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Abstract. A 1977 theorem of T. Harris states that an attractive spin system pre-
serves the class of associated probability measures. We study analogues of this
result for measures that satisfy various conditional positive correlations properties.
In particular, we show that a spin system preserves measures satisfying the FKG
lattice condition (essentially) if and only if distinct spins flip independently. The
downward FKG property, which has been useful recently in the study of the contact
process, lies between the properties of lattice FKG and association. We prove that
this property is preserved by a spin system if the death rates are constant and the
birth rates are additive (e.g., the contact process), and prove a partial converse to
this statement. Finally, we introduce a new property, which we call downward con-
ditional association, which lies between the FKG lattice condition and downward
FKG, and find essentially necessary and sufficient conditions for this property to
be preserved by a spin system. This suggests that the latter property may be more
natural than the downward FKG property.

1. Introduction.

Correlation inequalities have been used frequently in probability theory and sta-
tistical physics. In this paper, we will consider correlation inequalities for probabil-
ity measures on {0,1}°, where S is a finite set, and their connection with certain
continuous time Markov chains on {0,1}7 that are known as spin systems. The
key definition is the following: the probability measure p has positive correlations,

or is associated, if
[ todn> [ sau [ gan (1.1)

for all increasing functions f and g on {0,1}%. Two results proved in the 1970’s
provide convenient ways to show that a probability measure on {0, 1} is associated:
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Theorem 1.1. (FKG Theorem) Suppose u is a probability measure on {0,1}° that
assigns strictly positive mass to every point in {0,1}, and satisfies

pn A Qpn V) > p(n)u(c) (1.2)
for all n, ¢ € {0,1}°. Then pu is associated.

Assumption (1.2) is called the FKG lattice condition, or the strong FKG condi-
tion.

For the statement of the second of these results, recall that a spin system is a
continuous time Markov chain 7; on {0,1}° in which transitions can occur at only
one site at a time. Let 8(z,n) and §(x,n) be the rates at which the transitions
0 — 1 (births) and 1 — 0 (deaths) occur at site z if the configuration is 1. (The
functions S(z,n) and d(z,n) do not depend on 75(z).) The spin system is said to
be attractive if B(x,n) is an increasing function of n and é(z,n) is a decreasing
function of n for each z. Let S(t) be the semigroup for the spin system. It acts on
functions and measures in the following way:

S F(n) = E"f(my); / FdluS () = / S(t)fdu.

Theorem 1.2. (Harris) If the spin system is attractive, then puS(t) is associated
whenever  is.

See pages 78 and 80 of Liggett (2005) for proofs of Theorems 1.1 and 1.2. The
second of these implies that the stationary measure of an irreducible attractive
spin system is associated. Such a measure may or may not satisfy (1.2) (It does
satisfy (1.2) if the spin system is reversible and attractive, but this is a very special
situation.) A major advantage of Theorem 1.2 over Theorem 1.1 is that one does
not need an explicit expression for the stationary distribution in order to check that
it is associated.

More recently, some conditional forms of positive correlation inequalities have
been proved (Belitsky et al. (1997) and van den Berg et al. (2006a)) and applied
(Liggett and Steif (2006)). We are primarily concerned here with conditional ver-
sions of Theorem 1.2. First, we state a converse to Theorem 1.2. It will be proved
in Section 2.

Theorem 1.3. Suppose a spin system has the property that uS(t) is associated
whenever u is. Then the spin system is attractive.

An easy consequence of Theorem 1.1 is that (1.2) is equivalent to the property
that not only i, but also all measures obtained from p by conditioning on the values
of 5y at any set of sites in S, are associated. (We assume here and in the sequel that
all measures considered assign strictly positive probability to the events on which
one is conditioning.) Thus a first natural question is, for which spin systems is it
the case that uS(t) satisfies (1.2) whenever p does? The next result says that this
occurs essentially only when the coordinate processes {n:(z),z € S} are indepen-
dent. Therefore, we see that one should not condition on too much information if
one hopes to have preservation under the semigroup of some conditional positive
correlations property for interesting spin systems. Say that the spin system has
independent flips if for each z, 8(x,7n) and é(z,n) do not depend on 7.

Theorem 1.4. (a) Suppose that the spin system has independent flips. Then uS(t)
satisfies (1.2) whenever u does.
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(b) Suppose that pS(t) satisfies (1.2) whenever u does, and that S has at least
four points. Then the spin system has independent flips.

Theorem 1.4 will be proved in Section 3. The statement in part (b) is trivially
true if S is a singleton, but is false if S has either two or three points. If S has two
points, (1.2) is equivalent to association, so that by Theorems 1.2 and 1.3, property
(1.2) is preserved by the semigroup if and only if the spin system is attractive — it
need not have independent flips. If S has three points, the following is an example
of a spin system that preserves (1.2) without having independent flips:

B(xz,n) = §(x,n) = 0 for all n, except that

Bx,m)=1ifn=1 and §(z,n) =1ifn=0.

To check this, note that pS(t)(n) = e ‘u(n), except when n = 0 or n = 1,
and that uS(¢)(n) is increasing in ¢t if n = 0 or n = 1. Of course, this example is
reducible. To construct an irreducible example, simply add a constant to all the
rates. Since the process with constant rates preserves (1.2) by Theorem 1.4(a), the
modified process preserves (1.2) as well, by Proposition 1.8 below.

Following Liggett and Steif (2006), we will say that p is downward FKG if for any
A C S, the conditional measure p{- | n = 0 on A} is associated; i.e., conditioning
is allowed only on 0’s, not on 1’s. This property lies between (1.2), where one
is allowed to condition on any configuration on A, and association, where one is
not allowed to condition at all. Van den Berg et al. (2006b) proved that the
distribution of the contact process at time ¢ is downward FKG provided that the
initial distribution is deterministic. (When we refer to such properties of measures
on {0,1}7 for infinite S, we mean that all projections on finite subsets of S have
the property.) This property was used by Liggett and Steif (2006) to show that
the stationary distribution of the contact process on Z (and as a consequence, on
many other graphs) dominates a nontrivial product measure. (The contact process
stationary distribution does not satisfy the FKG lattice condition — see Liggett
(1994) and van den Berg et al. (2006a), where it is shown that even conditioning
on 7n(z) =1 at a single site z destroys the property of association.)

Another example of a measure that is downward FKG but does not satisfy the
FKG lattice condition is the following. Let 7 be a permutation of {1,...,n} that
is chosen uniformly at random. Define 7(i) to be the indicator of the event that
(i) # 4, and let p be the distribution of 1. Fishburn et al. (1988) showed that
i is associated, even though it does not satisfy the FKG lattice condition. Since
u{-| 7= 0on A} when A is of size k corresponds to the measure p for random
permutations of n — k points, it follows that u is downward FKG.

Our next result is an analogue of Theorems 1.2 and 1.3 on the one hand, and
Theorem 1.4 on the other, for preservation of the downward FKG property. It will
be proved in Section 4. For its statement, we need the following definition. The
birth rates 3(z,n) are said to be additive if they can be written in the form

/B(ma 77) = Z C(iE, A)l{ﬂséO on A} (13)
AcS
with ¢(z, A) > 0 for all z, A. The contact process of course has additive birth rates
and constant death rates.
Theorem 1.5. (a) Suppose that the spin system satisfies

d(z,n) does not depend on n for each x (1.4)
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and the birth rates B(x,n) are additive. Then uS(t) is downward FKG whenever p
is.

(b) Suppose that uS(t) is downward FKG whenever u is. Then §(x,n) is constant
on the set {n:n # 0} for each x.

(¢) Suppose that all transition rates are zero, except B(u,n) for a particular u € S
and arbitrary n. If pS(t) is downward FKG whenever p is, then 3(u,n) is increasing
inn, and satisfies

Blu,nV Q) + Bu,n A Q) < B(u,n) + B(u,() (1.5)
for alln and (.

Note that (1.5) is an additive form of (1.2), and is satisfied whenever S(u,-) is
additive. However, there is a large gap between (1.5) and additivity — we do not
have a necessary and sufficient condition for preservation of the downward FKG
property. Part (c) of the theorem does say that monotonicity of the birth rates
alone is not sufficient.

The fact that there is significant difference between our necessary conditions and
sufficient conditions for preservation of the downward FKG property suggests that
this property may not be the most natural one to consider. We therefore introduce
a new concept. The probability measure p will be called downward conditionally
associated (DCA) if for every strictly positive decreasing function h on {0,1}° that
satisfies the lattice condition

h(nV Qhn A ¢) = h(n)h(C), (1.6)

the measure
pun(dn) = h(n)p(dn) / / hdy
is associated. The implications among these properties are now:
FKG lattice = DCA = downward FKG = association. (1.7)

To check the first, note that as a result of (1.6), u, satisfies the FKG lattice
condition whenever p does. For the second, given A C S, apply the association of
pp, for
hn) = I] [1+€-n(=)],
TzEA
and pass to the limit as € | 0.

One should of course ask whether the implications in (1.7) are strict. If S has
two points, it is easy to check that they are all equivalences, and are equivalent
to p(11)p(00) > w(10)p(01). In Section 6, we will give necessary and sufficient
conditions for each of the four properties appearing in (1.7) when S has three
points. A consequence of this is that the first and third implications are strict in
this case, while the middle one is an equivalence. We do not know whether the
middle implication is strict for larger S. While this is an interesting question, it
is in a sense not too important from the point of view of this paper. Suppose,
for example, that one wanted to show that the contact process invariant measure
is DCA. One approach is to use Theorem 1.7 below. Another would be to use
Theorem 1.5, and then show that downward FKG implies DCA, if this is the case.
Given the difficulty of showing this implication when S has three points, it seems
clear that one should use Theorem 1.7 instead.
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Remark 1.6. The monotonicity assumption on h in the definition of DCA is very
important. To see this, consider the fact (which was pointed out to the author by
L. Chayes) that if up is associated for every positive h that satisfies (1.6), then p
satisfies the FKG lattice condition. To see this, suppose it does not. Then one can
condition p on the event {n: 1 = ( on A} for some A C S and some ¢ € {0,1}4
and obtain a measure that is not associated. It follows that pp is not associated if
h is some positive perturbation of 1{,.,=¢ on A} satisfying (1.6).

We are now in a position to state the following analogue of Theorem 1.5 for the
DCA property, but with conditions that are essentially necessary and sufficient. Its
proof will be given in Section 5.

Theorem 1.7. (a) Suppose that the death rates of the spin system satisfy (1.4)
and the birth rates are increasing and satisfy (1.5). Then uS(t) is DCA whenever
W is.

(b) Suppose that uS(t) is DCA whenever u is. Then 0(x,n) is constant on the
set {n : n # 0} for each x.

(c) Suppose that all transition rates are zero, except B(u,n) for a particular
w€ S. If uS(t) is DCA whenever p is, then 8(u,n) is increasing in 1, and satisfies
(1.5) for allm and C.

One consequence of Theorem 1.7 is that the upper invariant measure of the
contact process has the presumably stronger DCA property. Another advantage
over Theorem 1.5 is that it can be used to prove this property for the stationary
distributions of a larger class of spin systems.

Finally. we state a result that will be used to simplify the Proofs of Theorems
1.5 and 1.7.

Proposition 1.8. Suppose L1,Ls,S51(t) and S2(t) are the generators and semi-
groups for two Markov chains on {0,1}°, and that S(t) is the semigroup with gen-
erator L1 + Lo. If C is a closed set of functions or measures on {0,1}° and S;(t)
maps C into itself for i = 1,2, then S(t) also maps C into itself.

Proof. This is an immediate consequence of the Trotter product formula (Ethier
and Kurtz (1986), page 33):

S(t) = lim [S1(t/n)Sa(t/n)]".
O

Following completion of the present paper, we learned of some closely related
work. We thank Professors Chen and van den Berg for mentioning these references.

(a) Our Theorem 1.3 is Corollary 2.5 in Sun (1994). A version of this result for
diffusion processes was proved by Chen and Wang (1993). Note that in Proposition
2.1 below, we prove a stronger form of Theorem 1.3.

(b) In the revision of van den Berg et al. (2006b), the authors added a result
(Theorem 3.5) that is part (a) of Theorem 1.5, restricted to the contact process.
Our result applies to a broader class of spin systems, and we believe that our proof
is significantly simpler.

2. A converse to Harris’ Theorem.

In this section we prove a stronger form of Theorem 1.3 which will also be
useful in later sections. It implies Theorem 1.3 because every product measure is
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associated. This statement is an immediate consequence of either Theorem 1.1 or
Theorem 1.2. We will use the following notation: If n € {0,1}° and z;, 3, ... are
distinct elements of S, then 7, 4,,... is the configuration with

_ [ 1—n(z) if z=x; for some i
nz1,z2,~~~($) - { ’)”(:L') otherwise.

Proposition 2.1. Suppose the semigroup for a spin system has the property that
uS(t) is associated for every product measure . Then the spin system is attractive.

Proof. Fix distinct z,y € S, and let v be any configuration with v(z) = y(y) = 0.
Let u be the product measure with marginals

p le:-'L',
_ o A if z=y,
pefn :n(z) =1} =q * if z# 2,y,7(2) =0

1-ce¢ 1fz7é$;y;7(z):1;
where 0 < p, A\, e < 1. By assumption, u.S(t) is associated for all ¢. Applying the
definition of association to the increasing functions f(n) = n(z) and g(n) = n(y)

gives
peS(O{n(z) =1,1(y) = 1huS(E){n(z) = 0,n(y) = 0}
—peSO{n(z) = 1,1(y) = 0}ueS(E){n(z) = 0,n(y) =1} > 0.
Since the left side of (2.1) is zero at t = 0, its derivative is nonnegative at ¢ = 0.

Differentiating (2.1) with respect to t, setting ¢t = 0, and then letting € | 0 leads to
the following inequality:

A [pu —N8(@) + (1= PAI7) — (L= p)(1— NB(E,7) — (1 — p)(1 7)/3(1/,7)]

(2.1)

1A p)—N) [(1 B ) + (L — NB(ys 1) — pAI(@s ) — pwy,m]
> p(1— ) [(1 D)1= NBWA) + pAI(E,7) — (1 — PAB(@ ) — (L — p)AS(, v)]

+(1 - A [(1 D)1= NB@) + pPAS(Y7e) — p(1 — N)3(a,7) — p(1 — A)ﬂ(y,m].
Dividing by p(1 — p)A(1 — A) and collecting like terms gives:
B(x,vy) — B(z,v) . BW,v2) —By,)

+
p A
4 d(z,y) — d(z,vy) + 8(y,v) — 0(y,7z) > 0.
1—p 1-A

Now let respectively p = 0,A — 0,p — 1, — 1 to conclude that

ﬁ(m77) < /3(1"7’73/)7 IB(yJ’Y) < ﬁ(ya'ﬁ)a 5(117”711) < 6(33'77)’ é(y,'ym) < 5(.%7)'

Since this is true for all z,y, v satisfying v(z) = v(y) = 0, it follows that the spin
system is attractive. O

3. Preservation of the FKG lattice condition.

In this section, we prove Theorem 1.4. It will be convenient to recall that (1.2)
holds for all 7, ¢ if and only if it holds whenever 5 and ( differ at exactly two sites.
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Proof of Theorem 1.4(a): Let P(n,7v) be the transition probabilities for the
spin system. Then

pSH () = um)Pi(n,7)- (3.1)

For each z € S, let p(2,0,0),p:(2,0,1),p:(2,1,0),p:(2,1,1) be the transition prob-
abilities for the two state Markov chain that has transitions 0 — 1 and 1 — 0 at
rates 8(z,n) and §(z,n) respectively. (Recall that we are assuming that these rates
do not depend on 7.) Then

Pi(n,7) = [[ pe(zm(2),7(2)).- (3:2)
z€S

Fix two distinct sites z,y € S and let v be a configuration that satisfies v(x) =
~v(y) = 0. We must show that if u satisfies (1.2), then

S () (Va,y) S () (v) — S (8) (v2) S () (7y) 2 0. (3.3)
Using (3.1), the left side of (3.3) can be written as

L3 ) [Ptm,%,y)a(c,v) PGy Pi(.7)
e (3.4)

- Pn1IPC ) = PGP )
Using (3.2), the expression in brackets in (3.4) becomes (after some cancellation)

I e(zn(2), v(2)pe(2, C(2), 7(2)) [£ () = £(O)] [9(m) — 9(O)],

2#£T,Y
where

F(n) = pi(z,n(x),1) and g(n) = pi(y,n(y),1).

Note that f and g are increasing functions, so that by Theorem 1.1 applied to the
measure v, where

v(n) = cum) [] pilz,n(2),7(2)),
2FT,y
(3.4) is nonnegative. (Here ¢ is a normalizing constant.) The measure v satisfies
(1.2) since p does, and

vin AQu(nV () pnAQun Vi)

v(n)v(C) p(m ()

O
We will isolate the main part of the proof of Theorem 1.4(b) in the following
proposition, since it will also be useful in Sections 4 and 5.

Proposition 3.1. Suppose that uS(t) is downward FKG whenever u satisfies (1.2).
Then §(x,n) is constant on the set {n:n # 0} for each x € S.

Proof. Any product measure satisfies (1.2), and downward FKG implies associ-
ation, so we can apply Proposition 2.1 to conclude that §(x,n) is decreasing in

n.
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Now take three distinct sites z,y,z and let u. be the probability measure on
{0,1}% with respect to which {n(w),w € S\{y,z}} are independent with u.{n :
n(w) = 1} = 1 and independently of these, (7(y),n(z)) takes the following values:

(1,1) with probability 1 — 3¢

0,1) with probability e
(1,0) with probability e
(0,0) with probability e.

This measure satisfies (1.2) if 4¢ < 1, which we now assume. Therefore pS(t) is
downward FKG for all ¢ > 0 by assumption.
We will use the shorthand v(abc) to mean v{n : n(z) = a,n(y) = b,n(z) = c}.
The quantity
pe S () (110) S (£)(000) — pre S (#)(100) e S (2)(010) (3-5)

is zero at t = 0, and is nonnegative for ¢ > 0 since u.S(t) is downward FKG.
Therefore, its derivative is nonnegative at ¢ = 0. To write down this derivative, let

Sabe(x) = B, [6(z,-) | n(x) = a,n(y) = b,n(z) =],
dabe(y) = Eu.[6(y,") | n(z) = a,n(y) = b,n(z) =],
5abc(z) = EI—’/e [5('27 ) | T}(m = aan(y) = bﬂ)(z) = C];

~— ~—

with Bape(2), Babe(y) and Bape(z) defined similarly. Then the derivative of (3.5) at
t=0is

(110) [ 1(100)5100(2) + (010)3010(y) + 1(001)3o0r (=) — (000)[ oo () + oo (v) + Fooo )|
+1(000) |:N(010)/3010(w) + p(100)B100(y) + 1(111)d111 (2) — u(110)[d110 () + d110(y) + B110(2 }
—u(100) {M(UO)JHO(CE) + 14(000)Booo (y) + #(011)d011 (2) — 1(010)[Bo10(z) + do10(y) + Boro(z ]}

—1(010) [N(OOO)ﬂooo (z) + 1(110)d110 (y) + p(101)d101 (2) — p(100)[0100(z) + Broo(y) + ﬂloo(z)]} ,
where we have omitted the subscript e. Dividing this by € and letting € | 0 yields
d111(2) > do11(2)-

/ 6(z,m)dpo > / d(2z,m)dpo-
{n(z)=1} {n()=0}

Since §(z,7n) is decreasing in 7, it follows that §(z,n) = d(z,7n,) for all 5 such
that n(z) = 0,n(y) = 1. Letting x and y vary, we see that §(z,n) is constant on
{n:n # 0} as required. d

Proof of Theorem 1.4(b): Since (1.2) implies downward FKG, Proposition 3.1
can be applied to conclude that §(z,7) is constant on {n : n Z 0}. Interchanging the
roles of 0’s and 1’s, we see that 8(z,n) is constant on {n: n # 1}. This argument
is correct, since the hypothesis of Theorem 1.4(b) is symmetric in 0’s and 1’s.

To complete the proof that d(z,n) and B(z,n) are independent of 7, we need to
assume that S has at least four points. Let d(z) be the value of d(z,7n) on the set

In other words,
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{n :n # 0}, and let B(z) be the value of §(z,n) on the set {n:n # 1}. Take p to be
any product measure satisfying 0 < p{n: n(z) =1} < 1 for all z € S. Fix distinct
sites z,y and take nonempty sets A, B so that A, B,{z,y} form a partition of S.
Let  and ¢ be the configurations

77(2’)2{ (1J on AU {z}

on BU{y}
and )
0 on BU {z
((z):{l on AU{y}.
Then

pS (@) (n v QuS(t)(n A C) — pS(E)(muS(t)(C) (3.6)
is zero at t = 0, and hence by assumption, its derivative must be nonnegative at
t = 0. Since (1.2) holds with equality for any product measure, and independent
flip processes preserve the class of product measures, the derivative of (3.6) would
be zero if the spin system had independent flips. This observation leads to a lot of
cancellation in the derivative of (3.6) in the present case, since the process almost
has independent flips. Letting 0 and 1 denote the configurations that are identically
0 and 1 respectively, we find after using this cancellation that

jt[us()(nvé“)us(t)(n/\()—u &) (muS(t) C)]

=0

= Y Only A Q) [36) - 63,0 + 8(s) ~ 1) )
Since the spin system is attractive (by Proposition 2.1), é(y) < é(y,0) and 8(z) <
B(x, 1), so it follows from the nonnegativity of (3.7) that §(y) = d(y, ) and B(z) =
B(z,1) as required. O

4. Preservation of the downward FKG property.

This section is devoted to the proof of Theorem 1.5. We begin with a simple
lemma. The inequality in (4.1) below refers to stochastic monotonicity.

Lemma 4.1. Suppose u is downward FKG and A C B. Then
ul-1n=0 on BY < puf-[n=0 on A}, (4.1)
and any conver combination of these two conditional measures is associated.

Proof. Let f be an increasing function. By the downward FKG property, f and
1{n=0 on B} are negatively correlated with respect to u{- |7 =0 on A}. This gives

[ fdut 1n=0on By < [ saug-n=0on 4}

as required for (4.1). For the second statement, use Proposition 2.22 on page 83 of
Liggett (2005). O

Proof of Theorem 1.5(a): By Proposition 1.8, it suffices to prove Theorem 1.5(a)
for spin systems that have nonzero transition rates at only one site u € S, and at
that site, either 8(u,n) = 0 and §(u,n) = 1, or §(u,n) =0, B(x,n) = 0 for = # u,
and B(u,n) = l{nz0 on 4} for a fixed A C S.
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We begin then by considering the spin system with §(u,n) = 1 for a fixed u,
and all other rates zero. Suppose that p is downward FKG. If v ¢ A, then the
evolution commutes with the operation of conditioning on {n = 0 on A}, so that
wS(){- | 7 = 0on A} is associated for all ¢ > 0 by Theorem 1.2. So, we may
assume that u € A. Let ur, and pgr be defined by

pr() = pSE){- | n=0on A}
and
pr(:) =Ap{-|n=0o0n A} + (1 = A)p{- | n =0 on A\{u}},

where
etu{n=0on A}

~ e u{n=0on A} + (1 e u{n = 0on A\{u}}’
We need to show that pr, is associated. Every function f can be written uniquely
in the form

fm) =n) fr(n) + [1 = n(w)]fo(n),
where fy and fi; do not depend on the coordinate n(u). With this decomposition,
we will write Tf = fo. Note that T is linear, satisfies T'(fg) = (T f)(Tg), and T'f
is increasing if f is increasing. Next, we will show that

[ sans= [ T1dun
To see this, write

/deL - /nEO on A deS(t)/ /1750 on A 1dﬂ8(t)
/ T FduS(t) / / 1duS(t)
n=0 on A n=0 on A

/ Tl — n(u)e Jdu / / [1 — n(u)e du
n=0 on A\{u} n=0 on A\{u}
- / T fdug.

Since upg is associated by Lemma 4.1, we can now take increasing f and g and write

[todn = [TU9dun= [ @)@

/ Tfdpr / Tgdpr = / fdpr / gdur
as required.

Turning to the second case, assume now that all flip rates are zero, except that
B(u,m) = 1{yz0 on 4} for a particular u € S and A C S\{u}. Let yu be downward
FKG. We need to check that the measure pS(¢){- | n = 0 on B} is associated for
every B C S. If u ¢ B, this is a consequence of Theorem 1.2, since conditioning on
{n =0 on B} commutes with S(t). So, we may assume that u € B. In this case,

/ fauso = [ F(nemtBwm
{n=0 on B} {n=0 on B}

for every f. Writing

vV

e~ tBlum) _ ot +(1- eit)l{nEO on A}
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it follows that
uS@E{- |n=0on B} =Xu{- |[n=00n B} + (1 —A)p{-|n=0on AU B},

where
_ e 'u{n=0on B}
e tufn=0on B} + (1—eH)u{n=0on AU B}’
Therefore uS(t){- | n = 0 on B} is associated by Lemma 4.1. O

Proof of Theorem 1.5(b): Since (1.2) implies downward FKG, this follows im-
mediately from Proposition 3.1. O

Proof Theorem 1.5(c): Since every product measure is downward FKG (by
Theorem 1.1) and every measure that is downward FKG is associated, the fact
that S(u,n) is increasing in 7 is a consequence of Proposition 2.1. So, it remains
to prove (1.5). It is sufficient to check it in the case that 5 and ¢ differ at only two
sites; call them = and y. Since B(u,v) does not depend on v(u), we may assume
that z,y,u are distinct.

Take p to be a product measure. By assumption, pS(t) is downward FKG for
all t > 0. Therefore, using the definition of downward FKG with the conditioning

on {n(u) = 0},
pSt){n(z) = 1,n(y) = 1,n(u) = 0}uS(t){n(z) = 0,n(y) = 0,n(u) = 0} -
pS(E){n(z) = 1,n(y) = 0,n(u) = 0}uS(t){n(z) = 0,n(y) = 1,n(u) = 0}

is nonnegative for all ¢ > 0, and is zero at ¢ = 0. It follows that its derivative is
nonnegative at t = 0. Writing this out, we see that

E[B(u,n) | n(z) = 1,n(y) = 0] + E[B(u,n) | n(z) = 0,n(y) = 1] >
E[B(u,n) | n(z) =1,n(y) = 1] + E[B(u,n) | n(z) = 0,n(y) = 0]

where the conditional expectations are with respect to u. Since p is an arbitrary
product measure, we can conclude that

Bu,vz) + B(u,vy) > B(u;Ve,y) + Blu,v)

for every v such that vy(z) = v(y) = 0. But this is exactly (1.5) with n = v, and
¢ =y- O

5. Preservation of the DCA property.

This section is devoted to the proof of Theorem 1.7.
Proof of Theorem 1.7(a): By Proposition 1.8, it suffices to consider a spin
system with nonzero flip rates only at one site u, and at that site, only §(u,n) or
B(u,n) is not identically zero. We assume this, and also that the nonzero rates
satisfy (1.4) or (1.5) and attractiveness, in the two cases.

The proof relies on three facts:

Fact L. If f and g are increasing and h is positive, then

[S@OASB)(fgh)] = [S@)(fHS()(gh)]- (5.1)

Fact IL If h is positive, decreasing and satisfies (1.6), then S(¢)h has the same
three properties.
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Fact III. If f is increasing, and h is positive and satisfies (1.6), then the function

ft defined by
_ S®h)0)

is increasing in 7.

Remark 5.1. To see why the proof of Theorem 1.2 is easier than the proof of
Theorem 1.7(a), note that if h = 1, then Facts II and III are immediate. (Fact I is
(2.20) on page 81 of Liggett (2005).)

First we will deduce Theorem 1.7(a) from these three statements. Suppose p is
DCA, h is positive, decreasing and satisfies (1.6), and f and g are increasing. Then
ps(yn is associated by Fact II. Applying this association to the increasing functions
ft and g¢, which are increasing by Fact III, we see that

[ stoman [ EOLDEOD g5 [0y gmyan [ s0(gman

Combining this with Fact I gives

/ S(t)hdu / S()(Fah)dp > / S()(fh)dp / S(t)(gh)dp,
which can be rewritten as

/ h[uS (1) / FohdlpS ()] > / S (8)] / ghd[uS (1))

so that uS(t) is DCA, as required.

We turn now to the proofs of Facts I and III. Since

(a) monotonicity of h is not assumed here,

(b) condition (1.6) is symmetric in 0’s and 1’s,
and

(c) the assumptions on the death rates are more stringent than those on the
birth rates,
it suffices to prove this in the case that the nonzero flip rates are (u,n). For a
fixed t, let b(n) = e~ A" This is the probability that n;(u) = 0 if the initial
configuration satisfies n(u) = 0. Then, for any function f,

_{ o) i n(u) = 1
S®fn) = { b(n)f(m) + (1 = b(m) f(n) i () = 0.

Therefore, the two sides of (5.1) are equal when the 7 at which they are evaluated
satisfies n(u) = 1. If n(u) = 0, then

[S@AMISE)(Fgh)](n) — [SE)(FR)IMIS () (gh))(

= [b(mh(n) + (1 = b(n)h(mu)] [b(n) f(m)g(n

—[b(m) f(mh(n) + (1 = b(n)) f (1) k(10

=b(n)(1 — b(m)h(mh(nu)[f (nu) — fF(n)]lg

This proves Fact 1.
For Fact ITI, we must show that for any v, if n(v) = 0, then

S@(h)0) o SE) () ()
S®h(n,) — S(Hh(n)

n)
Yh(n) + (1 —b( ) £ (1) g (1) h(10)]
1[6(mg(mh(n) + (1 —b(n))g(nu)h(n.)]

)
(ne) —g(m)] > 0.

(5.2)
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If v = u, the difference between the left and right sides of (5.2) is
Fin) — b(n) f(m)h(n) + (1 = b(n)) f(nu) () _ _ bO)A()[f () — F()]
b b(m)h(n) + (1 —b(n))h(n.) b(mh(n) + (1 = b(m)h(n) =

If v # u and n(u) = 1, then the difference between the left and right sides of (5.2)
is

f(my) = f(n) > 0.

If v # u and n(u) = 0, then the difference between the left and right sides of (5.2)
is

b(n0) f (nw) h(nw) + (1 = b(nv))f(nu,v)h(nu,v)
b(%)h(m) + (1 - b(nv))h(nu,v)
b(n) f(m)h(n) + (1 — b(m))f (17) (1)
bmh(n) + (1 = bm)h(n.)

Putting this over a common denominator, the resulting numerator is

b(m)b(n,) ()b (1) [f (12) — f(n)]
+(1 = b(n) (X = b(12)) (1) B (s, 0) [ (Thsr — £ ()]
+b(n,) (1 = b(n))h(nu)h(1:)[f (1) — f(0)]
+b(n) (1 = b(10)) L) RN )[f (o — ()] (5.3)

Since f is increasing, all terms but the third are nonnegative. To see that the
nonnegative terms compensate for the potentially negative one, we proceed as
follows. The values of f at the four configurations that appear in (5.3) satisfy
F(m) < fu), f(mw) < f(Nu,v)- Since they appear linearly in (5.3), it is enough to
check the nonnegativity of (5.3) in case f(n) = 0, f(Nu,v) = 1, and (f(nu), f(mw))
takes one of the four values (0,0), (1,0),(0,1),(1,1). The summands in (5.3) are
all nonnegative except in the case f(ny) =1, f(n,) = 0. In this case, (5.3) becomes

But, this is nonnegative since h(n)h(1u,») > h(ny)h(ny) (by (1.6)) and b(n) > b(ny)
(since the birth rates B(u,n) are increasing).

It remains to prove Fact II. We will again carry out the proof in the case that
the nonzero flip rates are the birth rates at site u. To check the result for the case
of nonzero death rates, simply note that the monotonicity of h is not needed in the
proof that S(t)h satisfies (1.6) if B(u, n) is constant, so that the interchange of roles
of zeros and ones can be used again. The fact that S(¢)h is positive is clear, and
the fact that it is decreasing follows from the monotonicity of 8(u, 7).

To verify that S(t)h satisfies (1.6), it is enough to check that if 5 satisfies n(v) =
n(w) = 0 for two distinct sites v and w, then

S h(1v,w)S(E)1(n) > S)h(ny)S(E)A(Nw)- (5.4)
If w = u, then the difference between the left and right sides of (5.4) is
b(120) (M) (1,0 ) = A0 ) ()] + [6(0) = B(00) 1 (,0) [P) = Po()],

which is nonnegative if b is decreasing (i.e., 3(u,n) is increasing), h is decreasing
and satisfies (1.6). Note that the monotonicity of h is not needed if b is constant.
Now suppose that u,v,w are all distinct. Again, we may assume that n(u) = 0,
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since otherwise (5.4) is automatic. Then the difference between the left and right
sides of (5.4) is

[b(nv,w)h(nv,w) + (1 - b(nv,w))h(nu,v,w)] [b(ﬂ)h(n) + (1 - b(n))h(nu)]

- [b(nv)h(nv) + (1 - b(nv))h(nu,v)] [b(nw)h(nw) + (1 - b(nw))h(nu,w)] . (5'5)
We need to check that this is nonnegative whenever

0 < b(Nw,w) < (), b(nw) < b(n) <1, and b(1y)b(nw) < b(N)b(N,w)- (5.6)

)b
The easiest case to consider is (i), in which {b(n,),b(nw)} = {b(n),b(Ny,w)}. In
this case, we can define a probability measure o on {0,1}® by

o(111) = (1 = b(Mv,w)) h(Nu,v,w),  0(110) = b(y,w) A(1,w)
o(101) = (1 = b(no))(1hu,0),  (100) = b(n, ) (1)
0(011) = (1 = b(nw)) A(Nu,w),  (010) = b(nw)h(nw)
o(001) = (1 —b(m))h(nu), o(000) = b(n)h(n),
and then normalizing it to sum to 1. This measure satisfies the FKG lattice con-
dition, and hence by Theorem 1.1, is associated. But in this case, (5.5) is just a
constant multiple of the covariance of the first two coordinates relative to o, so it
is nonnegative. Note that in this case, we have not used the monotonicity of h.
The next case is (ii), in which b(ny) = b(9y) = b(Ny,w) — call this common value
a. Since (5.5) is linear in b(n), it suffices to check its nonnegativity in the extreme
cases b(n) = 1, and b(n) = a. The latter case is a special case of case (i). So, we

may assume that b(n) = 1. In this case, (5.5) is a quadratic polynomial in a, and
the coefficient of a2 is

_[h‘(nv) - h(nu,v)][h(nw) - h(nu,w)]'

This is nonpositive by the monotonicity of h. (Note that A monotone in either
direction would be enough here.) So, it is enough to check the nonnegativity at the
two extreme cases, a = 0 and a = 1. The case a = 1 is again a special case of case
(i). If a = 0, then (5.5) becomes

h(nu,v,w)h(n) - h(num)h(nu,w)a

which is nonnegative by (1.6) and the fact that h is decreasing. This completes the
consideration of case (ii).

Now think of (5.5) as a function of the variables = b(n,) and y = b(ny,) for
fixed values of 0 < b(ny,,) < b(n) < 1. Since (5.5) is bilinear in these two variables,
it suffices to check its nonnegativity on the boundary of the region defined by (5.6).
We have already checked it at three points on the boundary, in cases (i) and (ii)
above. The boundary consists of two line segments and one curve, so again by
bilinearity, the nonnegativity follows on the line segments from its nonnegativity at
the endpoints of those line segments. It suffices then to consider the case in which
zy = b(n)b(1y,w) = A. Replacing y by A/z in (5.5) and expanding, we see that the
only dependence on z is in the terms

) 000) — )] — 2 h 1)) — h)]

Since h is decreasing, this is a concave function of z, so (5.5) will be proved to be
nonnegative once it is nonnegative at the endpoints of the interval of z’s that are
relevant. But this again corresponds to case (i), so the proof is complete. O
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Proof of Theorem 1.7(b): This is again a consequence of Proposition 3.5, since

u satisfies (1.2) = u DCA = uS(t) DCA = uS(t) downward FKG.

The proof of Theorem 1.7(c) is the same as that of Theorem 1.5(c).

6. The case of three sites.

In this section, we take S = {1,2, 3}, and find necessary and sufficient conditions
for p to satisfy each of the four properties appearing in (1.7). It will follow that
for three sites, the first and third implications in (1.7) are strict, while the second
is an equivalence.

We will use the following notation in this section:

o = p(1),
bi = p(011), by = p(101), by = p(110),
e = p(100), e = p(010), 5 = p(001),
d = p(000).

To state the necessary and sufficient conditions for the four properties of interest,
consider the following sets of inequalities:
a(02 +c3 + d) > bl(bz + b3 + Cl),
aler + 3 + d) > ba(by + b3 + ¢2), (A)
alcy + ¢o + d) > bz(by + b + ¢3),

d(bs + b3 +a) > c1(ca + ¢3 + by),
d(by + b3 +a) > cz(c1 + 3 + ba), (B)
d(by + ba + a) > c3(c1 + ¢ + bs),

(b1 + a)(q + d) > (03 + bg)(bg + Cz),
(bz + a)(Cz + d) > (01 + b3)(b1 + C3), (C)
(bs + a)(cs +d) > (c2 + b1)(b2 + c1),

bid > cocs, bad > cic3, bsd > cica, (D)
and
cia > babs, caa > bybs, c3a > brbo. (E)
Here are the necessary and sufficient conditions:

Proposition 6.1. (a) p satisfies the FKG lattice condition if and only if (D) and
(E) hold.
(b) p satisfies the DCA property if and only if (A), (C) and (D) hold.
(¢) u satisfies the downward FKG property if and only if (A), (C) and (D) hold.
(d) p is associated if and only if (A), (B) and (C) hold.
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Remark 6.2. For an example to show that the first implication in (1.7) is strict,
take € small and

1 € 1
N EREE T3 T 2T T 13 3(1+ 3¢)
To show that the third implication in (1.7) is strict, take
1 € 1
31+3¢e) T TBTI 30 AT2TE 6(1 + 3¢)

The proof of part (a) of the proposition is immediate. We turn now to the other
parts.
Proof of Proposition 6.1(d): To check that association implies (A), (B) and
(C), let fi(n) = n(i),9:(n) = [l;%n(), and hi(n) = the indicator of the event
{22;2m(j) > 1}. Using cov to denote the covariance with respect to u, we have
the following:

cov(fi,91) = alcz + c3 +d) — by (ba + b3 + c1),
CO’U(fl,hl) = d(bz —|— b3 —|— a) — Cl(C2 + C3 + bl),
CO’I)(fQ,f3) = (b1 + a)(01 + d) - (C3 + bg)(b3 + Cg). (61)

If p is associated, each of these covariances is nonnegative. This gives the first
inequality in each of (A), (B) and (C). The others are obtained by permuting the
coordinates.

The proof of the converse is longer. Assume that (A), (B) and (C) hold. By 6.1
and the corresponding inequalities obtained by permuting the coordinates, we may
assume that

CO'U(fi,gi) Z 0: COU(fi, hz) Z 0; and COU(fiafj) Z 0 (62)

for all choices of ¢ and j. We need to check that cov(f,g) > 0 for all increasing
functions f and g. It is sufficient to check this when f and g are both increasing
indicator functions, since any increasing function can be written as a positive linear
combination of increasing indicator functions. Writing

coulf, ) = 3 31— FOlo(n) — 9O,

7,6

we see that cou(f,g) > 0if [f(n) — f(Ollg(n) — g(¢)] > 0 for all n,¢. Since we
are assuming that f and g are indicators, these products can only take the values

—1,0,+1. Therefore, we may assume that at least one of these products is —1. The
product is nonnegative whenever 57 and ¢ are comparable. Therefore, by permuting
coordinates and/or interchanging the roles of 0’s and 1’s, we see that there are two
cases to consider:

Case 1. [f(101) — f(011)][g(101) — g(011)] = —1, in which case we may assume
f(101) =1, f(011)=0, g¢(101)=0, g¢(011)=1.
The monotonicity of f and g forces f and g to also take the following values:
£(111) = g(111) = 1,

and
f(010) = f£(001) = f(000) = ¢g(100) = ¢g(001) = ¢(000) = 0.
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So, there are only three possibilities for f and g:

f=92,f=fih, or f=fiand g = g1,9 = faha, or g = fa.

The corresponding nine covariances are nonnegative by (6.3), since

cov(gs, 95) > cov(gi, fi), cov(gi, fihi) > cov(gs, fi)
cov(fihi, fihj) > cov(fi, f3), cov(fihi, f3) > cov(fi, f;) (6.3)

for i # j. These all follow from the easy fact that if G; and H; are sets satisfying
G; C H; for i = 1,2 and G1 N G2 = Hy N Ha, then cov(lg,,1lg,) > cov(lu,,1m,).

Case 2. [f(011) — f(100)][g(011) — g(100)] = —1, in which case we may assume
F011) =1, f(100)=0, g(011)=0, g¢(100)= 1.

Using the monotonicity of f and g as before, it follows that g = fi and f is one of
the following;:

91, fshs, fs, faoho, hihohs, hiho, fa, hihs, M.

The nonnegativity of the covariance of each of these with f; follows from (6.2),
(6.3),

cov(hihahs, fi) > cov(hi, fi) and  cov(hihy, fi) > cov(hi, fi)
for i # j. O

Proof of Proposition 6.1(c): The statement that downward FKG implies (A),
(C), and (D) is an immediate consequence of part (d). So, assume now that (A),
(C) and (D) hold. Since (D) holds, it will be sufficient to show that p is associated.
And to do this, it suffices by part (d) to show that (B) holds. To do so, multiply
the first inequality in (A) by d and then use the second and third inequalities in
(D) to conclude that

ad(02 +c3 + d) > dbl(bz + b3 + 01) > blCl(C2 +c3 + d),
and therefore that ad > bic;. For future reference, we record the fact that
(A) and (D) imply ad > b;c; for i = 1,2, 3. (6.4)

Now the first inequality in (B), for example, follows from (6.4) with i = 1, together
with the last two inequalities in (D). O

Proof of Proposition 6.1(b): Now let a, b;, ¢;, d be the probabilities of the various
configurations for the measure p, and a*, b}, cf, d* be the corresponding probabilities
for the measure uy, where h is positive, decreasing, and satisfies (1.6). We need
to show that if the unstarred quantities satisfy (A), (C) and (D), then the starred
quantities satisfy (A), (B) and (C). By (1.6), the starred quantities satisfy (D),
since the unstarred quantities do. Therefore, once we have shown that the starred
quantities satisfy (A) and (C) they will automatically satisfy (B) by parts (c) and
(d) of the proposition.

We will now check that the starred quantities satisfy the first inequality in (A).
To do so, define

h(001) h(010) h(000)
L= 011y 2T w011 T m(o1n)’
h(101) h(110) h(100)
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The starred version of the first inequality in (A) then becomes
a(xaca + x103 + x3d) > b1 (y1b2 + y2bs + ysc1). (6.5)
Since h is decreasing, we have

T1,%2,%3,Y1,Y2, Y3 > 1. (6.6)
Since h satisfies (1.6), these quantities satisfy the following inequalities:
TL 2 Y1, T2 2 Y2,%3 2 Y3, Y3 2 Y1Y2, T3 2 T1T2, Y123 2> T1Y3,Y2T3 2 Tays.
(6.7)
By the first three inequalities in (6.7), (6.5) will be a consequence of
a(yaca + yic3 + ysd) > bi(yibz + yabs + yzcr)- (6.8)

By (6.4), ad > bicy. Therefore, by the fourth inequality in (6.7), the worst case of
(6.8) is that in which y3 = y1y». Consider this case and divide (6.8) by y1y2. By
(6.6), we see that we need to show that

a(z1C2 + 22Cc3 + d) > b (Zzbz + z1b3 + 01) (69)

for all 0 < z;,22 < 1. Since the expressions on both sides of (6.9) are linear in
21, 22, it suffices to check that (6.9) holds at the four corners of this square. If
z1 = 20 =0, (6.9) is true by (6.4). If 21 = 20 = 1, (6.9) is just the first inequality
in (A). The other two cases are a(ca + d) > by (bs + ¢1) and a(ez +d) > by (b2 + c1).
One is obtained from the other by permutation of coordinates, so we will prove the
first of these.

To do so, note that

[(bs + c1)(c2 +c3 +d) — (b2 + b3 + c1)(c2 + d)]
+[b1(b3 + Cl) - (C1 + b3)(b1 + 03) + bQ(CQ + d)] =0. (6.10)

Therefore one of the expressions in brackets is nonpositive. If it is the first one,
then

(b3 +c1)(e2 + ez +d) < (b2 + b3 + c1)(c2 +d),
which when combined with the first inequality in (A) implies a(ca +d) > b1 (bs+c1).
If it is the second expression in brackets in (6.10) that is nonpositive, then

bl(b3 + 01) < (C1 + b3)(b1 + 63) — bg(Cz + d),

which when combined with the second inequality in (C) implies a(cy +d) > by (b3 +
¢1). Therefore, this last inequality is true in either case.

The starred version of the third inequality in (C) (we choose the third one to
check instead of the first so that we can use the same x;’s and y;’s as in the previous
argument) is

(b3y2 + a)(csz1 + dz3) > (caz2 + br)(bay1 + c1y3)- (6.11)
To check this inequality, start by writing
(bsy2 + a)(csz1 +dzs) — (coza + b1)(bayr + c1ys3)
= (bsys +a)(c3yr + dyz) — (coys + b1)(bay1 + c1y3)
Y23 — $2y3]

+  c3(bsys + a)(w1 — y1) + ca(bayr + c1ys) [ "

_|_

(db3 - clcz)y2 + da — cabs y;%] (.’L‘3 — y3).
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Therefore, by (D), (6.4) and (6.7), it suffices to prove

(bsy2 + a)(cay1 + dys) > (caya + b1) (bay1 + c1y3)- (6.12)

By (D) and (6.4), the coefficient of y3 on the left side of (6.12) is at least as large
as the coefficient of y3 on the right side of (6.12). Therefore, by (6.7), it suffices to
consider the case y3 = y1y2. Canceling a common factor of y;, we see by (6.6) that
it suffices to check

(b3y2 + a)(c3 + dyz2) — (cay2 + b1)(b2 + c192) > 0 (6.13)

for yo > 1. Write this polynomial as p(y2). Then p(1) > 0 by (C). The coefficient
of 42 in p(y) is bsd — cyc1, which is nonnegative by (D). So, it suffices to check that
p'(1) > 0. But this follows from (C) and (D), since

d(cz +d)p'(1) = d*[(bs +a)(cz +d) — (ca + b1)(ba + ¢1)]
=+ (63 + d)2(b3d — 6102) + (bld — C203)(b2d — 0103).
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