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Abstract. We show that a sequence of birth-and-death chains, given by lazy ran-
dom walks in a transient environment (RWRE) on [0, n], exhibits a cutoff in the
ballistic regime but does not exhibit a cutoff in the (interior of) the subballistic
regime. We investigate the growth of the mixing times for this model. As an im-
portant step in the proof, we derive bounds for the quenched expectation and the
quenched variance of the hitting times of the RWRE, which are of independent
interest.

1. Introduction and statements of the results

In this paper, we consider a model which is standard by now, namely one-
dimensional Random Walk in Random Environement (RWRE). The environment
w := (wg)kez is a family of i.i.d. random variables taking values in (0,1). We denote
the distribution of w by P and the corresponding expectation by E. After choosing
an environment w at random according to the law P, we define the random walk in
random environment (RWRE) as the nearest neighbour random walk (X})gen, on
Z with transition probabilities given by w: with respect to PZ (z € Z), (Xj)ken, is
the (time homogeneous) Markov chain on Z with PZ(X, = z) =1 and

Pj[Xk+1:Z'+1|Xk:i] = wj,
P X =i—1|Xp=1 = 1—w,. (1.1)

for k € Ny, 7 € Z. However, the question we ask is not a standard question in this
context: we fix the environment and consider a sequence of Markov chains, given
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by the RWRE with reflection at 0 and n. More precisely, for n € N the sequence
w" = (W )ke{o,..,n} is given by

1 for k=0,
wp = qwy fork=1,...,n-1,
0 for k=n.
Now, define PZ, as the distribution of a RWRE on {0, ...,n} with reflection in 0
and n which is, for fixed environement w, a Markov chain with values in {0, ..., n}.

To avoid periodicity problems, we pass to a lazy RWRE which stays in place with
probability 1/2. For fixed environment w, (Y;")ren, is the Markov chain on {0, ..., n}
with PZ.(Y]" = z) = 1 and with the following transition probabilities: for ¢ €
{0,...,n} and k € N we have

Pi [V =i+1|Y =i] = %7
i on 1
Pn [Ykn+1:Z|Yk :Z} =3
P Y =i-1]Y' =i = 2w : (1.2)

For this sequence of Markov chains, we will investigate the behaviour of the mixing
times and we ask if the sequence exhibits a cutoff, which roughly means that the
distance to equilibrium decays rapidly in a small time window. More precisely,
let (Ul')ken, be, for each n € N, an aperiodic and irreducible Markov chain on a
finite state space €, and let (m,)n,en denote the sequence of associated stationary
distributions. Further, we assume

1Q,] =5 .

Definition 1.1. For the sequence (U}?)ken, the mixing time tmix(n) is defined by

tmix (1) 1= min{l eEN:d,(l) < i}

where
dall) = e [B (07 € ) = 7}y (13)
and || - ||7v denotes distance in total variation.

We note that due to the convergence theorem for aperiodic and irreducible

Markov chains we have that tm;x(n) is finite for every fixed n because d,, (1) 2% 0.

In most relevant cases tmix(n) tends to infinity with growing state space: the ques-
tion is, how fast does tyix(n) grow? Note that d,, (k) can be interpreted as the worst
case distance to stationarity after k steps.

Next, we define the cutoff phenomenon for a sequence of aperiodic and irreducible
Markov chains. This effect describes a sharp transition of the total variation dis-
tance of the distribution of the Markov chain and its stationary distribution from
1 to 0 in a small window around the mixing time.

Definition 1.2. The sequence (U"),ecn exhibits a cutoff with cutoff times (¢, )nen
and window size (fy)nen if
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(1) fn = O(tn)a
(2) lim liminfd,(t, —cf,) = 1 and
C—00 N—>00
(3) lim limsupd,(t, +cfn) = 0.
=0 pnsoco
As usual, PZ is called the quenched law of (X} )ken, starting from Xy = z and we
denote by EZ the corresponding quenched expectation. Let ZNo be the space of the

paths of the RWRE and let F be the associated o-algebra generated by all cylinder
sets. By P* := P x P? we denote the measure on ((O, 1)Z x zNo, (B(O,l))z ®.7:)
defined by the relation

P*(B x F) = / P*(F)P(dw), Be (Boy)" FeF,
B

where B 1y is the Borel-o-algebra on (0,1). The expectation under P# is denoted
by E*. We will refer to P* and E* as the annealed law and the annealed expectation
respectively. If z = 0, we simply write P,, E,, P and E. A crucial role will be
played by the hitting times of the RWRE, defined by

T,:= min{leNy : X;=n},n=1,2,... (1.4)
For i € Z, let
1-— Wy
= 1.5
p m (1.5)
It goes back to Solomon (1975) that
ET, < oo iff Epo < 1. (16)

Throughout this work, we make the following assumptions on the environment
distribution P:

Assumption 1. Elnpg < 0.

Assumption 2. There exists a unique x > 0 such that

E[p5] =1 and E[p§ In™ pg] < oc.

We sometimes need a further technical assumption which we mention if it is needed:
Assumption 3. The distribution of In py is non-lattice with respect to P.

Remark 1.3. 1) Assumption 1 implies transience to the right (cf. Theorem 1.7 in
Solomon (1975)).
2) The constant in Assumption 2 has a significant impact on the behaviour of the
RWRE. If it exists, its value separates the ballistic (x > 1) from the sub-ballistic
(k < 1) regime. By the law of large numbers (cf. Theorem 1.16 in Solomon (1975)),
we have
. Xn .n 1

nhﬁngo — = nl;rrgo T_n = IE—Tl = vp P-a.s.
and vp > 0 if and only if K > 1 (cf. (1.6)). We will also refer to the case vp > 0 as
the case with positive linear speed.
3) Assumptions 1 and 2 exclude all deterministic environments.
4) Note that Assumption 3 is also used in Kesten et al. (1975), Peterson and
Zeitouni (2009) and Goldsheid (2007) to show annealed and quenched limit the-
orems. We refer to Kochler (2012) to prove that our results are also true under
the weaker assumption that the union of the support of the distribution of In pg
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and {0} is non-lattice. In particular, this weaker assumption includes many envi-
ronment distributions which consist of just two possible choices for the transition
probabilities which all are excluded by Assumption 3.

We investigate for which £ > 0 a sequence of lazy RWRE on ({0, ...,n})nen
exhibits a cutoff. We show that although the lazy RWRE is transient to the right
for all K > 0, we only observe a sharp transition of the distance in total variation to
its stationary distribution in the case of positive linear speed (k > 1). Let t¥; (n)
denote the mixing time of the lazy RWRE with respect to P,n».

Theorem 1.4. Let Assumptions 1 and 2 hold and assume x > 1. Then for P-
almost every environment w the sequence of lazy RWRE (Y} )ken, on ({0,...,n})nen
exhibits a cutoff with cutoff times

tw(n) = 2E,(T))
and window size
fu(n) := /Vary (T,).

Note that although E(T'?) = oo for k < 2, we have Var,= (T},) < oo for P-almost
every environment w (cf. Theorem 1.7) and all k > 0. We remark that d,, (k) is
decreasing in k. For simplicity’s sake, we do not write integer parts.

In the case kK < 1 we show that there is no cutoff:

Theorem 1.5. Let Assumptions 1-8 hold and assume k < 1. Then for P-almost
every environment w the sequence of lazy RWRE (Y )ken, on ({0, ...,n})nen does
not exhibit a cutoff.

To prove that for k < 1 there is no cutoff under Assumptions 1-3, we show that
for P-almost every environment w the window within which the total variation
distance drops from 1 to 0 has the same order as the mixing time, and therefore
the transition cannot be sharp in the sense of a cutoff.

Furthermore, we determine the order of the mixing time:

Theorem 1.6. For P-almost every environment w we have
In tulilix(n) 1

(a) lim —2X - = — for0 <k <1 and
n—00 o Inn K

(b) lim b () = 2ET} for k > 1.
n—r00 n

To prove Theorems 1.4 - 1.6, we will need the following bounds for the (quenched)
expectation and variance of the hitting times, which are of independent interest.

Theorem 1.7. We have
nE, (T, 1
(a) lim In By (Tn) = max{;,l} P—as.,

n—00 Inn

In Var,, (T}, 2

(b) lim In Var, (T) = max{—,l} P —as.
n— o0 Inn R

Note that because we consider an i.i.d. environment, the shift © on the product

space (given by Ow(i) = w(i+1)) is ergodic with respect to P. Therefore, Birkhoff’s

ergodic theorem yields the following stronger statements for the cases in which the



Cutoft and mixing time for transient RWRE 453

annealed expectation and the annealed variance, respectively, exist:
for k > 1 we have

E,T, 1

nlgr;o = nlggoEZOE@ijl = EIN P—a.s. (1.7)
J:
and for kK > 2 we get
n—1
. Var,T, . 1 ‘ B
nler;O - = HILII;OEZOVar@M(Tl) = E(Var,71) P —a.s. (1.8)
§=

There are general cutoff results for birth-and-death-processes, see Ding et al.

(2010), but they involve the spectral gap and its behaviour is not known for our
RWRE sequence. On the other hand, combining our statements with these general
results, one gains information about the spectral gap of RWRE, we refer to Kochler
(2012).
The paper is organized as follows. In Section 2, we relate the hitting times of the
RWRE to the hitting times of the lazy RWRE. Section 3 gives estimates on the
environment, using its (well-known) description with the help of the potential and
a block decomposition along the lines of Peterson and Zeitouni (2009). This allows
to identify a set of “typical”, “good” environments which will be used to analyse
the hitting times. In Section 4, we derive Theorem 1.7. Section 5 then uses this
result to prove Theorems 1.4 - 1.6, establishing the fact that the RWRE exhibits a
cutoff in the ballistic regime and does not exhibit a cutoff in (the interior of) the
subballistic regime.

2. Preliminaries

Recall (1.5) and define, for i € N,

W; = Z Hpk. (2-1)

j=—00 k=j

Further, for 7 € N,

W = Z H Pk (2.2)
i=1k=j
Recall (1.4). One can recursively compute an explicit formula for the quenched

expectation of T, as a function of the environment (cf. (2.1.14) in Zeitouni (2004)),
and if we assume Eln py < 0, we have (cf. Solomon (1975))

EiTiy =1+2W; < oo P-as. (2.3)

and therefore B, T; 11 = 1+ 2W? for i € {1,...n — 1}. Note that since (px) is an
i.i.d. sequence,

ETy =1+2EWo=1+»  (Epo)" (2.4)
k=1
which implies (1.6).
Let 70 := min{l € Ny : Y = n} be the first hitting time of position n of the
lazy RWRE (Y™). The next lemma relates the quenched expectation and quenched
variance of T)Y with the corresponding quantities of 7T,.
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Lemma 2.1. We have

(a) E,T, = 2E,T,,

(b) Var,T) = 4Var,T, +2E,T,.
Proof: For k € N we define

Zr =Ny vy (2:5)
and
1
7= inf{leEN : Y Z=k
j=1

and note that 7 is negative binomially distributed with parameters k and % (waiting
for the kth success). Thus, we have

E., [T,{ Tn:k} = E,m = 2k

and we get

n

E,TY = E, [Ew [TY

T|| = 2B,
To obtain (b), we first consider
B [0 |1 =K] = B[] = 2+ 4

and we therefore get together with (a)

2
Var, TV = B, [Ew [(T}[ ) TnH - (EWT,X ) = 4Var, T, + 2B, T,.

In the same way,
EanTY = 2E,.T, and Var,.TY = 4VargaT, +2FE .T,. (2.6)

3. Environment: decomposition with the potential

In this section, we analyse the potential associated with the environment, which
was introduced by Sinai in Sinal (1982). A good understanding of the potential
will be key to analyse the quenched expectation and quenched variance of T3, in the
next section. The potential, denoted by (V' (z)).ez, is a function of the environment
w defined in the following way:

-1
—Zlnpi if v < —1,

i=x

V(z):=10 if =0,
x—1
Z In p; if x > 1.
i=0

Due to Assumption 1 (Elnpg < 0), the potential is a random walk with nega-
tive drift. But there are some “blocks” of the environment where the potential is
increasing. We will see that the height of these increases depends on s and that
the RWRE needs most of the time before hitting position n to cross the highest
increase of the potential in the interval [0,n]. Note that for fixed environment,
the Markov chain (X,,) is reversible and the conductance of an edge is given by
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C(z —1,2) = exp(—=V(x)), see Fribergh et al. (2010). To see the influence of the
parameter x on the shape of the potential see Figure 3.2 and Figure 3.3 on pages
462 and 463. In the following, we use the partition of the potential in blocks intro-

V(k)

+V (u,2)

V(Vl) +

V(uz) +

V(l/g) +

V(l/4) +

FIGURE 3.1. On the definition of the ladder locations.

duced in Peterson and Zeitouni (2009) and Enriquez et al. (2009) (cf. Figure 3.1).
We define “ladder locations” (v;(w));ez of the environment w by
sup{n < vip1(w) : V(n) <V(k) Vk<n} fori<-—1,
vi(w) == 0 for i =0, (3.1)
inf{n >v,_1(w) : V(n) < V(vi—1(w))} for ¢ > 1.

If no confusion arises, we often drop the dependence of w and simply write (v;);ez.
The portion of the environment [v;,v;41) is called the ith block. Note that the
block from v_; to —1 is different from all the other blocks. Further, we define for
1€Z
yoax (V@) =Vm) = _max (V(k)=V() (32)
as the height of the ith block and for n € N let
no:= max{l €Ny : v, <n} (3.3)

denote the number of the block to which n belongs.

Later, we estimate the height of blocks using results on the asymptotic of the maxi-
mum of random walks with negative drift. First, let us assume that the distribution
of In py is non-lattice. Then, due to Assumptions 1 and 2, Theorem 1 in Iglehart
(1972) yields constants 0 < Ky < Ky such that for h > 0 we have

Kiexp(—k-h) < P(S>h) < Kyexp(—k-h), (3.4)
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where § := max V(j) denotes the maximum of the potential on Ny. Next, let the
J

distribution of In pg be concentrated on = + yZ for x € R,y € R>Y. Therefore, the
potential is a Markov chain with i.i.d. increments of a lattice distribution. Using
again Assumptions 1 and 2, we get for the case in which the potential is aperiodic,
due to E19.4 in Spitzer (1976) with r = exp(k)

Kiexp(=k-(y-n+z)) < P(S>y-n+a) < Kyexp(—k-(y-n+x)), (3.5

for n € N and constants 0 < K{ < KJ. If the potential V() is a periodic Markov
chain with period d € N, we still have that (V (nd+k))nen, is aperiodic for every k €
{0, ...,d—1} and therefore we get the same asymptotic as in (3.5) using the minimum
and the maximum, respectively, of the appearing constants. Now combining (3.4)

and (3.5), we get that under Assumptions 1 and 2 there exist constants 0 < Cy < C4
such that we have for all A > 0

Crexp(—k-h) < P(S>h) < Cyexp(—k-h). (3.6)
In the next lemmata, we identify “typical” and “good” subsets of the environment,
which simplify calculations in the following. First, we show that it is very unlikely

for the potential to stay at a certain level for a long time because of the negative
drift. We define

Bi(n) := {39 keN, i,je{-n,..n} : j—i>k(nn)? V() > V() — klnn}
(3.7)

as the set of environments for which on the interval [—n, n] the potential decreases
at least by klnn every [k(Inn)?] steps. In particular, we have for environments
w € Bi(n) that all blocks in the interval [—n,n] are smaller than (Inn)?.

Lemma 3.1. We have
P(Bi(n)?) = O (n7?).

Proof: First, we note that
{552 kmnp : vG) > ki
< {v(trmn?) > - (k4 2 anf 55
of (V) = V(1K) > D1an

j>k(Inn)?
because either V (|k(Inn)?)] is larger than — (k+ %) Inn or the potential has to
increase more than 2 Inn afterwards. Using (3.6), we get for arbitrary [ € N

P (r;lng(V(]) -V() > %hln) = 0(n").



Cutoft and mixing time for transient RWRE 457

This with (3.8) yields
P(B1(n)%)

=P(3keN, i,je{-n,..,n}: j—i>k(nn)* V(j) > V(i) —klnn)

: V(j) > —klnn)

(P (v(Ug(lnn)?J) > - <k+ %) m)

+P (jzggﬁ]xnf (V(j) - V(Lk(lnn)zj)) > élnn) )

IN
DO
S
M
—
Ll
<.
%
=
=3
S
e

IA
ling
S

IN

|E In po|
2

2nP (V(Lk(lnn)QJ) — |k(nn)?|Eln po > Lk(lnn)2J>

+0(n7?). (3.9)

Since the potential is a sum of i.i.d. random variables with some finite positive
exponential moments due to Assumption 2 and negative expectation due to As-
sumption 1, we can apply Cramér’s Theorem (cf. Theorem 2.2.3 in Dembo and
Zeitouni (1998)) to obtain an upper bound for (3.9), that is

P(Bi(n)°) < 4n*exp(—c(Inn)®)+ O (n"?)
for a constant ¢ > 0, and this finishes the proof. |

Further, we show that the first n appearing blocks on the right side of 0 and on
the left side of 0 are not too wide.

Lemma 3.2. We have
P(B5)=0 (nfz) ,
where
Bo(n) = {—2omn <v_,,v, <20n} withv:= Eu.

Proof: First, we show that (1; — v;_1) has exponential tails for all i € Z#°. Again
using Cramér’s Theorem for the sequence (In py)rez, we get for large 2 > 0, i € Z7°

P(vi-vii > @) < P(|V(la)) = ([z))Elp| > [Elnpollz]) < exp(-c-a)
for a constant ¢ > 0. Thus, we have

Eexp(cr1) < oo Vei<e

and therefore we can also apply Cramér’s Theorem for the sequence (v; —v;_1);cz0
to obtain

P (i(l/l - Vi—l) > 2VTL> +P ( i (I/i - Vi—l) > gun> = O (n_2) . (310)

i=1 i=—n+1
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Furthermore, we have due to Lemma 3.1
P (v_1 < —(Inn)?) < P(Bi(n)°) = O(n™?),
and this together with (3.10) finishes the proof. [ |

Next, we are interested in an upper and a lower lower bound for the highest
block in the interval [—n,n]. We define

Bs(n) := {_nmgaénrilgfc (V(k)—V(#) < %(lnn + 2lnlnn)} (3.11)
and
By(n) == {nm<a{>énI£1§§<(V(k) -V(@@) > %(lnn - 4lnlnn)} . (3.12)

Lemma 3.3. For P-almost every environment w there exists a N(w), such that
w € Bs(n) N By(n) for alln > N(w).

For a proof of (3.11),see Lemma 3.4 in Fribergh et al. (2010). For a proof of
(3.12), see Lemma 3.5 in Fribergh et al. (2010). (In the proof of Lemma 3.5. in
Fribergh et al. (2010), an additional integrability assumption (see (1.3) in Fribergh
et al. (2010)) is used, but one can give a proof of (3.12) based only on (3.6)).

As a next step, we want to analyse the frequency of the appearance of blocks with
certain heights. We therefore define for 0 < a < 1 (recall (3.3) for the definition of

no)
< nl_“} .

In the next lemma, we show that asymptotically we do not have “too many” high
blocks:

D, (a) := {‘{Ogigno : Hizg(lnn—i—ﬂnlnn)}

Lemma 3.4. For all m € N we have
P(D(n,m)°) = O(n7?),

where
D(n,m) := mﬁl D, (%) . (3.13)

Proof: Because m is fixed, it is enough to show

(o (1)) -

for arbitrary I,m € N, [ < m.

First, we note that the number of blocks with a height of more than #(lnn +
2Inln n) can stochastically be dominated by a binomial random variable B!, with

parameters n and success probability P (S > # (lnn+ 2Inln n)), where S =

max;>o V(j) denotes the maximum of the potential on Ny. Due to (3.6) we have

P(SZ%(lnn+2lnlnn)) < Cl-(n-(lnn)z)iﬁ. (3.14)
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Therefore, we get

} (D" (%)) < P(BLzn'"w).

Now, using the exponential Markov inequality, this together with (3.14) yields:

?(0 )

IN

exp (—nk#) -Eexp(B)

IN

exp (—nl_%) : (1 +Ci(e—1) (n(lnn)2)7#)n

< exp (Cl(e - 1)(lnn)7%n17# - nlfi)
=0 (n?), (3.15)
where we use 1 + z < exp(x) for > 0 to obtain the second last line. |

Further, we define for 0 < a < 1
E,(a):= {ﬂ n<k<n+(nn)? :

a . .
max (V(k) V(D) > —Inn, pese R n)Q(V(J) = V(@)

1— 3a
> 4lnn}
K

as the set of environments which do not have two “large” increases of the potential
in a “small” interval after n.

Lemma 3.5. For all 0 < a < 1 we have
P(E,(a)) = O (n*(H%)) .

Proof: For environments w € E,(a)°® we have two “large” increases of the potential
in the interval [n,n + 2(Inn)?]. The first increase is bigger than £Inn and the

second bigger than 1;% Inn. We therefore have
13 .
P(E,(a)) < (lnn)'P (S > Elnn) P <S > 4 1nn) < (Inn)*C2p~0+1),
K K
where we use (3.6) to obtain the last line. [ |

Now, we want to use Lemma 3.5 to show that for n large enough in the interval
[0,n] we do not find two “big” increases of the potential in an interval of size
2(Inn)%. We define

a
= <k<Z : — .
E(n,a) {ﬂ 0<k<n kiﬂﬂ;)}g{gkk(‘/(k) V() > - Inn,

3a
N — V(i -1
k<i<jgll?fr((lnn)2(v(]) V(Z)) > - lnn}
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Lemma 3.6. For all 0 < a < 1 and P-almost every environment w there exists
N(w), such that we have w € E(n,a) for alln > N(w).

Proof: Let
No(w) := min{j >0 : we Ei(a) Vi>j}
and let
M = Vis)—V :
() max{ k<r<s§lIcI~1F%1)I(1 No(w))z( (s) ()

k€ [0, N ith
[0, No(w)] with  ~wmax,

<wm—wm>gmmwﬁ

be the maximal increase of the potential in an interval of size (In No(w))? after an
increase of more than £ In Ny(w) in the interval [0, No(w)].

Due to Lemma 3.5 and the Borel-Cantelli lemma, we have that Ny(w) is finite
for P-almost every environment w. Now, we take N(w) large enough such that
N(w) > Ny(w) and
_ 3a
L InNw) > M(w).
K

Then, for n > N(w) let K be the size of the maximal increase of the potential in
an interval of size (Inn)? after an increase of more than < Inn in the interval [0, n)].

Then, we have

3a
4

K < Mw) < lnn

if the increase is in the interval [0, No(w)] or if the increase is in the interval
(No(w), n] we have
1— 3a
4
K
by the definition of Ny(w). [ |

K < Inn

Next, we prove two technical statements which will be useful for calculations in
the next Section. First, we define

-1

C-(w)i= Y exp(=V(j), C*w):=) exp(V(j)) and
j=—oo =0

—1

D™ (w) := Z exp(=V(4)) (W; + WJ'Q) :

Jj=—00
Lemma 3.7. We have for P-almost every environment w
C™(w)+CT(w)+ D™ (w) < 0.
Before we prove the lemma, we note that due to (2.3) we have

n—1 0
BTy —EpnTy = 23 Y exp(V(j+1) = V(i)

7=0 i=—oc0
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0

=2 2 exp (V(j+1)) Z exp (— V(i) < 2(0_(w) + 1)C+(w),
=0

which, using Lemma 3.7, yields
lim

n—oo B T,

(3.16)

for P-almost every environment w.

Proof of Lemma 5.7: First, we note that for P-almost every environment w by the
SLLN there existis N;(w) large enough such that

-E1
V() > —518 forall j < -Ni(w), (3.17)

El
V() < ==

j forall j > Nj(w).

Due to Assumption 1 (Eln py < 0), we therefore get that for P-almost every envi-
ronment w we have

C™(w)+CT(w) < oo. (3.18)
Next, we note that Lemma 3.1 and 3.3 together with the Borel-Cantelli lemma yield
No(w) :=inf{k e N : we Bi(n)NBs(n) Vn>k} < co P-as.
We get for j < —Na(w)

J 2j
Wy = Y exp(VGEi+1)-V@E)+ > exp(V(i+1) - V(i)
i=2j+1 i=—o0
2j
< ()P 2t + Y 5 < (P (3.19)

where we used for the second last inequality that for w € Bs(—2j) the biggest in-
crease of the potential in the interval 27, j] is smaller than (ln(—2j)+2 In 1n(—2j)) .

Further, we used that since (—i) — (—j) > 2(ln(—i))2 for all i < 2j, we have
V(j) = V(i —1) < —2Ini for i < 2j and w € By (—i).

Next, we notice that for —No(w) < 7 <0 we get
J
W, = > exp (V(j +1) - V(i)
i=((—N2(w))A2j)+1
(=N2(w))A2j .

+ > ew(VE+D) V(@) < M (320
where we this time used that by the definition of N3(w) we have w € B3(Na(w))
and w € Bi(—1) for all i < (—Na(w)) A 2j.
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FIGURE 3.2. Simulation of the potential of an environment distri-
bution with K = 2.39 and Eln py = —0.14.

Using (3.19) and (3.20), we get

—1
D™ (w) <2 Z exp(—V(j+1))WJ-2+2C_(w)

j=—oo
7N2(w)
<2 Z exp(— V(ji+ 1))W72
j=—o00
—1
Jj=—Na(w)+1
7N2(w)

+2 exp (- V(j+

D)W +20 (w)

<2 Y exp(—V(+ 1) (=) F +207 (W) (Ng(w)4+%+1). (3.21)

Jj=—o0

Due to (3.17), we have that the sum in (3.21) converges P-a.s. and we conclude

D™ (w)
for P-almost every environment w.
We define
Ci= {w: O~ (W)

and due to Lemma 3.7 we have P(C)

< 0

+CHw)+ D™ (w) < oo}
=1

As the last step in this section, we combine all the results of the previous lemmata



Cutoft and mixing time for transient RWRE 463
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_10,,
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FIGURE 3.3. Simulation of the potential of an environment distri-
bution with £ = 0.19 and Eln pg = —0.14.

and define what we will call a “good” and “typical” environment:

Lemma 3.8. For allm € N, 0 < a < 1 and for P-almost every environment w,
there exists N(w) such that

w € B(n)ND(n,m)NE(n,a) ¥V n>N(w),
where B(n) := Bi(n) N Ba(n) N Bs(n) N By(n)NC.

Proof: The statement follows directly from the Borel-Cantelli lemma together with
Lemma 3.1 - 3.7. |

For these “good” and “typical” environments, we have a lower and an upper
bound on the height of the highest block in the interval [0,n] and we know that
the potential does not stay at a certain level for a long time. In addition to that,
we can control the number of high blocks and do not have two large increases in
a small interval. For the influence of x on the shape of the potential compare the
following two simulations (Figure 3.2 and Figure 3.3). We see that the potential
in both cases follows the line with slope —EIn py = —0.14 but the fluctuations are
larger when & is smaller.

4. Hitting times: quenched expectation and quenched variance

We will see that the distance in total variation of the distribution of the lazy
RWRE with respect to P,» to its stationary distribution can be bounded using the
tails of T), (cf. Section 5). To show a cutoff, we need to control the fluctuations of
T, very precisely. The main result of this section is Theorem 1.7. For k < 1 and
for P-almost every environment, we show that the quenched expectation of T;, is of
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order n~. Further, we prove that for k < 2 the quenched variance of T}, is of order
n=. We point out that the annealed expectation and variance of T, are infinite

for these . Furthermore, we analyse the quenched variance of the crossing time of
“deep” blocks.

A formula for the quenched variance of Tj+1 — T} as a function of the environment
is given in equation (2.1) in Goldsheid (2007). In our notation, we get for k € Z

(cf. (2.1) for the definition of W;)

Vary (Tiy1 — Ti) = 4 (Wi + Wy)

k—1
+8 > exp(V(k+1)=V(i+1)- (Wi+W2).  (41)

This yields for n € N
n—1
Var,, (T,,) =4 (W; +W?)
7=0
n—1 j—1
+8. exp(Vi+1)-V(@i+1) - (Wi+W?). (4.2
7J=0i=—oc0

By equations (4.1) and (4.2) we see that the quenched variance of T}, is not — as the
expectation — a function of the sequence (W;)jen,. But we will see that the W-
terms in (4.2) still determine the order of Var, (T},). First, we give an upper bound
for W; depending on the biggest increase of the potential in a small neighbourhood
to the left of j.

Lemma 4.1. For w € Bi(n) N C and n large enough such that C~(w) < Inn we
have for j =1,...,n (cf. (3.3) for the definition of jo)

W < Wy < (mnP (1420 (VG +1) - V() ).

For v;41 < m and n large enough, we note that Lemma 4.1 yields for w €
Bi(n)NC (cf. (3.2) for the definition of H;)

max W; < (Inn)?+2(Inn)*exp(H;). (4.3)

JEVivitr)
Therefore, we get together with (2.3) and using that for w € By(n) all blocks in the
interval [—n,n] are smaller than (Inn)?

EYT,

v < 2(Inn)* + 2(Inn)* exp(H;).

Proof of Lemma /.1. We note that the first inequality of the statement follows
directly by the definition. Further, for all 7 € Ny we have by the definition of the
ladder locations (vg)ken, (cf. (3.1))

max (V(j+1)—V(k)) = V(+1) = V(y,).

0<k<j
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For w € Bi(n) N C we therefore get for j > 14 and n large enough (cf. Lemma 3.7
for the definition of C'~ (w))

W= > exp(V(j+1) = V(k)
k

<3 e (VG+1)- V)

oo

J

“anmﬂ J—(=1)[(Inn)*]+1
+ > exp (V(j +1) — V(k))

1=2 k=j—1[(Inn)2]+2

+ > exp (V(j+1) — V(k))

k=j—[(Inn)2]+2

[ty |
<exp (V(j+1))C (w) + [(Inn)?] Z exp (— llnn)
=1
+ > exp (V(j+1) — V(k))

k=j—[(Inn)2]+2
<2(lnn)*exp (V(j +1) = V(v5)),
where we used the definition of the set Bj(n) for the second last inequality and the

fact that exp (V(j + 1)) < exp (V(j + 1) — V(v,)) for j > v1 to obtain the last
inequality. Further, for j =1,...,11 — 1 and n large enough we have

Proof of Theorem 1.7: We have for environments w € B(n) due to (2.3) and Lemma
4.1

n—1 no
BT, = n+2) Wi < 3n(lnn)®+4(Inn)* > exp(H)) (4.4)
=0 =0

because for w € Bi(n) every block in [0, n] is smaller than (Inn)?2.

Next, we recall that for environments w € D(n,m) (cf. (3.13) for the definition)

we have for all i € {1,...,m — 1} at most n'~# blocks with a height of more than
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—(Inn+ 2Inlnn). We therefore get for environments w € B(n) N D(n,m)

> exp(H)) =
1=0

_
S

3

0

exp(Hi)Ly o

Hl(np421Inin n)}

Km

,_, OM
I
<

m

< (Inn + 210l L=
= ZZexp< — (Inn+2In nn)>
= (D) xm =)
2 i r(m—i
< (Inn)= Zn (4.5)
=0

where we additionally use that for environments in B(n) the highest block in [0, n)
is smaller than 1(Inn + 2Inlnn) due to definition of Bs(n).

Let 6 > 0 be arbitrary and m be large enough, such that

1 0

- < Z. 4.6
— <3 (4.6)

Further, we note that the function (i + 1) 4+ x(m — 4) is increasing in ¢ for k < 1

and decreasing for k£ > 1. Therefore (4.4) and (4.5) yield for environments w €

B(n)N D(n,m) and n large enough

m—1 ) o
E,T, <3n(lnn)?*+4(In n)4+% Z =
=0
3n(lnn)? + 4m(lnn)? Tt if k<1 natif k<1
= <
3n(lnn)? + 4m(lnn)4+inltm it k>1 n'*oif k> 1.

Since 6 > 0 was arbitrary, Lemma 3.8 yields for P-almost every environment w

limsupM < max{l,l}. (4.7)
n K

n—r00 1

To obtain the lower bound, we note that T,, > n and therefore in the case xk > 1
there is nothing to show. For the case £ < 1 we use that for environments w € By(n)
we know that in the interval [0,n] there exists a block with a height of more than
L(lnn —4Inlnn) and we therefore have

n—1
B Ty = n+2Y W; > (Inn)"*n
1=0

4 1
B

A

Thus, Lemma 3.8 together with (4.7) finishes the proof of part (a).

Next we analyse Var,T;,. For j =0, ...,n we define

HY(n) := Vik+1)-V({+1
F)= | max (V1) = V(i+1)

as the biggest increase of the potential in a neighbourhood of size (Inn)? to the
right of position j. We get for the quenched variance of T,, by changing the order
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of the summation in equation (4.2) for environments w € B(n) and n large enough

Var,, (T},) (4.8)

_42 (W; + W?) +8Z Z exp (V(j+1) = V(i +1)) (W; + W?)
7j=01i=—00

n—2 n—1

+8) > exp(V(i+1) = V(i+1)) (Wi +W?)
i=0 j=i+1

_42 (W; + W?) +8D~ Zexp (j+1))
7=0

n—2 [i+[(Inn)*]-1

+8) S exp(Vi+1) = V(i+1))
i= j=i+1
FY (VG- VD) | (Wi W)
j=i+[(nn)2]

n—1
<4y (W +W7) + 8D (w)CH(w)
7=0

Z(lnn exp HT lanZn ) Wi—i-Wf)
k=1

=0

N

n—1
<12(lnn)® > (1 +exp (H])) (Wi + W7) . (4.9)
=0

We notice that for all =0, ...,n we have

(V(i+1) =V(w)) + Hi(n) = _ max (V(k+1)=V(v))
i<k<i+[(Inn)2]
< max H;..

Z()Sklgl()-'r"(ln 77,)2—‘

Therefore, Lemma 4.1 yields for w € B(n) and n large enough as an upper bound
for (4.9)

Var,, (T,) < 24(Inn 6712 1+exp (H])) (2 +8exp (2(V(i+1)—V(vi)) ))
=0

n—1

< 192(Inn)° Z (exp (Hf +2(V(i+1) = V(vi,))) +exp (H))
=0
+exp (2(V(i+1) = V(vy)) )) +48(Inn)%n
< 576(Inn)'° i exp (2H;) + 48(Inn)°n. (4.10)

=0



468 Nina Gantert and Thomas Kochler

Analogously to (4.5), we get for environments w € B(n) N D(n,m)

no m—1 ng
Zexp 2Hl < eXp 2Hl ]l{ lnn+2lnlnn)Sng%(lnn+2lnlnn)}
=0 =0 [=0
m—1 .
1 i
< exp <2Z+ (lnn—|—2lnlnn)) nl=m
. KM
=0
" ey SEVERTCIR
4 Q w(m—i
< (Inn)* Z n . (4.11)

1=

Let § > 0 be arbitrary and m chosen as in (4.6). Note that the function 2(i + 1) +
k(m — i) is increasing in i for k < 2 and decreasing for £ > 2. We therefore get
as an upper bound for Var,T,,, using equations (4.10) and (4.11) for environments
w € B(n) N D(n,m), and n large enough

3

—1
2(i+ D)+ r(m—i)

Var,, (T,) < 576(In n)10+% n rm + 48(Inn)°n

~
Il
=]

4

576m(Inn)**=n E 48(Inn)%n if K <2

<
576m(lnn)10+~n2t +48(Inn)°n if k > 2
n=to if g <2

< (4.12)
nttoif k> 2.

Since > 0 was arbitrary, (4.12) together with Lemma 3.8 yields for P-almost every
environment w

In Var,, (15, 2
limsupL() < max{—,l}. (4.13)
K

n— oo Inn

Now we turn to the lower bound. We first consider the case k < 2. For environments
w € By(n) we have at least one block with a height of more than % (Inn —4Inlnn).
Together with (4.2) this yields for environments w € By(n)

2
Var,(T,) > max W7 > exp (—(1nn—4lnlnn)> = (lnn)fgn%. (4.14)
K

0<i<n—1

For k > 2 we have

Var,, (T),) ZW > Zexp V(i—1)) sz

The SLLN then yields that for P-almost every environment w and n large enough
we have

1
Var, (T,) > §nEp0. (4.15)

Note that due to Jensen’s inequality we have Epy < (Epo)% =1for k > 1.
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Lemma 3.8 combined with (4.14) and (4.15) shows that for P-almost every envi-
ronment w we have

1iminfM max{z,l},
n— 00 Inn K

which together with (4.13) finishes the proof of part (b). [ |

Y

Next, we define a modified RWRE which we force not to backtrack too far.
Let (X ,gn))keNO be the random walk which has the same transition probabilities
as (Xk)ren, with the following additional condition: after reaching a new block
vy for the first time, the process forms from that time on a random walk in the
environment ", which is defined by

~k : {1 for i = V(kff(lnn)z‘\)VOu

w; else.

Now, the transition probabilities stay the same until the process reaches the next
new block to the right. From that time on, the process forms a random walk in
the environment @**!1 and so on. Due to this definition, the process ()N(,En))keNo
cannot backtrack more than [(Inn)?] blocks after reaching a new block for the first

time. Note that there exists a coupling of the processes (X )ken, and ()N(,En))keNo

such that we have X ,g") > Xy, for all k € Ny with equality holding until the process
(Xk)ken, backtracks more than [(Inn)?| blocks for the first time. For n € N we
define

T . inf{k : )N(,g”zn} (4.16)

as the first time the restricted process which backtracks not more than [(Inr)?]
blocks hits position n. We further define

A(n) = {Tn - i§”>} (4.17)

as the event that the random walk with reflection (X ;gn))keNo reaches position n
at the same time as the random walk (Xj)gen,. The next lemma shows that for
analysing the distance in total variation of the distribution of the RWRE and its
stationary distribution it is sufficient to consider the distribution of (X ;gn))keNo-

Lemma 4.2. Define the sequence @ := (Wk)ken by

~ 1 k=0,
By, = Jor (4.18)
wr  fork >0
Then, for all k € {1,...,n} we have for P-almost every environment w

. k c o
nhﬂngo P (A(n)¢) = 0.
For a proof see Lemma 4.5 in Peterson and Zeitouni (2009).

Lemma 4.3. For environments

2
w € F(vpy1) = Bvpt1)NE (Vn+1, §> , (4.19)
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n large enough, in particular such that C~ (w) < Inn and blocks with

3
Hn > Eln(Vn+1) (420)
we have

2
(Ez"Tl,nH) < Vary(T,,,, — Ty,).

2 ~ 2
Further, we have (Eg" Tun+1> < 4Varg(T,,,, —T,,) and (EU’j“T,Eﬂl) <
AVar,, (T,EZ}L - i(jj)).

Proof: First, we note that due to (2.3) we have

2 I/n+171
(EZ”TVn+1> = (Vny1 — ’/n)2 +4(Vny1 — vn) Z W;
J=Vn
l/n+171 l/n+172 I/n+171
Y e YUY W
J=Vn J=Vn I=j+1
Together with (4.1) this yields
2
(EZHTVn+1) —Varw (TVn+1 - TVn)
5 I/n+171
=(Vni1 = n) AV — v —1) Y W, (4.21)
J=Vn

+38 nzi nzf Wy (Wi = exp (VI+1) = V(G +1) (1 + W)
e (4.22)

Vp—1 Uny1—1

=8 ) > exp(V@E+1)-V(i+1)(Wi+W7).  (4.23)

I=—00 Jj=Vn

Note that (4.23) is negative, since all terms of the sums are positive and therefore
can be neglected on our way to find an upper bound.

Next, recall that for w € Bj(v,41), all blocks in the interval [—vy,q1,Vn41] are
smaller than (Inv,1)?, and thus we obtain using Lemma 4.1 for w € F(v;,41) the
following upper bound for (4.21)

I/n+171
(Vng1 =)’ +4(Vpy1 —vn—1) Z W; < (nvpp)* +4(nv,y1)® (1 + 2exp (H,))
J=vn
(4.24)
On the other hand, note that

Var,(Ty, ., —Tv,) = Vareumw (T, 1 —v,) > o 200X W2 > exp (2H,) (4.25)
1S Vn41—Vn

where we used (4.14) for the second inequality. From (4.24) and (4.25) we see, taking

into account (4.20), that the r.h.s. of (4.21) is bounded above by Var, (T, T,,).

n41
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Furthermore, we observe that for j < [ we have
Wi—exp(V(I+1)=V(i+1)(1+W;)

l

> exp (V(I+1) = V(k))

k=—oc0
—exp (V(I+1)=V(j+1)) <1+ > exp(V(j—l—l)—V(k)))
k=—o0
l
) D e (VU+D) - V(R) ifi<i—1
- k=j+2
0 ifj=1-1.

This simplifies (4.22) for environments w € F(v,41) to
Vnt1—2 Vnp1—1
83 Y wi(Wi—exp (VI+ 1) = V(i + 1) (1+W;))
Jj=vn l=j+1
Vnt1—3 Vnp1—1

=8 > > W Z exp (V(I+1) = V(k))

Jj=vn l=j+2 k=j+2
un+1 -3
< 8In(vp+1) exp w1 -
" ]Zun {W] —8 ln(u(nlj:,ll))ﬁ }
Vnt1—3 Vpt1—1
+8 ) W]I{W i } > Z exp (V(I+1) — V(k))
J=Vn 7 S nn 418 l=j+2 k=j+2
Vn41—3 Vpt1—1
< exp(2H,) +8 Y Wil I > Z exp (V(I+1) = V(k)).
Jj=vn { 77 a1 } I=j+2 k=j+2

(4.26)

To get an upper bound for (4.22), we therefore have to control the last two sums
n (4.26). We note that for an environment w € F(v,41) and v, < j < vp41 with

w; > 78?1)1(51(7?;))6 we have

. €xXp (Hn)
14 1) -V(v,)) > ————
exp (VGG +1) = V) 2 g5
because otherwise

unfl—(lnvn)z]

W< > exp(V(i+1) = V(k) + [(nv,)?]

k=—o0
+(+1=vn+ [(Invy)*Nexp (V(i+1) — V()

5 €xXp (Hn) - exp (Hn)

<2(Invy)® +2(Inv, :
<2(nva)” +2(Invn) 17In(vp+1)® = 8In(vp4q)®
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Thus, we get for w € F (1) using assumption (4.20)
. 2
Vi+1) —=V(v) > ™ In(vp41). (4.27)

This yields the following upper bound for the summands in (4.26) for environments
w € F(vny1)

Vpt1—1 l

> exp(V(I+1) - V(k))

8W;1
{ I=j+2 k=j+2

o _exp(Hn)
WJ>81n<m+1)6}

4 2%
SSWj]I{W_> exp(Hp) }ln(yn-i-l) (Vn-i-l)zm

77 8In(vy1)8

< W21

=W exp(Hn) |’
Wos _exp(Hn) _
{ 77 8 n(ry 1100 }

(4.28)

where we used that for w € F (VnH, %) the potential does not increase more than
5= In(vy41) on the interval {j, ..., vn11} due to (4.27).

For environments w € F(vy41), (4.26) and (4.28) together now imply the follow-
ing upper bound for (4.22)

Vn41—2 Vpy1—1
83 Y wi(Wi—exp (VI+ 1) = V(i + D) (1+W;))
j=vn  l=j+1
Vn41—3
< exp(2H,)+ Y. W} < 2Vary(Th,,, —Tb,).  (4.29)

J=Vn

(To see the last inequality, use the same argument as in (4.25)). Therefore, (4.24)
and (4.29) finally yield

2
(Eg" (Tun+1)) — Vary (T, = T,,) <3Var,(T,,., —T,,).

Note that the proof of the statement is the same for w instead of w and for TLSZL in-
stead of T}, ,,. The considered quenched expectation in these cases is even smaller.
In line (4.23), the number of summands is different in these cases but since they

are all negative we can use the same upper bound 0 for all cases. |

Lemma 4.4. For P-almost every environment w we have

o

E& Tn - E@ Tnf nn
timsup 220n) = B (Tnr2nmy21)
n—o00 Va.l"g (Tn)

Proof: First, we note that for environments w € FE (n, %) we have at most one
increase of the potential of more than = 1Inn in the interval [n — [2(Inn)?|,n].
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Therefore, we get for w € B(n) N E (n, %) N C and n large enough

n—

B [20nm7] (Th)
Varg (Tn)

k
\/\W Z EZTi (]I{Hk()g%lnn} +1{Hk0>3%lnn}>

k=n—[2(Inn)?]

<t ([2(1nn)21 (Inn)? (n* - 1) + 24/ Varg (Tn)) :

Varg (Tn)

where we additionally used Lemma 4.1 and 4.3 to obtain the last line. Lemma 3.8
and Theorem 1.7 (note that Theorem 1.7 is also true for @) now finish the proof. M

Lemma 4.5. Assume Assumptions 1 - 8. For any ¢ < %, there exists an n > 0
such that for

A, =

J . ~ J
{3 i,jeEN, 1<i<n: Hi > — lun, EY (T<">) > 34127 (E;iT<_">) }

Vit1 Vi1

we have
P(A,) = o(n7").

For a proof see Lemma 5.9 in Peterson and Zeitouni (2009) and Corollary 2.3.2
in Kochler (2012).

Lemma 4.6. Let (ap)nen be a (environment depending) subsequence of ny = 22"
of blocks which fulfil the following lower bound for the height of block (an—1)nen

1—
Ha, , > Kgln(yan) (4.30)

fore < % Then, the sequence

~(an 2
Tian) — gfen)
E”“" L7 an)

Van

neN

is uniformly integrable with respect to P,, for P-almost every environment w.

Proof: At first, we note that the distribution of T,SZ:) — i(j;;ll under P, is the

same as the distribution of TV,SZ:) under PS*"~'. We have for all blocks a,, and all
c>0
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S — (7560 ? apien-

Yo ) {Tser) > vepLn T}
C(Euan 1T(an)) Van 1( lSZn) > \/_El’an lT an))

(Eyan 1 T(an))

Van

oo

1 ) -
L AP— / 2t Py (T,Ej:> > t) dt
(B2 T) v

Uan

= CPUI:anil (T lln) > \/_Eyan lT(a”)) /2xpyan 1 (T(an) > xEUan ITIE::)) d
NG
(4.31)

Due to (4.30), Lemma 4.5 and the fact that (ay)ney is growing at least as fast as
22" | the Borel-Cantelli lemma yields that for P-almost every environment w there
exists a N = N(w) such that we have

B (iﬁf“’) < 31’2]( Bl 1T<“n>)

for all j € N and all n > N. We have TVUZ;) > 0 by definition, and therefore we
obtain for n > N and P-almost every environment w

Vay — (an)
V e =g B (T ) S
Ewanfl exp <+> — — _ < Z
j= J=

ABL = ) =0 (B i

‘:’Iw

Then, applying Markov inequality yields the following upper bound for the proba-
bilities in (4.31) for n > N and P-almost every environment w

plon—t (Tlff:) > :CEWTV,S::)) < 6exp (—%) , x> 0.
Thus, for all n > N and P-almost every environment w we get as an upper bound
for (4.31)
1

(pren 1@\ 2
(E ITVan ) {T(an) > VBl Vap—1 (an)

an

(Tie) aps

< Bcexp (—%) +12/00xexp (_%) de = 6exp <—%> (c+8vc+32).

Ve
Therefore, we conclude that we have for P-almost every environment w
~ 2
T(an)
lim sup / T — )
€c—00 peN E(ZanflTIS:n)

{T(an) > fEVan 1T(an)

Van Van
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N(an) 2
= max lim ST R— )
ne{l,..., N—-1} c—o0 Ezan -1 Tlsan)
{75 > veplm T} !
Flan) ?
li Van dPVanfl -0
+ hm sup —er 1 (an) W = 0.
~ v 1= E“‘J " Tuan
{Téer) > vepln T}

5. Cutoff and mixing times

In this section, we show that a sequence of transient lazy RWRE on ({0, ..., 7} )nen
exhibits a cutoff under Assumptions 1 and 2 for x > 1, but there is no cutoff for
k < 1, if we additionally assume Assumption 3. Further, we prove that the mixing
time is roughly of order nx for k < 1 and roughly of order n for k > 1.

At first, one easily checks that the reversible (and hence stationary) probability
distribution of the RWRE (X,,)nen, under P,» is given by

_ exp(=V(1))

Tn (0) := — Q.

Tn (X) = exp(—V(z + 12 +exp(-V(z)) forz=1,...n—1,
_ exp(=V(n))

Tn (N) = —

where C,, := 2Y"_, exp ( — V/(z)) is the normalizing constant.

To show a cutoff or to prove that no cutoff is possible, we need to understand
very precisely which events have a high probability with respect to the stationary
distribution. In this section, we show that the mass of the stationary distribution of
the RWRE under P,,» is asymptotically concentrated on the interval [n—2(Inn)?, n].

Lemma 5.1. We have lim,,_ o Ton ([n - 2(1nn)2,n}) = 1 for P-almost every
environment w.

Proof: We get
Twn ([0, —2(Inn)?))

\_n—2(lnn)2J
3 (exp(—V(z+1)) +exp(—V(z))) +exp(— V(1))

2 mzz:l exp ( - V(:v))
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21 exp <— min V(i)) +exp(—V(1))

0<i<|n—2
2exp (—V(n))

<

< nexp <V(n) - V(z’)) +exp (V(n) = V(1)). (5.1)

min
0<i<|n—2(Inn)?|

By the definition of Bj(n), we know that for all i < n — 2(Inn)? we have V(n) —
V(i) < —2lnn. For environments w € Bq(n), this therefore yields as an upper
bound for (5.1)

Tn ([O, n—2(In n)2)) < 2nexp(—2Inn) +exp (V(n) — V(1))

which shows that for w € By(n) we have

lim ﬂ'wn([n—2(lnn)2,n]) = L

n—r00

Lemma 3.1 and the Borel-Cantelli lemma now finish the proof. |

Note here that with respect to P,» the lazy random walk (Y})ren, has the same
stationary distribution 7, as (Xg)ren,-

Next, we show that we can bound the distance in total variation of the lazy RWRE
to its stationary distribution by using hitting times.
Lemma 5.2. We have for all n,k € N

max ||P (Y € 1) — mm < P (T}; > k)

e (B

Proof: We have for all k € N using Corollary 5.3 in Levin et al. (2009):

B P € ) =y < mae | PL(mings € N:YF =) > k).
(5.2)
where for all 7,y € {0, ...,n} under P2, we consider a coupling (Y}, ka)keNo of two

lazy RWRE on {0, ...,n} with P2, (Y§ = z,Yy = y) = 1 and marginal distribution
P%, and PY,., respectively, defined in the following way: until the two chains meet
for the first time, the chains move according to the following two steps: first, we
toss a coin to decide which chain moves. After that, the chosen chain performs a
step of a RWRE in the environment w” described in (1.1) and the other chain stays
at its position. After they met for the first time, we move them together according
to the law of a lazy RWRE. Further, note that due to this coupling the two chains
cannot cross each other without meeting, and therefore we have

r?gux }an (min{s € N: X7 = X¥} > t) < P (I) > 1),
z,y€10,...,n

which together with (5.2) yields the statement. [ |
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Proof of Theorem 1.J: First, we note that due to (4.2) and Theorem 1.7 we have
for k > 1 and P-almost every environment w

V/Varn (T,)) < +/Var,(T,) = o(n). (5.3)
Therefore (1) in Definition 1.2 is valid for
to(n) :=2E,n(T,) and  fu(n):=/Varg(T,)
because we have for P-almost every environment w due to (1.7)

1< fim PerTn) o Bo(Tn)

n—r00 n n—r00 n

= ET;.

Further, we define
£ (e,n) == tu(n) +c- fuln).
Then, using Lemma 2.1, Lemma 5.2 and Chebyshev’s inequality, we get

dy (t5(c,n)) < Pon (TY > t3(c,n)) < P (T{ — BTV | > c\/Varwn(Tn))
(5.4)
Y
1 Var. (TY) 5.5)

= ¢ Varn (T,)
Therefore, Theorem 1.7 together with (2.6) and (4.15) yields for P-almost every
environment w
44+ 0(1)

2 =0,

. . + < .
cli)r{)lo 117r1n_>s01ip dn (t5(c,n)) < cli>r1(t>10 "

and thus we showed (3) in Definition 1.2.

As the last step, we are interested in the lower bound of the cutoff (cf. (2) in
Definition 1.2). The idea is to show that before the cutoff window the lazy RWRE
with start in 0 has with high probability not reached position [n — 2(Inn)?] and
therefore is still in the interval [0,n —2(Inn)?). On the other hand, the mass of the
stationary distribution ,» is for large n concentrated on the interval [n—2(Inn)?, n]
due to Lemma 5.1. We define

to(c,n) == ty(n) —c- fu(n) and a,:= n—[2(Inn)?].
Then, we get for ¢ and n large enough using Lemma 2.1

Pon (Y

em = an) < Pon (TX <15 (e,n)

< Pon (|7, = BT | = 53/ NVaron (1))

where to obtain the last inequality we used that we have for P-almost every envi-
ronment w due to Lemma 4.4
2ET,
c— _ Twr >
Var,n (T},)
for all n > n(w) and ¢ large enough. Now, again applying Chebyshev’s inequality
and Lemma 2.1, we get for c large enough

" ) - Var«(Ty)) 4 4Varyn(T,,) + 2B T, 4

N O

to(em) = = Varg(T,) & Var,n (T},) 2’

Pon (Y
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Finally, using Lemma 5.1 and Theorem 1.7, we conclude that we have for P-almost
every environment

g mintd (15 () = i Emint e 1P (Vo €)=l
> lim liminf (7Twn ([n —2(In n)2, n])

cC—00 N—00

—PByn (Y;;(c)n) > n—2(lnn)2>)

4V wn Ta 2EwnTa 4
> 1— lim limsup aryn (Ta, ) + L —

€0 n—oo Var,n» (Tn) c?
16 + O(1
—1— lim +2()=1,
c—00 c
which shows (2) in Definition 1.2. [ |

Next, we consider the case K < 1. We show that in this case the transition to
stationarity is not as sharp as required for the cutoff phenomenon. For x < 1, there
exists an environment depending sequence of deep blocks in which the RWRE with
start in 0 spends most of its time before it hits the endpoint of this high block (cf.
Lemma 5.3). Afterwards, we show that this sequence excludes that the lazy RWRE
exhibits cutoff. For k € N we define

ng 1= 922" and di == np —np_1 = 3nNp_1. (5.6)

Lemma 5.3. Let Assumptions 1-8 hold and assume k < 1. For P-almost every
environment w there exists a random subsequence (am)m=12,... = m(W)m=12,... of
(ng)k=1,2,.. such that

exp(Ha,, 1) > m?E T\

—1"

For a proof see Corollary 4.4 in Peterson and Zeitouni (2009).

Proof of Theorem 1.5: In the following, we use the sequence of high blocks of
Lemma 5.3 in order to construct two sequences of the same order as the mixing
time with the property that along the first (smaller) one the distance to stationarity
is bounded away from 1 and along the second (bigger) one bounded away from 0.

Lemma 5.3 gives us for P-almost every environment w a sequence (jm)men =
(Jm(w))men which fulfils

Vjm—1

exp (Hj,,—1) > m?E, (f(jm) ) (5.7)

for all m € N. Obviously, this can only be the case, if block j,,, — 1 is the highest
block in the interval [0,v;, ]. Therefore, for environments w which are additionally
in F(vj,,) (cf. (4.19) for the definition of F(v;,, )), we have that condition (4.20)
holds. Hence, we can use Lemma 4.3 to obtain that for w € F(v;,,) we have

Vim Vim—1

(EZ“’”"1 (iff::))y < 4Var, (T(jm) — Tm) ) . (5.8)
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Further, we note that the laws of

<T£5::> -1, ) _ (T T8,
Vim — N(Jm) et 771) T ‘771)
EGm T ) E, (T,EJ T,Ej.m,l) .

Jm

are tight with respect to P, due to the Markov inequality. Thus, Prohorov’s The-

orem yields that there exists a subsequence (Vij) such that
kEN

=0my)  F0my,)
Tl’jm: _ijm:—l d

— Z (5.9)

Eijk *1T(jmk)

Vimy,

for some positive random variable Z as k — oo, where % means convergence in
distribution. Note that (jm, )ken is a subsequence of (ny)reny = (22k)keN by con-
struction. Therefore and due to (5.7), assumption (4.30) of Lemma 4.6 is valid for
w € F(vj,, ) (using the property of set Ba(vj,, )), and we get that for P-almost
every environment w the sequence

. . 2
N(]”lk) N(]”lk)
ijmk - ijmk—l
ijk -1 N(Jmk)
Ew Tthk
keN

is uniformly integrable with respect to P,,. Thus, the first two moments of

Tlsjmk) _ T(]m )1
k

k
im Vimy, —

E:j’mk *IT(Jmk)

Vimy,

converge to the corresponding moments of Z for P-almost every environment w as
k — oo.

Further, for P-almost every environment w we have w € F(n) for all n large enough
due to Lemma 3.8. Hence, using (5.8), we get for P-almost every environment w

1
Var,(Z) = lim

. . 1
__Var, (T(Jm")—T(Jm’“) ) > Z
k—o0 (Egjmk—lj:,(jmk)) 4

Vimy Vimg —1

Vimy,

Therefore, for P-almost every environment w we have that the distribution of Z
with respect to P, cannot be the Dirac measure in 1. Since E,Z = 1, there exists
an interval (a,b) with a < 1 < b, such that

lim P, (T =T > a EZ™ T < (5.10)
k;_)oo ’Vnk mk ’Vnk
. N(jmk) N(Jmk) ijk -1 N(jmk)
lim P, (T — T < b BT < 1. (5.11)
k— o0 'k Imy Jmy,
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Using Lemma 5.2, we get (cf. (4.17) for the definition of A(n) and cf. (2.5) for the
definition of (Zx)ken)

d, ([(a +b)- Eﬁ,@])

IN

Pon (TY > (a+) - ELT™)

IN

P5 (A()°) + Pus <i§n> > <a+i(b—a)> .Ej,gn>>

[(a+b)-E T ]

+ P > (1-2) > (%H

i=1

n

e

a) BT

We note that for arbitrary a > 0 we have P, (T,E”’ > a) < P, (T,S") > a), and
therefore, we get

lim inf d,, ([(a + b)EwT,g’”D

n—oo
o ¢ = () 1 = (my,)
< lim nf (P@ (4 (¥, ) )+ P (Tyjm: > (a + 10— a)) BT )) ,

where we additionally used that %b + %a > “T"’b and thus by Cramér’s Theorem

[(a+b) B T ]

3 1 ~
Py > 1- 2 Zb+=al- B, =S 0.
i=1 ( )> <4 ! 4@> !
Further, we note that due to (5.7) we have

BT BT BT 1
= < —t— < —k < —5

E, T Wi, —1 exp(Hj,, 1) — mj
Imy,

which together with Lemma 4.2 and equation (5.10) yields

liminf dy ((a+b) - BT

n—oo

IN

k—o0 T

(i 1 .
lim inf (Pw (TIE]?:::)I > Z(b - a)EwTIEJmk))
V‘hnk*

wp (B —Tm.) > 0 wa,ng))
miy mp

(i)
4 BEJTF (s s .
lim inf ——mt R, (T =T ) > 0 BT

< e — - Vi
~ k—oo b—a walsj_mk) Jm
J'ln]C
. 1 ~Um2)  S(imy) = (imy)
< hkmlnf 5 -— 4+ P, Tl,jm: — Tuj-m:a >aq- EwT,jjm: < 1.
—00 —a Mmg

(5.12)
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Next, we want to construct a sequence of (larger) time points of the same order as
(a+Db)- Ewﬁ(f” at which the distance to stationarity is strictly positive. We define
the sequence (am)men by am = |vj, + 2(Inv;, )?], and using (5.7) we get for
w e Flap)

1 ~ .
exp(Hj, —1) = §m2 (EwT,Sj.ng + Ey Tam)

because after the “large” increase in block j,, —1 there cannot be a second “large”
increase in the interval [v;, , a,] for environments w € E (am, 2) C F(am). There-
fore, we can conclude for w € F(a,)

2 m— 00

B9 ¢ BT, B,TY™, 4 EYnT

- Vim—1 Am < = O
BT ST e, ) ComE
which yields
BT sgo
—_Um TSR (5.13)

B0

Am

Let € > 0 be small enough such that (% _ 5) b+ %a b+ a. We get
= (Y[((%e)b%a).my@] > n-— 2(1nn)2>

< Pw" (TLn72(lnn)2J < (1 - E) b- E""qun))

[((2—¢)btLa)-ELTM)
+ P; > (1-2)< Ll E, T (5.14)
P 27" 2 "

Due to the choice of €, Cramér’s Theorem yields

[((3-¢)bt30a) BT L1
1 e Zprza) BT | nz
P > Z; < (2b+2a) E,T! =20, (5.15)

i=1

Again due to Lemma 3.8, we have that w € F(n) for P-almost every environment
w and all n large enough. Thus, we get for P-almost every environment w using
(5.14) and (5.15) (cf. (4.17) for the definition of the set A(n))

o 2
hnrgngwn (Y[((%s)bJr%a)Ewﬂ"ﬂ > n—2(Inn) >

< liminf (Pm (Tﬁjf:}:’ < (1—e)b- waéf:;")) + P (A (ij,c)c)) :

k—o00
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Further, using that (TVISJJ::) T(Jm’“) ) has the same distribution with respect to
P,, as with respect to Pn, we get together with (5.13) and Lemma 4.2

. 2
hgrilngwn (Y[((S_E)H;a)vaﬂn)] > n—2(Inn) )

< liminf (Pw ((T(?Mk) _ lm) ) < b E%kﬂT(W))

ks o0 Vimy, Vimg, —1 Vim

Finally, this together with (5.11) and Lemma 5.1 yields

limsupdn< [(<§ — 5> b+ la) .Ewﬁgn)—‘ )
n—o0 2 2

> limsup (wwn( [n —2(Inn)?,n] )

Y (Y[((g—a)bJr%a)»Ewﬂ")] > ”_2(1nn)2>>

>1— lim P, ((T,EJ) —T,Ejmkll) < b-EZ“”k’lﬁjmk’) > 0. (5.16)
k—r00 i i ™k
Since for a < b we have a + b < (3 —¢)b+ 3a, (5.12) and (5.16) show that the

order of the window size has to be bigger or equal to the order of Ewﬁ(f‘). But due
to Theorem 1.6, this is the order of the mixing time. Consequently, the sequence
of lazy RWRE (Y, )nen, cannot exhibit a cutoff as defined in Definition 1.2. [ |

Proof of Theorem 1.6: At first, let us assume k < 1. For large n, we have due to
Lemma 5.2 and using the Markov inequality

dn ([12En (T5)]) < Por (Tr}L/ > [12E,n (Tn)])

[12E,n (Tn)]
< Pyn (T > 5Eun(Ty,)) + Pon > Zi>TEn(Ty)
i=1
1
< Z
4
and therefore 1%, (n) < [12E,(T},)] < [12E,T,]. Due to Theorem 1.7 (a), this

yields for k <1

In(t<.
Jim sup n(tmix(n)) <
n— oo Inn

Further, for the lower bound of the mixing time, we get for any constant ¢ > 0

dnq nx (Inn)~ :J —2)

(5.17)

R

> 7n ([n—2(Inn)? n]) — Pyn (Y[cnrle(lnn):J—2 >n— 2(1nn)2>
> mn ([0 = 200)%, 7)) = Pon (T _gunyzy < [en* (nn)~# | = 2)
> ( lnn ]) — Pn (Tm 2(lnn)?| < \‘ %(lnn)fﬂ — 1) (5.18)
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To reach position |n —2(Inn)?| the lazy RWRE has first of all to cross the highest
block on the interval [0, [n — 2(Inn)?|]. For environments w € By(|n — 2(Inn)?]),
we have at least one block with a height of more than % (1n (%) —41Inln n) Now,
using Proposition 4.2 in Fribergh et al. (2010), we get for (5.18) for environments
w € By(|n —2(Inn)?]) and ¢ := 2—11+£7

N2 R

dy, an%(lnn)_%J - 2) > n ([n—2(Inn)? n]) —v-c- 2%
1

= mon ([n —2(Inn)?,n]) — 3

Finally, using Lemma 3.8 and Lemma 5.1 yield for P-almost every environment w
and large n

1
v- 9l++

A=

. (n) > { n (1nn)%J —2

and therefore

Int¥. 1
lim inf —mix\") inix () > —
n— 00 Inn K

which together with (5.17) shows that for k < 1 and P-almost every environment
w we have

lim In t‘;}nix (n) _ l

n—oo  Inn K
In Theorem 1.4 we show that a sequence of lazy RWRE exhibits a cutoff for x > 1.
Therefore, the mixing time has the same order as the cutoff times, and due to
equations (1.7), (3.16) and Lemma 3.7 we have for P-almost every environment w

1
lim — - ¥,
n—oon ¥

(n) = 2ET;.
|
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