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Abstract. We prove a conjecture of T6th and Vetd (2008) about the weak conver-
gence of the self repelling random walk with directed edges under diffusive scaling
to a uniform distribution.

1. Introduction

In their paper, T6th and Vetd (2008) study a self repelling random walk on
Z. To define this process fix a non-decreasing function w : Z — Ry such that
lim; o0 (w(z)—w(—z)) > 0. The Self-repelling random walk (SRRW) associated to
w is a nearest-neighbor random walk (X (k))r>0 starting at X (0) = 0 and evolving
according to the following transition probabilities:

P(X(k+1) = X(k) £ 1]X(0), ..., X (k)) =

w(F (I (k, X (k) — 1~ (k, X (K))))
w(l+(k, X (k) — 1= (k, X (k) + w(i= (k, X (k) — 1+ (k, X (k))

(11
)()

where 1 (k,z) and [~ (k,z) are respectively the local times of the directed edges
r—x+landz—x—1,ie.

(ko) =#{0<j<k—1: X(j)=x, X(j+1)=z+1},
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Many results were proven for this process which was analyzed in T6th and Vetd
(2008) by clever Ray-Knight arguments following the blueprint of T6th (1995). In
particular, it was shown in T6th and Vet (2008) that

[ (k,z) }(1 SANE
+

vVE 2 Vk
in probability, for precise statements see Theorem 1 and corollary 1 on Téth and
Vetd (2008). Given this result, it is natural to conjecture that X (k)/v/k converges
in distribution to the uniform distribution on (—1,1). In Téth and Vetd (2008) it
is also shown that this is the only possible nontrivial limit after renormalization.
The purpose of this paper is to prove this conjecture and our main result is the
following:

Theorem 1.1. Let (X (k))g>o0 be the SRRW as described above. We have that as
k — oo, %:) converges in distribution to U(—1,1), the uniform distribution on

(—1,1).

lim sup
k—oco g

Remark: While this paper was being written we discovered the recent article of
Dumaz and Téth (2013) in which the analogous result is shown for the self repelling
random walk with undirected edges. It is also worth mention that similar questions
arise for random walks with site repulsion, see Téth and Vetd (2011).

2. Notation and preliminary results

The paper Téth and Vetd (2008) is the main reference in this work and, as will
be clear throughout the paper, we rely constantly on the ideas and techniques found
there. Thus, in order to aid the reader, we will keep notation as close as possible
to those in T6th and Vetd (2008).

The definition in (1.1) of the SRRW leads us naturally to a Ray-Knight approach
in order to obtain results for the SRRW. This was exploited in Téth and Vetd (2008).
The main tool is a representation of the local times on the inverse local times,
T;%m =min{k>0: £ (k,2) = m},
in terms of independent ergodic Markov chains. We now describe this representa-
tion: For every x € Z denote

Ye(m) = min{k >0:1"(k,z) + 1" (k,z) > m}

_ 0 , m=20
- 14+min{k>0: #{0<j<k: X({)=2}=m} , m>1,

75" =0 and for j > 1

+,x
T

; = min{m > Rt (Va(m),z) =1 (ya(m), x) =

Jj—1
I (ya(m—1),2) =1 (va(m —1),2) £ 1}.
Put
nP" = = (1 () 2) = (e ),a) )
,’7;7£U — l+ (%E(Tj*,a:)“x) _ l_(’Yx(T;’w),.%') 7
for every j > 0. The Proposition 1 in Téth and Vet (2008) states that the processes
(nj’m)jm, & € 7, are iid Markov chains starting with initial condition 71 * = 0.
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Moreover, from Lemma 1 also in Téth and Vetd (2008), these Markov chains are
exponentially ergodic, meaning exponential convergence to the stationary distribu-
tion, and their stationary distribution v = v, can be described explicitly in terms
of w, see Téth and Vet (2008). The stationary distributions v, have an invariant
property with respect to w, their mean are equal to —1/2. To simplify notation,
we will denote

r;."’” = 77;”” + % and rj_’x = nj_’x + % .
We will denote by (r)zez a family of iid random variables distributed as 77—1—% with
7 having distribution v. This common distribution of the r,’s have the following
properties:
(i) the distribution is symmetric, in particular the mean is zero;
(ii) there are some exponential moments;
(iii) all integer values have positive mass and the distribution is aperiodic.

We denote the variance of these random variables by o2.
Below we summarize some useful relations between the local times, inverse local
times and the the processes (nj’x)po. For z < 0 and m € N, we have

l+(T;:m,x) =m, (2.1)

(T ey + 1) =T ) + L 0 2 <y <0, (2.2)
P,y +1) = U (D) w0 w20, (2.3)
(T ey = 1) = (T )+l y<e. (2.4)

As a first result, we will improve some bounds in T6th and Veté (2008) on the
tail of the distributions of the rightmost and leftmost positions visited by the SRRW
by times T(fm. Let us start with the proper definitions. Let

pL =sup{r e Z: l+(TOi’m,x) >0}
and
AL =inf{z € Z: 17 (T}, =) > 0}.
See Theorem 1 in Téth and Vetd (2008) for the scaling limit for these quantities.
To simplify notation, put
It (x) = l+(TO+)m,sc) )
From a close examination of the proofs of (46), (49), (50), (51) and (52) in T6th

and Vetd (2008) (see details below), we have that for any function g : N — R such
that lim,_,.c g(m) = 400 there exists constants 5 > 0 and ¢ = ¢(g) > 0 such that

P(l:rn (2m — 4\/mg(m)) > 3\/mg(m)) < cePalm) , (2.5)

P min IF(z) < /mg(m) ) < cme P9I (2.6)
( 1<z<2m—44/mg(m) )

P(pf, = 2m+ mg(m)) < ——

g(m)

and
c

g(m)

P(N; < —(2m+ Vmg(m))) <
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The last two inequalities will be proved below. Inequality (2.5) follows from (50)
in T6th and Vetd (2008), indeed start replacing A€ by /g(A) exclusively where
€ appears, after that take x = 0, h = 1 and A = m. To obtain inequality (2.6)
combine (46) and (49) in Téth and Vetd (2008) considering the same especifications
for z, h and A as above.

We start improving the last two bounds on the tail of the distribution of p}, and
A+

m:*

Lemma 2.1. For any function g : N — Ry such that lim,,_, g(m) = +oo and
lim sup,,, _, o0 % = 0 there exist constants >0 and ¢ = c¢(g) > 0 such that

P(pf, = 2m+ Vmg(m)) < ce 90

Since Lemma 2.1 is not our main concern, although we use it ahead, we postpone
the proof to Appendix A.

3. The local central limit Theorem

In the following we consider the position of the random walk (X (k))r>0 at some
large time. In order to better conceive the quantities involved, we write this time
as n? even though, obviously a typical positive integer is not a perfect square. The
arguments presented will not make use of this and for a general integer time k the
term n should be thought of as the integer part of Vk.

A second hypotheses concerns the parity of z. Since our aim is to estimate
P(X,2 = z) and the random walk (X (k))g>0 has period 2, the parity of z will
have an effect on our expressions. We will suppose that = and n? are even and the
case x and n? odd can be dealt analogously.

With the above conventions, Theorem 1.1 is a straightforward consequence of the
following local central limit theorem for the self-repelling random walk (X (k))g>o:

Proposition 3.1. There exists 1/2 < a < 1 such that, for every e > 0, we can
take ng = ng(€) sufficiently large so that if n > ng then
1 —
P(Xpe=x)>—°,

n

for every x| < n —n® with the same parity as n>.

The rest of this section is devoted to the proof of Proposition 3.1. By symmetry
of the self-repelling walk, we can consider only the case x < 0 and we will suppose
this to be the case.

Note that P(an = :r) is equal to
P(30<m < n? such that T;Zl’m = n2)+
P(30 <m < n” such that T, ,, = n?)

2

n n?
= Z P(T;—l,m = TLQ) + Z P(Tgc_+1,m = 77‘2) ' (31)
m=0

m=0
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Our first step is to consider for which values of m the contribution of P(T," 1m =
n?) is relevant in the sum above. We claim that m should be (n — |z])/2 plus a
term of order \/n, otherwise the contribution of P(T}", ,, = n?) can be neglected.
Indeed this is the content of the Lemma 3.2 which also aims at providing precise
asymptotics for P(T}_, ,, = n?) for the right m. Before we state the result we need
to fix some notation. Recall that o2 is the variance of the stationary distribution

v. Also define
0y (v) ::3(1,%), u>0, velR.

Lemma 3.2. There exists 1/2 < o < 1 such that, for every e > 0 and K > 0,
there exists ng = no(e, K) sufficiently large such that

V Bnt ng/ZP(Txien(x)-i-cf 712) > e 4&0"2 - &,

for all n > ng, |z| < n—n® with the same parity as n® and c € {¢ € (-K,K) :
On(z) + &y/n € N}, where

20*((1L+ 2)° + (1 - 81)°)

6n = 3

We postpone the proof of Lemma 3.2 to Section 4 and now we show how the
lemma is used to establish Proposition 3.1.

Proof of Proposition 3.1: Put
-0 -0
ma :min{m: m > fK} and m% :max{m: w <K}.
Vn vn
Then, in Lemma 3.2, we can write c as %;(z) for some m}, < m < m?%. Therefore,
If the inequality in the same lemma holds, we have that

my _ 4 (m=bn(2)?
e n " 9
= > _
Z PLam=n) 2 ) ( T~ Taee)
m= mK miml

A ﬁ eK l
j_ K\F \ ﬁ,ﬂm \/ﬁnﬂ' n’
K\/n 1
4 J
1 1 ~ Bn 7 - —72 —
dn i 30 e e [ e,
j=—K+/n

for each € > 0 fixed, we can choose K = K (¢) sufficiently large and then e = ¢(K ¢)
such that

Since

Z P T— 1 m ) > 12n6 ’
m=mj
for all |z| < n —n® with n sufficiently large.
By (3.1), we get
1—ce¢

P(an :SL‘) > -
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4. Proof of Lemma 3.2

Recall that we are supposing < 0 and that z and n? have the same parity.
Express T, in terms of the “onward” local times [*(k,z) as

T =0 (P (T ) + U (Thw) ) =230 U (T ) + ol
YEZL YEL
Therefore the probability in Lemma 3.2 is
2
+ (7t _n— x|
P(Z; (T oy seumr¥) = T) (4.1)
ye

To deal with this last probability, write

Zl x, 9 (z) +cf’ ) ZJTJL»C + W;l,cyf + WCZCHF ’

=
where
— + (7t
Z:,c - Z l (Tzﬁn(z)+cn1/27y> )
ly|<n—nt/2log(n)
n — + (7t
z,c,l1 Z ! (Tw,O,,L(a:)—i-cnl/Q’y)
y>n—nt/2log(n)
and
n — + +
z,c2 Z ! (Tx,Gn,(ac)+cn1/2’y)'

y<—n+nl/2log(n)

We start considering Z; .. We are going to show that it can be replaced by more
convenient random Varlableb that reduces the problem to a local central limit the-
orem for sums of independent random variables. We need a proper representation

of the local times I+ (T o (@) ey Y ) in terms of the processes (nj’m)jzo, z € 7.
From equalities (2.1) to (2.4), IT(T" 0 () ey Y y) is equal to
0, (z) +cy/n+ x|+ >Y_ an_wz;;l ,if 0 <y <n—n'2log(n),
6 (a:)+cf+|a:—y\+zz oi1 M Jn’(zz'gl Jifrz <y <o,
($)+C\/7+ZZ Y ]n(z) 9 lf _n+n1/2log(n) Sy<x7
that can be rewritten as
On(y) +ovn+ 30, rt L ife <y <n—n'log(n), (42)
0, (y) + c\f—kzzi j(zz) , if —n4n2log(n) <y <z, '

where

J (z){ (T, (x)+ey/m’ z) , if —n+n2log(n) <z <0,

(T PRETIY z)+1 ,if0<z<n—n'2log(n).

From here we need the following;:
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Lemma 4.1. There exists a coupling between the processes (r;“””)j>0 starting with

initial condition TSL’E = 1/2 and the family (r;)zez, introduced in Section 2, such
that
P(A,) > 1—Ce Plog"(m)

for some B >0 and C > 0, where

An = {l+ (Tzen(m)+cn1/2’y> =" (T;tgn(m)+cn1/27y> ,0< |y| <n-— n1/2109(n)}
with
~ y
(T ayemsar¥) = Onp) +ent/2 4 D7 o
z=x+1
fory>x and

r—1

s (ngn(m)-‘rcnl/Q?y) =0,(y) + ent/? + Z r

zZ=Y
fory <z.

Proof: The construction of the coupling is described in T6th and Vetd (2008).
Similarly to (2.6), by inspection of the proofs of (46) and (49) in T6th and Vetd
(2008), we have that, for any function g : N — Ry such that lim,, ,+, g(m) = 400

and limsup,,, _, L\;%) =0,

P( min {y : l+(T::fj,y) = l~+(T;fj7y) Vi > nh} < |z|+2hn —4 ng(n))

is bounded above by a term of order n e =#9(") for some 3 > 0. Since |x|+20,,(x) = n,
choose h = (0, (z) + cn'/?)/n and g(n) = log*(n) to finish the proof by noting that
2| + 2hn — 4y/ng(n) < n — n'/%log(n) for n sufficiently large. OJ

Write
y
Vit(z) = Z <9n(y) + ent/? + Z rz)
z<y<n—mnl/2log(n) z=z+1
and
rx—1
Vi'(a) = > () +en2 430 )
—(n—nl/2log(n))<y<z—1 z=y
By Lemma 4.1, Z}) . = V*(z) + V3*(z) on A,. Using the definition of 6, (y), we
have that
n n 1 n— |z
V@i = o Y -
ly|<n—nt/2log(n)
+2en/2(n — n'2log(n)) + SH(z) + S5 (z)

2
- % +2cn®? + O(nlog®(n)) + St (x) + S (x), (4.3)

where
n—+/nlog(n)

St (z) = Z (n —n'2log(n) — z + 1) 7.,

z=x+1
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and
x—1

SH(x) = Z (n —n'%log(n) +z+1)r, .

z=—(n—n'/2log(n))
The next step to estimate the probability in (4.1) is to prove that the contribution
of W' ., and W7 5 can be neglected since it is of order smaller than n3/2,
Lemma 4.2. For M > 0 sufficiently large, there exists f > 0 such that

sup P(W;ﬁc’k > Mnlog3(n)) < efﬁlogQ(n) .
k=1,2

Proof: We deal with W' ;. The case of W' , is analogous.
We have, by the anologue of (2.4) for > 0, that W ; is equal to

n+log?(n)
(Vitlog(m) +log* )L+ 3~ (g~ (=" log) Y )
y=n—n1/2log(n) n—nl/zlog(n),L’y

where L = [T (T;e)n(x)-s-cnl/z’ (n — nl/Qlog(n))). Thus, given that L is of order

smaller or equal to \/nlog(n) and that p™ < n + log?(n), which, by (2.5), happens
with probability bounded below by 1—e~# l"gz(”), W31 is equal to a term of order
nlog?(n) plus

n+logZ(n)
1/2 2 +,
(0" log(n) +log?(m) 3 . J)
y=n—n'/2log(n) n—n1/2log(n),L’

Now we proceed as in the proof of Lemma 2.1 to show that the previous sum is
of order smaller than /nlog?(n) with the required high probability, see (A.2), in
appendix A. [

We now return to (4.1). Similar arguments as the ones above can be applied to
the event {T;Qn(z)-‘rcnl/z =n?} and we can also replace the sum of the local times
of right oriented edges by Vi + V2. Therefore, By Lemma 4.2 and Lemma 4.1,

(4.1) is the sum of a term that decays as e~ #109°(n) plus

1 M nlog®(n) M nlog®(n)

502 > P(mia=iowia=7) (4.4)
Jj=1 j'=1

n n n2—a:—j+j’ n . n -
(Vi) + i) = U =g = 7).

Define
lpa =1+ (Taien(x)ﬂnl/?’n — n1/2log(n))
and
l~n72 =t (Ta_c‘:Gn(z)+cn1/2’ —(n— nl/zlog(n))) .
Note that Vi"(z) + V3'(x) is conditionally independent of (W', W}, ,) given Ina
and [, 2 and A,,. From (4.2), we have that

Ina =0y (n— nl/Qlog(n)) +ent/? + Y7 (x)
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and
Ina = 0n (= (n =n'log(n))) + en'/? + Y3 (x)
where
n—n'/2log(n) z—1
Y'(z) = Z r. and Yy'(z) = Z Ty .
z=z+1 z=—(n—n1/2log(n))

Therefore, using (4.3) and the fact that W', , are conditionally independent of

ST(x) given the Y;"(x), we have that (4.4) can be rewritten as

1 M nlog®(n) M nlog®(n)

2 2 > P(Wrea =i Wi =0) SN POV @) = V) = k) x

j=1 j'=1 koK

(+J")
2

where h,,(z) = en®/? — |z|/2 + O(nlog?(n)). Recall from the statement of Lemma

3.2 that |¢| < K and |z| < n, therefore h, () is of order n®/2. We are going to show

that conditional probabilities in (4.5) are bounded below by terms of order n3/2,

xP(S{L(LI:) + S5(2) = ha(z) — ‘ Yi(e) =k, V() = k) . (4.5)

From here, we need local central limit theorems for (Y7*, S7'),>1 and (Y3", S5)n>1.

Lemma 4.3. For each strictly positive €, we have that for all n sufficiently large,
uniformly over 0 < |z| <n —n'/?log(n) and (a,b) € 72,

2
‘27r% n2 P(Y{"(z) = a, S} (z) = b)

2 a? 302 3ab
)]

(—+

— — <e€
o2'n,  nd ’

—exn( — 24y
p( n2

where ng, = (1 + ‘%‘)n
The proof of Lemma 4.3 is standard and follows a classical approach as in the

proof of the local central limit theorem for lattice distributions. So we include it in
Appendix B for the sake of completeness.

Lemma 4.3 and the local central limit Theorem for Y;"(x) alone yields that

Corollary 4.4. For each finite M and each strictly positive €, we have that for
all n sufficiently large, uniformly over —n +n'/?log(n) < z <0, |a| < Mn'/? and
b < Mn?/2,
2w 4
Y on32p(Sh(z) = b| Y (z) =
on x r)=a
T ud 2P (81 w) = D] V(@) = a)

1/2
Qnm/
|z
n

where ng, = (1 + —‘)n

We have a similar result for (Y3*,5%),>1 when 0 < x < n —n®. This new
constraint on  is to guarantee that n — n'/2log(n) — z is sufficiently large.
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Corollary 4.5. Let N, = n — n'/?log(n) —u, u € R. For each finite M and
each strictly positive €, we have that for all n sufficiently large, uniformly over
—n+n®<2<0,|a] < MNM? |b| < MN2?,

V2r

~ =N/ 5(z) =bYy' (z) =a
\/ﬁNi’QP(Sz() bYy'(z) = a)

From the previous colloraries we are able to obtain the following:

Lemma 4.6. For each finite K and for each € > 0, if n (and therefore N, =
n—n'?log(n)—x) is sufficiently large then, whenever |a| < Kn'/?,|a/| < KN&2,
|b] < %n3/2 and —n +n%* <z <0, we have

@ns/zp(sg(x) + 57 (x)=b ‘ Y (2) = a, Y (z) = a,)

< ( 4, a a b 2)
> exp _5n(2n1/2+2N§/2_n3/2) — €

where By, is as in the statement of Lemma 5.2.

We postpone the proof of Lemma 4.6 to Appendix C.

Now we are able to finish the proof of Lemma 3.2. By (4.5) and Lemma 4.6, we
have that

/ 3/2 + _ .2
5n7TTL / P<ch,0n(m)+c\/ﬁ =n )
is bounded from below by the sum of a negative term that decays as n®/?e~ Blog®(n)

and

M nlog®(n) M nlog®(n)

Z_:l /z_:l P(Wn?,c,l =7, a?,c,Q = .,)
> Y P (@) =k, Y5(x) = k) x

|k|<Knl/2 |k/|<KN1/2

4 k K i+ 7)1\ 2
<Jeon( = 5 (o + a7 — () = T5H)) = o] o)
Since
i+ 5’ log®(n
- G50 — ey o2

(‘.2
it is straightforward to see that (4.6) is bounded below by e~ Fn — e minus a term
that goes to zero as n — co. So we have obtained Lemma 3.2.
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Appendix A. Proof of Lemma 2.1

By definition of p;, and property (2.3)

p;:sup{m m—&—an’ZZ > }

So, conditioned to [} (zg) =1 > 0,

P = To + Sup { s Z"ﬁ’w;[:fz y - 0}

7”.

which has the same distribution as zg + pl+. Moreover, It is clear that p is
an increasing function of m. Now, considering the previous formula with xy =
2m — 4y/mg(m), we have, from (2.6) for m sufficiently large, that

P(pf, > 2m+ /mg(m)) < cme P90

+P(p" Noroks Vimg(m) +4/mg(m) ) .
We are going to estimate
> )+4
PP s = ig(m) + 43/mg(om) ).

By the exponential convergence to equilibrium of the Markov Chain 7 starting at 0
(see Lemma 1 in Téth and Vetd (2008)), we have that lim, oo E[n,] = —%, which
is the expected value of the chain in equilibrium. Then, we can fix [y > 1 such that

sup Efn] < ——
1>y

Now, put T := T&' N and define the random set

Ap ={1 <z < /mg(m) +4y/mg(m) : 0 <IT(T,z) <lp}.

and p = inf;<;, P'(0, 1) > 0. For each point z € A,,, independently of any other
point in A,,, we have that 771_+’(mT o = —IT(T, z) with probability at least p, which
implies that {*(T,z + 1) = 0, i.e, IT(T,2) = 0 for every z > z. Therefore,

P(#Am > 4y/mg(m)) < (1 —p)*vVmotm),

Since limsup,,,_, o \(/@ = 0, the probability in the last expression decays to zero

faster than the exponencial of any constant time g(m) as m goes to infinity. Thus,
from the last inequality, to prove the statement we only have to care about

P(p! oy = Vmg(m) + 4/mg(m) , #An < 4/mg(m)) . (A1)

Also by Lemma 1 in Téth and Vetd (2008), we can fix o > 0 such that
max; <<, Ele*! 31] is finite. Choose a constant ¢ > 0 sufficiently large such
that

la— alo |njl
B ca + 4log (Io 1I<nja<>§0 Ele ]) <0.
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Therefore,

P(03 ey 2 eV/mgm) A < 4v/mglm) ) <

z€A,

< P30 S Tl = e mg(m), #Aw < 4y/mg(m) )

€A, j=1

4y/mg(m) |,
<P( Y Sy tlzeymglm) ) < eV (A
rx=1 j=1

where the last inequality follows from Chebyshev’s exponential inequality and the
independence of the processes n7%, = > 1.
Returning to the probability in (A.1), we have that

P(pm > Vmg(m) + 4\/mg(m) , #A, < 4y/mg(m)) =
= P(1} s (Vmg(m) + 43/mg(m) > 0. #A,. < 4+/mg(m))

g (m)+4x/mg(m)
- P( Z 77I_+7(IT,:1:71) > 07 #Am < 4\/@) .

=1
Let By, = {1 < z < y/mg(m) + 4y/mg(m) : © ¢ A,,}. By (A.2) the last term in
the previous expression is bounded above by e~ V/mg(m) plus
P( Z 771_+7(mT,w—1) > —cy/mg(m), #A, <4 \/mg(m)) .
TEBm,

For m sufficiently large such that 4 \/mg(m) > 1, the last probability is less or
equal to

44/mg(m)

> P(#An = 1) — ) x
P wt sy > e Jmglm) | #An = 4/mglm) — 7). (A3)

z€B,,

[

We will need the following claim whose proof is a straightforward exercise in
probability and is left to the reader:
Claim: If (W,,),>1 is a sequence of independent random variables such that
(i) sup,>; P(IWn| =y) < C el for some ¢,C > 0 not depending on y;
(ii) sup,>; E[W,] <0.
Then for every o > 0 sufficiently small

sup E[e®""] < 1,

n>1
and for every a, — +oo and r > 0 there exist C = C(a,(a,),r) and 8" =
B"(a, (an),r) such that

nany

P( ZWk >—rn an> < Ce=B"nan
k=1
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Apply the claim above with n = /m, a, = 2g(m) and r = ¢ by choosing
« > 0 appropriately, to show that (A.3) is bounded above by Ce=F"Vmg(m) for
some C, 5 > 0.

Appendix B. Proof of the Multivariate Local Central Limit Theorem

This appendix is devoted to the proof of Lemma 4.3. It follows the same steps
of the classical proof of the local central limit theorem for lattice distributions that
can be found for instance in Section 2.5 in Durrett (1991).

Let (&;);>1 be a sequence of iid random variables with mean zero, finite variance
0% and distribution concentrated on Z + 1/2. Denote its common characteristic
function by ¢. We are going to give an idea of the proof that

N—ooy vely

N N
lim sup ‘JNQP( _1/QZ§j:u7N_3/QZj§j:U)—67%(“2+3“2+3“”)
j=1 j=1

(B.1)

where Ly = {(u,v) : uN'? € Z + N/2,vN3/? € Z + N(N —1)/4}. From the
inversion formula for the Fourier transform we have that

N N
e*g%(u2+31)2+3u’u) and P<N—1/2 Zsj =u, N—3/2 Zjé-j — 7))
j=1 j=1

are respectively equal to

2
g /OO /OO e—itu—isv e_é(t2+ts+§>dtd8,
431 J oo J o

xN3/2 aN1/2
—ztu—isv
t,s)dtds,
47T2N2/ TN3/2 ~/—77N1/2 ¢N( )

where ¢y is the bivariate characteristic function of (N—1/2 Z;\le &,

N3/ 22 ", Jj&;). Therefore the absolute value expression in (B.1) is bounded
above by

and

aN1/2 (
(t,s)—e —g (Prest ‘dtds
47T2N2/7TN3/2/71'N1/2 (bN )

—5 (Pt ) g

where T'y = ([rN1/2, 7TN1/2] x [rN3/2, 7t N3/2])¢. The second integral clearly goes
to zero as N — oo. The first integral also goes to zero as N — oco. To prove this, it
is enough to apply the usual analytical methods applied to the study of convergence

plus
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of characteristic functions related to central limit theorems. Just to point out that
we get the proper constants, note that

N :
t VE

ZIOg(b(Nl/z + N3/2)
j=1

2 N .

o t 7s \2 1
= _?Z(N1/2+N3/2) +o(N™)

j=1
2 2

= f%(2+ts+%)+o(N*1).

We have that (B.1) follows from the claimed convergences.

1Og ¢N(t7 S)

From (B.1) applied to the sequence of iid random variables (r,).cz, we get
Lemma 4.3 by setting N = n + |z|, u = a/N'/? and v = b/N3/2.

Appendix C. Proof of Lemma 4.6

A priori we will prove a result about convolutions of ” Approximate discrete”
Gaussians. Not surprisingly these yield ” Approximate discrete” Gaussians. In the
. . 2 2
following we consider f(z) = ﬁe /2 and ®(z) = [Ze v/ ?du.
Lemma C.1. For given M, € € (0,00) with M > 1 and ¢ < ¢y << 1, there exists
0p < 00 so that for
og < o1 <02,

whenever positive sequences (§)kez and (Ck)kez satisfy

& l_ef(o%) for |k| < Moy

02

Y

and
1—c¢

01

Ck
then for all |z] < Mos/9,

S 2 (1= e) e (s )

Proof: We first note that uniformly over |z| < Moy, |y| < Moy, by the uniform
continuity of the function f, we have

z+y —y vHZ ot —u
150G = ama [ GG
02 o1 y—1/2 () 01
for oy sufficiently large. Thus for o1 large and |z| < Mo3/9, we have
1 Moi/241/2 u
I R | P (2
& 0201 J_Moy/2—1/2 02 01

which after standard manipulations is equal to

v

f(aﬁl) for |k| < Moy,

1 My/o?+03/02)/2+1/2 2
(1= =i (=) | f(u- =7 ) du
Vo2 + 03" \\Jo?+ 03/ J—m\JoTr02 jon)/2—1)2 o1+ 03
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From which the result follows. [

Now, for n and z fixed, put
& = P(S{L(ac) =k —an,|Y{"(x) = a)

and
G 1= P(S}(x) = k — dN.|Y3 () = ).
By Corollaries 4.4 and 4.5, we have that the sequences (§;)rez and (Cx)rez satisfy

the hypothesis of Lemma C.1 with M = ‘/§K7 o1 = \/%(1 + %)3/2n3/2 and
0y = \/Lﬁ 3/2. Now apply this lemma to obtain Lemma 4.6 noting that

0?4+ 02 = % + 0(n®?log(n)).

which is of the same order as 3, ~ O(n?).
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