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Abstract. For birth and death chains, we derive bounds on the spectral gap and
mixing time in terms of birth and death rates. Together with the results of Ding
et al. (2010), this provides a criterion for the existence of a cutoff in terms of the
birth and death rates. A variety of illustrative examples are treated.

1. Introduction

Let €2 be a countable set and (2, K, w) be an irreducible Markov chain on € with
transition matrix K and stationary distribution 7. Let I be the identity matrix
indexed by 2 and

oo
Hy, = e UK = Z e MK /4
i=0
be the associated semigroup which describes the corresponding natural continuous
time process on 2. For ¢ € (0,1), set

Ks =06+ (1-9)K. (1.1)
Clearly, K; is similar to K but with an additional holding probability depending
of 6. We call K the d-lazy walk or d-lazy chain of K. It is well-known that if K is
irreducible with stationary distribution 7, then
lim Kj*(z,y) = tlim Hy(z,y) =7(y), Va,yeQ,de(0,1).
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In this paper, we consider convergence in total variation. The total variation
between two probabilities u, v on € is defined by ||p— v||rv = sup{u(A)—v(A)|A C
Q}. For any irreducible K with stationary distribution 7, the (maximum) total
variation distance is defined by

drv(m) = su1§;>2 1K™ (z,-) — 7||tv, (1.2)
S

and the corresponding mixing time is given by
Trv(e) = inf{m > 0|drv(m) < e}, Vee (0,1). (1.3)

We write dr(rc\),, TT((\:,) for the total variation distance and mixing time for the contin-
uous semigroup and d(T(S\),, TT(f,) for the 0-lazy walk.

A birth and death chain on {0,1,...,n} with birth rate p;, death rate ¢; and
holding rate r; is a Markov chain with transition matrix K given by

K(i,i+1)=p;, K(,i—1)=¢q, K(i,i)=r;, V0<i<n,

where p; + ¢; + 7, = 1 and p, = qo = 0. It is obvious that K is irreducible if
and only if p;q;+1 > 0 for 0 < ¢ < n. Under the assumption of irreducibility, the
unique stationary distribution 7 of K is given by (i) = ¢(po---pi—1)/(q1 - @),
where ¢ is a positive constant such that > " 7 (i) = 1. The following theorem
provides a bound on the mixing time using the birth and death rates and is treated
in Theorems 3.1 and 3.9.

Theorem 1.1. Let K be an irreducible birth and death chain on {0,1,...,n} with
birth, death and holding rates p;,q;,7;. Let ig be a state satisfying m([0,i0]) > 1/2
and 7 ([ig,n]) > 1/2, where m(A) = >,c 4 (i), and set

ig—1 n
B E T T
" {2_3 T 2, T }
Then, for any § € [1/2,1),

. ¢
min {T§V)(1/10),T,§‘5V>(1/20)} > 2,
and

c 5 18t
max {TT<V>(E),T§V>(E)} <= Vee(0.1).

Ding et al. (2010) derive a similar upper bound. Note that if (X,,,)20_, is a
Markov chain on 2, with transition matrix K and 7; := min{m > 0|X,,, = i}, then
t = max{Eo7;,, E,7, }, where E; denotes the conditional expectation given Xy = 1.
See Lemma 3.3 for details.

A sharp transition phenomenon, known as cutoff, was observed by Aldous and
Diaconis in early 1980s. See e.g. Diaconis (1996); Chen and Saloff-Coste (2008)
for an introduction and a general review of cutoffs. In total variation, a family of
irreducible Markov chains (£2,,, K, 7,)%2 is said to present a cutoff if

lim Ln’TV(e)

n=o0 T,y (1)

=1, Y0<e<n<l. (1.4)

The family is said to present a (t,,b,) cutoff if b,, = o(t,,) and
Ty rv(€) —tn] = O(bn), VO<e<l.
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The cutoff for the associated continuous semigroups is defined in a similar way.
Given a family F of irreducible Markov chains, we write F, and Fj for the families
of corresponding continuous time chain and d-lazy discrete time chains.

Let F = {(Qy, Ky, m,)|n = 1,2,...} be a family of birth and death chains, where
2, = {0,1,...,n} and K,, has birth rate p,;, death rate ¢,,; and holding rate
Tr,i. Suppose that K, is irreducible with stationary distribution ,. For the family
{(Qn, Kpymn)|n = 1,2,...}, Ding et al. (2010) showed that, in the discrete time case
and assuming inf; , 7, ; > 0, the cutoff in total variation exists if and only if the
product of the total variation mixing time and the spectral gap, i.e. the smallest
non-zero eigenvalue of I — K, tends to infinity. There is also a similar version for
the continuous time case. In Chen and Saloff-Coste (2012a), we use the results of
Diaconis and Saloff-Coste (2006); Ding et al. (2010) to provide another criterion on
the cutoff using the eigenvalues of K,. In both cases, the spectral gap is needed
to determine if there is a cutoff. The following theorem provides a bound on the
spectral gap using the birth and death rates.

Theorem 1.2. Consider an irreducible birth and death chain K on {0,1,...,n} with
birth, death and holding rates, p;,q;,r;. Let m and X be the stationary distribution
and spectral gap of K and set

= L w((j,n])
{ = max maxz ax Z W

< >z
7:9<10 py pk JJ 0 St

where ig s a state such that 7([0,i0]) > 1/2 and w([ig,n]) > 1/2. Then,

1 2

40 SAs A

The above theorem is motivated by Miclo (1999), where the author considers the

spectral gap of birth and death chains on Z. We refer the reader to Miclo (1999)
and the references therein for more information. Note that if ¢, ¢ are the constants
in Theorem 1.1-1.2, then ¢ > ¢. Based on the results in Ding et al. (2010), we
obtain a theorem regarding cutoffs for birth and death chains.

Theorem 1.3. Consider a family of irreducible birth and death chains
F ={(Q, Kn,mn)|n = 1,2,..},

where 0, = {0,1,...,n} and K,, has birth, death and holding rates, pn. i, Gn i, ni-
Forn > 1, let i, € {0,...,n} be a state satisfying m,([0,i,]) > 1/2 and mp([in, +
1,n]) > 1/2 and set

ip—1 n
(|
t, = max
" { kgo pn k Z 7Tn Qn k }
and

£, = max maxzwmax i M ,

J<in = n(K)Pnk Jg>in L T (k)G i

Then, for any e € (0,1/2) and § € (0,1), there is a constant C = C(e,0) > 1 such
that

_ . c c )
O, < min{T %y (€), T 0y (€)} < max{T py(€), Tihy(€)} < Cty,

for n large enough. Moreover, the following are equivalent.
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(1) Fe has a total variation cutoff.
(2) For d € (0,1), Fs has a total variation cutoff.
(3) tpl, — oo.

The above theorem is immediate from Theorems 1.1, 1.2, 2.4 and 2.5. The
selection of i, can be relaxed. See Theorem 3.10 for a precise statement. By the
results in Chen and Saloff-Coste (2012a), Theorem 1.3 also holds when ¢,, is replaced
by the following constant

1 1

Sn:m_i_..._’_)\n’n,

where Ay, 1, ..., \y,n are nonzero eigenvalues of I — K,,. Furthermore, Theorem 1.3
also holds in separation with 6 € [1/2,1). We will use Theorem 1.3 to study the
cutoff of several examples including the following theorem which concerns random
walks with bottlenecks. It is a special case of Theorem 4.12.

Theorem 1.4. Forn > 1, let Q, = {0,1,....,n}, m, = 1/(n+ 1) and K,, be an
irreducible birth and death chain on €, satisfying

1/2 fori @ {xn1,...,Tnk,
€n fO'l“l':fEn,julSjSk"7

Kn(i—l,i)_Kn(i,i—l)_{

where 0 < ky, < n, €, € (0,1/2], Tn1,.... Tnk, € Sy are distinct and the holding
rate at i is adjusted accordingly. Set t,, = n? + a, /e,, where

k"l

an = Z min{z, ;,n+1— .},

i=1

and set
b= max {(J+ 1) x {1 <i<ky,:j<zn;<n-—j}}
J:j<n/2
Then, for any e € (0,1/2) and 6 € (0,1), there is C' = C(e,6) > 1 such that
C™ M < min{ Ty (€), Tty (6)} < max{ Ty ay (€), Tk ()} < C,

for n large enough.
Moreover, the following are equivalent.

(1) Fe has a total variation cutoff.
(2) For d € (0,1), Fs has a total variation cutoff.
(3) an/(n%e,) — oo and a, /b, — oo.

The remaining of this article is organized as follows. In Section 2, the concepts
of cutoffs and mixing times and fundamental results are reviewed. In Section 3,
we give a proof for Theorems 1.1 and 1.2. For illustration, we consider several
nontrivial examples in Section 4, where the mixing time and cutoff are determined.
Note that the assumption regarding birth and death rates in Sections 3 and 4 can
be relaxed using the comparison technique in Diaconis and Saloff-Coste (1993a,b).

2. Backgrounds

Throughout this paper, for any two sequences s,,t, of positive numbers, we
write s, = O(t,,) if there are C' > 0, N > 0 such that |s,| < C|t,| for n > N. If
$n = O(ty) and t,, = O(s,,), we write s, < t,. If t,,/s, — 1 as n — oo, we write

tn ~ Sp.
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2.1. Cutoffs and mizing time. Consider the following definitions.

Definition 2.1. Referring to the notation in (1.2), a family F = {(Q,,, K, 7 )|n =
1,2,...} is said to present a total variation

(1) precutoff if there is a sequence ¢, and B > A > 0 such that

(2) cutoff if there is a sequence ¢,, such that, for all € > 0,
Jim. dp v ([(1+e)t,]) =0, Jim. dprv([(1—€e)tn]) = 1.

In definition 2.1(2), ¢, is called a cutoff time. The definition of a cutoff for
continuous semigroups is similar with [-] and |-] deleted.

Remark 2.2. In Definition 2.1, if ¢,, — oo (or equivalently T}, rv(€) — oo for some
€ € (0,1)), then the cutoff is consistent with (1.4). This is also true for cutoffs in
continuous semigroups without the assumption ¢, — co. See Chen (2006); Chen
and Saloff-Coste (2008) for further discussions on cutoffs.

It is well-known that the mixing time can be bounded below by the reciprocal
of the spectral gap up to a multiple constant. We cite the bound in Chen and
Saloff-Coste (2012a) as follows.

Lemma 2.3. Let K be an irreducible transition matriz on a finite set € with
stationary distribution w. For § € (0,1), let K5 be the §-lazy walk given by (1.1).
Suppose (m, K) is reversible, that is, m(x)K(x,y) = w(y)K(y,x) for all z,y € Q
and let A be the smallest non-zero eigenvalue of I — K. Then, for ¢ € (0,1/2),

© — log(2¢) ©) — log(2€)
Trv() 2 A Trv(e) = \‘2 max{1 — ¢, log(2/5)}/\J ’

where the second inequality requires |2 > 2/4.

2.2. Cutoffs for birth and death chains. Consider a family of irreducible birth and
death chains
F={(Q, K, m)|n=1,2,..},

where ,, = {0,1,...,n} and K, has birth rate p,, ;, death rate ¢, ; and holding rate
Trni. We write F., Fs as families of the corresponding continuous time chains and
0-lazy discrete time chains in F. A criterion on total variation cutoffs for families
of birth and death chains was introduced in Ding et al. (2010), which say that,
for 6 € (0,1), F., Fs have total variation cutoffs if and only if the product of the
mixing time and the spectral gap tends to infinity. As the total variation distance is
comparable with the separation distance, the authors of Ding et al. (2010) identify
cutoffs in total variation and separation, where a criterion on separation cutoffs
was proposed in Diaconis and Saloff-Coste (2006). In the recent work Chen and
Saloff-Coste (2012a), the cutoffs for F,. and Fs are proved to be equivalent and this
leads to the following theorems.

Theorem 2.4. Chen and Saloff-Coste (2012a, Section 4) Let F = {(Qn, Ky, 70
n=1,2,..} be a family of irreducible birth and death chain with Q, = {0,1,...,n}.
Forn>1, let Ay 1, ..., \n,n be nonzero eigenvalues of I — K, and set

. 1 1
An = nin, Anji, Sn = i +-F -
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Then, the following are equivalent.

1) F. has a total variation cutoff.
2) Fs has a total variation cutoff.
3) Fe. has a total variation precutoff.
4) ]-'5 has a total variation precutoff.
)
)

6 Tff%v( ))\n — 00 for some € € (0, 1).

Theorem 2.5. Chen and Saloff-Coste (2012a, Section 4) Referring to Theorem
2.4, it holds true that, for e, € (0,1/2) and 6 € (0,1),

c )
T 9 (€) = T ().

Further, if there is g € (0,1/2) such that T,(L?%V(eo))\n or T,Ef%v(eo),\n is bounded,
then, for any € € (0,1/2) and § € (0,1),

c ) _
T\ (€) = T (6) = AL

n

2.3. A remark on the precutoff. Note that if there is no cutoff in total variation,
the approximation in Theorem 2.5 may fail for € € (1/2,1). This means that, for

0<e<1/2<n<1,the orders of T,(f%v(e) and T,(f%v (n) can be different. Consider

the following example. For n > 3, let Q,, = {0,1,....,n}, M,, = [n/2] and
Kn(ii+1)=Kn(i+1,4)=1/2 for 0<i<n,i% M,
K,(My, M, +1)=K,(M, +1,M,) =€,
K,(0,0) = K,(n,n) =1/2 ’
K (M, M,) = Kn(My +1, M, +1) =1/2 — ¢,

(2.1)

with €, < 1/2. Assume that €, = o(n~2). By Theorem 1.4, we have
T\ (€) = TN (€) = n/en, Ve € (0,1/2), 8 € (0,1).

Next, we consider the d-lazy discrete time case with 0 = 1/2. Let K, 1/ =
(I + K,,)/2 and K], be the 1/2-lazy simple random walk on {0, 1, ..., M, }, that is,

K (i,i+1)=K/ (i+1,i)=1/4, Y0O<i< M,
K] (i,4)=1/2, Y0O<i< M,
K,(0,0) = K}, (My, My) = 3/4
For n > 3, set
¢, = min 7K7T;/2(i7j) C, = max 7Kn 1/2(2 7
" o<, W@y T o<, )G g)
Proposition 2.6. If m, = n?, then
cpn—1, C,—1, asn— .
Proof: For ¢ > 1, let (ig,i1,...,7¢) be a path in {0,1, ..., M, }. Note that

¢
. . 3/4 — en 2
HKn,1/2('Lk17'Lk)Z( / / ) HK Tho—1, k).

k=1
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This implies ¢, > (1 —2¢,/3)™ ~ 1 as n — co. To see an upper bound of C,, one
may use Lemma 4.4 in Ding et al. (2010) to conclude that, for 0 < i < n and ¢ > 0,

{Kf;,l/zu,j) > KL (i —1) V1<j<i
K pp(i5) = Kb plij+1) Vi<j<n’
and, for 0 <i < M, and ¢ > 0,

{mwmﬁNMWM—nvmjg

(KL (i,) 2 (Kp) (5 +1) Vi<j<M,

By the induction, the above observation implies that, for any probabilities u, v on
{0,...,n}, {0, ..., M, } satisfying u(i) = v(i) for 0 < i < M,,

I, 1o (7) S VL) (7)), YO < j < My, £20.
This yields C,, <1 for all n > 3. O

For € € (0,1), let T}, 1y(¢) be the total variation mixing time for K7,. Tt is well-

known that, for € € (0,1), T}, 1 (¢) < n*. Let d;%%;,d% v be the total variation
distance for K, 1/2, K},. As a consequence of the above dlscussion, we obtain, for
€(0,1),

1 1
lim sup dg/TQv) (Tflz,TV(e)) < ) (1 + limsup d;z,TV(Tflz,TV(E)) < . 3

n—oo n—oo 2
Thus, for € € (1/2,1), T\'42) (e) = O(n?). Note that, for m,, = o(n?),

nler;O Z K {‘/2 =1, Va>0.

i<an

This yields n? = O(T,(L%%,) (€)) for € > 0. The above discussion is also valid for the
continuous time case and any d-lazy discrete time case. We summarizes the results
in the following theorem.

Theorem 2.7. Let F = {(Qy,, K, ) |[n = 1,2,...} be the family of birth and death
chains in (2.1) and § € (0,1). Suppose that €, = o(n~2). Then, there is no total
variation cutoff for F. and Fs. Furthermore, for e € (0,1/2),
c 0
Tiav(e) < Tl (e) < n/en,
and, for e € (1/2,1),
c 0
Tore(€) = Ty (e) =< 0

Remark 2.8. Figure 2.1 displays the total variaton distances of the birth and death
chains on {1,2,...,100} with transition matrices K7 and Ko given by

Ki(i,i) =1/2, for i ¢ {1,50,51,100}
Ki(iyi+1)=Ki(i+1,i)=1/4, fori<50ori>51
Ki(i,i) = 3/4 for k € {1,100}
Ki(i,i+1)=Ki(i+1,i) =103 for k = 50

Ki(i,i) = Ky1(i,i) = 3/4—10"3  fori € {50,51}
Ki(i,j) =0 otherwise
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and
Ky(iyi+1) = Ky(i + 1,4) = 10~2  for i = 25
Ks(iyi) = 3/4 — 1072 for i € {25,26} .
Ks(i,j) = Ki(i,7) otherwise

Note that each curve has only one sharp transition for drv(t) < 1/2. This is
consistent with Theorem 1.3. These examples show that multiple sharp transitions
may occur for drv(t) > 1/2. Note also that the flat part of the curves occupy very
large time regions. For instance, the left most curve stays near the value 1/2 for ¢
between 10% and 10°.

0.9f 4 0.9

08f 4 08

0.7+ 4 07

06 4 06

05F 4 05

0.4f 4 0.4

03f 4 03

0.2t 4 0.2

01t 4 0.1

FIGURE 2.1. The curves display the total variation distance of the
chains in Remark 2.8, where the left most curve is for K7 and
the right most curve is for K5. The curve consists of the points
(m, dpy (100L9-2%70)) with m = 1,2,...,50. The right most point
of each curve corresponds to dry(t) with ¢t = 101°.

3. Bounds for mixing time and spectral gap

This section is dedicated to proving Theorems 1.1 and 1.2. In the first two
subsections, we treat respectively the upper and lower bounds of the total variation
mixing time. This leads to Theorem 1.1. In the third subsection, we provide a
relaxation of the choice of i,, in Theorem 1.3. In the last subsection, we introduce
a bound on the spectral gap which includes Theorem 1.2.

3.1. An upper bound of the mizing time. Let (2, K, 7) be an irreducible birth and
death chain, where Q = {0,1,...,n} and K has birth rate p;, death rate ¢; and
holding rate r;. Let (X,,)5°_, be a realization of the discrete time chain. Obviously,

if Ny is a Poisson process with parameter 1 and independent of (X,,)>_,, then
(Xn,)i>0 is a realization of the continuous time chain. For ¢ € [0,1), if (B,(,f))ﬁzl

a sequence of independent Bernoulli(1—¢) trials which are independent of (X,,)%5_,,

is
then Yn(f) = XB<5)+---+B(‘5) is a realization of the d-lazy chain. For 0 < i < n, we
i i
define the first passage time to i by
7= 1inf{t > 0| Xy, =i}, 7% :=min{m > 0[Y,, =i}, (3.1)

K2
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and simply put 7; := TZ-(O) = min{m > 0/X,, = i}. Briefly, we write P;(-) for
P(:| Xy = i) and write E;, Var; as the expectation and variance under P;. The main

result of this subsection is as follows.

Theorem 3.1 (Upper bound). Let (2, K, ) be an irreducible birth and death chain
with @ = {0,1,...,n}. Let 7, = Tl-(o) be the first passage time to i defined in (3.1).
Foree (0,1) and § € [1/2,1),

max { {2 (e), (1 - )T (0 ) < ==
where ig € {0, ...,n} satisfies w([0,i0 — 1]) < 1/2 and 7([io + 1,n]) < 1/2.

Q(Eoﬁo + EnTi())
2 b

(3.2)

Remark 3.2. Chen and Saloff-Coste (2012a) obtain a slightly improved upper bound

similar to (3.2), which says that
< 5 Ve+ VI=6)(Eori, +Ent;
mas {T(0) (1 - )72(0)} < ¢ BT £ Eu)

Comparing with (3.2), the above inequality has an improved dependence on e.

To understand the right side of (3.2), we introduce the following lemma.

Lemma 3.3. Referring to the setting in (3.1), it holds true that, for i < j,
& ~ i
Ei(r;") = Ei(r;)/ (1 = 6) and Ey(r3) = Ei(75) = S4=; (0, K])/ (o ().

Proof: The proof is based on the strong Markov property. See Barrera et al. (2009,
Proposition 2) for a reference on the discrete time case, whereas the continuous
time case is an immediate result of the fact {7; > ¢t} = {r; > N,}. O

Remark 3.4. By Theorem 3.1 and Lemma 3.3, the total variation mixing time for
the continuous time and the d-lazy, with 6 > 1/2, discrete time birth and death
chain on {0,1,...,n} are bounded above by the following term up to a multiple

constant. -

— ([0, k " [k, n

3 ([w(k])) s ([w(k?’

k=0 Pk k=g r1 IF
where ig € {0, ...,n} satisfies 7([0,i9 — 1]) < 1/2 and 7([ip + 1,n]) < 1/2.
Remark 3.5. In Theorem 3.1, i is unique if 7([0,7]) # 1/2 for all 0 < ¢ < n. If
m([0,7]) = 1/2, then iy can be j or j+ 1, but the right side of (3.2) is the same in
either case using Lemma 3.3.

Remark 3.6. Let K be an irreducible birth and death chain with birth, death and
holding rates p;, q;, r; and stationary distribution 7. Let A be the spectral gap of
K. As a consequence of Lemma 2.3 and theorem 3.1, we obtain, for € € (0,1/2),

Clog(1/20) (S 7 (0.K) | &~ (b))
=T (Z prh) T 2 qu)) |

where g is such that 7([0,7p — 1]) < 1/2 and 7([ip + 1,n]) < 1/2. The maximum of
€2log(1/(2¢)) on (0,1/2) is attained at ¢ = 1/(2+/e) and equal to 1/(8¢). A similar
lower bound of the spectral gap is also derived in Chen and Saloff-Coste (2012b)
with improved constant.

As a simple application of Lemma 3.3, we have
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Corollary 3.7. Referring to Lemma 5.3, for i < j,

ity < (=g — 1) B

Proof: By Lemma 3.3, one has

oK) Kk Lal) K (ke 1n)

E;7; ; prm(k)’ En(7:) ; P ) 2 (k)
The inequality is then given by the fact ([0, k])/m([k+1,n]) = 1/7([k+1,n])—1 <
1/m(lj,n]) — 1 for k < j. O

The following proposition is the main technique used to prove Theorem 3.1.
Proposition 3.8. Referring to the setting in (3.1), it holds true that, for j <k,
A (i) < By(maxc{75, 7} > 1) + 1= w((, k),

and
dP (i) < Pi(max{r{ ", 7Py > ) +1 — w([j k),

In particular,

< Eo7r + En%

div () < ==

+1—m([5, k)

and

2(EoriM/? —|—En7'(1/2)
aPn < 2B I )

In the above proposition, the discrete time case is discussed in Lemma 2.3 in
Ding et al. (2010). Our method to prove this proposition is to construct a no-
crossing coupling. We give the proof of the continuous time case for completeness
and refer to Ding et al. (2010) for the discrete time case, where a heuristic idea on
the construction of no-crossing coupling is proposed.

Proof of Proposition 3.8: Let (Y:)i>0 be another process corresponding to H; with
Yo £ 7. Set T := inf{t > 0|X; = V;} and Z; = Yily<ry + Xilgsry. Clearly,
(Xt, Zi)i>0 is a coupling for the semigroup H; and must be no-crossing according
to the continuous time setting. Note that T = inf{t > 0|X; = Z;} is the coupling
time of X; and Z;. The classical coupling statement implies that
A\ (i, t) < Py(T > t). (3.3)
See e.g. Aldous (1983) for a reference. Note that X, = j, X;, =k and
Pi(X:Fj < Y?j) = W(U? n])? ]P)l(X?k > Yﬁ) = W([O, k])
As X;,Y; can not cross each other without coalescing in advance, this implies
Pi(T < max{7;, 7 }) > P;(min{7;, 7} <T < max{7;,7x})
> Pi(X7 < Y7, X7 > Y5) = () k).
Putting this back to (3.3) gives the desired result.
For the last part, note that if ¢ < j, then 7; < 7, and, by Markov’s inequality,
this implies
Pi(max{7;, T} > t) < Po(7% > t) < Eo7y/t.
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Similarly, for i > k, one can show that
Pi(max{7;, 7Tk} > 1) <P, (7; > t) <E,7;/t.
For j < i < k, we have
Pi(max{F), 7} > £) < Py(F; > 1) + Py(F > ) < w.
O

Proof of Theorem 3.1: Set j. = min{i > 0|x([0,7]) > ¢/3} and k. = min{i >

0|7 (]0,4]) > 1 — €/3}. By Proposition 3.8 and Lemma 3.3, the choice of j = j. and
k = k. implies that

3(Eomk, +En7y.)
- )

T (e) <

By Corollary 3.7, one has
3
E()Tké = EOTio + Eingé S EOTio + (— — 1> EnTig
€

and
3
EnTje = EnTio + EioTje < EnTio + (— - 1) EOTiO'
€

Adding up both terms gives the upper bound in continuous time case. The proof
for the (1/2)-lazy discrete time case is similar and, by Proposition 3.8, we obtain
T (€) < 18(Eoriy + Eniy)/€2. For § € (1/2,1), note that Ks = (Kas—1)1/2-
Since the birth and death rates of Kos—1 are 2(1 — d)p; and 2(1 — §)g;, the above
result and Lemma 3.3 lead to T3 (¢) < 9(Bomi, + Entig)/((1 — 6)€?). O

3.2. A lower bound of the mizing time. The goal of this subsection is to establish a
lower bound on the total variation mixing time for birth and death chains. Recall
the notations in the previous subsection. Let (X,,,)2°_, be an irreducible birth and
death chain with transition matrix K and stationary distribution 7. Let N, be
a Poisson process of parameter 1 that is independent of X,,. For 0 < i < n, let
7; = min{m > 0|X,, = i} and 7; = inf{¢t > 0| Xy, = ¢}. Then, the total variation
mixing time satisfies

dry(0,1) > K40,[0,i — 1]) — w([0,5 — 1]) > Po(r; > t) — «([0,7 — 1]) (3.4)
and
d$<(0,t) > Hy(0,[0,i — 1]) — 7([0,i — 1]) > Po(F > t) — 7([0,i — 1]).  (3.5)

Brown and Shao discuss the distribution of 7; in Brown and Shao (1987), of which
proof also works for the discrete time case. In detail, if —1 < 5 < - < 3; < 1
are the eigenvalues of the submatrix of K indexed by {0,...,i—1} and \; = 1—§;,
then

: A
Po(ri >t)=> | ][] 5 —kx (1—x) (3.6)
=1 \kj "%

and

~ A iy
]P)Q(Ti > t) = Z H ™ _k/\ e t>\7. (37)
; J
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Note that, under Py, 7; is the sum of independent exponential random variables
with parameters A1, ..., \;. If 81 > 0, then 7 is the sum of independent geometric
random variables with parameters A1, ..., A;. In discrete time case, the requirement
B1 > 0 holds automatically for the d-lazy chain with 6 > 1/2. The above formula
leads to the following theorem.

Theorem 3.9 (Lower bound). Let K be the transition matriz of an irreducible
birth and death chain on {0,1,...,n}. Let ; = Tl-(o) be the first passage time to i
defined in (3.1). For § € [1/2,1),

max{Eo7,, En7i, }

min{T19(1/10), 2(1 = §)T1(1/20)} > G :

where ig € {0, ...,n} satisfies w([0,i9 — 1]) < 1/2 and 7([io + 1,n]) < 1/2.

Proof of Theorem 5.9: First, we consider the continuous time case. Let Ay,..., \;
be eigenvalues of the submatrix of I — K indexed by 0,...,i — 1 and 7 1, ..., T,; be
independent exponential random variables with parameters A1, ..., A\;. By (3.7), 7;
and 7; 1 + - -+ + 7;; are identically distributed under Py and, by (3.5), this implies

d2(0.8) 2 P+ o4+ 7os > ) = w((0,i — 1]).
It is easy to see that

~ 1 1 - 1 1
]EOTZl:A_l—’—”.—’—)\_’L_’ Varo(']‘l):)\—%_i__f_)\_?
Let a € (0,1) and consider the following two cases. If 1/\; > aEq7; for some
1 <5 <1, then
Po(7 > t) > P(7; > t) > et/ (@EoT),
If 1/)\; < aEo7; for all 1 < j < i, then Varg(7;) < a(Eo7;)? and, by the one-sided
Chebyshev inequality, we have
(t —Eo73)?2 - (t —Eo73)?2 . (1-0)?

Varg(7;) + (t — Eo7:)2 ~ a(Eo7:)2 + (t — Eo7)2 a4+ (1 —b)2’
for ¢t = bEo7; with b € (0,1). Combining both cases and setting i = iy in (3.5)
yields that, for a,b € (0,1),

Po(7; > t) >

c ~ o 1—b)? 1
dr(r\)/(o,b]EQTio) > min {e b/a ﬁ} — 5 (3.8)
Putting @ = 1/3 and b = 1/6 gives T.<(0,1/10) > Eo7, /6.

For the discrete time case, note that the eigenvalues of the submatrix of I —
Ky = %(I — K) indexed by 0,...,i — 1 are A\1/2,..,A;/2. Let 7;1,...,7; be
independent geometric random variables with success probabilities A1/2, ..., A;/2.
Replacing K with K/ in (3.4), we obtain

AP (0,) > Po(rin + - + 705 > t) — 7([0,i — 1]).

Note that, under Py, Ti( /2) has the same distribution as 71 + -+ + 7;; and this
implies

%

(1/2) _ 2 2 (1/2) 1—A/2
Eor; —)\—1+"'+)\—i, Varg(r; ™) = Z Z)\z

j=1
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/2)

Using the same analysis as before, one may derive, for 1 /E()Ti(l < a < 1and

t < Egr{"/?

2
. . ¢ (t B EoTi(1/2))
Po(7; >¢)>ming [1— | 5 5
aEqgT; a (EoTi(l/m) + (t — IEOTi(l/Q))

By Lemma 3.3, Eor"/? > 2i. Obviously, if ip = 0, then T4/ (0,1/20) > 0 =
Eor M. For ig > 1, Eor(/? > 2 and the setting, @ = 2/3 and t = {Eorfj/?)/mJ,

10 20
implies
_ 11/12)2 1 1
d? (0, [Bor}? /12|) = min § 271/ _ Qe 11
v (0 |Bor,7/12] ) = min 2731 (11/122 27 20
where the first inequality use the fact that slog(1—3/(2s)) is increasing on [2, 00).
Hence, we have TT(i,/m(O, 1/20) > EQTi(01/2)/12 = Ey7;,/6. For § > 1/2, the com-
bination of the above result and the observation K5 = (Ka5-1)1 /2 implies that
TiY (0,1/20) > Eori, /(12(1 - 6)).
The analysis from the other end point gives the other lower bound. This finishes
the proof. O

3.3. Relaxation of the median condition. In some cases, it is not easy to determine
the value of i,, in Theorem 1.3. Let ¢,, be the constants in Theorem 3.1. For ¢ €
(0,1), let i, (c) € {0,...,n} be the state such that m,([0,i,(c) — 1]) < ¢, mp([in(c) +
1,n]) <1 —c and let t,(c) be the following constant

in(c)—1

tn(c) = Z

k=0

T ([0, K1) z": Tn([k, n])

+ .
Wn(k)pn,k ki ()41 Wn(k)Qn,k

Assume that ¢ > 1/2. In this case, if i,, is the smallest median, then 4,, < i,(c) and

in(c)—1 in(€)
T‘—([ka]) _ Wn([ovk_ 1])
k:zzn 7Tn(k)pn,k k:;—i—l 7"-n(k)Qn,k '
Note that, for i,, < k <i,(c),
l . i Fn([og k— 1]) 1 1
3 Smll0inl) s = T S ) ST

This implies ¢, /2 < t,,(¢) < t,/(1 — ¢). Similarly, for ¢ < 1/2, one can show that
tn/2 < tn(c) < t,/c. Combining both cases gives

tn/2 < tn(c) < tn/min{e, 1 — c}. (3.9)
As a consequence of the above discussion, we obtain the following theorem.

Theorem 3.10. Referring to Theorem 1.3. Forn >1, let j, € {0,1,...,n} and set

Jn—1 n
g max 5 0§~ makn)

=0 Wn(k)pn,k ’ =jn+1 Wn(k)Qn,k

Suppose that
0 < liminf 7, ([0, j,]) < limsupm,([0,7,]) < 1.

n—oo n—oo
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Then, Theorem 1.3 remains true if t,, is replaced by t!,.

Proof: The proof comes immediately from (3.9) with ¢ = m, ([0, j,]). O
We use this observation to bound the cutoff time in the following theorem.

Theorem 3.11. Referring to Theorem 1.5. Suppose that F. has a total variation

cutoff. Then, for any € € (0,1),

(e) (c)

Tn,TV (6) . Tn,TV (6)
— S lim sup ———
n n—r00 n

2log?2 <9

< liminf

n—oo
Proof of Theorem 5.11: The upper bound is given by Remark 3.2 and the fact,
max{s,t} > (s +t)/2, whereas the lower bound is obtained by applying a = 2/5
and b = alog(2/(1 + 2¢)) in (3.8) with € — 0. O

3.4. Bounding the spectral gap. This subsection is devoted to poviding bounds on
the specral gap for birth and death chains. As the graph associated with a birth
and death chain is a path, weighted Hardy’s inequality can be used to bound the
spectral gap. We refer to the Appendix for a detailed discussion of the following
results. See Theorems A.1-A.5.

Theorem 3.12. Consider an irreducible birth and death chain on {0, ...,n} with
birth, death and holding rates p;,q;,r; and stationary distribution w. Let X be the
spectral gap and set, for 0 <i <mn,

C(i) = max { max
@) Fa<i £~ w(k)pr "> -

5= 7([0.4) SIUAD)
Zl m(k)qk
Then, for 0 <m < n,
L oa<— ! |
4C(m) min{~ ([0, m]), 7([m,n])}C(m)

In particular, if M is a median of =, that is, w([0, M]) > 1/2 and w([M,n]) > 1/2,
then

L <2
40(M) =~ O(M)’

Theorem 3.13. Consider an irreducible birth and death chain on {0,...,n} with

birth, death and holding rates p;,q;,r; and stationary distribution w. Let A be the

spectral gap and set N = [n/2]. Suppose that p; = qn—; for 0 <i <n. Then,

1 1

<A< =

4Cc - - C’
where

N1y
C = ouBX ([0, 1]) ; P if n is even,
and
N-2

. 1 1
¢= 0<iEN—1 m((0,4]) Z w(j)p; + 2(N — 1)pn_1

i=i

if n is odd.
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Remark 3.14. In Saloff-Coste (1999), the author also obtained bounds similar to
Theorem 3.13 for the case 7(¢) > w(i+1) with 0 < i < n/2 using the path technique.
For more information on path techniques, see Diaconis and Saloff-Coste (1993a,b);
Diaconis and Stroock (1991) and the references therein.

4. Examples

In this section, we will apply the theory developed in the previous section to
examples of special interest. First, we give a criterion on the cutoff using the birth
and death rates.

Theorem 4.1 (Cutoffs from birth and death rates). Let F = {(Qy, Ky, m)In =

2,...} be a family of irreducible birth and death chains on €, = {0,1,...,n} with
birth rate, py i, death rate g, ; and holding rate v, ;. Let X\, be the spectral gap of
K,. Forn >1, let j, € {0,...,n} and set

Jn—1 n

t, = max Z Z

k=0 ( Pn, k k=jn+ Qn k

and

¢, = max max JZ Wﬂ([o .7]) max i 7771([.77”])
3:5<in P T (K)Drge 553> M T (K) @ i

Suppose that
0< 1irginfwn([0,jn]) < limsup m, ([0, jn]) < 1.

n—00

Then, for e € (0,1/2) and § € (0,1),

Ao =1/, TE0(€) =t = T (6).
Furthermore, the following are equivalent.

(1) F. has a cutoff in total variation.
(2) Ford € (0,1), Fs has a cutoff in total variation.
(3) Fe has precutoff in total variation.
(4) For § € (0,1), Fs has a precutoff in total variation.
(5) tn/ln — 0.

The above theorem is obvious from Theorems 2.4, 3.10 and 3.12. We use two
classical examples, simple random walks and Ehrenfest chains, to illustrate how to
apply Theorem 4.1 to determine the total variation cutoff and mixing times.

Ezample 4.2 (Simple random walks on finite paths). For n > 1, the simple random
walk on {0, ...,n} is a birth and death chain with p,, ; = gni41 =1/2for 0 <i <n
and 7,0 = rnpn = 1/2. It is clear that K, is irreducible and aperiodic with uniform
stationary distribution. Let ¢,, ¢, be the constants in Theorem 4.1. It is an easy
exercise to show that ¢, < n? < t,. By Theorem 4.1, neither F, nor Fs has total
variation precutoff, but T,(L?%V(e) =n? =< Tn TV( ) for e € (0,1/2) and ¢ € (0,1). In
fact, one may use a hitting time statement to prove that the mixing time has order
at least n2, when € € [1/2,1). This implies that the above approximation of mixing
time holds for € € (0, 1).
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Ezample 4.3 (Ehrenfest chains). Consider the Ehrenfest chain on {0, ...,n}, which
is a birth and death chain with rates p,,; = 1 —i/n and g,; = i/n. It is obvious
that K, is irreducible and periodic with stationary distribution m, (i) = 27" (7;)
An application of the representation theory shows that, for 0 < ¢ < n, 2i/n is an
eigenvalue of I — K,,. Let Ay, s,, be the constants in Theorem 2.4. Clearly, \,, = 2/n
and s, < nlogn and, by Theorem 2.4, both F, and Fs have a total variation cutoff.
Note that, as a simple corollary, one obtains the non-trivial estimates

r [51-1

1-1 . n i 2 -1
M = nlogn, max (n) X Z (n) =n.
(M) 0<i<n/2 4\ j i

i=0 i =i

w3

For a detailed computation on the total variation and the L2-distance, see e.g.
Diaconis (1988).

In the next subsections, we consider birth and death chains of special types.

4.1. Chains with wvalley stationary distributions. In this subsection, we consider
birth and death chains with valley stationary distribution. For n > 1, let Q, =
{0,1,...,n} and K,, be an irreducible birth and death chain on €,, with birth, death
and holding rates, pn i, Gn.i, Tn,i- Suppose that there is j,, € €2, such that

pn,i S qn,i+17 V'L < jny pn,i Z QmiJrh V'L Z .]n (41)
Obviously, the stationary distribution m,, of K, satisfies 7, (i) > m,(i+1) for i < j,
and 7, (i) <7, (i + 1) for i > j,.
Let t,, ¢, be the constants in Theorem 4.1 and write

$° 109Dy § Tallom)

f,, = max { max

)
35 <Jn T (k 25> Gin 7 (k
J:3<J kg1 (k) qn k323> P n( )pn,k
Set
My = max g, mp= min ¢n;, Mr = max pp;, mr= min p,;.
0<i<jn 0<i<jn In<i<n In<i<n
Clearly,

n

([0, 4n)) &~ 1 mn((jn, 7)) 1
4, < , -
= max mr, ; 7 (1) mp Z; 7 (1)
Let j;, be such that 7, ([0, 5.]) > 7. ([0, jn])/2 and 7, ([5), jn]) = 70 ([0, 4n])/2. Note
that if 7, > 1, then j, > max{2j/,j/ + 1}. By (4.1), this implies

(0,00 © ma([00dal) o 1 ma([0a]) &~ 1
) DI kéwn(k)z g kzzoﬁn(k)'

One can derive a similar inequality from the other end point and this yields

k=j1 +1

o> Lin mul(0.32]) 1_7wn<[jn,n1>iﬁl(i)

For t,,, note that

([0, 4n — 1) %=~ 1
2 Z .
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and
m(n +1n) §~ 1 ([, ) . G
R k:%;rl mn (k) - k:jzn-'rl mn (k) =l L) k:%:ﬂ 7 (k)

This implies

o d (0.3 S 1 ma(lnn]) §~ 1
ty, < mr, ; wn(i)7 mpg Z Wn(l)

i=in

and

LA ml05) S 1 ) § 1
t, > =
8 ax ML ;ﬂ'n(l)7 MR z; Wn(l)
The following theorem is an immediate consequence of the above discussion and
Theorem 4.1.

Theorem 4.4. Let F = {(Q, Ky, m)|n = 1,2, ...} be a family of birth and death
chains satisfying (4.1). Assume that 7,([0, jn]) < 7n([Jn, n]) and

max qn,ix min Adn,is max pnzf\ min Pni-
0<i<jn 0<i<jn Jn<i<n Jn<i<n

Then, there is no cutoff for F.,Fs and, for e € (0,1/2) and § € (0,1),

1 1 Jn 1 1 n 1
Tr(f) exT,(f) €) X — X max N j
7TV( ) 7TV( ) )\n QH,jn ; 7Tn(Z> pn,jn i:Zjn Wn(l)

For an illustration of the above theorem, we consider the following Markov chains.
For n > 1, let Q,, = {0,1,...,n}, m, be a non-uniform probability distribution on
Q,, satisfying (4.1) and M,, be a transition matrix given by

1/2 for j=i—1,i < j,
1/2 for j=i+1,i> j,,

M (i, ) = (i + 1)/ (2m,(7)) for j=i+1,1<jn, (4.2)
(i — 1)/ (27, (4)) for j=i—1,i> j,,
1/2 — mni + 1)/ (21 (i) for j =i < jn,

1/2 — mnli — 1)/(2mn(i)) for j =i > jn.

Note that M, is the Metropolis chain for 7, associated to the simple random walk
on €2,,. For more information on the Metropolis chain, see Diaconis and Saloff-Coste
(1998) and the references therein. The next theorem is a corollary of Theorem 4.4.

Theorem 4.5. Let F = {(Qn, Mp,mp)|n = 1,2,..} be the family of Metropolis
chains satisfying (1.1)-(41.2). Suppose m,([0,jn]) < ®n([jn,n]). Then, neither F.
nor Fs has a total variation precutoff but, for e € (0,1/2) and § € (0,1),

~ 1

Tn (’)

Tihv(e) = < Tty (e).

i=0
Ezample 4.6. Let a > 0 and 7, 4, 7n,q be probability measures on {0, +1,...,£n}
given by

ﬂ'n,a(i) = én,a(m +1)%, 7c"na(l) = én,a(n =il + 1), (4.3)
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where ¢, 4, Cn,q are normalizing constants. Let F , F be families of the Metropolis
chains for 7, q, 71n,q associated to the simple random walks on {0, %1, ..., £n}, that
is,

Mn,a(iuj) = Mn,a(_iu _j)a Mn,a(iuj) = Mn,a(_ia _.7)

and
! if j=i+1,i€[0,n—1]
. 2(11% ifj=4i—1,i€[l,n]
Mya(i,j) = % if j =i,i ¢ {0,n}
l— gt fi=j=n
and
%( . if j=i—1,i€[l,n]

~ L Sn—it1)a 1fj=2+1,2€[0,n—1]
Mp,a(is§) = ?r(z—i;i)lz—(n—i)a fi—i0 .
T 2m—itne . HJ =0 a
1-— (ni—l)a if 1 = _] =0
Let 5\717@, j\ma and Tma, Tn,a be the spectral gaps and total variation mixing times
of Mn,a, Mn,a- It has been proved in Chen and Saloff-Coste (2012b); Salofl-Coste

(1999) that there is C' > 1 such that, for all @ > 0 and n > 1,

1 1\“ n
— —pe( (142 — ) < -
oh n << +n) +1+a>( +v(n,a))_)\m

2
Al < (n+a)2 < AC
Chna ~ (I+a)? =\,
where v(n, 1) = logn and v(n,a) = (n'=% —1)/(1 — a) for a # 1. By Theorem 4.4,
F. and Fs have no cutoff in total variation but, for fixed a > 0, ¢ € (0,1/2) and
J € (0,1),

and

)

n? ifa € (0,1)
[ (e) < T (e) < { n*logn ifa=1
nlte  ifa € (1,00)

The above result in continuous time case is also obtained in Saloff-Coste (1999).
To see the cutoff for F, let

n—1 n k
fna([—1, —n + K]) _ )
ty, = = = k™ .
Fa(—n 1 k) > ,Z]
k=0 ’ k=1 j=1
By Theorems 3.1-3.9, we have
2t,,

< T (1/10) < 3600t,,.

,a

Note that, for £ > 1 and a > 0,

k
E(k+a o 2k k+a
(h+a) o 2k +a)

2(1+a) = 1+a

This implies
- 14400n(n + a)
1+a '
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We collect the above results in the following theorem.

Theorem 4.7. For n > 1, let a,, > 0 and 7,4, , Tn,a, be probability measures given
by (4.3). Let F,F be the families of Metropolis chains for Tnans Tn,a, @S above
with total variation mizing time T), vv, Ty rv. Then, for e € (0,1/2) and § € (0,1),

~(c ~(6 n(n + an)
Tomv(e) = Tilru(e) = =
and
(e =(5 an 1 an n
Ol = T = (14 1) " ) (ot ol an),

where v(n,1) = logn and v(n,a) = (n*=* —1)/(1 —a) for a # 1.
Moreover, neither F. nor Fs has a total variation cutoff. Also, F. and Fs have
a total variation cutoff if and only if a, — oo.

4.2. Chains with monotonic stationary distributions. In this subsection, we con-
sider birth and death chains with monotonic stationary distributions. For n > 1,
let ©, ={0,1,...,n} and K,, be a birth and death chain on ,, with birth, death
and holding rates, py, i, Gn i, Tn,i- Suppose that

Pni 2 Gna+1, V0 <i<n. (4.4)

If K, is irreducible, then the stationary distribution m,, satisfying m, (i) < 7, (i+1)
for 0 < i < n. Let j, € Q, and t,, ¢, be the constants in Theorem 4.1. Assume
that 7, ([0, jn]) < 7 ([Jn, n]) and

MaxX ppi =< W0 png,  MAX ppg <MD pr ;. (4.5)
0<i<jn 0<i<jn Jn <i<n Jn<i<n

Using a discussion similar to that in front of Theorem 4.4, one can show that

1 2 ok 1 <1
t, = max —Z ([0, ]),
D1 1) (k) " Pnjn K= 7 (k)

and
n

Jn—1 .
/,, < max L max m((0,5]) _1 !
p’ﬂ,l 0<j<jn k=j Wn(k) ' pn;jn k=jn Wn(k)

This leads to the following theorem.

Theorem 4.8. Let F = {(Q, Ky, m,)|n = 1,2,...} be a family of irreducible
birth and death chains with Q, = {0,1,...,n} and birth, death and holding rates
Dnis Qnyis Tn,i- Let Ay, Ty vy be the spectral gap and total variation mizing time of
K,, and set

ol (0, k o (10, "o
=3 ([0, k]) ([0, 41) 7271’

Up = max — Wy

(k) 0<)<in = (k) e k)

Assume that m,([0, jn]) < Tn([jn,n]) and (4.5) holds. Then, for e € (0,1/2) and
d € (0,1),

v w. u w.
)‘rzlxmax{—nu—n}v TéC%V(E)XTéé%V(E)XmaX{—n, - }
pn,l pn,jn ’ ’ pn,l pn,jn
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Moreover, F. and Fs have a total variation cutoff if and only if
Un/Vn = 00, (UnPn,j, )/ (WnPn,1) — 00.

For n > 1, let f, be a non-decreasing function on [0,n] and set F,(z) =
Jo fa(t)dt and Gy (z,m) = [ 1/ f,(t)dt. Note that if there is C' > 1 such that

C_lfn(i)ﬂ'n(o) < Wn(z) < Cfn(i)ﬂ—n(o)a VO<i<n,n>1,

e (7 1) = 5 = (20 +)

then

and

1 . 1 = . 1
% (Gn(]ajn) + fn—(])) < Ty 0) kZ:J ﬂ_n(k) < C (Gn(]ajn) + fn—(.])) .

This implies

—~

and
o 1 1
Tn (|0, J —Z—<an7jn +—-> Fo(j) + fa(d)) -
0.0 X =57 > 72 (G0 + 7,57 ) o)+ £:0)
Let uy,, vn, w, be the constants in Theorem 4.8 and assume that
oD Prji < IWAX Pn,; < L.
Consider the following cases.

Case 1: f,(r) = exp{a,zP~} with inf, a,, > 0 and inf, 3, > 1. In this case,
Fo.(x) = O(fn(2)) and G, (x,m) = O(1/ fn(x)) for 1 < x < m. By setting j, = n,
we obtain

T ([0, 4n]) X Tn([Jn,n]), wn =<n, v, <Xw, <1

By Theorem 4.8, \,, < 1 and, for e € (0,1/2) and § € (0,1),
Ty (€) = Taory(€) < n.
There is a total variation cutoff for F,. or Fs.
Case 2: f,(r) = exp{anzf} with 0 < inf,a, < sup,a, < oo and 0 <

inf,, 8, < sup,, B < 1. Note that, for « € R and 3 € (0, 1),
d
— (xl_'@e‘”ﬁ) = (aB+(1— ﬁ)x_ﬂ) o’
dx

This implies that, uniformly for n/2 <z and 1 + 2 <m < n,

1—Bn 1-Bn
Fy(a) < 2" P fo(z),  Gulz,m) = (C;W - %> '

Letting j, = |n — n' | yields
Tn ([0, 4n]) < Tn([Jn, n]),  wn < n? =P v, xn? P <,
By Theorem 4.8, F, and Fs have a total variation cutoff and

Ao =220 T (@) = T 0 (6) =< n? P, Ve e (0,1/2), 6 € (0,1).
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Case 3: f,(z) = exp{ay[log(z + 1)]?»} with 0 < inf, o, < sup,, a, < o0 and
1 < inf,, B, < sup,, Bn < co. Note that, for « € R and g > 1,

aflog(z+1)]°
d<@+ue[a+ﬂ)_Cw+1—w—mﬂ%@+n)wmmﬂw,

dx [log(x 4 1)]5—1 log(z + 1)]—1
This implies that, uniformly for n/2 <z <m < n,

(.I + 1) [1 Bn
Fn - ay[log(x+1)]
= Togla+ D1

and

Coam) = (z + 1)e~omllog(@+1)1”" _(m+ 1)e—anllog(m+1)°
T [log(x + 1)]#» [log(m + 1)}~

Set j, = n[l — (logn)'~#»]. The above computation leads to

1—Bn 2-28n
, =

([0, 50]) = T (ns 1)), un < n?(logn) vp = n?(logn)

By Theorem 4.8, both F. and Fs have a total variation cutoff and, for e € (0,1/2)
and § € (0,1),

An =02 (logn)? 2 T (€) = n?(logn) = < T (e).

Wy,

Case 4: f,(z) = exp{a,[log(z + 1)]’*} with sup,, o, < co and sup,, B, < 1.
Note that, as a consequence of the mean values theorem, one may choose, for each
0 < a<1,aconstant b € (a,1) such that

[ log(n + 1)) — (log(an + 1))5"] }

(log(bn + 1))t }

exp {O‘nﬂn - b+ 1

1<

= exp

1-
< exp

Sup ozn} < Q.

This implies that, for a € (0, 1), one may choose a constant A > 1 (depending on
a) such that

A

—, Vx>an, n>1.

n

Choosing j, = |[n/2] yields 7,([0,7n]) < 7n([jn,n]) and u, < v, < w, < n?. By

Theorem 4.8, there is no total variation cutoff for F, or Fs5 and

T () = TS0 (6) = Ayt = n?, Vee (0,1/2), 6 € (0,1).

1
— < <
An — mn(7) <

4.3. Chains with symmetric stationary distributions. This subsection is dedicated
to the study of birth and death chains with symmetric stationary distributions. Let
K be an irreducible birth and death chain on {0, ..., n} with stationary distribution
m. Note that 7 is symmetric at n/2, that is, 7(n — i) = 7(¢) for 0 < i < n/2, if and
only if
PiPn—i—1 = Qit1qn—i, V0 <i<n/2.
By the symmetry of 7, we will fix j,, = |n/2] when applying Theorem 4.1.
Consider a family of irreducible birth and death chains, F = {(Q,,, K, m,)|n =
2,...} with Q, = {0,1,...,n}. Let pni,@ni,Tn,i be respectively the birth, death
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and holding rates of K, and t,, ¢, be constants in Theorem 4.1. Assume that 7,
is symmetric at n/2. Continuously using the fact (a +b)/2 < max{a,b} < a+0b for

a > 0,b> 0, we obtain
™ ([0, k])
tn=< Y .
kik<n/2 7Tn(k) mln{pn,ka Qn,n—k}

and

{, =< max Z ([0, 1)

asn/2 L= T (k) min{pr g, gnn—r}
Theorem 4.1 can be rewritten as follows.

Theorem 4.9. Let F = {(Qp, Ky, m)|n =1,2,...} be a family of irreducible birth
and death chains with 0, = {0,1,...,n}. Let A, and D, Gn.isTn,i e the spectral
gap and the birth, death and holding rates of K,,. Assume that

Pn,iPnn—i—1 = dn,i+19n,n—i, V0 << n/2
Then, for e € (0,1/2) and § € (0,1),
Ao =1/l Th(€) = TN (€) = tn,

- 7((0, K])
= D o

k:k<n/2 min{pn,ka Qn,n—k}

where

and

l, = max < m,([0,7]) Z ;

jii<n/2 kij<k<n/2 7Tn(k) min{pn,ka Qn,n—k}
Moreover, the following are equivalent.

(1) Fe has a cutoff in total variation.

(2) Ford € (0,1), Fs has a cutoff in total variation.
(3) Fe has a precutoff in total variation.

(4) For ¢ € (0,1), Fs has a precutoff in total variation.
(5) tn/ly — o0.

The next theorem considers a perturbation of birth and death chains which has
the same stationary distribution as the original chains. The new chains keep the
order of mixing time and spectral gap unchanged.

Theorem 4.10. Consider the family in Theorem /.9 and assume that
Pn,iPnn—i—1 = 4n,i+19n,n—i, Vo <1i < n/2

Forn >1, let A, C {0,...,n =1}, ¢y € [0,1] fori € A, and K, be a birth and
death chain on Q,, with birth and death rates, pr i, Gn.i, satisfying

]371,i = Cn,iPn,i + (1 - Cn,i) min{pn,ia Qn,n—i} fO’f’ i€ An7

Gnyit1l = Qn.it1Dn,i/Pn.i forie Ay,

ﬁn,i = Pn,i, an,i+1 = qn,i+1 fOT v ¢ An
Let /\n,Xn and Tn,TV(E)afn,TV(E) be the spectral gaps and total variation mixing
times of K,,, K,,. Then, given ¢ € (0,1/2) and 6 € (0,1),

Y - (0 5

Mo = Ay Tilre(€) = T (€) = Tilh(€) = Tt (o),
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where the approzimation is uniform on the choice of Ay, cp ;.

Proof: The approximation of the spectral gap and the total variation mixing time
is immediate from Theorem 4.9, whereas the uniformity of the approximation is
given by Theorems 3.1, 3.9 and 3.12. O

Ezample 4.11. For n > 1, let K,, be a birth and death chain on {0,1,...,2n} given
by

1/2 for even i

1/(2n) for odd i

By Theorem 4.10, the mixing time and spectral gap of K, are comparable with
those of K,,, where K, (i,i+1) = K, (i+1,i) = 1/(2n) for 0 < i < 2n. Let F be the
family consisting of K,. By Theorem 4.9, neither F. nor F; has a total variation
precutoff and T,S?%V(e) = Tﬁ%v(e) = A\, 1 =< n3 forall e € (0,1/2) and § € (0,1),
which is nontrivial.

Kn(iyi+1)=Ky(i+1,i) = {

Next, we consider simple random walks on finite paths with bottlenecks. For n >
1,let k, <mandxp1,..., Ty, be positive integers satisfying 1 <z, ; < Zp 41 <N
fori=1,...,k, — 1. Let K,, be the birth and death chain on {0,1,...,n} of which
birth, death and holding rates are given by

1/2 fori Tn,1s -5 Tnk,
s — s / | ¢{ ’ } , (4.6)
€n; fori=uax,,;,1<j<k,

where €, ; € (0,1/2] for 1 < j < k,. Clearly, K,, is irreducible and the stationary
distribution, say m,, is uniform on {0, 1, ...,n}. The following theorem is immediate
from Theorems 4.9.

Theorem 4.12. Let F be a family of birth and death chains given by (4.6) and A\,
be the spectral gap of K,,. Forn > 1, set

k .
“min{x, ;,n+1—x,,;}
o=n?+Y : :

X €n,i
=1 ’
and
n/2+1—j
0, =n? R

it|@n, i —n/2|<j

Then, for all e € (0,1/2) and 6 € (0,1),
T (€) = TN (€) =ty An = 1/0n.
Furthermore, the following are equivalent.

(1) Fe has a cutoff in total variation.

(2) Ford € (0,1), Fs has a cutoff in total variation.
(3) F¢ has precutoff in total variation.

(4) For ¢ € (0,1), Fs has a precutoff in total variation.
(5) tn/ln — 0.

Remark 4.13. Let t,, ¢, be the constants in Theorem 4.12. Then,

by Tnj n+1—xy;
n = E LA E - "MJ
€ ; € ;
j€L, ™ jeER, ™J
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and
T n+1—x,;
0, = n? + max g 4 max g -
i€L, . . €ni . L. €n,j
JELRn:j>i JERR:J<1 ’
where L, = {i: @y, <n/2} and R,, = {i : x,; > n/2}.

Theorem 1.4 considers a special case of Theorem 4.12 with €, ; =€, for 1 <17 <
kn. It is clear from Theorem 1.4 that if k,, is bounded, then no cutoff exists for F.
or Fs. The following example shows a case of cutoffs for the family in Theorem 1.4.

Ezample 4.14. Let F be the family in Theorem 1.4, with k, = [n'/?] — 1 and
{ 15/6

:En,i =

nl/3 —j

J, V1 <i< k.

Clearly, for n large enough, x,,; # =, ; when i # j. Let ay, b, be the constant in
Theorem 1.4. It is not hard to show that

a, =< n®/6 logn, b, = n®/6.

By Theorem 1.4, F. and Fs, with 6 € (0,1), have a total variation cutoff if and
only if ¢, = o(n~"/%logn). Furtheromre, if ¢, = o(n~"/%logn), then

n®6logn

T % (€) = = TN (6), Ve, d € (0,1).

€n

The following two theorems treat special cases of Theorem 4.12.

Theorem 4.15. Let F be a family of birth and death chains satisfying (4.6). Let
N be a positive constant. Suppose, for n > 1, there are constants Jln), e J](\?) and
a partition of {1,...,kn}, say Iln)7 ...,IJ(\?), such that, for 1 <k < N,

max{zp;i A(n+1—2,,)} < min{x,;, A(n+1—x,,)} =< J,in),

el ier{™

where a A'b = min{a,b}. Then, neither F. nor Fs has a total variation cutoff.
Moreover,

T (@) = T (6) = Ayt = t,, Vee (0,1/2),6 € (0,1)
where

_ 2 (n) 1
t, =n —l—lg}KxN Ji Z "

€
1er{™

The next theorem gives an example that no total variation cutoff exists for F., Fs
even when the constant N in Theorem 4.15 tends to infinity.

Theorem 4.16. Let F be a family of birth and death chains satisfying (4.6). Sup-
pose that min; €, ; < max; €, ; and Tn; = |in/ky,| with k, < n/2, then neither F.
nor Fs has a total variation cutoff, but

T () = TS0 (€) = Ay' = max{n? nky/en 1}, Vee (0,1/2),6 € (0,1).

Remark 4.17. Note that the assumption regarding the birth and death rates in this
section can be relaxed using the comparison technique in Diaconis and Saloff-Coste
(1993a,b).
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Appendix A. Spectral gaps of finite paths

This section is devoted to finding the correct order of spectral gaps of finite paths.
Let G = (V, E) be the undirected finite graph with vertex set V"= {0,1,2,...n} and
edge set E = {{i,i+1}:i=0,1,...,n— 1}. Given two positive measures 7, on
V, E with (V) = 1, the Dirichlet form and variance associated with v and 7 are
defined by

n—1
Ef.9) = SC1F() — £+ Dllgi) — 9(i + Dlw(isi + 1)
i=1
and
Vars (f) = m(f2) — n(f)2,

where f, g are functions on V. The spectral gap of G with respect to m, v is defined

as ¢

A = min ACT

’ Var,(f)

To bound the spectral gap, we need the following notations. Let C (7) and C_(7)
be constants defined by

' fis non-constant} .

C (i) = max _mlpnD C_(i) = max s~ _((0.7) (A1)

Rt vik—1,k)’ Fa<i i~ vk, k+1)’

where max () := 0.

Theorem A.1. Let G = (V,E) be a path on {0,1,...,n} and 7,v be positive mea-
sures on V, E with w(V') = 1. Referring to (A.1), set C(m) = max{Cy(m),C_(m)}.
Then, for 0 < m < n,
1 1
<)\ < .

AC(m) = ™" = min{x ([0, m]), w([m, n])}C(m)
In particular, if M is a median of m, that is, ©([0, M]) > 1/2 and «([M,n]) > 1/2,
then

1 . 2

1000 =M S GOy

Remark A.2. Referring to the setting in Theorem A.1, the authors of Chen and
Saloff-Coste (2012b) obtained AS, > 1/C”, where

7j—1 n
. ([0, K]) m([k, n])
U= min max Zu(k: k+1) Z v(k — 1, k)
k=0 ’ k=j+1 ’

Theorem A.l indicates that 1/C(M) is always of the same order as the spectral
gap and provides an estimate that can be significantly better than 1/C".

The proof of Theorem A.1 is based on the following proposition, which is related
to weighted Hardy’s inequality on {1,...,n}.

Proposition A.3. Fizxn > 1. Let u, 7 be positive measures on {1,...,n} and A be
the smallest constant such that

D (2_96) ] 7@ =AY g (u). Vg #0. (A.2)
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Then, B < A < 4B, where

%

B = max 7r([z,n])z:i

1<isn = ()

Remark A.4. Miclo (1999) discussed the infinity case {1,2, ...} using the method in
Muckenhoupt (1972), which was introduced by Muckenhoupt to study the continu-
ous case [0,00). For more information on the weighted Hardy inequality, see Miclo
(1999) and the references therein.

Proof of Theorem A.1: We first consider the lower bound of )\fﬁy. Let f be any
function defined on V and set f1 = [f—f(m)|1(p,... ny and fo = [f—f(m)]10,.. m}-
Then,

gV(fuf) gU(fuf) _SV(f+7f+)+gV(f—7f—)
Var, (F) © 7(f - )P~ 7+ 7(f7) (49)
Set g(7) = f(m+7)—f(m+j—1)for 1 <j<n—mandh(i) = f(m—i)—f(m—i+1)
for 1 < i < m. Note that
2

Efr, f4) = i g Gv(m+j—1,m+j), i <Zg ) m(m + j),
and
m m 7 2
Eu(f_,f_):ZhQ(i)u(m—z m—i+1), Z(Zh ) — 7).
i=1 j=1 \k=1

By Proposition A.3, the above computation implies that
Efefs) o 1 &YYo 1

) > .
") S A0 m)’ () A0 (m)
Putting this back to (A.3) gives the desired lower bound.
For the upper bound, we first consider the case C' = Cy(m). By Proposition
A3, Cy(m) < A, where A is the smallest constant A such that, for any function ¢
defined on {1,2,...,n —m + 1},

2

i(ZGﬁ ) m(m + j) <AZ¢2 vim+j—1,m+ 7).

j=1 j=1

Let ¢ be a minimizer for A, which must exist, and define ¢ by setting

) = d()+-+p(i—m) form<i<n
vii) = 0 for0<i<m '

Clearly, 1/Cy(m) > 1/A = &E,(¢,9)/m(¥?). Without loss of generality, we may
assume further that ¢ is nonnegative. Note that w({¢) = 0}) > =([0,m]). By
the Cauchy-Schwartz inequality, this implies 7(1)? < w({1) > 0})mw(¢?) < 7([m +
1,n])m(¥?) and, then, Var, () > 7([0, m])m(¢)?). This leads to 1/C = 1/Cy(m) >
7([0,m])AS . Similarly, if C' = C_(m), one can prove that 1/C > m([m,n])AS .
This yields the upper bound of the spectral gap. O
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Proof of Proposition A.3: The proofs of Theorem A.1 and Proposition A.3 are very
similar to those in Miclo (1999). Note that A is attained at functions of the same
sign and we assume that g is non-negative. As A is attainable, the minimizer g for
A satisfies the following Euler-Lagrange equations.

Ag(i)p(i) =D (g(1) + -+ g(i))m(j), VI<i<n. (A4)

j=i
This is equivalent to the following system of equations.
Alg(i)p(i) —gli+ Dp(i+ 1) = (9(1) + -+ 9(i))7 (@), VI<i<mn,

with the convention that u(n + 1) := 0. Inductively, one can show that g > 0.
Summing up (A.4) over {1, ..., ¢} yields

l Y4 n
A3 g =3 ﬁ) Zj_ + 9(7)7())
¢ n . .
> ZZ ( )9(])) (J)
i=1 j=¢(

v

¢ ‘o
(zg ) (z M) ().
This leads to A > B.

To see the upper bound, we use Miclo’s method in Miclo (1999). Set N(j) =
7_11/p(7). By the Cauchy inequality, the left side of (A.2) is bounded above by

Zw Zg NU?()ZW.

i=1 =1

Note that, for s > 0,¢ > 0, t'/2 — s'/2 > (t — 5)/(2t*/?). This implies 2(N'/2(l) —
N2(1 = 1)) > 1/(u(1)N'/?(1)) with the convention that N(0) := 0. Consequently,

we have
L 2 < (4B N\
;uawwuém ”§<w<[z’,n]>> ’

and, thus,
n [ 2 [
S 9t) ) < V4B Z ))1 752 S @rNYE()
i=1 \ j=1 j=1
<VIBY OuINY0) Y

Again, the inequality for s,t implies

S 7 (i) (17 n)/2 V4B
2 e < 20D < Fagy

=]

This gives the desired upper bound. (Il
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Next, we consider a special case. Let 7, v are measures on V = {0,1,...,n}, F =
{{i,i+1}|0 <i < n} with 7(V) = 1. Suppose

w(i)=mn—1), v(i,i+1l)=v(n—i—1n—1), Y0<i<n/2 (A.5)

By the symmetry of 7 and v, if ¢ is a minimizer for /\S,u with 7(¢) = 0, then ¢
is either symmetric or anti-symmetric at n/2. The former is set aside because v is
known to be monotonic and this leads to the case ¢(n—i) = —(i) for 0 <i < n/2.

If n is even with n = 2k, then ¢ (k) = 0 and this implies
x:_hﬁ{ZiﬂﬂU—f@—UfwﬁﬂJ)
“” Yo f2(0)m()

Equivalently, if one sets g(i) = f(k—i)— f(k—i+1) and p(i) =v(k—i,k—i+1)
for 1 < i <k, then 1/ )\f)l, is the smallest constant A such that

ﬂ@—&f¢o}

2

k i k
DD 9G) | wk—i) < AY g*(i)uli), Vg#0. (A.6)
i=1

i=1 \j=1
Similarly, if n is odd with n = 2k — 1, one has
k—1 N . 2 . . 2 _ _
w;_mm{zpmﬂn S = )i = 10) 4 277k~ Dk L@V#O}
>ico fA() (i)

and this leads to (A.6) with g(1) = f(k—1), (1) = 2v(k—1,k) and, for 2 <i < k,
g(i)=f(k—i)— f(k—i+1) and u(i) = v(k —i,k—i+1). A direct application of
Proposition A.3 implies the following theorem.

Theorem A.5. Let G = (V, E) be the graph with V- = {0,1,....n}, E = {{i,i +
1}Hi=0<1i<n} and let m,v be positive measures on V, E satisfying 7(V) = 1 and
(A5). Set N =[n/2]. Then, 1/(4C) < \§, <1/C, where

N—-1

1
C = OISnla%)iv W([O,Z]) JE:l m an 18 even,
and
N-2 1 1
C= 0,4 if n is odd.
ogli{%v 7([0,1]) ; VG + 1) + (N —1,N) if nis o

Remark A.6. The symmetry of 7, in Theorems A.5 can be relaxed using the
comparison technique.
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