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Abstract. We prove a limit theorem for an integral functional of a Markov process.
The Markovian dynamics is characterized by a linear Boltzmann equation modeling
a one-dimensional test particle of mass A™! > 1 in an external periodic potential
and undergoing collisions with a background gas of particles with mass one. The
object of our limit theorem is the time integral of the force exerted on the test
particle by the potential, and we consider this quantity in the limit that A\ tends
to zero for time intervals on the scale A~!. Under appropriate rescaling, the total
drift in momentum generated by the potential converges to a Brownian motion
time-changed by the local time at zero of an Ornstein-Uhlenbeck process.

1. Introduction

1.1. Model and results. Consider the family A\ € RT of Markov processes
(Xt()‘), Pt(A)) € R? whose densities U; ) (z,p) obey the forward Kolmogorov equation

d 0 dv 0
E\Pt,)\(xv p)=- p%\l/t,)\(xvp) + %(I)a—p‘yt,A(Iap)
+‘/de/(t7)\(plap)qjt,)\($7p/) _jk(pup/)\ljt,)\(x7p))7 (11)

where V(z) = V(z + 1) > 0 is continuously differentiable, and the jump kernel
JIxr(p,p’) has the form

1(1=X

(1+)‘)| /_p|e*§(TP'*#p)2. (1.2)

I, p) = 61 P

The values Jx(p', p) correspond to the rate density of jumps from (z,p’) to (x,p).
The Kolmogorov equation above is an idealized description of the phase space
density for a test particle in dimension one that feels a spatially periodic force
—%(m) and receives elastic collisions with particles from a gas. The jump rates

Jx agree with the one-dimensional case of equation (8.118) from Spohn (1991) in
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which the mass of a single reservoir particle is set to one, the temperature of the
gas is set to one, the spatial density of the gas is set to é(%r)%, and the mass of
the test particle is A",

We will subsequently suppress the A-dependence of the dynamics by removing
the superscript for the process: (X, P;). The cumulative drift in the particle’s

momentum up to time ¢ € R* due to the periodic force field has the form —D; for

Loav
D, ._/0 ar 2 (X,).

The momentum at time ¢ can be written in the form P, = Py — Dy + .J;, where J; is
the sum of all the momentum jumps resulting from collisions with the gas. To state
our main result contained in Thm. 1.1 below, let us define the limiting processes.
Define p € R to be the process with py = 0 and satisfying the Langevin equation

1

where B’ is a standard Brownian motion. The solution p is referred to as the
Ornstein-Uhlenbeck process (1930). Moreover, let the process [ denote the local
time at zero for the process p. Recall that the local time at a point a € R over the
interval [0, ¢] is formally given by the expression: f(f drdg (pr).

In Clark and Dubois (2011) it was shown that )‘%Pi converges in law as A — 0

to p over any finite time interval [0, 7] and that the expectation of supy<, < |\ D.|
is uniformly bounded for all A < 1. Theorem 1.1 extends this result to a limit law
for )‘iDi which is joint with that of )‘%Pi' The rescaled momentum drift )‘iDi
converges to a diffusion process time-changed by the local time of the Ornstein-
Uhlenbeck process p that )‘%Pi limits to. The diffusion constant x € R™ in the
statement of Thm. 1.1 is formally given by a Green-Kubo form that is remarked
upon in Sect. 1.2.

Theorem 1.1. Assume that V() is continuously differentiable and that the initial
distribution for the particle pi has finite moments in momentum: [g, dp(z,p)|p|™ <
oo for m > 1. In the limit A — 0, there is convergence in law of the process pair

(MPe MDY ) 5 (b, VB, te o, 7],

for a constant k > 0, and where | is the local time at zero of p, and B is a copy
of Brownian motion independent of p. The convergence is with respect to the Sko-
rokhod metric.

Theorem 1.1 implies that the contribution J; to the momentum generated by
collisions has higher order than the forcing part D;. In particular, A2 + converges
to the Ornstein-Uhlenbeck process as A — 0. In the conjecture below, we give a
more refined statement for the limiting law of the full momentum )‘%Pi for small

A that takes into account the perturbative contribution of the forcing term /\%D%.
In this approximation, the contribution of the periodic force is given by a diffusive
pulse that the momentum feels when it returns to the region around the value zero.
The p in the statement of the conjecture should be thought of as the limit in law
of the collision contribution Az .J 5-
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Conjecture 1.2. Take the assumptions of Thm. 1.1, and let F : C([0,T]) — C be
bounded and smooth with respect to the supremum norm. Define the process p; x as

1t
Peai=pe+ VRN (BIT - 5/ dre—%(t_r)B[r)’ (1.4)
0

where p, B, [, and k > 0 are defined as in Thm. 1.1. Then the law of the process
)\%Pj is close to the law of p. x for X < 1 in the sense that

B[F(P)] = B[F(p.)] + O0).

Note that if ps x is replaced by pt.o = p; in the expectation above, then the error can
at best be O(AT).

1.2. Discussion. Theorem 1.1 characterizes the limiting law for the integral func-
tional of the Markov process S; = (X, P;) given by

D= [ drg(s.) o) = (@), (15)

for time scales ¢ oc A~} and normalization factor AT. The underlying law of the
process S; depends on the parameter A through the jump rate kernel 7). Since
the potential V' (x) has period one, it is convenient to view S; as having state space
¥ :=T x R, where T := [0, 1) is identified with the unit torus, rather than R2. The
process S; € X is ergodic to an equilibrium state given by the Maxwell-Boltzmann
distribution
e~ MH(z,p)
NQ)
where H(z,p) := 3p*> + V() and for a normalization constant N(\) € RT. Al-
though the ergodicity is exponential in nature, the rate of ergodicity decays as A
goes to zero, and thus a limit theorem for a normalized version of D+ does not fall

A
under the limit theory for integral functionals of an ergodic Markov process Ko-
morowski et al. (2012). This is also clear from the appropriate scaling factor for

Uoon(z,p) = (1.6)

D£ being A1 rather the \2. Heuristics for this scaling were given in Clark and
Dubois (2011, Sect. 1.2.2), and the smaller exponent for the scaling is driven by
the fact that %(XT) is typically oscillating with high frequency (x A~2) around
zero for most of the time interval [0, £]. These oscillations in 42X (X, ) occur as the
particle revolves around the torus with speed |P,|, which is typically found on the
order A=2. The fluctuations in D, have a chance to accumulate primarily when
|)\%P§| dips down to “small” values, and this suggests that a non-trivial limit law
arising from a rescaled version of D; should be related to the local time at zero for
the limiting law of )\%P%.
As XA — 0 the jump rates approach the form Jy(p,p’) = j(p — p’) for

, 1. 1
J(p) = alple 2 (1.7)

which describe an unbiased random walk in momentum. Thus the process S; be-
haves more like a null-recurrent Markov process for small X\. This idea breaks down
at time scales oc A1 where a first-order contribution to Jx(p,p’) around A = 0
generates the frictional drag to smaller momenta seen in the linear drift term of the
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Langevin equation (1.3) defining p;. The diffusion constant £ € R* in Thm. 1.1 is
formally given by the Green-Kubo expression

av av
I€=2/ dxdp— (x RO (== x,p), 1.8
g RO ) (18)

where R0 = [ dre™ o is the reduced resolvent of the backwards generator Lo
formally acting on differentiable F' € L>°(X) as

Mﬁ%%m=p£f@m%€%@%%ﬂ%m+A@ﬁ@NF@m+M—F@m»

The null-recurrent behavior for the process S; = (Xi, P;) emerging as A\ — 0
at short time scales and the relaxation behavior that takes place on time scales
o A~ are both apparent in the limiting law /xBy,; the diffusion constant x € R*
is defined in terms of the jump rates (1.7) which correspond to an unbiased random
walk, and on the other hand, the local time process [; is defined in terms of the
Ornstein-Uhlenbeck process which has exponential relaxation (in the correct norm)

to the Maxwell-Boltzmann distribution (5 ) 2729

1.2.1. The limiting processes. As before we let [ denote the local time of the
Ornstein-Uhlenbeck process p and B denote a standard Brownian motion inde-
pendent of p. Recall that the local time process [(*) for a point a € R is the a.s.
continuous increasing process formally given by

t
(@) = / dréa (pr).
0

For each realization of the process p over the interval [0, ¢],
time that the path for p spends at a, and thus [, dalga) = t. For the case a = 0, we

neglect the superscript for [(*). The values of [ stay fixed over the time intervals in
which p moves away from the origin, and thus, in a sense, [ makes its increases over
the set of times such that p; = 0, which has Hausdorff dimension % The fractional

[§“> is the density of

diffusion process /kBy, appearing as the A — 0 limit in law of )‘%Di in Thm. 1.1,
has its fluctuations constrained to those times in which [ increases. Clearly, v/kBy is
not Markovian since the amount of time that the process /xB| has held its current
value, i.e., the excursion time of p from zero, is correlated with the amount time
that it is likely to remain fixed at that value. The probability densities p; : R — RT
of \/kBy, satisfy the Volterra-type integro-differential equation

s (B
2(27)2 /0 ¢ (1 _efé(tfr))%

pe(q) = po(q) + : po(q) = do(q). (1.9)

The non-Markovian nature of the processes y/xBy is visible in the convolution form
appearing in (1.9). The master equation above is similar to the master equation for
a Brownian motion with diffusion constant £ € R™ time-changed by an independent
Mittag-Lefler process m(®) of index 0 < a < 1. Note that our limiting processes
do not satisfy any scale invariance because p does not and thus [ does not. Some
further discussion of local time and related material is included in Appx. A.



A limit theorem to a time-fractional diffusion 121

1.2.2. Related literature. The limit theory for integral (or summation) functionals
of Markov processes (respectively, chains) usually splits into several standard cat-
egories depending on whether the limiting procedure is of first- or second-order
and whether the Markov process is positive-recurrent or null-recurrent. Second-
order limit theorems for integral functionals of ergodic Markov processes are well-
understood (for instance Kipnis and Varadhan (1986), and see the book Komorowski
et al. (2012) for a broader discussion of the literature). In the null-recurrent case,
second-order limit theory for integral functionals is discussed in Touati (1987),
in Papanicolaou et al. (1977); Csaki and Salminen (1996) when the Markov pro-
cess is a diffusion, and in Chen (2000) for a Markov chain rather than a process.
The second-order theory is closely related to the limit theory for martingales by
a standard construction (1.10), which seems to have been introduced in Gordin
(1969) in the analogous case of a chain. Limit results for martingales with qua-
dratic variations that are additive functionals of null-recurrent Markov processes
can be found in Touati (1987); Hopfner and Locherbach (2003). This literature
builds on and applies the limit theory for additive functionals of Markov processes
(see, for instance, Chen (1999); Csdki and Csorgd (1995) and for more recent re-
sults Locherbach and Loukianova (2008); Loukianova and Loukianov (2008)), which
began with a paper by Darling and Kac (1957). The monograph Hopfner and
Locherbach (2003) is a particularly useful reference on this subject, which, in ad-
dition to presenting new results, serves some purpose as a review.

The usual recipe for finding a martingale close to an integral functional fot drg(S,)
of a Markov process is given by the following: if S; is a Harris recurrent Markov
process and g is a function defined on its state space such that the reduced resol-
vent R of the backward evolution operating on g is “well-behaved” (e.g. lives in a
suitable L? space), then

N, = (R g)(S,) — (Rg)(S0) + / drg(s,) (1.10)

is a martingale. The difference between fg drg(S,) and M/ is a pair of terms that
are comparatively small in many situations. For our model, it is not clear how
to obtain the necessary bounds on the reduced resolvent (R ) (s) in the limit
A — 0 to exploit (1.10), and we use a variant of this martingale; see Lem. 4.1.
To build a martingale approximating D;, we expand the state space from ¥ to
Y = ¥ x {0,1} using a Nummelin splitting-type construction. The benefit of
viewing the process in the extended state space is that the trajectories for the
process S; can be decomposed into a series of nearly i.i.d. parts corresponding to
time intervals [R,,, Rn+1), where R,, are associated with the return times to an
“atom” identified with the subset ¥ x 1 C . This allows the integral functional
D; to be written as a sum of boundary terms plus a random sum of nearly i.i.d.
random variables.

The approach of this article differs from that suggested in Touati (1987) in that
we use Nummelin splitting techniques for the construction of the martingale M,
approximating the integral functional D;. The former result begins with the mar-
tingale construction (1.10) defined in the original statistics and applies splitting
tools to study the additive functional associated with the predictable quadratic
variation process (]\Zf ). Our technical apparatus relies on inequalities for a gener-
alized resolvent (see Clark and Dubois (2011, Sect. 4) for the application) given
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by
UNg)(s) := EY [ /0 dte~Jo drh(sﬂg(st)]’

where h : ¥ — [0, 1] has compact support (4.2), and the evaluation is for a function
g = g» that is closely related to the form

ga(s) = }Eg’\) {/000 dtte_tz—Z(Xt)} ‘ (1.11)

The function gy(s) captures the averaging of the oscillations for %(Xt) that occur

at high momentum |P;| > 1. The generalized resolvent (U ,EA) g) (s) may appear to
be a more difficult object to work than the reduced resolvent (R 4X)(s), however,
the generalized resolvent is an integral of positive values, and the reduced resolvent
is a seemingly delicate cancellation of quantities with opposite sign. Moreover, the
generalized resolvent can be understood in the A < 1 regime through intuition
about the expected amount of time that a random walker should linger in differ-
ent parts of phase space before returning to a neighborhood of the origin when
beginning from a phase space point s € X.

We briefly discuss the history of these splitting techniques. For Markov chains
a technique for extending the dynamics from a state space ¥ to X x {0,1} in order
to embed an atom was developed independently in Nummelin (1978) and Athreya
and Ney (1978), and this is referred to as Nummelin splitting or merely splitting.
When it comes to the splitting of Markov processes, there are different schemes
offered in Hopfner and Locherbach (2003) and Locherbach and Loukianova (2008).
In Hopfner and Locherbach (2003) the authors construct a sequence of split pro-
cesses which contain marginal processes that are arbitrarily close to the original
process. The construction in Locherbach and Loukianova (2008) involves a larger
state space X x [0, 1] x ¥ although an exact copy of the original process is embedded
as a marginal. The splitting construction that we employed in Clark and Dubois
(2011) and use in the current article is a truncated version of that in Locherbach
and Loukianova (2008) although the split process that we consider is not Markov-
ian because of the truncation. The idea of applying splitting techniques to obtain
limit theorems for integral functionals of null-recurrent Markov processes was in-
troduced in Touati (1987) and has been developed further in other limit theory
in Chen (1999, 2000); Hépfner and Lécherbach (2003).

There are some basic differences that should be emphasized between our model
and models for the results mentioned above. The law for our underlying Markovian
process S; is itself A-dependent. This is not the case for the limit theorems discussed
above in which there is a single fixed Markovian dynamics, and a parameter A only
appears in the length of the time intervals considered and in the scaling factors for
the variables of interest. This is why it is possible for us to get a limit law /kBy,
that has no scale invariance. The limit theorems for integral functionals fot drg(S,)
of null-recurrent Markov processes considered in Touati (1987); Papanicolaou et al.
(1977); Cséki and Salminen (1996) assume that the “velocity function” g exists in
L' with respect to the invariant measure of the process. This effectively means
that the null-recurrent process S; spends most of the time in regions of phase space
where ¢(S;) is “small”. In our case, the function g(z,p) = %X (z) has no explicit

decay as |p| — oo, and we rely on the rapid oscillations of 2% (X,) that occur when
|P.| > 1. The dependence of g(x,p) on only the torus component = € T is thus
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deceptive, and when time-averaging is properly taken into account as in (1.11),
g(z,p) behaves more like a function that decays with order |p|=2 for large [p)|.

Our techniques could be used to prove analogous results for a related model
in Clark and Maes (2011). In that case, the limiting law for a rescaling of the pair
(P, D¢) (momentum and integral of the force) would have the form (y/oB’, /kBy)
for some o, k > 0, where B/, B are independent copies of standard Brownian motion,
and [ is the local time at zero for B'.

1.2.3. Comments on Conjecture 1.2. Conjecture 1.2 characterizes the perturbative
influence for A < 1 on the momentum of the particle when the periodic force is
turned on. The process p; \ formally satisfies the Langevin equation

1
dpry = —gPeadt + dB} + M1 \/k & (p;)dBY, (1.12)

where pox = 0, B’ and p are defined as in (1.3), and B” is a copy of standard
Brownian motion independent of B’. This makes the identification fg dB"éo(p,) =
B,,. Through equation (1.12), p, » has the appearance of what would be a first-
order approximation for A < 1 of a process p; , satisfying the stochastic differential
equation )

1 1
dpi\ = —5332,,\6115 + dB} + ATk & (pi)dBY.

However, this equation can not be made sensible.

1.3. Organization of the article. Section 2 contains the proof of Thm. 2.1, which
effectively makes the connection between the normalized momentum process A2 P
and the local time [ appearing in the limiting law for )‘iDi' Section 3 contains
a formulation of the “martingale problem” that determines the uniqueness of the
limiting law (p, \/EB[) in the proof of Thm. 1.1. Section 4 outlines the construction
of a version of the process S; = (X¢, P;) in an enlarged state space. The proof of
Thm. 1.1 is in Sect. 5. Finally, the proofs for a few lemmas are postponed to Sect. 6,
and Appx. A contains some discussion of the limit process B;. We will make the
assumptions of Thm. 1.1 throughout the text.

2. Convergence of a local time quantity

In this section we work to prove Thm. 2.1 below. In the statement of the theorem,
the process L; is defined as

t
L, := U_l/ drx(H(ST) < l),
0

where [ := 1+2sup, V(z) and U € RT is the Lebesgue measure of the set {H(s) <
[} C 3. The process L; is important because it is close on the relevant scale to the
bracket process <M )+ of a martingale M, approximating the cumulative drift Dy;
see Lem. 4.1 for the definition of ]\7[t.

Theorem 2.1. Let p; be the Ornstein-Uhlenbeck process and l; be its local time at
zero. As A — 0 there is convergence in law

(AP ML) =5 (p, 1), te 0,7,
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where the convergence is with respect to the uniform metric. Moreover, for any
teRT

supEM[A2L.] < oo and limEM[AZL.] =E[1].
A<l A—0

>
>

We begin by making some remarks on the local time process [. Appendix A
contains more information although without proofs. Define B, = fg drsgun(p,)dB..,
where B’ is the Brownian motion driving the Langevin equation (1.3) and sgn :
R — {#1} is the sign function. The Tanaka-Meyer formula yields the local time at
zero for p as

- 1 [t
[t:|pt|_|p0|_Bt+§/ dr|p.|. (2.1)
0

The above relation follows from the formal definition [, = fot drdo(p,) and a formal
application of the Ito formula for the function |-| of the process p that has differential
dp; = —ipedt + dBj. In (2.1) [is the positive part of the drift for the diffusion
process .

Theorem 2.1 states that a rescaling of the process L; converges in law to the
local time [;. Since h(x,p) is compactly supported, it is not surprising that this
quantity would be related to the local time when considered on the appropriate
scale: )\%L§, A < 1. The strategy in the proof resembles Clark (2013, Thm. 3.1)
in which information related to the limiting behavior for the momentum process
P; is found through a study of the semimartingaleldecomposition of the square
root energy process Qq := (2H;)? = (P? +2V(X;))?. Since the potential V(z) is
bounded, we have that A2 |P§ | ~ A2 Q%' The advantage of working with a function
of the Hamiltonian is that there is no drift between collisions. Let the processes
M;, A/, and —A; be respectively the martingale, predictable increasing, and
predictable decreasing parts in the semimartingale decomposition of the process Q;.
The processes AtjE and the predictable quadratic variation (M); of the martingale
M; have the forms

Af = /t drA; (S,) and (M), = /t drVa(S,), (2.2)
0 0

where Af, VY : 2 — R are defined below.

Also, since L; is difficult to work with directly, our strategy is to approximate it
by A; . Notice that we can rewrite the components in the semimartingale decom-
position as

AF=Q;,—Qo—M;+A; (2.3)

in analogy with the Tanaka-Meyer formula (2.1). We approach the term Az A%
A
through a study of the joint convergence of the terms

_ 1 [t
MQy Sl MM S B AA S [l
2 0
Readers accustomed to the limit theory in Jacod and Shiryaev’s book (1987)
may find the appearance of the uniform metric rather than the Skorokhod metric
in the statement of Thm. 2.1 unusual. There is a result for the weak convergence of
martingales with respect to the uniform metric in Pollard (1984, Thm. VIII.2.13).

This limit theorem for martingales has a role in proving the convergence in law of
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)\%P% with respect to the uniform metric of Clark and Dubois (2011, Thm. 1.3).

Although )\%L§ and equivalently )\%Air may seem to be converging to a “singular”
A

limit that would be awkward to treat with the uniform metric, the process )\%Air

can be viewed through (2.3) as a sum of terms that are more clearly treatable ii\l
the uniform metric.

The next lemma gives a limiting procedure in which the trajectories for [ and B
in the Tanaka-Meyer formula (2.1) are determined by the trajectories for |p|.

Lemma 2.2. Let p; be the Ornstein-Uhlenbeck process. As € — 0 the local time at
zero | satisfies

1 ¢ _lprl
E[ sup ’[t - — dre” "«
0<t<T 2e Jo

Also, the Brownian motion By in the Tanaka-Meyer formula (2.1) satisfies

- 11 Lol 1 [t lpr |
E[ sup [By — lpil + po| — e “/drlprl(l—e* - )+_/d”f ’
0<t<T 2 Jo 2¢ Jo

} -
O(e?).

Before proceeding to the proof of Thm. 2.1, we must recall some notation
from Clark and Dubois (2011). For n € R define the functions Ay, Vy ,, :TxR — R
as

Nf=
M

Ax(z.p) == / dp' (24 H(z,p')* — 22 H(z,p) ) (0, 1),

V(2 p) :=/dp'\2%H(w,p')% — 23 H(z,p)? [*" Ta(p, 1)
R

The function Vy := V) ; is related to the predictable quadratic variation of the mar-
tingale M through (2.2). We also denote the escape rates by Ex(p) := [, dp' T (p, p').
We define A3 (s) = max(4+.A,(s),0) to be the positive and negative parts of Aj.
Proposition 2.3 contains some useful inequalities regarding the functions Af\t, Van,
and we do not include the proof, which is based on elementary inequalities and
calculus.

Proposition 2.3. There are constants ¢, C, C,, > 0 such that for A < 1 the follow-
ing inequalities hold:
(1) For all (z,p) € X, Van(z,p)
(2) For all (z,p) € B, Al (z,p)
(8) For \=% <|p| < A°%,

Crn (1 + Alp|)?+1.
C

<
S 1+p2 .

_ 1 5 1
A (x,p)—§/\|p|‘ < ONi|p| and ‘V)\(I,p)—l‘ < O)NE.

(4) For|p| <A1, A (z,p) < CAlpl.
(5) For all (z,p) € X, ‘%&’5) + %IP;\I <C.
(6) For all p € R, Ex(p) < gy (1 + CAlpl) and Alp| < CEX(p).

(7) As X — 0, we have [, dsAJ(s) =1+ O(\2).

Lemmas 2.4 and 2.5 below characterize the typical energy behavior over the
time interval [0, %] for A < 1. In particular, Lem. 2.4 states that the energy
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H(Xy,P)) = $P? + V(X;) := H; does not typically go above the scale A™!, and
Lem. 2.5 states that the energy typically does not spend much time smaller than
A7¢ for any 0 < p < 1. The proof for Lem. 2.5 is contained in Sect. 6 and Lem. 2.4
is from Clark and Dubois (2011, Lem. 3.2).

Lemma 2.4. For any n € N, there exists a C > 0 such that

s %] <o)

T
0<r<T

n
2

forall T >0 and X\ < 1.

Lemma 2.5. Define Ty = )\fot drx(H, < eA79) for 0 < o < 1. For any fized
T > 0, there is a C > 0 such that for small enough A and all € € [\, 1],

EMN[Tz] < Cei AT
A

The following lemma is reminiscent of ratio limit theorems for additive func-
tionals of null-recurrent Markov processes since L; and A; are time integrals of
S, evaluating the velocity functions U1y (H(s) <) and AT (s), respectively. To
support this intuition, recall that the invariant measure for the Markov process .S,
“approaches” Lebesgue measure on ¥ for small A € RT and observe that

U‘l/zdsX(H(s) gl):1=/zdsAj(s)+0(A%),

where the second equality is by Part (7) of Prop. 2.3. The proof of Lem. 2.6 is
placed in Sect. 6.

Lemma 2.6. As A — 0,
EO[ sup (A —ataz]] = o).
0<t<T A x

Moreover, there is a C' > 0 such that for A <1,
EM[A\:Lz] < C.
A

Proof of Thm. 2.1: By Clark and Dubois (2011, Thm. 1.3) the process /\%Pi con-
verges in law to the Ornstein-Uhlenbeck process p with respect to the uniform
metric. As a consequence of the limiting scheme in Lem. 2.2, the trajectories for
the first component of the limiting pair (p,[) determine the trajectories of the sec-
ond component through the absolute value |p|. It is sufficient for us to show that
(l)‘%Pi l, )‘%Li) converges in law to the pair (|p|,[). Our approach will be to ap-
proximate the pair (|)\%P§|, /\%L%) by the pair ()\%Q%, AzAT) in Part (i) below,
and then to apply an argument based on the Taunauka—Meyerk formula to analyze
(A%Q%, A2 AT) in Part (ii). All convergences in law in this proof are with respect
to the uniform metric.

(i). Showing that |)\%P£| is close to )\%Q§ is easy since

|(p*+2V (2)) P p|| < (2sup V(ZC))% and thus |)\%Q§ Az | P: | < Az (2sup V(:v))%.
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By Lem. 2.6, )‘%Li can be approximated by )\%A"_; for small A\, and the expectation
EM [/\%LQ is uniformly bounded for A < 1. A consequence of Part (ii) will be

that )‘%Li converges in law to [ as A — 0. This implies convergence of the first
moment.

(ii). The process A2 | P. | converges in law to [p| because |- | is a continuous map on
functions in L*°([0, T]) with respect to the supremum norm and /\%Pi converges
in law to p by Clark and Dubois (2011, Thm. 1.3). With Part (i) it follows that
)‘%Qi converges in law to [p|. Our main work is to incorporate the component
)\%A; for the convergence in law of the pair ()\%Qj, )\%A;).

For the process A;", we may write
AF=Q;, —Qo—M;+A;. (2.4)

Now, we will begin the analysis of )\%Ai through a study of the terms on the right
A
side of the above equation. By our assumptions on the initial distribution p for

(Xo, Po), the random variable Az Qo converges to zero in probability. We will show
that there is convergence in law

- 1 [t
YV = (AQg, AMy, aPAT) 2 (In), By, 5/ drlpe] ). (25)

0
where B is the copy of Brownian motion in the Tanaka-Meyer formula (2.1). With
the identities (2.1) and (2.4), the above convergence implies that ()\%QT,)\%A;)
converges in law to (|p[, ). To prove the convergence (2.5), we will first show that
)\%Az can be approximated by %fot dr)\%Qg; see (I) below. It is then enough to

A

show functional convergence of the pair ()\% Q;, )‘%Mi) because the map sending
q € L>([0,T]) to the element % [, drg, € L>([0,T]) is continuous with respect
to the supremum norm. A similar idea applies in the proof of the convergence

in law of (/\%Q'x’ /\%Mi)' It is clear from the statement of Lem. 2.2 that the
trajectories for |p| determine the trajectories for B, and the same relation emerges
between )\%Qj and )\%Mj in the limit A — 0. The main idea of the proof is to
reduce everything to the functional convergence of /\%Qj to the absolute value of
the Ornstein-Uhlenbeck process |p|, which we know to occur by the observation
following (ii) above.

The analysis below will be split into the proof of statements (I)-(III) below. The
proofs of (IT) and (IIT) work toward the convergence of the pair (/\%Qj, )\%Mj).

(I). There is a C' > 0 such that for all A < 1,

1 t
E(A)[ sup ’A%A:——/ A Q-
0<t<T > 2 2

| <eat.
(II). The martingales m§f2 defined as

X 1yl
myY = A%/ dM, (1 — e~ A Q)
0
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are close to )\%M§ for small A and ¢ in the sense that

=
—~
N
D
=

EN[ sup }/\ M. —mt )| | < C(max(e, \))
0<t<T

for some C and all \;e < 1.
(III). For each fixed € € R, there is convergence in law as A — 0

(\Qe, mY) = (Ipe]. myo),

for my . := fot dB, (1—e o ).

The max(e, \) on the right side of the inequality (2.6) can be replaced with € by
having a slightly more refined version of Lem. 2.5, which we do not require here.
By combining the results (IT) and (IIT) with Lem. 2.2, which gives the convergence
as e — 0 of (p,m..) to (p, B) in the norm || - ||s = E[supy<i<7 |- ], then a standard
argument, which we sketch below, shows that ()‘%Qi’ )‘%Mi) converges in law to

(p, B) These statements can be summarized by the marked arrows in the diagram
below

A2Qe, mlY) = (jpi), my)

ll”s l””ﬁ 9
(A2Qg, A2My) = (lpe), By)

where the convergence on the right side of the diagram is by Lem. 2.2, the top of the
diagram is by (IIT), and the convergence on the left side of the diagram is from (IT)
and requires both € and A to be small. Let us sketch the proof of the convergence in
law at the bottom line of the diagram. By Pollard (1984, Cor. IV.2.9) it is enough
to show the convergence as A — 0 of

|EX[F( /\2Q AEM. )] - EM [F(Jp|, B)]| (2.7)

to zero for functionals F' : L*([0,T],R?) — R that are bounded and uniformly
continuous with respect to the supremum norm. By the triangle inequality, (2.7)
is smaller than

[EM[FOEQ,, MM )] - EM[FAFQ,, m)]|
HEN[FOEQ,, mW)] — EM [F(lp|, m. )|
+EN[F(p|, m. )] = EXV [F([p], B)]|.

Since F' is bounded and uniformly continuous, we can choose € V A and € to make
both the first and third terms small by (III) and Lem. 2.2, respectively. We can
then choose A € (0, €] to make the second term arbitrarily small by the convergence

(IT).
Next, we prove statements (I)-(IIT). The definition of constants C,,C/ > 0,
n € N will reset in different parts of the analysis.
(I). By the remark (ii), it is sufficient to bound the difference between A2 A7 and
A
%fg dr|)\%P§| for small A. Conditioned on the event that supy, |P,| < A™1 for
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r € [0,%], then

1 t
AZAT — _/ dr|\s Px |

A

T
< A%cﬁ/ drx(|Pg| < A7F)
0

T
1 _3y =1 4 1
+ Az ‘/0 d?‘X(|P§| > A 8) ’)\ lAA (X&,Pg) - §|P£|
< O1TAS + CoTAT sup |y,
0<r<ZI
where C := %—!—sup _3 )\*%A; (x,p), and C1 is finite by Part (4) of Prop. 2.3.

lp|<A™s
The Cy > 0 in the second inequality is from Part (3) of Prop. 2.3.
The above implies the first inequality below:

}

1 t
EW [X( sup |P| <A71) sup ’/\%AZ——/ dr|/\%P§|
0<r<Z 0<t<T X2 )

< CITAS + CoATEV [ sup | B]

T
0<r<Z

< O\TAR + Co2 3 TATEN [ sup Q,] < CITAS 4 C4TAT,

T
0<r<T

where the second and third inequalities follow from P? < Q2 = 2H, and by
Lem. 2.4, respectively. Moreover, for the event sup,, <z |P,| > A~ %, then

}

<PV sup |Pr|>A%F]EWH/TM(IA%PﬂJf/\%“‘K(XK’PK))‘Q}é
0

T
0<r<T

1 t
A%A:__/ dr|\? Px |
X2 ) A

EM [X( sup |PT|>/\7%) sup
0<r<Z 0<t<T

1 i 1
gc{A%T%EWK sup A%|PT|)2}21E<”{ sup (A%+A%IPTI+A%IPTIQ)2}2

T T
0<r<T 0<r<T

The first inequality is Cauchy-Schwarz, and the second is Chebyshev’s for the first
term. For the second term in the second inequality, Parts (5) and (6) of Prop. 2.3
imply that there are Cy,C > 0 such that

| + A5 (2,p) < [p| + 4A|p|Ex(p) + C1€x(p) < CL(1 + |p| + N?|p|?).

The expectations on the third line above are finite by Lem. 2.4 since |P,| < (2H,.)®.
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(II).  The difference between )\%M% and m§f2 can be bounded by

}

SP(A){ sup |pr|>)\%}é]E(A)H/Tdr(M%PgI+/\%A§(X§7P§))ﬁé
0

T
0<r<T

1 t
E(A)[X( sup || > A1) sup ‘,\%Az——/ dr|\z Px |
A 5

0<r<Z 0<t<T

1 ~ 1
gc{A%T%EWK sup A%|PT|)2]21E<”{ sup (A%+A%IPTI+A%IPTIQ)2F

0<r<Z 0<r<Z
= O(A7).

The first inequality is Doob’s, and the second equality uses that (M), = V\(Sy).
For € € [\, 1] the right side is smaller than

z 1
EX [A / drva(S.)e > e ]
0

1

3 1 1
SCEV[Tr]+T sup  Va(z,ple 5 ATHZGD)
lpl>e2 A" 2
_ 1
< C,EW [Tg} +CoT  sup (14 A|p|)e A2 p|

1 1
Ipl>c2 A3

< Of (max(e, )\))% +20yTe™ 2 P O(max(e%,)\%))7

where Cy := supyq supjp<x-1 Va(z,p) and Ty = )\fg drx(H, < eX™1). The value
(1 is finite by Part (1) of Prop. 2.3. The second inequality uses Part (1) of Prop. 2.3
again and that |p| < 22 Hz (x,p) in the exponent. The € in the third inequality is
from Lem. 2.5.

(IIT).  We will show that m§f2 becomes close in the norm || - ||s to F; (A%Qi) as
A — 0 for a function F : L>([0,T]) — L*(]0,T]) that is continuous with respect
to the supremum norm. The convergence in law of the pair (/\% Q§, Ft()\%Qi)) is

then determined be the convergence of the first component.
For ¢ € L>([0,T]) we define Fi(q) as

_ 1 [t _ 1/t _
Fi(q) == q; +ee € Rt —/ drg-(1—e™¢ 1‘17‘) - —/ dre=c ', (2.8)
2 0 2€ 0

F : L°°([0,T]) is Lipschitz continuous with respect the supremum norm for a con-
stant that scales as oc € ! for small e. Let mgi)’/ = Ft()\%Qi). Notice that since
po=0

Ipel

_ I _ Lpsl b lpel
Fupl) = lpul + e 5 [aripo (1= e ) - o [ e
0

t
= / d]:’:r(l — e_‘p:‘) =my,,
0

where the second equality is from dB; = d|p,| + 3|p¢|dt — dly, the chain rule, and
that (d|p;|)? = dt. By (i) and the convergence in law of )\%P£ to p; by Clark and
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Dubois (2011, Thm. 1.3), there is convergence in law as A — 0,

()\QQt mte ) 2 (|pt|7mt,e)-

The remainder of the proof will focus on showing that the difference between mgi)

(M)

and m,’" converges to zero in the norm || - ||s as A — 0. More precisely, we show

that ||m,(e - mt? Ils is O(A®) for small A.

By substituting dM,. = dQ,. — dA;} + dA,, the martingale mE:\E) can be written
as

m(Y = A3 /OX (dQ, — dAF +dA;) (1 - e M),

It is sufficient to show that as A — 0,
t

L B + —eilk%Q —
— Az dA}(1—e ) —0, (2.9)
0

iyl 1 /[t L)l
A%/ dA; (1 e uer,)_i/ drA Q- (1— e M%) 0, (210
0 0

2.11
1 7671>\%Qt 1 K 7671>\%Q7‘ ( )
—)\2Q§—ee X—i—— dre X — 0,
A) A),/
since the expressions sum up to m( mg -

Since dA} = dt A (X;, P;) the Value (2.9) is bounded by

E(A)[ sup ‘)\% /X dA (1 - eiéflA%QT*)H
0

0<t<T

z 1
— ASE™ [/A dr AL (X,, P) (1 - e*f“”Qr)}

! (A —eIA2Q,
< CA*E / T |P e )]
< CeATFEW [Ty ] + 0 'EV [T ] + CTAT = O(A%),

where T} := /\fot dry(H, < A\%) and T} := /\fo dry(H, < A\~%). The first
inequality is from Part (2) of Prop. 2.3. The second inequality splits the trajectory
into parts in which H, < )\7%, AF < H, < /\’%, and \"1 < H,; uses that
1 —e® < afor a > 0; and uses that |P.|> > H, for H. > 1. By Lem. 2.5,
EM [T’%} = O(AT6) and EW [T’é] = O(A%). For the convergence (2.10), dA; =
dtAy (X, P;) and

kA 14,1
)\%/deT_(l—e_(l’\%Qr*)—)\% /er (1—e " A79%)

E™ [ sup
0

0<t<T

}

t
gJE“’[ sup / dr|/\_%A;(X§,P§)—1)‘%Q§”'

0<t<T Jo 2
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By adding and subtracting %/\%|P§| in the integrand and applying the triangle
inequality, we are left with the terms

_1 _ 1 1 1 1 1 1
NHAS (X5, Pg) — 523 |Pg]| and ’5/\2|P§|—§/\2Q§

which are bounded by the analysis in Part (IT) and at the beginning of Part (i),
respectively.

The convergence (2.11) requires more work. The terms A2 fé dQ, and )\%Q% -

]

(2.12)

)\%QO are equal, and /\%QO is small, so we must bound

t t
1,3 ~ 1 1 ~ _1yio.
ce "% —i—)\?/ dQ,e” ¢ ArQ.- ——/ dre” ¢ 9%
0 0

B {
sup 2¢

0<t<T

The difference would be zero by the Ito chain rule if /\%Q§ were replaced by |p.|,
and the norm of the difference is essentially a measure of how close the chain rule
is to holding. We start with a Taylor expansion around each collision time ¢,,. Let

_1nd
— A . .
AQ, :=Q, — Q,—, then ce * "9 can be written as
_E*IA%QL _E—IX%QO
€e X —e€e
N
_ez (eiéilAEQt e_{l}‘th*)
n=1
Ni Ni
__/\% iAQ eféflA%Qt, + 2 A Z>\ (AQ )2 —€ 1)\2Q,
- tn 26 tn
n=1 n=1
A Ny AQ: oy )
" 2 —e 'A2(Q _+w
~ 52 Z/o dw(AQ., —w) e tn
=1
% A [ 1
11
0

where N; is the number of collisions up to time ¢, and R, denotes the third term
between the two equalities. By the triangle inequality, the expectation (2.12) is
smaller than

o [ - @y e

e+ EW [ sup ‘RA757t|] +EW [ sup .
(2.13)

T T
0<t< T 0<t< T

_ 1
where ¢ € Rt bounds EW) [56*6 A2 Qo]_
To bound the remainder term R (¢ in (2.13), we may write

[i aQ, '] - Em[/o drvy 3 (X%, )|

A2 A3
< N
<cigzEY| [

b
N Wl

EV] sup [Raeel] <

0<t<ZL

>N

dr(1 + AQT)‘*] < G55 = (M),
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where the first inequality is by Part (1) of Prop. 2.3, and the C| > 0 in the second
inequality exists by bounding the moments of Q, = (2HT)% over 0 <r < % using
Lem. 2.4.

By adding and subtracting fot drV\(X,, P.) in the expression for the last term
in (2.13) and using the triangle inequality,

A /Ot (dr — (dQ. ) M || <EV [ /fdr‘l il

EM [ sup
€ €

T
0<t<T

+EW [ sup

T
0<t<T

A /Ot (drva(X,, Pr) — (dQT)Q)eieil)\%QF H

€

The first term on the right side is smaller than
T 1
T 1 1
EX [i/ dr[1 = VA(X,, B)|| <C1-EV[TY] yoRAd
2¢e Jo € x €
T
A By :
+ C3ZEW [/ dry(Qr > A1) (1 + AQT)?’]
€ 0
(2.14)

for some Cy,C,C3 > 0, where T} = )\fot drx(Qr < /\_%), and the three terms
on the right correspond to the parts of the trajectory such that Q, < /\’%, A8 <
Q, <A1, and A1 < Q,. For the first and third terms on the right side of (2.14),
we have applied Part (1) of Prop. 2.3. For the second term, we applied Part (3) of
Prop. 2.3. The first term is O(A%) by Lem. 2.5. For the last term on the right side
of (2.14), we can apply Cauchy-Schwarz and an analogous argument to that at the
end of Part (I).

Moreover, the expression fg (drVa(Xy, Pr)—(dQ;)?) 6_671’\%‘97‘* is a martingale
with predictable quadratic variation

t i1
/ drVyo(X,, P)e 2 A2Qr,
0

Hence, by Doob’s maximal inequality,

A A 2 “1z3 ok
K >[ sup —/ (drVa(X,, P) — (dQ,)%) e Qr’ }
o<t<T 14€ Jo
T
A % o1t
< ZEW [/k drVx o (X, Pr)e” > l“QT} ’
€ 0

T 1
A X b Tl
< C1ZEW [/ dr(1 + AQTﬂ oot
€ 0 €
The second inequality holds for some C; > 0 by Part (1) of Prop. 2.3 and |p| <
2:Hz2 (x,p). Lem. 2.4 yields the third inequality for some C{ > 0.

0

3. The martingale problem

In the lemma below, we consider the class of process pairs (p, m) € R? such that
the first component is an Ornstein-Uhlenbeck process and the second component is
a continuous martingale. With the additional criterion that (m) is the local time of
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the process p at zero, Lem. 3.1 states that the law for the pair (p, m) is determined
uniquely as (p, By), where B is a standard Brownian motion independent of p. For
the process inverse s of [, we can immediately observe that the process B, := mq, is
a Brown motion since it is a continuous martingale with quadratic variation ¢. Thus
the question concerns the independence of B from p. Lemma 3.1 is a formulation
of the martingale problem in the sense of Jacod and Shiryaev (1987). For example,
a standard Brownian motion is the unique continuous martingale m satisfying that
m? —¢ is a martingale. Our criterion could be formulated analogously by demanding
that
m? — [t

is a martingale. The proof of the lemma makes use of the fact that [ almost surely
makes all of its movement on a set of times having measure zero. If we only needed
to show that ([, m) with the condition above necessarily has the law of (I, By) for
B independent of [, then we could apply the argument in Hopfner and Locherbach
(2003, Thm. 4.21) since [ is the process inverse of the one-sided Levy process s.
However, p contains information that [ does not, so there is the logical possibility
that p and B are still dependent.

Lemma 3.1. Consider a process (p,m) € R? and let F; be the filtration generated by
it. Let p be a copy of the Ornstein- Uhlenbeck process satisfying the Markov property
with respect to Fy and [ be the local time of p at zero. Moreover, let m be continuous,
a martingale with respect to Fy, and have predictable quadratic variation satisfying
(m) = . 1t follows that (p,m) is equal in law to (p,B), where B is a standard
Brownian motion independent of p.

Proof: By definition the process p satisfies the Langevin equation dp; = —%ptdt +
dB; for a standard Brownian motion B’. Since p satisfies the Markov property with
respect Fy, the Brownian motion B’ must also. We denote the right-continuous
process inverse of [ by s. The time-changed martingale B, = m,, is continuous and
has quadratic variation (B); = ¢ and is thus a copy of Brownian motion. We will
construct a family of processes p(¢) such that

(T). p(© is independent of B for each € > 0.

(II). As e — 0, E[supy<icp |p§6) —pe|] = O(e2 %) for any & > 0.

The above statements imply that the processes B and p are independent. Since
[ is the process inverse of 5, m; = By,. Thus (I) and (II) imply the result.

(I). First, we give definitions that are prerequisite to defining p(9). If |po| < € let
the stopping times ¢,,s, be defined such that ¢y = ¢} = ¢ = 0 and

. 1 .
S =min{r € (su-1,00)[[p| < 5}, o =min{r € (;,00) [[p,| = €}

Also let ny be the number of ¢, up to time ¢. If |pg| > € then we use the same
recursive definition with ¢g = ¢y = 0. The intervals [¢},,<,), 7 > 0 and [y, <) 41),
n > 1 will be referred to as the incursions and excursions, respectively. Let 7+ be
the hitting time that

n,, —

1
t =Tt —Sn,, + Z Spa1 — Sn-
n=0

In other terms, 7 is the first time that the total excursion time sums up to t.
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Define another copy of Brownian motion B(¢)
n., — 1

B’ =B, -B, + Y B, -B
n=0

Sn '’

Define p(©) and p(©) to be the solutions of the Langevin equations

€ 1 € €
bl =~ L0t + aBP,

= (e 0o (e
dp,g ) =x(t € UpZolsns sha]) (— §p§ Vdt + dB}),

with p((f) = ]3(()5) = po. We will use the process p{¢) as an intermediary between p(€)
and p in (II).

We claim that our construction makes the Brownian motion B(®) independent
of B and thus p(® is also independent of B. Construct the stopping time ; and
the martingale m(®) such that

Ny, —1 ny,—1
/ ! €
t=r"— Sn,, + E Sn — ¢, and mg ) = my, — mc,’,% + E me, — Mg/ .
n=1 n=1

Analogously to 7, the above means that 7; is the first time that the duration of
all the incursions sums up to t. The martingale m(®) is a time-change of m with
m,, = mf) in which a portion of the pauses during which (m) = [ remains constant
have been cut out. Since only pauses have been cut out, o(m()) contains all of
the information regarding B. However, the o-algebras o(B(9)) and o(m(®)) are
independent. This follows since o(B(®)) has no information about the incursions—

including their durations, and vice versa for o(m(®)).

(IT). By the triangle inequality,

E[ sup [pf —pe|| <E| sup [pf? — 57| +E| sup [i)—pe|].  (3.1)
0<t<T 0<t<T 0<t<T

We bound the first and second terms on the right side of (3.1) in (i) and (ii) below.
First we show that E[rr — T| = O(e), which is used in both parts. A Riemann
over-sum using that 4n > 2(n + 1) for n > 1 gives the first inequality below.

E[ry — T] <E[rr A (2T) — T] + 4TiP[TT > onT]
SE[TT A (27) —T] +4Ti (sug ]P’q[TT > 2T]>”

Po[rr > 2T
1—-1Py [TT > QT}

In order for the event 7 > 2nT to occur, the random walker must fail to accumulate
a duration T of excursion time over n disjoint intervals of length 27". Thus ]P’[TT >

=E[rp A (2T) = T] +4T = 0(e). (3.2)

2nT} < (supqe]R P, [TT > 2TD”, as we have used in the second inequality. The

equality in (3.2) follows by summing the geometric series and since P, [TT > QT} is
maximized for ¢ = 0. The starting point ¢ = 0 maximizes the probability that 7p
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is large (e.g. > 2T') because the process must travel the furthest to attain a value
|p¢| > € in which the excursion clock may begin to run.

To show the order equality (3.2), we show that Po[rp > 27| and E[rp A(2T)—T]
are O(e). We first note that

2T
Po[rr > 2T < JPO[/O drx(lp.] < €) > T}

1 2T 2T e 2%
< ZE drx(|p,| < €)| = dt = 0(e),
- T O[A TX(hJ | E / / 66] 27th 0(6)

where w; = 1 — e~ 2!, The first inequality uses that the event 7 > 2T implies

the event f02T drx(p-| < €) > T since the incursions have |p,| < e. The second

q

inequality is Chebyshev’s, and the first equality uses that the density < is the

(27rwt) 3
explicit solution to Ornstein-Uhlenbeck forward equation, i.e., Kramer’s equation,

starting from zero. The other term is similar:

E[rr A (2T) - T] < ]E{/;T il < 6)}

q2

2T 2T -
< IEO{/ drx(ps| <€) / dt/ — = O(e).
0 [—e€,€] 277Wt)

(i). Notice that p(®) is a stochastic time-change of p(¢) with pge) = ;35? Thus the
first term on the right side of (3.1) is smaller than

B[ sup [p? —p(|| <E[ sup [ni?, — (7]
0<t<T 0<r<rp—T
0<t<T

-k {E[Ogo%gﬁ 0%, — | |7r - 7] = [5TT_T(U)E[8§;§% el

§E[(1—e 3 (tr— T)) sup |p§€)‘]

0<t<tr
t+r )
+ E[&TT—T(’U)E{ sup / dBL(ge)efg(tJrT,S)

0<r<v
0<t<T

H (3.3)

The second equality follows from the independence of the process p(© and the
difference 7 — T'. For the last inequality, we have used the triangle inequality with
the explicit form in the first equality below:

t+r
€ 1 € €) —L(r+t—s
Pl — b = (73— pi + / dB{)em 3017
t

1 € € € 1 s € —L(r4t—s
= (6 )pg ) 1§+)r - Bz(ﬁ ) - 5\/; dS(BI(H-s B( )) 2 (r )
(3.4)
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The second equality is Ito’s product rule. Note that for m > 1

t+v 2m 2m
E[ sup / nge)efé(t”*S) } §2mIE{ sup Bgi)v — Bgé) }
0<v<r 0<v<r
com(_2M_\2mpllnE g
= (2m—1) ]EHBW_Bt }
4m 2m

<m/! m :
<m (2m — 1) r (3.5)

The first inequality comes from rewriting [, 0 aBO e 379 a5 in (3.4), apply-

ing the triangle inequality, and using that [, " dse=2(tHr=5) < 2. The second
inequality is Doob’s, and the last is a computation of the Gaussian moment.

For the first term on the right side of (3.3), we have the following routine in-
equalities using that E[rp — T'] < Ce for some C > 0:

E[(l—e 3(rr— T)) sup ‘p()” <E[(1—e*%(” T))} E[ sup ‘pt ”%

0<t<rrpr

<E[(rr —T)A1] %E{ sup ‘pte)ﬂ :

0<t<rrpr

t 2441

+C€%E[ sup /ngf)e_%(t_T) }2
0<t<TT 0

< CHE[|po[’]? + Ce32E[rr]? = O(e3).

< CeAEJpo[])?

The last inequality follows from the independence of 7 and the Brownian motion
B() and (3.5).

Now we bound the second term on the right side of (3.3). We have the following
relations for m > 1:

IE{ sup / dBSr)Se_%(T_S)} sup ‘/ B(e)e 3 (ztr— S)}
0<r<v 0 0<r<v
o<t<T O<z+r<T+v

< 2IE{ sup sup
0<n<|THu)Osrsv

/Wrr dB(E L(nvtr—s) }

v

LijJ nv-+r 2m =
S 2]E|: Z SU.p / ngE)efé(nvﬁ’TfS) :| 2m
n—0 0<r<v nv
1
T 4ol - 2m1 2k
= 2{ +UJ IE[ sup / nge)efé(’us) }2
v 0<r<v 0

2m —1 v

1
2m
< 2(m) s " {TJFUJ o2

1 1 m—1
< 8m?2|T 4 v|7m |v]| 27 .

The second inequality is (sup,, a,)*™ < Y, a2™ followed by Jensen’s inequality, the
second equality is from the stationarity of the increments for B(¢), and the third
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inequality is from (3.5). With the above

t+r
/ nge)e—%(t-i-r—s)
t

] < 8miE[irrl=a jrr — 715

.

1 m—+1 m—1

8mAE[r 1] *" E[rp — T] "
O(e e ,

E[6r,-1(v)E| sup
0<r<v
0<t<T

IN

where the second inequality is Holder’s. The value m can be picked large enough
to make the power of € > 0 arbitrarily close to %

(ii).  Notice that p and p(¢) satisfy the equations

t
Pt :e_%tpo—i-/ dB;e_%(t_T) (3.6)
0

t 1 [t
Py =e"¥'pg + / e / drplDe 301 —xD), (3.7)
0

where Xie) x(r € U [sn, §7/1+1])' The Ito product rule for the martingale
f dB!, (1— 5 ) gives

t t t r
/dB’r(l—x?))efé(H):/ dB'r(l—xie))—l/d’“f%(t*”/ dB (1 - x\).
0 0 2 0 0

(3.8)

Similarly to (3.5),

t 2
E[ sup ’/ dB’T(l—ng))e*%(t*T) } < 4E sup ’/ dB;(1 (e )’ ]
o<t<T I Jo 0<t<T

< 16]EH/T dB (1 _Xf))ﬁ . 16]E[/ dt(1 —xff))}

< 161E[/Tdtx(|pt| <e)} < 16E0[/ ax(lprl <€)

0
/ dt/ 0. (3.9)
55] 27T(.()t

The first inequality is from (3.8) with the triangle inequality, and the second in-
equality is Doob’s. The fourth inequality uses that the initial value py = 0 will
maximize the expectation of the quantity fOT dix:(Jpe| < e).
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Using (3.6) and (3.7) with the triangle inequality, we have the first inequality
below:

E[ sup [pf” bl

o<t<T
sup \/ B+ (1 - x|

L,
+E[ g, | [ w0010

< 0(6%)+1E[O?£T|p | F K/OTdt(l—xie)))Q]%

< 0(cH) + THE| sup [pr’ ]IE[/OTdt(l )=o) e

The second inequality uses (3.9) for the first term and Holder’s equality twice for

the second term. The second inequality follows from the fact that ﬁ&i) has the same
law as p; and 7 > t. In other words, p has the same law as a sped-up version of

p(©). Finally, E[IOT dt(1— Xf))} = O(e) by (3.9).
(]

4. Nummelin splitting

We will now summarize the particular splitting structure defined in Clark and
Dubois (2011, Sect. 2), which extends the state space of the process. This con-
struction is contained in the first two components of the split process introduced
in Locherbach and Loukianova (2008). The resulting process behaves nearly as
though the state space contains a recurrent atom. This has the advantage that the
life cycles between returns to the “atom” are nearly uncorrelated. To do this we
first introduce a resolvent chain embedded in the original process. We then split
the chain using the standard technique Athreya and Ney (1978); Nummelin (1978),
and we extend the resolvent chain to a non-Markovian process that contains an
embedded version of the original process.

Let e,,, m € N be mean one exponential random variables that are independent
of each other and of the process S; = (X, P,) € . Define 7,, := > _, e, and
by convention, we set 7o = 0. The 7, will be referred to as the partition times.
Define N; to be the number of non-zero 7, less than ¢, and the Markov chain
on = (Xs,, Pr,) € X, which is referred to as the resolvent chain. The transition
kernel 7, for the resolvent chain, which acts on functions from the left and on
measures from the right, has the form

T\ = / dre " tEN = (1 - L£y)71,
0

where L) is the backward Markov generator for the process. The resolvent chain has
the same invariant probability density (1.6) as the original process. By Nummelin
splitting, which we outline presently, the state space X is extended to 3 = ¥ x {0, 1}
in order to construct a chain (6,) € > with a recurrent atom and such that the
statistics for (o,,) are embedded in the first component of (5,). For a Markov
chain, an atom is a subset of the state space such that the transition measure is
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independent of the element within the subset. The atom is recurrent if the event
of returning to the atom in the future has probability one.

A probability measure v on ¥ paired with a non-zero function h : ¥ — [0, 1] are
said to satisfy the minorization condition with respect to 7 if

Tx(s1,ds2) > h(s1)v(dsz). (4.1)

By Part (1) of Clark and Dubois (2011, Prop. 2.3), there exists a u > 0 such that
H(s) <1 H(s) <1

h(s) = u% and v(ds) = ds%, (4.2)

satisfy the minorization condition, where [ = 1 + 2sup, V(z) and U > 0 is the
normalization constant of v. The specific choice of h and v satisfying (4.1) is not
important in this section although we will take them to be defined as in (4.2) for
future sections.

We define the following forward transition operator 7y, which sends the state
(s51,21) € ¥ to the infinitesimal region (dsa, 22) with measure:

1;(25;)53 (T — h @) (s1,dss) F———
Ta(s1, 215 dsa, 22) = ey (I = h @ v)(s1,ds2) z21=1—29=0,
(1= h(s2))v(dss) =1—2=1,

h(s2)v(ds2) n=z=1

Given a measure p on X, we refer to its splitting i as the measure on % given by

fi(ds, 2) = x(= = 0)(1 = h(s))u(ds) + x(z = 1)h(s)pa(ds). (4.3)

In particular, the split chain is taken to have initial distribution given by the split-
ting of the initial distribution for the original (pre-split) chain. The invariant mea-
sure for the chain (5,,) is the splitting \11007 A of the Maxwell-Boltzmann distribution
defined in (1.6). The split chain is positive-recurrent for any A > 0 since the original
process is positive-recurrent and, in fact, exponentially ergodic to W, . The jump
rates from (s1,1) are independent of s; € ¥, and thus the set ¥ x 1 C % is an atom.
The atom is recurrent since the original chain is positive-recurrent with stationary
state W » and \ilooyA(E x 1) = W x(h) > 0. Notice that according to the above
transition rates, the probability of the event zo = 1 is h(s2) when given s1, s2, and
Z1.

Using the law for the split chain &,, € > determined by the transition rates Ty
above, we may construct a split process (S;) € ¥ and a sequence of times 7, with
the recipe below. The 7,, should be thought of as the partition times 7,, embedded in
the split statistics although we temporarily denote them with the tilde to emphasize
their axiomatic role in the construction of the split process. Let 7, and S, = (St, Zy)
be such that

(1) 0 =7, Tn < Tny1, and 7, — o0 almost surely.

(2) The chain (Sz,) has the same law as (5,,).

(3) For t € [7~'n77~'n+1), then Z; = Zs, .

(4) Conditioned on the information known up to time 7, for S;, t € [0,7,]
and 7,,, m < n, and also the value 5';n+1, the law for the trajectories S,

t € [T, Tnt1] (which includes the length 7,11 — 7,,) agrees with the law for

the original dynamics conditioned on knowing the values Sz, and Sz, ..
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The marginal distribution for the first component S; agrees with the original process
and the times 7, are independent mean one exponential random variables which
are independent of S;. Of course the times 7,, are not independent of the process
S’t, and we emphasize that the increment 7,41 — 7,, is not necessarily exponential
given the state S’h. The process S; is not Markovian due to the conditioning in (4)
although the chain (S, ) is Markovian. By Locherbach and Loukianova (2008) we
can construct a Markov process by including an extra component to the process: the
triple (St, Zt, 7)) € ¥ x {0,1} x ¥ is Markovian, where 7(t) is the first partition
time to occur after time t. We refer to the statistics of the split process by EX)
and PO for expectations and probabilities, respectively. We will neglect the tilde
from the symbol 7,, for the remainder of the text.

Note that once we have defined the split process S,, we can proceed to define the
life cycles. Let R),, m > 1 be the time 75, for fi,, = min{n € N| Y7 x(Z;, =
1) = m}. The random variable R}, is the mth partition time corresponding to a
visit of the atom set ¥ x 1, and we set R, = 0 by convention. We define R,, to be
the partition time following R/ . The mth life cycle is the time interval [Ry,, Rpmt1)-
Successive life cycle trajectories over [R,,—1, R,) and [R;,, R,+1) are obviously not
independent since a.s. .S R: = Sr, . However, non-successive life cycles are pairwise

independent. When considering the random variables [ ]i " drdY (X,), the corre-
lations between successive terms can be removed by adding and subtracting certain
resolvent terms as seen in the summand in the lemma below.

Let N; be the number of R/, to have occurred up to time ¢. Define ]i't' to be the
filtration containing all information for the partition times 7,, and the split process
S; before time R,1 where t € [R},, R/, ;). Also define R as the reduced re-
solvent of the backward generator £y corresponding to the master equation (1.1).
The reduced resolvent formally satisfies RN = Jo© dre™> on elements g € L*°(X)
with W 2 (g) = 0. Notice that the martingale defined in the lemma below resem-
bles (1.10).

Lemma 4.1. Let the process M, be defined as

Y R gy av av
— _ (™ ™
My = n§71j (/Rn dr=(X,) = (R Z5) (S, ) + (RD) 22 (Sk,.0))-

The process My is a martingale with respect to the filtration .7}{ Moreover, the

predictable quadratic variation (M) has the form

~ Nt
<M>t = {))\ (SRn)u
n=1
where Uy 1 ¥ — RT is defined as
. - e aqv av

. /E () (B D)) = (00 W)

In the above, b is the splitting of the §-distribution at s € ; see (4.3).
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5. Proof of Thm. 1.1

Let us define (or recall) the following notations:

S, = (S¢, Z4): State of the split process at time ¢ € R

Tm € RT: mth partition time

N; € N: Number of non-zero partition times up to time ¢t € R

R,, € RT: Beginning time of the mth life cycle

N, € N: Number of returns to the atom up to time t € R

Fi: Information up to time ¢ € R™ for the original process S, and the 7,
ft: Information up to time ¢t € RT for the split process S’t and the 7,

F}: Information for S; and the 7,, before time R,,;1, where R, <t < R/,

Let the constant u € R, the function & : 3 — [0, 1], and measure 7 on ¥ be
defined as in Sect. 4. Define vy > 0 as

Ry Ro
Uy ::2I~E,(;>‘) [/ drcjl—‘;(Xr)/ dT’Cfi—Z(Xw)}
0 T

:2f2 dzdpe= M (@P) LV () (RN 4L (. p)

fz dxdpe= M (=:p) h(z, p) ’
where the equality holds by Clark and Dubois (2011, Prop. 2.4). Notice that vy
is formally equal to & for A = 0 since the numerator is the formal Green-Kubo
expression (1.8) and the denominator is u = [i, dsh(s). The value vy > 0 is well-

defined by Lem. 5.1, which is from Clark and Dubois (2011, Lem. 5.2). Thus we
can give a rigorous definition for the diffusion constant x € R™ as & := uwy.

Lemma 5.1. The value vy € RT is uniformly bounded for X < 1, and vy depends
continuously on the parameter .

The following proposition is from Clark and Dubois (2011, Prop. 2.5) and Clark
and Dubois (2011, Lem. 5.3). The martingale M; was defined in Lem. 4.1.

Proposition 5.2.
(1) For the split statistics, N, — Zf;l h(S;,) is a martingale with respect to
the filtration F;. For the original statistics, 271?;1 h(S;,) — fg drh(S;) is a
martingale with respect to Fy. In particular,

EV[N;] =EX| / t arh(s,)|.
0

(2) As X\ — 0 the following asymptotics hold:

INE()\) { sup ‘)\% <M>L - /\%UANL
0<t<T A A

} — O(\D).

Also, for any t > 0, the expectations are equal E?) [<M>t] = v EW [Nt}

The equality in Prop. 5.3 is from Clark and Dubois (2011, Prop. 2.3) and is
of a standard type for splitting constructions Nummelin (1978). It states that the
probability of the process being at the atom at time r € RT, conditioned on r being
a partition time (i.e. N, = N,- + 1) and the entire past .7:}7, is given by the value
h(S,). Note that the value S, is a.s. contained in F,- since a collision will a.s. not
occur at the partition time » € R and thus lim, ~. S, = S,
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Proposition 5.3.
PN [Z, =1|F-, N, —=N,- =1] = h(S,)

Our proof of Thm. 1.1 takes some inspiration from the proof of Hopfner and
Locherbach (2003, Thm. 4.12) and relies heavily on Jacod and Shiryaev (1987).

[Proof of Thm. 1.1]

For the study of the pair (/\%Pi,)\iDj), we will begin by embedding the pro-
cesses in the split statistics defined in Sect. 4. Let the martingale M be defined as
in Lem. 4.1. In this proof, all convergences in law refer to the Skorokhod metric.
The following points hold regarding the processes )‘%Di and A1 M ¢

(I). As A —0

I~E(’\)[ sup ‘A%DL — X\iM.
0<t<T A A

| —o

(IT). As A — 0 the bracket process (M), satisfies

EX) [ sup ‘)\%Q\Zﬂ —KA?L:
0<t<T A
where Ly = u~! [} drh(X,, P,).
(IIT). The martingale A1 M + satisfies the Lindeberg condition

|0

>

~ 2

sup If”(’\){ sup ‘MT — M,
0<A<1 ISTSN

>£}—>O, as e — 0.

A

>3

Statements (I) and (III) have already been shown in the proof of Clark and Dubois
(2011, Thm. 1.2).

We will temporarily assume statement (II) and proceed with the main part
of the proof. By (I) we may work with the pair ()\%Pi,)\i]\zi) rather than
()\%Pj , )‘iDi)' By Thm. 2.1 and (II), there is convergence in law as A — 0

(AZPL AF(M) £ ) =25 (py, ). (5.1)
It follows that the components )‘%Pi and \2 <M >i are C-tight for A < 1. By Jacod
and Shiryaev (1987, Thm. VI.4.13) the family of martingales i < must also be
tight for A < 1. The Lindeberg condition (IIT) and Jacod and Shiryaev (1987, Prop.
VI1.3.26) guarantee that the family of martingales must be C-tight.

The triple TO) = ()\%Pi,)\%U\N@i,)\%Mi) is C-tight for A < 1 by Jacod and
Shiryaev (1987, Cor. VI1.3.33) since all of the components are C-tight. By tightness,
we may consider a subsequence )\, — 0 such that T(») converges in law to a limit
(p,v,m). The first two components p, v are respectively the Ornstein-Uhlenbeck
process and k multiplied its the local time, i.e., v = &l, by (5.1). We will argue
that the third component m must be a continuous martingale with respect to the
filtration o (p,, m,; 0 < r < ¢) such that (m) = xl. The continuity of m follows by the
C-tightness of i M 5 The process m is a martingale with respect to o(p,, m,; 0 <

1 1

r < t) by Jacod and Shiryaev (1987, Prop. IX.1.17) since ()\flP;,)\;iM;) is
5 3 L b *n

adapted to the filtration ]—"t(’\") := F’, , the process \} M__ is a martingale with

n
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respect to _7:',5()‘") by Lem. 4.1, and the family of random variables MM x for A < 1
and t € [0, T is uniformly square integrable. To see the uniform square integrability
notice

sup E™ [(/\%M

)] = EV[AZ(M) 2] = naEV [AE N ]
0<t<T X

t
Y

The second and third equalities are by Part (2) and Part (1) of Prop. 5.2, respec-
tively. The right side of (5.2) is uniformly bounded for A < 1 by Thm. 2.1, and

TN L~r2. . o . IC
thus SUP;e(o,7] SUPA<1 E [()\4MX,) ] is finite. By Jacod and Shiryaev (1987, Cor.

1 -
VI.6.7) the convergence A\ M__ == m with the Lindeberg condition (IIT) implies
the joint convergence of the pair

t
An

For the above, we have used that the difference between )\é [M]

is O(\1). Thus (m) = &L )
We have now learned what we could from the martingale M. By (I) we have

t t
An An

shown that (/\é Pﬁ’)"%Dﬁ)’ interpreted with respect to the original statistics,
converges in law to a pair (p,m) as n — oo, where m is a continuous martingale
with respect to the filtration o(p,, m,; 0 < r <t) and (m) = l. If we establish that
p satisfies the Markov property with respect to the filtration o (p,, m,; 0 < r < ¢),
then Lem. 3.1 states that the pair (p, m) must have the law of the process (p, /kBy)
for a copy of Brownian motion B independent of p. Since the pair (/\%Pj , /\%Dj) is
tight for A < 1, establishing the law (p, /£B;) as the unique possible subsequential
limit would imply the convergence in law of ()‘%Pi , )\iDj) as A — 0 to the process
(pa B[)

To show that p satisfies the Markov property with respect to the filtration
o(pr,my;0 < r < t), it is enough to show that the trajectory ps, s > t is in-
dependent of o(m,; 0 < r < t) when given o(p,; 0 < r < t) since the process
p satisfies the Markov property with respect to its own filtration. The triple

(A,%Xﬁ,)\é Pﬁ,)\EDﬁ) converges to (0,p, m) since the variable X € T = [0,1)
is bounded. Moreover, U(AéXﬁ,/\%Pﬁ; 0<r< t) contains the information
in J(A,%Dﬁ; 0<r< t) since D; is defined as a function of the Markov pro-
cess (X,,P.) over 0 < r < t. Thus the path )\éP%ﬂ, s > t is independent of

1 1 1
O'()\;%D)\L; 0<r< t) when given a()\f,XAL,/\ﬁPAL; 0<r< t). This indepen-
dence carries over into the limit n — oo, and thus ps for s > ¢ is independent of
o(m,; 0 <r <t) when given the information o(p,; 0 < r <t).

The remainder of the proof is concerned with showing (II).
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(IT) By the triangle inequality,

IE(A)[ sup ’)\%<J\7[>g —KATL
0<t<T A

t
A

§I~E(>‘){ sup ’/\%<J\7[>
0<t<T

} + ua — E|I~E(’\) [)\%Nz}
u A

e

N
X
K~ L~ 1
+—]E(A>{ su ’)\EN, AN
SE| sup, > h(S-,)

+ KED [ sup ‘u_l)\% Z h(S;,) — AZL
0<t<T

}, (5.3)

where N, is the number of partition times up to time ¢ € R*. The first term on
the right is O(A%) by Part (2) of Lem. 5.2. The second term is bounded through

T
. - x
vy — ~|EM A2 Nz] = |vy — ~|EX) {A% / drh(sr)} —0,
u A u 0
where we have used Part (1) of Prop. 5.2 for the equality. For convergence to zero,
we have used Thm. 2.1 to get a uniform constant bound for the expectation of
s
A2 Jo* drh(S,) over A < 1 and Lem 5.1, which gives that vy — £ as A — 0.
For the third term in (5.3),

Nt NT
~ _ by 5 B by 241
B [0;1% ‘/\%N§ a3 nz_:lh(sfn)u < 2E™ H)\%N§ a3 ;h(sfn) } ’

1
T
by 1

:2A%]E<A>'/ arh(s,)] .
~J0

The first inequality uses Jensen’s inequality and Doob’s inequality since

(5.4)

N, N
Nt - Z h(STn) = Z X(ZTn = 1) - h(STn)
n=1 n=1

is a martingale with respect F, by Prop. 5.2. The first equality in (5.4) follows
2
- h(S‘l’n)) )

because the quadratic variation of the martingale is 22:1 (x(Z-, =1)
and

E[(x(Z = 1) = h(5,)* | £y Ny = N, = 1] = h(S,) — h2(S,),

by Prop. 5.3. For the second inequality, we discard h?(S;, ), and go from the split
to the original statistics since the argument of the expectation is well-defined for
the original statistics. Finally, the last equality holds since the partition times 7,
occur with Poisson rate one independently of the process S;.
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The fourth term in (5.3) is similar to the third. The process u~? ZNt h(S;, )—L:
is well-defined in the orlglnal statistics and is a martingale with respect to the
filtration F; by Prop .2. With routine arguments

N
- /\5 , AT X .
EW[ sup |22 S WS, ) —APL. } :EW{ sup |22 ST RS, —AELL}
O<t£)T u Z ") 2 ogth u ; (5r.) X

< aEo[| X2 th sizgl'E = 20 [ amees,]? = ot

. —\2 = — = 1),
- Hu;(T") %} u {/0 T(T)} (A%)
The inequality uses Jensen’s and Doob’s inequalities. The second equality uses that
the predictable quadratic variation of u=! Zf;l h(S,,)—Liisu=?2 fg drh?(S,.) since
the terms h(S;,) occur with Poisson rate one independently of the process .S;.

6. Miscellaneous proofs

Ip

Proof of Lem. 2.2: Define the martingale m; . := fot d]~3r(1—e_ - ) The difference
between m; . and B, tends to zero as € — 0 in the norm E[Supogtg:r } . H since

E[ sup ]Bt - mt,EH <E[ sup ‘Bt - mtyemé < 2EHBT —mT,Emé
0<t<T 0<t<T

=2E[/Tdre_2p:}% 22(/TdrIE[e_2
0 0
<( TdrEo[eﬂ“’fﬂ)%

/dr/dq CEE )%:O(e%), (6.1)

. The first inequality is Jensen’s, the second is Doob’s, and

where w, :=1—¢™"

the first equality uses that e=2"2 is derivative of the quadratic variation of the
martingale B, — m, .. The third inequality uses that E[e”‘pe_”} is largest when pg
2

7t q

is initially zero. The third equality holds since + is the density for p; starting

(27rwt) 2
with po = 0.
Moreover, m; . can be rewritten

t ¢
mt>f:/ aB.(1—c ) :/ (o] + garipel) (1 — e )
0 0

Ipel

=Ipe| = pol +ee”

+1/td7’| |(1—ew)—i/tdrem
2 0 pT 26 0 '

The second equality follows by the substitution dB; = d|p,| — 2dt|p| — dly (from

the Tanaka-Meyer formula (2.1)) and since dl; multiplied by (1 — e*@) is zero.

The chain rule and the fact that (d|p.|)> = dr give the third equality. From
the convergence (6.1) it follows that the right side converges to B in the norm
- lls = E[SUPogtST ’ ’ }
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Ase—0

[pr]

= 0(e) and H/tdr|pr|e <
0

where the later term follows by the same argument as in the right side of (6.1). In
conclusion,

_lpel
€e €

=00,

5

[pr|

_ 1 [t 1ot 1
Btzlpt|—|p0|+§/ d’l”lprl—2—/ dre € —i—O(Eé)’
0 €Jo

where O(e2) refers to the norm | - ||s. By the Tanaka-Meyer formula, we have that
I -
[} = lim —/ dre_‘pe ‘,
e—0 26 0
where the error in the limit is O(e2) in || - |[s.
O

Lemma 6.1 is a small technical point regarding the distribution for momentum
jumps conditioned to exit sets {p € R||p| > b} for some b € [0, A\7!] when \ < 1.
We will not include the proof of Lem. 6.1, which follows from the exponential decay
found in the jump rates Jx (p,p’). We will apply Lem. 6.1 in the proof of Lem. 2.5
below.

Lemma 6.1. For each m € N, the following inequality holds:
S50 @' (101 = 0)™ T (0, 1)

sup  sup - -

AL pl<bEat s W I (PP)

< 0.

The proof of Lem. 2.5 relies on an application of the submartingale up-crossing

1
inequality to bound the number of the times that the process H?, r € [0, %] wanders
from below €2\~ % to above 2¢2 A~%, which is closely related to the total time such

1
that H, < e\™¢ over the interval r € [0, %] The process H7? behaves nearly
as a submartingale at low energies in the sense that a manageable perturbation

1 3
H? + ¢cAH?, for large enough ¢ > 0, is a submartingale at low energies. This

1
contrivance is not necessary for the A = 0 case of the dynamics for which H7 is a
submartingale with the desired properties.

Proof of Lem. 2.5:
For b > 0 let v be the minimum of the hitting time that H; jumps above bA~2 and
the final time % We have the following inequalities:

E® [T%} < T]PJ()\)[ sup H, > b)\iﬂ +E()\) [T'y]

T
0<r<T

4 2

<72 E™ [ sup H)z] LEW[T,] < 0T3% 4+ EV[T,],
b2 o<rsT b2

where the second inequality is Chebyshev’s and the C' > 0 in the third is from

Lem. 2.4. With the restriction € > A\¢, the term following the last inequality decays

faster than ez A" 2° as A — 0, so we can can focus our study to E) [Tv}' The

energy process H; = H(Xy, P;) behaves as a submartingale for time periods in



148 J. T. Clark

which H; < &’A~2 for small enough &' > 0. More precisely there exists 0 < v/ < 1,
o > 0 such that for all A < 1 and all (x,p) with H(z,p) < b¥'A~2,

aM (z,p) = thE;?,,) [H]],_, = % / dp/((p)*+ V(@) — p* = V(@) I (p. 1)

- %/de/((p/)2 -’ )(pp) 2o (6.2)

From (6.2) we have that for all m > 1, A < 1, and H(x,p) < b'A72,

1 m 1 m
) = [ @ (307 + V)" - (307 + Vi) ") Do)
R
> mgH™ (2, ), (6.3)
where g\ (z, p) := %Egi?p) [H"]|,_,- The inequality (6.3) follows from (6.2) since
f(y) = |y|™ is convex, and thus
fn) = f(Yo) = (V1 = Yo) £ (Yo)
for Y1 == 1(p)? + V(2) and YO ip? + V().
Notice that the value qm (St) is the derivative of the predictable part of the

semimartingale decomposition of the process H;". In other terms, the following is
a martingale:

Hp - / araY (s,).

0
In addition to the lower bounds in (6.3), there are upper bounds
ai (@,p) < (1+ H™ (2, p)) (6.4)

which hold for some constants &,, and all A < 1 and (x,p) with H(z,p) < A72
Using the above observations there is a useful submartingale that is “close” to
1

H? . Let the value b > 0 defining the stopping time v be set equal to the value

b" > 0 chosen to ensure the condition (6.2). There exists a ¢ > 0 such that for all

A small enough,

3
2

H + c\H|
is a submartingale over the time 1nterva1 t € [0,7]. To see that k, is a submartingale
up to time ~, first notice that the predictable component fot drq(;‘) (S;) in the semi-

2

3 1
martingale decomposition of H;> increases with rate greater than %gHﬁ by (6.3).

1
Moreover, the predictable component of the semimartingale decomposition of H?
is 273 fot drAy(X,, P.), and the negative part of the function A, satisfies the in-
equality A, (z,p) < CAH 2 (x,p) for some C' > 0 by Part (4) of Prop. 2.3 and the

elementary inequality |p| < 22 H2 (z,p). Thus we can choose ¢ := 2<

3o to ensure

that x; is a submartingale over the specified time interval.
Set ¢} = o0 = ¢ = 0, and define the stopping times ¢,,s, < 7 such that for
n =1,

¢, = min{r € (¢o—1,00) | H, < €A™}, G = min{r € (¢, 00) | Hy > 4eA™?}.

The above definition assumes Hy < 4eA™¢ and otherwise we should only take
b =5 =0. Let n, be the number ¢/’s less than 7. In other words, n, is one more
than the number of up-crossings of H, from A™¢ to 4\™¢ that have been completed
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by time ~. Let nfy be defined similarly as one plus the number of crossings of k¢

from %e%)\_g to 2e2A%. For A < (%)ﬁ we have both of the implications
3
Hy > 4eA™® = k; > 22\ % and Hy < ed™? = gy < §e%x%,

and hence n’V > n,,. The definitions give us the almost always inequality

ng

Ttg)\ZCn_c';L'

n=1

Next observe that

ATIEW [T, ] <EW {Z Sn — g,’z} <EW[n,|supEV [, — ¢, |n<n,]. (6.5)

n—1 neN

With the above we have an upper bound in terms of the expectation for the number
of up-crossings n; and the expectation for the duration of a single up-crossing
Sn — <) conditioned on the event n < n;. By the observation above, EMW [nv} <
EM) [n;} By the submartingale up-crossing inequality Chung (2001), we have the
first inequality below:

EM [n)] <

=l

2
<2123 (EV [H,]? + cAE[H 1)

N
[\
[
|
S|
>
(NS}
—
&=
z
g
+
>
L
~
Ql
—
~—
=

+2ce 2 NS (EX) [Hy] + A2 78727, )
1 o
<4 FITIN 2 (6.6)

where the last inequality is for A small enough. The second inequality is Jensen’s,

and the third uses that v < £ and the bound (6.4) for the derivatives of the

3
predictable components of the semimartingales H; and H;.
We now focus on the expectation of the incursions ¢, —¢/,. Whether or not the
event n < n; occurred will be known at time ¢, so

sup EW [gn — gﬁl ’ n < nt} < sup EX) [gn — g,’z ‘ .7-'%] = sup EgA) [gﬂ.
neN neN, weF H(s)<\—¢
By (6.2)
<
oBM o] <BO| [ dral (X,, P)] = EV A, - Ho). (6.7)
0

where the equality holds by the optional sampling theorem since fot drq?) (X, P)
is the predictable part of the semimartingale decomposition for H; — Hy. This
application of the optional sampling theorem is legal since ¢ is almost surely finite,
and

EV[H,x(r <) <A TPV[r <] —0 as r— oo.
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Continuing with the right side of (6.7),

1
A A ) [ p2 2
EQM[H,, — Ho] = BV [H - — Ho + §Eg )[P2 — P2 ]
< 4N+ EMN[A?Y] = 4ed 2 + O(\0) < dere.
where A = P, — ng. For the first inequality, we have used that Pf, < H o <
1

eA™¢, and the inequality (z + y)? < 2(2% + y?). The last inequality holds for some
¢’ > 0 by our restriction € > A\2. The term EY) [A?] is uniformly bounded for A < 1
since by nested conditional expectations EX [A?] = EX [EN[A2 |]~"§;, ¢1]] and

Jax — pysen—e /(0 = P=) (P, 1)
°1
fH(X P)>er- o dp/ Ix (P o -7

EVA| 7 ] =

fH(z.p’)>e)\*Q dp (p _p)zj)\(pap/>
< sup sup == - ) < 0.
A<1 H(z,p)<ex—¢ fH(m,p’)ZeA*@ dp I (p,p )

The equality relies on the strong Markov property since the distribution for A is
independent of F, o when given ¢; and S, o The last expression is finite by Lem. 6.1.

Putting our results for E() [n,y} and sup,,cy EX) [gn - ’ n < n,y] together,
E™ [Tﬂ < ANEW [nv] sup EM) [cn —qh ‘ n < nv} < Al 3FITIN "
neN

This completes the proof.

The proof of Lem. 2.6 follows by a fairly standard argument for bounding the dif-
ference between two additive functionals using the splitting structure from Sect. 4.
Several results from Clark and Dubois (2011) from will be used in the proof.

Proof of Lem. 2.6: By Part (1) of Prop. 5.2, we have the equality uE® [Nt} =
E™ [Lt}. Moreover, we have the uniform bound

sup E?) [/\%]\71} < o0 (6.8)
A<1 g

by Clark and Dubois (2011, Lem. 3.3), and thus we also have that E*) [)\%LQ is

uniformly bounded
To show that A2 L x is close to A2 AT, we will consider the split dynamics. Going

to the split statistics in the first equahty below, we have

EO[ sup ALy —abAL|] =BV sup [Mr,—abAf]]
0<t<T A x 0<t<T A X
L Ry Ry, 1
< ATEQ )K/ dr + sup / dr)g,\(Sr)}
0 Ri<t<{ Jt
N,

\

—
%!

S~—

- Rn+1
+)\%E(A)[ sup Z/ gy

Ogtg% n=1
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where R, is the beginning time of the n life cycle, N, is the number of R/, that
have occurred up to time ¢, gy := A;r +u~!h, and gy = A;r —u'h.

The first term on the right side of (6.9) contains the boundary terms for the
partition of the integrals over the interval [0, %] using the life cycle times R,. By
Part (2) of Prop. 2.3 and since h has compact support, gy := A;\" +u!h satisfies
the conditions of Clark and Dubois (2011, Prop. 4.3). By Part (2) of Clark and
Dubois (2011, Prop. 4.3), there is a C' > 0 such that the inequality below holds:

L~ Rq . N Ry
)\EE()\) |:/ dTg)\(ST):| =2 /id,a('rvpa Z)E(m,p,z) |:/ dTg)\(ST):|
0 0

<ot / di(x,p, 2) (1 + log(1 + [p]))
>

= O [ dutap) (1 + ox(1 + [n)) = O(NY)

where the measure i on Y is the splitting of the initial phase space measure p;
see (4.3). The integral above is finite by our assumptions on the initial measure p.
The other part of the first term on the right side of (6.9) is bounded through

N Ryt1
)\%IE(’\){ sup / drg,\(ST)}

0<n<Np JRn
A

The first inequality uses that sup,a, < (3, a2)z for positive numbers a, > 0
followed by Jensen’s inequality. The second inequality uses the strong Markov
property for the split chain &,, = S, and that Sg, has distribution 7 by F, R, by
Part (1) of Clark and Dubois (2011, Prop. 2.1).

For the second term on the right side of (6.9), the key observation is that

b =20 [ U (5| Fry | —B / A
R 0

:fz dsW oo A (s) (AT (s) —u'h(s)) _ J5, dse ) (AL (s) —u ' h(s))
Js; dsW o A(5)h(s) Js dse= () h(s)

is O()\%) for small A\. The first equality is by the strong Markov property for the
chain 7,, = S'Tn since S'Tn has distribution 7 when conditioned on the information
F r;, by Part (1) of Clark and Dubois (2011, Prop. 2.1). The second equality is by
Part (2) of Clark and Dubois (2011, Prop. 2.4). The denominator of the rightmost
expression approaches fz dsh(s) = u, and the numerator is a difference of terms

which are 14+ O(A2). This follows since u~! Js dsh(s) = 1, by the approximation
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J5dsAS(s) =1+ O(A2) in Part (7) of Prop. 2.3, and since inserting the factor
e~ () in the integrals will perturb the values by O(A2).
With the above and the triangle inequality, the second term on the right side

of (6.9) is smaller than

i ) LaNts] R,
byANEN [Nr] + AR / d'Sr—b’
bAINFEN [Nz ] [Oilf_ ; ( () 3

(3] Roni1
+AZEW [ sup Z (/ drgh(S,) — bA) H

o<t<T' 1 Ron

The first term is O(A2) since |by| = O(A2) and Az EW [Ng] is bounded for A < 1
by the remark (6.8). Moreover, the processes

L Nt+ J R2n L%NtJ

Z / Argh(Sy) by and ( / T g (S h)

Ran—1 n=1

are martingales with respect to the filtration .7:'{ since non-sequential life cycles
are pairwise independent, which is why we split the original sum into even and odd
terms. We can apply standard arguments to bound the sums in (6.10), for instance:

1~ L3N +3) Rop
AZEX) [ sup Z / drgh(S,) — b,\H
0<t<ZL n—1 Ron—1

I‘ Nt+ J R2n

< 2)\21[-3(’\) Z / drgh(Sy) — b,\)z} :

RQn 1
< ABCPED [Ng}% — 0(\}).

The first inequality is Jensen’s with the square function followed by Doob’s maximal

inequality, and the second follows analogously to previous discussion.
O
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Appendix A. The limiting diffusion process

A.1. Local time at the origin for an Ornstein-Uhlenbeck process. Let p be the
Ornstein-Uhlenbeck process satisfying the Langevin equation (1.3) and [ be the
corresponding local time at zero. For a discussion of local time for continuous
semimartingales, we refer to Karatzas and Shreve (1988, Sect. 3.7), and for a list of
many formulae related to the local time of an Ornstein-Uhlenbeck process we refer
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to Borodin and Salminen (2002). As mentioned before the local time is formally
l, = fot drog(p,), and through a formal application of the Ito formula, it satisfies

t 1 t
= lpul = ool = [ drsgn(p,)aB, + 5 [ drlp,lar
0 0

where sgn : R — {1} is the sign function. The above is one of the Tanaka-Meyer
formulas. The process [ is a continuous, increasing process satisfying [ — oo as
t — oo since p is a positive-recurrent process. The process inverse s, = inf{t €
R+ ‘ [; > r} has independent, stationary increments and is thus an increasing Levy
processes. The flats of [ correspond to excursions from the origin for p and jumps
for s.

We can give a closed expression for the Laplace transform E [6_75“] . The Laplace
transform has the form

Ele77] = e_m, (A1)

where G, is the Green function for the Ornstein-Uhlenbeck process. The densities
Q; : R — R* for p; satisfy the forward equation

d 1 1 0 1 02
aQt(p) = §Qt(p) + gpa—th(p) + EanQt(p)'
When Qo(p) = do(p), then Q,(p) has the explicit form
Q()—ie_ﬁ wp=1—¢ 3t (A.2)
t\P _(27th)%, t — . .

Notice that there is convergence to a variance one Gaussian in the limit that ¢ — oo.
The form (A.2) allows the Green’s function value G (0,0) to be computed through
the following:

%) %) —~t
GV(O,O):/O dte™'Q,( ):(2w)—%/0 dt(l ‘ j_t)%
.
_ (22 ' 2y—1 -5 _ (21 1y o1 T(2y)
= (;) /0 duu*” (1 —u) = (;) B(Q”y, 5) =2 m,

where B and I' are respectively the g-function and y-functions, and we have made
the substitution u = e_%t, —2u~t'du = dt for the third equality. Plugging our
results into (A.1), the moment-generating function of s; is

_irev+d)
E[ei'ygt} :eit2 2T

The Levy rate density R : RT™ — RT for s; satisfies that

L2y+3)

/0 dT(l - e””)R(T) =27z T(2)
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_3
The rates R(t) = 4_1(27T)_%e_i7(1 - e_%T) 2 can be deduced by similar opera-
tions as above in reverse order since
r2y+3) 2y 11

_1 0 < e i’
272 = — =)= dre V" ——M

_1,

1 > e 1
- dr(l—e ) —S 0
4(2n)2 /0 T(1—e )(1_67%7)%

A.2. A diffusion time-changed by I;. Now we consider the process B; where B is
a Brownian motion with diffusion rate x which is independent of the process [
discussed in the last section. Although By is non-Markovian, the triple (By, 7, 1)
is Markovian, where 7, := sy, — 54, is the total duration of the current excursion
(which requires some information from the future), and n; := ¢ — sy, _ is the amount
of time that has passed since the beginning of the excursion.

We can give a closed form for the joint density p:(z, T,7) for the triple (By,, 7, 7+)
assuming that By has density p(z) and ng = 79 = 0. Let U,.(¢) be the probability
density at the value ¢ € RT for the Levy process s at time r. The joint density
pi(z,T,n) for the triple (By,, 7¢, n¢) has the closed form

2
o) 67227'_'f
pe(z,mm) = x(n <7 A t)R(T)/ dr¥.(t —n) (g, *p)(@),  9-(¥) = ——,
0 (27rK)2
where R : RT — R7T is the rate function for the Levy process 5. By integrating out
the 7,7 variables, we obtain that the marginal density p;(x) satisfies the Volterra-
type integro-differential equation of the form

k[t 2m) 3
o) = o)+ 5 [ ar— L (ap) o) (A.3)
0 (1_675(1577“))2
In the above, we have used that g % U, = WU, and the explicit computation
& 2m) "2
o (1t}

The above is analogous to the master equation for a Brownian motion time-
changed by a Mittag-Leffler process. The Mittag-Leffler process m(®) of index
0 < a < 1 is distributed as the process inverse of the one-sided stable law of index
a. The a = % case has the same law as the local time of a standard Brownian
motion. If B is a standard Brownian motion, then the densities for \/EBmia)

satisfy the equation

K

() / dr(t — )" (Ap,) (2).

which is equivalent to the fractional diffusion equation

pile) = pola) +

O pr = kAgpy,

where the fractional derivative 05 acts as (0 f)(t) = ﬁ% fot dr(t —r)=*f(r).
Processes satisfying these equations arise in the theory of continuous time random
walks Montroll and Weiss (1965); Meerschaert and Scheffler (2008) and the limit
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theory for martingales whose quadratic variations are driven by additive function-
als of null-recurrent Markov processes Touati (1987); Chen (2000); Hopfner and
Locherbach (2003). The process B, ) has the scale invariance in law

L _a
= 2
Bmga) € Bmg).

A.3. Long-term behavior. Now we can look into the diffusive behavior for By, in
the limit of large times t. Since the process is already a diffusion, this is just a
question of the convergence in probability for the normalized quadratic variation
t~ ! for s € RT as t — oo. However, we actually have a strong limit since

. lst . r ° -1 _1
lim — =5 lim — = s( dr TR(T)) = s(2m)7 2.
t—oo t r—o0 §,. 0

The first equality holds since [ and s are process inverses of one another and tend

to infinity almost surely. The second equality is the strong law of large numbers

for the Levy process s,.. The computation for the third equality is based on the

representation of the Laplace transform of s, from the last section. The above

implies the convergence in law as A — 0 given by
t72B,, = (27) 2B/

ER

where B’ is a copy of standard Brownian motion.
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