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Abstract. In Kamps (1995) generalized order statistics (gos) have been intro-
duced as a unifying theme for several models of ascendingly ordered random vari-
ables (rv’s). Following Kamps (1995), Burkschat et al. (2003) have introduced
the concept of dual generalized order statistics (dgos) to unify several models that
produce ordered rv’s. In this paper we study the asymptotic bivariate df of the
(lower-lower), (upper-upper) and (lower-upper) extreme m—gos and m—dgos (i.e,
m; =mg=..=my_1=m%#* —1).

1. Introduction

Generalized order statistics (gos), as well as the dual generalized order statis-
tics (dgos), have been introduced as a unified distribution theoretical set-up which
contains a variety of models of order random variables (rv’s). Since Kamps (1995)
had introduced the concept of gos as a unification of several models of ascend-
ingly ordered rv’s, the use of such concept has been steadily growing along the
years. Actually, in the past decade, properties of gos have attracted considerable
attention in the literature. This is due to the fact that such concept includes impor-
tant well-known concepts that have been separately treated in statistical literature.
Theoretically, many of the models of ordered rv’s are contained in the gos model,
such as ordinary order statistics (oos), order statistics with non-integral sample
size, sequential order statistics (sos), record values, Pfeifer’s record model and pro-
gressive type II censored order statistics (pos). These models can be applied in
reliability theory. For instance, the sos model is an extension of the oos model
and serves as a model describing certain dependencies or interactions among the
system components caused by failures of components and the pos model is an im-
portant method of obtaining data in lifetime tests. Live units removed early on can
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be readily used in other tests, thereby saving cost to the experimenter. Random
variables that are decreasingly ordered cannot be integrated into the framework
of gos. Therefore, Burkschat et al. (2003) have introduced the concept of dgos to
enable a common approach to desendingly ordered rv’s. Each of the concepts of
gos and dgos enables a common approach to structural similarities and analogies.
Known results in submodels can be subsumed, generalized, and integrated within
a general framework. Kamps (1995) defined gos by first defining what he called
uniform gos and then using the quantile transformation to obtain the general gos
X(r,n,m,k),r =1,2,....,n, based on a df F, which are defined by their probability
density function (pdf)

n n—1

ik RSV

5 (@ wa ) = [ [ | [ T Q= Fap))ys 7 f(ay)
j=1 j=1

X (1= F(zn))" ™" f(wn),

where F71(0) <21 < ... <, < F Y1), 7% =k >0, 7 —k+n—r+z mJ7
r=1,2,...,n—1, and m = (my, ma, -+ ,mpu_1) € R*~L. Particular ch01ces of
the parameters 71,72, ..., ¥, lead to different models, e.g., m—gos (7, = k+ (n —
ry(m+1),r=1,2,...n—1),00s (k=1,7,=n—r+1,r=1,2,..,n—1) and sos
(k=an,v»=Mm—r+Da,,r=1,2,..n—1) (see Kamps (1995)).

By a similar way, the dgos Xy4(r,n,m,k),r = 1,2,....,n, based on a df F, are
defined by their pdf

(k)

@, ma, s wn) = | [T HF”’ W ) ) | FO () fn),
j=1

where F71(1) >z > ... >z, > F! (O)

Nasri-Roudsari (1996) (see also Barakat (2007)) has derived the marginal df of
the rth m—gos, m # —1, in the form <I>7(~HZL (x) = Ig,, (I)(r N-—-r + 1), where
Gonl2) = 1= (1= Fa))™" = 1 F™(2), L(a,b) = Ly 70 0

denotes the incomplete beta ratio function and N = — +1 +n—1. By using the
well-known relation I,(a,b) = 1 — Iz(b, a), where T = 1 — x, the marginal df of the
(n—r+1)th m gos, m # —1, is given by ‘I)ibmf_?_l W) =1Ig, (N =R, +1,R,),

where R, = + r — 1. Similarly, by putting T},,(z) = F™*1(x), the marginal

m+1
df’s of the rth and (n —r + 1)th m—dgos, m # —1, can be written, respectively by
eI (@) = Ir, @) (N — 7+ 1,r) (1.1)
and -
®pE (2) = Iny, (o) (R, N = Ry + 1), (1.2)

Moreover, by using the results of Kamps (1995) and Burkschat et al. (2003), we can
write explicitly the joint pdf’s of the rth and sth m—gos and m—dgos, m # —1,
1 <r < s < n, respectively as:
m CS—L" m r— s—r—
Fo (@, ;) :mF (@) g (F () (g (F(25)) = g (F(@,)))* "7
F%_l(xs)f(:tr)f(:rs), —00 < Xy < Ts < 00,
(1.3)
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and

Cs_
f;i(;r:f (T, 25) = 2= un

mFm(xr)(gm(F(xs)) — gm(F ()" gr H(F(x))
Fr=Yx ) f(z,) f(zs), —00 < 4 < T, < 00,
(1.4)

where Cr_1, = [[i_; 7,7 =1,2,...,n, and g, (z) = [1 —zm ).

Asymptotic theory of extreme m—gos and m dgos m # —1. The follow-
ing two theorems extend the well-known results concerning the asymptotic theory
of extreme (lower-upper) ordinary order statistics to the case of (upper-lower) ex-
treme m—gos and m—dgos. These theorems can be easily proved by applying the
following asymptotic relations, due to Smirnov (1952) (see also Barakat (1997)):

[(nA,) — 61n < Ia, (r,n—r+1) <T,(n4,) — don,

if nA,, ~ A < 00, as n = oo (we mean by a,, ~ b,, as n — o0, Z—:—)l, as n — 00)
and
1- Fr(nzn) - 52n S IAT,, (n —r+ ].,7”) S 1- Fr(nzn) - 51n7

if nA,, ~ A < oo, as n — 0o, where I'.(z) = ﬁ Jy t""te tdt is the incomplete
gamma function, d;, > 0,0;;, — 0, asn — o0, ¢ = 1,2, and 0 < A, < 1. How-
ever, the results concerning gos are originally derived by Nasri-Roudsari (1996) and
Nasri-Roudsari and Cramer (1999) (see also Barakat (2007)), while those concern-
ing the dgos can be easily derived by using (1.1), (1.2) and the relations between
gos and dgos, see Burkschat et al. (2003).

Theorem 1.1. Let m > -1 and r € {1,2,...,n}. Then, there exist normalizing
constants c,, ¢y > 0 and dy, d,, for which
SR (cpx + dn) = Ig, (enatdy) (T N — 1 +1) 5 &™) (z) (1.5)
and
O et dn) = Iy g (R N = Ry +1) 2 &m0 (), (1.6)

where B (z) and Him: k)( ) are nondegenerate df s and —  denotes the weak
convergence, as n — 00, if, and only if, there exist normalzzmg constants o, > 0

and By, for which
S0 (e + Ba) = B, (e + Ba) % L, (V) 8 > 0.

In this case ®"™" (z) =T »(Vjp(x)) and PR (1) = (Vm+1( ), €{1,2,3},
where
Type I) : Vi(z) = Vig(z) =€", ¥V z;

_ ) B
Types 1) s Vapla) = 4 00 =0
Types III) : Va.g(x) = { mOB’ i § 8’
Moreover, c,,d,, ¢, and dn, may be chosen such that ¢, = Qy(n),dn = By(n),Cn =
Qg(n) and dy, = Bony> where ¢(n) = n'/ M+ and (n) = n(m + 1). Finally, (1.5)
and (1.6) hold if, and only if, NGp(cpx + dp) — Vjp(x) and N1y, (Crx + dy) —
Vm'H( ), as n — oo (note that N ~ n, as n — o0), respectively.
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Theorem 1.2. Let m > —1 and r € {1,2,...,n}. Then, there exist normalizing
constants ay, a, > 0 and by, by, for which

o™k | (an 4+ b0) = I, (anason)(N — Re +1,R,) —% &m™H () (1.7)

and
‘I)g(:zn’k) (&nx + Bn) - IT (an 2+b, )(N —r+ 1,7’) % ‘I)g(mﬁk) (I)a (18)

where @)gm’k)(x) and @f(m’k) (z) are nondegenerate df’s if, and only if, there exist
normalizing constants &, > 0 and B, for which

O (@ + Br) = SO Gz + ) 2 1T (Uia()),a > 0.

In this case ™M (2) = 1 — Tp, (U (2)) and @7 (2) = 1 — T, (Ui a(2)),i €

{1,2,3}, where
Type I) : Uz (z) =Ur,a(z) =€, V x;
0, z <0,
Types II) : Uso(z) = { - r>0;
. _ (7:]9)&7 z S 07
Types III) : Us.o(x) = { 0. 50
Moreover, an, by, a, and b may be chosen such that a, = Gg(n) B¢(n =

w(n) and by, = @p(n . Finally, (1.7) and (1.8) hold if, and only zf, NGm(anx +
bn) — Ui’mofl(x) and NT p(anz + by) — U;.o(x), as n — oo, respectively.

2. The joint df’s of two lower and two upper extreme m—gos and m—dgos,

m# —1

Throughout this section we assume that 1 < r < s < n in Theorems 2.1 and 2.2,
while 1 < s < r <n in Theorems 2.3 and 2.4.

Theorem 2.1. Let ¢, > 0 and d,, be suitable normalizing constants, for which the
limit relations @g'f{k)(xn) % I (V;(z)) and @gfﬁ’k)(yn) 1—:> Is(Vip(y)),j €

{1,2,3}, hold, where x, = c,x + d, and y, = c,y + d,. Then the normalized
joint df <I>r P n)(xn, Yn) of the rth and sth m—gos, m # —1, satisfies the relation

CI)(m k)(l‘ y ) N PS(V]aﬁ(Vy))Z ) T >y,
e T I o7 e Vi (y) —wule v du, w < y.
(2.1)
Proof. By using (1.3), the joint df of rth and sth m—gos is given by
o (y), ) y <z,
Q) () = 4 ke [P0 [ T )T (w)gr (P(w)

(9 (F)) = gon (F())*" 1 f(u) f(v)dvdu,  x <.

Therefore, for the case y < x, the theorem follows by using Theorem 1.1 (rela-
tion (1.5)). For the case x < y, consider the transformation & = F'(u), n = F(v),
we get

F(2n) F(ynf IR
B (2, ) = / / gy @ s e,

(2.2)
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where j=1-n,6=1—¢and C} = = r 20(; 11;‘,(5 =) . Again, by using the
transformation 1 — mH =2, 1-7"" = w, we get
vn(In) m yn ’Ys me1
B (1, ) = O3 / / (1= w) 722 (- 2)* " dwdz,
where C}* = (minl)Q On the other hand, we have 2= +1_1 =N — s and
(r=Dis —r—DICF* [ (N = +1)
(N —s)s (N =—s)s(m+1)s (N —s)s
I -5
1— £)s
1-%) \ (2.3)
) R SE A CE1))
= N 0 2 N 0
52 1 s2—s
=1 [N - N( 5 J(L+o0(1)) =1+ pn,

o(1)) — 0, as N — oo. Therefore, by using the
and the relations (N—$)G () ~ NGy (z,) —
m(yn) — Vjs(y) and (1 — $2)V=2 — €79, as

S

where 0 < py = 7 (s? +)(1
transformation w = N‘)_s, z=
VJ"ﬁ(x)? (N - S)Gm yn) ~ N
n — 00, we get

@ﬁﬂgs)(xmyn) = (’I“ — 1()1;;;1]\;)— 1)

(N=5)Gm(zn) (N=5)Gm(yn) 0 N 1 1
1— —8  r— _ §—Tr—
<[ / et A U N

1 NGm(zn) NGm(yn) —0 r—1 s—r—1
N(r—l)(s—r—l)/o /¢ e (0 - 9) do do
1 NG"L(:En) 1
= (7”—1)'/ Ds— (NG (yn) — w)u" e “du.

1 5,6 (2) . S—
— m/o s—r(Vj ply) —wu" e “du.

The theorem is proved.
Theorem 2.2. Let a, > 0 and b, be suitable normalizing constants, for which the
limit relations @r(rﬁn k)( n) —> 1=T(U; o(x)) and @d(m k) (Un) —> 1=Ts(U; o(v)),
i € {1,2,3}, hold, where &, = anx + by and §n = any + bn. Then, the normalized
joint df of the rth and sth m—dgos, m # —1, satisfies the relation
1-I' (Ui a(x)), z <y,
edmb) (5, 5,y 25 d 1-TaUi ()~ 2oy (2.4)
f;ja(y)fuig(z) (r,s —r)ts~le~tdt, z=>y.

Proof. By using (1.4) the joint df of rth and sth m—dgos is given by
(pd(m k) (xn) <y,

T i) =\ rgrstey [T [y PP @ F Y )5 (F(w)
(9m (F(0) = g (F())* " L f (@) f(0)dudv, — y <.
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Therefore, for the case x < y, the theorem follows by using Theorem 1.2 (rela-
tion (1.8)). For the case y < x, consider the transformation £ = F(u), n = F(v),
we get

d(m,k) ( ~ * F@Gn) F(jn)m ys—1 m+1\r—1/¢em—+1 m+1ys—r—1
‘I)r,s:ﬁ (x’ﬂv yn) = Cn f n (1 - g ) (5 - ) dfdn
0 n

(2.5)
Again, by using the transformation 1 — £m+! = 2z, 1 — ™+ = w, we get
1 w
Ik (3, §,) = O3 / / (1 —w)N 722" (w — 2)* " Ldzdw.
T (Gn) J T (&n)
Therefore, by using the transformation w = N9757 z = Nfs, the relations (2.3),

(N = 8) T (2n) ~ NTp(wn) = Uia(@), (N = 8)Tn(yn) ~ NTm(yn) — Usa(y) and
(1-— YW=5 7% asn — oo, we get

N—s
dimk) (7 oy _ (1+pn)
s @ In) = GG = = 1)1
N-—s 6
0 —5 /r— s—r—
X/ _ / _ (1—N7_)N @' O — ¢)° " dpdl
(N=8)Ton () J (N =) T (30) s

1 N ¢ 0 r_1 1
N e Yo" 10 — )" Ldpdh
(r=1l(s—r—-1) /NTm(gn)/NTm(fvn) ( )

1 N [’ 1 ! 1 1
- 695149 Pl = 2yl
r—Dl(s—r— 1) /NTW(M ¢ /Nmm -2 :

_ 1 N
= Ls(N) = Ds(NTo () = 7= / A S ERY CER L
(s = DV INg, ) ’

Therefore, an application of Theorem 1.2 (the relation (1.8)), thus yields the limit
relation (2.4), in the case y < . The theorem is proved.

Theorem 2.3. Let a, > 0 and b,, be suitable normalizing constants, for which the
limit relations @51”“)@”) S 1-Tg, (Zx[i’";"rl(x)) and <I>é%k)(yn) —1-Thg, (Z/{Z?”’fjl(y)),
i € {1,2,3}, hold, where x,, = anx+by, yn = any+b, and® =n—r+1 <n—s+1=
5. Then the joint df of the 7th and 5th m—gos, m # —1, satisfies the relation

1 —Tr, (U7 (), T >y,
(m,k) w m )
q)i',é:n (mn,yn) T> 1-— ].—‘Rr (Z/{LJI(:C)) — ﬁ fu:ﬁjl(ﬂf) (26)
Imir i, (Rs, Ry — R,)tfr—le=tqt, z <.

t

Proof. In view of Theorem 1.2 (relation (1.7)), the relation (1.3) and the condi-
tion of Theorem 2.3, we have @57';:) (T, Yn) = fbgwfbk)(yn) B 1-Tr,U T (y),y <
x. Thus, the theorem is proved in the case of y < x. For the case < y, we begin
with the relation (2.2), after replacing r and s by 7 and $, respectively. By using the

. 1 _ .
transformation Z"H_ = 2,7 = w and noting that n—r = N—R,,n—s = N—R,,
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Tn—s+1 = (m + 1)Rs and C\éfl,n = C'Nst!S,n = (m + 1)N R.+1 HN R&+1(N _j +

1) =(m+ 1)N’RS+17FF(N+1) we get

(Rs)
&) (2, 9,) = / / T V(e )
' (n) /Gm (yn
I(N+1) _
where C,, N T (R, —F)T (R Again by using the transformation w =
N+M’ z = N_Lﬁr and the limit relation (1 — N_LRr)N Br 5 e7® asn — oo,
we get
C
(I’(m £) nsYn) ™~ z
rsn(x 7y) (N_RT)R7
(N=R;) @
X / / e 20" (g — 0) -~ Rm1agde.
(N_Rr)érn(wn) (N_Rr)ém (yn)

Now, by using Striling’s formula (c.f. Lebedev (1965)), we have W ~

e fr(1 — %)*NJF% ~ 1, a8 N — oo (i.e.,, as n — 00), and noting that (N —
Rr)ém(xn) ~ Ném(xn) - ui,mo¢+1(m)7 (N - Rr)ém(yn) ~ Ném(yn) - uz‘,ngrl(y)?

as n — o0, we get
1

(Rr - RS)F(R )

N @
X / / e 0% (¢ — 0)FR"1apdg.
NG (20) J NG (yn

1

N
= Br=1o=¢ (1 - Ine Y RS,RTRS>d
F(Rr) /NGm(In) ¢ ‘ < G"‘;’( » ( ) ¢
1 —-Tgr, (NGp(zn))

(b»(f"; Z) (x’rw yn) ~

1 /N Ro—1_—t
- InGywn (Rs, By — Rs)t e tdt.
F(Rr) NG () ch() (

An application of Theorem 1.2 (relation (1.7)), thus yields the limit relation (2.6),
in the case z < y.

Theorem 2.4. Let ¢, > 0 and d,, be normalizmg constants, for which the limit

d(m,k w m (m,k w m .
relations @ ( )(x ) & Tr, (V] 'H( )) and ‘I) )(yn) - Tr, (V] 'H( ), j €
{1,2,3}, hold, where T, = Enx+dn,yn = cny—l—dn andr =n—-r+l< n—s—I—l = 3.
Then the joint df of the Tth and sth m—dgos, m # —1, satisfies the relation

(b (m k)( -~ w { FRr(Vm+1( ))’ x S y7
#am \TnsYn) 37 S ) m —1,—u
ey o D, (V7 (@) — e e, mzé?)

Proof. In view of Theorem 1.1 (relation (1.6)), the relation (1.4) and the condi-
tion of Theorem 2.4, we have &% k)( nyUn) = pdm:k) (Zn) = FR7,(V%+1(:B)), x <

7, S n ™n
y. Thus, the theorem is proved in the case of z < y. For the case y < z, we begin
with the relation (2.5), after replacing r and s by # and 3, respectively. By using the

transformation £™+! = z,n™*+! = w and noting that n—r = N—R,,n—s = N—R,,



338 H.M. Barakat, E.M. Nigm and M.A. Abd Elgawad

Tn—s+1 = (M +1)Rs and Cs_1., = (m + 1)N*R5+1%, we get

T,8:m

s C (Ta(in) (Tm(@n) .
O (T, ) = Cn/ / w11 — 2)N=Br (5 — ) Br =B =Lz duw.
0

w

Thus, by using the transformation w = N_LRT, z = Nf’RT and the relations
F(RT_RS)F(RS)On hod ~, m+1 ~
T WN_R)E " L (N=Ry)Tn(Zn) ~ N1y (Zn) — Vj,ﬁ (@), (N=Ry) T () ~
NTp (9n) — Vﬁﬁﬂ(y) and (1 — ijRT)(N_RT) — e~ %, as n — oo, we get
m C,, (N=Re)To(gn)  (N=Rp) T (@n)
(I)?,(é:r;k)(xnvyn) = N7RR/ / gt
(N = R.)E Jy 6
¢ ) Ry—R.—1
U-52p) (0= " 1dgds
1 NEmlgm) - (N (o) P R,.—R,—1
~ 0716 (6 — 0) R~ 1dgpdh
F(RT - RS)F(RS) /0 /(9 ‘ (d) ) ¢d
= W/ Tr.—r, (NI (Zn) — u)uRS_le_“du.
s) Jo

Therefore, by applying Theorem 1.1 (relation (1.6)), we get the limit relation (2.7),
in the case y < .

FEzample 2.5. For the oos model, where k = 1 and m = 0, it is easy to show that
both of Theorems 2.1 and 2.4 give the limit df of the rth and sth order statistics
by the relation (2.1), with normalizing constants «,, > 0 and (3,,. Moreover, both
of Theorems 2.2 and 2.3 give the limit df of the #th and $th order statistics, where
F=n—r+1<n—s+1=3 by the relation (2.4), with normalizing constants
&y, >0 and Bn

3. The joint df of lower-upper extreme m—gos and m—dgos, m # —1

Throughout this section we assume that 1 <r,s <n,s=n—s-+ 1.

Theorem 3.1. Let a,,c, > 0 and b,,d, be suitable normalizing constants, for
which the limit relations @g%’k)(wn) o @gm”k)(x) = I (Vjp(x)),j € {1,2,3},

and @gfﬁl’k)(yn) o SR () = 1 — Lr U (y),i € {1,2,3}, hold, where
Ty = cpx +d, and y, = apy + b,. Then, @iﬁ;’fb) (Tn,Yn) % @Sm’k) (w)@gm’k) (y).

This means that the lower and upper m—gos are asymptotically independent.

Proof. In view of (1.3), we have

F(zy) F(y"),m .
q)f”?;::) (‘rmyn) = Dn/ / 13 ﬁfynfﬁl—l(l - ¢ +1)r—1
0 13

—m+1

x (€
= (mﬂ)wﬁn(;j;),(WH)!. Now, in view of the conditions

of the theorem, it is easy to show that V(z,y), for which V; g(z),U; o(y) < oo,
we have y, — w(F) = sup{z : F(z) < 1} > inf{x : F(z) > 0} = a(F) + x,,

(3.1)
_ ﬁerl)nfsfrd,r] df,

Ve, < yn, where D,
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as n — oo. Therefore, for all large n, the relation (3.1) holds, Vz,y, for Wthh

V; 8(x),Ui.o(y) < co. Now, by using the transformation 1 — §m+ =v, 7" =u

and noting that % = R, — 1, we get

m (Tn)
(I)%;:)(mmyn = m+1 / /G ( wfts =ty 1 —u — v)" T dudv.
m yn

Therefore, by using the transformation u = +— R —V = N5 We get

& B (N=Rs—1r)Gm(zn) N—R,—r
(I)iﬂ;:n)(xn’ yn) ~ Cn/ / szilzrilei(erz)dde,
’ 0 (N=Ru=1)Gon (y)

where C,,
we get

= (m+1)2(N?7?54)RS+T. On the other hand, by using Striling’s formula,

~ CN—R.n
L(r)Cn = (m+ 1)N-RALN — R, — r)Bs+" (N — Ry —r + 1)
B I'(N+1) 1
I(N—R,—r+1)(N—R, —r)E+T(R,) TL(R)
Therefore, the proof of the theorem follows upon noting that (N — Rs —r)G, (2y,) ~
NG (zn) = Vjs(x) and (N — Rs—1)Gm(Yn) ~ NG (yn) — L{%H(y), as n — oo.
The theorem is proved.

Theorem 3.2. Let a,,¢, > 0 and En,cin be suitable normalizing constants, for
which the limit relations i (Tn) —» pmh) (z) = 1-T'.(U; ,(x)),i € {1,2,3},

n

and @d(m’k)(gjn) oy IR () = Tp (Vm+1( )),J € {1,2,3}, hold, where &, =

n

an®+by and §p, = ény+dy,. Then, Parm:k) (Zn,Un) — o k)( )fbg(m’k)(y). This

8
means that the lower and upper m— dg05 are asymptotzcally independent.

Proof. The proof of this theorem is similar as the proof of Theorem 3.1, except
only the obvious changes. Therefore, we do not repeat the details.

Ezample 3.3 (the limit df’s of the generalized range and midrange). Under the
conditions of Theorems 3.1 and 3.2, the lower and the upper extreme m-gos, as well
as m-dgos, are asymptotically independent. Therefore, if there exist normalizing
constants a,, ¢, > 0 and b, d,,, for which a, /c, — ¢ > 0, as n — oo, and the limit

relations @(Tn’k)(anx +bn) - 1— I‘RT(L{ZZH( ), € {1,2,3}, and ol )(cnx +

dn) == Tr(V;5(x)), 5 € {1,2,3}, hold, then in view of lemma 2.9.1 in Galambos

(1987), the generalized quasi-ranges R(r,n,m,k)=X(#,n,m,k)—X (r,n,m, k) and
X (?,n,m,k)+X (r,n,m,k) r=1.2
2 b ) b

the generalized quasi-midranges M (r,n,m,k) =
satisfy the relations
P(R(r,n,m,k) < anz + b, —dy) % [1-Tg, (UZ';H(QJ))} * [1 =T (V; g(—cx))]
and
P(QM(T’ n,m, k) < apx+ by + dn) %} [1 —I'g, (Uﬂj_l(l’))} * [FT(Vjaﬁ(cx))]v

respectively, where the symbol x denotes the convolution operation. The same re-
sult can be easily obtained for the dual generalized quasi-ranges Ry(r,n,m,k) =
Xa(r,n,m, k) — Xg(t,n,m,k) and the dual generalized quasi-midranges
My(r,n,m, k) = %(Xd(r,n,m, k) + Xa(t,n,m,k)),r =1,2, ...
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