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Central limit theorems for Hilbert-space valued
random fields satisfying a strong mixing condition
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Abstract. In this paper we study the asymptotic normality of the normalized
partial sum of a Hilbert-space valued strictly stationary random field satisfying the
interlaced p’-mixing condition.

1. Introduction

In the literature about Hilbert-valued random sequences under mixing condi-
tions, progress has been made by Mal’tsev and Ostrovskii (1982), Merlevede (2003),
and Merlevede et al. (1997). Dedecker and Merlevede (2002) established a central
limit theorem and its weak invariance principle for Hilbert-valued strictly station-
ary sequences under a projective criterion. In this way, they recovered the special
case of Hilbert-valued martingale difference sequences, and under a strong mixing
condition involving the whole past of the process and just one future observation
at a time, they gave the nonergodic version of the result of Merlevede et al. (1997).
Later on, Merlevede (2003) proved a central limit theorem for a Hilbert-space valued
strictly stationary, strongly mixing sequence, where the mixing coefficients involve
the whole past of the process and just two future observations at a time, by using
the Bernstein blocking technique and approximations by martingale differences.

This paper will present a central limit theorem for strictly stationary Hilbert-
space valued random fields satisfying the p’-mixing condition. We proceed by prov-
ing in Theorem 3.1 a central limit theorem for a p’-mixing strictly stationary ran-
dom field of real-valued random variables, by the use of the Bernstein blocking
technique. Next, in Theorem 3.2 we extend the real-valued case to a random field
of m-dimensional random vectors, m > 1, satisfying the same mixing condition.
Finally, being able to prove the tightness condition in Theorem 3.3, we extend the
finite-dimensional case even further to a (infinite-dimensional) Hilbert space-valued
strictly stationary random field in the presence of the p’-mixing condition.
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2. Preliminary Material

For the clarity of the proofs of the three theorems mentioned above, relevant
definitions, notations and basic background information will be given first.

Let (2, F,P) be a probability space. Suppose H is a separable real Hilbert space
with inner product (-,-) and norm | - |g. Let H be the o-field generated by the
class of all open subsets of H. Let {ex}r>1 be an orthonormal basis for the Hilbert
space H. Then for every = € H, we denote by xj the kth coordinate of x, defined
by xx = (z,e), k > 1. Also, for every € H and every N > 1 we set

3 (z) = Z T = Z (z,er)?.

k=N k=N

For any given H-valued random variable X with EX = Oy and E|X|% < oo,

represent X by
oo
X = Z Xkek,
k=1

where X1, X5, X3, ... are real-valued random variables having FX}, = 0 and EX? <
00, Vk > 1 (in fact, > ;o EX? = E||X||3 < 00). Then the “covariance operator”
(defined relative to the given orthonormal basis) for the (centered) H-valued ran-
dom variable X can be thought of as represented by the N x N “covariance matrix”
Y= (Uij,i > 1,j > 1), where 045 = EXlXJ

Lemma 2.1. Let Py be a class of probability measures on (H,H) satisfying the
following conditions:

sup / r?(x)dP(zx) < oo, and
PePo JH

lim sup / rar(x)dP(x) = 0.
N—co pepy J i

Then Py is tight.
For the proof of the lemma, see Laha and Rohatgi (1979), Theorem 7.5.1.

For any two o-fields A, B C F, define now the strong mixing coefficient
a(A,B):= sup |P(ANB)— P(A)P(B)|,
AcA,BeB

and the maximal coefficient of correlation
p(Av B) ‘= sup |OOTT(f7 g)|a f € Lfeal(A)a g S L?eal(B)'

Suppose d is a positive integer and X := (X}, k € Z%) is a strictly stationary random
field. In this context, for each positive integer n, define the following quantity:

an) == a(X,n) :=supa(o(Xp. k € Q),0(Xk, k €5)),

where the supremum is taken over all pairs of nonempty, disjoint sets @Q, S C Z¢
with the following property: There exist v € {1,2,...,d} and j € Z such that
Q C {k:= (ky,ko,....kq) € Z% : ky < j}yand S C {k := (k1,ko,...,kq) € Z% :
ky > j+n}.

The random field X := (Xj, k € Z%) is said to be “strongly mixing” (or “a-
mixing”) if a(n) — 0 as n — oo.
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Also, for each positive integer n, define the following quantity:
p'(n):=p(X,n) :=supp(c(Xy,k € Q),0(Xy, k €S9)),

where the supremum is taken over all pairs of nonempty, finite disjoint sets @,
S c 7% with the following property: There exist u € {1,2,...,d} and nonempty
disjoint sets A, B C Z, with dist(A, B) := mingeaep|a — b| > n such that Q C
{k = (k1,ka, ..., ka) €Z% : ky, € A}y and S C {k := (k1,ko,...,kq) € Z* : k, € B}.

The random field X := (X, k € Z9) is said to be “p/-mixing” if p'(n) — 0 as
n — oo.

Again, suppose d is a positive integer, and suppose X = (X, k € Z%) is a
strictly stationary Hilbert-space random field. Elements of N will be denoted by
L:=(Ly,La,...,Lg). For any L € N? define the “rectangular sum”:

SL=S8(X,L):=> X,
k

where the sum is taken over all d-tuples k := (ky, ko, ..., kq) € N? such that 1 <
ky < Ly, for all w € {1,2,...,d}. Thus S(X, L) is the sum of Ly - Ly - ... Ly of the
X/.s.

Proposition 2.2. Suppose d is a positive integer.

(I) Suppose (a(k), k € N%) is an array of real (or complex) numbers and b is
a real (or complex) number. Suppose that for every u € {1,2,...,d} and every
sequence (L(”), ne N) of elements of N such that L&n) =mn for alln > 1, and
L o0 asn— o0,V ve {1,2,....d}\ {u}, one has that lim, .o a (L(™) =b.
Then a(L) — b as min{ Ly, Lo, ..., Ly} — oo.

(I1) Suppose (u(k), k € N) is an array of probability measures on (S,S), where
(S,d) is a complete separable metric space and S is the o-field on S generated
by the open balls in S in the given metric d. Suppose v is a probability measure
on (S,8) and that for every u € {1,2,...,d} and every sequence (L™, n € N)
of elements of N such that Lg") =mn for all n > 1, and Lq(Jn) — o0 asn —
oo, V v e {1,2,...,d} \ {u}, one has that ,LL(L(”)) = v. Then (L) = v as
min{ Ly, Ly, ..., Lg} — oo.

Let us specify that the proof of this proposition follows exactly the proof given
in Bradley (2007), A2906 Proposition (parts (I) and (IIT)) with just a small, in-
significant change.

For each n > 1 and each A € [—m, 7], define now the Fejér kernel, K,,_1(\) by:
2
= ~ nsin®(A\/2)

n

Kno1(\) = % (2.1)

Elements of [—, 7] will be denoted by X := (A1, Ag,...,Aq). For each L € N¢

define the “multivariate Fejér kernel” G, : [—m, 7|¢ — [0, 00) by:
d
GLN) =[] Kr.-1(M). (2.2)
u=1
Also, on the “cube” [—w,w]d, let m denote “normalized Lebesque measure”,

m := Lebesque measure/(27)%.
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d

Lemma 2.3. Suppose d is a positive integer. Suppose [ : [—m,w]* — C is a

continuous function. Then

-,

/X o GL(X) - fF(X)dm(X) — f(0) as min{Ly, L, ..., Lq} — oc.

Let us mention that Lemma 2.3 is a special case of the multivariate Fejér theo-
rem, where the function f is a periodic function with period 27 in every coordinate.
For a proof of the one dimensional case, see Rudin (1976).

Further notations will be introduced and used throughout the entire paper.
If a,, € (0,00) and b, € (0, 00) for all n € N sufficiently large, the notation a,, < by,
means that limsup,, . an /b, < 0.
If a,, € (0,00) and b, € (0,00) for all n € N sufficiently large, the notation a,, < by,
means that limsup,, . a, /b, < 1.
If a,, € (0,00) and b,, € (0,00) for all n € N sufficiently large, the notation a,, ~ b,
means that lim, . an /b, = 1.

3. Central Limit Theorems

In this section we introduce two limit theorems that help us build up the main
result, presented also in this section, as Theorem 3.3.

Theorem 3.1. Suppose d is a positive integer. Suppose also that X := (X;g, ke Zd)
1s a strictly stationary p'-mizing random field with the random variables X}, being
real-valued such that EXo =0 and EX§ < 0o.

Then the following two statements hold:

(1) The quantity

2 . ES2(X7L)

o= lim ———————— emists in [0,00), and
min{Ly,La,...,Lq}—00 Li-Lo-...- Ly [ )

(I1) As min{Ly, L,...,Lq} — 00, (Ly-La-...-Lg)~Y28(X,L) = N(0,02). (Here
and throughout the paper = denotes convergence in distribution.)

Proof: The proof of the theorem has resemblance to arguments in earlier papers in-
volving the p*-mixing condition and similar properties as Theorem 3.1 (see Bradley,
1992 and Miller, 1994). The proof will be written out for the case d > 2 since it is
essentially the same for the case d = 1, but the notations for the general case d > 2
are more complicated.
Proof of (I). Our task is to show that there exists a number o2 € [0, 00) such
that
2
lim _EFXD) o (3.1)
min{Ly,Ls,...,L4}—00 Li-Lo-...-Lg
For a given strictly stationary random field X := (X k k€ Zd) with mean zero and
finite second moments, if p'(n) — 0 as n — oo then {(n) — 0 as n — oo. Hence,
by Bradley (2007) (Remark 29.4(V)(ii) and Remark 28.11(iii)(iv)), the random
field X has exactly one continuous spectral density function, 0% := f(1,1,...,1),
where f : [-7, ]9 — [0,00), and in addition, it is periodic with period 27 in every
coordinate. In the following, by basic computations we compute the quantity given
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n (3.1). First we obtain that:

E|S(X,L)]?

_ (Lz Lz) (Z z)mkl ,,,,, X

ki1=1 ka=1 =1 la=1

We substitute the last term in the right-hand side of (3.2) by the following expres-
sion (see Bradley, 2007, Section 0.19):

o (2 2) () [

=1 ka=1/ \l4=1 14=1
e’((kl Wbt hamlada) feih e dAg . dhy
1 ™ ™ . . 3.3

:—d/ / fle, . ePa). (3:3)

@2m)* Ja=—x Na=—7

Ll L1 Ld Ld
. (Z S elthmtn T § ewwld»d) dhg...dAy.

ki=111=1 kdzl ldzl

By (2.1), the right-hand side of (3.3) becomes:

1 T T A1 iAq
(zw)d//\l__w.../)\d__ﬂf(e yee, )

. sin? (L1 A1 /2) o sin? (Lg\q/2) I\
sin?(0/2) 7 sin?(hay2) ! (3.4)

o 1 T T i1 iAg
_(27T)d/)\1_7r”'/)\d_ﬂf(e yene, €0

(Ly-...-La) - GL(M\, .-  A)dAg .. .dA1,

therefore, by (3.2), (3.4) and the application of Lemma 2.3, we obtain that
E 2
lim BES XL
min{Li,....Lq}—oco L1+ ... Lg

1 T T
- lim . GrM o hg):
min{Lq,..., Lg}—00 (27T)d ~/)\1—7T ‘/Ad—ﬂ' L( ! d)

Cf(eM e )dNg . dh
=f(1,...,1).
Hence, we can conclude that there exists a number o2 := f(1,...,1) in [0,00)
satisfying (3.1). This completes the proof of part (I).
Proof of (II). Refer now to Proposition 2.2 from Section 2. Let u € {1,2,...,d}
be arbitrary but fixed. Let LY, L) L®) . be an arbitrary fixed sequence of

elements of N¢ such that for each n > 1, Lg") = n and Lg,") — o0 as n — 00, V
ve{l,2,...,d}\ {u}. It suffices to show that

S (Xx,LM)
VI L

= N(0,0%) as n — oo. (3.5)
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With no loss of generality, we can permute the indices in the coordinate system of
74, in order to have u = 1, and as a consequence, we have:

Lgn)znfornZL and L™ — oo asn — o0, V v € {2,...,d}. (3.6)

Thus for each n > 1, let us represent L") := (n, Lén), Lgn), e L&n)) . We assume

from now on, throughout the rest of the proof that ¢? > 0. The case 02 = 0 holds
trivially by an application of Chebyshev Inequality.

Step 1. A common technique used in proving central limit theorems for random
fields satisfying strong mixing conditions is the truncation argument whose effect
makes the partial sum of the bounded random variables converge weakly to a normal
distribution while the tails are negligible. To achieve this, for each integer n > 1,
define the (finite) positive number

cn::(Lé)-Lg)-...-L;)) . (3.7)

(3.6),
¢p — 00 as N — 0. (3.8)
For each n > 1, we define the strictly stationary random field of bounded variables

n
X .= (X,g"), ke Zd) as follows:
Viezd, XM = XpI(|1Xy] < en) — EXoI(|Xo| < cn). (3.9)
Hence, by simple computations we obtain that Vn > 1,
EX{™M =0 and Varx{" = E (X§">)2 < EX2 < . (3.10)
We easily also obtain that Vn > 1,
&

< 2¢, and HXé")

, < [ Xoll2. (3.11)

Next for n > 1, we define the strictly stationary random field of the tails of the
Xp's, ke 24, X = (X',gn),k € Zd) as follows (recall (3.9) and the assumption
EXQ = O)Z

Viezd, X[ =X, — X" = XpI(|1Xk| > ) — EXoI(|1Xo| > ¢0).  (3.12)

As in (3.12), we similarly obtain by the dominated convergence theorem that
~ N2
Vn>1, EXé") =0and £ (Xon)) — 0 asn — oo. (3.13)

Note that S (X,L(”)) =2 0 Xk = Dk X,gn) + > )N(én), where all the sums are
taken over all d-tuples k := (k1,ka,...,kq) € N4 such that 1 < k, < L,, for all u €
{1,2,...,d}. Also, throughout the paper, unless specified, the notation )", will
mean that the sum is taken over the same set of indices as above.

Step 2 (Parameters). For each n > 1, define the positive integer g, := [n'/%],
the greatest integer < n'/%. Then it follows that

Gn — 00 as N — 0. (3.14)

Recall that p'(X,n) — 0 as n — oo. As a consequence, we have the following two
properties:
a(X,n) — 0 as n — oo, and also (3.15)
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there exists a positive integer j such that p’(X,j) < 1. (3.16)
Let such a j henceforth be fixed for the rest of the proof. By (3.15) and (3.14),
a(X,qn) — 0 as n — . (3.17)

With [z] denoting the greatest integer < x, define the positive integers m,,, n > 1
as follows:

My 1= [min{qn,nl/lo,aflﬁ(X, qn)H . (3.18)
By the equations (3.18), (3.14), and (3.17), we obtain the following properties:
M, — 00 as n — oo, (3.19)
my, < qp foralln > 1, (3.20)
m:bqn — 0 as n — oo, and (3.21)
mpa(X,q,) — 0 as n — oo. (3.22)
For each n > 1, let p,, be the integer such that
M, (P — 1+ @) <1 < My (P, + qn)- (3.23)
Hence we also have that
Ppn — 00 as n — oo and Mmyp, ~ N. (3.24)

Step 3 (The "Blocks”). In the following we decompose the partial sum of the

bounded random variables X ,i"), k € Z4 into “big blocks” separated in between by
“small blocks”. The “lengths” of both the big blocks and the small blocks, p,, and
gn, Tespectively, have to “blow up” much faster than the (equal) numbers of big and
small blocks, m,, (in addition to the fact that the “lengths of the “big blocks” need
to “blow up” much faster than the “lengths” of the “small blocks”). This explains
the way the positive integers m,, n > 1 were defined in (3.18). Referring to the

definition of the random variables X ,g") in (3.9), for any n > 1 and any two positive
integers v < w, define the random variable

Y (v, w) = X", (3.25)
k

where the sum is taken over all k := (k1, ko, ..., kq) € N such that v < k; < w and
1<k, < LS[” for all uw € {2,...,d}. Notice that for each n > 1, S (X("),L(")) =
Y (™ (1,n). Referring to (3.25), for each n > 1, define the random variables U,g")
and Vk"), as follows:
VEe{1,2,...,mn}, UM =Y (k= 1)(pn + gn) + 1 kpn + (k — 1)gn) ; 296
(“big blocks”) (3.26)

Yhe {12, mn—1} Vi = Y (kpn + (k= 1)gn + 1, k(pn + g)); (3:27)
("small blocks”), and
Vr%? = Y(n) (mnpn + (mn - 1)Qn + 1, n) (328)

Note that by (3.20) and the first inequality in (3.23), for n > 1,
MpPn + (mn - 1)Qn +1 < mypn +mngn —mp +1<n.
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By (3.25), (3.26), (3.27), and (3.28),

vn=1, 8 (X, L) = i U + % v, (3.29)
k=1 k=1

Step 4 (Negligibility of the ”small blocks”). Note that by (3.27) and (3.28),
S VM s the sum of at most my, - gn - LYY - ... - LY of the random vari-
ables X,g"). Therefore, by (3.16) and Bradley (2007), Theorem 28.10(I), for any
n > 1, the following holds:

2

E iv,j”’ <C(mn-gu- L8V LY ) E (X0">)2, (3.30)

where C := j4 (14 p/(X, )"/ (1 — p/(X, )", and as a consequence, by (3.21) and
(3.10), we obtain that

sy |1 Clnaga) B (Xé"’)2
E < > — 0 as n — oo. (3.31)
a\/n~Lg")~...~Ll(in) neo

Hence, the “small blocks” are negligible:

S Vi
O'\/?”L'Lén) . ...-L((in)

— 0 in probability as n — oo. (3.32)

By an obvious analog of (3.31), followed by (3.13), for each n > 1, we obtain that

S X,
U\/n DAL A

— 0 in probability as n — oo. (3.33)

Step 5 (Application of the Lyapounov CLT). For a given n > 1, by the definition
of U,En) in (3.26) and the strict stationarity of the random field X (™) the ran-
dom variables Ul(n) UQ"),. , UM are identically distributed. For each n > 1, let
U, e U (n) U o ) be independent, 1dentlcally distributed random variables whose

common dlstrlbutlon is the same as that of U1 ), Hence, since Vn > 1, EXén) =0,
we have the following:

EO™ = EU™ =0 and Var <§: (7,5”’) = m,E (ﬁf”’)z = m,E (Uf”’)2 .
k=1

By (3.16), we can refer to Bradley (2007), Theorem 29.30, a result which gives
us a Rosenthal inequality for p’-mixing random fields. Also, using the fact that

EU} ~ o? (pn . Lén) Cele Lfi")) (see (3.1)), together with the equations (3.11),
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(3.10), and assuming without loss of generality that EX2 < 1, the following holds:

4 n n n 4 n n 2
E(U{“) Cr (pn-L§>-...-Lg>-E’X§> +(pn-L§>-...-Lg>-EX3) >
<

7~ 2
my, (EUT) myp2ot (Lgn) e L&n))
2
16CRpach (L8 - L) Cnp (187 L3Y)
= 3 2
mup3, (Lg") o ~L((i")) ot mpp? (Lg") S Ll(in)) ot
1
< 16Ck CR_ _ ( as n — o0 by (3.24) and (3.19).
Mpppot  mpot
(3.34)
Since Uy — 1(n) is the sum of p,, - Lén) e L;") random variables X ,gn), applying

an obvious analog of (3.30), followed by (3.1) and (3.13), we have that as n — oo,

2 ~ 2 ~ 2
E(vi-uf") opa (187 1) E(XV) cr(X7)
2 S = 2 — 0.
EU; Pn (Lg") o .L((in)) o2 o
As a consequence, after an application of Minkowski Inequality to the quantity
’||U1||2 - HU{”’ 2‘ /U112, we have that

2
E (U{"’) ~ EUZ. (3.35)
Hence, by (3.34) and (3.35), the following holds:
4 4
Eu) e
N2 " m,(EUZ)?
My, (E (Ul(n)) > e

Therefore, due to Lyapounov CLT (see Billingsley, 1995, Theorem 27.3), it follows
that

— 0 asn — oco.

(v ||

Step 6. Asin Bradley (2007), Theorem 29.32, we similarly obtain by (3.25), (3.26)
and (3.22) that as n — oo,

-1
2) Z U,En) = N(0,1) as n — oo. (3.36)
k=1

mki_:‘lla (U (U;n), l<j< k) - (U]gi)l)) < n;i_:‘lla (X("),qn) <mpa(X, ) — 0.

Hence, by (3.36) and by Bradley (2007), Theorem 25.56, the following holds:

(ff U,J”) / (v

Refer to the first sentence of Step 5. For each n > 1,

My, 2 mp—1 my
E (Z U,j”) = mnE (Ul"))2 +23 Y EuMu™. (3.38)
k=1

k=1 j=k+1

U™

2) = N(0,1) as n — oo. (3.37)
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Using similar arguments as in Bradley (2007), Theorem 29.31 (Step 9), followed
4 2\ 2
by (3.34) and (3.35), and (3.24), E (Uf")) / (E (Uf’”) ) — Cr/o* as n — oo.

2 2
, < FE (Uln)> . As a consequence, by (3.38),

" <mnE (U1")>2>1/2. (3.39)
Applying an obvious analog of (3.30) for
S (X(") L n)) -y (X L n)) S (X("),L(")) 7

followed by (3.1) and (3.13), the following holds:

Hence we obtain that HUl(n)

n)

E (S ()N(("),L(")))Q /E (S (X,L<">))2 <CE ()?5"))2 /6% =0 as n — oo.

(3.40)
Using Minkowski Inequality for
)| — (n) () (n)
s (x5 (x 22)] s (. 2)]
by (3.40) it follows that
)~ s (), |
HS(X L )2 S(X,L )2 (3.41)

Now apply again Minkowski Inequality for

Hg%m 2_Hs(x<n>,L<n>) 2 /Hg (X(n)’L(n))Hz’

and by the formulation of S (X ™), L(™) given in (3.29), followed by (3.30), (3.39),
(3.1) and by (3.21), we obtain that

s (x, 0| R .
s (. 2], ~ 3ok (3.42)
= 2
Hence, by (3.39) and (3.41),
(n) my?)?
Js (), ~ (o (e17)°)
As a consequence, by (3.37) and the fact that
s (x,L™ H ~oyfn- L. L
s (et~ oneed? oo
(see (3.1)), it follows the following:
My U(n
by N(0,1) as n — oo. (3.43)

a\/n~L§n)~...~Ll(in)
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Step 7. Refer to the definition of S (X (™, L(™) given in (3.29). By (3.32) and
(3.43), followed by Bradley (2007), Theorem 0.6, we obtain the following weak
convergence:

S(X("),L("))
a\/n~L§n)~...~Ll(in)

Refer now to the definition of S (X, L(")) given just after (3.13). By another ap-
plication of Theorem 0.6 from Bradley (2007) for (3.33) and (3.44), we obtain that
(3.5) holds, and hence, the proof of (II) is complete. Moreover, the proof of the
theorem is complete. O

= N(0,1) as n — oo. (3.44)

Theorem 3.2. Suppose d andm are each a positive integer. Suppose X := (X, k €
74 is a strictly stationary p'-mizing random field with X := (Xx1, X2, -+ s Xm)
being (for each k) an m-dimensional random vector such that Vi € {1,2,--- ,m},
Xii 18 a real-valued random variable with EXy; = 0 and EX,fi < 0.

Then the following statements hold:
(I) For any i € {1,2,...,m}, the quantity

li S ists in [0, 00)
Oii = m —— ewists in |0,00),
min{Ly,Lo,..., Lg}—o0 Ll . LQ EE——. Ld
where for each L € N% and each i € {1,2,...,m},
Spii= ) Xi, (3.45)
k

with the sum being taken over all k := (k1, ka, ..., kq) € N such that 1 < k, < L,
forallue {1,2,...,d}.
(II) Also, for any two distinct elements i, j € {1,2,...,m},

R \2
v(i,5) = lim E(S1i=S14)

ezists i |0, 00).
min{Ly,La,...,L4}—00 Li-Lo-...- Ly [ )

(III) Furthermore, as min{Ly, Lo, ..., Lq} — o0,

X, L
S L) = N(0,,,X), where
Ly-Lo-...-Lg
Y= (045,1 < i< j<m) is the m x m covariance matriz defined by (3.46)
S, 1 o
fori#j, oij = 5(%‘ + 055 — (i, 4)), (3.47)

with oi; and (i, ) defined in part (I), respectively in part (II).
(The fact that the matriz X in (II1) is symmetric and nonnegative definite (and can
therefore be a covariance matriz), is part of the conclusion of (III).)

Proof: A distant resemblance to this theorem is a bivariate central limit theorem
of Miller (1995). The proof of Theorem 3.2 will be divided in the following parts:
Proof of (I) and (II). Since oy, respectively v(i,7) exist by Theorem 3.1(I),
parts (I) and (II) hold.

Proof of (III). For the clarity of the proof, the strategy used to prove this part
is the following;:

(i) Tt will be shown that the matrix ¥ defined in part (III) is symmetric and non-
negative definite.
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(ii) One will then let Y := (Y7,Y2,...,Y},) be a centered normal random vector
with covariance matrix >, and the task will be to show that
S(X,L) .
=Y Li,Lo,...,L . 3.48
T, ) e mintle e Laj = oo (3.48)

(iii) To accomplish that, by the Cramer-Wold Device Theorem (see Billingsley,
1995, Theorem 29.4) it suffices to show that for an arbitrary ¢t € R™,

S
t- i -LQL-...-Ld =1t-Y as min{Lq, Lo,...,Lg} — o0, (3.49)
where “” denotes the scalar product.
Let us first show (i). In order to achieve this task, let us introduce %(5) :=

(UZ(jL), 1<i<5< m) to be the m x m covariance matrix defined by

1
o) = BSpSp,; = 5 (BESLi+ESL; = B(SLi - Sri)?). (3.50)
Note that ogiL) = ES} ; fori e {1,2,...,m}. Our main goal is to prove that
R > (defined in (3.46 3.51
i = efined in (3.46)). :
min{Ly,La,....Lg}—oo L1 - Lo -... Ly ( ( ) ( )
It actually suffices to show that
oD
lim T8 5V 1<i<j<m. 3.52
min{Ly,Lo2,...,L4}—00 Li-Lo-...- Ly J =t=J= ( )

By the definition of o/ given in (3.50), followed by the distribution of the limit
(each of the limits exist by Theorem 3.2, parts (I) and (IT)), the left-hand side of
(3.52) becomes:

1

1
= I —(ESZ‘, ES? . —E(Sp,—S -2)
2 min{Ll,Lgl,I.I.l.,Ld}ﬂoo Li-Lo-...- Ly LitEOL; (S, L.4)

1 .
= 5 (o1 + 055 = (1, 7)) = 03j.

Let us recall that each of these limits exist by Theorem 3.2, parts (I) and (II).
Hence, (3.52) holds. As a consequence, (3.51) also holds.

In the following, one should mention that since X(*) is the m x m covariance
matrix of S, ;, one has that 2 is symmetric and nonnegative definite. That is,
Vro= (r,r2,...,"m) € R™, r2@yr" > 0. Therefore, Vr € R™, r(Ly-Lo-...-
Ld)_lE(L)r/ > 0, and moreover,

Vr e R™, r( (Ll-Lg-...-Ld)_lE(L)) r > 0.

min{Ly,Lo2,...,L4}—00

By (3.51), we get that Vr € R™, r¥r" > 0, and hence, ¥ is also symmetric (trivially
by (3.51)) and nonnegative definite. Hence, there exists a centered normal random

vector Y := (Y1, Ya,...,Y,,) whose covariance matrix is 3, and therefore, the proof
of (i) is complete.
(ii) Let us now take Y := (Y1,Y3,...,Y,,) be a centered normal random vector

with covariance matrix ¥, defined in (3.46). As we mentioned above, the task now
is to show that (3.48) holds. In order to accomplish this task, by part (iii), one
would need to show (3.49).
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(iii) So, let t := (t1,ta,...,tm) be an arbitrary fixed element of R™. We can
notice now that

m
t-Sr = ZtiSL,ia where Sp, ; is defined in (3.45). (3.53)
i=1
We can also notice that ¢ - X1,t- Xs,... is a strictly stationary p’-mixing random

sequence with real-valued random variables that satisfy E (t- X;) = ¢t - EX; =
t-0p,=0,and E(t- X 1)2 < 00. For these random variables we can apply Theorem

3.1. Therefore, we obtain that as min{L1, Lo, ..., Ls} — o0,
S
t- L = N(0,0?), (3.54)
Ly Lo-... Ly
where )
. E(t-S)
2
o= lim -_— . 3.55
min{Ly,Ls,...,Lq}—00 Ll . L2 EE Ld ( )
Moreover, by (3.53), (3.50), and (3.51), (3.55) becomes:
m 2
0,2 _ li E (Zi:l tiSL;i)
min{Li,La,....Lg}—oo L1 -Lo-... - Lg

1 m
- lim - (Y eEs?
min{Ly,L2,...,Lq}—00 Ll . L2 et Ld <; L,

(3.56)
+ Yt (Esg +ES2, — E(Spi— SL,j)Q)
1<i<j<m
(L) , ,
=t lim — |t =t3t.
(min{Ll,Lg ..... Lg}—o0 Ll . LQ EE——. Ld>
By (3.54) and (3.56), one can conclude that
S ,
t- L =N (O,tEt ) as min{Lq, Lo,...,Lq} — 0. (3.57)
Li-Lo-...- Ly

Also, since the random vector Y is centered normal with covariance matrix X, one
has that ¢-Y is a normal random variable with mean 0 and variance (1 x 1 covariance
matrix) t$¢ . Hence, by (3.57), (3.49) holds, therefore (3.48) holds. This completes
the proof of Theorem 3.2. 1

Theorem 3.3. Suppose H is a separable real Hilbert space, with inner product
(-,) and norm || - ||g. Suppose X = (X, k € Z9) is a strictly stationary p'-mizing
random field with the random variables Xy being H-valued, such that

EXy=0g and (3.58)
E||Xo% < oc. (3.59)
Suppose {e;}i>1 is an orthonormal basis of H and that Xy, := (Xk,e;) for each

pair (k,i).
Then the following statements hold:
(I) For each i € N, the quantity

ESE;

lim ———— emists in |0,00), where
min{Ly,La,...,L4}—00 Li-Lo-...-Lyg [ ’ )7

Oii —
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Spi = ZX;”», the sum being taken over all k := (k1,ka,... kq) € N (3.60)
k

such that 1 < k,, < L,, for allu e {1,2,...,d}.
(IT) Also, for any two distinct elements, i, j € N,

1,7) = im exists in |0, 00).
7( ]) min{Ly,La,...,Lq}—00 Li-Lo-...-Lg [ )
(ITT) Furthermore, as min{ Ly, Lo, ..., L} — oo,
S(X,L
(X, L) :>N(OH,E(°°)>,
Ly-Lo-...- Ly
where the “covariance operator” () := (0ij,1 > 1,5 > 1) is symmetric, nonneg-
ative definite, has finite trace and it is defined by
L, 1 .
fori#j, oy = 5(0% +o0,; —v(1,7)), (3.61)

with o, and (i, j) defined in part (I), respectively in part (II). (Recall that =
denotes convergence in distribution and also the statement before Lemma 2.1.)

Proof: The proof of the theorem will be divided in the following parts:

Proof of (I) and (II). Since oy, respectively v(i,7) exist by Theorem 3.1(I),
parts (I) and (II) hold.

Proof of (IIT). The rest of the proof will be divided into five short steps, as
follows:

Step 1. Since the Hilbert space H is separable, one can consider working with the
separable Hilbert space lo. Let us recall that Vk € Z, X;, = (Xg1, Xno, X3, -+ )
is an [p-valued random variable with real-valued components such that

EXp; =0, Vi>1 and (3.62)
E|| X3 < oo (3.63)

For any given m € N, if one considers the first m coordinates of the ls-valued
random variable Xy, X,gm) = (Xk1, Xk2y- -+, Xrm), by Theorem 3.2 we obtain:

s
L. Lz . La

-~ N (om,2<m>) as min{Li, Lo, ..., L} — oo,  (3.64)

where 207 .= (05,1 <1i < j <m) is the m x m covariance matrix defined as in
(3.46). Let us specify that here and below, for any given L € N¢ and m € N, the
random variable Sém) is defined by:
S’ém) = ZX,gm), the sum being taken over all k := (ki, ko, ..., kq) € N?
k

such that 1 <k, < L, for all u € {1,2,...,d}.

Step 2. Suppose m € N. Let y(m) .= (Yl(m), Y2(m), e ,Y,S”’) be an R™-valued
random vector whose distribution on (R™,R™) is N (Om,E(m)) ,2(™) being the
same covariance matrix defined in (3.46). By Step 1, we have that

S(m) .
=Y as min{Ly, Lo, La} — oo, (3.65)
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Let 1., be the probability measure on (R™, R™) of the random vector Y (™) and let
fm+1 be the probability measure on (R, R™*1) of the random vector Y ("+1) .=
(Yfm* Doyl )y m 1’), whose distribution is N (0,1, 207+D),
One should specify that 2"+ = (0,1 <i < j <m+1)is the (m+1) x (m+1)
covariance matrix defined in (3.46), where the integer m in (3.46) corresponds to
m + 1 here.

Claim 3.1. For each m € N, ()ﬂ(m+l),}/2(m+1), .. .,Yn(qmﬂ)) (that is, the first m

coordinates of the random vector 17(7”"’1)) has the same distribution as Y™ :=
(Y(m) Y(m) Y(’"))
LY Y )

Proof: Since the random vector Y (™*1) is (multivariate) centered normal, it fol-
lows automatically that (Yl(mﬂ),Yz(mH), . .,Y,glmﬂ)) (the first m coordinates)

is centered normal. For the two centered normal random vectors Y™ and see
above (Yl(mﬂ), }/2(m+1), L YD) the m x m covariance matrices are the same

(with the common entries being the elements o;; and o;; defined in Theorem 3.2).
From this observation, as well as the fact that a (multivariate) centered normal
distribution is uniquely determined by its covariance matrix, Claim 3.1 follows. [J

9

Now, by Kolmogorov’s Existence Theorem (see Billingsley, 1995, Theorem 36.2),
there exists on some probability space (2, F, P) a sequence of random variables
Y := (Y1,Ys,Ys,...) such that for each m > 1, the m-dimensional random vector
(Y1,Ya,...,Yy,) has distribution g, on (R™, R™).

Claim 3.2. Y is a centered normal la-valued random variable.

Proof: First of all, one should prove that Y is an [o-valued random variable, whose
(random) norm has a finite second moment; that is,

E|Y |}, < oo. (3.66)

More precisely, one should check that

Y EY? =) 0i < oo, where gy; = Cov(Y;,Y;) = EY;”. (3.67)
i=1 i=1
Since for every ¢ > 1, S, ; is the sum of Ly - Ly -. . .- L4 real-valued random variables

X, by an obvious analog of (3.30), followed by the definition of ¢;;, given in part
(I) of the theorem, we obtain the following inequality:

0ii < C - E|X¢;|?, where C is the constant defined just after (3.30) (3.68)

(with j > 1 fixed such that p'(X,j) < 1). Therefore, by (3.68) and (3.63),

o0 o0
ZO'”' < CZE|X01|2 < 00.
i=1 i=1

Hence, (3.67) holds, that is Y is an ls-valued random variable, whose (random)
norm has a finite second moment. In order to prove that Y is a normal lz-valued
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random variable, it now suffices to show the following;:
Vm >1and V(ry,rs,...,7m) € R™, the real-valued random variable

- 3.69
Z r;Y; is normal (possibly degenerate). (3.69)

i=1
In order to show (3.69), let m > 1 and (rq,72,...,7) € R™. As we mentioned
earlier, for each m > 1, the random vector (Y7,Ys,...,Y},) is centered normal
with covariance matrix X(™) defined in (3.46). Therefore, S, riY; is a centered
normal real random variable. Hence, Y is a centered normal l5-valued random
variable (possibly degenerate) whose “covariance operator” is defined in (3.61),
and therefore, the proof of Claim 3.2 is complete. O

Step 3. Refer now to Proposition 2.2 from Section 2. Let u € {1,2,...,d}
be arbitrary but fixed. Let LY, L) L®) . be an arbitrary fixed sequence of
elements of N¢ such that for each n > 1, Lg") = n and Lg,") — o0 as n — 00, V

ved{l,2,...,d}\ {u}.

Suppose m > 1. Consider the following sequence:
S(m) (X, L(l)) §(m) (X, L(2)) S(m) (X, L(n))
1 1 1)’ 2 2 2’ n) r(n ny
¢Lg>.Lg>.....L;> \/L§>-L§)-....Lg> \/L§ L. L
By Step 1, one has the following;:
g(m) (X, L(n))
\/L§"> DA A
where X(™) is the m x m covariance matrix defined in (3.46).
Step 4. Let P denote the family of distributions of the ls-valued random vari-

ables Sp./v/L1-Ly-... - Lg, L € N, By Lemma 2.1, in order to show that P is
tight, one should show that

00 SL 2
lim sup F < ,ei> =0, 3.71
N—00 [ eNd <z_ZN Ly-Ly-...- Ly ( )

as well as the fact that for N = 1 the supremum in (3.71) is finite.
Let N > 1 and L € N Then using (3.60), followed by an obvious analog of
(3.30), we obtain the following:

[e'e] SL 2 1 oo ) '] )
E ; = ESs . <(C FE|Xoil“.
(S () ) - L sk oY m

i=N

=N (Om, E(m)) as n — 0o, (3.70)

Since E||Xo||% < oo, one has that
Jim > E|Xoil* =0. (3.72)
*i=N

Also by (3.59), for N =1 the sum in (3.72) is finite. Hence (3.71) holds, and as a
consequence, P is tight. Moreover, P is tight along the sequence LY, L(2) LG) ...

hence the family of distributions {S (X, L™) /\/Lgn) : Lgn) Cee L&n)} is tight. As
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a consequence, the sequence S (X, L(")) /\/Lgn) . Lén) Ce L&n) contains a weakly
convergent subsequence.
Step 5. Let @ be an infinite set in N. Assume that as n — oo, n € @, the

sequence S (X, L) /\/L§"> LS L S W= (W, W, W, ).
By Step 3, (W1, Wa,...,Wy,) is N (0,,, ™), where £(™) := (05,1 <i < j <
m) is the m x m covariance matrix defined in (3.46). Hence, the distribution of

the random vector (Wi, Wa, ..., W,,) is the same as the distribution of ¥ (™) V¥ m.
Thus the distributions of W and Y are identical. Therefore,

S (X,LM)
VIS L L)

Hence, we obtain that the convergence in (3.73) holds along the entire sequence of
positive integers, and as a consequence,

S(X,L)
Ly-Lo-...- Ly
Therefore, part (IIT) holds, and hence, the proof of the theorem is complete. O

=Y asn —o00, n€qQ. (3.73)

=Y as min{Ly, La,..., Laq}.
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