥ above. Given w € H! define the map @, €
Hom(71 (M), R) by
(Pw(’)/) = / w.
.

It is well known that the map w ~ ¢,, provides an isomorphism between H! and Hom(m (M), R).
Hence there exists a unique dual basis {w1, ..., wp} in H! such that

/ wj = 5i,j . (3.2)
i

The covariance matrix 3 appearing in Theorem 3.2 is given
de

-1
J vol M MW Wi (3.3)

The proof of Theorem 3.2 follows quite easily from our heat kernel result of Theorem 2.1, which will
be given in Section 5 below. We remark, modulo certain amount of technicalities, that Theorem 3.2
can also be proved by using a probabilistic method. We sketch the argument in Section 5.3. To our
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best knowledge, even in the Euclidean setting, such a result and its proof are not readily available
in the literature.
We now mention a few examples where Theorem 3.2 is applicable.

Ezample 3.3 (An explicit calculation in the annulus). When M is a bounded planar domain
with multiple holes, the limiting Gaussian distribution can be computed quite explicitly following
Remark 2.4. We consider the simplest case when M C R? is an annulus with inner radius r; and
outer radius 79 respectively. In this case, k = 1 and p(¢) is simply the integer-valued winding number
of the reflected Brownian motion in M with respect to the inner hole. To define the one form w1,
choose p1 = ¢q1 = 0, and define 71 by (2.11). Now 71 - v = 0 on OM, forcing ¢ = 0 and hence
w1 = 71. Thus Theorem 3.2 shows that p(t)/vt — N(0,0%) where

1 1 r
2 2 2
= wi| = —————5=log( =) . 3.4
7 T VolM /M| 1 2m2(r2 —r?) Og(rl) (34)

We remark that in this case Wen Wen (2017) proved a finer asymptotic result by explicit
calculations:

1 79 r1 In(r2/r,) r2 — 2 79
Var(p(t)) ~ —5 (In*(=) — In*(—= t— 29 4 rfn(=
ar(p(t) = 5 (W () = W) + gpa e (= 5 i),
where ro = |Wy| is the radial coordinate of the starting point. Note that Theorem 2.1 only

shows Var p(t)/t — 02 as t — co. Wen’s result above goes further by providing explicit limit for
Var p(t) — 0%t as t — oo.

Ezxzample 3.4 (Winding in Knot Compliments). Another interesting example is the winding of 3D
Brownian motion around knots. Recall that a knot K is an embedding of S! into R3. A basic
topological invariant of a knot K is the fundamental group 71 (R® — K) which is known as the knot
group of K. The study of the fundamental group 71 (R® — K) is important for the classification of
knots and has significant applications in mathematical physics. It is well known that the abelianized
fundamental group of R3 — K is always cyclic.

Let K be a knot in R?. Consider the domain M = Q — Nk, where Ng is a small tubular
neighborhood of K and Q is a large bounded domain (a ball for instance) containing N . Let W(t)
be a reflected Brownian motion in M, and define p(t) to be the Z-valued winding number of W with
respect to a fixed generator of w1 (M ),n. Now p(t) contains information about the entanglement of
W (t) with the knot K. Theorem 3.2 applies in this context, and shows that the long time behaviour
of p is Gaussian with mean zero and covariance given by (3.3).

In some cases, the generator of 71 (M ),p, which is used above to define p, can be written down
explicitly. For instance, consider the (m,n)-torus knot, K = K, », defined by S* 3 2 — (2™, 2") €
St x St where ged(m,n) = 1. Then 71 (M) is isomorphic to the free group with two generators a
and b, modulo the relation o = b". Here a represents a meridional circle inside the open solid
torus and b represents a longitudinal circle winding around the torus in the exterior. In this case, a
generator of (M ).y, is @’ b™ | where m/,n/ are integers such that mm’ + nm/ = 1. Now a” b
represents a unit winding around the knot K, and p(t¢) describes the total number of windings
around K.

Finally, we remark that Toby and Werner (1995) studied the long time asymptotics of the winding
number of an obliquely reflected Brownian motion in a bounded planar domain. Under normal
reflection with windings around disks, their result becomes a law of large numbers. In this case, our
result of Theorem 3.2 is a refinement of Toby and Werner’s result, since we are able to show that
the long time average of the winding number is zero (see Proposition 5.3 below) and we prove a
Gaussian type central limit theorem for fluctuations around the mean. A more detailed discussion
about our connection with Toby and Werner’s work is presented in Section 5.2 below.
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4. Proof of the heat kernel asymptotics (Theorem 2.1).

We follow the main strategy developed by Lott (1‘)‘)2) and Kotani and Sunada (2000), which is
based on an integral representation of the heat kernel H (t,z,y) on the covering space M in terms of
a compact family of heat kernels on twisted bundles over the base manifold M. Since M is compact,
the long time behaviour of these twisted heat kernels is governed by the principal eigenvalues of the
associated twisted Laplacians. It then turns out that the long time behaviour of H (t,z,y) can be
studied in terms of the behaviour of the above principal eigenvalues near critical point.

In the case when only Neumann boundary conditions are imposed on OM (i.e. if dpM = (), the
arguments in Lott (1992); Kotani and Sunada (2000) can be adapted easily. The main difficulty
arises under Dirichlet boundary conditions, largely due to the fact that in this case the principal
eigenvalue of Laplacian is strictly positive and the principal eigenfunction is non-constant. One
needs to solve a non-trivial eigenvalue minimization problem (Lemma 4.4 and Lemma 4.5 below)
concerning the perturbation of principal eigenvalues for the twisted Laplacians, which is almost
straight forward in the Neumann boundary case.

Plan of this section. In Section 4.1 we describe the Lott/Kotani-Sunada integral representation
of the lifted heat kernel. In Section 4.2 we present the proof of Theorem 2.1 based on the
integral representation, assuming the correctness of two lemmas (Lemma 4.4 and Lemma 4.5 below)
concerning the eigenvalue minimization problem. Finally in Section 4.3 and Section 4.4, we prove
Lemma 4.4 and Lemma 4.5 respectively.

4.1. The Lott/Kotani-Sunanda integral representation of the lifted heat kernel. Let St = {z € C|

|z2| = 1} be the unit circle and let ¢ & Hom(G, S') be the space of one dimensional unitary
representations of G. We know that G is a compact Lie group isomorphic to (S)* with a unique
normalized Haar measure.

For each given y € G, define an equivalence relation on M x C by

(z,¢) ~ (g9(r),x(g)¢) forall g€ G,

and let F, be the quotient space M x C /~. It follows that E, is a complex line bundle on M. E,
carries a natural connection defined by usual differentiation, which together with the Levi-Civita
connection on M, induce an associated Laplacian A, acting on the space C°°(E, ) of sections of E,.

If we impose Dirichlet boundary conditions on dpM and Neumann boundary conditions on 9y M
respectively, then —A, is a self-adjoint and positive definite elliptic differential operator on L2(EX).

The above constructions are easily understood from the following viewpoint. First of all, sections
of F, can be identified with functions s: M — C satisfying the twisting condition

s(g(z)) = x(9)s(z), Yz e M, geG. (4.1)
Define the space
def{sEC’oo M,C) ) | s satisfies (4.1), s =0 on dpM ,

. (4.2)
and v-Vs=0on OnM}.

Then A, is simply the restriction of the usual Laplacian A on M , and the L?-inner product is given
by

(51, 59) 2 /Msl(xp) s2(zy) dp, (4.3)

for 51,59 € Dy. Here for each p € M, z, is any point on the fiber 7~ 1(p) such that the function
p — xp is measurable. The twisting condition (4.1) ensures that (4.3) is independent of the choice
of .
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Remark 4.1. When x = 1 is the trivial representation, F, is exactly the trivial line bundle M x C,
sections of E, are just functions on M, and A, is the standard Laplacian A on M.

Let Hy(t, z,y) be the heat kernel of —A, on E, (see Berline et al., 1992 for the general construction

of heat kernels on vector bundles). We can view H, as a function on (0, 00) x M x M satisfying the
twisting conditions

Hy(t,9(x),y) = x(9) Hy(t,z,y) and Hy(t,z,9(y)) = x(g9) Hy(t,z,y).

The Lott (1992) and Kotani and Sunada (2000) representation expresses H in terms of twisted heat
kernels H,.

Lemma 4.2 (Lott, Kotani-Sunada). The heat kernel H on M satisfies the identity
H(t,z,y) = /gﬂx(t,x,y) dx (4.4)

where the integral is performed with respect to the normalized Haar measure dx on G.

Proof: Since a full proof can be found in Lott (1992, Proposition 38), and Kotani and Sunada (2000,
Lemma 3.1), we only provide a short formal derivation. Suppose H is defined by (4.4). Clearly H
satisfies the heat equation with Dirichlet boundary conditions on dpM and Neumann boundary
conditions on 8N]\Zf . For the initial condition, observe

0.2,m) =" x(9)

geG
where d(,) denotes the Dirac delta function at g(x). Integrating over G and using the orthogonality
property
1 g=1d
dy =
[;x(g) X {0 041,
we see that H(0,z,y) = 0,(y), and hence H must be the heat kernel on M. O

Remark 4.3. The integral representation (4.4) is similar to Fourier transform and inversion. Indeed,
for each y € G, it is easy to see that

Wty =" x(9)H(t 2, 9(y)).

geG

One can view G > x — H, as some sort of Fourier transform of H , and equation (4.4) gives the
inversion formula.

4.2. Proof of the heat kernel asymptotics (Theorem 2.1). The representation (4.4) allows us to study
the long time behaviour of H in terms of the long time behaviour of H,, and by the compactness of
M, the latter is well known from classical spectral theory. More precisely, the twisted Laplacian A,
admits a sequence of eigenvalues

0< A1 S M2 < <Ay <o T oo,

<-
and a corresponding sequence of eigenfunctions {s, ;| j > 0} C D, which forms an orthonormal

basis of L?(E ). According to perturbation theory, A, ; is smooth in x, and up to a normalization
sy,; can be chosen to depend smoothly on x. The heat kernel H, (t,z,y) can now be written as

x(t,z,y) Ze 3 53,5(2) 53,5 (y) - (4.5)

Note that since M is compact and dM is smooth by assumption, the above heat kernel expansion
is uniform in z,y € M. This can be seen from the fact that the eigenfunction s, ; is uniformly
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bounded by a polynomial power of eigenvalue A, ;, together with Weyl’s law on the growth of the
eigenvalues. Combining (4.5) with Lemma 4.2, we have

ﬁ(t, z,y) = Z /g e*/\X’jtsxyj(x)sxvj(y)dx. (4.6)
j=0

From (4.6), it is natural to expect that the long time behaviour of H is controlled by the initial
term of the series expansion. In this respect, there are two key ingredients for proving Theorem 2.1.
The first key point, which is the content of Lemma 4.4, will allow us to see that the integral
Ig e Mols o(x)sy 0(y)dx concentrates at the trivial representation x = 1 when ¢ is large. Having
such concentration property, the second key point, which is the content of lemma 4.5, will then
allow us to determine the long time asymptotics of H precisely from the rate at which A\, o — Ag as
X — 1 € G. Note that when x = 1, the corresponding eigenvalue A1 is exactly Ao, the principal
eigenvalue of —A on M.

Lemma 4.4 (Minimizing the principal eigenvalue). The function x — Ay o attains a unique global
minimum on G at the trivial representation x = 1.

We prove Lemma 4.4 in Section 4.3 below. Note that when x = 1, A, is simply the standard
Laplacian A acting on functions on M. If Neumann boundary conditions are imposed on all of
OM (i.e. when OpM =), A\10 = 0. In this case, the proof of Lemma 4.4 can be adapted from the
arguments in Sunada (1989) (see also a direct proof in Section 4.3 in the Neumann boundary case).
However, if Dirichlet boundary conditions are imposed on a portion of OM (i.e. 9pM # (), then
A1,0 > 0 and the proof of Lemma 4.4 requires an entirely different approach.

In view of (4.6) and Lemma 4.4, to determine the long time behaviour of H, we also need to
understand the rate at which A, o approaches the global minimum as x — 1. When G is torsion
free, the problem can be reduced to the linear space Hé To be precise, Hé can be identified as the
Lie algebra of G in which the exponential map is given by

1 def . g(xo)
Hedw— [g— xw(g) = exp (2m/ ™(w))] € G, (4.7)

o
where z is some base point and the integral is taken over any smooth path in M joining z¢ and
9(x0).

Now the rate at which A\, o — Ag as x — 1 € G can be obtained from the rate at which A\, o — Ag
asw — 0 € 7-[%; In fact, as we will see, the quadratic form induced by the Hessian of the map
w = Ay,0 at w = 0 is precisely Z(w) defined by (2.3), and this determines the rate at which A, o
approaches the global minimum Ag.

Lemma 4.5 (Positivity of the Hessian). For any e > 0, there exists 6 > 0 such that if 0 < |w| < ¢
we have T(w)
w
Ao = do = 2| < ellwlFaan (48)
where Z(w) 1is defined in (2.3). Moreover, the map w +— Z(w) is a well defined quadratic form, and
induces a positive definite inner product on Hé

We point out that the positivity of the quadratic form Z(w) is crucial. As mentioned earlier
(Remark 2.3), if only Neumann boundary conditions are imposed on OM, Z(w) is simply a multiple
of the standard L? inner product on 1-forms over M, and the positivity is straight forward. The
main difficulty again lies in the case of Dirichlet boundary conditions, where the positivity is by no
mean obvious. We prove Lemma 4.5 in Section 4.4.

Assuming Lemma 4.4 and Lemma 4.5 for the moment, we can now prove Theorem 2.1. In Kotani
and Sunada (2000) for the case without boundary, the authors pointed out that the long time
asymptotics is uniformly in x,y € M. However, in our modest opinion some essential details seem
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to be missing. Our main effort in the argument below is devoted to proving uniform convergence.
We first consider the case when G is torsion free, and later on show that how the general case can
be dealt with from the torsion free case.

Proof of Theorem 2.1 when G is torsion free: Note first that Lemma 4.4 allows us to localize the
integral in (4.6) to an arbitrarily small neighborhood of the trivial representation 1. More precisely,
we claim that for any open neighborhood R of 1 € G, there exist constants C7 > 0 depending on R,
such that

sup ‘eAOth(x,y,t) - / exp(—()%o — /\o)t) Sy,0(2)5y,0(Y) dx‘ <e G, (4.9)
x,yGM R

This in particular implies that the long time behaviour of H (t,z,y) is determined by the long time
behaviour of the integral representation around an arbitrarily small neighborhood of 1 € G.

To establish (4.9), recall that Rayleigh’s principle and the strong maximum principle guarantee
that Ap is simple. Standard perturbation theory (c.f. Reed and Simon, 1978, Theorem XII.13)
guarantees that when x is sufficiently close to 1, the eigenvalue A, ¢ is also simple (i.e. Ay o < Ay1).
Now, by Lemma 4.4, we observe

X = min{inf{\1 | x € G}, inf{\ 0| x € G — R} > Ao
Hence by choosing C € (0, A — Ag), we have

[e.e]
Sup. (‘Z/6_()\X’j_)\0)t5x,j(x)sxu'(?/) dX’ + ’/ 6_()‘X’0_)‘°)tsx,0(x)sxyo(y)de < e Ot
mvyEM j:1 g g_R

for all ¢ sufficiently large. This immediately implies (4.9).

For any small neighborhood R of 1 as before, our next task is to convert the integral over R
in (4.9) to an integral over a neighborhood of 0 in H{, (the Lie algebra of G) using the exponential
map (4.7). To do this, recall {wy,...,wy} was chosen to be a basis of Hy C H{,. Identifying H,
with R¥ using this basis, we let dw denote the pullback of the Lebesgue measure on R¥ to 7-[10
Equivalently, dw is the Haar measure on Hé normalized so that the parallelogram with sides wq,
..., wg has measure 1. Clearly

/Rexp<—()\x’o - )\O)t)s%o(:z:)s%o(y) dx = /Texp<—(,uw - )\o)t)sxmo(m)sxmo(y) dw, (4.10)

where ] Avw,0 and T is the inverse image of R under the map w — x.

Recall that the eigenfunctions s, o appearing above are sections of the twisted bundle F, . They
can be converted to functions on M using some canonical section o,,. Explicitly, let x¢ € M be a
fixed base point. For given w € H{,, define o,,: M — C by

ow(z) < exp<27ri /: ﬂ*(m)) , (4.11)

0

where 7*(w) is the pullback of w to M via the covering projection 7, and the integral is taken along
any smooth path in M joining x¢ and x. Observe that for any g € G, we have

7ulg(@)) = cu@)exp(2mi [ 7)) = xul)oule) (4.12)

€T
where x,, € G is defined in equation (4.7). Thus o, satisfies the twisting condition (4.1) and hence
can be viewed as a section of E, . Now define

9(@)

def
¢w = Ow Sx,,0-

Then ¢, (g(x)) = ¢, (z) for all g € G, and thus ¢, can be viewed as a smooth function on M.
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We can now rewrite (4.10) as

] exp (=0 = 20)t) sy0(@)syalw) dx

= [ exp( (1t = o)t = 2ty (@) u@)bulp) o (413)

where &, ,(w) is defined in (2.6). Thus, using (4.9), we obtain

sup

M H (2, y,t) — Il‘ <e 9t for t sufficiently large, (4.14)
zyeM

where
def

L = /Texp(_(ﬂw — po)t — QWifm,y(w))(bw(m)mdw )

By making the neighborhood R (and hence also T') small, we can ensure that ¢, close to ¢g.
Moreover, when w is close to 0, Lemma 4.5 implies p,, — p10 &~ Z(w)/2. We claim that for any n > 0,
the neighborhood R > 1 can be chosen such that

limsup sup t°/2(I, — I,) <7, (4.15)
t—o0 :E,yGM
where
def 1 . —
I, = / eXp(—*I(w)t - 27”§x,y(w))¢0(95)¢0(y) dw .
HL 2

To avoid breaking continuity, we momentarily postpone the proof of (4.15). Now we see that (4.14)
and (4.15) combined imply
(k)2 ot £ k27
tlg&(t e H(t,z,y) —t Ig) =0 (4.16)

Therefore, to complete the proof, we only need to evaluate Iy and express it in the form in (2.1).
To do this, write w =Y cpwn, € ’H%; and

k
T(w) = Z A, nCmCn
m,n=1

where apm.n = (Wm,wn)7. Let A be the matrix (am,n), and ap, be the (m,n) entry of the matrix
A~L. Then

k k
Iy = ¢o(x) Po(y) / . exp(— Z AmnCmCnt — 271 Z cmﬁmjy(wm)) dey -+ - dey,
ce m,n=1 m=1
= 00(0) Q) 7 g (g2 P (1 2 inalion )iyl
(2m)k/2 272

= ¢o() po(y)

2
e (a2 P e l)

where the second equality follows from the formula for the Fourier transform of Gaussian distribution.
Note that ¢q is real, and therefore

27T2d72:(33, y))
t )

where Cz is defined by (2.9). Combined with (4.16), this finishes the proof of Theorem 2.1 when G
is torsion free.

I, = t*k/2CI(a:, Y) exp(—
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It remains to prove (4.15). Since w +— ¢, is continuous, there exists a neighborhood 7" > 0 such
that
sup |¢u(z) — ¢o(z)| <n forallweT. (4.17)
xeM
Now we know that (4.14) holds with some constant C; = C1(n) > 0 when ¢t is large. Write

R0 — L) =T+ Jo + J3,
where

Jl def tk/Q/ (e—(ﬂw—llo)t o e—I(w)t/2> exp(—27ri§w,y(w))¢w(x)¢w(y) dw,
T

e 1 . - B
Jo 272 [ exp(=3T(@)t = 2ita, () (¢0(@)5u10) = d0l@)0)) do
and )
Jy =t / eXp(—*I(w)t - 27fi§x,y(w))¢o(95)¢o(y) dw .
HL-T 2
First, by Lemma 4.5, Z(w) is a positive definite quadratic form, and hence the Gaussian tail
estimate shows there exists Co = Ca(n) > 0, such that
|J3’ < e—CQt

uniformly in z,y € M, when ¢ is sufficiently large.
Next, by (4.17) and the positivity of the quadratic form Z(w), we have

| Ja| < C3ntk/2/T67ﬂw)t/2 dw = C3n /\/iTeI(v)/2 dv < Oy,

uniformly in z,y € M.
Finally, to estimate Ji, first choose K C Hé compact such that

1
—-7 d .
/H%;K exp( 1 (v)) v <N
By using the same change of variables v = /tw, we write
Jy=J]+J7,

where

J{ o /K(GXP(_ (:uv/tl/2 - Mo)t) - exp(—%I(v))) 'eXP(_Q\}:fz,y(v))¢”/t”2 (x)md’u

and

71 def 1
U= /Jz.TK@XP(—(%/tvz —o)t) = exp(—57(v)))
27

exp( = (1)) () )

respectively. By Lemma 4.5, we know that

. 1
tgngo(lu’v/tlm - ,u(])t = §I(U) )
for every v € ’Hé Therefore, by the dominated convergence theorem, we have
lim sup |Ji|=0.
T e yeM

To estimate J', choose € > 0 such that

1
ZZ(w) > eusH%Q(M) , for all w € H¢, .
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For this ¢, Lemma 4.5 allows us to further assume that 7T is small enough so that

1 1

In particular, we have
Z(v).

-

v E \ﬁ T — (//L'U/tl/Z — Mo)t 2
It follows that

Jy < 05/

VIT-K (ex(—(ptjuss2 = po)t) + eXp(—%I(v))) dv

1
< 205 /\/E-T—K exp(—ZZ(vD dv

1
2 ——7 d
C’5/Hé_Kexp< 1 (v)) v
< 2C577a

N

uniformly in x,y € M.
Combining the previous estimates, we conclude
lim sup (tk/2(ll — IQ)) < (Cy+2C5)n,

t—0o0 zyeN

and n with n/(Cy + 2C5) yields (4.15) as claimed. O

When G is has a torsion subgroup, we prove Theorem 2.1 by factoring through an intermediate
finite cover.

Proof of Theorem 2.1 when G has a torsion subgroup: Since G can be (non-canonically) expressed
as a direct sum Gp ® G, we define M; = M /Gp. This leads to the covering factorization

3T 0y % NGy
\ lﬂ-T (4.18)
M,

where 77 and 7r have deck transformation groups G and G g respectively, and M; is compact.
Recall that )¢ is the principal eigenvalue of —A on M, and ¢ is the corresponding L? normalized
eigenfunction. Let Ag be the principal eigenvalue of —A; on M7, and ®¢) be the corresponding L?
normalized eigenfunction. (Here A; is the Laplacian on M;.)
Notice that m7.¢o, the pull back of ¢g to My, is an eigenfunction of —A; and |70l L2(ar) =

|Gr|Y/2. Thus

71.*
Ao = Ao and by = ]G;?% .

Let Z; (w1) be the analogue of Z (defined in equation (2.3)) for the manifold M;. Explicitly,

Zl(wl) = 87‘(’2/ ]wl\Qq)% + 871'/ (I)Q w1 - V91 N
My My

(4.19)

where g; is a solution of

—Ag1 — 4mwr - VO = Agg1,
with Dirichlet boundary conditions on 7' (9p M) and Neumann boundary conditions on 7! (9n M).
Note that given wy € H(Mq) we can find w € H5 (M) such that 74 (w) = w;. Indeed, since
dim(HE(M)) = dim(HE (M) = k and wwh: HE (M) — HE (M) is injective linear map, it must be
an isomorphism.
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Now using (4.19), we observe that up to the addition of a scalar multiple of ®(, we have
_ ™79

where g = g, is defined in (2.4). Therefore,

— 2 g
i) = 8GNl i 8 smlGorl [ 92 )

= 8r? /M |w|?p3 + 87 /M pow-Vg=T(w). (4.20)

Since the deck transformation group of M as a cover of Mj is torsion free, we can apply Theorem 2.1
to My. Thus, we have

27r2d%1 (z,y) ))

tlg&(tkm Mot (t,z,y) — Cr, () exp(— " (4.21)
uniformly on M. Now using (4.19) and (4.20), we see that
1
d11 :dI7 CIl(xay) = 7CI($,y),
G|
and hence the proof is complete. ]

Remark 4.6. Although we assume that G has positive rank k, Theorem 2.1 holds true when
k = 0. In this case, M is a finite cover of M and is thus compact. The result follows from the
standard heat kernel expansion together with the relation (4.19). Note that in this case we have

Cz(z,y) = do(m(x))do(m(y)) and dz(x,y) = 0.
The rest of this section is devoted to the proofs of the two key Lemmas 4.4 and 4.5 respectively.

4.3. Minimizing the principal eigenvalue (proof of Lemma /./). Our aim in this subsection is to
prove Lemma 4.4, which asserts that the function x + A, o attains a unique global minimum at
x = 1. The Neumann boundary case is conceptually simpler and we first provide an independent
proof for this case. The full proof of Lemma 4.4 under mixed Dirichlet and Neumann boundary
conditions will be given later.

Proof of Lemma 4./ under Neumann boundary conditions: In this case we know that A\g = A0 =0,
and the corresponding eigenfunction sq o is constant. Therefore, to prove the lemma, it suffices to
show that A, o > 0 for all x # 1.

To see this, given x € G, let s = s, 0 € D, be the principal eigenfunction of —A,, and A = A, o
be the principal eigenvalue. We claim that for any fundamental domain U C M , the eigenvalue A
satisfies

A/]s\Qd:U:/\Vstx. (4.22)
U U

Once (4.22) is established, it is immediate that A > 0 when x # 1. Indeed, if x # 1, s(g(z)) =
X(g)s(z) forces the function s to be non-constant, and now equation (4.22) forces A > 0.
To prove (4.22) observe

)\/ 5|2 = —/ §AXS:/‘VS|2—/ 50y8. (4.23)
U U U ou

Here, 0,8 = v - Vs is the outward pointing normal derivative on QU. We will show that the twisting
condition (4.1) ensures that the boundary integral above vanishes.
Decompose 9U as

oU =T1UTI'y, whereI'; d:efﬁUﬂﬁM, and Ty & U — Ty .
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Note T'; is the portion of AU contained in &M, and T's is the portion of AU that is common to
neighboring fundamental domains. Clearly, the Neumann boundary condition (4.24) implies

/ 50,s=0.
I'

For the integral over I'y, let (eq,...,ex) be a basis of G and note that I's can be expressed as the
disjoint union
k

Iy = J(r3;UTy,),
j=1

where the inj are chosen so that F;j = €;(I'y ;). Using the twisting condition (4.1) and the fact
that the action of e; reverses the direction of the unit normal on I'; ;, we see

/+ s(x) 0,s(x) dx = —/7 s(ej(y)) dus(e;(y)) dy
i, r

2,3

= _ /_ x(ej)x(e;) s(y) (Bvs(y)) dy

—— [ swasw)dy.

Consequently,

k
50,8 = / +/ 50,s=0.
/FQ ]z::l( F;j Fw>

and hence the boundary integral in (4.23) vanishes. Thus (4.22) holds, and the proof is complete. [J

In the general case when OpM # (), A, o > 0 for every x € G, and all eigenfunctions are non-
constant. This causes the previous argument to break down and the proof involves a different idea.
Before beginning the proof, we first make use of a canonical section to transfer the problem to the
linear space HIG

Let © be the space of C-valued smooth functions f: M — C such that f = 0 on dpM and
(Vf,v) =00n dyM. Let f = fom: M — C. Now given w € H, let o, (defined in (4.11)) be
the canonical section and x,, € G be the exponential as defined in (4.7). Notice that the function
Ow f € D, is a section on E, . Clearly oy, f = 0 on dpM. Moreover, since w-v = 0 on M we have

v-Vo,=0 on OM . (4.24)

and hence v - V(o,,f) = 0 on dyM. Thus o,f € D,,, where D, is defined in equation (4.2),
and the map f — fo, defines a unitary isomorphism between Q C L*(M) and D,,, C L*(E,,)
respecting the imposed boundary conditions.

Now, since w and & & 7*(w) are both harmonic, by direct calculation one finds that

Ay, (faw) = ((Hof)om) oy,
where H,, is the self-adjoint operator on Q C L?(M) defined by
Hof € Af +4riw - Vf —4n?|w]?f . (4.25)
Here we used the Riemannian metric to identify the 1-form w with a vector field.

The above shows that A, is unitarily equivalent to H,,. In particular, eigenvalues of —H,,, denoted
by . ; are exactly A, j, the eigenvalues of —A, . Moreover, the corresponding eigenfunctions,
denoted by ¢, j, are given by

o= Xed 550, (4.26)

Ow



1314 Xi Geng and Gautam Iyer

Note that ¢, ; is a well-defined function on M that satisfies Dirichlet boundary conditions on 0p M
and Neumann boundary conditions on dy M.
We will now prove the general case of Lemma 4.4 by minimizing eigenvalues of the operator —H,,,.

Proof of Lemma 4.4: Let w € ’Hé and let x, = exp(w) € G be the corresponding representation
defined by (4.7). Let py = w0 = Ay, ,0 and ¢, = ¢y, 0 Where ¢, o is the principal eigenfunction of
—H,, as defined in (4.26) above. Using (4.25) we see

—Ag¢, —Amiw - Vo, + 47T2’W|2¢w = fwPuw s (4.27)
—Ado = pogo (4.28)

with Dirichlet boundary conditions on dpM and Neumann boundary conditions on OnDM. Here 1o
and ¢y denote the principal eigenvalue and eigenfunction respectively when w = 0. Note that when
w E 7—[%, the corresponding representation y,, is the trivial representation 1. We will show that pu,
above achieves a global minimum precisely when w € H} and x,, = 1.

Now let € > 0 and write

Do
¢0+6'

We now multiply both sides of (4.27) by ¢,, and integrate over M. For the first term on the left
hand side, we have

_/ (Ady)(do +€) f :/ Voo - ((po+e)Vf+ Vo) +/ By
M M oM
:/ ((ﬁo—l-E)V(ﬁw'Vf
M
—/quw(Vfwwam)+/8MBQ+/8MBI
= /M<(¢o b )Véu — duVdo) - VS

+M0/Mf¢o¢w+/aMBz+/aMBh

where the boundary terms By, By are given by

BiE —(¢o+€)fOvbu,  Ba= bufiugo.

We clarify that even though the functions above are C-valued, the notation V¢, - V f denotes
> i 0i¢,0; f, and not the complex inner product. Similarly, for the second term on the left hand
side of (4.27), using the fact that w is harmonic, we have

— 4mi /M(¢o +ée)fw- Vo,
— o / (¢o+€)f V- w
M
+2mi [ 60+ OVS+ Vo) wt | By
— 2 [ (60 +2) Ve — 6. V60) - (fw)
M

6w =(¢o+e)f where f=

+2m/M<¢o+e>¢MVf-w+/aMBs,

where the boundary term Bj is given by

def

B3 = —2mi(¢go + &) pufw - v.
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Combining the above, we have
o [ font = [ ((60-+2)V6. — 6.V en) - (VS — 2ifu)

+ /M(¢0 +€)pw (47r2|w|2f +2miVf-w) + /8M By, (4.29)

where
By oo Bi+ By + B3 = —(¢o +¢€)fO,0u + b fOL00 — 2mi(Po + €)pu fw - .

The boundary conditions imposed ensure that By = 0 on both dpM and Oy M.
On the other hand, since f = ¢,,/(¢o + €), we have

(¢0 + )V, — ¢ Veo
(¢0 +¢)? '
Substituting this into the right hand side of (4.29), we obtain a perfect square:

Z((QSO + 5)v¢w - ¢wv¢0) }2
Po +¢€ '

Vf=

—po [ fond = [ [omo - (4:30)

In particular,

— Ko /M f¢0¢w = Mw — MO /M ¢O¢‘?‘5|¢W|2 =0

Sending € — 0, we obtain j, > po, and so the function G > x — A, o attains global minimum at
x = 1.

To see that x = 1 is the unique global minimum point, suppose that A, = X\¢ for some x € G.
Writing x = X for some w € H,, this means g, = po. Fatou’s lemma and (4.30) imply

/’2 wa ¢Ov¢w ¢wv¢0)’2

bo
Voo wV 2
hm 1nf/ ’27ng5w (¢ +£)Vw =~ 6 Vo) ’
o +¢€
= o — po =0,
by assumption. Hence
2 o — iPoVow = 0uVP0) _ 4z, (4.31)

%o

Since ¢, = Sy,0/0w, We compute

0wV Sy 0 — 2mioy, Sy, Ow

v¢w =

o2
Substituting this into (4.31), we see
(bOvsx,O - 3x,0v¢07

which implies that

v(%‘)) —0.

Therefore, sy,0 = c¢p for some non-zero constant c. However, the twisting conditions (4.1) for ¢g
and s, o require

¢o(g(z)) = ¢o(z)  and  sy,0(9(2)) = x(9)sx,0(2),

for every g € G. This is only possible if x(g) = 1 for all g € G, showing ¥ is the trivial representation 1.
O
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4.4. Positivity of the Hessian (proof of Lemma /.5). In this subsection we prove Lemma 4.5. The
main difficulty is proving positivity, which we postpone to the end.

Proof of Lemma 4.5: Given w € HlG, define

Yt = Dt and hy = Htw 5

where ¢y, = ¢, 0 is the principal eigenfunction of —Hy, (equation (4.26)) and py, is the corre-
sponding principal eigenvalue. We claim that

hi =0, hy=Z(w) and Re(p)) =0, (4.32)
where b/, ¢ denote the derivatives of h and ¢ respectively with respect to ¢. This will immediately
imply that at w = 0 the quadratic form induced by the Hessian of the map w — u,, is precisely

Z(w), hence proving (4.8) in the lemma.
To establish (4.32), we first note that (4.27) implies

— Ay — 4ritw - Vioy + 47T2t2|w|290t = hypy . (4.33)
Conjugating both sides of (4.33) gives
— AG; — Ami(—t)w - VEy + 4n% (=) |w|*Br = hir - (4.34)

In other words, @7 is an eigenfunction of —H_y,, with eigenvalue h;. Since hy = py,, is the principal
eigenvalue, this implies h_; < hy. By symmetry, we see that h_; = hy, and hence h{, = 0.
To see that ¢f, is purely imaginary, recall h; is a simple eigenvalue of —Hy,, when ¢ is small. Thus

Pt = Go—t, (4.35)

for some S! valued function (;, defined for small t. Changing ¢ to —t, we get

Pt = Cotepr = (4GP -
Therefore, (_¢(; = 1, which implies that (_; = (;. In particular, ¢, = 0. Differentiating (4.35) and
using the fact that (; = 1, we get o
Yo =—¢0
showing that ¢, is purely imaginary as claimed.
To compute hj, we differentiate (4.33) twice with respect to ¢t. At ¢ = 0 this gives

— Ap( — 4miw - Vg = Aopp, (4.36)
and
— Agf — 8miw - Vipy + 82 |w|?do = hio + Xy » (4.37)
since g = ¢o. Multiplying both sides of (4.37) by ¢ and integrating over M gives
hi = /M (872|w|?¢3 — 8migow - Vegp) - (4.38)

Recalling that ¢ is purely imaginary, we let g,, be the real valued function defined by g, = —iy.
Now equation (4.36) shows that g,, satisfies (2.4). Moreover since @9 = 0 on dpM and v - Vg =0
on Oy M, the function g, satisfies the boundary conditions (2.5). Therefore, (4.38) reduces to (2.3),
showing that hj = Z(w) as claimed.

Finally, we show that w +— Z(w) defined by (2.3) is a well defined positive definite quadratic form
on H¢,. To see that Z is well defined, we first note that in order for (2.4) to have a solution, we
need to verify the solvability condition

/ do(4mw - Vo) = 0.
M

This is easily verified as
1

_ - X 2
‘@%Wv%_z&wv%_u (4.39)
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Hence g, is uniquely defined up to the addition of scalar multiples of ¢y (the kernel of A + \o).
Now, using (4.39) again, we see that replacing g, with g, + a¢o does not change the value of
Z(w). Therefore, Z(w) is a well defined function. The fact that Z defines a quadratic form follows
from (2.3) and the fact that
gr+w =gr + g (mod ¢p).

It remains to show that Z is positive definite. Note that, in view of Lemma 4.4, we already know
that 7 induces a positive semi-definite quadratic form on HIG

For the convenience of notation, let g = g, = —ip[ as above. As before, we write

- h of 9
9=(00+9)f:. where .2 I

and we will multiply both sides of (2.4) by ¢ and integrate. In preparation for this we compute
~ [ o+ e)ttg= [ Vg (£-60+ (00 +)9 L)
M M
— %o [ b~ [ gVF oo+ [ (60495 Vg,
M M M

and

47 [ (Go+e)fuw V(oo +2) =2n [ far V(o +e)?
M M
:—27r/ (¢o + )2V f. -w.
M

We remark that when integrating by parts above, the boundary terms that arise all vanish because
of the boundary conditions imposed. Thus, multiplying (2.4) by (¢o + €) f- and integrating gives

Yo [ #(1-222) = [+ avs Vo~ [ 095 Tionte)

+on /M(¢0 VS w, (4.40)
Writing 7 £ 27w and adding the integral

Je d:ef/ (po+e)T-Vg— / g7 - V(o +¢) —|—/ (¢o +€)?|7|?
M M M
to both sides of (4.40), we obtain

J5+A0/M92(1— ¢O¢i€) =/M(¢o+€)(er+T)-Vg

[ 9(VLAT) Vot + [ (G0t (VL +T) T (441)
M M
Now, since g = (¢o + ¢) f-, we compute

Vg = fV(do+e)+ (¢ +e)V/e.
Substituting this into (4.41) gives

2 ¢O o 2 2
J5+)\O/Mg <1_¢0+5) —/M(¢o+£) Vi 472>0. (4.42)

Using (2.3) we see

Z(w) = 82 /M |w|?P3 + 4 /M pow - Vg — 41 /M gw - Vo, (4.43)

and hence it follows that |
lim J, = EI(W) .
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Also by the dominated convergence theorem, the second term on the left hand side of (4.42) goes to
zero as € — 0. This shows Z(w) > 0.
It remains to show Z(w) > 0 if w # 0. Note that if Z(w) = 0, then Fatou’s lemma and (4.42)

imply
2 2 i / af, %o _
/M¢Ony+r| \hgglf(Jg—i-)\o 9 (1 ¢0+5)) 0,

where f & g/¢o. Therefore Vf + 7 =0in M and hence w = —V f/(27). Since w € H}, C H!, this
forces

Af=0 in M, and v-Vf=0 ondM.
Consequently V f = 0, which in turn implies w = 0. This completes the proof of the positivity of
T O

5. Proof of the winding number asymptotics (Theorem 3.2).

In this section, we study the long time behaviour of the abelianized winding number of reflected
Brownian motion on a manifold M. We begin by using Theorem 2.1 to prove Theorem 3.2
(Section 5.1). Next, in Section 5.2 we discuss the connection of our results with the work by Toby
and Werner (1995). Finally, in Section 5.3, modulo certain amount of technicalities which need to
be verified, we propose a (sketched) independent probabilistic proof of Theorem 3.2.

5.1. Proof of Theorem 3.2. We obtain the long time behaviour of the abelianized winding of reflected
Brownian motion in M by applying Theorem 2.1 in this context. Let M be a covering space of M
with deck transformation group’ 71(M)ap,. In view of the covering factorization (4.18), we may,
without loss of generality, assume that tor(mi (M ),1,) = {0}. Note that since the deck transformation
group G = m1(M)ap by construction, we have H, = H!. Given n € Z* (k = rank(G)), define
gn € G by

k
gn = ang(’yi) . where n = (n1,...,nz) € ZF,
i=1
where {mg(71),...,7mc(7x)} is the basis of G chosen in Section 3. Clearly n +— g, is an isomorphism
between G and ZF.

Lemma 5.1. For any x,y € M and n € ZF we have
dzr(z, 9 (y))* = (A™'n) -n + O(|n]),
where A is the matriz (a; ;) defined by
def 87T2
Qi3 = (wi,wj)z = W /M Wi+ Wy . (5.1)

Proof: Given w € H! we compute
Yy

Ean(@ = [ w@+ [T, (52)

where the integrals are taken along any smooth path in M connecting the endpoints. Note that
the integrals are well defined, and the second one is independent of y. Therre, if for any g € G we
define 1), : H' — R by

%wzémﬁwm

4The existence of such a cover is easily established by taking the quotient of the universal cover M by the action of
the commutator of w1 (M).
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then (5.2) becomes

Eargn(y) (W) = &y (W) + Yy, () -
It follows that

k k
dz(x, gn(y))* = dz(2,9)* + D 1i(Vrg(ys) o)z + >, mini(ma(v), ma(v;)) 2+
i=1 ij=1
Since {wi,...,wg} is the dual basis to {mg(71),...,7c(y;)}, we have

(ra(vi),ma(vj)ze = (A7)
Therefore, the result follows. Note that the second equality of (5.1) follows from the fact that (2.10)
holds under Neumann boundary conditions. O

Now we prove Theorem 3.2.

Proof of Theorem 3.2: Recall in Section 3 we decomposed the universal cover M as the disjoint
union of fundamental domains Ug indexed by g € m(M). Projecting these domains to the cover M
we write M as the disjoint union of fundamental domains Ug indexed by g € G. Let W be the lift
of the trajectory of W to M, and observe that if W (t) € U,, , then p(t) =

We use this to compute the characteristic function of p(t)/v/t as follows. Since the generator of
W is %A, its transition density is given by H (t/2,-,-). Hence, for any z € R* we have

E* {exp(iztllz(t))] = rgzzk eXp<itZ1./2n)Px(W(t) € Ugn)ngzzk /Ugn ﬁ(%,x,y) exP(ijZl%) dy-

By Theorem 2.1 and Remark 2.3, this means that uniformly in = € M we have
s B [exp (Z10)]
~ Crlim Z / i://z exp 47r2dI($t,gn(y))2 ., z:l/;z) dy
~cijm T 2 ol et

where the last equality followed from Lemma 5.1 above. Observe that the last term is the Riemann
sum of a standard Gaussian integral. Therefore,

: T ’sz(t) _ 9k/2
5 20 -

Cexp(—4n*(A71Q) - (+ iz ) dC.
CERK

This shows that as t — oo, p(t)/v/t converges to a normally distributed random variable with mean
0 and covariance matrix A/(872). By (3.3) and (5.1) we see that ¥ = A/(87?%), which completes
the proof of the second assertion in (3.1) of the theorem. The first assertion follows immediately
from the second assertion and Chebychev’s inequality. g

5.2. Relation to the work of Toby and Werner. Toby and Werner (1995) studied the long time
behaviour of the winding of an obliquely reflected Brownian motion in bounded planar domains. In
this case, we describe their result and relate it to Theorem 3.2.

Let © C R? be a bounded domain with & holes Vi,---,V} of positive volume. Let W; be a
reflected Brownian motion in Q with a reflecting vector field u € C'1(9€2) that is not necessarily
tangential to 9. Let py,--- ,px be k distinct points in R?. For 1 < j < k, define p(t, p4) to be the
winding number of W} With respect to the point p;.
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Theorem 5.2 (Toby and Werner, 1995). There exist constants a;, b;, depending on the domain €,
such that

1
E(p(tapl)7 e ap(tvpk)) # (alcl + bl: te ,Gka + bk) ) (53)
where Cy, ..., Cy are standard Cauchy variables. Moreover, for any j such that p; ¢ 2, aj must be

equal to zero.

When p; € 2, the process W can wind a large number of times around p; in a short period as it
approaches p;. This is why the heavy-tailed Cauchy distribution arises in Theorem 5.2, and the
limiting process is non-degenerate precisely when each p; € 2. This is exactly the situation when
Theorem 5.2 is sharp.

On the other hand, if p; € V}, we have a; = 0 and (5.3) becomes a law of large numbers. In
the case with normal reflection, Theorem 3.2 provides the central limit theorem for the fluctuation
around the mean. Therefore, in this case our result is a refinement of Theorem 5.2.

It is not pointed out nor can be easily seen from Toby and Werner (1995) why the mean b; =0
in the normal reflection case with p; € V. For completeness, we give a proof of this fact below.

Recall that (see for instance Stroock and Varadhan, 1971) reflected Brownian motion has the
semi-martingale representation

t
Wi = f+ /0 w(W,) dL (5.4)

where [; is a two dimensional Brownian motion, u is the reflecting vector field on 02, and L; is a
continuous increasing process which increases only when W; € 02. We also know that the process
W; has a unique invariant measure, which is denoted by p. From Toby and Werner (1995), the
constants b; are given by

b ! P 1 dLg| d

0= 5 [ B L wOvar] duw). (5.

where u;: 00 — R is defined by
)J_

! lp — pjl
and ¢- = (—ga,q1) for ¢ = (q1,2) € R?.
Proposition 5.3. Let W; be a normally reflected Brownian motion in €1, and p; € V; for each j.
Then bj = 0 for all j, and consequently
t .
lim Pt ;) 50.

t—o00

Proof: Fix 1 < j < k. Let w(t,p) be the solution to the following initial-boundary value problem:

1
3tw—§Aw:0 in (0,00) x 2,

v-Vw = —u; on (0,00) x 092, (5.6)
limw(t,-) =0 in Q,
t—0

where v is the outward pointing unit normal on the boundary. By applying Ité’s formula to the
process [0,t — €] 3 s — w(t — s, W) and using the semi-martingale representation (5.4) of Wy, we
get

wlt,p) — B [ule, Wio)| = ~B[ [ v VW, t - )i

- | /O o uy(Wa)dL],
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where in the last identity we have used the fact that dL; is carried by the set {s > 0: W € 09Q}.
Since P(B; € 9U) = 0, sending ¢ — 0 and using the dominated convergence theorem gives

w(t,p) = EP {/Ot uj(WS)dLS} )

On the other hand, according to Harrison, Landau and Shepp (Harrison et al.; 1985), Theorem

2.8, the invariant measure p of W; is the unique probability measure on the closure  of © that
w(0Q) =0 and

/ Af(p)du(p) <0 forall f € C?*(Q) with v-Vf <0 on dQ.
Q

Stokes’ theorem now implies p is the normalized Lebesgue measure on 2. Consequently,
1 1 1
b= — Ep/ 'WdeSdzi/ 1,p)dp.
J 27rV01(Q)/Q [0 u; (Ws) } P 27 vol(Q2) Qw( p)dp

Integrating (5.6) over  and using the boundary conditions yields

0—8t/wdp /Awdp

—8t/wdp+/ uj(p

_ )L
zﬁt/wdpf/ V'Mdp.
0 o0 |p—pjl

Since when p; € Vj the vector field p — (»—pr;)* /|p —p;| is a divergence free vector field on Q, the last
integral above above vanishes. Thus

8t/wdp:0,
Q
and since w = 0 when ¢t = 0, w = 0 for all ¢ > 0, and hence b; = 0. ([l

5.3. A Probabilistic Proof of Theorem 3.2. As mentioned earlier, Theorem 3.2 can also be proved

by using a probabilistic argument. Modulo certain technicalities, we sketch this argument below.
First suppose 7: [0,00) — M is a smooth path. Let p(t,) be the Z*-valued winding number

of =, as in Definition 3.1. Namely, let 4 be the lift of v to the universal cover of M, and let

p(t,y) = (n1,...,ng) if )
Ta(g(¥(1)) = anG(%) .
i=1

By our choice of (w1, ...,wy) we see that p;(t,7), the " component of p(t,7), is precisely the integer
part of 6;(t,~), where

6i(t, ) / o | a7/ ) ds. (5.7)

If M is a planar domain with & holes, and the forms w; are chosen as in Remark 2.4, then 276;(¢, )
is the total angle v winds around the k™ hole up to time t¢.

In the case when 7 is not smooth, the theory of rough paths can be used to give meaning to the
above path integrals. In particular, when -y is the trajectory of semimartingale on M, we know
that the integral obtained via the theory of rough paths agrees with the Stratonovich integral. To
fix notation, let W be a reflected Brownian motion in M, and p(t) = (p1(t), -, pr(t)) to be the
ZF-valued winding number of W as in Definition 3.1. Then we must have p;(t) = [;(t)|, where
0;(t) is the rough path integral, or equivalently, the Stratonovich integral

0i(t) = /0 " (W) o W, (5.8)
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In Euclidean domains, the long time behaviour of this integral can be obtained as follows. The
key point is that the forms w; are chosen to be harmonic in M and tangential on dM. Consequently,
using the semi-martingale decomposition (5.4), we see that

0:(t) = /Ot wi (W) odfs + /Ot (wi(Ws) - u(Ws)) dLs

-/ (W) dBe.

In particular, 6 is indeed a martingale with quadratic variation given by
t
0:,6,); = /0 wi(Ws) - w; (Wy) ds. (5.9)

Moreover, by Harrison et al. (1985), the unique invariant measure of W; is the normalized Lebesgue
measure. Therefore, according to the ergodic theorem,
1 1
lim —{6;,0; :7/ Wi+ Wi
t%oot<Z it vol(M) Jp " 77

for almost surely. Now we can conclude from the martingale central limit theorem (see Pavliotis
and Stuart, 2008, Theorem 3.33 and Corollary 3.34) that

et t—o00
— 2 N(0,%),
7 SN0,

where the covariance matrix ¥ is given by (3.3).

To extend the above argument to the geometric setting, one first needs to establish the analogue
of the semi-martingale decomposition (5.4) on manifolds with boundary. While this should be
a technical adaptation of Stroock and Varadhan (1971), there is no easily available reference.
In addition, one needs to to show that 6#; is a martingale with quadratic variation (5.9). This
might be done through a localization argument by breaking the Stratonovich integral defining 6;
(equation (5.8)) into pieces that are entirely contained in local coordinate charts, and using the
analogue of (5.4) together with the fact that w € H!. Now the other parts of the argument should
be the same as the Euclidean case.
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