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Abstract. We consider a random walk in a random environment (RWRE) on
the strip of finite width Z x {1,2,...,d}. We prove both quenched and averaged
large deviation principles for the position and the hitting times of the RWRE.
Moreover, we prove a variational formula that relates the quenched and averaged
rate functions, thus extending a result of Comets, Gantert, and Zeitouni for nearest-
neighbor RWRE on Z

1. Introduction

In this paper we will study the large deviations of a random walk in a random
environment (RWRE) on the strip Z x [d] where we use the notation [d] to denote
the finite set {1,2,...,d}. A point (k,i) € Z x [d] will be said to be at height ¢
of level k in the strip. We will be interested in RWRE on the strip that can move
at most one level to the left or right. In this case, the model of RWRE on the
strip can be described as follows. An environment w is given by three sequences of
d x d matrices. That is w = {wp tnez = {(¢n,"n;Pn) }nez, where g,,r, and p, are
non-negative d x d matrices for each n such that ¢, 4+ r, + p, is a stochastic matrix
for every n € Z. That is,

D (@i ) +7a(i§) +palisf)) =1, Vie[d,neZ.
JEld]

For a fixed environment w, we can define the RWRE starting at (x,7) € Z x [d] to
be the Markov chain &, with distribution PS"" defined by Pff’z)(fo = (z,4)) =1
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and

re(i,j) ifm=k
pr(i,j) fm=k+1
0 otherwise.

P (Engr = (m, ) | & = (k,i)) = (1.1)

That is, the matrices qi, 7, and pr give the one-step transition probabilities for
jumping to the level to the left of level &, within level k, and to the right of level
k, respectively. Pu(f’i) is called the quenched law of the RWRE, and expectations
with respect to this law are denoted E(E,“) We can also define the averaged law of
the RWRE by first choosing the environment randomly. To make this precise, let

== {(g.1p) ERYI xR X RYT : (g +7+p)1 =1}

denote the set of all transition probabilities for a fixed level of the strip so that
Q) = X% is the set of all possible environments w on the strip. Let F be the Borel
o-algebra on 2, and let 1 be a probability measure on (£, F). Then the averaged
law of the RWRE is defined by

P{() = B, [P0
where E, denotes expectation with respect to the distribution # on the random

environment w. Expectations with respect to the averaged law ng’i) of the RWRE

will be denoted Eff’l). Often times we will start the RWRE at a location (0,7) in
level 0 of the strip. However, we may also chose to start the RWRE at a random
height ¢ € [d] instead. To this end, for a fixed environment w and a probability
distribution 7 on [d] we will define PJ(-) =), ﬂ(i)Po(JO’i)(-). That is, the RWRE
starts at (0,4) with probability 7 (). The corresponding averaged law will be de-
noted P7. At times we will even allow m = m(w) to depend on the environment w
in a measurable way so that P7(-) = [, P (-)n(dw) is still well defined. Naturally,
E7 and E7 will denote the corresponding quenched and averaged expectations.

The first results for RWRE on a strip were in Bolthausen and Goldsheid (2000),
where a criterion was given for the RWRE to be recurrent or transient to the
left /right. Subsequently, Goldsheid proved a law of large numbers and a quenched
central limit theorem Goldsheid (2008) and independently Roiterstein also proved
a law of large numbers and an averaged central limit theorem for the RWRE Roi-
tershtein (2008). We note that since the strip is bounded in the second coordinate,
the law of large numbers and the central limit theorems are proved for the first
coordinate of the RWRE. That is, if we write &, = (X,,,Y,) then the law of large
numbers proved in Goldsheid (2008); Roitershtein (2008) states that there exists a
v € [—1,1] such that

. Xy -
nl;rrgo - = Vo, Py - as. (1.2)

In both Goldsheid (2008) and Roitershtein (2008), this law of large numbers for
X, /n was deduced from a law of large numbers for hitting times. For any = € Z
let T, = inf{n > 0 : X,, = x} be the hitting time of the level {z} x [d] for the
random walk. It was shown in Goldsheid (2008); Roitershtein (2008) for RWRE on
the strip that are recurrent or transient to the right that

lim In _ 1/vg, PT -as, (1.3)

n—oo N n
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where we interpret 1/vg = oo if vg = 0. The main goal of this paper is to study
asymptotics of probabilities of large deviations away from the laws of large numbers
in (1.2) and (1.3). That is, we will prove large deviation principles for both T}, /n
and X, /n under both the quenched and averaged laws. Moreover, we will give a
variational formula relating the respective quenched and averaged large deviation
rate functions.

Large deviations of RWRE on Z and Z? have been studied previously using
a number of different approaches Greven and den Hollander (1994); Comets et al.
(2000); Varadhan (2003); Zerner (1998); Rassoul-Agha (2004); Yilmaz (2009, 2010);
Peterson and Zeitouni (2009). Some of these results on Z? allow for bounded step
sizes Varadhan (2003); Yilmaz (2009, 2010) and thus would apply to certain RWRE
on the strip (see Appendix A below). However, in these papers the quenched and
averaged large deviation principles are proved using different approaches and thus it
is very difficult to compare the quenched and averaged rate functions. In contrast,
Comets et al. (2000) develops a unified approach for studying both quenched and
averaged large deviations of nearest-neighbor RWRE on Z that not only proves
quenched and averaged large deviation principles for X, /n and T,,/n but also gives
a variational expression relating the quenched and averaged rate functions. In this
paper we will adapt the approach of Comets et al. (2000) to the case of RWRE on
the strip. We note that the results in Comets et al. (2000) were later generalized
in Dembo et al. (2004) to the model of nearest-neighbor RWRE on Z with holding
times, and at times we will borrow from ideas in Dembo et al. (2004) as well. The
main difference from the one-dimensional case is that the random walk can enter a
new level at any height and thus the differences of hitting times Ty — Tx_1 are no
longer independent under the quenched measure which makes it difficult to study
the asymptotics of the quenched moment generating functions E7 [eATnl{Tn<oo}].
This is overcome by keeping track of both the hitting times and the heights at
which the random walk enters a level so that E™[e*n 147, <o0}] can be represented
using products of random (w-dependent) matrices. We then use some ideas from
Furstenberg and Kesten (1960) to obtain formulas for the asymptotics of these
products. Asin Comets et al. (2000), understanding the asymptotics of the moment
generating functions of the hitting times is the key to deriving large deviation
principles for both the hitting times and the speed of the random walk.

1.1. Main Results. Before stating our main results, we need to first introduce some
assumptions on the environment. Our first assumption is that the distribution
on environments is spatially ergodic with respects to shifts of the Z-coordinate.
Recalling that wy, = (gn, 7, Dn), let 8 : @ — Q be the natural left shift operator
defined by (0w)r = wit1.

Assumption 1. The sequence {wy, }nez is stationary and ergodic under the measure
n on environments. That is, the dynamical system (Q,F,n,0) is stationary and
ergodic.

For technical reasons we will also need some strong ellipticity assumptions on
the environments.
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Definition 1.1. For any « > 0, let X, C 3 be the set of transition probabilities
(g,r,p) from a given level that satisfy

Zq(i,j) >k, and Zp(i,j) >k, Vield (1.4)
and
(I =79, 4) =2k, and (I —r)"'p)(i,j) >k, Vi,jeld]. (1.5)

Moreover, define Q, = %% so that environments w € €, satisfy the uniform ellip-
ticity assumptions (1.4) and (1.5) at every level in the strip.

Assumption 2. There ezxists a k > 0 such that n(w € ;) = 1.

Remark 1.2. The uniform ellipticity assumptions (1.4) and (1.5) have simple prob-
abilistic interpretations. For any environment w € €,

PENX) =k—-1)>k, PFN X =k+1)>r VEkcZicld,
and
P Ty < Togr, Yo, =§) 2 6, PP(Tepr < Tocr, Yoo, = J) > K,

for all k € Z and ¢,j € [d]. Also, note that for any environment w € €, the state
space Z x [d] for the random walk is irreducible.

Remark 1.3. Assumption 2 is slightly stronger than the uniform ellipticity assump-
tions made in Goldsheid (2008) where the condition (1.4) is replaced by the as-
sumption that >, (p(i,j) + ¢(i,5)) > & for every i € [d].

As in Comets et al. (2000), the key to proving the quenched large deviation
principle will be the derivation of a formula for the asymptotic quenched logarithic
moment generating function of T,,. In particular, we will show that there is a
deterministic function A, () such that

nh_)rrgo % log ET [e)‘T"l{Tn<oo}] =A,(N), n-as, (1.6)
where the limit does not depend on the initial distribution 7 for the starting height.
In Section 3 we will prove the existence of the above limit, give a formula for A, (X)),
and show that A, (A) is differentiable. From this, the following quenched large
deviation principle follows in the standard way.

Theorem 1.4. For a distribution n on environments satisfying Assumptions 1 and
2, define

Ip(t) = sgp{)\t — A, (N} (1.7)
Then, for n-a.e. environment w and any initial distribution 7 for the starting height

at level 0 (even depending on the environment), T, /n satisfies a weak large deviation
principle under the measure P[], with rate function J,. That is, for any open G

1
ool - S s
hnn_l)loréf - log PT(T),/n € G) > tlélg Jn(t),
and for any compact F

1
limsup — log P75 (T,,/n € F) < —tlglg Jy(t). (1.8)

n—oo N
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Remark 1.5. Recall that a (strong) large deviation principle means that the large
deviation upper bound holds for all closed F' as well. We can only claim a weak
large deviation principle since it may be the case that lim,_, J;,(t) = inf; J, (t) > 0.
However, we will show in Lemma 4.5 below that if the random walk is recurrent or
transient to the right then inf; J,,(¢) = 0, and thus in these cases Theorem 1.4 can
easily be strengthened to a full large deviation principle under PJ.

To prove the averaged large deviation principle for the hitting times we will
need a more restrictive assumption on the distribution n on environments. Let
M1 (£2,;) be the set of probability distributions on the set of environments €2,;, and
let M3 (92,) (and M£(Q,)) denote the set of stationary (ergodic) distributions 7 on
environments; that is, {w,} is a stationary (ergodic) under 7.

Assumption 3. The distribution n € M{(Qy) satisfies a process level large devia-
tion principle on the space My () equipped with the topology of weak convergence
of probability measures. That is,

n—1
1
Ly=-— ;059% (1.9)

satisfies a large deviation principle with rate function h(-|n), the specific relative
entropy with respect to n.

We will say that a distribution € M;(Q) on environments is locally equiv-
alent to the product of its marginals if for all n > 1 the joint distribution of
(w1, wa,...,wy) is absolutely continuous with respect to the product measure 7y,
where 79 is the marginal of wy under the measure 7.

Assumption 4. The distribution n on environments is locally equivalent to the
product of its marginals, and for every stationary measure o € M$(Q,;) there exists
a sequence o, € M£(Qy) of ergodic measures such that o, — « (in the topology of
weak convergence of probability measures) and h(a,|n) — h(a|n).

Remark 1.6. Assumptions 3 and 4 were also made for the averaged large deviation
principles in in Comets et al. (2000) and Dembo et al. (2004). Also, it is known
that Assumptions 3 and 4 are satisfied if 7 is a Gibbs measure on 2, with summa-
ble, translation invariant interaction potential (see Theorem 4.1 and Lemma 4.8 in
Follmer (1988)). In particular, Assumptions 3 and 4 hold if 5 is an i.i.d. measure
on environments.

Our next main result is a large deviation principle for the hitting times under
the averaged measure. It is intuitively clear that the averaged rate function should
be less than or equal to the corresponding quenched rate function. This is because
under the quenched measure large deviations occur due to atypical behavior from
the random walk, but under the averaged measure large deviations can occur due
to some combination of the choice of an atypical environment and the walk doing
some atypical behavior (thus making the averaged large deviation probabilities
decay more slowly). The following Theorem extends the variational formula in
Comets et al. (2000) relating the quenched and averaged rate functions that makes
the above intuition precise.

Theorem 1.7. Let the distribution on environments n satisfy Assumptions 2, 3
and 4. Then, for any initial distribution © the hitting times T, /n satisfy a weak
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large deviation principle under the measure Py with convez, lower semicontinuous
rate function
Lt = _inf (Jolt) + hloln). (1.10)
Continuing to follow the approach of Comets et al. (2000), we will use Theorems
1.4 and 1.7 to deduce quenched and averaged large deviation principles for X, /n.
In order to do this we will need not only a large deviation principle for T,,/n but
also for T_,,/n. However, since we have made no assumptions about recurrence
or transience in the statements of Theorems 1.4 and 1.7, an obvious symmetry
argument implies large deviation principles for T_,, /n as well. To make this precise
we introduce the following notation.

Definition 1.8. For any environment w € € let w™¥ denote the environment
induced by reflecting the strip Z X [d] in the first coordinate. That is,

(@n(@™), 70 (@), P (@'™)) = (P-n (@), 7-n (W), ¢-n(w)), Vn € Z.

Moreover, for any distribution 7 € M; (), let '™ be the induced distribution on
Inv
w™,

With this notation it is clear that Theorems 1.4 and 1.7 imply quenched and
averaged large deviation principles for 7', /n with rate functions Jymv and J,mv,
respectively. We are now ready to state the quenched and averaged large deviation
principles for the speed X,,/n of the RWRE.

Theorem 1.9. Let the distribution on environments ) satisfy Assumptions 1 and
2. Then, for any initial distribution © (even depending on the environment) X, /n
satisfies a large deviation principle under the measure P[, with deterministic, lower
semicontinuous, convex rate function

xJy(1/x) x>0
Iy(xz) = S limyyo0 Jyy(8)/t =0
|z|Jpmo (1/]2]) 2 <O0.

Remark 1.10. It is not clear from the formula above that I, (z) is continuous at « =
0. However, part of the proof of Theorem 1.9 will be to show that lim;_, J;(t)/t =

limy o Jyo (£) /1.

Our final main result is the corresponding averaged large deviation principle for
X /n.

Theorem 1.11. Let the distribution on environments n satisfy Assumptions 2 -
4. Then, for any initial distribution 7, X, /n satisfies a large deviation principle
under the measure P} with lower semicontinuous rate function

zJ,(1/x) x>0

I(z) = { 1,(0) £=0

|| (1/]2]) 2 <O0.
Remark 1.12. Again, part of the proof of Theorem 1.9 will be showing that I, as
defined above is continuous at x = 0. Naturally, the variational formula (1.10)

implies a corresponding variational formula for I, (x). The only difficulty is proving
the variational formula at x = 0; see (6.22) below.
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The structure of the paper is as follows. In Section 2 we introduce the matrices
¥ () which are quenched moment generating functions for hitting times that also
take into account the height at which the random walk enters a level. Then, in
Section 3 we use these matrices to compute the asymptotic log moment generating
function A, (X) for hitting times as well as a formula for A} (\). In Sections 4
and 5 we prove the quenched and averaged large deviation principles for hitting
times, and then in Section 6 we show how to transfer these to obtain quenched and
averaged large deviation principles for X,,/n. We conclude the paper with a short
appendix on RWRE on Z with bounded jumps. It is well known that such RWRE
with bounded jumps can be interpreted as a special case of RWRE on a strip. In
Appendix A we examine a natural class of RWRE with bounded jumps to which
the results in this paper apply, and we show how to modify the proofs in this paper
to RWRE with bounded jumps that do not satisfy the strong uniform ellipticity
assumptions in Assumption 2.

1.2. Notation. Before beginning with the proofs of the main results, we will in-
troduce some notation that will be used throughout the paper. For vectors x =
(z1,...,24) € R?, let ||z|| = max; |z;] and |[z]|; = Y, |2i| be the standard ¢
and ¢! norms, respectively. Also, let a norm on d x d matrices be given by

4] = max 314,
J

If the entries of A are non-negative then ||A|| = max;e; A1, where the vectors
{ei}ic|a) are the standard basis vectors for R?. We will use this fact without mention
at several points throught the paper. Note that matrix norm defined in this way is
the ¢! operator norm acting on row vectors to the left and the ¢ operator norm
acting on column vectors to the right. In particular, for any row vector x and
column vector y we have |xAy| < [|x]|1||A]||¥]]co-

2. Quenched moment generating functions

As mentioned in the introduction, they key point in proving the quenched large
deviation principle for the hitting times is to prove the limit (1.6) which gives
the exponential asymptotics of the quenched moment generating functions of the
hitting times. In this section, we will prepare the foundation for proving the limit
in (1.6) by introducing some useful notation and deriving some uniform upper and
lower bounds on the quenched moment generating functions.

For any environment w, A € R and k € Z let ®;(\) be the d x d matrix with
entries given by

QN (i) = B [0y ooy, -y | d € Ld)

Lemma 2.1. There exists a constant Aerit = Aerie(n) > 0 such that if X < Aepie
then ®(i,7)(A\) < oo for all i,j € [d] and k € Z, n-a.s., and if X\ > A¢piz then
Di(i,7)(A) = 0 for alli,j € [d], and k € Z, n-a.s.
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Proof: Obviously, ®o(A)(i,5) < oo for all 4,j € [d] if A < 0. Thus, we only need to
consider A > 0, in which case Assumptions 2 implies that

(bo()\) (.73 k) > ELEJOJ) |:€>\Tl 1{T71 <T1<oo, Yr_, =i, Yr, =k}

> ke Y B (A6 DR\ (1 k) (2.1)

le[d]

> K%Y 0 (N(iD), Vi, k € [d]. (2.2)
le[d]

It follows that ||®o(A)|| < oo implies that ||®_1(A)|| < oo and thus

{llLo(N)I < 00} = ({II®n(N)I| < o0}, 7 - as.
n<0
Since ,,<o{l|®n(N)]| < oo} is invariant under (right) shifts of the environment and
the distribution 7 on environments is ergodic, we can conclude that n(||®(\)| <
00) € {0,1} for any A € R. Define Acrit = Acrit (17) := sup{A : n(||Po(N)|| < o0) = 1}.
By the monotonicity of ||®(A)]] in A we have that ||®o(N)]| < oo for all A < Aepip and
n-a.e. environment w. Since 7 is shift invariant we also have ||®,(\)|| < oo for all
n € Z, A < Aerit, 7-2.8. On the other hand, if A > Aqit, then ||®_1 ()] = oo, 7-a.s.
However, maximizing (2.2) over i we obtain that ®¢(\)(j, k) > k2e?}||®_1(N\)|| =
for any j, k € [d]. Again, since 7 is shift invariant, this implies that ®,,(4, k)(\) = oo
for all n € Z, j, k € [d], n-a.s. |

Remark 2.2. Note that the above lemma does not say whether or not ||®,,(\)|| is
finite when A = A.;. However, it will follow from the proof of Lemma 2.4 below
that ||, (Acrit)]| < oo for all n. In fact, Lemma 2.4 will even give a uniform upper
bound on the entries of ®,,(Acyit)-

Next, we would like to prove upper and lower bounds on the entries of ®())
when A < A¢it- To this end, we first need the following Lemma which follows easily
from the uniform ellipticity assumptions on the environment.

Lemma 2.3. For any k € (0,1/2) there exists an integer N, < oo such that for
all w e Qy

Pugk’i)(Tk+1 < N, YTk+1 = ]) > ’i/2a Pogk’i)(Tk—l < N, YTk—l = J) > 5/27
for allk € Z and i,j € [d].

Proof: Obviously it is enough to prove the lower bounds when starting in level
k = 0. For a random walk started at a point (0,4) in level 0 of the strip, let
T =Ty ANT_1 be the exit time of level 0. Conditions (1.4) and (1.5) imply that

POY(r>1)<1—-2k, Vield, (2.3)

and
Pu(;o’i)(g‘r = (173)) > Ky P(;(Jo’i)(gT = (7133)) 2 R, VZ?] € [d] (24)

Note that iterating the lower bound (2.3) implies that P(Eo’i)(T > N) < (1-2x)N
for any non-negative integer N. Therefore,

PYTy < N, Yy, = j) 2 POV(& = (1,5) = POO(r > N)
>k — (1-2r)N.
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Similarly, PLSO’i) (T_y < N,Yr , =37)>r—(1-2k)", and letting N,, = f%]
completes the proof of the lemma.

The following lemma which gives uniform upper and lower bounds on the entries
of @, (A) will be crucial throughout the remainder of the paper.

Lemma 2.4. Ifn satisfies Assumptions 1 and 2, then for any X < A.pip there exists
a constant ¢y € (0,1] (depending only on X\ and the choice of k in Assumption 2)
such that

0 (cA < Bo(N)(ij) < - Vi [d]) 1 (2.5)
e

If in addition n is locally equivalent to the product of its marginals and we denote
by X, the support of wy = (qo,70,p0) under n, then it follows that

1
cx < O\, w)(i,5) < - Vwe X2, € [d], A < Aerar(n). (2.6)
A
Proof: For the remainder of the proof, fix a x > 0 that satisfies Assumption 2
(i.e., n(w € Q) = 1). First we prove the almost sure upper and lower bounds on
®o(N)(4,7) in (2.5). For the lower bound, since e*”* > (e*V= A 1) on the event
{T1 < N,.} we have that

®o(A) (i, 5) > B [eml{TlgNﬁ,Yﬁ:j}}

, (2.7)
> (M= A1) PON(Ty < Ny, Yoy =) > (M A1) k)2,

where the last inequality follows from Lemma 2.3. For an upper bound, first note
that ®o(A)(4,7) < 1if A < 0. Thus, we only need to prove a uniform upper bound
when X\ € (0, Aerig]. To this end, note that (2.1) implies that

q)()()‘)(]a k) > HeAé—l(A)(%])q}O()‘)(]ak)7 VZ,],]C € [d]

If A < Acrit then @(N) (4, k) € (0, 00) and we may cancel these terms from both sides
of the above inequality to obtain that ®_;()\)(i,j) < (1/k)e™> < 1/k. Since the
law 7 on environments is shift invariant, the same uniform upper bound holds for
Do (M) (i, j) with probability one. Finally, since ®¢(A)(¢,7) < (1/k) for all A < Aepit,
the monotone convergence theorem implies that ®g(Aerit)(4,7) < (1/k), n-a.s. This
completes the proof of (2.5) with ¢y = %(e*¥= A 1). Moving now to the proof of
(2.6), note that the argument above giving the lower bound on the entries of ®¢(\)
only depends on the fact that w € €, and since obviously Z% C Q, the lower
bound in (2.6) also holds. To prove the upper bound in (2.6) we first introduce
some notation. For any M < oo let @4 ar(A) be the “truncated” quenched moment
generating functions defined by

- i) [ ATk
Op (M) (i, j) = EFY [6 T <M Yy, =5 | (2.8)
It is easy to see that @ ps(\) depends on the environment w through w(_ 7o) where
we use the notation w ¢ = (Wry1, Wrkt2,. .., wr) € Y4~ for any environment w

and any k < ¢. Moreover, the function w — ®¢ ar(A,w)(i,7) from Q, — R is
continuous for any fixed M < oo and i,j € [d] since the quenched expectation
in (2.8) can be expressed as a sum over finitely many paths. Thus, for any fixed
M < 00, 14,7 € [d] and A < Aqit(n) the set

Gurign ={w e Qw: Po (N w)(3,7) > 1/ex}
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is an open subset of Y2 Fix A < Aait (1), and assume for contradiction that there
exists @ € ¥% and i, j € [d] with ®o(\,@)(i,j) > 1/cx. Then by monotone conver-
gence, W € G5, for all M large enough. Since the open set Gs,; j,5 intersects Z%
and since Gy, ;.\ is 0(w(_nr,0))-measurable, it follows that (n]o) (Garij ) > 0.
However, since 7 is locally equivalent to the product of its marginals this implies
that (G jn) = 77|(—M,0](GM,i,j,)\) > 0 as well. Thus, 1/cx < @oar(A)(4,5) <
Do (M) (4, j) with n-positive probability. Since this contradicts (2.5), this proves that
the upper bound (2.6) does indeed hold. O

Remark 2.5. Note that the above proof shows that x/2 < ®¢()\)(4,5) < (1/k)e™*
for all A € [0, Aeyit]. A priori there is nothing preventing A from being infinite.
However, since x/2 < (1/k)e™ for A € (0, A\eris] we can conclude that Aeriy <

—log(k?2/2).

Remark 2.6. It will be important below to note that (for M large enough) we
can give uniform upper and lower bounds on the entries of the truncated mo-
ment generating functions @ as(A) as well. It is obvious from the definitions that
Qi (A)(2,7) < ®r(N)(4,4) so that the same uniform upper bound holds for any
M < oco. Moreover, the argument in (2.7) giving the uniform lower bound on the
entries of @ () gives the same lower bound on the entries of @y pr(A) if M > N,.
That is,

1

ex < @omr(N)(4,7) <
e

, VYweXlijeld, A< Aait(n), and M > N,. (2.9)

3. The quenched logarithmic moment generating function for hitting
times

In this section we will prove that the limit lim, o 1 log BT [’ 17, - 3] exists
almost surely and is equal to a deterministic function A,(X). Moreover, we will
derive a probabilistic formulation of both A,(\) and its derivative. We begin by
expressing the moment generating function of 7}, in terms products of the matrices
@ (A). For ease of notation we introduce the notation

@l n)(N) = H Di(N), for any m < n.
k=m

With this notation, it is easy to see that ET [e/\Tnl{Tn<oo}] = m®(g,n—1)(A)1, where
on the right side 7 = (7(1),7(2),...,m(d)) is a row vector and 1 is a column vector
of all 1’s. To identify the limit of n™* log(7®jg ,,_1)(A)1), we first need the following
Lemma.

Lemma 3.1. If for some A € R and w € Q) there exists a ¢ > 0 such that 1/c <
D, (N)(i,5) < 1/c for all k € Z, i,j € [d], then there exists a sequence of vectors
{ttn(\,w) }nez such that

71—(I)[m,n—l]()‘)

sup | ———————=— — up(\,w
0#7w>0 7-‘-(b[m,nfl]()‘)]' : ( )

2(1 _ C4)nfm71

< : :

1

VneZ,m<n—1.

(3.1)

Remark 3.2. The vectors p,(\,w) are necessarily non-negative with entries sum-
ming to 1 and thus can be viewed as probability distributions on [d] that depend
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on the environment w. For convenience of notation we will often suppress the
dependence on w and just write u,(\) instead.

Corollary 3.3. Let n be a measure on environments satisfying Assumptions 1 and
2. Then the sequence of vectors { i, (N) }nez from Lemma 5.1 is an ergodic sequence.

Proof: Lemma 2.4 implies that the conditions of Lemma 3.1 are satisfied for A <
Acrit and 7-a.e. environment w with ¢ = ¢). Thus (3.1) implies that

i(I)mn— A
pn(A) = lim €i®imn-11(N)

m o €@l (V1

where the limit doesn’t depend on the choice of ¢ € [d]. This shows that p,(\) =
tn(A,w) is a deterministic function of the environment that commutes with shifts
of the environment in the sense that u, (A, w) = po(A, 0"w). Since the environment
w is ergodic by assumption, it follows that p, () is ergodic as well. O

We postpone for the moment the proof of Lemma 3.1 and instead show how

Corollary 3.3 can be used compute the limit of n="log ET[e*" 17, <o0].

Lemma 3.4. For a distribution n on environments satisfying Assumptions 1 and

2, define

M) = {fg[bgwo(x)@o(x)l)] 1A

Then for any distribution © on [d] for the height of the starting location of the walk
(r can even be random depending on w),

nl;n;oﬁlogE” [T Lir, cooy] = Ay(N), VA, 1 - as. (3.2)
Proof: First, we claim that it is enough to prove (3.2) holds n-a.s. for any fixed A,
and thus for n-a.e. environment the limit holds for all rational A. It will be shown
below that the function A, ()) is continuous on (—o0, Agrit] (this will follow from the
fact that A — po(A) is continuous), and since the left side of (3.2) is a monotone
function of A for every n we can conclude that for n-a.e. environment the limit in
(3.2) holds for all X. Since E7[e*" 11, co0y] is finite if and only if A < Aeie, it is
enough to consider the case when A < A.i;. For a fixed A < At note that

log ET [’ 11, <00y = log(7®@pp,—1](A)1)
(M1
= log(m®q( )+ lo < [0 k]
B(m®o Z 8 Qo k—17(A)1

= log(m®o(N)1) + Zlo (Okl]()\)q)k()\)l>

= Z log(zx®(\)1), (3.3)
k=0

where the last equality is used to define the vectors z;. Note that from the formulas

for z; given above it is clear that for k large we should be able to approximate zj

by puk(A). Indeed, (3.1) implies that [|zx — pur(A)[1 < 2 (1 —¢})*~*. Now, for any
A
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probability vector p on [d], Lemma 2.4 implies that

p®pr(A)1 = Zu(@%(ﬂ(@ﬁ > cxd.

Then since |log(z) — log(y)| < @ for any x,y > a, it follows that

[log(u (N BLA) ~ g BL D] < - s (VBN = 5B (W1]

1

< m”ﬂk()\) =z 1[[ @ (M) |
2 _

< e (1—c)" (3.4)
X

where in the last inequality we used ||®(A\)|| < d/cy which follows from the upper
bound on the entries of ®5(A) in (2.5). Combining (3.3) and (3.4) we see that

fz l—cA

2(1 - c)\) L

10 ’
Sl

IOgEﬂ[ Melir, cooy] — Zlog 1 (A) @i (A)1)

| /\

(3.5)

and since the expression on the right vanishes as n — oo it is enough to evaluate the
limit of the second sum on the left side. However, since the environment w is ergodic
it follows that {1 (A)Pr(A)1}rez is ergodic as well since both pg(A) and @i (A) are
functions of the shifted environment #*¥w. Thus Birkhoff’s ergodic theorem implies
that

n—1
.1
Jim — l;)log(uk(k)%(k)l) = Ey[log(no(N)@o(MN)1)], 7 - as.
Combining this with (3.5) finishis the proof of the lemma. O

We now return to the proof of the existence of the vectors p,(\) and the asso-
ciated error bounds as stated in Lemma 3.1.

Proof of Lemma 5.1: The key to the proof of Lemma 3.1 is the following Lemma
from Bolthausen and Goldsheid (2000).

Lemma 3.5 (Lemma 9 in Bolthausen and Goldsheid, 2000). Let G,, n =1,2,.
be a sequence of d X d matrices with all positive entries, and for any r > 2 let

py = min G, (Z .])GT 1(]7k)
1,5,k Z[ ( ) r— 1(€7k)

If >, pr = 00 then there exists a vector v = (v(1),v(2),...,v(d)) with strictly
positive entries adding to 1 such that for any n > 2

GnGp_1---G1 =D, v(l) ©(2) - wv(d) | +eny,

where D, is a d x d positive diagonal matriz and e, is a d x d matriz with ||e,] <

H::2(1 - dpr)'
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For fixed w € 2, A € R, and ¢ > 0 satisfying the assumptions of Lemma 3.1 and
for n € Z fixed, we will apply Lemma 3.5 with G, = ®,_;(\). The representation
of the product Gy Gj_1 - --G1 from Lemma 3.5 implies that

eiGrGr—1---G1 U+ e

eiGrGr_1---G11 - 1+ el
The uniform upper and lower bounds on the entries of ®,,_x(A\) = Gy imply that
pr > c*/d for all r > 2, and so the matrix 5, has norm ||ex|| < (1—c*)*~1 for k > 2.
Thus, it follows that for any 7 € [d] and k > 2,

el‘Gka—l e Gl _7 < ||1—]o|‘ _ ||€7;€k||1 QHEkH
e;GrGr_1--G11 - T+ eiepl |1+ eierl] = 1—|lek]]
2(1 _ C4)k:71 2(1 _ C4)k71
ST (1—ch)k1 = oA :
Since |e;G1/(e;G11)|l1 = [|T]l1 = 1 and 2/c¢* > 2, the above error bound also

holds when k£ = 1. Finally, since for any non-negative vector = # 0 and any non-
negative matrix A, the vector mA/(wAl) is a convex combination of the vectors
{eiA/(eiAl) }iglq), it follows that

GrGr_1---G 2(1 — k1
0#7>0 || TGrGr—1---G11 1 c
This completes the proof of Lemma 3.1 with p, (), w) = ©. O

3.1. Differentiability of A,(X). For any environment w and ¢ € [d], let
1 )
Awin(N) = =log BV [T 1, <oy
n

For any fixed i € [d], n > 1 and w, the function A, ;,()) is strictly convex and
differentiable (analytic even) on (—o00, Aerit). Since Ay n(A) = Ay(A) as n — oo,
it follows that A,()) is a convex function on (—00, Aerit) but a priori we cannot
conclude that A, () is differentiable on (—00, Aerit). If we can show that A, ; , (\)
converges uniformly on compact intervals then it will follow that A, (\) is differen-
tiable and that A} (\) = lim,, o0 AL, ; ,,(A) (see Rudin, 1976, Theorem 7.17).

For any k£ > 1, define 7, = Ty, — T;—1 when T}_1 < oo and 7 = oo otherwise, so
that T}, = ZZ:1 7. Then, it’s easy to see that for A < Mg,

1 <E£,O’”[Tn6”"1m<oo}]> 1 Z”: EQ e’ g, <oy

! —_
Ay in(N) = - E&O’i) T EU(JO»Z') (AT

n
k=1

147, <o0}] 147, <00}

Let ®}.(A) be the term-by-term derivative of the matrix ®4(A). That is,

(D;C()\)(Z,]) — E'Lkﬂ) |:Tk-+1e)‘Tk+1 1{Tk+1 <oo, YTk-+1=j}:| .

Then, with this notation we have that

1= €i®po,r—2)(N)Pp_ 1 (NP 17 (M1

A/
€i®o,n—1)(A)1

w,5,m

(3.6)
k=1
To approximate (3.6) we want to approximate @ ,_1)(A)1 in both the numera-
tor and denominator. These terms will grow or decrease exponentially, but if we
normalize them they converge. To show this we need the following lemma.
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Lemma 3.6. If for some A € R and w € Q there exists a ¢ > 0 such that 1/c <
DL (N)(i,5) < 1/c for all k € Z, i,j € [d], then there exists a sequence of non-
negative vectors {vi(\)}rez such that

H Q-1 (M1

2(1 _ c4)n—k—1
10y, ,1(M)1

] <104

oo

. Vk<n. (3.7)

C

Moreover, if n satisfies Assumptions 1 and 2 then vi(\) exists with probability 1
for all X < Aeriz and the sequence {vi(N) }rez is ergodic.

Proof: For any matrix A, let A® denote the transpose of A. Then,

B (M1’ U, (V) PV i (V) RV
180y, (M1 10, 1 (A)!®, o(A)t - Ppyr (M)t PR(A)PL

Then similarly to the proof of Lemma 3.1, the proof of (3.7) follows by applying
Lemma 3.5 with G; = (®j4;j—1(A))". The final claims in the statement of Lemma
3.6 follow as in the proof of Corollary 3.3. (]

We'll also need a uniform upper bound on ||® (A)|| for A < Ayt

Lemma 3.7. For any A\ < A.pit, there exists a constant dy < oo such that
n([[2oN)] < dy) = 1.

Proof: Since a uniform bound on the entries of the matrix ®{(A) implies a uniform
bound on the matrix norm it is enough to show a uniform bound on the entries of
®((N). Since for any 4,5 € [d], Po(N)(4,7) is a convex function of A we have that

/ .o (PO()‘Crit)(iyj) - q)O(/\)(lvj) (1/6)\crit) — G
< <
q)O()‘)(Zaj) = )\crit DY — >\crit —\ )

where the last inequality follows from Lemma 2.4. O

(3.8)

Having laid the necessary groundwork, we are ready to prove that A,(X) is
differentiable and give a formula for the derivative.

Lemma 3.8. If the distribution n on environments satisties Assumptions 1 and 2,
then A, (X) is continuously differentiable on (—oo, A¢rit) and

NN CNIZIEN)
AN\ =E {“O( 0 YA < Aoire
o= )@ () t
Proof: As mentioned above, it is enough to show that

IMA@AM%[ (3.9)

n—oo

No()\)q)é()‘)yl(/\)} - a.s
1o (A)Lo(A)rr () ] -

and that the convergence is uniform in A on compact subsets of (—oo, Aerit). To
this end, we first note that since Af,, () is continuous and non-decreasing in A,
uniform convergence on compact subsets will follow from pointwise convergence

if we can show that the proposed limit F, [m%} is also continuous in

A. Since we can uniformly bound each of the terms inside the expectation, it is
enough to show that each of these terms is continuous in A. It is obvious from their
definitions as quenched expectations that ®o(\) and ®(()\) are continuous in A, but
we need to prove that pg(A) and v1(\) are continuous in A. To show that po(A)
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is continuous in A, first note that for any A, M < Ay and any n > 1, the error
bounds in (3.1) imply that

(1=c)""

2 _ 2
0(A) = o)l < (1 =)™ + 5
C/\ C/\/
ei®r_p,—11(N) B ei®r_p _17(\)

eiq)[—n,—l]()\)l ei@[_m_l]()\’)l

Since the proof of Lemma 2.4 shows that the constants ¢y are continuous in A, we
obtain that

tim [0(3) — o\ < 5 (1 =)™, VA< Aage.
N cy
Since this holds for any n > 1, taking n — oo shows that A — po(\) is continuous,
n-a.s. A similar argument shows that v () is continuous, 7-a.s., and thus that the
right side of (3.9) is continuous for A\ < Acit.
It remains to prove the pointwise convergence in (3.9). To this end, note that
the terms in the sum on the right of (3.6) can be re-written (for 2 <k <n—1) as

i ®0,k—2)(N)P%_1 (M) Pl n—1)(M)1
ei®on—1(A)1

ei®ror—21(N) / Qi n_1y(M)1 (310)
. (61"1)[0,1@72]()\)1) Cbk_l(A) (1tq>[k.n—1]()‘)1>

T ei®oe—n(N) Prrn_1] (ML
(ei‘b[o,k—z] (M1 ) Pp—1 (A) ( 1D oy (>\)1)
We would like to approximate the numerator and the denominator of the fraction on
the right by pr—1(A)®)_; (MNve(X) and pp—1(X)Pr—1(A)vk(X), respectively. Equa-

tions (3.1), (3.7) and Lemma 3.7 imply that there exists a constant C' depending
on A such that

£iPor2Y) ) 4 Py Y NS
<eiq>[0k 2](>\)1) Pi-1() <1t‘1’[k,n1](/\)1) fr—1 (A) @1 (V) k()\)‘

ei®o,r—21(A)
— = — (A 1) ve (M) ] oo
B0 na (V1 fr—1( ) (M HveMl
ezq)[Ok 2](/\) ‘ (I)[kn 1 1 H
— (A
ei®o k-2 (A1 VI 100y, ,,q7(M)1 kY -
< O(1— )b, (3.11)

and similarly there is a constant C’ (also depending on \) such that

‘(eﬂ’[o;c 2](A)1> 2e-1() (1t<1>[k,n_1](x)1> (A Pr-1(A) k(A)‘

< C'(1 = cy)rin=h), (3.12)

The error bounds in (3.11) and (3.12) allow us to approximate the numerator and
denominator from (3.10) separately, but in order to approximate the ratio we also
need to obtain an upper bound on the numerator terms and a lower bound on the
denominator terms. Lemma (3.7) gives a uniform upper bound on the numerator
terms, and if we denote the denominator by pu®g_1(A)v then since the vectors
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and v are both non-negative with entries summing to 1, Lemma 2.4 implies that
the denominator of the right side of (3.10) is bounded below by

D @)@k NG = Y liear(d) = ex
i,j€[d] i,j€[d]
Thus, with these upper bounds on the numerator and lower bounds on the denom-
inator we can combine (3.10), (3.11) and (3.12) to conclude that for some constant
C" < oo depending on A that
€i®pok-2] (NP1 M) Ppen-1y (M1 pe1 (AP (Mwr (V)
€i®o,n—1](A)1 Pie—1(A)Pr—1 (AN i ()

This is enough to imply that

’ < C//(l _ci)k/\(n—k)'

1 1 (V)P (M (A)
lim A, ; ,(A) = lim *Zuk OSEIETONIZEEY)

n— 00 n—oo N

1o (A) Po (M) ()\)}
=F , N -as.,
! Lt (A)Po(A)r1(A)
where the last equality follows from Birkhoff’s ergodic theorem. O

3.2. Truncated log moment generating functions. For certain parts of the proofs of
the main results, it will be important to have modified versions of the previous
results in this section when the moment generating functions ®(\) are replaced
by the truncated versions ®; 5r(A) as defined in (2.8). In the following we will use
the notation @, nj a7 (A) = Pt (A) @1, (N) - @ ar () for any m < n. First,
we prove corresponding results for truncated versions of i, (A) and v, (\) exist.

Lemma 3.9. For every w € Q,, M > N, A € R, and n € Z, there exist vectors
tn m(A) and vp ar(X) such that

/inM()\): lim eiq)[m,n—l],M()‘)

d voum(A) = li
m——00 €; P n_1],m ()1 and vn,p(3) e

m—oo 1 (I)[n m], ]\/I(A)l’

where the limit in the definition of pn am(X) doesn’t depend on i € [d]. If in addi-
tion n satisfies Assumptions 1 and 2 then the sequences pin ar(N) and vy ar(X) are
ergodic, and for any X\ < Aerit(n) the error bounds

TR n—1],m (N) 201 —cy)m !
, : — N K ——2A _ Vm<n, 3.13
Oi]igo 7T(I)[Tnm—l],]\/[()‘)1 . ( ) 1 N C;l\ e ( )
and
(I)[n m] M(A)l 2(1 - Cil\)min
S —Up (A —_—A <m, 14
‘1t(b[n,m], i Un m(A) = c‘){ Vn <m (3.14)

hold for m-a.e. environment w, where the cy are the constants from Lemma 2./.
Moreover,
Um  pp pr(X) = pn(N), and lm v, pr(A) =vp(A), - as, YA < Agi(n).
M—o0 M—o0
Proof: The key to the proofs of Lemmas 3.1 and 3.6 were the uniform upper and
lower bounds on the entries of @4 () from Lemma 2.4. However, as noted in Remark
2.6 above, for M > N, and A < Ait(n) the same uniform upper and lower bounds
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holds for the entries of @y ar(A) and @ (A). Moreover, there are uniform upper and
lower bounds on the entries of @4 pr(A) when A > Aeyie(n) as well since

e < APONT < M, Yo, = 5) < @o (M) (4, 5) < M,

for all w € Q, A > 0, and M > N,. This shows that the limits defining g, as(N)
and vy, a () exist. Moreover, since the uniform and lower bounds are the same for
@ (N) and Py ar(A) when A < Aqig(n) the error bound in (3.13) is the same as the
one in (3.1).

Finally, we will show that i ar(A) = pn(A) (the proof that vy, ar(X) = v, () is
similar). Since the entries of f, a(A) are bounded, let M), — oo be a subsequence
where the limit exists and denote the limit by u%(\). By Lemma 3.1, for any € > 0
we can be choose m = m(n,e,\) < n so that any probability distribution 7 on [d]
satisfies o o)

TLm,n—1]

D1 (V1 1 <e. (3.15)
Now, for this m fixed there exists a further subsequence M of M} such that
limg— o0 Hm, a1y (A) also exists, and we will denote this limit by p;,(A). The definition
of pg, a1 (N) ensures that

,Um,l\/I(A)q)[m,nfl],M(A)
,U/m,]\/f()\)q)[m,n—l},M()‘)l

and by taking limits of this equality along the subsequence M, we obtain that

Hi (N Pppn—y (AT 77
Finally, applying (3.15) with 7 = u¥, (A) we can conclude that ||uk (A)—pn (M) |1 < e.
Since € > 0 was arbitrary we conclude that p) (\) = up,(A) and so any subsequential
limit of iy, a7 (A) must equal i, (N). O

- Mn()‘)

= Un,M()\)y

Next, we prove a truncated version of Lemmas 3.4 and 3.8.

Lemma 3.10. For any distribution © (even depending on w) for the height of the
initial location of the random walk, and for n-a.e. environment w,

o1 -
Jim —log B [ 1r <ar k=12, my] = By [log (0,1 (N @o,ar (V)] =2 Ay s (),
Ay v (N) ds convex in A and continuously differentiable for all X € R with
A)D) (A A
A% () = E, to,n () O,M( v (A)
’ po,m (N)@o,ar(Mviar(A)

Moreover, limps o0 Ay (A) = Ay(A) for all X € R and limpr—.00 A}, 3, (A) = A5 (A)
for all A < Aepis.

Proof: Since we can represent the expectation as a matrix product by
E] [e’\T’”l{TkgM, ket1,2,..n3) = @0 s (NP1 ar(A) -+ Py, (M1,

the proof that the limit exists and the formula for the limit is the same as in the
proof of Lemma 3.4 and depends only on the uniform upper and lower bounds on the
entries of @5 a7(A). Similarly, the proof of the formula for A ,,(\) is essentially
unchanged from the proof of Lemma 3.8. To show that A, ar(A) = Ay(X), first
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note that ®g a7 (A) = Po(A) as M — oo by the monotone convergence theorem. If
A < Aarit, then Lemma 3.9 and the bounded convergence theorem imply that

Jim B [log (0,0 ()P0, (V1)) = By oo\ BN 1], VA < e

For A > Aqiy we need to show that limas_,o0 Ay ar(A) = co. To this end, note that

An,M(A) Z fa,7 mlnlog Z (I)O ]y[

Then, since ®o,1/(A) /7 o(A) as M 7 oo and 3¢y Po(A)(4, j) = oo for any i € [d]
when X > Acyit, the monotone convergence theorem implies that A, ar(A) 7 oc.

To prove that Aj 5/(A) = A}(A) for A < Acis, first note that po,ar(A) = po(N),
vim(A) = vi(A), @oar(A) = @o(A) and & 1, (A) — Pp(A) as M — oo for any
A < Aait- The uniform bounds in (2.9) and the proof of Lemma 3.7 give uniform
upper bounds on the entries of ®f ,,(A\) that do not depend on M. Combining
this with (2.9) and the fact that po, M()\) and 11, a7 () are non-negative with entries
summing to 1, we conclude by the bounded convergence theorem that

uo,M(/\)q’é,M(A)Vl,M(/\)]: [Mo()\)q’é(A)Vl()\)
" Lro(N)@o(N)r1(A)

lim
M — 00 " /JO,M(/\)(I)O,]\/[(/\)I/LM(/\)

4. Proof of the quenched LDP for hitting times

Having proved the necessary facts about the quenched log moment generating
function A, (X)), we will now give the details of the proof of the quenched LDP for
hitting times as stated in Theorem 1.4. We will begin by first collecting a few
necessary facts about the rate function J, (recall that J,, was defined in (1.7) as
the Legendre dual of A,).

Lemma 4.1. Let to = to(n) and t* = t*(n) be defined by

to= lim Aj(A\) and t*= lim A} (N). (4.1)
A0~ ADAT

crit

Then J, is finite, convex and continuous on [1,00), decreasing on [1,to] and non-
decreasing on [tg,00). Moreover,

supy<o(At —Ay(N) i t € [1, o]
Jn(t) = ¢ supyso(Mt = Ay (N)  if t € [to, 7] (4.2)
)\critt - An()\crit) th Z t*.
Remark 4.2. Note that to = t* if Acris = 0 and that to = Aj(0) <t if Acrie > 0.

Proof: The main thing that needs to be proved is that limy_, o A} (\) = 1. To
this end, note that Assumption 2 implies that

KM < PT(X,, =n)er < E;r[e)‘T"l{Tn<Oo}] <M VA0,
Thus, it follows that
A+log(k) < Ay(A) <A, VA0, (4.3)

and since A, (A) is convex and differentiable this implies that limy, o A7 (A) = 1.
The conclusions of the Lemma then follow easily from the fact that .J,(t) is the
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Legendre transform of A,()). Indeed, since A, is continuously differentiable, for
any ¢ € (1,t*) there exists a A¢ < Aerit such that A;]()\t) = t. Note that this choice
of A\¢ ensures that J,(t) = At — Ay(A). From this, it is straightforward to prove
the stated properties of J,,. O

The next Lemma shows that the parameter ¢y defined in (4.1) also has an im-
portant probabilistic meaning.

Lemma 4.3. If the random walk is recurrent or transient to the right, then for any
initial distribution m for the starting height of the random walk

lim T,,/n=ty, PT - a.s.

n—00 n
Remark 4.4. In light of the law of large numbers for hitting times in (1.3) we can
conclude that ty = 1/vp, where vq is the limiting speed for the RWRE.

Proof: First, we claim that the formula for Aj (A) in Lemma 3.8 implies that
L oMM (M) ] _ 140(0)®5,(0)v1 (0)
to = lim F, =B, |——
A0~ fo(A) Lo (A)r1(A) 10(0)®o(0)r1(0)

If E,[||®,(0)]]] < oo then this follows from the dominated convergence theorem

since
poN PN (N _ [P 2o (0)]]
/LO()\)@O(}\)Vl(A) - Cx - c_1 ’
On the other hand, it can be shown that the uniform bounds on the entries of ®(A)
in (2.5) imply that all of the entries of yo(\) and v () are in [¢3 /d, 1/(c3d)], and

(4.4)

VA € [-1,0].

S0
! 4 /72 l 4 /
BNPA0) | (/BT By
fo(A) Lo (A)r1(A) [@o(A)] d
Therefore, if E,[||®'(0)]]] = oo then it follows from the monotone convergence

theorem that both sides of (4.4) are infinite. Since we are assuming that the
random walk is recurrent or transient to the right then the matrices ®;(0) are all
stochastic, and thus v (0) = 41 for all k € Z. Therefore, the formula for to in (4.4)
simplifies to

= b, [ LU0 o0 01]

110(0)@0(0)1 po(0)1
= By [1o(0)®(0)1] = B, [BL O[] . (45)

Finally, the proof of the law of large numbers for T}, /n in Roitershtein (2008) gives
a formula for the limit, and translating this formula into our notation we obtain

T,
lim — =E, [Eﬁo(o) [T1]} , P} -as.

n—oo nN

O

The following lemma characterizes the zero set of the rate function J,(t) and
is consistent with the corresponding result for nearest-neighbor RWRE in Comets
et al. (2000).

Lemma 4.5. The quenched rate function for the hitting times J, has the following
properties.

(1) Iflim, o X,, = —00, then inf, J,(t) > 0.
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(2) If the RWRE is recurrent or transient to the right, then
(a) Ifvo =0, then Jy(t) > 0 for allt < oo but inf; Jy(t) = limy_o0 Jy(t) =
0.
(b) If vo > 0 and Acrie(n) = 0 then J,(t) =0 <= t > tg = 1/vo.
(c) Ifvo > 0 and Acrie(n) > 0, then Jy(t) =0 <= t =ty =1/vo.

Proof: To prove the first part of the Lemma, note that inf; J, (t) = —A,(0) and so
we need to show that A,(0) < 0 when the RWRE is transient to the left. To this
end, note that if the RWRE is transient to the left then P7 (7T} < 00) < 1 for n-a.e.
environment w and any distribution 7 on the starting height (here we are using
Assumption 2). Therefore,

Ay(0) = Eyllog(10(0)®0(0)1)] = Ey[log P4 (Ty < o0)] < 0.

The second part of the Lemma follows easily from the fact that J, (¢) is the Legendre
transform of the differentiable function A,()), the fact that to = 1/vo, and the
definition of ¢ in (4.1). O

4.1. Upper bound. Since we are only proving a weak large deviation principle, the
properties of J;, in Lemma 4.1 imply that to prove the quenched large deviation
upper bound it will be enough to show that

1
limsup — log P7 (T, € [nt,00)) < —sup(At — A, (X)), Vt € [to,00), n-as.,

n—oo T A>0
(4.6)
and
1
limsup —log P7(T;, < nt) < —sup(At — A, (M), Vte[l,to], n-as. (4.7)
n—oo N A<0

To show (4.6), Chebychev’s inequality implies that for any A > 0,
PI(T, > [nt,00)) < e M E [N 17, co0y] -

Then, applying Lemma 3.4 and then optimizing over A > 0 proves (4.6). The proof
of (4.7) is similar and therefore ommitted.

4.2. Lower bound. For the proof of the quenched large deviations lower bound we
will need the following Lemma.
Lemma 4.6. If t > 1, then for all M > t + 2 there exists a M\ pr such that
A vr(Aen) =t
Proof: Since A, pr(\) is convex and continuously differentiable, it is enough to show
that
lim M —A,pm(A)=—-0c0 and lim M — A, m(X) =—00, Vte (1,M —2).
A——o00 A—00

(4.8)
As in (4.3), Assumption 2 implies that A, ar(A) > X +logk for all A < 0. This is
enough to prove the first limit in (4.8) for ¢ > 1. To prove the second limit in (4.8),
for any A > 0 and any distribution 7 on [d] note that

EXeM 1 can] > MR € [M -2, M]) > M2 M

where the last inequality follows from Assumption 2. This implies that A, ar(X) >
A(M —2) 4+ M logk for all A > 0 which is enough to prove the second limit in (4.8)
when t < M — 2.

O
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For the large deviations lower bound, it will be enough to show that

lim liminf P7 (|1}, — nt| < nd) > —J,(t), Vt>1, n-as. (4.9)

6—0 n—oo

We will follow a change of measure argument that is a minor modification of the
one in Comets et al. (2000, pp. 76-78). Fix M > max{Ny,t+ 2} and A € R, and
define the probability measure ;\)% on paths up to time T, with 7, < M for all
k <n by
Qo _ 1 erMn1 (4.10)
dPLLT - Zn,w,)\,JVI {r<M,k=1,2,..n}> .
where Z,, o, v = B [eATnl{TkSM’ k:172’”.n}j|. Then,

P7(|T,, —nt| <nd) > PI(|T, —nt| <nd, 7o <M, k=1,2,...,n)

= "vaAvMEQZ:’,ﬁl [67)\Tn1{\Tn—nt\<n6}]
> Zn7w,,\7Me_’\("ti6")Qi}’,ﬁ\fﬂTn — nt| < nd), (4.11)

where the + sign in the last line depends on whether or not A > 0. Then, since
Lemma 3.10 implies that lim, 4o, n 71 10g Zp wanr = Ay 2 (X) we conclude that
1
lim inf — log P (|T;, — nt| < nd)
nee . (4.12)
> At =£8) + Ay (N + liminf —log QY (|T,, — nt| < nd).
n—oo N ’

Now, let A asr be chosen as in Lemma 4.6 so that A} ,,(A\r,ar) = ¢t. We claim that
this choice of A\ ps implies that

lim Q)M M(|T, —nt| <nd) =1, V>0, (4.13)

n—oo

To see this, note that for any h > 0 Chebychev’s inequality and the definition of
AMimply that

QM (T > n(t + 0))
1

_ _—hn(t+9)
=e
Do e i M

At,m+h)Ty
ET e(en )”1{TkgM,k:1,2,.,,n} .

Then, Lemma 3.10 implies that
1
lim sup n log Qi\;t,hM (Tn > n(t + 5)) < _h(t + 5) - An,M(/\t,M) + An,M()\t,M + h)
n—0oo
Since A}, 57 (At,ar) = ¢, then for A > 0 small enough (depending on J) the right side

above is strictly negative and so QU’\thM (T,, > n(t+0)) decays exponentially fast in n.

A similar argument shows that that Q;\jf’nM (T, < n(t—9)) also decays exponentially
fast in n and thus (4.13) holds. If we define Jy a/(t) = supy (At — Ay ar(N)) to
be the Legendre dual of A, as, then the choice of A\ ps implies that J, ar(t) =
At,mt — Ay ar(Ag,m). Therefore, (4.12) and (4.13) imply that
1
oL - _ T _ -
gl_%hgrl)loréf - log P (|T,, — nt| < nd) > %%(JWM(??) + 0Ae M) Ty (t)

Ay a(X) is non-decreasing in M, and therefore J, 3(t) is non-increasing in M.
Thus, in order to finish proof of (4.9) we need to prove that

Jim Ty () = Ty ). (4.14)
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Since Jy a(t) is non-increasing in M, we can define J;, oo (t) = limps 00 Jyar(t) >
Jy(t). Note that it follows from Lemma 4.6 that J; o(t) < oo for any t > 1.
Then, for any ¢t > 1 and M < oo define Ky := {X 1 Xt — Ay amr(A) > Jyy00(t) -
Since A, ar(A) is non-decreasing in M, it follows that the sets Ky are nested and
decreasing. Also, (4.8) implies that Ky, is compact for all large M. Therefore, we
can conclude that there exists a Ay o € ﬂM Ky, and thus

Jn,oo(t) S ]whm )\t,oot - An,M(At,oo) = )\t,oot - An()‘t,oo) S Jn(t)
—00

Since we showed previously that J;, o (t) > J,(t), this completes the proof of (4.14)
and thus also the proof of the large deviations lower bound.

5. Proof of the averaged LDP for hitting times

The main goal of this section is to prove the averaged large deviation principle
for the hitting times as stated in Theorem 1.7. However, before giving the proof of
Theorem 1.7 we must first study some properties of the rate function J,(t).

5.1. Properties of the averaged rate function for hitting times. Recall that the av-
eraged rate function for hitting times is defined by the variational formula in (1.10)
involving the specific relative entropy function h(:|n). It is known that h(aln) < oo
only if v € M7} (2,;), but it will be useful below to show that there is an even smaller
subset of M7 (€,) where the specific relative entropy is finite. To this end, let M,,
denote the set of stationary measures o with suppa C E% (recall the definition of
¥, from Lemma 2.4).

Lemma 5.1. Ifn is locally equivalent to the product of its marginals, then h(aln) <
oo implies that « € M, = {o € M; () : suppa C £23.

Proof: Recall that the specific relative entropy h(a|n) is defined by h(a|n) =
sup,, TILH (a|n) |g , where G,, = o(w,, x = 1,2,...n) and H is the general relative
entropy function defined by

Hiolr) fflogfdw if f =42 exists
otherwise.

If o ¢ M, then it is clear that a((wi,wa,...,w,) € X7) < 1 for some n < oo,
and since 7 is locally equivalent to the product of it’s marginals this implies that

« is not absolutely continuous with respect to 1 when restricted to G,. Thus
h(aln) > H(aln) |g = o0. O

We will also need the following lemma which extends the definition of A,()) in
Lemma 3.4 from ergodic to stationary measures.

Lemma 5.2. Let a € M;(Q,), then we can define

“ 00 otherwise,
where Aerir(a) = sup{\ : a(||Po(N)|| < o0) = 1}. Moreover, if « € M, then
Acrit(@) > Aerie(n), and for any initial distribution m (even depending on the envi-
ronment w)

n—oo

1
lim E, {n log ET, [eATnl{Tn<oo}} = Ao(N). (5.1)
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Proof: Since « is stationary, it is a convex combination of ergodic measures on
Q. (see Varadhan, 2001, Theorem 6.6). Then since A, (\) is well defined for each
n € M{(Q,) it is clear that the definition of A, ()\) above makes sense since the
vectors po(A) are defined a-a.s. when A < Agit (). Also, since the uniform bounds
on ®y(A) only depend on the fact that w € §,; and || (A\)|| < oo for all k, then it
follows that ¢y < ®¢(A)(i,7) < 1/ey for all A < Agig(@), a-a.s. Following the proof
of Lemma 3.4, we see that these uniform bounds imply that (3.5) still holds a-a.s.
In particular, taking expectations of (3.5) gives

1 2
o Ba [tog EZ[X™ 1z, <oopl] = Aa(V)] <

———— 2
~(1=c})cion’ (5:2)

from which (5.1) follows easily. O

Lemma 5.3. If n satisfies Assumptions 3 and 4, then the map
(A, ) = Eq[log(po(A)Po(A)1)] = Aa(A)

is continuous on (—00, Aerit(1)) X My, and lower semicontinuous on (—o0, Acrit(n)] X
M,,, where My, C M1(Qy,) is equipped with the induced topology of weak convergence
of probability measures.

Proof: Recall the definition of the truncated moment generating functions ® pr(A)
given in (2.8). For any M,n < co and i € [d] it is easy to see that the function

1
(A, ) —»E, [n log(eiq’[o,nl]gvz(/\)l)]
, (5.3)
=F, {nlog E&O’z) [GAT"'l{TR,gM, k_1,2,,,,n}]] =t Mo, Mo i(A)

is jointly continuous on R x M, since the inner quenched expectation can be ex-
pressed as the sum over finitely many possible paths. We would like to show that if
(A, @) € (=00, Acrit (1)) X M, then A () can be approximated by Aq arp,i(A) for
sufficiently large n and M. To this end, we first need to be able to give a uniform
error bound on the difference between the entries of @5 () and ®y ar(A).

= Eé;k’i) [ekaﬂ 1{M<Tk+1<oo,YTk+1:j}:|
< A=At (MM (ki) | pAerie (1)

Thy1 .
= w l{Tk+1<oo,YTk+1=]} .

Therefore, Lemma 2.4 implies that

1P (N) — Prmr(N)]] < A= Aexie (n) M

= |8

s VA< Aarit(n), w € E%.

Using this bound and the fact that || ®j ar(A
obtain that

910,011 (A) = Po,n—17, (M)l

24\ "
<n (> e(A—/\cm(n))M’ YA < Aerit(), w € Z%.
K

s

| < ||®(N)]| < 2d/k we can then

(5.4)
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Assumption 2 implies that e;®(y,,—1,1(A\)1 > £"e . Since |log(z) — log(y)| <
(1/8)|z — y| for x,y > 4§, this together with (5.4) implies that

|log(e; ®(o,n—1(A)1) — log(e; P n—1],11(A)1)]

1
B H:ne)\n ‘€i¢[07n_1](A)1 - el'q)[07n_1]’M(>\)1|
2d \" oaenmm
Sn(ﬁ@) (AR M.

for all A < Agit(n) and all w € Z%. Combining this with (5.2) we can conclude that
for any A < Aait(n) and o € M,,

2 2d \"
Aa(N) = Aaarni(N)] < A= Aerie ()M
|Aa(A) Mni(A)] < (1 =yl + <KZ2€)‘) e

Thus, by first taking n sufficiently large and then taking M large enough (depending
on n) we can approximate A, (\) uniformly well by Ay as...:(A) on the set [N, A”] x
M, for any X < N < Aeyie(n). Since (A, ) = Aq arn,i(A) is jointly continuous
this then implies that (A, a) — A, () is also jointly continuous as claimed. Finally,
to prove lower semicontinuity at (Ait(n), @), let (An, n) — (Aeis(n), ). Since
A — Ay (A) is non-decreasing and continuous for any o’ € M, it follows that

liminf Ay, (An) > lim lim A, (Aeric(n) —6) = lim Aq(Aarit(n) — 0) = Ao (Aeri .
iminf Aq, (An) > lim lim A, (Aerit(17) = 6) = lim Aa(Acit (1) = 6) (Acrit (1))
Note that in the second to last equality we used the continuity away from Acyit(n)
that we proved above. ([l

Recall that the averaged rate function is defined by the variational representation
in (1.10). The key to proving the averaged large deviation principle with this
variational formula for the rate function is the following lemma which gives an
alternative formula for J,(t) as a Legendre transform.

Lemma 5.4. Let the distribution on environments n satisfy Assumptions 2 - /.
Then,

J,(t) = sup{\t — A,,(N)},  where Ay(X):=  sup  {A.(N) —h(aln)}. (5.5)
A aeM;(Qy)

Moreover, A, () is a convex, non-decreasing, lower semicontinuous function and

A, (N) < oo if and only if X < Agrin(n).

Before giving the proof of Lemma 5.4, note that together with standard proper-
ties of Legendre transforms it implies the following Corollary.

Corollary 5.5. Let the distribution on environments n satisfy Assumptions 2 - /.
Then, J,(t) is a convex function in t and

inf 3,(s) = sup (M — A, (V) (5.6)

and if Aerie(n) > 0 then

inf J,(s) = sup  {At—A,(\)}. (5.7)
szt 0<A< A erir (1)
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Proof: The fact that J,(t) is a convex function follows from the representation in
(5.5) of J,(t) as the Legendre transform of A;()). The equalities (5.6) and (5.7)
follow from standard properties of Legendre transforms and are thus ommitted (for
more details see the proof of the corresponding equalities in the proof of Proposition
3 in Dembo et al., 2004). g

Proof of Lemma 5./: Since A, ()) is convex and non-decreasing in A for any o €
M7 (€2,,), it follows that A, (\) is also convex and non-decreasing in A. The definition
of A;(X) implies that A, (X) > A, ()), and thus it follows that A,()\) = co for any
A > Aeig(n). On the other hand, if A < Agit(n) then
Ay(A) = sup {As(X) = h(aln)} < sup Aq(X) <log(d'/cy),

aeM,, aeM,
where the first equality follows from the fact that h(a|n) = oo for a ¢ M,, and the
last equality follows from the uniform upper bound in (2.6) on the entries of ®g(\)
for environments w € 2. This shows that the domain of A;(X) is (=00, Aexit (7).
For any o € M,, the function A — A, (A) is continuous on (—00, Acrit (7)) (continuity
follows from Lemma 5.3 when on (—o00, Arit()) and by monotone convergence at
A = Aerit(n)). Since A, (N) is the supremum of a family of continuous functions this
implies that A, () is lower semicontinuous.

We have thus shown the claimed properties of A, (X)) and it remains to show
that J, (t) is the Legendre transform of A, ()). First, note that the supremum in
the definition of A, () can be restricted to o € M,; by Lemma 5.1. Next, we claim
that

sup{At —A,(A)} = sup inf {X—A.(\)+h(an)}
A A Acrit () ¥EMa

= inf sup {M—AL(\)+h(an)}. (5.8)
A€M A< herie (0)
The restriction of the supremum to A < Ai¢(n) in the first equality is justified by
the fact that A,(\) = oo for A > Ai¢() and the interchange of the supremum
and infimum in the second equality above follows from a minimax theorem in Sion
(1958, Theorem 4.2’) since the function (A, ) — At — Ay (\) + h(a|n) is concave
in A, convex in «, and the set M,, is compact. To finish the proof of the lemma,
we need to show that the infimum in (5.8) can be restricted to o € M{(9,;). To
this end, first note that since the function a — h(a|n) +supycy_,,, (i {A — Aa(N)}
is lower semicontinuous and the set M, is compact, there exists an o/ € M,
that achieves the infimum in (5.8). As in the proof of Lemma 4.1, the uniform
ellipticity assumptions imply that A, (A) > A +logx for all A < 0. Thus, for any
t > 1 the supremum in (5.8) can be restricted to A > K; := logx/(t — 1). Since
A= At — A/ (N) is concave there exists a pair (o/, \') € My x [Ky, Aerit ()] such
that
. /! ! /
ag;gn < {At = Aa(A) + hlaln)} = Xt — Ao (X') + h(a'|n). (5.9)
By Assumption 4 there exists a sequence of ergodic measures a,, — o with
h(an|n) = h(d/|n). For each ay, let A\, € [K¢, Arit(17)] be such that
sup  {M— Ay, (M)} = At — Ao, (An).
A< Aerit (1)
Thus, by passing to a subsequential limit we can assume without loss of generality
that A\, — A* for some \* € [Ki, Aeyit(n)]. Finally, by the lower semicontinuity



26 Jonathon Peterson

proved in Lemma 5.3 we can conclude that
inf sup  {M—AL(A) + h(a|n)} < lminf A\t — Ay, (An) + h(an|n)
aer(QN) AS>\crit("7) oo
<Nt — Ao (N) + (). (5.10)
Combining (5.9) and (5.10) we conclude that
inf su M—AL,(\) + h(a
et ) Asxuﬁw{ (A) + h(aln)}
< inf sup At — Ao (N) + h(aln)}.
certia AP { (A) + hlaln)}

Since the reverse inequality is trivial, recalling (5.8) we can conclude for ¢ > 1 that

sup{At — A, (A\)} = inf sup  {Mt—AL(A) + h(aln)}
A QEME (k) X< Aeris (1)

= 1 f
e {Ja(t) +h(aln)}

= I,().

It is easy to see that both sides of (5.5) are infinite when ¢ < 1 since A, (A) < A
for A < 0 and J,(t) = oo for t < 1 and any a. Thus, it remains only to show that
(5.5) holds when ¢t = 1. We will show this by a slight variation in the minimax
argument used above in the case when ¢ > 1. First, note that since A, () is convex
and A +logk < Ap(X) < Afor A <0, it follows that

sup{A— A, ()} = Tim_{A = A, (V). (5.11)

Secondly, note that the continuity of o+ A, (\) implies that the supremum in the
definition of A, () can be restricted to o € Mf () if A < Aerie(n) (Note that here
we are also using Assumption 4 here to approximate the entropy for stationary «
by entropy of ergodic «.). Combining these two facts we obtain that

supfA — A,(N)} = sup  inf  {A—A.(N)+ h(aln)}. (5.12)
A A<—1 aeMg(Qy)

For convenience of notation define f,(X, &) = A — Ao(X\) + h(a|n). Note that as in
(5.11), the upper and lower bounds on A, (A) in (4.3) imply that

Slip{)\ —A( W)} = )\Er—noo{)\ — AN}, Va e M7(Q). (5.13)

Thus, we can define f,(—o0, @) = limy_,_o fy(A, @) so that we may write

sup{A\—A,(A\)} = sup inf  f(\ ).

A { W) A€[—o0,—1] ®EMF (Qx) *a)

Since [—o00, —1] is compact, and f, (A, @) is continuous in A for v € M{ () fixed
we can apply the minimax theorem Sion (1958, Theorem 4.2) to conclude that

sup{A\ — A, (\)} = inf su A=A\ + h(a
DA =t s = A0 + Ael)

- aej\ixll%f(gn) {Ja(1) + h(aln)} = Iy(1).

(5.14)

(Note that we are applying a different minimax theorem here than we did above.)
Therefore, the representation in (5.5) holds when ¢ = 1 as well. ]
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The final property of the averaged rate function J,(t) that we will consider is
a characterization of the zero set. Lemma 4.5 gives a description of where the
quenched rate function for hitting times J,(t) is zero. A consequence of Lemma 5.3
is that the averaged rate function has the same zero set.

)

Lemma 5.6. If the measure 1 on environments satisfies Assumptions 2, 3 and
/, then J,(t) = 0 <= J,(t) = 0. In particular, if the RWRE is recurrent or
transient to the right then I, (t) is non-increasing on [1,1/vo] and non-decreasing
on [1/vg,0).

Proof: Obviously from the definition of the averaged rate function in (1.10), it
follows that J,(¢) < J,(t) for all ¢ and so J,(t) = 0 implies that J,(¢t) = 0 also.
On the other hand, assume for contradiction that J,(¢) > 0 but J,(¢) = 0. Then,
there exists a sequence a,, € M{(€) of ergodic measures such that J,, (¢) — 0
and h(an|n) = 0 as n — oo. If h(a,|n) — 0, then it must be true that a, — 7.
However, if J,,(t) > 0 then there exists a X < At (1) such that X't — A,(\) > 0,
and thus Lemma 5.3 implies that

liminf Jo,, (£) > iminf X't — Aq,, (') = X't — Ay (X) > 0.
Since this contradicts the claim that J,, () — 0 as n — oo this completes the proof

that the zero sets of J,, and J,, are identical. The final claim follows from the fact
that J,(t) is a non-negative convex function and J,(1/vo) = J,(to) = 0. O

5.2. Upper bound. As in the quenched case, the key to proving the large deviation
uppper bound is computing the asymptotics of the averaged log moment generating
functions of T;,.

Lemma 5.7. Let the distribution on environments n satisfy Assumptions 2, 3 and
4. Then,

1
limsup — log E} [eATnl{Tn<oo}] <AL(N), VA< Agrie(n).
n—oo N
Proof: We begin by noting that
1 1
L0 EY [ Ly, coqy] = - log By [ET [ 17, <oy ]

1
= - log E, [exp {log ET [e/\T"l{Tn<oo}] }] .

Then, since we can approximate log ET [\ 117, —oy] by 3320 log(pu(\) @4 (A1)
with uniform error bounds given in (3.5) it follows that

n—1
exp {Z log(uk(/\)@k(/\)l)}] ‘
(5.15)

1 T [ AT, 1
ﬁloglﬁl77 [e 1{Tn<oo}] — ﬁlogﬂ7

k=0

< 2

T (1—=c})edn’
Moreover, recalling the definition of the empirical process L,, in (1.9), we can re-
write the sum inside the second expectation on the left as

> 0g(u VBN = 1 [ Togluo BN L) (.16)
k=0 Q
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Recall that L,, satisfies a large deviation principle on M () with rate function
h(:|n). Then Lemma 5.3 allows us to apply a version of Varadhan’s Lemma (Lemma
4.3.6 in Dembo and Zeitouni, 1998) to conclude that for any A < Aeyit ()

hmsup log B, [exp{ / log(uo(A)%()\)l)Ln(dw)H

n—o00
< sup {A(A) = h(aln)}.
aeM7 (%)

(5.17)

Combining (5.15), (5.16) and (5.17) and recalling the definition of A, (\) in (5.
finishes the proof of the Lemma.

o<

We are now ready to prove the large deviation upper bound for Theorem 1.7.
Since the rate function J, (t) is convex and we are only proving a weak large de-
viation principle, it is enough to prove the large deviation upper bound for the
left and right tails of the hitting times. To this end, note that P7 (7, < nt) <
ef)\ntEw [e)\Tn

n
that

147, <o0y] for any A < 0. Thus, Lemma 5.7 and Corollary 5.5 imply

lim — log]P’”(T <nt) < —sup{At —A,(\)} =— irgqﬂn(s).

n—oo N A<0

The large deviation upper bound for the right tails is proved similarly. In particular,
since P} (T, € [nt 00)) < e MET[eM 1, co0y] for any A > 0, then Lemma 5.7
and Corollary 5.5 imply that

lim sup — log]P’Z;(Tn €nt,00)) <—  sup  {A—A,(N)} =—inf J,(s).
n—oo N AE[0,Aerit (7)) 52t

5.3. Lower bound. To prove the averaged large deviation lower bound for hitting
times it will be enough to show that

1
lim lim inf — logIP> (|7 — nt| < nd) = =T, (), Vt>1.

6—0 n—oo

To this end, recall the definition of Q3! from (4.10) in the proof of the quenched

large deviation lower bound for hitting times. :})]nw is a distribution on paths of

the random walk up to time 7, that depends on the environment w and so for
any ergodic measure « on environments we may define the correbponding averaged
measure Q’a\%() =FE, [ f;],‘{[( )] Now, let Fp e =0 ({m i, {walos M+1) and

o Ve o({wz 21 1741). Then it is easy to see that

H@Y P, = Hal)| / HQYMIPD)| . alde),  (5.18)

where in the above H(:|-) is the relative entropy function. The definition of the
measure QU’\J’)JX implies that

H(QU |PD) 5, ,, = Bqaar WIn] = log EZ [ Lr car k=1.2,..m3 -

Then as in the proof of the quenched large deviation lower bound, choosing A; i
as in Lemma 4.6 and then applying (4.13) and Lemma 3.10 we obtain that

lim f/ HQAMPD)| 2 aldw) = Aeart = Naynr (Vo) = Ja, (1)
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Note that in taking this limit we used the fact that the measure QM is constructed

so that QXM (T, /n < M) = 1. Then, since limsup,, ., n~ " H( a|n |PJ < h(a|n)

we conclude from (5.18) that

1
lim — H(QY M BT

n—oo n n M

= Jo,m(t) + h(aln).

Finally, since (4.13) implies that hmn_mo QN M (|IT, — tn] < dn) = 1 for any
0 > 0, it follows from Comets et al. (2000, Lemma 7) that

lim inf = logIP’”(|T —tn| <on) > —{Jam(t) + h(aln)}.

n—oo

This inequality holds for any 6 > 0, M < oo and o € M£(€,;). Thus we conclude
that

— ™ _ >
;grg)llrlniggfnlogp (I — tn| < dn) = aeleﬁf(n )thl {Jan(t) + hlaln)}

—— inf  {J, h(a,
aeﬁ%mm){ (t) + ha,m)}

= 7“}]77(15)’

where the second equality follows from (4.14). This completes the averaged large
deviations lower bound for hitting times.

6. Transferring a LDP from T, /n to X,,/n

Having proved the quenched and averaged large deviation principles for the hit-
ting times, we now use these to prove quenched and averaged large deviation prin-
ciples for the speed X,,/n of the random walk. We begin by defining what will be
the quenched and averaged rate functions for the speed.

xzJ,(1/x) x>0 xJ,(1/x) x>0
I(z) = { Aerit (1) z=0 and L,(z)= 4 Aerit(n) =0 (6.1)
x| Jy(1/]z]) 2 <0 2|J,(1/|2]) « <0.

Lemma 6.1. If the distribution n on environments satisfies Assumptions 1 and
2, then the function I, as defined in (6.1) is continuous and convex on [—1,1].
Moreover, if Acriz > 0 then Iy(z) = 0 if and only if x = vo while if Aoy = 0 then
I,(z) = 0 if and only if x is in the closed interval between 0 and vg.

Lemma 6.2. If the distribution n on environments satisfies Assumptions 2-/ then
the function I, as defined in (6.1) is continuous and convex on [—1,0] and [0, 1] sep-
arately. Moreover, the averaged rate function has the same zero set as the quenched
rate function: I,(x) =0 <= I,(z)=0.

Remark 6.3. Since I, (z) is non-negative, it follows that I, (x) is convex on all of
[—1,1] if Aewit(n) = L,(0) = 0. We suspect that I,(x) is a convex function even
when Acit(n) > 0, but are currently unable to prove this with our techniques.
Nonetheless, convexity of the rate function is not needed to prove the averaged
large deviation principle for X, /n. It is likely that the techniques of Varadhan
(2003) which were later generalized in Rassoul-Agha (2004) can be used to give
another proof of the averaged large deviation principle for RWRE on the strip and
show that indeed the rate function is convex.
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Proof of Lemma 6.1: If f(z) is a convex function, then 2 — z f(1/x) is also convex.
Thus, the definition if I, implies that I,, is continuous and convex on [—1,0) and
(0,1] separately. We still need to show that I, is continuous and convex at the
origin. The continuity at the origin will follow from the following two facts.

tlggo Iy (t)/t = Aerie(n)  and  Aerie(n) = Acrit (ﬁlnv) (6.2)

The first assertion in (6.2) follows easily from the fact that J,(t) is the Legendre
transform of the convex function A, () and A, ()) < oo if and only if A < Acyie(n)-
To prove the second assertion in (6.2), define the matrices ®,,(\) by

(I)n(A)(Zvj) = Ecgn’l) |:6ATH71 l{Tn71<OC,YTn_1:j} :
Note that ®,,(A\)(w) is ®_,, (A\)(w'™") and thus Lemma 2.1 (see also Remark 2.2 and
Lemma 2.4) implies that
EQD[M11p o] <00 = A< da(™). (6.3)
Now, for any n > 1,
E©) [T 17, o0y ]

> ELO’i) [e’\Tnl{T_1<Tn<oo}]

> ZEu(;O’i) |:e/\T711{T—1<Tn7YT_1:j}j| _1(\)(j, 1) ELD [eATnl{Tn<oo}] .
J

If A < Ait(n), then Lemma 2.4 implies that EQY (A" 17, <oo}] < o0 and that
D_1(N)(j,4) > ¢y for all j € [d]. Thus, we obtain that

EQD [T 1p cry] <1/ex Yn>10 € [d], A < Aarie(n).
The monotone convergence theorem then implies that EQ [e)‘Tfll{T71<Oo}] <
1/cy for any i € [d] and A < Aqit(n). Applying this to (6.3) we obtain that
Aerit (1) < Aerie (1™). The reverse inequality follows from a symmetric argument.
To show that I, () is convex at = 0 it is enough to show that I,(—z) + I, (z) >

2I,,(0) = 2\t for any > 0. However, since J,,(t) > Acrist — Ay (Acrit) for any ¢ we
have that

Ly(—x) + I)(z) = xJymv (1/2) + 2y (1/2) > 2Aeie — @ {Annw()\crit) + An()\cm)} .

Therefore, convexity at the origin will follow if we can show that A,mv(Acric) +
Ay(Aerit) < 0. To see this, first note that for any n > 1 and A < Agyie,

E&O’i) [6/\T7n1{Tn<T,n<oo}] = Z {E‘S’OJ) [e)\Tnl{Tn<T*"*YTn:jﬂ
J,l€[d]

be(un’j) [@ATD]-{TO<00,YT0:Z}} E(E;OJ) [e)\Tfnl{Tfn<oo}] }

Choosing i = i, (w) that minimizes E&O’i) [e)‘T*"'l{Tfn<oo}} we obtain that

1> Z E{»n) [e)\Tn]-{Tn<T_n,YTn:j}] Eg) {e/\TO]-{TO<oo,YTO:l}} (6.4)
Jil€ld]

For any k > —n and A < Aqjt, define the matrices @,(Cn)(/\) by

(I)l(fn) (A)(Zvj) = E‘E)k,i) [6>\Tk+11{Tk+1 <T,n,YT,€+1=J'}} :



Large deviations for RWRE on a strip 31

With this notation, taking logarithms in (6.4) and dividing by n we can write

) (@, B1() 1)
o) )

0> E log (ein (@,(Jn)( <I>(n)

1
:510g(ei,Lq>g">(A ™ (01 —log B,(\) - (V1),  (6.5)

where
_ e ® ) e ()
e, @00 () el (V)1
Now, recall the definition of the matrices @, ps(A) from (2.8) and note that

O ar(N)(6,5) < (N0, 5) < Pr(N)(i,5) when M < k + n. Then Lemmas 3.4
and 3.10 imply that

lim — log (eln én)()\) e <I>£Ln_)1()\)1) =A,(A), 7n-as. (6.6)

n—oo N

Also, as in the proof of Lemma 3.4 we can show that

%log (7Bp(A) - By (N)1) — %Zlog(ﬂk()\)‘ik(ﬂl) = n(l — el

sup
s

where i, (\)(w) = p—x(\)(w™). Thus, we can conclude that

Jim % log (1, ®n(X) - - - ®1(A\)1) = B, [log(fio(N)Po(A)1)]
A (N,  n-as (6.7)

Applying (6.6) and (6.7) to (6.5) implies that A, (A) + Aymv () for any A < Aerie
which, as noted above, shows that I,, is convex at = 0. Finally, we note that the
claimed properties of the zero set of I, follow from the corresponding properties for
the zero sets of J,, and J,mv which can be deduced from Lemma 4.5. (I

Proof of Theorem 0.2: As with the quenched case, convexity on [—1,0) and (0, 1]
separately follows from the convexity of J,(t) and J, v (t). Since Lemma 5.4 shows
that J,(¢) is the Legendre transform of A, (\) and since A,(\) < oo if and only if
A < Aait(n), it again follows that

lim Ln ®)
t—oo ¢

= Acrit (77)

Inv

Since the same is true with 7 replaced by n™ and since Aerit(7) = Aerit (™), this
proves that I, (z) continuous at x = 0. The continuity at « = 0 also allows us to
extend the convexity of I, (z) to the closed intervals [—1,0] and [0, 1] separately.
Finally, the fact that I,(z) and I,(x) have the same zero sets follows from the
corresponding property for J,(t) and J,(t) in Lemma 5.6. O

In addition to the properties of I, and I, that we proved above, the crucial tool
in transferring the large deviations from T, /n to X,,/n will be the following lemma
which gives a uniform quenched large deviations upper bound for slowdowns.

Lemma 6.4. Assume the distribution n satisfies Assumptions 1 and 2 and that the
RWRE 1is recurrent or transient to the right. Then,

hmsup log {max sup PO (ir;f X < O>} < —I,(0), (6.8)

n—oo N towey,
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where €, C Q is the support of the distribution 1.

Remark 6.5. A similar statement for RWRE on Z with holding times was proved in
Dembo et al. (2004, Lemma 4). The main difference in Lemma 6.4 is that the need
to take the maximum over the initial starting height i as well. The proof below is
essentially an adaptation of the proof in Dembo et al. (2004) but we present it here
for completeness and to complete some minor gaps in the proof from Dembo et al.
(2004).

Proof: For notational convenience, let o,, = inf{m > n: X,, < 0} and

Bn(w) = max PLO’i) (on < 0), and «, = sup B,(w).
i wey,

With this notation, the statement of the lemma is that limsup, %ooilog o, <
—1I,(0). We will first show that

1 1
lim —loga, = lim —logf,(w)

n—o0o N n—oo n

1 _
= lim —log P% (0, < o), Vield, 7n-as. (6.9)

n—oo N,

The proof will then be finished by deriving quenched large deviation estimates for
Pogo’z)(an < 00). First of all, note that the uniform ellipticity in Assumption 2
implies that

P, < 00) > k2P (09 < 00) > k2P0 (0, < 00), Vi, j € [d].

w

JFrom this it is easy to see that B,yr(w) > k2B, (w)Bk(w) for all n,k > 1. This
super-multipicative property, combined with the fact that 3, (w) > k™ for all n > 1,
is enough to show that the limit

1
B(w) := nll)n;o - log A (w)
exists, and B(w) € [logk,0]. Moreover, since f,(w) > P (on < 00) > k2B, (w)
for any i € [d], the third limit in (6.9) is also equal to B(w). To prove the first
equality in (6.9), first note that it’s obvious that B(w) < liminf, ., n ! log ,.
Let A := limsup,,_,,, n~'loga,. Then for any fixed k¥ > 1, it can be shown that
there exists a ng > k, wk) e Q, and €, > 1 such that

1 i 1
— log {maXP(((),f))(Unk < Ek)} >A—-—.
Nk i e k
Since for fixed n,¢ < oo the mapping w — max; Pu(,o’i)(an < /) is continuous on

2,,, we conclude that for every k > 1 there exists a relatively open subset G}, C €1,
such that n(w € Gy) > 0 and

1 ; 1
— log {max sup PV (g, < [k)} >A——.
ng v weGy ) k

Since n(w € Gy) > 0 and n is an ergodic measure on environments, it follows
that for any k and n-a.e. environment w there exists a d = di(w) < 0 such that
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0~%w € Gi. Then,

Bn( ) > KldkP( J) (O'n < OO)

0% w

0 [n/nx] L Tn/me]
> e {n maxP( J) (on, < Zk)} > e {,ﬁenk(A—z)} )

0~ %k w

Therefore, we can conclude for 7-a.e. environment and any fixed k£ that

2log K 1

1
B(w) = lim —log B (w) > +A- T

n—oo N %

Taking k — oo we conclude that B(w) > A = limsup,,_,.,n ' loga,. We have
thus shown that the three limits in (6.9) all equal the constant A. It remains to
show that A < —1I,,(0). This is obviously true when Aei¢ () = I,,(0) = 0, and so we
need only to consider the case when Aeit(n7) > 0. Recall that to(n) = Aj () < oo
when Aeiit (1) > 0. Since Awic (1) = Aeris (n™) > 0 this implies that to(n), to(n™) <
oo and that J,(t) and J,uv (t) are non-decreasing on [to(n),00) and [to(n™), c0),
respectively. For convenience of notation let Pf,k’*)(-) = max; P )() Then, for

any ¢ € [d], K<ooand0<u<t(n) m,

PO, < 00) < PP (Thyig 2 m) + P 1T, € [n, oc)
COS {0 (T e [522 )) 610

uK <k (<K

X BN (T € (450 ) B a9}

where by convention we let 5_,,(w) = 1 for any m > 0. Note that in the last sum
above we have restricted k, £ > ukK since otherwise the probabilities inside the sum
are zero. Next we derive large deviation upper bounds for all of the terms on the
right side of (6.10). For the first term on the right, Theorem 1.4 implies that

n—oo

1
hmsup P( i) (T“w] > n) < —udy () =—I,(u),
u
where in the first inequality we used that 1/u > #o(n). Similarly, we claim that

1
lim sup — P([nuT ) (Ty € [n,00)) < —uJ iy (u) =—1I,(-u). (6.11)

n—oo T

Note that (6.11) does not follow directly from Theorem 1.4 since the starting lo-
cation of the random walk is changing with n. However, it can be shown that the
proof of Theorem 1.4 still carries through in this case. Indeed, the key to the large
deviation upper bound is the computation of the asymptotics of the quenched log
moment generating function, and as was shown above in (6.7),

lim n~!log B[t *1iry<oo}] = Apmv(N).

n—oo n
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(From this the proof of (6.11) is standard. Finally, in the same way it can be shown
that for fixed k, ¢

1 .
lim sup — log {PU(JO’Z) (T(mﬂ € [Wv %))

n—oo N
X P (T € [4522, ) Br, iy apeyg ()}

k47
< - inf  wJy(t)+ inf  wJym(t) +<1+> A
telh=t, ] telbet, 7] K/,
k ¢ k+ 0
< — — wv | — - WK )
<o () e ()} (152 At o

where the error term A, g vanishes as K — oo for any fixed w (this follows from
the fact that .J,, and J,mv are uniformly continuous on [1,1/u]). For the terms
inside the braces in (6.12) we have

k l k Ku 14 —Ku k+1
an ([(u) +UJnInv (m) — EI’U (k‘) + ?IT[ <€> Z T‘Z’TI(O)7

where the last inequality follows from the convexity of I,,. Since we are trying to
show that A < —1I,(0), we may assume for contradiction that A + I,,(0) > 0 in
which case

k+¢ k41
.12) < ———— - —
(6.12) < 7 In(0)+(1 7 )+A+uAu)K
-1 if > K
< uly ik + (0) ?k+€_
' A—2u(L,(0)+A) ifk{>uK, and k+{ < K.

Combining all of the above large deviation estimates for the terms on the right side
of (6.10) and using the fact that A = lim, o, n~!log Pogo’l)(an < 00), we obtain
that

A <max{-I, (—u), -1, (u), —1,(0), A — 2u(L,(0) + A)} + uA, k.

Letting K — oo we get the same inequality without the last term since A, x — 0
for u fixed. Since we assumed for contradiction that I,,(0) + A > 0, the last term
in the maximum is strictly less that A, and thus the maximum must be attained
by one of the first three terms. Then taking u — 0 we conclude that A < —1I,,(0),
contradicting our previous assumption that A > —1I,(0). (]

6.1. Proof of Theorem 1.9. We are now ready to prove the quenched large deviation
principle for X,,/n as stated in Theorem 1.9. Note that by symmetry, we may
assume that 7 is such that the RWRE is recurrent or transient to the right so that
vo > 0. Since I)(z) is non-increasing on [—1,vo| and non-decreasing on [vo, 1], to
prove the large deviation upper bound it is enough to show that

1
limsup —log P} (X, > zn) < —I,(z), n-as. Yz > v, (6.13)
n—oo N
and
1
limsup —log P} (X, < an) < —I,(z), n-as. Vz < v, (6.14)

n—oo 1N
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To prove (6.13), note that Theorem 1.4 implies that

lim sup — log PT(X, > an) <lim sup logP (Trpn) <n)

n—oo T n— 00
< -z érllﬁ J n(t) = —aJ,(1/z) = —I,(z), Yz >vo,
¢

where the second to last equality follows from the fact that J, is non-increasing on
(—o0,to] and t9 = 1/vq (see Lemmas 4.1 and 4.3).

To prove corresponding large deviation upper bounds for the left tails note that
for any x > 0 and a fixed K < oo, by decomposing according to the hitting time
T\ zn| we obtain

X (k—1)n kn

= (6.15)
(0,7) .
X {max Py, <t>n1(111f;) X < O) } .
Lemma 6.4, together with Theorem 1.4, then implies that for x € (0, vy,
lim sup — 1ogP (X, <zn)
n—oo
< — f J(t i inf Jn(t 1 K I1,(0
min 2 nf (0 g )+ (1) 100
= —min<{ zJ, (%), min inf  sI(z/s)+ (1 —s)I,(0)— k —s | I,(0)
M \x ,kSK sE[%,%] n n K n
< —min? I(a) [ L)~ (% —s) 1,0
min § I (), min Se[%%]nx %5 )
1
= —Iy(z) + ?IW(O)a (6.16)

where in the first equality we used that inf,>, /, J,(t) = J,(1/2) since J,(t) is non-
decreasing on [1/vg, c0), and in the second to last line we use the fact that I, (z)
is convex in z. Finally, letting K — oo proves (6.14) when x € (0, vg]. Similarly, if
x < 0then {X,, <an} C {T|zn) < n} and by decomposing according to the hitting
time 7., we obtain

PT (X, <zn)

K
(k‘ - l)n kn (0,7) .
Z (TLMJ € (K’ N maXPmme th(llrifk/K) X; <0 .

k=1
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(From this, the quenched large deviation principle for T_,, /n together with Lemma
6.4 implies that

1
limsup — log P (X,, < an)

k
< — min inf x| Sy () + {1 — — | I;)(0
"3<K{t€[z’?|£wx"'m]| et ( K) ()}

: k

= —min {se[’lgl’;] sl (z/s) + (1 —s)1,(0) — (K — s) In(O)}
k

< — {se[’}zf,};} Iy(x) — (K - 5) I,,(O)}
— @)+ %I,,(O). (6.17)

Again, letting K — 0 proves (6.14) for z < 0. Finally, since P7(X, < 0) <
P’ (inf,, >, X, < 0), Lemma 6.4 implies that (6.14) holds for z = 0 as well. This
completes the proof of the large deviation upper bound in Theorem 1.9. For the
large deviation lower bound, it is enough to show that

1
lim liminf —log P7 (| X, — 2n| < dn) > —I,(z), n-as., VreR. (6.18)

§—0 n—oco N

To show this when z # 0, since | X} — X;_1| < 1 for all £ > 1 it follows that
PI(|X, —an| < 6n) = PJ (|T|zn) —n| < dn—1).

Then (6.18) follows easily from the quenched large deviation principle for T),/n
when z > 0 or from the quenched large deviation principle for T_,,/n when < 0.
To show (6.18) for « = 0, note that the continuity of I,, implies that for any ¢ > 0
there exists a 09 = do(e) > 0 such that I,(6/2) < I,(0) + ¢ for all 6 € (0,dp).
Applying (6.18) with x = ¢§/2 implies that there exists a ¢’ < §/2 such that

1
liminfl log P7 (| X,| < 6n) > liminf — log PJ (| X,, — dn/2| < §'n)
n—oo N n—oo M
> —1,(6/2) —e > —1I,(0) — 2e.

Since € > 0 was arbitrary, this proves (6.18) for = 0 and thus finishes the proof
of the quenched large deviations lower bound for X, /n.

6.2. Proof of Theorem 1.11. To prove the averaged large deviations lower bound
for X,,/n it is enough to show that

1
el - B > _ B _
gl_%hnrggf - log P} (| X — nz| <nd) > —I,(z), Vre(-1,1), (6.19)
As in the quenched case, when x # 0 this follows from Theorem 1.7 and the fact
that
Pr (| X, —an| < 6n) > P) (|T\gn) —n| <dén—1), Vo #0,6>0.

The same argument as in the quenched case then shows that (6.19) can be extended
to # = 0 by the fact that I, () is continuous at « = 0.
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To prove the matching large deviation upper bound we will show below that it
is enough to prove that

lim sup — logIP’”(X >an) < —I,(z), Vx> v, (6.20)

n—oo N

and )
limsup — log P} (X,, < zn) < —I,(z), Vz <vo. (6.21)

n—oo N

As with the quenched large deviation principle for X,,/n we will assume without
loss of generality that the RWRE is recurrent or transient to the right. Then, the
upper bound for rlght tails (6.20) follows easily from Theorem 1.7 since

lim sup — logIP’ (X, > an) < limsup —logP (Trzn) < 1)

n—oQ n—oo

< -z ll’lf JIn (t) = —.’L‘Jn(l/x) = _Hn(x)a

t<1/

where we used the fact that J, (¢) is non-increasing on (—o0, to] and ¢ty = 1/vo.
To prove (6.21) for « € (0, vo], taking expectations of (6.15) implies that for any
fixed K > 1
K
us U us k—1)n n
k=1

X ¢ sup maXP‘SO’i) ( inf X < O) .
weQ, ¢ t>n(l—-k/K)

Then, applying Theorem 1.7 and Lemma 6.4 (and the fact that I,,(0) = I,(0) =
Aait (1)) and repeatlng the steps in (6.16) we obtain that for any x € (0, vo],

lim sup — log Py (X, < n)

n—oo

t>1/x k<K g
- Kz 'Kz

< —min {x inf J,(¢), min { o 1nf al, () + (1 - I’“{)HU(O)}}

1
= 1, () + 21,(0).
Then, taking K — oo proves (6.21) when z > 0. The proof of (6.21) when z < 0
is similar, mimicing the steps in (6.17) and using the averaged large deviation
principle for T_,, /n instead. Finally, (6.21) holds when z = 0 by Lemma 6.4. We
still need to show that indeed (6.20) and (6.21) imply the general large deviations
upper bound

hmsup log]P> (Xp/neF)<— mf L,(z), for all closed F.

n—oo

In order for this to be true, it is necessary that the averaged rate function I, (z)
is non-increasing on [—1, vo] and non-decreasing [vo, 1]. If Aeis(17) = 0 then this is
obvious since I, (z) is convex, non-negative, and I, (vo) = 0. On the other hand, if
Aarit(7) > 0 then we need a different argument since we don’t have a direct proof
that I,(x) is convex. Since I,,(0) = Aqrit(n) > 0 it follows that vy # 0 and so we
may assume without loss of generality that vo > 0. Since I, (z) is non-negative
and convex on [0, 1], I, () is non-decreasing on [vo, 1] and non-increasing on [0, vo].
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It remains only to show that I, (x) is non-increasing on [—1,0]. To this end, fix
x <y <0. Then, (6.21) and (6.19) imply that

1
_ < T imainf — i _
L,(x) (%IH(l) lim inf - log P} (| Xy, — nx| < nd)

n—oo

< lim sup 1 log PP (X, <yn) < =L, (y),
n—oo T
and so I, (z) is indeed non-increasing on [—1,0]. We close the discussion of the
averaged large deviation principle for X,, /n by noting that the variational formula
for J,(t) in (1.10) implies a corresponding variational formula I, (z). Indeed, we
claim that

Lie) = inf o (Ta() +lefhlaln). (6.22)

Recall from Lemma 5.1 that h(aln) = oo for o ¢ M, and thus for x # 0 the
infimum in (6.22) can be extended to a € M¢ (). Then, (6.22) follows easily from
(1.10) and the formula for I,,(x) when x # 0. To show (6.22) when = = 0 note that

inf 1.(0) = inf Aeri = Aeri ,
aEN[f%gn)mMn «(0) aerégﬁ)mM,, erit (@) erit (17)

where the last equality follows from Lemma 5.2.

Appendix A. RWRE with bounded step sizes

It is well known that RWRE on a strip can be thought of as a generalization of
RWRE on Z with bounded jumps. Indeed, if a RWRE on Z has jump sizes of at most
d > 2, then by identifying points (k, i) € Z x [d] with the point © = kd+i—1 € Z we
can interpret the random walk as occuring on the strip. However, not all natural
RWRE on Z with bounded jumps satisfy the uniform ellipticity in Assumption 2
when thought of as RWRE on a strip. In particular, there have been several results
on what we will call (L, R)-RWRE Key (1984); Brémont (2002, 2004); Hong and
Wang (2013); Hong and Zhang (2010); that is, RWRE on Z with jumps of at most
L steps to the left and at most R steps to the right. We will consider (L, R)-RWRE
that satisfy the following uniform ellipticity assumption

n(Pw<X1 € [_L’R]) = 1) =1, and n(Pw(Xl = Z) >k, Vz € [_L’R]\{O}) =1

(A1)
(Note that the second requirement in (A.1) allows, but does not require, the pos-
sibility that the RWRE may stay at its current location with positive probability.)
Such random walks can be viewed as a random walk on the strip Z x [d] with
d =max{L,R}. If L = R = d, then it is easy to see that Assumption 2 is satisfied.
On the other hand, if L # R then Assumption 2 is not satisfied. For instance, if
L > R when we translate the model to the strip Z x [L] we have that

> pe(i,j)=0,Vie[1,L—R], and > pi(i,j)=0,Vj € [R+1,L].
J (2

Thus both (1.4) and (1.5) are violated for such RWRE. The most crucial way in
which we used Assumption 2 was in the proofs of the existence of the vectors
tn(A) and v, (N\) where we used that the matrices ®x(\) have entries bounded
uniformly below. For RWRE on the strip Z x [L] coming for (L, R)-RWRE on Z
with L > R it follows that P(Ty < oo, Yg, = ) = 0 for all j € [R + 1, L.
Thus, ®x(A)(4,5) =01if j € [R+ 1, L]. On the other hand, all other entries can be
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uniformly bounded below away from zero. In fact the ellipticity assumptions imply
that ®5(\)(i,7) > ke for all j € [1, R]. We will show how these facts can be
used to prove Lemmas 3.1 and 3.6 for such RWRE on the strip. For convenience of
notation, we will write the matrices ®;(A) in block matrix notation as
_ (AN |0
() = ( Bi(A) | 0
where Ay ()) is an R x R matrix and By () is (L — R) X R matrix. As noted above,
the entries of Ag(A\) and Bg(A) can be uniformly bounded away from 0. Also,
a similar argument as in the proof of Lemma 2.4 shows that the entries can be
uniformly bounded above for each A < Acit(n). That is, there exists some ¢y > 0
such that
.. . 1
ox < AN g), BEA () <

If we adopt the notation Ay n)(A) = Agp(A)Agr1(N) - An(A) for & < n then it is

clear that
Apm(d) |0
. [k,n]
Pppen)(A) = ( B\ A1 | 0 ) Y

By the uniform bounds (A.2) on the entries of A(\) we can conclude from Lemma
3.5 that there exists a vector ji,,(A) € R® with non-negative entries summing to 1
such that

(A.2)

T Apm,n—1](A) ~ 2(1 — cdyn—m-1
sup || —————== — jin(N)|| £ —————, Vm<n. A4
o2 | Ayt~ ] 4 (A4)

Now, let g, (\) = (jfin(N),0) € RE (i.e., append the vector fi,,(\) with L — R zeros
at the end). Then, it follows from the block matrix representation (A.3) that

€i A, n—1](A ~ e .
eiq)[m,n—l] ()‘) ()\) < eiA[En n,li](()\))l - :U”Vl()‘) Hl ifi e [17 R]
—z — Hn = iBmApmin_(X)  ~ o
€iPnn-1)(\)1 ||t - )| e (R 1,L)
- 21— )2

cy '

where the last inequality follows from (A.4) with 7 = e; when ¢ € [1, R] and
with 7 = ;B (A) when ¢ € [R + 1, L]. The proof of the existence of v, (\) with
corresponding error bounds is similar but slightly more involved. First of all, note
that since the entries of Ay () are uniformly bounded above and below, for every
k € Z there exists a o1 (\) € R® such that

2
||O—k/n()\) — Uk(>\)||1 S g(lic;{)nfk’ where O'kvn(A) = W for k S n.
(A.5)
Let 61, ()\) and 64 (\) denote vectors in RL formed by adding L — R zeros to the
end of o, (A) and o (N), respectively. Then, using the block matrix representation

in (A.3) it can be shown that

(I)[k,n](>\)1 _ (I)k()‘)&k+1,n(/\)
1@ (M1 1A Gkt1,n(N)
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Since (A.5) implies that 641, — Gr+1 as n — 0o, it follows that
lim Py ) (A1 _ Pp(N)Grs1(N)
n—=o0 1'®py, 1 (A)1 '@y (AN)Gk41(A)

Finally, the error bounds in (A.5) and the uniform bounds on the non-zero entries
of ®j.(A\) can be used to show that for any kE<n

H D) (A H ‘ Norr1n(A)  Le(N)Tr41(N) H
1t®
[kn] 0o

= Vk(>\).

1t‘1)k )Uk+1,n(/\) 1t(I’k(/\)5'k+1()\)
SC( - )\)nikila

where the constant C' depends only on A. Having shown the existence of the vectors
ur(A) and vg(A) as well as error bounds similar to (3.1) and (3.7), one can adapt
the rest of the proofs of the quenched and averaged large deviation principles for
T, /n and X,,/n with a few minor technical modifications. The details are left to
the interested reader.
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