ALEA, Lat. Am. J. Probab. Math. Stat. 11 (2), 781-822 (2014) #ﬁ@g

Convergence of clock processes on infinite graphs
and aging in Bouchaud’s asymmetric trap model
on Z°

Véronique Gayrard and Adéla Svejda

Aix Marseille Université, CNRS, Centrale Marseille, I2M UMR 7373, 13453, Marseille,
France
E-mail address: veronique.gayrard@math.cnrs.fr, veronique@gayrard.net

Faculty of Industrial Engineering and Management, Technion, 32000 Haifa, Israel
E-mail address: asvejda@technion.ac.il

Abstract. Using a method developed by Durrett and Resnick (1978) we establish
general criteria for the convergence of properly rescaled clock processes of random
dynamics in random environments on infinite graphs. This complements the re-
sults of Gayrard (2012), Bovier and Gayrard (2013), and Bovier et al. (2013): put
together these results provide a unified framework for proving convergence of clock
processes. As a first application we prove that Bouchaud’s asymmetric trap model
on Z? exhibits a normal aging behavior for all d > 2. Namely, we show that certain
two-time correlation functions, among which the classical probability to find the
process at the same site at two time points, converge, as the age of the process
diverges, to the distribution function of the arcsine law. As a byproduct we prove
that the fractional kinetics process ages.

1. Introduction and main results

This introduction is made of three parts. In the first we describe the general
setting and formulate the problems of interest. We state our abstract results in
Section 1.2. Section 1.3 contains the application to Bouchaud’s asymmetric trap
model.

1.1. Markov jump processes in random environments and clock processes. Let G =
(V, L) be a loop-free graph. The random environment is a collection of random
variables, {7(x),z € V}, defined on a common probability space (2, F,P), that are
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only assumed to be positive. On V we consider a continuous time Markov jump
process, X, with initial distribution p, whose jump rates (A(z,y))s,yev satisfy

T(@)A(z,y) =7y, 2), V(z,y) €L, zFy. (1.1)
This implies that X is reversible with respect to the random measure on V that
assigns to x € V the mass 7(z).

Clock processes of X have recently been at the center of attention in connection
with the study of aging and/or anomalous diffusions. Relevant questions on both
topics can be formulated by writing X as a time change of another Markov process
J,

X(t)=J(57(), t=0, (1.2)
and making judicious choices of S, the so-called clock process. Here S~ denotes the
generalized right continuous inverse of S. When studying aging the focus usually
is on the total time elapsed along trajectories of X of a given length. This is given
by the discrete time clock process

k—1
S(k) =Y AM(J(@)es, k=1, (1.3)
i=0
where J is the discrete time chain with transition probabilities
p(z,y) = ANz, y)/Mz) if (z,y) € L, (1.4)
and zero else,
AMz) = Zy:(%y)eﬁ AMz,y), x €V, (1.5)

is the inverse of the mean holding time of X at x, and {e;, ¢ = 0,1,2,...} is an
independent collection of i.i.d. mean one exponential random variables. Knowledge
of the large k behavior of S combined with relation (1.2) then allows to deduce
information on the long time behavior of the two-time correlation functions that
are used to quantify aging in theoretical physics. When interested in scaling limits
one looks at (1.2) from a different angle. One aims at expressing the process X as
a time change of another continuous time process, J, for which the usual functional
limit theorem holds. One is then naturally led to study the continuous time clock
process

S(t) = /O AN (s))ds, >0, (1.6)

where X(x) denotes the inverse of the mean holding time of J at z.

It emerged from the bulk of works carried out in the past decade that the oc-
currence of stable subordinators as the limit of properly rescaled clock processes
provides a basic mechanism for both aging and anomalous diffusive behaviors to
set in in two main types of models. The first are phenomenological models — the
so-called trap models of Bouchaud et al. Bouchaud (1992); Bouchaud and Dean
(1995); Rinn et al. (2000, 2001). Introduced in theoretical physics to account for
the phenomenon of aging then newly discovered in the physics of spin glasses, these
are simple Markov jump processes that describe the dynamics of spin glasses on
long time scales in terms of activated barrier crossing in landscapes made of ran-
dom ’traps’. Another class of models stems from looking at the actual dynamics of
microscopic spin glasses. Interesting such dynamics are Glauber dynamics on state
spaces V,, = {—1,1}" reversible with respect to the Gibbs measures associated to
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random Hamiltonians of mean-field spin glasses, such as the REM and p-spin SK
models.

The first connection between microscopic dynamics of spin systems and trap
models was made in Ben Arous et al. (2003a,b, 2002) for a variant of the Glauber
dynamics of the REM (the random hopping dynamics, hereafter RHD) on time
scales close to equilibrium, and extended in Ben Arous and Cerny (2008) to shorter
time scales (but still exponential in n). There it is shown that the properly rescaled
discrete time clock process (1.3) converges P-a.s. to a stable subordinator. These
results were partially extended to the p-spin SK models in Ben Arous et al. (2008),
for all p > 3 and in a range of exponentially long time scales, whereas it was shown
in Ben Arous and Giin (2012) that on sub-exponential times scales the clock process
no longer converges to a stable subordinator but to an extremal process, and this
for all p > 2; both these results were obtained in P-law only.

The field gained new momentum with the paper Gayrard (2012). Based on a
method developed by Durrett and Resnick (1978) in the late 70’s to prove functional
limit theorems for dependent random variables, a fresh view on the convergence
of clock processes in random environment was proposed and general criteria for
convergence of clock processes to subordinators were given. This allowed to improve
all earlier results on aging of the RHD of the REM Gayrard (2010) and p-spin SK
models Bovier and Gayrard (2013); Bovier et al. (2013), yielding P-a.s. results for
all p > 4 (in P-probability else), and paved the way for new advances Gayrard
(2015). In all the papers mentioned above clock processes are used to control
suitable time-time correlation functions, and aging is deduced.

Meanwhile, in a different line of research, an important class of trap models on
Z* known as Bouchaud’s asymmetric trap model (hereafter BATM) Rinn et al.
(2000, 2001) was fully investigated both from the view point of aging and scaling
limits, in different dimensions and for different values of the asymmetry parameter
0 € [0,1] (see Section 1.3 for the definition of BATM). In what follows we call
BTM the ’symmetric’ version of the model, obtained by setting § = 0. Aging was
first proved in the seminal paper Fontes et al. (2002) for BTM on Z, and extended
to BATM on Z in Ben Arous and Cerny (2005). Emphasis was first given to the
discrete clock process of BTM in Ben Arous and Cerny (2006), for d = 2, and later
in Ben Arous and Cerny (2007), for d > 2. In both these papers it is proved that
for suitable scalings, the clock process converges to a stable subordinator. This is
used in Ben Arous and Cerny (2006) to study aging via correlation functions, and
in Ben Arous and Cerny (2007) to prove convergence of the properly normalized
BTM to the so-called Fractional-Kinetics process (see (1.48)). More recently, Fontes
and Mathieu (2014) established aging for transient variants of BTM on Z? for all
d > 1. The continuous time clock process (1.6) came into play later, in the study
of BATM on Z¢, d > 2, Barlow and Cerny (2011a); Barlow and Zheng (2010);
Cerny (2011); Mourrat (2011). There, J is chosen as the so-called variable speed
random walk (hereafter VSRW), that is to say, the continuous time Markov chain
with rates A(z,y) = 7(z)A(z,y). This is a central object in the literature on
random conductance models and its scaling limit is well-understood (for the most
recent and strongest results see Barlow and Deuschel (2010) and Andres et al.
(2013)). Convergence of the rescaled clock process to a stable subordinator is
established in Barlow and Cerny (2011a); Cerny (2011); Mourrat (2011) under
various assumptions on d and using various techniques (see Section 1.3 for a detailed
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discussion). Consequences for the scaling limit of BATM are drawn but not, to our
knowledge, for correlation functions.

The question naturally arises as to whether the method put forward in Gayrard
(2012) could allow to make progress on this issue. How to implement it however
is not straightforward. The formulation of the general, abstract criteria for con-
vergence of clock processes of Gayrard (2012) and Bovier and Gayrard (2013) was
geared to the setting of sequences of finite graphs suited for dealing with mean field
spin glasses. Furthermore, in all applications, explicit use is made of the fact that
the discrete time chain J in (1.3) admits an invariant probability measure and is,
moreover, sufficiently fast mixing. In contrast, the arena of BATM on Z? is that of
dynamics on infinite graphs that do not admit of an invariant probability measure.

In the present paper we address this question in the general setting of Markov
jump processes on infinite graphs that satisfy (1.1). We formulate abstract sufficient
conditions for properly rescaled clock processes of the form (1.2) (both continuous
or discrete) to converge to stable subordinators. (It will be seen that the role of the
invariant measure is now played by a certain 'mean empirical measure’.) We then
apply this result to BATM for all d > 2. This, in turn, enables us to control several
(classical or natural) correlation functions through which the aging behavior of the
process can be characterized, and prove the existence of 'normal aging’.

1.2. Main results. In this paper, we consider continuous and discrete time clock
processes in a unified setting and introduce notations that allow to handle them
simultaneously. From now on let J be either a continuous or discrete time Markov
chain having transition probabilities (1.4) and initial distribution p. Continuous
time chains are assumed to be non-explosive (see Chapter 3.5 in Norris (1998)). To
a Markov chain J we associate a process £ = {{;(z),z € V,t > 0} and a sequence
A = {A\(z),z € V} defined as follows. When J is a continuous time Markov chain
Mz) is the holding time parameter of J at x and £,(z) is the local time

b(z) = fot Lr(s)=c ds, (1.7)

namely, the total time spent by J at z in the time interval [0,¢]. When J is a
discrete time Markov chain we set A(z) = 1. In this case ¢;(x) is defined through

b(z) = ZZU:JO eil )=z (1.8)

where {e;,i = 0,1,2,...} is a collection of i.i.d. mean one exponential random
variables independent of everything else. Observe that this is the local time of a
continuous time Markov chain whose mean holding times are identically one. The
clock process is then given by

STt =Y (@)X (), t>0. (1.9)
€V

Notice that this definition is consistent with (1.3) and (1.6). In particular, one can
check that the relation (1.2) between S”,.J, and X is satisfied. In the sequel we
write P, for the law of J and P, for the law of X with initial distribution u. We
also write P, = Ps, and P, = Ps,. We denote expectations with respect to P, and
P, respectively by &, and E,. Of course these are random measures on (2, F,P).
Let a, and ¢, be non-decreasing sequences. We think of ¢, as the time scale
on which the process X is observed, and of a,, as an auxiliary time scale for the
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Markov chain J. The question of interest now becomes to find conditions for the
re-scaled sequence

=, ' Y M@ (@) g, (@), >0, (1.10)
zeV

to converge weakly, as a sequence of random elements in the space D[0, 00) of cadlag
functions on [0, 00), P-almost surely in the random environment.

To answer this question we use a method developed by Durrett and Resnick Dur-
rett and Resnick (1978) that yields criteria for sums of correlated random variables
to converge that are particularly useful when applied to clock processes. Following
Bovier and Gayrard (2013), we will not apply it to S;/ directly but rather to a
‘blocked” version of S;/. Namely, we introduce a new sequence, #,,, chosen such
that 0,, < a,, and use it to define the block variables

k= Z Mz ) (Co () — Lo, k1)(2)) Kk >1. (1.11)
€V

The reason for this is that in many examples of interest, we do know that the jumps
of the limiting clock process do not come from isolated jumps of S but from
block variables, either because of strong local spatial correlations of the random
environment (as in spin glasses) or because of strong local temporal correlations of
the process J (as e.g. in BTM on Z?) or by a conjunction of these reasons. Set
kn(t) = | lant] /60, ]. The blocked clock process S;? is then defined by

o (8) =1
Sty = > Zl i+ 2y t=0. (1.12)
k=0

where the sum over k is zero whenever k, (t) —1<0, and
n 0 - Z /\ ( )
zeV

(note that this is non-zero for discrete time chains J only).
The convergence criteria we obtain bear on a small number of quantities that we
now introduce. For x € V and u > 0 let

Qu(x) =Ps (2, > u) (1.13)

be the tail distribution of Z;{ 1, starting in . For each fixed ¢ > 0, we construct a

probability measure on V through
k (t)—

wt(z) = E ( Z 140, )= ) zEV. (1.14)

This is the empirical measure induced by the sequence {J(k6,,),k = 1,... k,(t)—1},
averaged over P,. Note that Q¥ and ), are not random in the chain J. Using these

quantities, we define
vl (u,00) = ky(t) Z 7t (2)QY(z), (1.15)
eV

and

oh(u,00) = k() Y i (2)(Qs (). (1.16)

eV
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We are now ready to introduce the conditions of our main theorem. They are stated
for given sequences a,, ¢y, 0y, a given initial distribution p, and fixed w € Q.
(A-0) For all u > 0

lim P, (Z],+ 2], >u)=0. (1.17)

(A-1) For all t > 0 there exists ¢ < co such that, uniformly in z € V,

kn(t)—1
nh_}ngo ; P,(J(kb,) =) =0, (1.18)
and
kn(t)—1
lim_ ; P.(J(k6,) = ) < c. (1.19)

(A-2) There exists a sigma-finite measure v on (0,00) satisfying
JoS (L Ax)dr(z) < oo such that for all ¢ > 0 and all u > 0 such that v({u}) = 0,

li_)rn vt (u,00) = tv(u, ). (1.20)
(A-3) For all t > 0 and all w > 0 such that v({u}) =0,
li_>m ot (u,00) = 0. (1.21)

(A-4) For all t > 0,
lim limsup kn (t) Y 74 (2)€: 2 1 L(z7 <y = 0. (1.22)

e—=0 n 0o Japeny
Theorem 1.1. Assume that there exist sequences an,cy, and 0, and an initial
distribution p such that Conditions (A-0)-(A-4) are satisfied P-a.s. Then, P-a.s.,
as n — 0o,
Sht = v, (1.23)
where V,, is a subordinator with Lévy measure v and zero drift. Convergence holds
weakly in the space D[0,00) equipped with Skorohod’s Ji topology.

Let us emphasize that our statement is made for S/** and holds in the strong
J1 topology, which immediately implies that S; converges to the same limit in the
weaker M; topology. As we just explained (see discussion below (1.11)), in many
models of interest it is not true that S; converges in the .J; topology, but more
information than contained in M; statements can be obtained by introducing a
blocked clock process, S;*. (This is the case in the p-spin SK models Ben Arous
et al. (2008), Bovier and Gayrard (2013), and BTM on Z? Ben Arous and Cerny
(2006).) Of course in the case of continuous time clock processes, forming blocks is
needed in order to make sense of writing convergence to subordinators statements in
the J; topology. Let us finally stress that it is crucial for applications to correlation
functions to make statements that are valid in the J; topology (see the discussion
below (1.43)).

Let us comment on Conditions (A-0)-(A-4). Condition (A-0) is a condition on
the initial distribution and ensures that the initial increment S;**(0) converges to
zero as n — oo. Conditions (A-2)-(A-4) have the same form as Conditions (A2-
1)-(A3-1) in Bovier and Gayrard (2013) where sequences of finite state reversible
Markov jump processes are studied. There it is assumed that J,, admits a unique
invariant measure, m,, and 6, is chosen large compared to the mixing time of J,
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(see Condition (A1-1)). In the present setting, the empirical measure averaged over
P, replaces the measure 7,, and Condition (A-1) plays the same role as Condition
(A1-1). More precisely these conditions allow to replace J dependent, respectively
Jpn dependent, quantities by their average over P, respectively P, . We conclude
this discussion with a lemma that sheds light on the complementarity of Theorem
1.1 and Theorem 1.3 in Bovier and Gayrard (2013); indeed the former can only be
satisfied by J’s that are transient or null-recurrent whereas the latter is designed
for positive recurrent J’s.

Lemma 1.2. Let v € V. If x is transient then (1.18) and (1.19) are satisfied for
any 0, > 1, whereas if x is positive recurrent they cannot be satisfied. In particular,
(A-1) cannot hold if J admits an invariant probability measure.

When J is random in the random environment the conditions of Theorem 1.1 may
not be easy to handle. We now present an additional condition, (B-5), that enables
us to replace 7! in (A-2)-(A-4) by a deterministic probability measure 7,. In this
way, all the dependence on the random environment in (A-2)-(A-4) is confined to
the Q%’s. The following conditions, stated for given sequences ay, c,,0n, a given
initial distribution p, and for fixed w € €2, imply the conditions of Theorem 1.1.
(B-5) Set A, = {(z,k) : z €V, k€ [ky(t) — 1]}, where [m] = {0,...,m}. There
exists a sequence of functions h, : V — [0, 1] such that for all ¢ > 0 and all n € N,
the set A, can be decomposed into the disjoint union of two sets, AL and A2,
satisfying
|Bu(J (kbn) = x)) — hip,, ()]

lim su =0, 1.24
n—00 (z,k)gA; hie,, () (1.24)
and

Gim ST [P (k0,) = 2) — By, (2)|Q(x) =0, (1.25)

(z,k)e A2

. _ J _

nl;n;o( 2): 2 | Pu(J (k) = ) = hig, (2) |02} 1 L7 <oy = O (1.26)

z,k)EAZ

Observe that proving (1.24) corresponds to proving a uniform local central limit
theorem for J.
For each t > 0 we define the measure 7,, using h,,, through

kn(t)—1
(@) = (ka(t) ™" Y huo,(x), EV. (1.27)
k=1
By analogy with (1.15) and (1.16) we set for ¢ > 0, u > 0

74, (u,00) = k(1) Y 70 (2) Q5 (), (1.28)

z€Y
1 (u,00) = kn(t) Y 70, (2)(Qn(2))*. (1.29)

zeV

The next conditions are nothing but Conditions (A-2)-(A-4) with 7!, replaced
by 7.
(B-2) There exists a sigma-finite measure v on (0, 00) satisfying [ (1Az)dv(z) <
oo such that for all ¢ > 0 and all © > 0 such that v({u}) =0,
lim 7, (u,00) = tv(u,c0). (1.30)

n— oo
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(B-3) For all ¢ > 0 and all v > 0 such that v({u}) =0,

nlLrI;oEfL(u,m) =0. (1.31)
(B-4) For all t > 0,
R —t J _
gl_l’)r(l) llrir;solip kn(t) ;}ﬂn(x)gﬁzn,l]l{Z;{,lgs} =0. (1.32)

Theorem 1.3. Assume that there exist sequences a,,c,, and 0, and an initial
distribution p such that Conditions (A-0), (A-1), (B-2)-(B-5) are satisfied P-a.s.
Then, P-a.s.,

SHt = v, (1.33)

where V,, is a subordinator with Lévy measure v and zero drift. Convergence holds
weakly in the space D[0,00) equipped with Skorohod’s Jy topology.

The following lemma is instrumental in verifying the conditions of Theorem 1.1
or Theorem 1.3.

Lemma 1.4. Let v be a sigma finite measure on (0,00). Suppose that for given
G, Cpy Oy o and fized t > 0, u > 0 there exists Q7 (u,t) C Q with P(Q7 (u,t)) =1
such that, on Q7 (u,t), (A-0)-(A-4), respectively (B-2)-(B-5), are verified. Then, for
these sequences and this initial distribution (A-0)-(A-4), respectively (B-2)-(B-5),
are satisfied P-a.s. for all t > 0, u > 0.

1.3. Application to Bouchaud’s asymmetric trap model (BATM). We now use The-
orem 1.3 to prove aging in Bouchaud’s asymmetric trap model on Z%. Here V = Z<,
d > 2, L is the set of nearest neighbors on Z¢, and u = 6. The random environ-
ment, {T(x), T € Zd}, is a collection of i.i.d. random variables, with tail distribution
given by

Cu~(1+ L), ue (&o0),

1, u € (0,¢, (1.34)

P(r(0) > u) = {

where a € (0,1), ¢,C € (0,00) are constants, and L : (0,00) — R is a function that
obeys L(u) — 0 as u — 0o. We write o ~ y if z, y are nearest neighbors in Z¢. The
jump rates of X depend on a parameter, § € [0,1], and are given by

Na,y) = (17(2) " (r(@)r(y))’,  ifax~y, (1.35)

and zero else. Consider now the VSRW of this model, namely, the continuous time
Markov chain, J, with jump rates

A, y) = (r(x)7(y)?, ifz~y, (1.36)

and zero else. Our interest is in the continuous time clock process S”7 defined (as
n (1.9)) through

ST(t) =3 ,ev C(2)N )N (z) = Y owey be(@)7(2). (1.37)

Our first theorem states convergence of the blocked clock process, S/*, for appro-
priate choices of block lengths, 8, in the J; topology.
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Theorem 1.5. Let ¢,, = n and take

O, = n"1z—2+ (logn)”1g>s, (1.38)
an = n*(logn)' " Ngg + n*lg>3, (1.39)

where vo € (0,1/6),v3 > 12/(1 — «). Then, P-a.s., as n — oo,
SHt = v, (1.40)

where Vg, is a subordinator with Lévy measure v(u,00)=Ku~%, for K = K(d, «, 0) >
0, and zero drift. Convergence holds weakly in the space D[0,00) equipped with
Skorohod’s Jy topology.

All earlier papers dealing with the clock process S focused on proving scaling
limits for BATM. It was first proved in Barlow and Cerny (2011a) that the properly
rescaled process converges to a fractional kinetics process for d > 3. This was
extended to d = 2 in Cerny (2011). Shortly after Barlow and Cerny (2011a),
Mourrat (2011) gave an alternative proof of this result for d > 5. The method
of Barlow and Cerny (2011a); Cerny (2011) relies on blocking with block length
0, = en®. In contrast, Mourrat (2011) proposed a method of proof that does not
use blocking. Both approaches resulted in M; convergence for S;/. (Note that
because S” is a continuous time clock process, the method of Mourrat (2011) does
not allow to obtain J; convergence statements for S7 2

Let us comment on our choices of 6,,. Because J is recurrent when d = 2 and
transient otherwise two cases must be distinguished. When d = 2 we first remark
that (A-1) would be satisfied for any 6,, > logn. There, our constraint on 6,, comes
from (A-2)-(A-4). In the course of verifying these conditions one sees that ¢,, must
be chosen in such a way that the mean values of local times in the time interval
[0,0,] are of the order of logn. Since these mean values are of order log §,, we take
0, = n®2. When d > 3 Conditions (A-1)-(A-4) can a priori be verified for any
diverging 6,,. Here, the constraint (1.38) on 6,, comes from using precise heat kernel
estimates for J, taken from Barlow and Deuschel (2010), which are only valid for
large enough time intervals (of course this was already the case in d = 2).

We now present our results on aging. Theorem 1.5 allows to control several
correlation functions, which we now introduce. The first is the classical correlation
function

Cl(1,p) =P (X(s) = X(s(14p))), s>0, p>0, (1.41)
which is the probability that at the beginning and the end of the time interval
(s,s(1+ p)) the process is in the same site. The second correlation function is the
probability that during a certain time interval the process stays inside a ball of a
certain radius. Specifically, writing 05 = 0,

C2(1,p) = P (maX,e(s,s(14p)) | X (s) — X (v)| < (6510g65)/?), s >0, p>0.
(1.42)
Notice that C! and C? clearly contain different information. Our third and last
correlation function combines them both. For s > 0, p > 0 we define

C3(1,p) = P(X(s) = X(s(14p)), | max |X(s) = X(0)] < (6, log 95)1/2).
(1.43)

The proof of the next theorem relies on a well-known scheme, that goes back to
Ben Arous and Cerny (2008), that links aging to the arcsine law for subordinators
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through the convergence of the clock process SJ°. In this scheme, one aims at
deducing convergence of correlation functions from convergence of the overshoot
function of the blocked clock process, x(S;*). (The overshoot function of Y €
DJ0,00) is given by x.(Y) = Y (L, (Y)) — u, u > 0, where L, is the first passage
time (see (5.2) for a definition). ) For this, one needs x to be continuous with
respect to the topology in which S;** converges, and because this is only true in
the J; topology, it is all important that S/ converges in that topology.
Let Asl, denote the distribution function of the generalized arcsine law,

Aslg(u) = 829 (8(1 — z)~*2*tdz, u € [0,1]. (1.44)

Theorem 1.6. Let d > 2. Under the assumptions of Theorem 1.5, for i =1,2,3,
P-a.s.,
lim Ci(1,p) = Asl,(1/(1+p)), p>0. (1.45)
5§—00

As pointed out below Theorem 1.5, it was proved that the rescaled process
X (t) =a7V2X(st), t>0, (1.46)

converges to the fractional kinetics process. Observe that the radius of the balls in
(1.42) for which Theorem 1.6 holds is very small compared to the normalization of
X, namely, (05 logf,)'/? <« a;/ 2. From this and Theorem 1.6 one readily deduces
that the correlation function defined, for € > 0, by

05(17[)) =P (maxv€(1,1+/7) |X6(1) - X&(U)| < 6) , §> 07 p > O? (147)

converges to the arcsine distribution function. Interestingly, this, in turn, enables
us to deduce results on the aging behavior of the fractional kinetics process itself.
This is the content of Theorem 1.7 below. Recall that the fractional kinetics process
is defined by

Zgo(t) = Ba(Vy (), t>0, (1.48)
where By is a standard Brownian motion on R started in 0, V, is an a-stable
subordinator with zero drift that is independent of By, and V7 (t) = inf{v : V,,(v) >
t} its generalized right-continuous inverse. By analogy with (1.47) define

C*(1,p) = P (maxpe(1,14p) | Zaa(l) = Zaa(v)| <€), p>0. (1.49)
Theorem 1.7. Let d > 2. Under the assumptions of Theorem 1.5, P-a.s.,
lim lim C(1,p) = lim C*(1,p) = Aslo(1/(1 4+ p)), p>0. (1.50)
e—0s—=00 e—0

Remark 1.8. As a final remark notice that our results are only valid for d > 2. It is
known that the situation in d = 1 is completely different, see Fontes et al. (2002),
Ben Arous and Cerny (2005). The clock process converges to the integral of the
local time of a Brownian motion on R with respect to the so-called random speed
measure — a scaling limit of the random environment — and the scaling limit of X
is a singular diffusion on R; see e.g. Ben Arous and Cerny (2007) and Cerny (2011)
for further discussions.

The remainder of the paper is structured as follows. Section 2 contains the proof
of Theorem 1.1 and Theorem 1.3. In Section 3 we collect preparatory results for
the proof of Theorem 1.5. The latter is carried out in Section 4. Finally, Section 5
contains the proofs of Theorem 1.6 and Theorem 1.7. Two lemmata are proven in
the Appendix.
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2. Proof of Theorem 1.1 and Theorem 1.3

We now come to the proofs of the abstract theorems of Section 1. We first
prove Theorem 1.1. We then show that the conditions of Theorem 1.3 imply those
of Theorem 1.1, thereby proving Theorem 1.3. Finally, we prove the lemmata of
Section 1.

Proof of Theorem 1.1: As mentioned earlier, the proof is based on a result by Dur-
rett and Resnick (1978) that gives conditions for partial sum processes of dependent
random variables to converge. We use this result in a specialized form suitable for
our application that we take from Gayrard (2012), namely Theorem 2.1 p. 7.

Throughout we fix a realization w € € of the random environment but do not
make this explicit in the notation. We set

Sty =80t — (21, + Z],), t>o. (2.1)

Condition (A-0) ensures that §,{7b — 8% converges to zero, uniformly. Thus, we
must show that under Conditions (A-1)-(A-4)

Skt = v, (22)
This will follow if we can verify Conditions (D1)-(D3) of Theorem 2.1 in Gayrard
(2012) for S
For this, let {F,, x, k > 0} be an array of sigma algebras, where for k > 0, F,, j; is
generated by {/,(x), s < 0,k, x € Z?}. When J is continuous Fn,k is generated by
{J(s), s < O,k}, whereas when J is discrete F, i, is generated by {J(7), e;, i < 0,k}.
Note that for n, k > 1, Z’r{,k is Fy, 1 measurable and Fy, p—1 C F -
We first establish that Condition (D1) is satisfied. For ¢ > 0 and u > 0 we define
vlt(u,00) = Zl(f%l Pu (Z;{,k+1 > ]-'n,k) ) (2.3)
This conditions then states that for all w > 0 such that v({u}) =0 and all ¢ > 0
we have in P,-probability
lim,, o0 vt (u, 00) = tv(u, 00). (2.4)
By the Markov property, v;f(u,c0) can be rewritten as
Fon (£)—
vt (,00) = T30 T S e Laho, e Qi () = ku() X ey ml () Qi) (2:5)
where, for z € V,
Tt (@) = (ka(0) 7 020 ™ Lageo, )= (2.6)

denotes the empirical measure induced by the sequence {J(k6,),k =1,...,k,(t) —
1}. Taking the expectation with respect to P, (2.5) yields

Ewr (u,00) = kn(t) Y ey Eu (T (@) Qi (z) = vE (u, 00). (2.7)
Since (A-2) ensures that lim,, . v} (u,00) = tv(u, 00) it suffices to prove that

ILm P, (|1/;L]’t(u, 00) — v (u,00)| > &) =0, Ve > 0, (2.8)
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i.e. that we may replace 7;* by its mean value. We do this by means of a second
order Chebyshev inequality. For x,y € V and k,j € N write

with the convention that gx(y) = P,(J(k) = y). Then, on the one hand,

& (v (u, oo))2

u kn kn
e (Qu(@)? [kt (@) + 22420 S50 G, o (@,2)] (210)
+ 2% ey Q@A) TR T TI G, g0, (2,0,
and on the other hand,
(€l (u,00))”
u K (£)—2 ki
> 2%, (@) i X5 avo, (2)a50, () (211)
u u k kn

22X ey Qi@ ) DY S e, (@50, ()

Combining (2.10) and (2.11), we obtain that

Eu (v (u, oo))2 — (SMI/;{’t(u,oo))2

< Ufl(u,oo)
w 2 —kn(t)—2 =kn(t)—1 [~
ey QU)o 0 ke, g0, (2, %) — qre, ()50, ()]
u u kn(t)—2 kn(t)—1
+ Yoy Q@)@ T I [@ha, g0, (2,77) = o, (a0, (+1)

(I) + (IT) + (III). (2.12)

By (A-3), (I) tends to zero as n — oo. To bound (1), we drop the terms involving
aro,, (T)gj0, (z), and use the Markov property to write

UD) < ey (@Qu@)* S 2 O o, (2) P (J((G — k)Bn) = )
< Yoy QU@ SE 72 gr, (2) SE O P, (1(j6,) = )
< k() ey (Qu() il (x) SO Py (J(j6,) = )
< 0t (u,00) sup, ey S5 T Py (T(j00) = @) | (2.13)

By (A-1) and (A-3), (II) - 0 as n — oc.
Let us now show, using (A-1) and (A-2), that also (1) vanishes. Fix z € V,
k>1,and j > k+ 1. For every 2’ # x we bound the term Q% (z') by 1. Now

S atta Gt o, (1,07) = Pu(J(K0n) =, J (i0) # x) < Pu(J (k) = 2), (2.14)
and
S atpa B0, ()0, (27) = Pu(J (K0n) = 2) Pu(J (j6n) # ), (2.15)
so that, combining (2.14) and (2.15),
(II) < Y, Q@) p < (k) = @) S5m0 Pu(J (j6,) = @)
v (1, 00) sup,ey 352 T Pu(J(j6n) = o). (2.16)

IN
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By (A-2), v (u, o0) converges as n — 0o to tv(u, c0), which is a finite number. Thus
invoking (A-1), (IT) — 0 as n — oo. Inserting our bounds in (2.12), the variance of
vt (u, 00) tends to zero as n — oo. The verification of Condition (D1) is complete.

Next we show that Condition (D2) of Theorem 2.1 in Gayrard (2012) is satisfied.
For ¢t > 0, u > 0 we define

ot kn (8)—1 J ?
(1,00) = LR (P (2 pess > wlFak)) (2.17)
This condition then states that for all u > 0 such that v({u}) =0 and all ¢ > 0,
limy, 00 Py (07" (u,00) > €) =0, Ve > 0. (2.18)
By the Markov property,

ot (1, 00) = k(1) Ypep i (2) (Qi(2))”. (2.19)

The expectation of o;f(u,00) with respect to P, is equal to of,(u,00) and tends
by (A-3) to zero. Thus, Condition (D2) is satisfied.

It remains to verify Condition (D3) of Theorem 2.1 in Gayrard (2012). It is in
particular satisfied if

lim._,¢ limsup,,_, o Zk n(H)-1 &,z ki1lzy < =0. (2.20)
By the Markov property the left hand side of (2.20) is equal to the left hand side
of (1.22) and vanishes by (A-4). This proving that Condition (D3) is satisfied.
Therefore, the conditions of Theorem 2.1 in Gayrard (2012) are verified, and so
§;{’b = V,, where convergence holds weakly in the space D|0,c0) equipped with
Skorohod’s J; topology and V,, is a subordinator with Lévy measure v and zero
drift. O

In the verification of Condition (D1) of Theorem 2.1 in Gayrard (2012), more
precisely in the proof of the claim (IT), (III) — 0, one sees that Condition (A-1) is
used to replace 7t by its average over P,. This is to be contrasted with the setting
of Bovier and Gayrard (2013) where (II) and (III) vanish because J is already in
the invariant measure after 6,, steps, and hence for z,z’ € V and j > k the event
{J(kB,) = x} is essentially independent of {J(j6,) = '}.

Proof of Theorem 1.5: As in the proof of Theorem 1.1 we show that for given se-
quences an, ¢y, 0, a given initial distribution y and for fixed w € Q (B-2)-(B-5) =
(A-2)-(A-4). Since both Theorems require that the conditions are satisfied P-a.s. for
all ¢ > 0 and all v > 0, it suffices to consider a fixed realization w € Q and fixed
u > 0,t > 0. Let us first establish that, under the assumptions of Theorem 1.3,

limy, o0 |V (u, 00) = ¥, (u, 00) | = 0. (2.21)

By (B-2), (2.21) implies (A-2). Next

‘I/’fl(u7 OO) - ﬁfl(u, OO)
< Yewear [PUKO) =2) = heo, (2)|Q5 (2)
T Dameaz [P(J(kOn) = x) — hig, (2)|Q (x). (2.22)
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By (1.25) of (B-5) the second summand tends to zero. The first summand is smaller
than

|P(J (kbn) = x) — Do, (2)]

sup hye, ()@ (2)
(z,k)EA2 hio, () (g;,k)ze:ﬁ
< sup |P(J(k9n) = x) - hka"(x)lyfl(%oo), (2.23)
(z,k)€A2 hio, (2)

and (1.24) of (B-5) guarantees that it vanishes as n — oo, proving that (A-2) is
satisfied. To establish that

limy, o0 |0l (u, 00) — &%, (u, 00)| = 0, (2.24)

we proceed as in (2.22). Bounding Q¥(z) < 1, the claim of (2.24) follows from
(2.22)-(2.23) and (A-3) is satisfied as well. Condition (A-4) follows in a similar
way. This finishes the proof of Theorem 1.3. O

Proof of Lemma 1.2: Let us show that (1.18) and (1.19) are always satisfied for
transient = and never for positive recurrent x. Since the ideas of proof are similar,
we restrict ourselves to continuous time J’s. Let x € V be transient. Then, for
p € {0z, u} and any 6, > 1,

limy, o0 fo- Pur(J(t) = 2)dt = 0. (2.25)

Now, for all s < t, Py(J(t) =x) > Py (J(t —s) =x) exp(—sA~1(z)), and so

kn (t)— kn(8)—1 pkOn+1
O P (T (k) =) = O [T P (T (R0,) = @)t
< AW 2P (I(t) = )t (2.26)

which by (2.25) tends to zero. This proves that (1.18) and (1.19) hold for transient
x € V.

Since (1.19) can only be satisfied if P, (J(t) = ) — 0 and since by Theorem
1.8.3 in Norris (1998) limy_ oo Py (J(t) = ) > 0 for positive recurrent z € V, (A-1)
cannot hold for positive recurrent z € V. By Theorem 3.5.3 in Norris (1998) this
also proves that (A-1) cannot hold for J that admit for an invariant probability
measure. |

Proof of Lemma 1./: Since the proofs are the same, we only prove the claim for
(A-0)-(A-4). Assume that (A-0)-(A-4) are satisfied P-a.s. for fixed v > 0, t >
0 and given ay,,cy,0,, and p. We construct a set 27 C Q of full measure on
which (A-0)-(A-4) are satisfied for all w > 0, ¢ > 0. The sums on the left hand
sides of (1.18), (1.19), (1.22), and the quantities v/{ (u,00), and ¢! (u,oc) depend
on t through k,(t)7!(z), * € V, which is increasing in ¢. Moreover, as sums
of tail distributions, the quantities P,(S;*(0) > u), v} (u,o0), and of (u,oc0) are
decreasing in w. The right hand sides of (1.18)-(1.22) are continuous in ¢. The
only right hand side that depends on u is that of (1.20) and in (A-2) we require
that (1.20) holds for all continuity points of the mapping w +— v(u,o00). Thus,
Q7 = Ny1>0,0€0,ue0.0({u})=0 7 (u, ) € Q is of full measure and (A-0)-(A-4) hold
true for all w > 0 and all t > 0 on Q7. The proof of Lemma 1.4 is finished. O
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3. Application to BATM

This section and the next are devoted to the proof of Theorem 1.5. In the present
section we derive new conditions that imply (B-2)-(B-5) and are specific to BATM.
We also show that (A-0) and (A-1) hold true for BATM. In Section 4 we prove that
these new conditions are satisfied and give the conclusion of the proof.

3.1. The VSRW. We collect results for J that are used in the proof of Theorem
1.5. The VSRW is a well-studied Markov jump process in random environment
(see Barlow and Deuschel (2010); Barlow and Cerny (2011a); Cerny (2011); Andres
et al. (2013), and the references therein). The proof of Theorem 1.5 relies heavily
on very precise results for J that can be found in Barlow and Deuschel (2010). The
results that we are using repeatedly concern the heat kernel, which we now define.
For z,y € Z% and t > 0 the heat kernel is given by

a(z,y) = Pu(J(t) = ). (3.1)

The bounds for g:(z,y) that are contained in Barlow and Deuschel (2010) allow us
to control all hitting, local, and exit times of vertices and balls that we need for
the proof of Theorem 1.5. Moreover, we use the local central limit theorem which
can be found in Barlow and Deuschel (2010). Note that in virtue of Theorem 6.1
in Barlow and Deuschel (2010) and Lemma 9.1 in Barlow and Cerny (2011a), these
theorems apply in the present setting. We denote by | - | the Euclidean distance.
For convenience, we restate Theorem 1.2 (a)-(c) (heat kernel bounds) and Theorem
5.14 (uniform local central limit theorem) from Barlow and Deuschel (2010).

Theorem 3.1. There exists ¢; € (0,00) such that for all z,y € Z¢ and t > 0,
a(z,y) < ert™ 2. (3.2)

There exist identically distributed random variables {Uy}ycze whose distribution
satisfies

P(U, > v) < ¢ exp(—cov'/?), v >0, (3.3)
where c1,cg € (0,00), and such that we have
qt(z,y) < clt_d/2e_c2|””_y|{1/\|w_y‘t71}, if |z —y| V2> U, (3.4)
qt(z,y) > crt = 2emelemyP T ey s U2V |z —y|*3. (3.5)
For x € R? write || = (|z1],...,|za]). There exists ¢, > 0 such that, for T >0,

d/26—|z|2/20vt

lim sup sup’nd/qu(O, [n'/2z]) — (2meyt) =0, P-as. (3.6)

n=00 peRd t>T
For z € Z%, define
An(x) = {w € Q:supy.p,y<2a, Uy < co(logan)?}; (3.7
by convention A4,(0) = A,. By (3.3), there exists ¢y € (0,00) such that P(AS) <
c1n~V2d)  Therefore, writing
A= Un21 ﬂmzn A, (3.8)

we have by Borel-Cantelli Lemma that P(A) = 1. On the event A, we have for
all but finitely many n that supy.,|<aq, Uy < co(log a,)®. We will make use of

Theorem 3.1 on the events A, and A. Whenever we do so, we check whether,
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given z,y such that |z|,|y| < a, and t > 0, |z — y| A t1/2 > ¢y(logay,,)? or t1/2 >
co(log an)® V [ — y[*/3.

We now state two lemmata that are needed in the proof of Theorem 1.5. Their
proofs are postponed to the appendix. The first concerns the distribution of the
exit times of certain balls. We denote by B,.(z) the ball of radius r centered at ;
by convention B, = B,(0). We write n(B,(z)) for the exit time of B,(x).

Lemma 3.2. Leta, be asin (1.39). There exists c4 € (0,00) such that the following
holds. For all sequences my, ry, such that my > c3r,(loga,)® and a, > m,, on the
event Ay,

Px(n(Bm, (I’)) < mn) < 6*647”72,,'”’7«;1’ Vi e Ba"' (39)
For all sequences my,,r, such that an, > 1, > co(logan)?’ and my, > 37“,21, on the

event Ay,
2 —1
=

P.(n(Br, () > my) < e " "n N € B,,. (3.10)

The second lemma provides bounds on the expected number of different sites
that J visits in certain time intervals. Given an increasing sequence of integers,
my,, we define the range of J in the time interval [0, m,] as

Rmn = Zyeld ]]-a(y)gmnv (3.11)
where o(y) = inf{t > 0: J(t) = y} is the hitting time of y.

Lemma 3.3. Let m,, be such that a,, > m,, > cZ(loga,)®. There exists c5 € (0,00)
such that the following holds for n large enough. For d > 2 and k € {1,2},

EE,RE, <5 (mn(log mp) Flg—g + m,ll/k]ldzz),) . (3.12)
Moreover, for d = 2 there exists fm, : (0,00) = (0,00) such that, on the event A,

P(o(x) <my) < fm,(|z]), forallz € By,,, (3.13)

and fp,, satisfies
Sen,, (Fmo(2])" < csma(logm,) ™, ke {1,2,4}. (3.14)

Notice that by our choices of #,, we may use Lemma 3.3 for m,, > 02 for 6 > 1/2.

3.2. Specializing Theorem 1.3 for BATM. In this section we specialize Theorem 1.3
to the setting of BATM. More precisely, we will not study S:-* directly, but another

—J.b . . . .
process, S, , to which only those x contribute for which 7(x) is ’large enough’. For
x € 74 we set

Yulz) = ;7 (). (3.15)
Let €,(d) = (log,) 801,45 + 951/3116523 and denote the collection of ’large’

traps by T}, = {z € Z¢ : v,,(z) > €, maxy~, 7(y) < egz/“}. Then,

< b n(t)—
S (8) = Yur 0TS (@) Laer, (o, h1) (%) — bo,(2)), t>0,  (3.16)
where 4;(y) = fot 1y (s)=yds-

. . —J,b .
Roughly speaking, the following lemma states that, P-a.s., S, is a good approx-
imation for S/**. To simplify notation, we write P = Py, respectively P = Py.

Lemma 3.4. P-a.s., limsup,, , ., P(poo(S;{’b,gi’b) > 0,) = 0, where 0, = L2,
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Proof: By definition of p., it suffices to show this result with p., replaced by p,,
Skorohod’s J; metric on D[0,r], for all > 0. For convenience we take r = 1 and
we get

—Jb

PS40 =8, (1) > 8) = P(f3" (T () Looer, > da)

< P TGN yyer, m (J(ayy<est > On)
+ P(Er e 2% yu(w) > 6" o, (@) > 0). (3.17)

To shorten notation, set B, = T¢N{y € Z¢ : v,(y) < €,'}. Using a first order
Chebyshev inequality to bound the first term in the right hand side of (3.17) and
Boole’s inequality for the second, we get that their sum is bounded above by

5;1 0“" E’Yn(J(S))]lJ(s)eBndS + erzd P(éan (LE) > O)]l,yn(m)>6;1. (3.18)

In order to establish that (3.18) tends P-a.s. to zero, let us first consider sub-
sequences of the form ¢y, = exp(N + r) for r € [0,1] and establish that, uni-
formly in » € [0,1), (3.18) tends P-a.s. to zero as N — oo. Since ¢, = n =
exp(|logn| + (logn — [logn|)) this implies that (3.18) vanishes P-a.s. as n — oc.
To ease notation we write ay,, = Gexp(n+r) for r € [0,1] and N € N, and use the
same abbreviation for all n dependent quantities.

Now, the first summand in (3.18) satisfies

SUD,e(0,1) Ontr 2oye By » Elan,e TN () S ONL Y epn, Ebans ()TN 0(), (3.19)

and the supremum over r € [0,1) of the second is bounded above by

Zmezd P(éaN,l('r) > O)]]'WN,O(I)>6§}1 < Zm P(maxywz gaN,l(y) > O>]]"‘/N70(‘E)>6;r‘11'
(3.20)
The lemma will be proven if we can show that the sum of the expectation of the
right hand side of (3.19) and (3.20) with respect to the random environment, that
is

Z:c 51\1,11}3[5601\7,1(x)'YN,O(x)]lxeBN)l]
2, E[P(lay,, (2) > 0)]P(7x,0(0) > ex}),
tends to zero fast enough. Notice that the second sum in (3.21) bounds (3.20)

because P(maxy~ lay,(y) > 0) is independent of yn o(z). By (3.12) of Lemma
3.3, the second sum in (3.21) is bounded above by

(3.21)

csan,1cypen,1(1/logan 1la=2 + Lax3) < €} 1, (3.22)

which is summable in N. We now decompose the first sum in (3.21) into three

sums according to the size of |z|. Namely, we set D1 = Bejuogay.,)ss D2 =

B 1) \ Dy, and D3 = (Bal/z )¢. When = € D;, we know by
N,

an loglogan,1 1 loglogan, 1

(3.2) of Theorem 3.1 that £4, ,(x) < c1logan,1, and so

1 Zm€D1E[geanl(x)ny’O(x)]]'WEBN,l] < 01\D1|logaN,lE[,yN’O(O)]lOEBN,J. (323)

ON,1 ON,1

One can check that Eyno(0)Loepy, < ccyiens', and so (3.23) is smaller than,

say, c&al/ ® which is summable in N. For z € Ds we derive from (3.4) and (3.2)
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of Theorem 3.1 that, £€4, , (z) < e—e2lrl’/ana 4 og an,11y,>|z- Thus, by (3.3) of
Theorem 3.1,

ﬁ z€Ds ]E[géaj\m(x)’YN,O(l‘)]]-JUEBNJ]

c z€D3{e—cz/2lwl2/amcﬁ+e];}{“1ogaN,1P(Ux>|x|)} (3.24)

ON,1

IN

—c’(loglog a 2
< e (ggNJ)’

which is summable in N. Finally, let € Dy. Let Ay = Acxpnv+1)(0) be as in
(3.7). In order to bound the contribution to the first sum in (3.21) coming from Do
we distinguish between the events Ay 1 and Af ;. By definition of By,1, we have
that

_1
ON,1

< PUE [Lag, Coep, Elava (@) S anaP(A%,) Soph.  (325)

ON,1

2€Dy E |:5€aN‘1 ($)7N,0($)ILI€BN,1 ]lA?\m

On Ay, we have by (3.1) of Theorem 3.1 that £y, , (z) < cs|z|>~? if d > 3, and
Elay,(r) < cologan, if d = 2, and so,

_1
ON,1

z€Do E [EEGNJ (33)’7N,0 (l‘)]‘weBN,l ]]‘AN,I]

oY es nien (1217 Lazs +log an, Ta=z)

1/2
¢ —a l—ax—9n1loglogan
SN iCNAENT 2ok=1 k’(]ldzg +logan1lg—2)

< dem!NT1%log N, (3.26)

where ¢, ¢ € (0,00) and where the last line follows from (1.38), (1.39), and the

construction of ¢y . Collecting (3.22)-(3.26), the proof of Lemma 3.4 is complete.
(]

. , . ”» —J,b
Using Theorem 1.3, we can derive new conditions for the process S, to converge.
To present these conditions, we introduce the following quantities. For x,y € Z<,
u >0, and € > 0 we define

Qn(z,y) = Pu(lo, y)nl(y) > u,n(By, (x)) > 0,) Lyer,, (3.27)
My (z,y) Ex (Lo, W)V (W)L, (w)to,, ()<< Ln(Bo, (2))>6, ) Lyer, - (3.28)

Note that Q¥(x,y) = M:i(x,y) = 0 for y ¢ By, (x). For t > 0 we set d,(t) =
lant|'/?log|ant]. For n € N and 2 € Z% we take h,(zr) = EP(J(n) = z). Thus,
7t (r) = Exl (x). By analogy with (1.28) and (1.29) we write, for u > 0, ¢ > 0,

74 (11,00) = on (1) Sy, ) T (2) X e Q) (3.29)
and
7, (1.00) = knt) Sy, 7o) Syenn( @il v) (3.30)
We also define for e > 0, ¢ >0
(€)= kat) Sacn,, ) Ta®) T yend Mi (. 0), (3.31)

and finally we introduce for € > 0 the set
B, = {(x,k) € Bg, ) x [ka(t) — 1]\ {0} : |z|? < ekb,,, |z|® > kb, /c}.  (3.32)

We are now ready to present our new conditions. They are stated for fixed w € .



Clock processes on infinite graphs 799

(C-2) For allu>0,t>0

lim,, s 00 7f (1, 00) = tKu™ 2. (3.33)
(C-3) Forallu>0,t>0
lim,, 00 0% (u, 00) = 0. (3.34)
(C-4) For all t > 0 there exists C(t) > 0 such that for alle >0
limsup,,_, . mL (e) < C(t)el~. (3.35)

(C-5) For all u > 0, t > 0, ¢ > 0 there exists C(u,t) € (0,00) and N(e) such
that for n > N(e),

ST S (k) Pem el 0 Qu (2 y) < C(u,t)e, (3.36)
(z,k)EB, Y

ST S k)2 ela RO pE (2 ) < C(u, te (3.37)
(z,k)EB, Y

Proposition 3.5. Assume that Conditions (C-2)-(C-5) are satisfied P-a.s. for fized
u>0,t>0, and e > 0. Then, P-a.s., ?i’b N Vu, as n — oo, where L. denotes
weak convergence in the space D[0,00) equipped with Skorohod’s Jy topology.

The next lemma gives us a very helpful bound for 7/, (x) which we will use in the
proof of Proposition 3.5 and in the following sections.

Lemma 3.6. There exists c3 € (0,00) such that for all t > 0 and large enough n
we have that if d > 3,

_ . 1/2
—t _1 ) es(lz[ v 1)*e, if |z| < an'"log by,
Tp(z) < (kn(t)0h) {03|x2d61 /20080, e, (3.38)
and if d =2,
_ _ log(an/|z|?) V (loglog an)), if |z| < at/*logloga
7 (@) < (kn(8)60,) " 2 U108(an ) ™ (3.39
(@) < (Ra0)7 | Zea 2togtonan?, i oglogay < |al. )

We first prove Proposition 3.5 assuming Lemma 3.6 and the lemma next.

Proof of Proposition 3.5: Let us apply Theorem 1.3 to ?i’b. By Lemma 1.4 it
suffices to prove that the conditions of Theorem 1.3 are verified P-a.s. for fixed
u>0,t>0,and € > 0.

We first prove that Condition (A-1) is satisfied. By (3.2) of Theorem 3.1 we have
for all w € Q, all z,y € Z%, and all t > 0,

0 e, (2,1) < S0 er(0,k) Y2 < 0,1 S D ekt < 26, 198208 (3.40)

By (1.38) and (1.39) this vanishes as n — oo, and hence (A-1) is satisfied P-a.s.

To verify (A-0) and establish that (C-2)-(C-4) = (B-2)-(B-4) we proceed as in
the proof of Lemma 3.4 and consider subsequence ¢y, = exp(N + r) first (see the
paragraph below (3.18)). Since 71{/%1 = sezd (@) leer, Loy, () 1S zero unless
there is y € T, for which fo, (y) > 0,

—J
SUPreio,1) P(ZN,T,l > U) < P(U(BQQI’V{Z;) < 9N,1) + Zy;|y‘59§v<§ ]]'yETN,O’ (3-41)
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By definition of A (see (3.8)) and Lemma3.2, the first term in the right hand side
of (3.41) tends P-a.s. to zero. The second term in the right hand side of (3.41) is
bounded above, when taking expectation with respect to the random environment,
by 0?\?/146;\70661\, o- This is summable in N and hence (A-0) is satisfied P-a.s.

We establish now that (C-2)-(C-4) = (B-2)-(B-4). First we prove that (C-2) =
(B-2), i.e. that sup,.co 1) [Py,,.(u, 00) — D ,.(u, 00)] tends P-a.s. to zero as N — oo.
We have that

SUP,.0,1) [Py (,00) — Uiy, (u,00)| < A} + AR + AR (3.42)
where
Ay = sup kno(t) > Ty, (@), (3.43)
ref0,1) ©¢Bay (1
D% = swp kn,(t) S Fr,(@)P(n(Bay, (@) <Ox.)  (3.44)
rel0,1) xEBdNJ.(t)
A} = sup kn () Z W?VT( ) Z lyyery,  (3.45)
relo.1) €Bay (1) vy le—ylle—y |<0n

Let us now prove that, P-a.s., A% vanishes for i = 1,2,3 as N — co. We have that

knr(t)—1
Ay = SUPrelo,1) >kt “- ZngdN o EP(J(kOn,) = x)

< Y Y EP(Bayo) < ko)

< kna(t)e 400 + ko (HP(AS ), (3.46)
where we used (3.9) of Lemma 3.2 on An1 = Aep(n1) in the last step. By
construction, kn,1(t)P(A% ;) < exp(—cN), and so (3.46) is bounded above by
exp(—cN). Thus, P-a.s., AL, — 0. The same arguments yield that P-a.s., A% — 0.
Finally, writing

ﬁg\f (.’17) = SUPre[0,1) ﬁ15\/',T (.’L‘), (347)

we get by a first order Chebyshev inequality that

k t —
P(AY >e) < POF p o TNE@ S, e 0upy Ellyyen,)- (3:48)

By Lemma 3.6 one can show that the sum over z € By, ) of T (z) is bounded
above by cs(loglogan,1)®. The sum over y,y’ € By, , in (3.48) is equal to
9%7101}?56N?5. Thus, P (A% >¢) < c&%/‘l. This is summable in N, and so, P-
a.s, A3 — 0. Therefore, (C-2) = (B-2). In a similar way one can show that (C-3)
= (B-3). We now prove that (C-4) = (B-4). Observe that for r € [0,1),

—J
> Tl {ZN,r,lﬂzfv ) lga}

z€Z3
<A +O%+ Y T @E[ZRalsy  aay, @)5ox - (3:49)

IGBdN,rU)

By (3.46), AL, A% — 0. It remains to establish that for all r € [0,1), miy () is
an upper bound for the last term in the right hand side of (3.49). This term is
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equal to

erBde(t) ﬁ5\7,1”(‘r) ZyeZdﬁTNyr gI [’Yn (y)geN,r (y) ]ljéﬂﬂ‘lSs]lﬂ(BgNyT(I))>9N,rj| .
(3.50)
Since {71{77r,1 < e} C {loy, (W) m(y) < e} for all y € Z? for which 4y, (y) > 0,
mly..(¢) bounds the last term in the right hand side of (3.49) from above. Thus,
(C-4) = (B-4).
Finally we prove that (C-5) = (B-5). The local central limit theorem (3.6) of
Theorem 3.1 implies that P-a.s., for AL = {(z,k) : k > 1,|z|? € (ckb,,, k0, /¢)},

10 soe SUD(s, )€ | (0) 2, () — (2me, )2/ ek00 | — 0, (3.51)

where q;(z) = ¢;(0,z). By (3.3) of Theorem 3.1, (k6,,)%?qpo, (x) < ¢ for all z € Z¢,
k € N and so, by bounded convergence,

li e SUD o pyc.at, [(k60) /2, (2) — (2, )4/ 2e o/ ekt — 0, (3.52)
where h,(z) = Eg,(x). Thus, P-a.s.,

|9k, () —hkoy ()| _

limy, 00 SUP (4 k) c.at o (o) ) (3.53)
proving that (1.24) is satisfied for AL. Hence, it suffices to verify (1.25) and (1.26)
for the set A2 = Z¢ x [k, (t) — 1]\ AL. The set A2 is the disjoint union of [k, (t) —
1] x Z%\ By, ) and By,. Let us now verify (1.25) and (1.26) for each of these
sets separately. Since AL — 0, P-a.s., we know that [k,(t) — 1] x Z¢\ Bqg, @)
satisfies (1.25) and (1.26). By (3.4) of Theorem 3.1 we have that on the event A,
ko, (2) < c1(k/0,) "4 2e 221 /Kon for all - € By, () and all k > 1. By construction,
P(A7)|Ba, )] < a¥?n=(4Vd) « n=2 which is summable in n. Thus, by Borel-
Cantelli Lemma, (C-5) implies (1.25) and (1.26) for B,,. Thus, (C-5) = (B-5). The
proof of Proposition 3.5 is complete. O

Proof of Lemma 3.6: Let us construct a bound on 7. By (3.4) of Theorem 3.1 we
have

E(r,,(2)1u, <o)
kn(t)—1 — —colx n Lz][/0n]A1  _colz
<k (R, (BO) 4/ 2emcslal/ (0 y I/ INY o ealel)
— ant - —colz|?s™ !
< ci(kn(t)8y) 1f1/2|x\v9n8 d/2g=c2l2ls™" gs, (3.54)

with the convention that 22:1 = 0. Let d > 3 first. We substitute u = cp|z|?s*
and get

E(m,(2)1u,<0,) < " (kn(8)0n) " a|? T (d/2 = 2, |2]?/an), (3.55)

where ¢’ € (0,00). By (3.3), Enl(z)1y, e, < cre=20%"* and so, taking cg large
enough we get that (3.38) holds. Now let d = 2. An asymptotic analysis reveals in
(3.54) that for |z| < y/a,/loga, we have for some ¢’ € (0,00) that

E(my, (2)1v, <6,) < ¢ (kn(t)0,) " log(an/|z[?). (3.56)
Moreover, when |z| > /a, loglog a,, E(7} (z)1y,<g,) < e—e2/2lz*/an  Gince (3.54)
is a decreasing function of |z|, we may bound E(r}(z)1y,<g,) < logloga, for

x| € [v/an/log ay, /a, loglog a,]. Since Ext (z)1y, vg, < cle’c2/293/3, this proves
n x n
(3.39). This finishes the proof of Lemma 3.6. O
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4. Verification of Conditions (C-2)-(C-5)

In this section we show that (C-2)-(C-5) are satisfied. Let u > 0, t > 0 and
e > 0 be fixed. In Section 4.1 we establish that lim, ., EV (u,00) = tv(u,00).
Next, in Section 4.2, we prove that P-a.s., lim, s % (u, 00) = tv(u, c0). In Section
1.3 we prove that lim,,_, « Eo? (u,00) = 0 and show that, P-a.s. &¢ (u, 00) tends to
zero. In Section 4.4 we establish that Em! (¢) < C(t)e'~* and show that m! (¢)
concentrates P-a.s. around its mean value. We verify Condition (C-5) in Section
4.4. Finally, we conclude the proof of Theorem 1.3 in Section 4.5.

4.1. Convergence of Ev! (u,00). This section is devoted to the proof of convergence
of Ev¢ (u,00), which is the most demanding part of the proof of Theorem 1.3.
Lemma 4.1. For allu > 0, t > 0, lim,, o BV, (u, 00) = tv(u, 00).

Proof of Lemma /.1: Since the 7’s are identically distributed we have

> yeza BQR(z,y) =32, 20 EQR(0,y), Vo € By, (1) (4.1)
The statement of the lemma is thus equivalent to
limy, 00 ki (t) D2, cz0 EQR (0, y) = tv(u,00), Vu >0, V¢ > 0. (4.2)

In view of (3.27), the sum in (4.2) is over y € By, . In fact, we can restrict it to

y € By, \ {0} because EQ,(0,0) < E(lper,) = ¢,%,* < k,(t). Also, we have

that

P(A)E(7}, (u,00)|An) < EV,(u, 00) < P(An)E(T}, (u,00)|An) + kn (1) 05 P(AS),

(4.3)

where A,, is as in (3.7) and satisfies k, (t)0¢P(AS) < c1a,03"tn=5. Therefore, it

suffices to calculate E(7}, (u,00)|Ay,). Let us also distinguish two cases depending

on whether d > 3 or d = 2.

Case 1. Let d > 3 and take y € By, \ {0}. Set k(6,) = 0,(log6,)~! and

h(0,) = 0, — k(0,). By the Markov property, writing f,(,) for the density function

of the hitting time, o(y), of y, we have on A,

P (o, (y)yn(y) > u,n(Be,) > On)
I3 Fotw) Py (Lo~ () 1a(y) > w)dt — P(1(Bs,) < 6)
I Fot (D8 Py (Lo, iny) > w) = s
P(o(y) < h(0n)) Py(lugo,) @)1a(y) > w) — =0, (4.4)
where we used (3.9) of Lemma 3.2 in the second step. We first deal with the second
probability in (4.4). Setting B} = Bm(log en)_Q(y) we have,
Py(lo) @)1 (y) > 1) = Py(lymz) ) (y) > u,n(By) < k(6n))
> Pyl )1 (y) > u) = Py(n(By) > k(0)). (4.5)

By (3.10) of Lemma 3.2, on A,,, the second term in (4.5) is smaller than e~¢4(1°8 0n)"
To bound the first term in (4.5) we use the well-know fact that when J starts in y,
Ly(B1y(y) is exponentially distributed. Let

Bl
gB}q (y) = Ey |:f0n( n @) ]lJ(s)zde] (46)

AVARNVS
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denote the mean value of £, p1)(y). Eq. (4.4) then becomes

Py (lutony W1aly) > ) 2 (PO 0) st (47
and we get
Qu(0,y) > P(o(y) < h(en))(efu(vn(y)g%(y)) _ 67c4(log0n)2)]lyETn. (4.8)
To get an upper bound we write (using the Markov property)
P(lo, (y)1m(y) > u,n(Bs,) > 0n) < Plly, (y)n(y) > u)

foen foty)®)Py (Lo, —t(y)n(y) > u)dt
P (a(y) < 0,) Pyle, (¥)m(y) >u). (4.9)

Set B2 = B /57 10g0, (¥)- By (3.9) of Lemma 3.2 we know on A,, that J exits B2
log On)2

—1

IN

before time #,, with a probability smaller than e~¢4(

(4.5)
QZ(O,y) < P(O’(y) < en) (efu(vn(y)gB% (?J))_1 + 6764(log9n)2)1yeTn (4'10)

. Thus, proceeding as in

The contribution to E7 (u,00) coming from the error terms exp(—c4(log,,)?) in
(4.8) and (4.10) is negligible because

kn () 221y <0, E[1yer, e c100800)%) « e=ca/20080n)%, (4.11)

To calculate E(Q%(0,y)|Ay), we distinguish whether # > 0 or # = 0. In the first
case several objects depend on the random environment: the distribution of o (y),
the mean local time gp: (y), and 7, (y). Thus we first seek upper and lower bounds
on the distribution of o(y) and on gp: (y) that are independent of ~,,(y). Moreover,
we look for upper and lower bounds for gg: (y) that are independent of n.

Let us begin with bounds for P (o(y) < 6,,). We show now that we may approx-
imate the distribution of o(y) by that of miny ., o(y’), which is independent of
Yn(y). Since y # 0 we know that min, ., o(y’) < o(y), implying that

P(o(y) < 6,) < P(ming ., o(y’) < 6,). (4.12)
By the definition of 7,, we know that all the traps in the neighborhood y € T;, have
2/

%, This implies that, as soon as .J visits a neighbor 3 of v,
it jumps to y with probability larger than 1 — Zd(eﬁz/acgl)e. This term goes to 1

when 6 > 0 and we get, for all ¢ > 0 and 3’ ~ y, that
Py <o(y) < h(,)) < 2% 0 <« ¢ (4.13)

size smaller than ¢,

Thus,
P (o(y) < h(0) Lyer, > (P (mingy o(y') < h(0)) — ") Lyer,.  (4.14)

Asin (4.11), we see that the contribution of the error en’? to EV! (u, 00) is of order

o(1).

Let us now approximate gg; (y) by random variables, go.(y), that are indepen-

dent of 7, (y). This approximation follows closely the ideas of Barlow and Cerny
(2011a). For i = 1,2 we use the classical variational representation (see e.g. Chap-
ter 3 in Bovier (2009)) to write

(95 (o)~ =it {350, X, 2) (f(@) = F)?: fly =1 flm, =0}, (415)
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and define, setting N(y) ={y' : v/ ~y} U {y},
@y ()" = inf {3, M@ 2) (@) = F(2)? : flvgy) = LSy =0}, (4.16)

As in the proof of Lemma 6.2 in Barlow and Cerny (2011a) one can show on A,, that
for all € > 0 there exists N (&) uniform in the realization of the random environment,
such that for n > N(e),

98;,(y) < g (y) < (L +e)gp; (v), Yy €T By, (4.17)

Combining (4.14), (4.17), (4.8), and (4.3) we get that ED! (u, 00) is bounded below
by

ka(t) > E[P(mino(y) < h(B))e T Ty 4] —o(1). (4.18)

y'~y
|y|S9n

Similarly, we obtain by (4.14), (4.17), and (4.10) that Ev{ (u, c0) is smaller than

kn<t) Z E[P(mlna(y/) < en)e—u(l—en)('m(y)gjaﬁ(y))71]]_yeTn An] +0(1) (419)

Let goo(y) = limp 00 gp1 (y) = limy, o0 g2 (y). As in the proof of Lemma 3.5 in
Barlow and Cerny (2011a), one can show that, on the event A,,, for all &’ > 0, there
exists N(¢’), uniform in the random environment, such that for n > N(¢’) we have

(1 -€)900(y) < 9B: (¥) < 9oo(y), Yy € By, (1) (4.20)

This with (4.17) implies that for all €” > 0 there exists N(¢”) such that for n >
N(g"), for all y € T,, N By, (1 —€")doo(y) < gBi(y) < (1 +€")goo(y), where
Goo(y) = limy, o0 g1 (y) = lim, oo g2 (y). Equipped with (4.18) and (4.3) we
take expectation with respect to v, (y) and obtain that EV! (u, o) is bounded below
by

e tbaen) N2 Rge (y)P(min o(y') < h(0,))(1 = 11, ¢)-)] —o(1), (4.21)

Y~y
[y|<0n

where T),(y)¢ = {maxy~, 7(y') > €n 2/a} The contribution to (4.21) coming from

T,.(y)€ is of order o(1): using (4.17), and (3.2) of Theorem 3.1, and proceeding as in
(4.12), it is by Lemma 3.3 smaller than cjcs4d?e2. Also, as in the proof of Lemma
3.3 one sees that adding |y| > 6,, in (4.21) produces at most an error of the order

of e=¢4/20n and so
ED (u, 00) > == bacn) ZdE JP(mino(y) < h(#)] = o(1). (4 99)
YEZL
Similarly,
B2 (u,00) < T > Bl Pinel) <o 4o (423
Yy

Since €, — 0, I'(1 + o, €5,) = I'(1 + ). It remains to establish that
lim 0,' " E[g%(y)P(mino(y) < hi(0,))] = K, fori=1,2, (4.24)
n— 00 y,Ny
yeZ4

where hq(0,) = 0,, and hy(0,,) = (On) Since hg = hy — o(h1), we only present the
proof for hy. For 8 € [0,1], set f2(x) = Zyezd E[(ﬁm(y)/CG)ﬁP(miny/Ny a(y') <
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n)|, where ¢g € (0,00) is such that ¢ > goo(y) = Goo(y) for all y € Z4. Us-
ing a ’quasi’ sub-additivity argument (see (4.26) below), we now establish that
lim,, o f?/n = K’ where K’ = inf{f?/n : n € N} € (0,00). First note that by
Lemma 3.3 f2/n < f9/n < 2dcs, and so, K’ < co. To see that K’ > 0, we use that
f2 > f} and bound f}, from below:

ZyeZd 9oo(y)P(o(y) <m) > Zyezd Ely,(y) >m (4.25)

As in the proof of (4.17) one can show that §oo(y) > (2d)?guo(y), and hence f} >
(2d)~2m, which proves that K’ > 0. Let us now assume that for all & > 0 there
exists IV large enough such that for all n,m > N,

Flpm < (L) fh+ 1. (4.26)
Then convergence to K’ follows. Indeed, by construction of K’ there exists M such

that f2 /M < K'+¢/2. Now, let N* = N’M, N’ > N, be such that f2,, /N* < /2.
For n > N* write n = sM +r > N* where s > N, r < M. Then, by (4.20),

R < (L) 22 i+ fapn/n < (L4 )35 f /M + fi /N* < (14 20)K' — e

(4.27)
Thus, f?/n converges to K’ because by construction, f2/n > K’. It remains to
establish the claim of (4.26). The difference f5+m — f£ is equal to

Y yeze B[220 P(miny., o(y') € (n,n+m))]
< .y El(an(2) ~ Ban(2) (P52 Polming g o) <m)] + [ (4.28)
The first summand in the right hand side of (4.28) is smaller than ¢ f2 if
e = 5. 5, Ellin(z) — Equ(2)|Pa(o(y) < m)] < em. (4.20)
We divide the sum into z € B,1/2,. and z & B,1/2).. Let 2 € B1/2/.,. From the
proof of Lemma 3.3 we know that there exists ¢’ € (0,00) such that

. 2/m _
ZyGZd PZ(U(y) < m)) < CHZ|z—y\§m1/2 log m |y|2—de—c4/2|y\ / (goo(y)) 1
+ m(d+1)/2]114$n(z) + Z\z—y|>m1/2 logm ]lATz—yP(z)? (430)

where A,,(z) is as in (3.7). Let us first control the contribution to 2 coming
from the first sum in (4.30). We bound 1/goc(y) < 1/’ 4 (9o (y)) 1y (y)<er and
call (I), respectively (I1) the contribution to €2, coming from 1/¢’, respectively

(goo (y))_l ]lgoo(y)<5’ . Now,

(1) = ("m)/e" 3211 <ni/2 e Ellan(2) — Egn(2)|/Egn ()] Egn(2). (4.31)
Since gn(z) < ein~%?, the contribution to (I) from z € B_,,1/2 is smaller than
(€4 tm. By (3.6) of Theorem 3.1 for 2z € Bz, \ Bope,

E[|gn(z) — Eqn(2)|/Eqn(2)] tends uniformly to zero, and so (I) is bounded above
by em. Also,
(I1) < exm(e) "B [(950(0) T Ly 0)<1/er] < cxmle') ™ exp(—c/e"'/?) < em,

(4.32)

where we used goo(0) > Uol/(%d) and (3.3). We now bound the contribution to

€8 coming from the second line in (4.30). By (3.2) of Theorem 3.1, |g,(2) —

Eqn(z)] < n=%2 for all z € B,1/2/.. By the identical distribution of the U’s

and since |Bn1/2/8,|n*d/2 < 792 it suffices to prove that m(+1D/2P(A) +
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1/2 ») vanishes as m — oo. is follows by definition of A,, an
ly|>m1/ 1Ogm]P’ A\cyl ish This foll by definiti fA d
3.3). Finally, let 2 172 /.. By Cauchy-dSchwarz inequality, the contribution to
3.3). Finally, 1 B2 B Cauchy-Sch i li h ibuti

el coming from z ¢ By,1/2 ¢ is bounded above by

Sjesntvz e (Blan(2)[)V2 30, (E(P(o(y) < m))*)Y/2. (4.33)

By (3.3) and (3.4) of Theorem (3.1), E|g,(z )|2 < n~de=2l2l’/* " One can check
that the sum over z ¢ B,,1/2,., of n —d/2¢=ealzl*/n* s hounded above by e~/ Tt

remains to establish that the sum over y in (4.33) is of smaller order than m. This
follows from (4.30) and (3.3). This proves (4.26). Thus (4.24) holds, and so,
u”tKT(1+a)(1+&)* +o(1) > Evf (u,00) > u *tKT(1 + a,€,)(1 — )* — o(1).
(4.34)
Since ¢ > 0 is arbitrary we see that lim, o, EV} (u,00) = u=*tK, where K =
KT'(1 4 «). This concludes the proof of Lemma 4.1 for d > 3 and 6§ > 0. When
¢ = 0, the proof simplifies because J is independent of the random environment.
More precisely, it suffices to use Lemma 3.5 in Barlow and Cerny (2011a) to replace
9B: () by goo(y) to get
(14a,€ey,
Tatoe) § o ()P (o(y) < h(Bh)) — of1)
yeZ4
< E7},(u,0)

- tr(1 +5(3éi+s’)“ S gL ()P (o(y) < 0,) +0(1).  (4.35)

yeZd

By the same arguments as for § > 0, we can show that both bounds converge to
u~“tK as n — oo. This finishes the proof of Lemma 4.1 for d > 3.

Case 2. Let d = 2. The pattern of proof is similar to that of Case 1 and relies on
(4.4) and (4.9). The difference lies in the behavior gp: (y). By definition in (4.6),
on A,,

g: () = J5° Py(J(t) = y,n(BL) > t)dt > [T P, (J(t) = y)dt — e~cs(og0)*,
(4.36)
where we used (’ 9) of Lemma 3.2. By (3.5) of Theorem 3.1, the integral in the right
hand side of (4.36) is larger than ¢; /2log 6, showing that gp: (y) diverges as n —
oo. Thus, instead of substituting ge.(y) for gp: (y) we use (4.17) to approximate
gp: (y) by g (y) for n large enough. A number of results from Cerny (2011) will
allow us to deal with gp: (v).

Let us begin with the construction of a lower bound on Er!, (u,00). We deduce
from (4.14), that bounding P(o(y) < h(6,)) > P(miny~,  o(y’) < h(6,)) for y €
T, produces in EV!(u,00) an error of the order c,¢ for ¢ > 0. We use (4.17)
to substitute gp1(y) for gp1(y). Since P(miny ., o(y’) < h(0,)) and gp: (y) are
independent of v, (y), we can proceed as in Case 1 and take expectation with respect
to v, (y). Doing this yields

tlog 0, T(1+ «,€,) ~ .

Evt > ’ E[g% (y)P N < h(6,))A4,] — o(1

Zal,00) > ey, §<0 (95, (P (min o(y) < h(6))[An] — o(1)
Y|IS0n

tlog0,I'(1 4+ o, €p)

(ulog 0,,)0y,

> E[%: (1) Plo(y) < h(6n))]|An] — o(1),(4.37)

ly|<6n
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since min, ., o(y) < o(y). We now construct an upper bound on ET/,(u,0).
Again, by (4.17) and since ming ., o(y) < o(y), EV. (u,00) is bounded above by

W Z|y\<9 [9%5 (y)P(miny: -y o(y') < 0n)|An} +o(1). (4.38)

We show now that, up to a negligible error term, we may substitute P(o(y) < 6,)
for P(miny ., o(y") < 6,) for all y € By, . To see this note for y € By,

P(miny ., o(y') < 0,) < Plo(y) <0n)+ 3, Plo(y) <0, <o(y)). (4.39)
By the Markov property, for all y/ ~ y, P(o(y') < 6, < o(y)) is bounded above by
P(o(y') < h(bn))Py(o(y) > k(0n)) + Plo(y') € (h(0r),0))

= 0,)+ ) (4.40)

By (4.3) it thus suffices to establish that
01108 00) % X, < Doy BT ) (1(01) + 02() | An] = 0(1).  (441)
As in Lemma 3.3 in Cerny (2011) one can show on A,, that there exists cg € (0, 00)
such that, for all y € By, (1), 9p: (y) < cologhy, for i = 1,2. By (3.14) of Lemma
3.3, 30y ey 00 (y') < c50n/(log0,)?. Hence the contribution to the left hand side

of (4.41) coming from 62 is of order o(1). To see that the same is true for §., w
use (3.14) of Lemma 3.3 to bound

E[P(o(y’) < h(0n)) Py (o(y) > k(0n))|An] < frio,) (Y DE[P(o(z) > k(9n))\A€]a |

4.42
where |z| = 1. By recurrence and irreducibility, E[P(o(z) > k(0,))|A,] < € for n
large enough and (4.42) implies that 5L (y) < cse. This concludes the proof of
(4.41). Finally, combining (4.38)-(4.42),

E77, (u, 00) < MOl 57 <o, E[g%: (1) P(o(y) < 0a)[An] +0(1). (4.43)

We now show that (4.37) and (4.43) tend to the same limit Ktu~. By Propo-
sition 3.1 in Cerny (2011) we know that there exists K such that, as r — oo,
(K log r)_1§B1/2(0) (0) converges P-a.s. to one for ¢ = 1,2. Thus, P-a.s.,

limy, 00 (K log 0,) "1 gp1 (0) = limy, o0 (K log 0,) g2 (0) = 1. (4.44)
For ¢ > 0 define B,,(y) = {|(K log#,) 'gp2 (y) — 1| < e}. Then,

tlog 6, (14 ¢)*K'’
1.43) <
(4.43) < wad,

> E[P(o(y) < 0u)((1+ ) +¢§ /K T ()| An]
y€ DBy,

(4.45)
where K’ = I'(1 + o) K and where we used that gp: (y) < cglogf,. As in Lemma
3.3in Cerny (2011), on A,,, we have that 9B (y) > cglogf,, for all y € By, . Hence,
we can bound (4.37) from below in a similar way. Thus, convergence of (4.37) and
(4.43) follows if we can establish that

lim,, o 0,(log6,) 'E[ERy, |A,] = K71, (4.46)
lim,, o0 0, (log 0,,) 71 ZyEBe E[P(U(y) < 0n) 1B (y)|An ] (4.47)

where Ry is defined in (3.11). Let us first prove (4.47). By (3.14) of Lemma 3.3
and (4.3)

S, E[P(o(y) < 0u) 15 ()| An] <30, fo, ([yDP(B5(y) + ¢ < po-P(By), (4.48)
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where we used that the 7’s are i.i.d. By Proposition 3.1 in Cerny (2011), P(BS) — 0,
and so (4.47) holds. Let us now construct upper and lower bounds for
0, (log6,) " *E[ERy, |A,] that coincide in the limit. We begin with the lower bound.
By the Markov property,

9n = ZyeBQn EZG',I (y) < ZyeBgn P(J(y) < 9n>Ey€«9n (y) (449)

To bound E[FRy, |A,] from below it suffices to construct an upper bound on
Eyly, (y). By Theorem 3.2 one can show on A, that for all y € By, (), Eyly, (y) €
(cglog By, cologby,), yielding

O <10g0,3", <o, E[P(0(y) < 0n > 0)(K(1+¢) +eslpe(y))|An] +o(1). (4.50)
Together with (4.47),

1<0, 10g0,K(1 +¢)E[ERy, |A,] + csP(BS), (4.51)

i.e. lim, oo 0,1 log 0,E[ERy, |A,] is bounded below by K 1. For the upper bound

n

we again use the Markov property and get that
On + k(6n) = Zyeggn Ely, 1x(0,)(y) = ZyGBen P(ty, (y) > 0)Eyly,)(y)- (4.52)

Since k(6,,)log0,, /6, — 0, we can show that the upper bound coincides with the
lower bound. The claim of (4.46) is proved. Finally, using (4.46) and (4.47) in
(4.37) and (4.43),

Ku=t(1 — )1+ < lim,, o EVL (u, 00) < Ku=%t(1 +¢)1+e, (4.53)
where K = K'K~!. Since ¢ > 0 is arbitrary this proves the convergence of
Ev! (u,00). This finishes the proof of Lemma 4.1 for d = 2. O

4.2. Convergence of vl (u,o0). Let uw > 0, t > 0. In this section we prove that
P-a.s., lim, o 7! (u,00) = tv(u,00). Once more, let us consider subsequences
cny =exp(N +7), r € [0,1) (see the paragraph below (3.18)). For r,s € [0,1), we
define

Qnrs(@) =22, Qnprs(T,y), (4.54)
where we write, for z,y € Z,
QN.rs(2,y) = Pelloy . (W) 1N (y) > u,n(Boy ) < On,s)lyery (4.55)
where T, is defined above(3.16). For ¢ = 0,..., N, we set r; = i/N and define
Vs = Saenay, @ (@)nrer, T, (7). (4.56)
Rt = Taensy,  Qrrens ) 0brez, T (0) (4.57)

Then we have that, for r € Z; = [r;, riy1),
Vll\/',i g ’l;}:\/',r(uv OO) S V12\/',i~ (458)

To prove that lim, . 7y, (u, 00) = tv(u,00) P-a.s., we use (4.58) as follows. First,
we will derive from Lemma 4.1 that, for j = 1,2, Evy; converges to tv(u,00).
Then, we will prove in Lemma 4.2 that, for d > 3, respectively, d = 2, the second
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and fourth moments of Vg\u — IEV{\,Z are bounded above by N3, Together with
(4.58), we thus get by Chebyshev’s inequality that
P( sup [V, (u,00) — tv(u,00)| > €)
refo,1) ’
N—-1
< Y {P(vi, — Byl > €/2) + P(vR; — B} ,| > e/2)} < 3267 N2, (4.59)
i=0
which is summable in N and therefore proves that P-a.s., lim, . 7} (u,00) =
tv(u, 00). _

Fix j € {1,2}. Let us derive from Lemma 4.1 that limy o Evy ; = tv(u, 00). By
definition of 7; this lemma implies that An.,, (£)E(QN,r.,.,(0)) and
kN (OE(QN,r 74, (0)) both converge to tv(u, 00). Convergence of Evy; to the
same quantity will follow if we can establish that the following vanishes as N — oo

sup > sup E|IP(J(kfy,) =) — P(J(kfys) =) (4.60)

k=1,....kN,r; (1) ©€Bay . r,s€L;
T

Fixkel,..., kN,Ti (t) We divide BdNﬂ‘i,+1 into B(6k0N11)1/27 Bde“"71+1 \B(k‘eN’g/S)l/z’
and Bg, /e)1/2 \ B(ekgy ,)1/2 and construct bounds that are uniform in k. By (3.2)
of Theorem 3.1, the contribution to (4.60) coming from B g, ,y1/> is bounded
above by €?. By (3.3) and (3.4) of Theorem 3.1, the contribution to (4.60) coming
from Bay,. ., \ B(koy.o/<)1/2 is smaller than e~¢/¢. By definition of 7;, dominated
convergence, and the uniform local central limit theorem ((3.6) of Theorem 3.1),
the contribution to (4.60) coming from By, ,/e1/2 \ Bekgy,)1/2 tends to zero.
This proves that (4.60) vanishes as N — oo.

The following lemma bounds the second and fourth moment of V}Vz - ]EVJJ\,Z for
d > 3, respectively, d = 2.

Lemma 4.2. Leti € {0,...,N —1}, j € {1,2}. Ford >3, for allu >0, t >0,
for N large enough,

E(v); — Evi,)? < K(u,t)(log On,1)%05 %, (4.61)
and for d =2, for allu >0, t > 0, for N large enough,
E(l/g\u — I[‘Zl/g\,’i)4 < K(u,t)u"*(loglogan,1)®(log fn,0) "%, (4.62)

where K (u,t) € (0,00).

The proof of Lemma 4.2 relies on Lemma 4.3 below. We first prove Lemma 4.3
and Lemma 4.2 next.

Lemma 4.3. For all u > 0, for k € {2,4}, for r,s € [0,1), for N large enough,

E(Q.rs(0))" < 32, E(Qu,0.1(0,0)" + x5 < pu(d, k) = Ku=p (d, k),
(4.63)
where K € (0,00) and where we set
pn(d,k) = On 163 (108 O .0) 5 0 Tass + O S cx o Lazs. (4.64)
Proof of Lemma 4.5: Let k € {2,4} and r,s € [0,1). Since Qn rs(x) < Qn,0,1(x),
we have by (4.55) and (4.54) that

E@Qnrs(0)F <3 E@Q@no1(0,9)" +3  vsy  E(lyyery,)  (4.65)

ly/—yl<6pN 1
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The double sum in (4.65) is bounded above by
v Elyyeng < 0%a(enoena) > < ey’ (4.66)
v —y|<ON1

where we used (1.38) and (1.39). It remains to bound the first term in the right hand
side of (4.65). Since P(A§,)0%, < pn(d,k), it suffices to bound
E(Qn0,1(0,y)1a,,)*. For y € Bp,, we know by (4.9) and (4.10) that
E(Qn,0,1(0,y)14, )" is smaller than

k
E(]lyGTN,oPy (€9N,1(y)7N,0(y) > u) P(U(y) < eNyl)]lAN,l)
k
< E(Lyeryo Py (€sz , (1) 1n0(y) > u)P(o(y) < Ona1)lay,)
+ e es(080x.0 Py € Ty ). (4.67)

The contribution to E(Qn,0,1(0,y)1a,,)" of the second term in the right hand
side of (4.67) is negligible because 9?\/,16;\,?66;[% < pn(d). It remains to bound
the first summand in (4.67). Recall from the proof of Lemma 4.1 that KB?H (y) has
exponential distribution with mean value gpz B (y), which on Ay 1 is bounded above
by c(logOn,11a=2 + Lg>3), for all y € By, ,. Also, recall that P(o(y) < 1) <
P(miny ., 0(y) < 0n,1). Thus, for all y € By,

k
E(Lay Pz, () 1n0(y) > w)Lyery ;)

IN

k
E(HAN,IP(ZI}IH;U(Z/) < On,1) exp(—u(yn,0(y)c(Llg>s + log 9N,1]ld:2))_1))

E exp(—ku(yn,0(0)c(1g>3 + log 9N71]1d:2))71)]E(P(min a(y) < HN,l)){C(4.68)

y'~y

IA

We bound the terms in (4.68) separately. The expectation with respect to yn,0(0) is
bounded above by Cu_”‘c;,%(]ldzg +logOn 114=2), for some C € (0,00). Moreover,

y'~y

3" E(Pmino(y) <6,)" <> cE(Lay, Plo(y) < 0n)F +e <Y, (4.69)

YE€Boy |

where ¢,¢ € (0,00) and where we used the definition of Ay . By Lemma 3.3,
(4.69) is bounded above by c50x 1 (logfn0)~F, for d = 2. For d > 3 and k = 2, the
same lemma implies that (4.69) is smaller than 05011\,/,21. Since the right hand side of
(4.69) is decreasing in k the same is true for k = 4. Collecting (41.68)-(4.69) yields

k —«
Yyena,  B(P(Uss, () yno(y) > w)lyery,) < Ku pn(d,k), (4.70)
for some K € (0,00). This finishes the proof of Lemma 4.3. O
We are now ready to present the proof of Lemma 4.2.

Proof of Lemma /.2: Without loss of generality, we prove Lemma 4.2 for j = 1
only. We distinguish whether d = 2 or d > 3. We begin with d > 3. By (3.47), the
variance of VJlV,i is bounded above by

k3 1(t) ZzeBdN’l(t) (T (2))*E(Qn,0,1 (33))2 (4.71)
+ 2631 (1) X st ot <0, T ()T (2)E(QN,0,1(2)@N 0,1 (), (4.72)
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where we used that Qn,0,1(z) only depends on 7(x) for € By, ,(x). By Lemma
4.3, (4.71) is bounded above by

< e, rna (T (@) 20w (d) < K(u,1)(log Oy )05 % (4.73)

for K(u,t) € (0,00). Since this satisfies (4.61), it suffices to control (4.72).
Fix x,2" € Bgy (). To bound EQn 0,1 (2)Qn,0,1(2") we distinguish two cases, de-

pending on the size of |z—z'|. We define the sets D1 (x) = By, , \BM(x) log O 1 (x)

and Dy(z) = B\/m(z) log O 1 (x). Let ' € Dy(x) first. We use the same arguments

as in the proof of Lemma 4.3 to bound E(QN’Oyl(x)QN,OJ(x’)). By analogy with
(4.66)-(4.70),

E(QNﬁO’l(x)QN,O,l(m/)]lAN,l) < K/2du_acE%E]lAN,1ION,1 (xv xl) + 017\7?(;1/2» (474)

for some K’ € (0,00) and where Iy, , (x,2') is the expected intersection range of .J
starting in x and an independent copy J' starting in z’,

IHN,1(‘ra xl) = Zy:|x—y|/\|x’—y‘§9]\])l El’E:/E/]lo'(y)SeN,l]1(7/(21)59N,1' (4'75)
We bound Iy, , (z,z") by
IgNyl(IL',l’/) < Pnglc/ (maxyezd(a(y) V O'I(y)) < 01\/,1) (EzRGN,l V EfleNyl). (476)

Since 2’ € D;(z), the probability in (4.76) is smaller than the probability that,
during the time interval [0, 6,], J (or J') visits a point that is at distance at least
%\/Hn log 6,, from its stagting point. By (3.9) of Lemma 3.2, on Ay 1, this is bounded
above by e~¢/4(1080~.0)"  Thys, by Lemma 3.3,

Elgy (@, 2")1ay, < cs0n,1 exp(—c(log On0)?), (4.77)

where ¢’ = c4/4. We use (4.77) and get that, for x € By, ,(),2" € Di(z),

E(Qn.0,1(2)Qn,0,1(2)Lay,) < c5(pn ()0, 1~ 108 ov0)® 4 fo?gp)- (4.78)

By (3.38) of Lemma 3.6 we have for any ball B, (y) with r < dy1(t) that

B (0) Yo, ) Th(2) € “ERE min(r? ays). (4.79)

By (4.79),
(kna(t))? ZwEBdNJ(t)J’EDl(w) 7y ()7 (2') < eskna(t)(loglogan 1)?.  (4.80)
Combining (4.78) and (4.80),
ZmeBdN)l(t),a:’eDl(:p) iy (2) 7 (2)E(Qn 0,1 (2)Qn 0.1 (2)) < K (u,t)ec 1o On0)”,
(4.81)

which is smaller than the right hand side of (4.61). Let 2’ € Dy(x). By Cauchy-
Schwarz inequality, E(Qn,0,1(2)Q@n,0,1(2")) < pn(d) and so, by (4.79),

(kna(t)” > Tiv (@) () pn (d) < eskn i (t)pn(d)(log On,1)? (4.82)
a:EBdN‘l(t)gv’EDg(w)

as desired in (4.61). This finishes the proof of Lemma 4.2 for d > 3.
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Let d = 2. Writing Qu ., ., (¥) = QNripy.ri (2) = EQN iy, (2), the left hand
side of (4.62) is given by

4
K () > E([ inf 7, (2) @y, (@), (433)

(z1,22,23,24):min; j |x;—x;|<20N 1 j=1
where we used that the @N’”Hﬂ ’s are independent whenever min; ; |z; — ;| >
20n,1. Let us distinguish three cases, depending on the size of max; ; |z; — z;|.
Suppose first that max; ; |z, — z;| < 911\,/21 loglog Oy 1. Then, by Cauchy-Schwarz
inequality and Lemma 4.3,
4 =
E(H]:] QN,Ti+1,Ti (:I:J)) S pN(27 4) + 24(pN(27 2))2' (484)

By (3.47) and since py(2,4) > (pn(2,2))?, it suffices to control the following quan-
tity:

4 4 ¢
kN’l(t) Z(Ilw--»ﬂh})ImaXi,j JZ—LJ|S911V/21 log log 6,1 Hj:l 7rN(Q:j)pN(27 4) (485)
This is smaller than

— 4 —
GNP SN NEN) IS DA o) T () (2,4). (4.86)
N,

1 loglog O 1

By (3.39) of Lemma 3.6 we have that

kna(t) X en. ) i (r) < 91}}0(r2 Aan,)(loglan/lyl*) Vioglogan,1). (4.87)
This proves that the contribution to (4.83) coming from x;’s such that max; ; |; —
x| < 011\,/21 loglog f.1 is bounded above by K (u,t)(loglogan 1)(logOx0)~ . Now
suppose that max; ; |z;—x;| > 0r/* log On,1. Assume that |z —x2| = max, ; |z, —x;|.
For j = 3,4 we have the bound |@N,m+1,m(xﬂ')‘ < 951\,71. Then, the only term
that remains in the expectation in (4.83) is EQn ., , . (1)@ n v, (72), Which is

smaller than
E(Qn0,1(21)Qn,01(x2)Lay,) + =N < 2p5(2,2)ecal080n.0)° (4.88)

where ¢ € (0,00), and where the second inequality is proved as in (4.78). Hence,
the contribution to (4.83) coming from x;’s such that max; j |z; —z;| > 9]1\,/21 log On 1
is bounded above by e~¢(1°8¢x.0)° " Finally, let 011\[/21 loglogOn1 < max; ; |z; — x| <
0]1\,/21 log On,1. Suppose again that |z1 — z2| = max; ; |x; — z;|. By Cauchy-Schwarz
and Lemma 4.3,
4 = 1/2
E (ITjot Qv (@) < {E@noa(20)Qn0a(w2))2on(2,4)}
Fe(pn(2,2))% (189)
As in (4.88) and (4.78) we know that the first summand in(4.89) is bounded above
by
B(Q.01(#1)@n0,1(r2))* < pv(2, 2)emcaloslos o), (4.90)
which is larger than the second summand. Hence, by (4.87), the contribution to
(4.83) coming from a;’s such that 911\,/21 loglog On,1 < max; ; |z; —z;| < 9]1\,/21 log On 1

is bounded above by K'(u, t)e~c4/4(og10gx.0*  The proof of Lemma 4.2 is finished.
(I
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4.3. Convergence of o, (u,00). We establish that, P-a.s., lim,_,~ E&?, (u,00) = 0.
As in the proof of Lemma 3.4 we consider subsequences ¢y, = exp(NN + r) first
(see the paragraph below (3.18)). With the notation of (4.54) and (3.47),

Esup,¢jo,1) 5§V,T(U7 o0) < kna(t) ZzeBdN L Ty (2)E( 1“\7,0,1@))2 = Eoly (u, 0).
' (4.91)
As in Lemma 4.3 one can show that E(Q% ¢ ,(0))* < pi(d), and so, by Lemma 3.6
there exists K’ € (0,00) such that

Eo' (u,00) < K'tu=*((log x,0) " Lacs + 05! *Lazs). (4.92)

For d > 3, this is summable in N and we get that, P-a.s., lim,,_, E&’, (u, 00) = 0.
When d = 2, the right hand side of (4.92) is not summable in N. Thus, to prove
that o (u, 00) vanishes P-a.s., we bound the variance of o (u, 00). Using the same
calculations as in the proof of (4.62) of Lemma 4.2 one can show that the variance
of oy (u, ) is bounded above by N~4*¢. Since this is summable in N, we obtain
that, P-a.s., lim,,_, o Eo?, (u,00) = 0 for d = 2 as well.

4.4. Vertfication of Condition (C-4). We follow the same strategy as in the verifi-
cation of (C-2). We first prove that lim, . Em} (¢) < C(t)e'~®. Then, one can
show as in Section 4.2 that, P-a.s., lim,, o, m! (¢) < C(t)e!=®. Since this is very
similar to Section 4.2, we leave the details to the interested reader. Let us bound
Eml (). Since the 7’s are ii.d. and since a,0P(AS) < n=3, it suffices to find
¢ € (0,00) such that

> yen,, E(M7(0,y)1a,) < cnay el (4.93)

Fix y € By, and set h(6,,) = 0,, — k(6,,) for k(6,) = 62/*. As in (1.4) and (1.9), by
the Markov property,
M(0,y) < eP(o(y) € (h(6n),00))Lyer, (4.94)
+P(a(y) < h(00)1n(W)Ey (Co, (¥) Ly, (w)vn (w)<2) LyeTs,
= Mui(y) + Mu2(y)

Let us first establish, that the sum over M, 1(y) is as in (4.93). Following the same
argumentation as between (4.12) and (4.14), we can show that

My 1 (y) < e(P(ming ~y o(y) € (h(62),00)) + cn’/ ) Lyer, . (4.95)

Since miny~, o(y) is independent of 7, (y), we get by Lemma 3.3 that

S E(M 1 (y)14,) < X, E[1a, Plo(y) € (h(0n), 0))Tyer, ] < csep e, 07,
(4.96)
as desired. Let us now bound the expectation of M, 2(y). First we calculate the
expected value with respect to &, in M, 2(y). Asin (4.10) and (4.11), we get that,
up to an error of the order of e¢4(log 0")2, on Ay, we can bound £, p1)(y) < £y, (v)
and fg, (y) < £y(pz2)(y), where Bl = Bi0,)1/2(10g 0,2 (y) and B2 = Bei/Zlogen (y),
for all y € By, NT,. Setting e(y) = {£;(B1)(y)n(y) < e}, we get

Eyly, (y) ]]-fk(sn) (¥)yn(y)<e
= (EyTety s (¥) + EyTe) (bnm2) (V) = by (v))) - (497)
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By the strong Markov property, the second term in (4.97) is given by

226331 & ( y)]]-J (BL)= Z)E fn( ") ]]-J (s)= de < 9B2 (y)P (E(y)), (498)
where we used F, fo B) 1y(s)=yds < gp2(y). The first term in

(4.6
91 () [1 — exp(—¢/ (7 (¥)98: (1)) ] = 981 (1) Py(e(y))- (4.99)
Using (4.98) and (4.99) and the fact that gp: (y) < gp2(y), (4.97) is bounded by
292 () [1 — exp(—¢/ (v (y)95; (v)))]
< 2es/crga(y)[1 — exp(—¢/ (7 (y)74(y))) 14, (4.100)
+ c1(logfnli=s + La>3)1ac],

where by (4.20) (for d > 3) and Lemma 3.3 in Cerny (2011) (for d = 2), g%(y) =
c7(log 0, 1a=2 + goo(y)14>3). Together with (4.12), EM,, o(y)1 4, is bounded above
by

e E[P(miny vy o(y) < 00)52 (1)1 (y) (1 — e 0@ N1 cq 1, ], (4.101)

)7) equals

An asymptotic analysis and the fact that g&(y) < c7(log 6, 1=z + c6lg>3) yield
(,,1.1()1) < CIE E P(Zrlr,liga(y/) < gn)e—ZE(c”‘/n(y)gi(y))*llyeTn ]lAn:|

< "(log Oplg—s + colg>3)%c, “e' "*E(P(min o (y') < 0,)14,). (4.102)
Y~y

for some ¢/, ¢” € (0,00). Thus, evoking Lemma 3.3, we get that
>y EMyo(y)la, < ’cgestel ™, (4.103)

ie. (4.93) is satisfied. Thus, lim,, ., Em! (¢) < ce’=*. The verification of (C-4)
now follows as in Section 4.2.

4.5. Verification of Condition (C-5). We proceed as in the verification of (C-2) and
(C-4) to establish that (C-5) is satisfied. Namely, we first take the expected value
in the left hand side of (3.36) and (3.37) and prove that both are bounded above
by C(u,t)e for some C(u,t) € (0,00). Then, one can proceed as in Section 4.2 to
obtain P-a.s. upper bounds. Since the proofs are similar, we only prove the claim
for (3.36). The expectation of the left hand side of (3.36) is given by

Z (ken)—d/Qe—cﬂgc‘?/an Z EQ?L(% y)
Yy

E ()
< 2v(u,00) 19n2 (k6,)~? Z emezlel*/kbn (4.104)
|z|2<€kb, V |z|2>k0, /c
where we used that by (4.2), for n large enough, the second sum in (4.104) is
smaller than 2v(u, 00)6,,/a,. Let us first control the contribution to the right hand
side of (4.104) coming from = € B veka, - Bounding the exponential term by one
and using the fact that [{x : |2|? < ek, }| < Ce¥?(k0,)?? for some C € (0,00),
this contribution is bounded above by K (u,t)e%? for K(u,t) € (0,00). Also, the
sum over * € By, (1) \ B, jey1/2 of (k@n)_dme_”'w'z/ke" is bounded above by
K'(t)e=c/¢. Thus, (4.104) is bounded above by K (u,t)e%?. The verification of
(C-5) can now be finished as in Section 4.2.
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4.6. Conclusion of the proof. We are now ready to conclude the proof of Theorem
1.5. By Lemma 4.1, for all u > 0, t > 0, EV!(u,00) — tv(u,00) as n — oo.
Together with the results of Section 4.2 this shows that (C-2) is satisfied. By the
results of Section 4.3, &' (u,00) tends P-a.s. to zero, proving (C-3). By the same
arguments as those used to establish (C-2), (C-4) follows from the results of Section

4.4. Finally, it follows from the results of Section 4.5 that (C-5) is satisfied. Hence,

we may apply Proposition 3.5 and get that gi’b LN V4. By Lemma 3.4 this proves

that S;-° N Vi, as claimed in Theorem 1.5.

5. Aging in BATM

In this section we present the proofs of Theorem 1.6 and Theorem 1.7. Section
5.1, respectively Section 5.2 and Section 5.3, contains the proof of Theorem 1.6
for ¢ = 1, respectively ¢ = 2 and ¢ = 3. We then prove Theorem 1.6 in Section
5.4. The proofs in Sections 5.1-5.3 follow a common scheme. We show that for
each i € {1,2,3}, as s — o0, Ci(1,p), coincides with the probability of M, , =
{Rs N (1,1 + p) = 0}, where Ry = {S7°(t),t > 0} is the range of S7'*. We then
use that P-a.s.,

im0 P(Ms,p) = Asly(1/(1 + p)). (5.1)

The proof of (5.1) closely follows that of Theorem 1.6 in Gayrard (2012). We thus
only sketch it here. Namely, it relies on the continuity of the overshoot function
that maps Y € D0, o0) to

xu(Y) = Y(Eu(y)) —u, u>0, (5.2)

where £, = inf{t > 0 : Y(¢) > u} is the time of the first passage of Y beyond
the level v > 0. For Lévy motions having P-a.s. diverging paths, this mapping is
P-a.s. continuous on D[0, 0o) equipped with Skorohod’s J; topology. Now, M, , =
{x1(S7*) > 1+ p} and by Theorem 1.5, P-a.s., St =2 V,. Since V,, has P-
a.s. diverging paths we deduce that, P-a.s.,

limg_yoo P(Ms,p) = P(&1(Va) > 14 p) = Aslo(1/(1+p)), p>0, (5.3)

where the last equality follows from the arcsine law for stable subordinators (see
Section IIT in Bertoin (1996)). Given (5.3), it remains to establish that, P-a.s.,

lim o0 [P(Ms,) = P(ME ) =0, V¥p >0, (5.4)

where M, stands for the events appearing in the right hand sides of (1.41)-(1.43),
namely Cg(1, p) = P(Mg ). We will verify (5.4) in Sections 5.1-5.3.

For this, let A" C A (where A as in (3.8)) such that P(A’) = 1 and such that for
allw e A’ SJ° L V. Fix w € A'. We write a, = a|s| and similarly for 6, ks, €5,
and 05 (see Theorem 1.6 and Section 3.2 for their definitions).

5.1. Convergence of C1(1,p). In this section we prove that (5.4) holds for i = 1.
Step 1. Let 6 > 0 and s > 0. We prove that for all s large enough,
P(Ms,, (M} ,)¢) < 6. For k € N we define

Br={¥Y7,2];<1 and Y75 Z],>(1+p)}) (5.5)
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Then, M, , = J,>; Bi. For s large enough, there exists 7' > 0 large enough such
that -

’P(MSVP? (Mfls,p)c) S P(ngks(T) Bkv (M;,p)c) + 6a Vs > SIa (56)
where ky(T) = |asT|/0,. To see the claim of (5.6) note that, since S EIN /)
PUrsk. () Bry (M )9) S P(SIHT) < 1) < P(Va(T) < 1+06) +4, (5.7)

which vanishes as T' — oo and proves (5.6). Let us now study By, for fixed k. By
Lemma 3.4, we know that for s large enough, the contribution to Z; ;41 coming
from y ¢ Ts is bounded above by d, and therefore, on By, there exists x € T;
such that £y, (x11)(x) — Lo,k (x) > 0. Moreover, as in the proof (C-2) = (B-2) (see
proof of Proposition 3.5), one can show that this z is unique. Therefore, we have
that £, 7(z)vs(z) > p — ds. We prove now that, for all s large enough, with P-
probability larger than 1 — 0, we know on By, that vs(z) > 52/2. For this, note that
by definition of A’ (last paragraph of Section 5) and Lemma3.2, for all but finitely
many values of |s], P(n(Bga, (1)) > asT) > 1 — 4. Moreover, by the same lemma
and (3.2), we have for all s large enough, 9By, 1) () () < cglogasli=s + celg>g for
all x € By, (r). Therefore, for s large enough,

PPz ys(z)la,r(x) > p— 05, 7s(2) < 5;/2)
<6+ D PullyBy, @) (@) > pd, %) <6+ |Ba, | exp(—c (log as)?), (5.8)
IEBdS(T)
where we used that 55_1/2 > co(logas)®. Therefore, for s large enough, we know
with high P- probability that, on By, there exists a unique x € T, = {z € Ty :
vs(x) > (5;/2} that contributes to Zs k+1. Since this holds for all 1 < k < M, we
get for s large enough that
P(M&P N (M;,p)c) < P(Us’e{s,s(1+p)} MS/) + 367 (59)
where
My ={X()¢T}N{3(1—-ds) <v<s:v:X(v)eTl} (5.10)

Let us now bound P(My/) for s’ = s and fixed x € T%; the proof for s = s(1+ p) is
the same. We distinguish two cases with respect to 8. We begin with § > 0. Fix v
such that s(1 —Js) <v < s and X (v) = z. Let us first bound the probability that
there exists v’ such that v < v’ < s and X(v') ¢ Bi(z) = {z} U {y ~ x}. Writing
N, for the number of returns to x before J escapes By (z), we have
P(X(w)=z,F v < <s: X(V) ¢ Bi(x))
—2/a s81/2e 2 —

< Py(N, < 6(s8Y265%/%)0) 1 Py (0007 (N (@) les < 0,5). (5.11)
Since maxy~q(1—p(y, z)) < (5631/265_2/0‘)*0, the first probability in (5.11) is, smaller
than & . Since A(z) < 2ds~ #0575 17972 the law of large numbers implies that
also the second probability in (5.11) is bounded above by 4, for s large enough. It
remains to bound

P(X(v) =x,X(s) #z,Vv <o <s:X() € Bi(x)). (5.12)

By definition of T}, maxy~.(AMy))~' < €5 20/269/25=0  and so, with probability
larger than 1 — eXp(—(Sge/z), there exists v’ such that s — v/ < s~%; >”/* and
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X (v") = x. By the Markov property we have for all such v/,

Po(X(s—v) £ 12) < PolerdHa) <s—v/) <1—e s 877 (5.13)

which tends to zero. Thus, (5.12) tends to zero as s — oco. This finishes the proof
for 0 > 0. When 6 = 0, one can bound (5.9) directly as in (5.13). This shows that
for all s large enough, P(Ms ,, (M ,)¢) < 6.
Step 2. Let us now show that P((M, ), M} ) — 0. Let my, = (S7) (s(1+
p)) — (S7)7(s), where (S7)(t) = inf{v > 0 : S7(v) > t}. Notice that (M, ,)¢ C
{ms,, >0} U{Zs1 > 1}. By (A-0), P(Zs1 > p) tends to zero and so, for all 6 > 0
there exists s large enough such that P((Ms,)¢, M} ) < P(ms, > 0, ML ) + 6.
Let us distinguish whether d > 3 or d = 2. In the first case we use the identity
X(t) = J((S7)(t)) and get by (3.2) of Theorem 3.1, uniformly in x € Z,

Po(X(s(1+ p)) = w,my 5 > 05) = Po(J(ms p) = 2,ms, > 05) < [0~ 2do,
(5.14)
which is smaller than 65 “/*™ and shows that P((Ms,)¢, ML) — 0 for d > 3.
Let d = 2. We construct a more precise bound for P((Mj,) N M. ) than
P({ms,p > 0} NM; ) +0. Assume first that dist(Rs, 14 p) > § and that there are
t,t' > 0 such that S7b(¢), S7b(t +¢') € (1,1 + p—3/2). Then, s < S7(ks(t)0s) <
ST (ks(t+1)05) < s(1+ p) and so ms,, > O5(ks(t+t') — ks(t')). Moreover, by (5.7)
there exists 7' > 0 such that m, , < 0ks(7T"). Since dist(Rs, 14 p) > 6 one can show
as in Step 1 that X (s(1+p)) =« € T,. But then, on (M, ,)°NM; ,, we have with
probability larger than 1—(log 0s) 2 that £y,  (2) —lm, g, () > clog b,/ loglog 0,
for some ¢ € (0,00). RsN(1,1+p) =0 or X(s) # z.) By (3.2) of Theorem 3.1 we
get, for all z € Z4,

P (J(msp) = x,ms ) € (Osks (1), 05ks(T))s b, , () = b, ,—0,(x) > 155555-)

< Polo iy () () = Lo, (10, (%) > 15505 ) < cS9E18L = log(T)/1), (5.15)

which tends, as s — oo, to zero. It remains to establish that for all 8 > 0 there
exist & > 0, t > 0 such that P(dist(Rs, 1+ p) > ) < 1— 9§ and P(SH(t+ ) €
(1,14 p—6/2)[S7(t) € (1,1 + p—6)) > 1 — & This can be derived from the
convergence of S7'* to V,, and properties of V,, (see Section III in Bertoin (1996)).
Thus, P((Ms,,)¢ ML ) <8426 for d > 2. Together with Step 1 this finishes the
proof of (5.4) for ¢ = 1.

5.2. Convergence of C2(1,p). In this section we prove the claim of (5.4) for i = 2.
Step 1. We show that P (M, ,, (M2 )¢) — 0. Note that M, , C {ms, < 0,}.
Let z € B,.. Using X(s) = J((S7) (s)) and the Markov property
P(X(s) =z, (MZ )¢, ms,, < 05)
< P(X(s) = 2)Pe(n(B(o, 10g0,)1/2 (%)) < 0s), (5.16)
where 7(B) is the exit time of B for J as defined in Section 3.1. By definition of

A’ (last paragraph of Section 5) and Lemma 3.2 we have for all but finitely many
values of |s], for all z € B,_,

PI(T](B(OS log 0,)1/2 (1‘)) S 93) S eXp(—C4 10g 95) (517)
If we can show that P(X(s) ¢ B,,) < 4, then (5.16)-(5.17) imply that

P(M; (M2 )¢) < 6. To bound P(X(s) ¢ Ba,) we recall that by (5.7), with
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probability larger than 1 — &, (S7)(s) < ks(T)0s for T > 0 and so, for s large
enough,

P(X(s) ¢ Ba,,(S7)(s) < a,T) < P(n(B,,) < a,T) < e "7 (5.18)

by Lemma 3.2. This tends to zero and we conclude that P (M, (M2 ))°) < 4.

Step 2. Now we prove that P((M,,,)¢, M2 ) vanishes. On (M ,)¢ one can show
as in Section 5.1 (Step 2) that there exist t,t' such that m,, > s(ks(t +t') —
ks(t)) > 62. Moreover, by (5.18) we know that, with probability larger than 1 — §,
X(s) € B,,. By definition of A" and Lemma 3.2, for all but finitely many values of

|s], for all x € By,
Pa1(Big, g0,y (2)) > 02) < expl(—cslog 0,). (5.19)

As in (5.16) we thus get P((Ms,)¢, M2 ) = 0. Together with Step 1, the proof
of (5.4) is finished for i = 2.

5.3. Convergence of C3(1,p). We now show that (5.4) holds for C3(1,p). This
follows readily from Sections 5.1 and 5.2. Indeed on the one hand,

P((Ms,p) M3 ) < P(Misp)e My ) + P((Ms ), ME ), (5.20)

and on the other hand, P(M ,, (M3 ))¢) < P(M;,,, (ML ,)¢). Both upper bounds
tend by Sections 5.1 and 5.2 P-a.s. to zero, which proves (5.4) for C3(1, p).

5.4. Convergence of C5(1,p) and C°(1,p). In this section we prove Theorem 1.7.
The convergence of CZ(1, p) can be proved as that of C2(1, p) and we only establish
the claim of Theorem 1.7 for C¢(1, p). Let us write in short M*(p) for the event in
the right hand side of (1.49), i.e. C*(1, p) = P(M°=(p)). One can show that

C§/2(1 _ 52, p1+252) . [1 . C§/2 (1 —e?, 2522

2 1—

)] —6s <C(1,p) <C5(1,p) + 05, (5.21)
where §5 = d5(p, €) is given by

53 = P(maxve(1_£2)1+p+a2) maXy e(1—e2,14+¢2) |XS(’U/) - Xs(’U)| < 6/2, (ME(,O))C)
(5.22)
Now, by Theorem 1.3 in Barlow and Cerny (2011a) (see the erratum Barlow and
Cerny (2011D) to this theorem) and Theorem 1.1 in Cerny (2011), P-a.s., X, EIN
Z4,o. By definition of Skorohod’s metric, there exists 6 > 0 such that, for s large
enough and A : [0,14 p] — [0,1 + p] strictly increasing and continuous,

P(max{maxve[o,up} ‘XS()\(’U)) — Zg,a(v)

» MaXy[0,14p) [A(v) — U|} > 52) <0,
(5.23)

and so &4 vanishes as first s — oo and then ¢ — 0. By the statement of Theorem 1.6
2
for C5(1, p), C5(1, p) and C§/2(1 —&2 plti) tend to Asl,(1/(1+ p)) as first s — oo

2

and then ¢ — 0. It remains to show that 1 — C§/2(1 — g2, 12_6;) vanishes. But this

can be done as in Section 5.2 (Step 2). The proof of Theorem 1.7 is finished.
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6. Appendix

Proof of Lemma 3.2: Fix ¢ € B,, and take w € A,,. We use Proposition 2.18 in
Barlow and Deuschel (2010) to prove (3.9). This proposition states that there exists
¢q € (0,00) such that for all m,, > r, for which U, < m,/r, for all z € B, (z),
P,(n(By, (z)) <my,) < e~emamn’ | as desired in (3.9). Since we assume m,, >> 1,
it remains to verify whether U, < m,,/r, for all z € B, (x). But B, () C Bau,
and so (3.7) implies that, U, < co(loga,)® < my/r, for all z € B, (x). This
finishes the proof of (3.9). The proof of (3.10) is as the proof of Lemma 3.2 in
Cerny (2011), where the claim is proved for d = 2. O

Proof of Lemma 3.3: Let us first establish (3.12). We begin with the contribution
to EERE,  coming from y ¢ B /mriogm,- By (3.9) of Lemma 3.2 and (3.3) of
Theorem 3.1,

Dyl i tog my, B(P(0(y) < ma))
< s v togm, (W14t WE D 4 (g2 exp(—cy[y[1/2)), (6.1)

where we used that P(o(y) < m,) < P(o(y) < [y*) for |y| > /mylogm,,.
Hence, the contribution to ]EER:%” coming from such y’s tends to zero. Now, let
Y € B i logm, - Since |B s 1ogm, [P(AS) < n~2, it suffices to bound E[P(o(y) <
my)1a,]. We have that,

P(o(y) <mn) < P(B jmr10gm,) < mn) + Plo(y) < n(Bmriogm,))- (6.2)

By (3.9) of Lemma 3.2, on A,, the first probability in (6.2) is smaller than
e—callosmn)® By the strong Markov property,

P(U(y) < U(BJWTLIOgmn)) = 9B w10z mn (an) (gBmlogm" (yvy))_lv (63)
where gp(z,2) = E, (fon(B) 1(1)=-dt). Write

D1 = B\/m/g7 and D2 = BMIOgmn \Dl

We distinguish whether d > 3 or d = 2. Let d > 3 first. Take y € D;. By (3.2) and

(3.4) of Theorem 3.1, gp ... (0,y) < 03(m;d/2+1 Aly?~4), and so

—d/2+1 _
S yen, E(P(o(y) Sma)* < 30 cp, ea(ma ™ AP~ E (95 e, 0:9)) -
(6.4)
Since B /m(y) € B /m;; log m,, and since the 7’s are identically distributed, (6.4) is
bounded by

_ —d/2+1 _ kg — 1/k
EgBiw(O,O) > yep, c3(mn /2L ly[2~4)F < cema! EgB\IC/Wn(O,O) < esmi/",

(6.5)
where we used (3.3) and (3.5) of Theorem 3.1 to bound EgE\k/W(O,O) < ¢ for

¢ € (0,00). Thus, the contribution to EERF, coming from y € D, satisfies (3.12).
Now let y € Dy. We bound P(o(y) < m,) by
> lz=|y|/2 P(J(n(Bz)/2)) = 2,n1(By|/2) < mn,0(y) < my)
<X iy PA) < ma) PGBy ) = % 0(Biy2) < ). (6:6)
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As in (6.2) and (6.3), P.(c(y) < my,) < 2c3]z — y|2_d(gBm(y)(y,y))_1. For
c € (0,00) large enough, 2¢3|z — y|?>~¢ < ¢|y|?>~9¢, and so we get that
Po(y) < my)
cly~?
98 () (Y5 )

cly|*~¢

_— exp(—c—4|y|2m;1), (6.7)
9B () (U5 Y) 4

P(n(Bly|/2) < mn)
where we used (3.9) of Lemma 3.2 in the last step. Using (6.7) and proceeding as in
(6.5), one sees that the contribution to EERE, ~coming from y € D; is as claimed
in (3.12). The proof of (3.12) is finished for d > 3.

Let d = 2. Recall that for y € D1 U D5 it is sufficient to bound the expected
value on A,. In fact, we will bound P(o(y) < 6,,) for every w € A,, by a function
fm, (ly|) that is as in (3.14) and this way also prove that the contribution coming
from y € D; U Dy satisfies (3.12). Let y € D;. By (3.4) of Theorem 3.1, one can

show that g /m1ogm, (0,y) < c3(log /my/ly|), and so
Yyep, Po(y) <00) <X yep, 395, ... (y.y)(log /i /ly]). (6.8)

As in Lemma 3.3 in Cerny (2011), one sees that 9yimtogmn Yy Y) = 9B () (Y5 Y) =
crlogmy,. Weset fr, (|y]) = 2c3/cr(1-log(|y|/y/mn)). A simple calculations shows
that hence the contribution coming from y € D, is as claimed in (3.12) and (3.14).
Let y € Dy, Asin (6.6) - (6.7) we bound

Po(o(y) <mn) <298 s ronmn (2:9)/9B () (U5 Y)- (6.9)

Since |z — y| > /mn /2, one can check that gp < ¢ to get that

m log mp, (Zvy)
P(o(y) < my) < cexp(—S|y[*m;, ) (crlogmn) ™" = fin, ([Y]), (6.10)

where we used that, gp___(,)(y,y) > ¢7logm,,. The sum over y € D5 of (fm., (Jy]))*
satisfies (3.12) and (3.14) for k = 1,2,4. The proof of (3.12) is complete.

To finish the proof of Lemma 3.3, it remains to prove (3.14) for y € By, \
(D1 U Ds). By (3.10) of Lemma 3.2, on A, we know that we may set f,, (Jy|) =
e—ealloglu)” for y € B, \ (D1 U D3). Eq. (6.1) shows that the contribution to the
sum in (3.14) coming from these y’s vanishes. This finishes the proof of Lemma
3.3. (]
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