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Abstract. We continue the study of the maximum of the scale-inhomogeneous discrete Gaussian
free field in dimension two that was initiated in Arguin and Ouimet (2016); Fels (2019) and continued
in Fels and Hartung (2021). In this paper, we consider the regime of weak correlations and prove
the convergence in law of the centred maximum to a randomly shifted Gumbel distribution. In
particular, we obtain limiting expressions for the random shift. As in the case of variable speed
branching Brownian motion, the shift is of the form CY', where C is a constant that depends only
on the variance at the shortest scales, and Y is a random variable that depends only on the variance
at the largest scales. Moreover, we investigate the geometry of highest local maxima. We show
that they occur in clusters of finite size that are separated by macroscopic distances. The poofs are
based on Gaussian comparison with branching random walks and second moment estimates.

1. Introduction

In recent years, log-correlated (Gaussian) processes have received considerable attention, see
e.g. Arguin et al. (2017a); Paquette and Zeitouni (2018); Chhaibi et al. (2018); Bailey and Keat-
ing (2019); Webb (2015); Nikula et al. (2020); Arguin et al. (2019a); Bourgade (2010); Harper
(2019); Harper; Soundararajan (2009); Arguin et al. (2019b); Saksman and Webb (2020); Biskup
and Louidor (2018); Bovier and Hartung (2014); Ding et al. (2017); Fyodorov (2004); Fyodorov and
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Keating (2014); Harper (2013a, 2020); Mallein (2015a); Harper (2013b); Arguin et al. (2017b); Yin
and Jin (2019); Ouimet (2018). Some prominent examples that fall into this class are branching
Brownian motion (BBM), the branching random walk (BRW), the 2d discrete Gaussian free field
(DGFF), local maxima of the randomised Riemann zeta function on the critical line and cover times
of Brownian motion on the torus. Their correlation structure is such that it becomes relevant for
the properties of the extremes of the processes. The 2d scale-inhomogeneous discrete Gaussian free
field first appeared in Arguin and Zindy (2015), where it served as a tool in order to prove Poisson-
Dirichlet statistics of the extreme values of the 2d DGFF, which also turns out to be true for the
2d scale-inhomogeneous DGFF in the case of finitely many scales Ouimet (2017). Moreover, it is
the natural analogue model of variable-speed BBM or the time-inhomogeneous BRW in the context
of the two-dimensional DGFF. To be more precise, we start with a formal definition of the model
studied in this paper and then, present our new results on the maximum value.

1.1. The discrete Gaussian free field. Let Viy = ([0, N) N Z)2. The interior of Vy is defined as
Vg == ([1, N —1]NZ%)? and the boundary of Viy is denoted by dVy = Vi \ Vg. Moreover, for points
u,v € Vy we write u ~ v, if and only if ||u — v||2 = 1, where ||.||2 is the Euclidean norm. Let P, be
the law of a SRW {W} }ren starting at u € Z2. The normalised Green kernel is given by

ToVy —1

Z ]l{Wizv}] , for u,v € V. (1.1)
=0

0
Gyy (u,v) = §E“

Here, 7oy, is the first hitting time of the boundary 0Vx by {Wj}ren. For 6 > 0, we set V]‘\S, =
(6N, (1 = 6)N)? N Z2% By Daviaud (2006, Lemma 2.1), we have, for § € (0,1) and u,v € Vg,

Gvy (u,v) =log N —log, |[u —v|2+ O(1), (1.2)
where log, (z) = max {0, log(x)}.

Definition 1.1. The 2d discrete Gaussian free field (DGFF) on Vi, ¢V := {¢) },evy, is a centred
Gaussian field with covariance matrix Gy, and entries Gy, (z,y) = E[¢Y ngyV |, for z,y € Vn.

From Definition 1.1 it follows that QSTJ)V = 0 for v € 9Vy, i.e. we have Dirichlet boundary
conditions.

1.2. The two-dimensional scale-inhomogeneous discrete Gaussian free field.

Definition 1.2. (The 2d scale-inhomogeneous discrete Gaussian free field).
Let ¢V = {¢) },evy be a 2d DGFF on V. For v = (v1,v2) € Vy and A € (0, 1), let

1 1 1 1
o]y = ]} = ([vl — N T+ QNH] X [UQ — N T+ QNHD NV,  (1.3)
and set [v]) == Vy and [v]¥ = {v}. We denote by [v]{ the interior of [v]). Let Fop)auppls =

o ({¢2,v ¢ [v]$}) be the c—algebra generated by the random variables outside [v]§. For v € Vy,
let

¢y (A\) =E |:¢1])V|F8[v})\u[v]§l , Ae[0,1]. (1.4)
We denote by V¢ (M) the derivative 9y¢! (\) of the DGFF at vertex v and scale A. Moreover, let
s + o(s) be a non-negative function such that Z 2(\) = fo/\ o?(r)dxr is a function on [0, 1] with

Z,2(0) = 0 and Z,2(1) = 1. Then the 2d scale-inhomogeneous DGFF on Vi is a centred Gaussian
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field 9 == {¥)N} ey, ! defined as

oY = /O o (5) Vo (s)ds. (1.5)

In the case when o is a right-continuous step function taking finitely many values, Fels (2019, (1.11))
shows that it is a centred Gaussian field with covariance given by
log N —log, [|[v —wl2

N, N1 _
E [wv 1/)w] = log NZ,2 ( log N

In fact Ouimet (2017, Corollary A.6) shows that (1.6) holds for any pair of vertices v, w € Viy that
are at least N1 away from the boundary, for any fixed & € (0, 1).

> + 0(y/1og(N)), for v,w € V3. (1.6)

2. Main results

In the case of finitely many scales, Arguin and Ouimet (2016) showed the first order of the
maximum and the size of the level sets.

Assumption 2.1. In the rest of the paper, {q/)f)\f}veVN is always a 2d scale-inhomogeneous DGFF on
Vy. Moreover, we assume that Z,»(z) < x, for z € (0,1), and that Z,»(1) = 1, with s — 02(s)
being differentiable at 0 and 1, such that ¢(0) < 1 and o(1) > 1.

In Fels (2019), we proved, in the case when s — Z 2 is piecewise linear, that the maximum centred
by my has exponential tails. In particular, in the case of the right-tail, our results are precise up to a
multiplicative constant. As a simple consequence we obtained the sub-leading logarithmic correction
to the maximum value . Provided Assumption 2.1, there are right-continuous, non-negative step
functions, s — o1(s), s — o2(s), taking finitely many values, such that, for = € (0, 1),

Ly2(z) < Ip2(w) < Iyz(x) <, (2.1)

and such that Z,2(1) = Z,2(1) = 1. Fels (2019) shows that for scale-inhomogeneous DGFFs with

parameters o1 or o9, the maximum value is given by 2log N — %log log N + Op(1), where Op(1)
means that remainder is stochastically bounded and that the centred maxima are tight. (2.1),
Sudakov-Fernique and Fels (2019) imply that the maximum value under Assumption 2.1 is given by

1
Yk = max ¥ = 2log N — = loglog N 4+ Op(1). (2.2)
veVN 4

logl%]v is tight. Our main result in

In particular, the maximum, v}, centred by my = 2log N —
this paper is convergence in distribution of the centred maximum.

Theorem 2.2. Let {)) }evy satisfy Assumption 2.1. Then, the sequence {Yy — mn}ysq con-
verges in distribution. In particular, there is a constant B(c(1)) > 0 depending only on the final
variance, and a random variable Y (o(0)) which is almost surely non-negative, finite and depends
only on the initial variance, such that, for any z € R,

P(¢Yy —my < +2) = E [exp [—B(U(l))Y(J(O))€_2zH , as N — oo. (2.3)

Note that the limiting law is universal in the sense that only o(0) and o(1) affect the limiting
law. In particular, the choice of o(s), for s € (0, 1), does not affect the law, as long as Z2(x) < =z,
for z € (0,1). In the proof of Theorem 2.2 one needs to understand the genealogy of particles close
to the maximum. Since this is of independent interest, we state it as a separate theorem.

IThe study of a natural continuous extension of this model, in which one replaces the conditional expectation
N (-) by circle averages of the 2d continuum Gaussian free field was proposed on page 784 in Arguin and Ouimet
(2016).



1894 Maximilian Fels, Lisa Hartung

Theorem 2.3. Let {wfjv}veVN satisfy Assumption 2.1. Then, there exists a constant ¢ > 0, such
that

r—00 N—o00

N
lim lim P <E|u,v € Vy withr < |lu—vllz < — and Y, N > my — cloglogr) =0. (24)
r

As the field is strongly correlated, Theorem 2.3 implies that local maxima of the scale-
inhomogeneous DGFF are surrounded by very heigh points in O(1) neighbourhoods. Moreover,
the local maxima are at distance O(NN) to each other and therefore, almost independent.

2.1. Related work. The special case o(x) = 1, for z € [0,1], is the usual 2d DGFF. In this case,
building upon work by Bolthausen, Bramson, Deuschel, Ding, Giacomin and Zeitouni (Bolthausen
et al., 2011; Bramson and Zeitouni, 2012; Ding, 2013; Ding and Zeitouni, 2014), Bramson, Ding and
Zeitouni (Bramson et al., 2016) proved convergence in law of the centred maximum. Generalizing
this approach, Ding, Roy and Zeitouni (Ding et al., 2017) proved convergence of the centred maxi-
mum for more general log-correlated Gaussian fields. In the 2d DGFF, Biskup and Louidor Biskup
and Louidor (2016, 2018) proved convergence of the full extremal process to a cluster Cox process.
Moreover, they derived several properties of the random intensity measure appearing in the Cox
process, which they identified as the so-called critical Liouville quantum gravity measure.

Another closely related model is (variable-speed) branching Brownian motion (BBM). Variable-
speed BBM, introduced by Derrida and Spohn (1988), is the natural analogue model of the 2d
scale-inhomogeneous DGFF in the context of BBM. In order to define the model, fix a time hori-
zon t > 0, a super-critical (continuous time) Galton-Watson tree and a strictly increasing function
A :[0,1] — [0,1], with A(0) = 0, A(1) = 1. For two leaves v and w, we denote by d(v,w) their
overlap, which is the time of their most recent common ancestor. Variable-speed BBM in time ¢,
is a centred Gaussian process, indexed by the leaves of a super-critical (continuous time) Galton-
Watson tree, and covariance tA(d(v,w)/t). BBM is the special case when A(x) = z, for z € [0,1]. It
coincides with the continuous random energy model (CREM) on the Galton-Watson tree (Gardner
and Derrida, 1986a,b; Bovier and Kurkova, 2004). The extremal process of BBM was investigated
in Bramson (1978); Lalley and Sellke (1987); Aidékon et al. (2013); Arguin et al. (2011, 2012, 2015,
2013); Bovier and Hartung (2017), and those of variable-speed BBM in Bovier and Hartung (2014,
2015); Fang and Zeitouni (2012b); Maillard and Zeitouni (2016). In the weakly correlated regime,
i.e. when A(z) < z, for z € (0,1), A/(0) < 1 and A’(1) > 1, Bovier and Hartung (2014, 2015)
proved convergence of the extremal process to a cluster Cox process. They identified the random
intensity measure as the so-called “McKean-martingale” which differs from the random intensity
measure, the “derivate-martingale”, which appears in BBM. Works by Bovier and Kurkova (2004)
for general variance profiles show that in the context of GREM the first order of the maximum is de-
termined by the concave hull of A. The maxima of branching random walks in time-inhomogeneous
environments were studied by Fang and Zeitouni (2012a) and by Mallein (2015a,b). Building upon
results obtained by Fang and Zeitouni (2012b), Maillard and Zeitouni (2016) proved in the case
variable-speed BBM with strictly decreasing speed, that the 2nd order correction is proportional to
t1/3. As also in the case of the 2d scale-inhomogencous DGFF all variances profiles can be achieved,
studying its extremes in the analogue setting of strictly decreasing speed would be of great interest.

2.2. Outline of proof. We start to explain the proof of Theorem 2.3 as these ideas are also used in the
proof of Theorem 2.2. In order to prove Theorem 2.3, we have to show with high probability, that
there cannot be two vertices in Vyy at “intermediate distance” to each other, i.e. in between O(1)
and O(N), and both reaching an extremal height. We therefore study the sum of two vertices, under
the additional restriction that their distance is “intermediate”, i.e. such that r < |ju —v|| < N/r
with » < N. The idea here is, if both vertices reach extreme heights, their sum must exceed
twice an extremal threshold. This reasoning works, since tightness of the centred maximum implies
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that there cannot be a vertex being considerably larger than the expected maximum. To analyse
the maximum of the sum of particles of the scale-inhomogeneous DGFF, we prove a variant of
Slepian’s lemma which allows to compare this quantity with the maximum of the sum of particles
of corresponding inhomogeneous branching random walks. We show that using a truncated second
moment method.

N
| Bg
! T )
K “local field”
—— “intermediate field”
BNTK
“coarse field”
Bn7x;
N/(K) VN

Figure 1: 3-field decomposition

Theorem 2.3 suggests that to understand the law of the centred maximum, it suffices to consider
local maxima in “small” O(1) neighbourhoods, while the “small” neighbourhoods are far, i.e. O(N),
apart. The fact that these neighbourhoods are very far apart, makes them correlated only on the
level of the first increments, ¢ (A1) — ¢ (0), for some A; > 1, as boxes of side length N'=* and
centred at local maxima do not overlap. In particular, the remaining increments, ¢ (\) — ¢ (u),
for A > p > Aq, for distinct such neighbourhoods are independent. We split these two different
contributions by studying the sum of two independent Gaussian fields. To do so, decompose the
box Vy into K? boxes By k,; and (N/K')? boxes By ; with side lengths N/K and K’, where
K, K" < N. One of the Gaussian fields is the “coarse field”, which is defined such that it is constant
in each box By/k ;. It encodes initial increments and correlations of the field between different
boxes By ;. The other Gaussian field is the “fine field”. It is independent between different boxes
Bk i, and encodes the remaining increments, including the local neighbourhoods. The “fine field”
is then decomposed further into a field capturing the “intermediate” increments and an indepen-
dent “local field”, which captures the increments in the small neighbourhoods, By j, that carry
the local maxima. Instead of working directly with the scale-inhomogeneous 2d DGFF, we define
a Gaussian field, {S¥ tvevy, as a sum of four independent Gaussian fields, with covariance struc-
ture of the “coarse field”, “local field”, “intermediate field” and an additional independent Gaussian
field. The additional field is defined such that variances of the scale-inhomogeneous DGFF and
the approximating field match asymptotically, which is crucial in order to use Gaussian comparison
to reduce the proof of Theorem 2.2 to show convergence of the centred maximum of the approx-
imating process, {SIJ)V tvevy. The “coarse and local field” are instances of appropriately scaled 2d
DGFFs, the “intermediate field” is a collection of modified branching random walks (MIBRW). The
advantage of working with the approximating process is that the “coarse field” is constant in large
boxes, which substantially simplifies the analysis. At this point we make use of the assumption
of differentiability of o at both 0 and 1, which allows to control the covariance structure of the
scale-inhomogeneous DGFF and how it differs from that of the approximating field, see Lemma 3.4
and Lemma 5.3. In particular, one needs to understand the influence of this difference on the law of
the centred maximum. This is done similarly as in Ding et al. (2017), adapting an idea from Biskup
and Louidor (2016), to show a certain invariance principle: Partition Vj into sub-boxes V7, where
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L can be either of order K or N/K, with K < N. If one adds i.i.d. Gaussians of bounded variance
to each sub-box V7, i.e. the same random variable to each vertex in a sub-box, then the law of the
centred maximum is given by a deterministic shift of the original law. Moreover, the shift can be
stated explicitly. This is the contents of Lemma 5.5 and its proof uses Theorem 2.3 and Gaussian
comparison.
Another key step in the proof of convergence in law of the centred maximum of the approximating
process, {SN},evy, is to understand the correct right-tail asymptotics of the (auxiliary) process.
This is provided in Proposition 5.8, which is proved using a truncated second moment method. The
truncation uses a localizing property of vertices reaching extreme heights, similar to the one ob-
served in variable speed BBM. The idea is that intermediate increments of extremal vertices have to
stay far below the maximum possible increment. For vertices to become very heigh at the end, this
is then compensated by extraordinarily huge final increments. Based on a localization of increments
of the auxiliary process for vertices that are local extremes (cp. Proposition 4.2), one is able to
define random variables with the correct tails and distributions, whose parameters are determined
through those of the “coarse and local field”, and therefore independent of N. This is done in (5.44),
(5.45) and (5.46). These are then coupled to the auxiliary process and allow to obtain convergence
in law of the centred maximum, and further, for an explicit description of the limit distribution.
For technical reasons, we restrict ourselves to the case that all side length of boxes considered
are a natural power of 2, so that automatically N/KL divides N just as that K'L’ divides N/KL,
which allows to decompose Vi into equal sized boxes as explained above. In particular, we assume
that N = 2", for some n € N, throughout the paper. The reason why these assumptions pose no
restriction is the same as for the DGFF (cp. Bramson et al., 2016, pp. 2-3). We partition our box Vy
by boxes with side length N/KL and K'L’. Using Proposition 5.1, we may neglect contributions
from dN,ON/KL,5KL,0K'L'—strips at the boundary, with possibly a different § € (0,1/2) for
each, as we know that with high probability these do not contribute to the maximum. In particular,
we can choose 0 € (0,1/2) such that we can partition using dyadic boxes.

Outline of the paper: In Section 3 we recall the definition of the corresponding inhomogeneous
branching random walk (IBRW) and the modified inhomogeneous branching random walk (MI-
BRW), introduced in Fels (2019), and state covariance estimates. The proof of Theorem 2.3 is
provided in Section 4 and the proof of Theorem 2.2 in Section 5. In Appendix A we state Gaussian
comparison tools such as Slepian’s lemma, the inequality of Sudakov-Fernique and provide proofs
of the additional covariance estimates. Lemma 5.5 and Lemma 5.6 are proved in Appendix B, and
the proof of the right-tail asymptotics, i.e. Proposition 5.8, is provided in Appendix C.
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3. Frequently occurring auxiliary processes

3.1. Inhomogeneous branching random walk. Let n € N and set N = 2". For k =0,1,...,n, let By
denote the collection of subsets of Z? consisting of squares of side length 2* with corners in Z?2, and
let BDy, denote the subset of By, consisting of squares of the form ([0, 2% —1]NZ)2 + (2%, j2%). Note
that the collection BDj, partitions Z? into disjoint squares. For v € Vi, let Bj(v) denote the set of
elements B € By, with v € B. Let Bj(v) be the unique box By(v) € BDj, that contains v.

Definition 3.1 (Inhomogeneous branching random walk (IBRW)). Let {a 5 }r>0,BesD, be ani.i.d.
family of standard Gaussian random variables. Define the inhomogeneous branching random walk
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{R{;V}UGVN P by

n—

RY() = Y ViosCaws, [

k=n—t

K s
o o <E> ds, (3.1)

where 0 <t <n,t e N.

3.2. Modified inhomogeneous branching random walk. For N = 2™ v € Vpy, let B,iv(v) be the
collection of subsets of Z? consisting of squares of size 2¥ with lower left corner in Vy and containing
v. Note that the cardinality of B,JCV (v) is 2%. For two sets B, B, write B ~x B’ if there are integers,
i,j, such that B = B+ (iN,jN). Let {bk,B}kzo,BeB}j denote an i.i.d. family of centred Gaussian
random variables with unit variance, and define

beg, B e BY

N . k,B? k

bk,B T b B~ B/ BN (32)
k,B N b €by.

Definition 3.2 (Modified inhomogeneous branching random walk (MIBRW)). The modified inho-
mogeneous branching random walk (MIBRW) {SN},cv,, is defined by
B n n—k
=3 Y ot loa@h, /
k=n—t BeBN (v) n—k—1

o (f) ds, (3.3)

where 0 <t <n,teN.

3.3. Covariance estimates. In order to compare the auxiliary processes with the scale-
inhomogeneous DGFF, one needs estimates on their covariances, which are provided in this sec-
tion. Let || - ||2 be the usual Euclidean distance and || - ||« the maximum distance. We denote by
dry (-, -) the genealogical distance on the tree, T, which is defined implictly by the partitioning
using in Definition 3.1. In addition, introduce the following two distances on the torus induced by
Vi, i.e. for v,w € Vi,
dN (v, w) = min v — 2|9, dN (v, w) = min V— Z||0o- 3.4
)= min vz Y= min oozl (34)
Note that the Euclidean distance on the torus is smaller than the standard Euclidean distance, i.e.
for all v,w € Vy, it holds d" (v,w) < |Jv — w||2. Equality holds if v,w € (N/1,N/1) + Vx, C V.

Lemma 3.3. Fels (2019, Lemma 3.8) For any § > 0, there exists a constant o > 0 independent of
N = 2" such that the following estimates hold: For any v,w € Vy,

~ ~ N
i |E [sﬁsﬂ —log NZ,» (1 - logﬁjgifv”“’))‘ < a.

i [B[RYRY] —1og NT,0 (1 - S5 )| <

Further, for any u,v € V]é,, and any z,y € VN + (2N,2N) C Vyn :

i, [E [0 )] ~log NZ,» (1 - 54052 )| < a

v [E [0V iN] — B[SV 5] <

Proof: The proof is given in Appendix A.1. O

In the following lemma, we identify the asymptotic behaviour of covariances of the scale-
inhomogeneous 2d DGFF close to the diagonal and for two vertices at macroscopic distance, i.e. at
distance of order of the side length of the underlying box.

Lemma 3.4. There are continuous functions, f : (0,1)2 = R and h : [0,1)>\{(z,z) : z € [0,1]} —
R, and a function, g : Z? x Z* — R, such that the following two statements hold:
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i. For all L,e,§ > 0, there exists an integer Ng = No(e, 8, L) > 0 such that, for all x € [0,1]?
with N € Vi, u,v € [0, L] and N > Ny, we have
|E [Yovsu¥in+o] —log(N) = 0*(0) f(z) — o*(1)g(u,v)| <e. (3.5)

ii. Forall L,e, &6 > 0, there exists an integer N1 = Ni(¢,8, L) > 0 such that, for all x,y € [0, 1]
with tN,yN € V3 as well as |z —y| > 1/L and N > Ny, we have

B [vanvyn] — 0% (0)h(z,y)| <. (3.6)
Proof: The proof is given in Appendix A.1. O

Remark 3.5. In the proof of Lemma 3.4 we use a Taylor approximation of ¢2 around both 0 and
1. It is here where we make use of the assumption of differentiability of ¢ at both 0 and 1 as in
Assumption 2.1.

4. Proof of Theorem 2.3

In order to prove Theorem 2.3, we have to show with high probability that there cannot be
two vertices at “intermediate distance” from each other and both reaching an extremal height.
We therefore study the sum of two vertices, under the additional restriction that their distance
is “intermediate”. For such sums, we first prove a version of Slepian’s lemma, which relates these
functionals of the scale-inhomogeneous DGFF to the same functionals of a suitable IBRW.

Lemma 4.1. Let {x}oevy and {n) }vevy be two centred Gaussian processes, such that
E[nym'] <ENax)]  Vu,v eV, (4.1)
Var )] = Var [x2]  VueVy. (4.2)

Let Qp, ={AC VN :|Al=m,u,v € A= 1 < |lu—v|2 < N/r}. For anyr >0, N >r and any
A € R, it holds that

P (Amax Z N, < )\) <P <Amax Z Xy < )\> (4.3)

67717‘ Em’r

Proof: The idea is to use Gaussian interpolation. We first introduce the necessary set-up. For
h € [0,1] and u € Vi, let

= Vi + V1T —hxY (4.4)

be a Gaussian random variable, interpolating between the scale—inhomogeneous DGFF and the

time-inhomogeneous BRW. Moreover, let s > 0, set ®4(z) = \/2;? ff exp[ }dz and write
TA =) yea Ty, for AC Vy. We define

Fy(z1,...,x4n) = H D (N —1xy). (4.5)
AGQ'NL T
Clearly, F; is bounded uniformly in s, smooth for all s > 0, and converges pointwise to F'(z1,...,Z4n)
= 14, <u,cAe,,, at all continuity points of F'. We have that, for i # j,
O°F, (@1, mm) = Y ®A-za) J[ (A —zp)
8@-85@ Y 5 ® B
AEQm.» BEQm », B£A
x;,T;€EA
+ Y Y v -z -2 [ @A -w0). (46)
A€Qm,r BEUm.» CEQm,r,C£A,B

;€A Tj €B,B#A
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Observe that, by dominated convergence, for A € Qmw
" (A — )2
[@ (A — XA /thA 71'.9282 27T e [_232} dz — 0, (4.7)

as s — 0, and where ¢, 4 is the density of the centred Gaussian ) 4 Xh. By (1.7) and as
[seq,,, p2a Ps(A —zB) <1,

S E|ola-xh ][ e(A-XxB)| =0 (4.8)
AEQm r BeQm -, B#A
xi,0;€EA

as s — 0. Next, we turn to the second sum in (4.6). For A, B € Q,,,, we have

Elo.0-xheia-xp) [ e.0-x8)| <E|e/0-xhHe,( - xp)
CEQn.r,C+£A,B

/¢hAB$y 5 €XP

[ A—2)2+

_ 2
252()\ 2 } dzdy — dn,a,5(AA),  (4.9)

as s — 0 and where

1 1 z? y? :L"y
PnAB(T,Y) = exp [_2(1 — 3 ( v hy2 - 2Qh,AB

h ~h 2
2roljopa /1 — OhAB

. h\2 _ h h\2 _ h _ E[(CeeaXh) (S, )]
with (0})* = Var [ZveA Xv} , (0})* = Var [ZveB X,U} and gp A B = \/Var[zf;;z]var[;vw XU]

¢n,a,B(z,y) is the density of the bivariate distributed random vector (3 ,c4 X", > 5 X1). Ob-
serve that,

L[t (411)

dnaB(x,y) < —F—m—m—=
bl ) 1
27T1/1—Q1247B + 04,B)

where 045 = max (E [(}>,c4 m) (e m)]E[(Cpeaxd) CoesXx2)]). Inserting (4.11) into
(4.9) and using this with (4.8) in (4.6) and letting s — 0, allows to use Kahane’s theorem (I<ahane,

1986), to obtain

P(VAeQm,T; vagx> —P<\¢AeQm,r; Z;dﬁgx)

vEA vEA

1 A — AO 2)\2

< 27 Z Z Z ( A,B A,B)+ exp [—21] s (4.12)

T <icj<4n A€, BeQmr m (14 04,B)
zi€A x;€B,B£A

with AY 5 =E [(Coeaxd) (Coepxa’)] and Al g =E [(Zoeam) (Coepm)]- By (41), (A 5 -
A%,B)Jr =0, and thus, (4.12) implies (4.3). O

In the following proposition, we determine the position of extremal particles of an inhomogeneous
BRW at the times when its variance changes. This is a direct consequence of Bovier and Hartung
(2014, Proposition 2.1) in the weakly-correlated regime of variable speed BBM. Set i(¢,n) = t A
(n—1t).
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Proposition 4.2. Let {R)},cv, be a inhomogeneous BRW with T,2(x) < x, for x € (0,1) and
0(0) <1< o(l). Let s € R. Then, there is a constant ro > 0 such that for any r > rog, N =2", N
sufficiently large, and any v € (1/2,1),

t
P <3v € Vy, t € flogr,n—logr]: RY >my — s, RV (t) — 21log 27,2 (n> n ¢ [—i”(t,n),ﬂ(t,n)])

< Ce? i 2 exp [—kﬁ} ,
k=|logr]|
(4.13)

-8

where C' < W mETEz
By Gaussian comparison and since we have Z,2(z) < z, for x € (0,1), it turns out that for
our purposes, it suffices to consider a two-speed branching random walk, (X2 (j))vevy.0<j<n. We
choose the first speed to be 0 and the second to be 02,,,, where oq: = esssup{o(s) : 0 < s < 1}.

Note that e < 00, as Z,2(z) < z, for x € (0,1). To match variances, the change of speed

occurs at scale 1 — 1/02,,,. Write u ~ v, for u,v € Vy, if j is the largest integer such that
J

BD,,—j(u) N BDy_;(v) # 0, i.e. in the language of BRW the “splitting-time” of u and v is j. The
following Proposition is the analogue statement to Theorem 2.3 for the two-speed BRW and key in
the proof of Theorem 2.3.

Proposition 4.3. There is a constant C > 0, such that for any constant ¢ > 0 and any z > 0,
P (Elj € (logr,n —logr), Ju~v: XN, XN >my — cloglogr + z) (4.14)
J
<C (4_10*%7" exp [—4z + 4cloglog 7] + log(r) /% exp [21og2(1 — 02 ..)logr + 2cloglogr — 2z2] )

In particular, there are ¢,r9 > 0, such that for all r > rq and n sufficiently large,

E max XNy xy

u~wv,s€{logr,...,n—logr}
S

< 2mpy — cloglogr. (4.15)

2

Proof: We first consider the case when w ~ v and j < n/o},,,. In this case, the particles split
J

before the change in speed occurs. The speed change occurs at scale 1 — A = 1—1/02,,.. Note that

there are 42”7 such pairs, and as the initial speed is zero, Xflv , Xév are independent. Hence,

P (Elj € (logr, |n(1—1/02,.)]), Ju~v: XN XN >my —cloglogr+z>
J

max
Ln(lfl/o'?naz” 9 Ln(lfl/ognaz)J log(Q)n
< 427Ip (XN > my — cloglogr+ z)” < C 4%n=J
j_l%r ( “ ) j_l%r (my — clogr + 2)?

x exp [—4log(2)n + logn + 4(z — cloglog r)] < C4~ 198" exp [—4z + 4cloglog 7] .
(4.16)

where C',C > 0 are finite constants and the last inequality follows from a Gaussian tail bound.
Next, we treat the case when particles split after the change of speed. Let v € (1/2,1) and set

i(G,1) = (N=020 (N— )N (020p(n—3)) and A, (j) = {z € R : |o—""Tmaa=0)y i < i7(j,m)}. As

max max n

the extremal particles of the BRW stay with high probability in A;(j), for j € {logr,...,n—logr}
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(see Proposition 4.2 for a precise statement), we can compute as follows:

IP’(EIS € (In(1—=1/02,.)] +1,n—logr), Ju~v: XN, XN >my —cloglogr—i—z)
S

n—logr
<C Z / 42"7jP(X1J,V(n)—Xf,V(j)sz—cloglogT+z—J:)2
J=In(1-1/02,,,)|+1 7410
1 x? ]
exp — | de +e (4.17
\/27Tlog2 —02,..(n—j)) [ 2log2(n — 03,40(n — ) 4.17)

Ugnaz' (’Vl—j)

By a Gaussian tail bound and using that by the integral restriction, (my — x)? > ( -

i(4,m)7)?, the summand in (4.17) is bounded from above by

my —

. log1 -+
Oinaz(n = J) exp [ e ZJ)))}

V27108 201 = 070, (= 1))(Z2e= =iy — cloglogr + 2 — i7(j, )
2(n— ofmmfj)))?
d

C

5 (m — (my — cloglogr + 2) TR o
4 n—Jj / exp | — (n 5 (n )) (nmaac)
Al(]) 2 log 2 G”QWQC J))%max J

n—0%4z(n—J)

x. (4.18)

N—0f a0 (N ]))y_|_ 2(my —cloglogr+2)(n—03,4,(n—j))

Changing variables, i.e. x = \/log 2020 (N — J)5— e 2n—02, . (n—j ; and

neglecting the upper restriction in A;(j), (4.18) is bounded from above by

(Tmmaz(n — )%

max

(WWLN —cloglogr + z —i7(j, n)) V27 log2(2n — 02,,,(n — 7))

(mN—cloglogr—l—z)2} 9 _-/ 9

X ex | 4" exp |—y~/2| dy, 4.19
p[ log2(2n — 02,,.(n — 7)) 1) pl-v'/2)dy (4.19)
with Al(j) = [—mTN(}(n,j) — (z = cloglogr) \/log 2031(1:&;5?)?31(171;%&1(7173‘))) a((n ])) , —|—oo} and

where &(n,j) = \/ Ugﬂf;g(;(;i )f’;;m‘:i@(fg)_)] )| By a Gaussian tail bound applied to the integral, (4.19)

is bounded from above by

1 2 oy | (my — cloglogr + 2)?
¢ ((n — )V = 0har(n —j)> ! P [ log2(2n — 07,4, (n —j))]

exp |:—mNZ‘7(j’ ) ‘2’Y(j7 )log2(2n max(n - .7)):|
n QUgnax(n_j)(n_ ma:p( .7))
m2 Uznax(n_j)(n_agmcc(n_j)) m (Z_ClogIOgT) n—o maz( .7)
R e e e = =i

Keeping only the dominant terms, one sees that the exponential is bounded from above by

2 n—j 1

+
exp [2 log2(n —j)(1 — max) + 2cloglogr — 2z + %logn —c1i7(j,n) — i~ 1(], )] )

(4.21)
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where ¢1, g > 0 are some finite constants. Inserting (41.21) into (4.20), allows to bound (4.17) from
above by

n—logr 1
Z 0 ((n g sy )) exp [2(n — j)(1 — 02,..)log2 — 22
J=n(1=1/0300) |1 J maz\1t =
o2 n=j
e 2” logn + 2cloglogr — ¢1i7 (j,n) — c2i®7 (4, n)
1
<0 <\/@> exp [2log2(1 — 02,0) log T + 2cloglogr — 2z] . (4.22)
Since e > 1, (4.22) tends to zero, as n — oo. (4.15) is an immediate consequence of (4.16) and
(4.22). This concludes the proof of Proposition 4.3. O

Similarly, as for the IBRW, we have a localization for extremal particles of the MIBRW, which
is the statement of the following lemma.

Lemma 4.4. Let {SN},cvy, be the MIBRW, defined in (3.3). Let s € R. Then, for any e > 0, there
is a constant ro > 0 such that for any r > ro, N = 2", N sufficiently large, and any v € (1/2,1),

P (Elv e Vn, teflogr,n—1logr]: S¥ >my —s, SN(t) ¢ [—iy(t,n),ﬂ(t,n)])

< Ce?s i k3~ exp [—k”ff!l} (4.23)
k=|logr]

3
where C' < — 575 -
= gn+4s
Viog2="20—

We do not give a proof here, as it is basically identical to the one of Proposition 4.2.

Proof of Theorem 2.3: Note that the tree distance of two vertices u,v € Viy on the underlying tree
of the IBRW, {XTJJV tvevy, is up to an additional constant smaller than the Euclidean distance.
Hence, by Lemma 3.3 4ii. there is a £ € N and non-negative constants {a, },cv, such that, for all
N € Nand all u,v € Vy,

E [X2: Y X3N] <E [l + avan, (4.24)
Var [X%:év} = Var [dJm + a2, (4.25)
Let G be an independent standard Gaussian. Note that by independence, for any A € R,
P (Ju,v € Vy, r < |lu—wvlls < N/r: YN N > A)
=P (Ju,v € Vi, 7 < |lu—vlla < N/r: ) +4) > \,G >0)
+P(Ju,v €V, r < lu—vlls < N/r: P + 9N > N\,G <0)
=P (Ju,v €V, r < |lu—vlla <N/r: ) +¢) > \,G >0)
+%P(3U,UEVN,TS||U—U||2§N/T‘Z 11}54—1/}7]}\[2)\). (4.26)
Using in (4.26) that {ay}yev, are non-negative and applying Lemma 4.1 with m = 2, we obtain
that, for any A € R,
P (3u,v € Vv, r < lu—vl2 < N/r: @l + 9 > X)
< 2P (Ju,v € Vi, 7 < u—vl2 < N/r: Y + a,G + oY +a,G > )
< 2P (Elu,v eV, r<|u—vla <N/r: X22KN —|—X22,:év > )\)

ko

< 2P (Ju,v € Varn, 7 < [lu —vlls <2°N/r: X2V + X2V > ). (4.27)
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Choosing A = my — cloglogr, the last probability in (4.27) equals
P (Ju,v € Vary, 7 < lu—vf2 < 2°N/r: X2V + X2N > my — cloglogr) (4.28)

§P<E|u,v € Varn, 7 < |Ju—v|la <2°N/r: XZN £ XN > mgey — (c—i—/il()lg) loglogr> :
oglogr

Applying Proposition 4.3 with ¢+ “1olg0fgo§r in place of ¢ to the last probability in (4.28) yields (2.4),

which concludes the proof of Theorem 2.3. O

5. Proof of Theorem 2.2

The following proposition allows to control the right tail of the maximum over subsets.

Proposition 5.1. Let € > 0 and {izj,v}ueVN be a centred Gaussian field such that, for all v,w € Vi,
|E [wij,\[wi\f] —E [@bfng] | <e. Forany fired z > 1,y >0 and N is sufficiently large, we have

_ A|
P ( maxyY > my + 2 — < C‘—eiQ(ny). 5.1
(o 2y 42—y} <ol 5.1)
Proof of Propostion 5.1: By the covariance assumptions and Lemma 3.3 ¢.,49i. one can apply
Slepian’s lemma, to deduce that there exists k € IN, such that for all sufficiently large N € IN
and any A € R,

P (maxd)f,v > /\> <P <max R > /\> . (5.2)
veEA vE2FA

Thus, it suffices to show (5.1) with RY instead of 1/"V. Note that for any v € Viy, RY ~ N (0,nlog2).
Thus, by a first moment bound and a standard Gaussian tail estimate,

log 2 (my + 2z —y)?
P RN > —z)<clA ” AN e Y
(%leaj( v ZMN Y Z) = (my + 2z —y)v2mnlog?2 P [ 2nlog 2
nlog 2
<ClA —2nlog2+1/21 —2(z—
< (] I(mN+Z_y) /727Tnlog2€Xp[ nlog2+1/2logn —2(z - y)]
A
<ol ep -2z -y, 5.3
V|

where the constant C' > 0 may change from line to line and where we used that V| = 22", U

5.1. Approximation via an auxiliary field. Let N = 2" be an integer, much larger as any other
integers forthcoming. For two integers L = 2! and K = 2F, partition Vi into a disjoint union of
(K L)? boxes, with each of side length N/K L, and denote the partition by Byn/kr ={Bn/krLi: 1=

1,...,(KL)?}. Let vn/KLi € Vv be the left bottom corner of box B,k ; and write w; = %

and L' = 2! be another two integers and let By = {Byrp; : i = 1,...,[N/(K'L)]?} be a
partitioning of Viy with boxes Bk ;, each of side length K'L’. The left bottom corner of a box
Bpgr1,; is denoted by vk ;. One should think of N/K L being much larger than K'L’. Considering
Lemma 3.4, it turns out that this allows to define the corresponding approximating fields in such
a way that they have only a fixed variance parameter, which makes them easier to analyse. The
macroscopic or “coarse field”, {Sf,v “ 1 v € Vy}, is defined as a centred Gaussian field on Vi with
covariance matrix 3¢ and entries given by

2271} = 0'2(0>]E |:¢§ZL 1[1)(1L:| s for u € BN/KL,i7 v E BN/KL,j: (54)
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where {gﬁf L}veVK ,, is astandard 2d DGFF on Vir,. This field captures the macroscopic dependence.
The microscopic or “bottom field”, {Sf,])V by e Vn}, is a centred Gaussian field with covariance
matrix ¥? defined entry-wise as

- {am)ﬂa o, o] Tue e B, 5.5

u,v T
0, else,
where {¢f ’L'}%VK, ., is a 2d DGFF on Vkr/. This field is supposed to capture the “local” correla-
tions.
The third Gaussian field, {Sf;vm : v € Vy}, is a collection of MIBRWs on By/kr ;i =1,. .., (KL)?,
ie.

n—Il—k ' n—j
SN ST 2 floa@ /

S
' o (ﬁ) dS, for v € BN/KL,i N BK’L’,i’v (56)
j=U+k BGBj(UK/L’,i’) e

with {b%.,B ci=1,...,(KL)? j>0,B¢c BJN} being a family of independent standard Gaussian
random variables. Recall that Bj(vgrrs ) is the collection of boxes B C Vi, of side length 2
that contain the element vg7s ;. This field is supposed to capture the “intermediate” correlations.
To obtain sufficiently precise covariance estimates, one needs to avoid boundary effects, which can
achieved working on a suitable subset of V. Consider therefore the partitioning into N/L- and
L—boxes, i.e. By, = {Bnyp,;:1<i<L*}and By ={Br;: 1<i<(N/L)?}. Analogously,
let vy/p; and vp; be the left bottom corners of boxes By ;, B, containing v. For a box B, let
B® C B theset B = {v € B : min,¢yp ||v— z|| > 6lp}, where Ip denotes the side length of the box
B. Finally, set

Vio={ U B, .}n u B N u BN U B, Y. (5.7
NS {1§Z_§L2 N/Li} {1§Z_§(KL)2 N/KLi} {1§i§(N/L)2 Li} {1§Z_§(N/KL)2 krit- (5.7)

As [V 5| = (1 —160)|Vn|, and using Proposition 5.1 with A = (V} )¢, we have

Pl max SN>my+42z]| < 165P<maxSf)v ZmN+z> , (5.8)
”e(vﬁ,a)c veVn
which tends to 0, as 6 — 0. Thus, it suffices to consider the maximum of the field on the set Vy ;.
L UKL
\ Briui
K/L/l )
NP
UN/KL — 1t gNm
BN/KL
SR
BN/KL}

N/(KL Vi

Figure 2: 3-field decomposition

Using Gaussian comparison, we reduce the proof of Theorem 2.2 to showing convergence in law of
the centred maximum of an auxiliary field. Therefore, we need to have precise estimates on the
variances and covariances, which is what we provide in the following. In order to use Slepian’s
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lemma, we actually need, for each v € Vy, equality of variances. This is usually achieved by
adding suitable independent Gaussian random variables, which is done in the following lemma. In
particular, the lemma states that one can choose the constants in such a way, that, asymptotically,
they only depend on the “fine scales”, i.e. they live on boxes B/ ;,. In the rest of the paper, limits
are taken in the order N, K’ L', K and then L, for which we write (L, K, L', K/, N) = oc.

Lemma 5.2. Let {®;}1<j<(n/kxr1)2 be a family of i.i.d. standard Gaussian random variables. For

v € Bgipyj, j = 1,...,(N/K'L")?> and v = © mod K'L', i.e. v = v — vk, there exists a
collection of non-negative constants {ax1/ 3} k11’5, such that if we set
Sy = SN+ S0+ SNt ago 5P, (5.9)
then
limsup  limsup |Var (S ) — Var (¢N) — 4oz’ =0. (5.10)

(L,K,L',K")=>00 N—00

Proof: Considering Lemma 3.3 iii., (5.4), (5.5) and (5.6), a simple computation shows that, for any
ve Vs,

Var (S)¢) + Var (S;V’b) + Var (S)Y'™) =log N + On (1), (5.11)

where the term Oy (1) means that the constants are uniformly bounded in N. In particular, by
Lemma 3.3 v. one has

[Var (85°) + Var () + Var (85) — Var ()] < 4a. (5.12)
By (5.12), there exist non-negative constants {anfveBy, sy 1 <1 < (KL)?, such that
Var (Sév’c + SNb 4 Sf,vm> +a%, = Var (¥) + 4a. (5.13)
Note that {anv}UeBN/KL,i implicitly depend on KL and by (5.12), one gets
1}1611‘;@]\>]<(s an, < V8a. (5.14)

For v € B?V/KLZHVJ‘\?, writing v =9 mod K'L', where v = v —vn/k1,;, for v € By ;, and using
Lemma 3.4 4. and Biskup (2020, (1.29)),

Y
@ = 4+ Var (9)) = o2(0)Var (¢5F) — a2(1)Var (65 — T (l Zk nolok > log(N)

— da+0%(0) f(v/N) — 0(0) f (wi/ (K L)) — * (1) f(0/(K'L')) + en i (v), (5.15)

which is non-negative. By Lemma 3.4 7., f is continuous and using || — &+ I — 0,
as (L, K,N) = oo, we have in the same limit, |f(v/N) — f(w;/(KL))| — 0. Moreover by using
Biskup (2020, (1.29)), Lemma 3.4 4. and (5.13) in the first line of (5.15), it follows that

HU VKL,i

limsup limsup sup ey gk (v) =0. (5.16)
(L,K,L' K')=00 N—00 veV s
Regarding (5.15), (5.16), and that Var [gbffly} < log(K'L") 4+ a, for all v € Vi, there exist non-
negative agy/ 3, such that
a?w = a%('y s TN KL KL (V) (5.17)

Using Biskup and Louidor (2018, Lemma B.3, Lemma B.4, Lemma B.5), one obtains

limsup limsup sup Var ( ) Var ( K Ll)‘ =0, (5.18)

(L,K,L',K')=00 N—o0 u,veVg‘,’é:HuvaoogL’
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which, together with (5.15) and (5.16), implies

‘a%(’L',a - a%{,L,j‘ < sup engrirr(v), Yu,v€Vys:llu—vle <L (5.19)
veVy s
For v € Brrpyj, j=1,...,(N/K'L")?> and v =0 mod K'L’, set
SN = 5o SVP 4 SN 4 ageip 5@ (5.20)

By (5.13) and (5.17), it holds that, for v € V5,
limsup  limsup |Var (SY) — var (¢ - daf =0, (5.21)
(L,K,L',K')=00 N—o0
which concludes the proof of Lemma 5.2. O
The next goal is to show that it suffices to prove convergence of the centred maximum of the
approximating process, {SY },cvy, defined in (5.9). This can be done by using Gaussian comparison.
The previous lemma, Lemma 5.2, provides asymptotically equal variances, and the following lemma
provides covariance estimates for {Sf)v tvevy. Crucially, for vertices close-by or at macroscopic
distance, the covariances coincide asymptotically.
Lemma 5.3. There exists a non-negative sequence {EIN KL KL/ }NK, LK, L'>0, and bounded constants

Cs,C >0, such that  limsup limsup elN xkrr =0, and for all u,v € Vy 5 :
(L,K,L' , K')=c0 N—00 T ’

i. Ifu,v € By, then ’]E (5 = M) - B (e - wgV)QH < €y ki

ii. ]fu € BN/L,i? v E BN/L,j and i # j, then }E [S’L]LVS’{)V] —E [wzijij\[]‘ S EQV,KL,K’L"
iii. In all other cases, i.e. if u,v € Byyr; but uw € Bp g and v € Bps ji, for some i’ # j', it
holds that |E [SYSN] — E [ ¢)]| < Cs + 40a.

Proof: See Appendix A.1. O

We use the Lévy-Prokhorov metric, d(-, ), which is, for two probability measures on R, 4 and v,
given by

d(p,v) == inf{6 > 0: u(B) < v(B°) + 6, for all open sets B}, (5.22)
where B = {y € R: |z — y| < 6, for some = € B}. Moreover, let
d(p,v) =inf{d > 0: p((x,00)) < v((z —d,00))+ 6, for all z € R}. (5.23)

and observe that if J(,u, v) = 0, then v stochastically dominates p. For random variables X,Y
with laws px, py, write d(X,Y) instead of d(ux, py ), and likewise for d(-, ). The following lemma
reduces the proof of Theorem 2.2 to show convergence in law of S} = max,ev, SN,

Lemma 5.4. Let {SN},cv, be the field defined in (5.9). Then,

limsup limsupd(yy — my, Sy —my — 4a) = 0. (5.24)
(L,K,L' ,K")=00 N—oc0

The proof of Lemma 5.4 is based on the two following lemmas, whose proofs are postponed and
given in Appendix B. The overall idea is the following: Having asymptotically precise covariance
estimates for vertices close-by or at macroscopic distance, and in order to use Slepian’s lemma, we
would like to add independent Gaussian fields living on those scales and control how the laws of
the corresponding centred maxima change under such perturbations. It turns out, that this leads
to a deterministic shift (see Lemma 5.5). Having this control, we can then prove Lemma 5.4. First,

introduce additional notation.
Fix a positive integer 7 € N and let B, a partition of V|y/,|, into sub-boxes of side length 7.
Let B = Upeny<nB; and {gp}Ben be a collection of i.i.d. standard Gaussian random variables.
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For v € Vy, denote by B,(v) € B, the box containing v. For s = (s1,s2) € R%, and two positive
integers, r1, 1y, define

TN N
Cosirrrs = Yo + 8198, (v) + 298y, (v)- (5.25)
Set, %Z)}k\f,sm,m = 11;161%‘;( @Zﬁsmm and similarly, gﬁ&ﬁ,m = 51])V+5193r1 (v) +82gBN/r2 (v)5 and S;‘VMW =
N
SN
18X S5, e
Lemma 5.5. Let {SN},ev, be the field defined in (5.9). Then,
lim sup lim sup d (1/1}"\/ - mNﬂﬁvsm ry — MN — ||s||§) =0, (5.26)
T1,r2—00 N—300 Y
and

lim sup limsup d (S}k\, — my, S}‘\,,s’rhm —my — HsH%) =0. (5.27)

r1,r2—00 N—00

Lemma 5.6. Let {Q%V}UGVN be a centred Gaussian field such that, for all u,v € Vy, N € N and
some arbitrary e > 0, |Var (1/11])\[) —Var (wfjv) | <e. Setyy = maxyey, YN, Then there is a function,
L=1(e), with l(e) = 0, as € = 0, such that, if E [¢) )] <E [ v ] +¢,

limsupci(w}*v —mn, YN —my) < I(e). (5.28)

N—o0

Else if B [ 0] + € > E [¢Y )], then
limsupd(@j‘v —my, Yy — mN) < (e). (5.29)

N—oo

Lemma 5.5 and Lemma 5.6 allow to prove Lemma 5.4.

Proof of Lemma 5./: As in (5.25), we write

Tzﬁs,n,rz = 1/}1])\[ + SlgBT1 (v) + SQQBN/T2 (v)s (530)
and analogously,
91]1\,[871"1,1"2 = 51])V + 5198, (v) + S29By /p, (v) (5.31)

where s = (s1,52) € (0,00)2, r1,72 € Ny and {gp}p being a collection of i.i.d. Gaussian random
variables. Recall that B, is a collection of sub-boxes of side length r and that this forms a partition
of V| n/rjr- By (5.8), we only need to show that, for any § > 0,

limsup limsupd | max ¢ —my, max SV —my —4a | =0. (5.32)
(L,K,L' \K')=00 N-—00 veVY s veVis
Thus, fix § > 0 and let 02 = Cj + 40 with the constant Cj as in Lemma 5.3, oy, = (0, /02 + 4a)
and o, = (04,0). We consider the two Gaussian fields { ¢V and
v,L',0,L,\/02+4a eV
N,§
{SIJXLCU*,LO}%V* . By Lemma 5.3 i., 4., 4ii. and (5.10), one gets for u,v € VN6
N,$
TN &N _

Var (wU7L/7O’L7 o§+4a) — Var (SU,L/,O'*,L,()) < ENKLK'L' (5.33)

and

E [NN SN } <E [V pN € 34
Su,L/,gz,LOSU,L’,o-*,L,O - Q’Z)u,L’,O,L,\/Ug—&Aa v,L’,0,L,4/c2+4a T ENKLKL (5.34)
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where lim sup én,kr,k'rr = 0. Lemma 5.5 implies both
(L,K,L' K’ ,N)=00

limsup limsupd ( max " —my — (02 + 4a), max YN — mN) =0, (5.35)

'UGVKI 5 v,L’,0,L, Uz+4a VEV,

(L,K,L',K")=00 N—00 N5
and
limsup  limsupd | max SN, 0u L0~ MN — o2, max SN —my | =0. (5.36)
(L,K,L',K")=00 N—00 veVys T T VeV 5

Having (5.33) and (5.34), Lemma 5.6 implies that

lim su limsupd | max ¥V — my, max SN -m =0. 5.37
(L,K,L/,Klg):mo N%oop veVﬁ(st”’L/’O’LvVUz‘Ha N’veVKra oo 10 N ( )

A combination of (5.35), (5.36) and (5.37), and using the triangle-inequality, gives stochastic dom-
ination in one direction, i.e.

lim sup limsupd max wé\f — my, max Sf)v —my —4a | =0. (5.38)
(L,K,L',K")=00 N—o0 veVE 5 veVy 5

For the proof of the other direction of stochastic domination, consider instead the Gaussian fields

TN SN s . 534
{wvaﬁ (’3*4"‘7’370}%\4\, and {SU,L/,O,L,U*}’ This switches the roles in (5.34) and the rest of the

proof carries out analogously, which concludes the proof of Lemma 5.4. O

5.2. Convergence in law of the auziliary field. A key step in the proof of Theorem 2.2 is to establish
a precise right-tail estimate for the maximum of the auxiliary process, which is provided in the
following proposition. Before we state it, we introduce additional notation and make a preliminary
observation. For a,b € [0, 1], we write Z,2(a,b) = fab o?(z)dz. Let {SN},cvy be the field defined in
(5.9), and set S = SN — 51 Recall the tail-bounds from Fels (2019, (2.6) in Theorem 2.1). By
Lemma 5.3 and applying Slepian’s lemma, these carry over to {SY},cv,, . In particular, Fels (2019,
(2.6) in Theorem 2.1) implies that there are constants cq, Cy > 0 such that for z > 0,

cae P <P <max SN > my + z) < Cpe™ . (5.39)

veVy
Lemma 5.7. Let v € (1/2,1) and fix A > 0. Then, for z € R,

7A2(k+l)2771
P(3veVn: Sy >my+z, SY¢—21og(2)0(0)(k+1) ¢ [—A(k+1)7, A(k-+1)"]) < Ce 21s@20)
(5.40)

Proof: Denote by v¢ y(+) the density such that for any interval I C R,

/Vf,,N(y)dy =P (SN —2log(2)0?(0)(k +1) € I). (5.41)
I



Convergence of the centred maximum of the 2d scale-inhomogeneous DGFF 1909

For any v € Vjé,, using a union bound the probability in (5.40) is bounded from above by

22"/ vy ()P (Sf)v’f > 2log(2)Z,2 <k+l, 1> n —log(n)/4+ z — CC> dx
[—A(k+0)7, A(k+D)7]e n
2

T A AG) V2 10g(2)02(0) (k + 1)

k+1 log(n) (Z—x—ilogin)f
xexp | —2log(2)Z,2 | —,1|n—2(z—z— SN
7 n 4 21og(2)Z,> (L'H 1)n

n ?

V2108(2)Z,e (4, 1) n

x o da. (5.42)
2log(2)Z,2 (B, 1)n— 5™ + 2 -2

—A2(k1)271/(2log(2)02(0)

The latter integral decays with e , which allows to conclude the proof. O

yn - M, for t € [k,n]. Note that

Write k = k + 1 and M, (k,t) = 2log(2)Z,> (£ 4(n—0)

n?

mpy = My(0,n), for n =log, N.

Proposition 5.8. Let {SN},evy be the field defined in (5.9), and set SN = SN — SNe . Then,
there are constants Cy, co > 0, depending only on o, and constants co < B ;) < Cq, such that

lim  limsup ]62log@)@)(lf‘ﬂ(o))e*%w622 P ( max SN > M, (k,n) — kY + Z) — By | =0.
Z—00 (L', K’ ,N)=>00 UeBN/KL,i ’

(5.43)

In particular, {8} 1/} k'.1/>0 depends on the variance parameters only through o(1).

Note that, unlike previous tail estimates obtained in Fels (2019, Theorem 2.1), the estimates
in Proposition 5.8 are precise estimates for the maximum far in front of the expected maximum.
Nevertheless, the proofs are technically similar, i.e. both rely on a truncated second moment
computation. The proof of Proposition 5.8 is postponed to Appendix C, as we first want to use
it to finish the proof of Theorem 2.2. Proposition 5.8 allows to construct the limiting law of

(me/x SN — mp)ns>0, which is the contents of the following: Partition [0,1]? into R = (KL)?
vEVN -

disjoint, equal-sized boxes. Let {8}, ;/} k' />0 be given by Proposition 5.8. Then, there is a
function, p: R — R, that grows to infinity arbitrarily slowly, and such that

lim  limsup sup 222K g2log(DR(1—0*(0) p ( max S > M, (k,n)+z — 12:7)
#=09 (L/, K" \N)=00 2/ <z<p(K'L') VEBN/KL,i
—6;(/’[/ - 0 (544)
Let {or;i}i<i<r be independent Bernoulli random variables with
P (eri =1) = B e 22BHOD), (5.45)

In addition, consider independent random variables {Yg;}1<i<r satisfying
P (Yg; >a)=e e 2 2>k, (5.46)

and let {Zp;}1<i<r be an independent Gaussian field with the same distribution as {SQJ,V’C}UGVN.
Set

Gri = 0ri(Yri+ 210g(KL)(1 — 0*(0))) + (Zr; — 2log(K L)), (5.47)
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and

*
= max @ 5.48
K LKL = 28 SR (5.48)
ng—l

Let ig, 1, k.1 be the distribution of GK LKL Note that it is independent of N, which is essential
for the proof of convergence in law. The followmg theorem reduces the proof of convergence in law
of max,cy, SN — my, to proving convergence of the sequence {ik. Lk 1} KL KL -

Theorem 5.9. Let uy = law of <max SN — mN>. Then,
veVN

limsup limsupd (,uN, ﬂK,L,K',L') =0. (5.49)
(LKL, K'Y =00 N—co

In particular, there exists ji such that lim d(un, pieo) = 0.
N—00

Proof: Denote by 7 = arg max SN the (unique) particle achieving the maximal value. The correla-
VEVN

tion estimates in Lemma 5.3, together with Slepian’s lemma and (2.2), imply that max,cv,, S2 —m,
as a sequence in n, is tight. Using this fact and the localization of {Sf,V’C}UGVN in Lemma 5.7, one
obtains

limsup limsupP <Sﬁv’f > M, (k,n) — I;:V) =1. (5.50)
(LKL, K") =00 N—00

Thus, assume that S7]-V o > Mn(E, n)— k" holds. To exclude that maxy,cvy Slj,v / is too large, consider
the event £ = Uszl{maxveBN/Kw SN > M, (k,n) + KL+ k7}. By a union and a Gaussian tail
bound,

P(€) < 2%P ( max SN > M, (k,n) + KL+ /%V) < 2%p (S{,V»f > My (k,n) + KL+ 7&)

vEBN/KL:
< Cexp [2log(2)0?(0)(k + 1) — 2K L — 2k7] . (5.51)
Thus, one obtains

limsup limsupP (£) =0. (5.52)
(L,K,L' \K')=00 N—oc0

Analogously, a union bound on the event & = U {Yr; > KL + k7} yields

limsup limsupP (&) = 0. (5.53)
(L,K,L',K')=00 N—o0

As a next step, we couple the centred fine field, MT{ = MAXve By, b, s M, (k,n), to the ap-
proximating process Gg; defined in (5.47). By Proposition 5.8, there are €}, ;; j;/ > 0, satisfying
limsup €}y k1 gy = 0, and such that, for some [€°| < €} jop r1//4
(L,K,L',K' N)=oco e
P (-AR + ¢ < M < KL+K) =P (oni = 1, Vi < KL+ ) (5.54)
and such that, for all ¢t with —kY —1 <t < KL + k?,
P (ori =1,Yri <t —ey g /2) <P (—l_ﬂ +e <M< t)
<P (QR,i =1, YR,@' <t+ eyV,KL,K’L’/2) . (555)
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Thus, there is a coupling of {Mﬂ:l : 1 <i <R} and {(¢r,, Yri) : 1 <i < R}, such that, on the
event (EUEN°,

QR,i = 1’ |YR,’L — Mr{,z‘ S €7V,KL,K’L’7 lf MT{,’L Z ER,KL,K’L' (556)
YR, — M7{1| < ENKLK'L> if ori = 1. (5.57)

Note that, for each N, one possibly needs a different coupling, since MT{Z depends on N, whereas

(oR,i;» Yr,i) does not. A short argument for the existence of such couplings is as follows: In the event
genére, (5.54) becomes

PR+ < ML,) =Popi=1). (5.58)

By (5.55) and since the random variables have distributions that are absolutely continuous with
respect to the Lebesgue measure, there is an increasing function, g : R — R, with g(t) € [t—€*/2,t+
€*/2], for —k7 — 1 <t < KL+ k7, and such that

P (ori = 1,Yrs < g(t)) = P (_Eﬂ e <M, < t) . (5.59)

Let =k —1=1tg < ...<tp =KL+ k" be an arbitrary partition. Define sets

Aj ={w:ori(w) =1,Yr(w) € [9(t;), 9(t;+1))}, (5.60)
Bj={w: e < M, (w) € [t tj)} (5.61)

In particular, for any 0 < j < D, P(4;) = P(B;). Define random variables (¢%;, Yz ;), i.e for
w € BiN(EUE), set Y ;(w) = g(ngi(w)) and such that, for allw € (£ U E")°'N(U;B;), o (w) = 1.

For w € EUE, set o (W) = ori(w) and Yg (W) = Yri(w). Then (0%, Y ) 4 (or,i, Yr,i), and
(0R» Yg,;) additionally satisfies both (5.56) and (5.57). Concerning the coarse field, one can couple
such that S5 = ZR, for v € By/gri, 1 <i < R, simply as they have the same law. Thus, there
are couplings, such that, outside an event of vanishing probability as (L, K, L', K', N) = oo,

max (S,IJ)V — mN) — G;(,L,K/,L/ S 267\[,KL,K/L" (562)

veVN
Let 7/ = argmaxi<ij<gp Gr;. In the following, we exclude the case that the maximum of Gg; is
achieved at ¢ = 7/ and when at the same time, gog, = 0. The first order of the maximum of
{52 Luevy is given by 2log(K L)a(0) (see Bolthausen et al., 2001), which is of order O(log(K L))
less than subtracted in (5.47), and so, Zr; — 2log(KL) — —oo, as (L, K) = oco. Having this in
mind, considering (5.62) and since (m%X SN — N)n>q is tight, it follows that

veVn -

lim sup P (op~ =1) =1. (5.63)
(L,K,I/ K’ ,N)=s00

By (5.56), (5.57) and (5.63), there are couplings, such that outside a set with probability tending
to 0, as (L, K,L', K',N) = oo, it holds that
maXSéV—mN—G}LK/ § S 267\7KLK’L’7 (564)
UEVN ) ) ) ) )
which proves (5.49). Moreover, (5.64) implies that py is a Cauchy sequence and that there is o0,
such that ]\}im d(pn, ttoo) = 0, which concludes the proof of Theorem 5.9. O
—o0
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Proof of Theorem 2.2: Recall that G ; j ;, is a random variable with law fix 1 k7 /. The goal is
to construct a sequence of random variables, {Dg 1.}k >0, which are measurable with respect to
Fé=o0 ({ZRJ-})f;l, with R := (K L)?, and so that, for any = € R,

b,k (=00, x]) bk, 1 ((—00, x])

lim sup = liminf =1. (5.65)
(LKL, K")=c0 [§ [exp(fﬁ}‘(, L,DKyLe*ZI)] (LKL K =00 | exp(—Bhs 1 Dk, e~ 2)
Regarding (5.63), assume pp .~ = 1. Moreover, let
Sgi=2log(KL)(1+ c%(0)) — Zp;, fori=1,...,R. (5.66)
For x € R, it holds
i Lk 1((—o0, 7)) = P (G},L,KQL’ < sc) (5.67)
R
- E H (1 —P (or; (YR +2log(KL)(1 — 6(0))) > 2log(KL) — Zg; +z)) ‘]—"] :
i=1
A union bound on D¢ = {min;<;<g2log(KL) — Zr; > 0}¢, shows that limsup P (D) = 1. Thus,
KL—o0

on the event D and using (5.45), (5.46), (5.66), one deduces
P (0riYri > 2log(KL)o*(0) — Zg; + x| F) = i e 2Emite), (5.68)

Note that (5.68) tends to 0, as KL — oo. Using the fact that e TE<]l—2< e ¥ for x < 1, and
inserting for  the probability in (5.68), it follows that there is a non-negative sequence {ex 1} x>0,
satisfying limsup ex 7, = 0, and such that

KL—oo
exp (—(1+ excn)Bjo e 250 ) < P (0riYri < 210g(KL)o*(0) = Zia + | F°)
< exp (—(1 = exn) B e 2Rt (5.69)

Plugging (5.69) into (5.67) yields (5.65). Combining (5.65) with Theorem 5.9 implies that there is
a constant §*, such that

limsup ’B}k(/ L — 5*| = 0. (570)
(K',L")=00 '
Set
R
Dgp=)» e ni, (5.71)
i=1

Combining (5.70) with (5.65), it follows that

lim sup ’LLK’L’K,’L,«_OO’xD — lim inf MK,L,K’7L/((—OO,x])

=1. 5.72
(LKL K" =00 B [eXp(—=B*Di re2*)] (LKL, K)=o00 & [exp(—* D re~27)] (5.72)

Theorem 5.9 and (5.72) imply that Dy j, converges weakly to a random variable D, as (L, K) = oc.
(5.71) shows that D 1, depends solely on (KL)? = R. Moreover, as P,k .1 is a tight sequence
of laws, it follows that almost surely, D > 0. This concludes the proof of Theorem 2.2. O

Note that the random variables {Dg 1.}k 1>0, defined in (5.71), are the analogue of the “McKean
martingale” in variable-speed BBM (see Bovier and Hartung, 2015, (1.14)).
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Appendix A. Gaussian comparison and covariance estimates

Theorem A.1 (Slepian’s Lemma, Ledoux and Talagrand, 2011, Theorem 3.11). Let T = {1,...,n}
and X,Y be two centred Gaussian vectors. Assume further that it exist two subsets A, B CT x T,
so that

E[X.X;] <E[Y;Y;], (.)€ A (A1)
E[X;X;] > E[Y;Y;], (i,j)€ B (A.2)
E[X:X;] = E[ViY]], (i.j)¢AUB. (A.3)

Suppose f : R™ — R is smooth, with at most exponential growth at infinity of f and its first and
second derivatives , and

dif 20, (i,j) € A (A.4)

0 f <0, (i,j) € B. (A.5)
Then,

E[f(X)] < E[f(Y)]. (A.6)

Remark A.2. We use Slepian’s Lemma in a very particular setting: Assume that [XZQ] =E [Y2]
and E [X;X;] > E[Y;Y]], for all ¢, j € T. Then, for any = € R,

P (maxX,; > x) <P (mang > x) , (A.7)
€T €T
and
E [max Xi] <E [max YZ} . (A.8)
€T €T

Theorem A.3 (Sudakov-Fernique, Fernique (1975, Sudakov-Fernique)). Let I be an arbitrary set
with cardinality |I| = n, {X;}ier,{Yi}tier be two centred Gaussian vectors. Define 'yi)]{ = E[(X; —
X;)?, 'yi}; =E[(Y; — Y;)?]. Let vy :=max;; %‘J 7”] Then,

EX"] - B[Y"]| < /7 log(n). (A.9)

If %f); < ’y}; for all i,j then E[X™] < E[Y™]. (A.10)
In particular, if {X;}ier, {Yi}ier are independent centred Gaussian fields, then
E [max(X —|—Y)} >E [maIXXi] . (A.11)
el 1€

A.1. Covariance estimates.

Proof of Lemma 3.3: The proof of statement 7. is a simple adaptation of the proof of the analogue
statement for finitely many scales Fels (2019, Lemma 3.3). Statement #i. is immediate. The forth
statement follows by a combination of 7. with ¢#i.. In the following, we prove statement 7ii.. Let

u,v € V]{S, and denote by by(u,v) =1 — logto”giqu‘h the “branching scale”. By the Gibbs-Markov
property of the DGFF, increments V. (s), V¢ (s) beyond by (u,v) are independent. By (1.5),

one has

E [s) g / / E [Vod (s) Vel (1)] dsdr. (A12)

To compute the discrete gradients, it suffices to consider E [¢uN (5)pN (t)], for s,t € [0,1]. Let S
be a simple random walk with hitting times 794 = inf{r > 0 : S, € 9A}, for A C Z?. Let
c: 0[-1,1]1%2 = R? be the continuous function, encoding the relative position on the boundary, such
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that, for x € (0,1), u € Z? and z € 9[xN +uly,, 2 = N +u+c(2) N' =%, In particular, the function
¢ is in both components absolutely bounded away from zero by 1/2 and from above by /1/2. For
0<s<t<1, we have

E[oX ()6 (0] = D Pu (S, =) Po (S, = 4) E [0 cimpni—e 8ot

xea[u]s
yEO[v]¢

= Z P, <ST8[u]S = :5) P, (STB['U]t = y) [—a(u—v+ NY*"%(c(z) — c(y)N*™1))
z€0[us
yeov]:

+ Y Pupemnis (sTBVN - z) a(z — v — c(y) N4 | | (A.13)
z€0VnN

where a denotes the Potential kernel, which satisfies the asymptotics
a(z) = log [lz]l2 + co + O(||z[|5 %), (A.14)

as ||z|]l2 — oo. Using this asymptotics and the approximate uniformity of the harmonic measure
away from the boundary Biskup and Louidor (2018, Lemma B.5), the second sum in is about
log(N) + O(1), and the first is about log(N'=*) + O(1) if s < t and if ||u — v[s < N'7%, ie.
by (u,v) < s—en with ey = 4/log N. In particular,

/ 1 E [¢) (s)Vel (t)] dt =0, (A.15)
s+en
and, if |ju — v|js < N7,

| BT 06 0] ds = (- e los) + 0(1), (A16)

where the constant order term is uniform in N. (A.15) and (A.16) imply that the integral in (A.12)
concentrates on the diagonal. Then, by independence of increments beyond the branching scale,

1 by (u,v)—en
E [yl = /0 2 (5)E [VoL (s) Vol (s)] ds = /0 o2 ($)E [Vol () Vol (s)] ds

b (u,v)
+ / o*(S)E [Vor (s)VeD (s)] ds. (A.17)
by (u,v)—en
By Cauchy-Schwarz, the second integral in (A.17) is absolutely bounded by a constant C' which
depends on o but is independent of N. To bound the first integral in (A.17) with s = ¢, note
that in (A.13) there are 27||u — v||2 many pairs, x € O[u]s, y € [v]s that have distance less than
||lu—v||2 at scale by (u,v) — en. By Biskup and Louidor (2018, Lemma B.5) the harmonic measures
evaluate to approximately 1/4|lu — v||a. Thus, the sum over these particles is at most of order

0 (M> = O(1). For summands = € d[uls, y € [v]s and ||z — y|l2 > ||u — v||2, we use (A.14)

[u—vll2

and Biskup and Louidor (2018, Lemma B.5), to deduce that the first integral in (A.17) equals

by (u,v)—en 1 _
logN/ o2(s)ds + O(1) = log NZ,» (1 ~ 25+ ﬂgN vH2)> +O(1). (A.18)
0

This concludes the proof of the extension. O

Proof of Lemma 5./: We start with the proof of the first statement. First note that by Lemma 3.3
1., for xtN +u,aN +v € V]é,, it holds that

E [{nN4+u¥an4o) = log(N) +O(1). (A.19)
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Thus, one has to show that, as N — oo, the constant order contribution may depend on w, v, but
not on x and apart from this, has fluctuations which vanish as N — oco. By (1.5), one has

1
E [y 4ty an] = /0 02(5)E [Ty 1u(5) VMY o(s)] ds

Ao
- /0 02()E [Ty 10(5) VN 1o (s)] ds
1—-X\1 1
" A 2(5)E [V u(5) V1o (5)] ds + / o2 (5)E [Vl 1 u(5)VDy 1o (s)] ds. (A.20)

0 1-XA1
We choose Ao, A; = O (105) lgO;éVN), such that
1—X\1
a2(0) Ao + a?(1)\ +/ o?(s)ds = 1. (A.21)
Ao

Note that we have by assumptions |ju — v||2 < L, for L < N and thus, we can assume by(xN +
u,zN +v) > 1 — A;. For the first integral in (A.20), we use a Taylor expansion of o2 at 0, i.e.
o2(s) = 02(0) + 20(0)0’(0)s + o(c(0)o’(0)s), for s > 0 small. Thus, the first integral becomes

Ao
/0 P2 (O)E [T6y 40(5)V Ny 10 (5)] ds + O(AZ log N (0)'(0))

kﬁi{%g]\;]v) . Similarly, by a Taylor

expansion of o2 at 1, i.e. o(s) = 02(1) — 20(1)o’(1)(1 — s) + o(a(1)0’(1)(1 — s)), for s < 1 close to
one, the last integral in (A.20) can be computed as

where the error term vanishes as N — oo, since )\(2) logN = O (

1
| PR [Vol ()P0 (s)] ds + OO log Na(1)o' (1)

= *(DE [(¢an+u(1) = 02n1u(l = A1) (02n10(1) = Gansu(1 = A1))] + O(AT log NU(l)G/((lA))ég))

Similarly as in (A.22), the error term vanishes as N — oo. In all three cases in (A.20), using (A.22)
and (A.23), it suffices to compute quantities of the form E [¢Ny_,(s)¢2y,,(s)]. The case when

s = 0 is trivial since, for any v € Vyy, ¢2Y(0) = 0, as the harmonic average of the value zero is zero.
Note that by Biskup and Louidor (2018, (B.5),(B.6),(B.7)) one has, for v,w € Vy,

E[o)Yoh] = —alv—w)+ Y. Py (S, =w)a(z—w), (A.24)
2€0VN

where a denotes the potential kernel, with representation as in (A.14). First, consider the case
when 0 < s < 1. Note that the discrete harmonic measure converges weakly to the harmonic
measure associated to Brownian motion (Biskup, 2020, Lemma 1.23), i.e. to the measure II(z, A) :=

P, (BTB[O 2 € A), where (Bi)¢>o is Brownian motion in R? killed upon exiting [0, 1]?. Moreover,
since the logarithm is continuous and bounded in a neighbourhood of [0, 1)2, using (A.24) and the
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weak convergence of the discrete harmonic measure, one obtains

E [qbiVN—l-u(S)qSiVN—l-v(S)} = Z Pyntu (STO[IN+'U,]S = Z) Pan 4o <STB[(EN+U]>\i = y) E [qbi’vgbi/v}
z€9[xN+uls
y€O[xN+v]s
= > Penviu (Srpnin, = 2) Panso (Srpwin, = 8) (—alu— v+ N5 (e(z) - (1))
2€0[zN+us
y€O[xN+v]s

+ Z PonNturni-s (STavN = w) a(w — 2N —v — N'5¢(y))

weIVN
= —log N'™* +log N + f(z) 4+ o(1) = slog N + f(x) + o(1),
(A.25)
where f(z) = fzea[o 12 II(z,dz)log ||z — x|l2. In particular, f is continuous. Using (A.25) and
(A.22), the first integral in (A.20) can be rewritten as
a2(0) (Molog N + f(z)) + o(1). (A.26)

For the remaining case, s = 1, call e; the i—th unit vector. By (A.24) and using weak convergence
of the discrete harmonic measure (Biskup, 2020, Lemma 1.23),

E [$on+u(Danso(D)] = B [02v1uonso] =log N + f(2) = a(u,v) + o(1), (A.27)
Using (A.23) and (A.27) allows to rewrite the third integral in (A.20) as
o2(1) (A log N — a(u,v)) + o(1). (A.28)
Inserting (A.26), (A.28) into (A.20), using (A.25), (A.21) and Z,2(1) = 1, one obtains,

E [Unytu¥anto) = log N +0(0)%f(2) + o (1)%g(u, v) + o(1), (A.29)

with g(u,v) = —a(u,v) and where o(1) — 0, as N — co. This concludes the proof of statement .
in Lemma 3.4.

The covariances in the off-diagonal case, i.e. when x # y € (0,1)2, ||z — y|l2 > 1/L, can
be computed similarly, now by Taylor expansion of the variance o%(s) at 0. First note that, for

A= loig)}gv]v and N large enough, A > by (zN,yN). Thus,

A
E [¢avipn] = /0 o?(s)E [Voin (s)Voin(s)] ds = o*(0)E [y (M) don (V)] + O(a(0)a” (0)A? log N).
(A.30)

By choice of A\, O (¢(0)o’(0)Alog N) = O (a(O)U’(O)IOiEZgVN) =o(1).

(O [oX VSN W] =0%(0) 30 Bax (S, =) Bo (Srpns,, = 0) El0)'6)].
u€d[xN]y
vEQ[xN]
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Using (A.24) and previous notation allows to reformulate (A.31) as

200 D Pan (Srywy, = ) P (S, = 0) (0N (@ =y + N7 (elw) = e(v)))
u€d[xN|x
vEQ[zN]y

+ Y By (sTaVN :w> a(w—yN) | . (A.32)
weIVN

Using (A.14), we rewrite (A.32) as

0) Y Pan (Srypm, = 1) Pon (Srygm, =) (~log N = log |z = yllo = co + o(1)
u€d[xN]x
vED[ZN]y

+ 2 Pan (Sravy = w) (log N + log le(w) — yll2 + o + o(1))
weIVN

= 02(0)h(z,y) + o(1), (A.33)

where h(z,y) = —log Hx—yHﬁ—fa[O 12 II(z,dz) log || z—yl|2, by the weak convergence of the harmonic

measure to II. In particular, h is continuous on [0,1]? \ {(z,z) : = € [0,1]}. This concludes the
proof of the second statement and thus, of Lemma 3.4. O

Proof of Lemma 5.3: We start with the proof of (i). Let ¢ be such that u,v € By ; C Bgrg/ 4. By
(5.9), one has

1Y — S = (SIY° - S15) (S - SI) 4 (S0 — S3) + By (axor - anonro)
= Siv’b - Sq];V’b + @y (aK’L/,ﬂ - CLK’L’,@) . (A.34)
In particular, by (5.19), laxi/.a — a1/ 5| < €N, kL K1/, and so
[E[(5Y - )] —E [l - )]
AWE (1, - oE,, ) B [ - )|

Using the tower property of conditional expectation, conditioning {wév tvevy on
o (qbfl\f Tw e [UK/L/J'/]%,L,) and using (A.27) and Lemma 3.4 ii., it follows that

<4den kLKL + (A.35)

1y’ 1y’ 2
imswy s |2 | (o8, - ok, )| B0 - 07| o
(L,K,L’,K’,N)ﬁoo U»UEBL/,inV;\‘]ﬁ KL’ K'L'i
1<i<(N/L')?
(A.36)

Statement i. follows from (A.36) together with (A.35). Next, we prove ii.. Let ¢/ # j' be such that
u € By/gri, v € Byjkr,jo and assume without loss of generality that N > K' > L' > K > L >
1/4. Since vertices u and v belong to distinct boxes of side length N/K L and thus, also to distinct

K'L'—boxes, both E [S{L\]m&],vm} =0and E [Sév’be,V’b} = 0. Using these observations, scaling the
DGFF from Vi, to Vy and by (A.24),

E [SYS)] = E [sYes)'] = o2 (O)E [¢LolE] = 2(O)E 6],

SO ] Fo(D). (A3T)

i’ "UN/KL,j!
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Since ||UN/K]’;J]’i,_u||2, ”UN/K]%J'_U |2 = O (7). Biskup and Louidor (2018, Lemma B.14) implies

lim sup sup |E [SYSN] — a2 (0)E [¢2 )] | =0. (A.38)
(LK,L',K',N)=00  wEBy,p #OV5 s
VEBN kep, ;1 NWV5 501 '

On the other hand, the vertices u,v are at distance of order N/K L away from each other. Since
considering limits of the form (L, K, L', K, N) = oo, one can assume that N/KL > N~ and
thus E [gf)ﬁf(;%v] =E [¢5(A1)¢5(A1)] . Therefore, by a Taylor expansion of o2 at 0 as in (A.30),

E [0 9] — a?(0)E [¢Y o) ]| = |o2(0)E [ (A1)¢Y (M)] — o2(0)E [¢X ¢ ]| + 0(1) — 0, (A.39)

as N — oco. (A.38) together with (A.39) implies statement i.. Note that for statement iii., one
has ||u — v||2 = O(N/L). This allows to approximate as in (A.39). Note that in this case, there
is a constant L > c(u,v) > 0, such that the leading order of the first covariance is given by

N*1
(1) u,v € By but w € By and v € By jr
(2) u,v € BNk but w € By, ; and v € By
(3) S BN/KL,i N BL’,i’ and v € BN/KL,j N BL’,j"

log(||u—vl]2 4+ N'=21) —log(||u—v|2) = log (1 + <L ) In the following, we distinguish three cases:

In case (1), sie = e and Y™ = SN and S0, using notation from the proof of Lemma 3.4, by
(A.24), (5.13), (5.17) and as in (A.27),

E [S)'SY] = Var [S}eS)V<] + Var [S])'™] + E [Sﬁvzbsf,vﬁb} + agrp gtk s + o(1)

—log N + 0%(0)f (%) +o2(1) <—a(u o)+ /8[0 N m <%,dz> a (z - K”L)>
+arrpaaK s+ o(l). (A.40)

Since u,v € Vj\“,’ 5 are away from the boundary, the integral in (A.40) is bounded by a constant Cs,
depending on §. Thus, (A.10) can be written as log N—o?(1) log, ||u—v[]2+O(1), where the constant
order term is bounded by 8a+Cj. By Lemma 3.3 ii., E [} )] =log N—o?(1) log, [|u—v|2+0(1),
where the constant order term is bounded by «. Thus, statement #i. follows in case (1). In case (2),
E [Sg’b&],v’b] = 0. Thus, there is a constant ¢; > 0, such that

E [SYSY] =E [S2esN<] + E[SY™S)™] + ey. (A.41)

To estimate the first covariance in (A.41), apply (A.24) and for the second, note that {S{,V’m}vevN
is a MIBRW, and thus, using Lemma 3.3 i. and iii., statement ii. follows, in case (2). In case (3),

E [Sévmsqj)vm} =0and E [Sﬁv’be,V’b} = 0. By scaling the DGFF as in (A.37) and using (A.24),

E [S)SY] = E [S2°SN<] = 02(0) (log(N) — log, (|lu — v|2)) + ¢+ o(1), (A.42)

where ¢ is a bounded constant depending on ¢ and where the error o(1) vanishes as N — co. The
same reasoning applied to E [¢Y¢)'] as in (A.39), implies the claim in this remaining case and
thereby concludes the proof Lemma 5.3. O

Appendix B. Proof of Lemma 5.5 and Lemma 5.6

We prove Lemma 5.5 in the case of the scale-inhomogeneous DGFF. The proof for the approx-
imating field, {S }vevy, is essentially identical. This is due to Lemma 5.3, which allows to use
Gaussian comparison to reduce the proof to the one we provide.
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Lemma B.1. Let {gN : u € Vy} be a collection of random variables, independent of the centred
Gaussian field, {Y : u € Vi}, and the 2d scale-inhomogeneous DGFF, {yY : u € Vy}, such that

P (giv >1+ y) < eV Yu € Vy. (B.1)
Assume further that there is some 6 > 0, such that, for allv,w € Vi, E [1,[_)1]]\77]15] —-E [wq],vd)g] | <9.
Then, there is a constant C = C(«), such that, for any e >0, N € N and © > —/,

P <max () +egl) >my + :L‘> <P <max PN >my 4o — \/E> <Ce_071571) : (B.2)

veVN veVN

Proof: Let Ty := {v € Viy : y/2 < eg) < y}. Then,

TN N > < _N> _
P(iﬁ%’;(% +eg, ) >my +a ) <P geling >my +x— e

+Y E []E [nmaxve%iﬁ%bw rogiye|Tai f” . (B3)
1=0

By Proposition 5.1, the last sum in (B.3) can be bounded from above by
oo
G Y B [yl 1Vl V5, (B.4)
i=0
with ¢ > 0 being a finite constant. By assumption (B.1), one has
B [Ty el V]| < 7€, (B.5)
Thus, (B.4) is bounded from above by ée~2%¢~(C9™" . This concludes the proof of Lemma B.1. [J

Proposition B.2. Let {901];\7}116‘/1\77 {gbfjv}yevN be two independent centred Gaussian fields satisfying
the covariance estimates in Lemma 5.3, and let {gp : B C Vnx} be a family of independent standard
Gaussians. Moreover, let G = (61,52) € R% and {7 v e V) and {o)7" : v e Vy} be two
centred Gaussian fields, given by

2t = N 019By,r, T 029B, n/ry> (B.6)
and
oNFr = N 4 1513 AN (B.7)
v v logN ™"’ '
forv € V. Set Mn,, r, 5 = max %Z}V,n,rz,&’ and likewise, My 5. = max goqjjv’&’*, Then, for any
veVN veVN

fized & € (0,00)2,

lim limsupd(Mn ro6 — MmN, MN s+« —mn) = 0. (B.8)

T1,72700 N_s00

Proof: Partition Vi into boxes of side length N/re and denote by B the collection of these boxes.
Fix arbitrary § > 0, for B € B denote by Bs the box with the same centre as B, but with side length
(1 = 8)N/ry. The union of such restricted boxes, we call Viys = |J Bs. The maxima over these

BeB
N 5 N,G . )
sets, we denote by My, rp56 = max o, "7 and My .5 = max ¢y, '°". By Proposition 5.1,
’UEVNQ ’UGVN’L;
lim lim P (MN,rl,rg,&,5 # MN,T1,T2,5) = lim lim P (MN,&,*,J 7& MN757*) =0. (BQ)
6—0 N—oo 6—0 N—o0

Thus, it suffices to show equation (I3.8) with My ;, r, 56 — my and My 5.5 — mn. Next, we show
that the main contribution to the maximum is given by {@? tvevy, while the perturbation fields only
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have a negligible influence. For B € B, let 2, € B the maximizing element, i.e. max,ep; oN = goi\;.
The claim is that

1
lim limsupP (’MN e max (pNn,rQ,a‘ > >
r2Tre0 N—oo T logn
1
= limsup P <|MNU* 5 maxcpZB" | > > =0. (B.10)
N—oo logn

We first show how Proposition B.2 follows from (B.10). Assuming (B.10), conditioning on the posi-
tions of the maximum, {zp}pep, one deduces that the centred Gaussian field

{\/ |3/ log NgoZB} has pairwise correlations of order at most O(1/log N). Thus, the con-

~ 112
ditional covariance matrices of {\/ l(')'g(%) gbivB} and {5lngB,r1 + 529323 N /TQ} Bep are within
BeB

O(1/log N) of each other entry-wise. In combination with (B.10) this proves Proposition B.2. It
remains to prove (B.10). Suppose that on the contrary, either of the events considered in the
probabilities in (B.10) occurs. By (2.2) and Gaussian comparison, we know that E; = E1(C) =
{w: Mnrirss € (my — Comy + C)} U{Mys.s ¢ (my — C,mpy + C)} has a probability

tending to 0, i.e. hm limsup P (E;) = 0. Moreover, Theorem 2.3 implies that also the event
C—=00 Nooo

By = {w: Ju,v € Vy : ||lu—vl|l2 € (r,N/r) and min(¢, ) > my — cloglogr} cannot occur,

ie. lim limsupP (E2) = 0. Note that Theorem 2.3 is stated only for the scale-inhomogeneous
r—00  N_

DGFF. However, using the covariance assumptions and Gaussian comparison, it is possible to re-
place {2V}, evy with {¢) },ev, throughout the proof of Theorem 2.3. This allows to assume the
event E¥ N ES. To show (B.10), we consider the following events:

- FE3 = EgUE:Z)", where E‘3 ={w:FveVy: gpg’rl’”’&MMrhm,&,é; %];V < mpy—cloglogr} and
By ={w:FweVy: 901];\7’0’* = MnN G x5, ©N < mpy — cloglogr}.
~ Ey={w:FweB,BeB: ¢ >my —cloglogr and ngijf ((pv @%) > 1/logn}.
E3: Let Iy = {v € Viy : @b ™27 — o € (2, 2+1)}. The idea is that, by localizing and conditioning

on the difference of the two Gaussian fields through the set I';., one can use Proposition 5.1 to bound

max Y from above, i.e.
'UGFI

P(EfﬂEg) <IP’< max maxgof)v’”’rz’& >mN—C'> < Z IP(maxgpN”“’ >mN—C>

>cl —Cvell vel’
azelog(n) * z>clog(n)—C

< ¥ Elp(apazav-e-on)|se ¥ BInv)e
C

@>clog(n)— e>clog(n)—C
(B.11)
By a first moment bound for Gaussian random variables, one has
B ||Daf"/|Vw|"2] <B [l{v € Viv : 6195, + 6295, 5,0, € (.2 + D' /|V[/2
<P (&1ng,r1 + 5298, ), € (@7 + 1))1/2 <e T, (B.12)
for some constant ¢ = ¢ (¢,5) > 0. Thus,
lim sup lim sup lim sup IP (Ef(C) N Eg) =0. (B.13)

C—oo r—00 N—oo
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In the same way, one can prove an analogue estimate for £3 in place of E5, which gives

lim sup lim sup limsup P (E{(C) N E3) = 0. (B.14)

C—oo r—00 N—oo

E4: Let F; ={veVy: o) >my —cloglogr}. In Vy, there can be at most 72 particles at
minimum distance N/r, and around each of these, one can find approximately r2 particles in Viy
which are within distance r. Thus, on EY, one has \F;\ < 274, Further, for each v € BN I‘; and
in the event of ES, one has |[v — zg|l2 < r. Thus, by independence between the Gaussian fields

{oN}evy and {gof)v’,}veVN, and using 2nd order Chebychev’s inequality,

|5||2 1 (¢(o,5)logr + ¢1) (loglog N)?
118 (o vy > < [l9) < , (B.15)
log N loglog N log N
where ¢, c; > 0 are finite constants. Therefore, and by a union bound,
loglog N)?
lim sup limsup P (E4 N ES) < limsup lim sup 2r*[é(c, &) log 7 + cl]M =0. (B.16)
r—oo  N-—oo r—oo  N—o0o 1 gN
This concludes the proof of equation (B.10) and thereby, the proof of Proposition B.2. O

Proof of Lemma 5.5: We prove Lemma 5.5 in the case of the scale-inhomogeneous DGFF.
Lemma 5.5 for the approximating field follows from Gaussian Define ¢ = <1 =+ il )TZJU ,

2log N
for v € Viy, and set My = maxycy,, 7/’1; and MN<7 = ig%ﬁ ™. One has MNU = (1 + 1'(')2—'5@) M.
Using (2.2), this gives us both
E [Mys) = E[My] +2(|5]3 + o(1), (B.17)
and
Jim d (My —E[Mn], Mngs —E [Myg]) =0. (B.18)
Further, let {wNU* : v € Vny} be defined as in (B.7) and set My 5. = maxycyy V%" In the
distributional sense, {1%\[ ’&} can be considered as a sum of {wlj,v 7 *} and an independent
vEVN veVn

centred Gaussian field with variances of order O((1/log N)3). Thus, by Gaussian comparison, it
follows that

E [Mys| = E[Myg.] + o(1), (B.19)
as well as

lim d (MNU —E [MN 0] MN75’* —E [MN757*]) = 0. (BQO)

N—oo

By (B.20), Proposition B.2; and using the triangle inequality, one concludes the proof of Lemma 5.5.
O
Proof of Lemma 5.6: Recall that we want to prove asymptotic stochastic domination. The basic
idea is to use Slepian’s Lemma. Let ®, {®)},cy, be independent standard Gaussian random
variables and for some €* > 0, set

*

N,lw,e* € N Ny
A =] — 0 B.21
€

o = (1 " og N> oY e, (B.22)




1922 Maximilian Fels, Lisa Hartung

where €} = €}’ (¢,¢*) and )" = €)' (¢, €*) are chosen such that
& \?
Var [77[,11}\77111176 } — (1 = ) Var [quJV] + (eN)? = Var [1/;1]]\[] +e (B.23)
log N
and
- e \? _
Var [%],V’uzo,e } — <1 — logN> Var [§N] + (e¥)2 = Var [p] + . (B.24)

Solving for ey in (13.23), gives

(GUN,/)2 = 1OgNVar [1#1])\[] + €. (B.25)
Moreover, for u # v € Vi,
2
« " €
B [yl giiine] = <1 - ng) E [y o] + el (B.26)

and by (B.24),

7N up,e* 7 Nyup,e® | _ o € TN TN < _ € N, N o €
(B.27)

We want that, for all u,v € Vy, E [wf’lw’e*y)ﬁ”w‘*} > E [QZQJLV’UP’C*M_J{,V’UP’C*} . Considering (B.206)
and (B.27), this holds, provided

* 2
NN > € <1 - loz;N) . (B.28)

Combining (B.28) with (B.25) and as € — 0, one sees that it is possible to choose first €*(e) and
then both {eév’/(e, €)}vevy and {ef,v’"(e, €")}vevy, such that € — 0, and that at the same time,
all requirements (B.23), (B.24) and (B.28) hold. Observe further, that in this case, by (B3.23) and
(B.24), maxyev, N 0, as well as maxyecy,, e’ — 0. With this choice, one can apply Slepian’s
lemma to obtain

d (max YN iy, max e — mN> =0. (B.29)
veEVN veEVN

As € — 0, the distribution of the Gaussian field {15 "™ } ey, tends to that of {2 }uey, . Applying

Lemma B.1 to {1/_)1],\7’“’)’6* }vevy , one deduces

_ * - N,/ _ N,y —1
P | max wév’“p’g —mpy >z | <P | max %1]\7 —mpy > T — ,/ max €’ (Ce (Cmaxyevy ew”) ) )
vEVN vEVN weVN

(B.30)

Since max Ny 0, as € — 0, this allows to conclude the proof of (5.28). (5.29) can be proved
weVn

in the same way, by switching the roles of {t))},cv,, and {¥ },cv, in the proof above. Further
details are omitted. 0
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Appendix C. Proof of Proposition 5.8

We outline the strategy of the proof: First, we localize the position of sy " for particles v € Vy
that satisfy S) > my + 2. This reduces the computation of the asymptotic right-tail distribution
to the computation of an expectation of a sum of indicators, which is significantly simpler, as it
essentially boils down to computing a single probability. In the second step, we prove that the
asymptotic behaviour of the right-tail of the maximum of the auxiliary field does not depend on
the parameter IV, so that any possible constant also depends only on the remaining parameters,
K', L' and 2. In the third step, we investigate how the limit scales in z, which allows us to factorize
the dependence on the variable z in the above obtained constants, reducing the dependence of the
constants to the parameters, K’, L'. We further show that the constants can be bounded uniformly

from below and from above, which then concludes the proof. Recall that sy S = SN — sy . for

v € V. For the entire proof, fix the index i along with a box By/kr, ;- The field {qujv’f}veBN/KL,i is
constructed in such a way (see (5.9)), that it is independent of the integers K, L and i. In particular,
the sequence {f%. ;,} k1’ does not depend on these. For a fixed v € B N/KL,i» and for Sf;v " consider

Xf,v as the associated variable speed Brownian motion. To be more precise, recall the definition of

SY™ in (5.6). To each Gaussian random variable bf\;» p in (5.6), associate an independent Brownian

motion bivj 5(t) that runs for 27% time with rate o (L;]) and ends at the value of o ("n;]) bfvj B

Each variable speed Brownian motion, {X (¢)}o<i<n_k—i_t'—r, is defined by concatenating the
Brownian motions associated to earlier times, which correspond to larger scales. Until the end of
the proof, in order to shorten notation, simply write N = N/KL, n* =n —k—1—k —1' and
analogously, n =n—k—laswellas | = ' +k', k= k+1. Asin (5.5), we consider the partitioning of
Bn/k 1, into a collection of K'L'-boxes Bz and refer to Bp/(v) € Brp as the unique K'L'—box
that contains v. The set of all left bottom corners of these K'L'—boxes is called Z5. We further

write M, (k,t) = 2log(2)Z,2 (£, L) n — W, for t € [k,n]. Let

By n(z) = {XN(t) — My(k,t) € [—i7(t,n*), max(i7(t,n*), 2)], VO < t < n*,

max Y.V > 2log(2)Z,, <k, 1> n —log(n)/4 — k" + z — X,L]}V(n*)} , (C.1)
n

uEByrp1(v)

where YuN lay Sév — Sév - Sév M= Sq]LV - Sév ™ is an independent Gaussian field. The first
restriction is that all particles have to stay within a tube around 2log(2)Z,- (%, %) n, which is
due to Proposition 4.2. Moreover, it ensures that at the beginning, particles cannot be too large.
The second event ensures that there are particles reaching the relevant level. We consider the

number of particles satisfying the event E, y(z), namely

An(z) =D 1g, 4y (C.2)
EEN

and claim that

P < max Sf,v’f > My(k,n) + 2 — k”)
. . vEBN/KL,i
lim sup lim sup =1 (C.3)

200 (L7K7L/7K/7N):>OO E [AN(Z)]

This reduces the analysis to compute the asymptotics of the expectation, which is much simpler, as
this only needs precise right-tail asymptotic of a single vertex. We start proving the claim (C.3).
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By a first moment bound and using Lemma 4.4, one obtains

limsup  limsup P < max SV > M (kon)+ 2 - /27> <E[An(2)], (C.4)
z—0o0  (L,K,L',K',N)=c0 vEBN/KLi

which implies that the quotient is bounded from above by 1. In order to obtain equality, one shows

limsup  limsup  E[An(2)?] /E[An(2)] = 1. (C.5)
200 (L,K,L',K',N)=00

Assuming (C.5) and using the Cauchy-Schwarz inequality, one has

P < max  S™ > M, (k,n) + z) > E[An(2)], (C.6)

VEBN/KL,i

which, together with (C.4), then implies (C.3). Thus, we turn to the proof of equation (C.5). First,
decompose the second moment along the branching scale, by (v, w) = max{\ > 0: [v]xN[w]) # 0},
beyond which increments are independent, i.e.

E[An(2)?] =E[An(2)]+ > P (Byn(2) N Eyn(2))

—BAnE]+ Y. Y P(Bun()NEun(2) (1)

ts=0 v,w:d(v,w)=ts

Note that, for v € Z fixed, there are 22(n* —(k+ts)) many w € =5 with d(v, w) = ts. The probabili-
ties in (C.7) can be bounded from above by

P (EU,N(Z) N Ew,N(Z)) < Z P (Xév(ts) - Mn(kts) € [$s -1, $5])

zs€[—i7 (k+ts,n*),max(i7 (k+ts,n*),2)]
xr1 ,xQE[ 1l l’Y]

(X XN (ts) = My(ts,n — 1) + k7 + x5 € [21 — 1,21])
max Y > 2log(2)e?(1)l + z — 371>

’LLGBK/L/

P (x]( XN (ts) = My(ts,n — 1) + k7 + x5 € [22 — 1,29])

max YV > 2log(2)o (1)l_+z—x2> (C.8)

ueBK’L’ w)

Similarly, one can expand E [Ay(2)],

E[An(2)] = 22" Z P (XN (ts) — Ma(k,ts) € [v5 — 1, 74))
zSG[—i’V(l_s:—i-ts,n*),ma3<(ij(l_€+ts,n*),z)]
z1,x2€[—17,17]

x P (XN (n*) = XN(ts) — Myp(k +ts,n —1) + k7 + a5 € [v1 — 1,21])

><]P< max Y.V > 2log(2)o ()l+z—a:1> (C.9)

UGBK/L/( v)

For each summand, there is an additional factor appearing in (C.8) compared to (C.9). If one can
show that all these vanish uniformly over xs, when summing over ts and then taking the limits,
(z,L,N) = o0, one obtains (C.5), and thereby (C.3). Thus, one needs to estimate the additional
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factors,

> P(XN (") = X (ts) = Mu(k+te,n = 1) + &7 + 24 €[22 — 1,25])
2o €[—17,17]
uEBK/L/(w)

x P < max YN > 2log(2)o?(1) + z — a:2>

21og(2)lo(1) + E0)

< g 2 =) 3

zo€[—17,17] \/27r log(2)Z, (l_”Tts, ”T_Z) ny/llog?2

_ kE+ts —k—1—t _
X exp —210g(2)(k:+t8—1'02( —; )n)—2(z—x8—n_log(n)—k7)}

k
I 2 2
n—F—l—t - .
(w2 —as = G log(n) — K7 6
x exp | —2log(2)l — ( An—D) ) - ( (1))

Note that there are 220" ~(*+12)) vertices w € =5 with d(v,w) = ts, for fixed v € ZE , which cancels

with the prefactor in (C.10) when taking the sum in (C.7). To show that the sum in ¢, is finite, first

note that the relevant term in (C.10) is given by exp [—2 log(2)(k +ts — T2 <k+Tts> n)} . Recall the

assumption Z 2(z) < x, for x € (0,1). In particular, for any 6 > 0, there exists ¢ > 0 such that

Z,2(x) < x —¢, for x € (6,1 —§). Since one is interested in the limit, as (z, K', L', N) = oo, it is
2

possible to assume M < €/2 and w < €/2. In this case it holds, for ¢, € (0,n —k —1),

T, <k+t5> < kzts —€/2. (C.11)

Using (C.11) in (C.10), implies that (C.10) is summable in t5 € (0,n—k—1), when considering limits
(2, K',L',N) = oo. The sum in x5 in (C.10) is bounded by its number of summands, i.e. one gets
a prefactor of leading order 4log(2)I"t1/25(1), where one can choose v € (3,1). Note that there
is still the term exp [—2log(2)!] which ensures that (C.10) tends to zero, as (z, K',L',N) = oc.
Altogether, this proves (C.5). In the second step, we show that it is possible to choose the sequence
of constants independently of N. More explicitly, in the following, we show that there are constants
Bkr.1/ > > 0, such that

lim limsup ElAvG)] = lim liminf ElAvG) = 2108(2k(e*(0)~1) 247 (C.12)

e
Z—NX)(L’,K’,N)ioo /BK/,L/,Z Z—>00(L’,K’,N)¢oo BKlyLlyz
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n’n

Since XN(n*) ~ N <0,log( )Z,2 <f —*> n), and using Lemma 4.4, which allows to ignore the

restriction to stay below the maximum at all times, IE [Ax(2)] reads

92(n—k-Dp (xgv(ﬁ) — My(k,n—10) € [-17,0), max V¥ > M,(kn)—X)(n") =k + z)

UEBK/L/(U)
l“’ o _ _ 9
—k—0) (Mn(k,n l) + x)
exp |— ——
k l
I \/271' log I 2 ﬁ’ T) 210g(2)IU2 (ﬁ T) n
( max YV > 2log(2)lo?(1 )—i—z—l_ﬂ—x) dx
U,EBK/L/( )
2
n 22k ~1)92(e*()-1), /7 (a: - logi"))
P Do) n 2Ok — o2 (1)
—I \/27rlog Iz ﬁnnl> °8 noe 7
x P ( max Y.V > 2log(2)lo?(1) 4z — k7 — :c> dz. (C.13)
UEBK/L/(U)
By definition of SY (see (5.9)), MaXyep,.,, (v) V.Y has the same law as maxyev,,,,, Sab arra®;

n—oo

and is therefore independent of N (cp. (5.5) and (5.9)). Note further that \/%
T ok 2=ty

and by Borell’s inequality for Gaussian processes (see Ledoux and Talagrand, 2011, Lemma 3.1),
#(

As o(1) > 1, (C.14), together with (C.13), implies (C.12) and thus, the third claim. In particular,
one can read off (C.13) that the sequence {fk’ 1/ .} depends only on the very last variance parameter
and on k7. In the last step, we analyse how the right tail probability scales in z, namely we want
to show

1

)

max Y.V > 2log(2)lo?(1) 4+ 2 —x — k7
UEBK/L/(U)

) < 02 2e(W=D2 =3 (e()-1) 2755 (=)

(C.14)

e2E [A(21) e 2 [Ay (21)]
i li = 1 li f
e NTAD T [Ay ()] 2o (LN e ¢ 21 [Ay (22)]

=1. (C.15)

For v € Viy, set v, n(-) be the density, such that for any interval I C R,

/IVU’N(y)dy — P (XN (n*) € T+ My(kin —1)). (C.16)

Using this notation, we can rewrite

1
P(Eyn(2)) = / vy N(z + x)P ( énax( )YuN > 2log(2)lo%(1) — k7 — :c> dz. (C.17)
ucB (v
I

Note that in (C.17) only v, v (2 + ) depends on z. For 21,22 > 0, one has to compute the quotient
E[An(21)] /E [An(22)], for which we use the reformulation in (C.17). The strategy is to compute the
asymptotic limit of the integral involving z; in terms of the integral involving z9 and an additional
correction factor. As [ — oo, prior to 21, 2o — 00, there is no need to shift the limits of the integrals.
For the remaining factors in both integrals, one obtains the relative density with respect to z1, 22,
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ie.
1

von(z1+a) exp | 2021 — 22) — 22— 25 — (21 — 29) ) . (21 — 22) (C.18)

vo,N (22 + ) 21og(2)Z,2 (%, "771) n log(2)Z,2 (%, "T*l> n
Thus, we can rewrite P (E, y(21)) as

TR
/ Vo, N (22 + z)e?1m2)p < max Y.V > 2log(2)lo?(1) — k¥ — x)
_n uEBgrpr(v)
2 2 log(n) .
X exp i R C —i: %) +x (21 = 2) dz, (C.19)

log(2)Z,2 (%, ”T_) n

where the last factor tends to 1, as (L, N) = oo. Computing the quotient E[Ay(z1)] /E [An(22)]
using (C.19) and summing over all vertices, one obtains, when turning to limits, that (C.15)
holds. Combining the above steps, in particular (C.15) with (C.12), completes the proof of (5.43),
with some non-negative sequence {fx’ 1’} i’ 1/>0. In the final step, we show that this sequence is

bounded. Using Lemma 5.7, one has for some € > 0, being at most of order O (e*QI_“Q%l/(Q"Q(O) log 2)>,

kv _ k logn
coe < / ygN(x)22kIP>( max S,/ > 2log 27,2 < 1> n— 2l a:) +e (C20)
) vEBN/KL,i n 4

Using the asymptotics (C.13) for the probability in the integral in (C.20), one can instead compute
the integral

2]
22%51« L,672z+2x+2 log 212(02(0)71)(133

2
kY 2log2Z 2 % n]
—22/ ) dz. (C.21)

The integral in (C.21) is bounded by 1 and thus, when considering the lower bound in (C.20), one
can deduce that ¢, < Sk 1/, for K', L' > 0. The upper bound, i.e. g/ s < Cy, for K', L' > 0 and
for some constant C, > 0, follows from a union and a Gaussian tail bound, i.e.

logn

k
IP’< max Siv’f22log2laz <,1>n—
n

vEBN/KL,i

—}—z—l?:”)

2
k 7 1. log
22(n—k) k _ 1 z — k’Y — =9
< Cyp—F—exp —QIOgQIaz <,1>n—2<z_k;’7_|_ Ogn) _ ( _4 )
Vi " 4 2log 272 (%, 1) n
< Cyexp [21log(2)k(0?(0) — 1) + 2k — 22] (C.22)

This concludes the proof of Proposition 5.8. O
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