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Abstract. We consider a class of continuous time Markov chains on a compact
metric space that admit an invariant measure strictly positive on open sets together
with absorbing states. We prove the joint large deviation principle for the empirical
measure and flow. Due to the lack of uniform ergodicity, the zero level set of the
rate function is not a singleton. As corollaries, we obtain the Donsker-Varadhan
rate function for the empirical measure and a variational expression of the rate
function for the empirical flow.

1. Introduction

The energy transport in insulators can be described within a kinetic approach
analogous to the kinetic theory of gases. At low temperatures the lattice vibrations,
responsible of energy transport, can be modeled as a gas of interacting particles
(phonons) and their time-dependent distribution function solves a Boltzmann type
equation. The basic scheme to derive phononic Boltzmann equations from the
underlying microscopic dynamics is introduced in Spohn (2006). Following this
approach, in Basile et al. (2010) a harmonic chain of oscillators perturbed by a
conservative weak stochastic noise is analyzed and the following linear Boltzmann
equation is derived

W (t,r k) + v(k)O W (t,r k) = / dk'R(k, K" )[W (t,r, k') — W (t,r,k)]. (1.1)
T

Here W is the energy density distribution of phonons with wave number k € T

(the one dimensional torus), r is the space coordinate, ¢ is the time and v(k) is

the velocity of a phonon with wave number k£ and it is given by the gradient of the

dispersion relation. The scattering kernel R is positive and symmetric. Referring to
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Basile et al. (2010) for explicit expressions of R and v and the analogous equation
in higher dimensions, we point out the following features. The velocity is finite for
small k while R behaves like k2 for small k, and like k2 for small k’. This means
that phonons with small wave numbers travel with finite velocity, but they have
low probability to be scattered, therefore their mean free paths have a macroscopic
length (ballistic transport).

The equation (1.1) can be interpreted as the Fokker-Planck equation for the
Markov process (K (t),Y(¢)) on T x R, where the wave number K(¢) is a jump
process and the position Y (¢) is an additive functional of K, namely Y (t) =
fot ds v(K(s)). In view of the behavior of the kernel R mentioned above, k = 0 is an
absorbing state for the process K (t). On the other hand, the skeleton associated to
K admits an invariant measure 7 for which the mean jump time is integrable. As
we prove, this condition implies the ergodicity of the process with K (0) different
from 0. Nevertheless, in dimension one and two the variance of the mean jump
time with respect to mg is infinite, so that the standard central limit theorem for
the position Y (¢) fails. More precisely, in one dimension the position converges to
a 3/2 stable Lévy process under the proper scaling Jara et al. (2009); Basile and
Bovier (2010), while in two dimensions it converges to a Brownian motion under
an anomalous scaling with logarithmic corrections Basile (2014). The purpose of
the present paper is to analyze how the degenerate behavior of the kernel R affects
the large deviations properties of the process K.

In the general context of continuous time Markov processes, the empirical mea-
sure associates to a given trajectory the fraction of time spent on the different
states up to a time T. Under ergodicity assumptions, the empirical measure con-
verges to the invariant measure. The corresponding large deviations asymptotic
is the content of the Donsker-Varadhan theorem, with a rate function given by a
variational formula that can be computed explicitly only in the reversible case. A
natural generalization of this framework in the setting of jump processes takes into
account, together with the empirical measure, the empirical flow which counts the
number of jumps between the different states per unit of time. We remark that
a relevant dynamical observable, the empirical current, is directly related to the
empirical flow.

The joint large deviation asymptotics for the empirical measure and flow can
be derived by contraction from the corresponding result for the empirical process,
which yields the information on arbitrary sequences of jumps. The corresponding
rate function can be always written in a (simple) closed form. The Gallavotti-
Cohen large deviation principle Maes (1999); Lebowitz and Spohn (1999) and the
associated fluctuation theorem can be obtained by projection Bertini et al. (2015b).
Moreover, by contraction one also derives a dual variational formula for the rate
function of the empirical measure.

Alternatively, the joint large deviations for the empirical measure and flow can be
directly derived by tilting the underlying Markov chain. Indeed, with this approach
it has been firstly derived in Kesidis and Walrand (1993) for a Markov chain with
two states. Always in the context of discrete state space, a large deviations principle
for flows and currents have been discussed in Baiesi et al. (2009) in relation to
statistical mechanics models. The general case of countable state space is analyzed
in Bertini et al. (2015a), to which we refer for further references.
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With respect to this setting, the phononic chain described above lives on a con-
tinuous state space and lacks uniform ergodicity due to the presence of zero as
absorbing state. In particular the classical Donsker-Varadhan conditions Donsker
and Varadhan (1975, 1976, 1983); Deuschel and Stroock (1989) do not hold. Mo-
tivated by this model, we consider a class of continuous time Markov chains which
are degenerate in the sense that there exist states with infinite holding time, but
the corresponding skeletons admit an invariant measure for which the mean jump
time is integrable. For simplicity, we restrict to the case of compact state space.
We prove a large deviation principle for the empirical measure and flow, with an
initial state different from the absorbing ones.

The rate function is the continuous version of the one derived in Bertini et al.
(2015a) for discrete space states. The presence of absorbing states is however
reflected in the properties of the rate function. Its zero level set is not a singleton
and more precisely it contains convex combinations of the invariant measure with
the associated flow and measures supported by the absorbing states with zero flow.
Indeed, with sub-exponential probability, the chain may spend almost all the time in
a small neighborhood of the absorbing states. Analogous degenerate large deviation
asymptotics have been obtained in Lefevere et al. (2011a,b) in the context of renewal
processes and in Bodineau et al. (2012); Bodineau and Toninelli (2012) in the
context of interacting particle systems.

From the large deviation principle for the empirical measure and flow we de-
duce by contraction the large deviation principle for the empirical measure. The
corresponding rate function can be expressed by the Donsker-Varadhan variational
formula, which in this case also admits a not trivial zero level set. Furthermore,
we also obtain a variational expression for the rate function describing the large
deviation asymptotics of the empirical flow.

The large deviation upper bound for the empirical measure and flow is proven
by perturbing the rates of the underlying Markov chain. We remark that this step
can be accomplished since the Radon-Nikodym derivative of the corresponding laws
can be expressed in terms of the empirical measure and flow. We derive the lower
bound by considering first deviations of measures and flows with support bounded
away from the absorbing state. For this class we can construct perturbed Markov
chains with nice ergodic properties, which have these measures and flows as typical
behavior. We then complete the proof by a density argument.

2. Notation and results

Let E be a compact Polish space, i.e. metrizable complete and separable, en-
dowed with its Borel o-algebra. The spaces of continuous functions on E and
E x E, endowed with the uniform norm || - ||, are denoted by C(E) and C(E x E).
We consider a continuous time Markov chain &, ¢ € R4 on the state space F,
defined by transitions rates c(z, dy) = r(z)p(x,dy), where r: E — R, and p is a
transition kernel on E. Throughout all the paper we assume the transition rates
satisfy the following conditions which in particular imply that £ is not explosive
and Feller.

Assumption 2.1.
(i) The function r: E — R is continuous. We set Ey := {x € E : r(z) = 0}.



4 G. Basile and L. Bertini

(ii) There exists a probability A on E, strictly positive on open sets, such that
p(z, dy) = p(x,y)\(dy) for some strictly positive density p € C(E x E).
(iii) The function 1/r is integrable with respect to A, i.e., A(1/r) < +oc.
In order to prove the large deviations lower bound we also need the following
technical condition.

(iv) For 6 > 0, let A5 :={x € E: r(z) < 0} be the (open) level set of r. There
exists a sequence &, — 0 such that sup,, A(Aas, )/A(Aas \As, ) < +00.

Since r is continuous Ej is closed. Moreover, in view of condition (iii) A(Ep) = 0.
Assumption (ii) implies that the kernel p is Feller and satisfies the Doeblin condition.
In view of Meyn and Tweedie (2009, Thm. 16.0.2) the discrete time Markov chain
with kernel p is uniform ergodic. That is, there exists a probability mg on E such
that p™(z,-) converges in total variation to 7y uniformly with respect to = € E.
Moreover, since A is strictly positive on open sets, g enjoys the same property. In
view of items (i) and (iii), mo(1/r) < 400 and therefore

m(dx) := 1 m(de)

m 0(1/ 7”) r(z)

defines a probability on F. As it is simple to check, 7 is an invariant probability
for the continuous time chain &.

As discussed in the Introduction, the main novelty of this paper is that we allow
the set Ey to be not empty. If this is the case, the points in Ej are absorbing states
for the chain £. In particular any probability supported on a subset of Ej is also
an invariant measure and £ is not uniformly ergodic. Then the standard conditions
for the Donsker-Varadhan theorem, see e.g., Deuschel and Stroock (1989); Donsker
and Varadhan (1975, 1976, 1983) do not hold. The phononic chain described by
(1.1) (see Basile et al. (2010) for the explicit expression of the rates) meets the
requirements in Assumption 2.1 with Ej the singleton at the point 0.

We next state the ergodic theorem for the chain £. For z € E we denote by
P, the distribution of the process ¢ with initial condition z. Observe that P, is a
probability on the Skorokhod space D(R,; E) whose canonical coordinate will be
denoted by X;, t € Ry. The expectation with respect to P, is denoted by E,.

Theorem 2.2. Let f € C(E) and x € E\ Ey. Then

(2.1)

1T . .
Tgrfoo T/o dt f(Xy) =w(f) in P, probability.

Moreover, the convergence is uniform with respect to x in a compact subset of E\ Ey.

We denote by M;(E) the space of probability measures on E endowed with
the topology of weak convergence. Given T' > 0, the empirical measure pr is the
continuous map from D(R,; E) to M;(E) defined by

T

Theorem 2.2 can be then restated as follows. As T" — +oco the family {IP’x opp
converges to 0, uniformly with respect to = in a compact subset of E \ Ey.
To describe the large deviation asymptotic of the empirical measure, we follow
the approach introduced in Bertini et al. (2015a) for discrete state space. Within
this scheme, together with the empirical measure it is also considered the empirical

pr(f) (X) = = / @t f(X),  feC(B) (2.2)

1o
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flow which accounts for the number of jumps between two given states. For this
purpose, we let M (E x E) be the space of finite positive measures on E x E
equipped with the bounded weak* topology. This is defined as follows. Let M(FE x
E) be the set of finite signed measure on F x E. The weak* topology on M(E x E)
is then defined by identifying it with the dual of C(F x E). For Q € M(E x E)
denote by [|Q|lTv the total variation of @ and, given £ > 0, let By := {Q € M :
[QllTv < £} be the closed ball of radius ¢ in M(E x E). The bounded weak*
topology on M(E x E) is then defined by declaring a set A C M(E x E) open if
and only if AN By is open in the weak* topology of By for any £ > 0. In particular,
the bounded weak* topology is stronger than the weak™ topology and, as follows
from the Banach-Alaoglu theorem, for each ¢ > 0 the closed ball By is compact
with respect to the bounded weak* topology. The space M(E x E) endowed with
the bounded weak* topology is a locally convex, complete, linear topological space,
and a completely regular space, i.e., for each closed set C C M(FE x E) and each
Q € M(E x E)\ C there exists a continuous function f: M(E x E) — [0, 1] such
that f(Q) =1 and f(Q') =0 for all Q" € C'). We refer to Megginson (1998, § 2.7)
for the proof of the above statements and for further details. We finally regard
ML (E x E) as a (closed) subset of M(E x E) and consider it endowed with the
relative topology and the associated Borel o-algebra.

For T > 0, the empirical flow Qr is the map from D(Ry; F) to M4 (E x E)
defined P, a.s., z € E, by

Qr(F) (X) := % Y F(Xy-,Xy), FeC(ExE).

te[0,T7] :

X,- X
Observe indeed that the right hand side is well defined because P, a.s., x € E, the
set of discontinuities of X} is locally finite. In view of Theorem 2.2, a straightforward
martingale decomposition, see Proposition 5.2 below, yields the following law of
large numbers for empirical flow. Let Q™ (dzx, dy) := w(dz)c(x, dy), then as T — +o0
the family {IP’EOQ;l converges to dg~ uniformly with respect to  in a compact
subset of E \ Ejy.

We regard the pair (ur,Qr) as a map from D(R;; E) to the product space
M = M1 (E) x M4 (E x E) defined P, a.s., z € E. Our main result is the large
deviation principle for the family {Pw o (ur,Qr)* } 1= We start by defining the
rate function. Let ¥: Ry — R4 be the convex function ¥(a) := aloga— (a—1), in
which we understand that ¥(0) = 1. We then define the functional I: M — [0, +00]

by
: //dxx@ (@%ﬁ%ﬂ if Q(,E)=Q(E,),

Y70

(2.3)
otherwise.

Observe that I(u, Q) < 4oo implies that the two marginals of @ are equal and
Q(dz,dy) < p(dx)c(z, dy). Moreover, since the second marginal of p(dx)e(x, dy) is
absolutely continuous with respect to A, I (i, Q) < 400 also implies d@Q = g d\ x d\,
see Lemma 4.4 below. It is thus possible to express I in terms of the density
q as follows. Given pu € M;y(F), decompose it into the absolutely continuous
and singular parts with respect to A. Namely, du = od\ + dus where g is a sub-
probability density on E and pg is singular with respect to A. Let ®: Ri — [0, +o0]
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be the convex lower semi-continuous function defined by ®(a, b) := alog(a/b)—a+b.
If T(u, @) < 400 then the marginals of @ are equal and

Q) = [ [Nde)x@) @(ale). e@r@p(ep) +m). (24
In particular, if p1 = ps then I(p, Q) < +oo implies @ = 0.

Theorem 2.3. AsT — +oo the family {}P’x o(ur, QT)fl}T>0 satisfies, uniformly
with respect to x bounded away from Ey, a large deviation principle with good convez
rate function I. Namely, the functional I has compact level sets and for each
compact By C E \ Ey, each closed C C M, respectively each open A C M,

lim — log P, ,Qr)eC) < — inf I(p,Q),
T 1p o8P Q) €0 < =t 11

1
li inf = logP, , cA)>— inf I
AR, et Qri e A) 2 - B @)

By the stationarity condition for =, the measure Q™ (dx, dy) = w(dx)c(x, dy) has
equal marginals. We thus deduce, as must be the case, that I(w,Q™) = 0. On
the other hand, if Ey is not empty, the zero level set of I contains other points
and the law of large numbers stated in Theorem 2.2 cannot be deduced from the
large deviation result. More precisely, if the measure p is supported on a subset of
Ey, then I(u,0) = 0 and, by convexity, I vanishes on the segment a(mw, Q™) + (1 —
a)(1,0), @ € [0,1]. The representation (2.4) implies that elements of this form are
the only zeros of I.

As a corollary of the previous theorem, we deduce the large deviations asymptotic
for the empirical measure. We emphasize that the corresponding rate function is
the standard Donsker-Varadhan functional.

Corollary 2.4. Let I: My (E) = [0, +00] be the functional defined by
W= s { / (dr)e(z, dy) [exp{o(y) — ()} ~ 1] }.
$eC(E)

AsT — +oo the family {Pwoﬂj_“l}T>0

away from Ey, a large deviation principle with convex rate function T.

satisfies, uniformly with respect to x bounded

As a further projection of Theorem 2.3, we obtain a variational expression, that
appears to be new, of the rate function for the empirical flow.

Corollary 2.5. Let I: My (E x E) — [0,400] be the functional defined by

) { [ atmno [Q(dg(cg fi)dw( (@) +a)] —a}

Q) = if Q(,E) = Q(E,")

400 otherwise,

where ry = minr. As T — 400 the family {IP’ o QTl}T>O satisfies, uniformly
with respect to x bounded away from Ey, a large deviation principle with convex
rate function I.
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3. Law of large numbers

We denote with {Z;},>0 the skeleton of the process &, namely the sequence of
the visited states, and with {7;};>¢ the collection of the holding times. The skele-
ton {Z;};>0 is a Markov chain with transition probability p(z,dy). Conditioned
to the skeleton {Z;}i>0, {7:}i>0 are independent, exponentially distributed ran-
dom variables with parameters r(Z;). In particular they have the same law as
{r(Zi)~tei}i>0, where {e;}i>o are i.i.d. exponential random variables with param-
eter 1.

We denote with T},, n > 0, the jump times 7T, := Z?;Ol 7; for n > 1 and Ty = 0.
We then define the clock process T (t) := T);), where |-] denotes the integer part.
The inverse function n(t) := inf{n : T, > t} gives the number of jumps up to time
t. By definition, the following inequality holds

Tn(t)—l <t< Tn(t)7 (31)
where we take T, = 0.

Proposition 3.1. Let mg € M1(E) be the unique invariant measure of the chain
{Z;}. Then for each f € C(E) and Zy € E \ x

n—1

nh—>Holo - Z f(Z)r = 7o(f/r) in probability. (3.2)

Moreover, the convergence is uniform with respect to Zy in a compact subset of
E\ Ey.

Postponing the proof above statement, we first show that it implies the law of
large numbers for the continuous time chain .

Proof of Theorem 2.2: Recalling the definition of the empirical measure (2.2),

n(T)

Zf

For each f € C(E),e>0,and 0 >0

Px(fuT(f) —n(f)] > 6) < Px<

%n(T)—m‘ >a)

1 (3.3)
Pl () =Dl > & [7n(®) = | <)
+B(|ur(f) = ()] > &, |n(D) - —=] <o
From (3.2) with f = 1, we deduce that the sequence {T,,/n},>1 converges in
probability to mo(1/r) and therefore, in view of (3.1), the family of random variables
{n(T)/T}r>0 converges in probability to (wo(l/r))fl. This implies that the first
term on the right hand side of (3.3) vanishes as T —> 0.
On the other hand, on the event {|%n( 1/T) | < U}

o(T) a(T)+oT]+1

GEED S A s||f||% > ow

i=0 i=a(T)—|oT]|-1
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where a(t) = [t/mo(1/r)]. In view of condition (ii) in Assumption 2.1, for each
i1>1land Zg € FE

E(r,) :/pi—l(zo,dx)/ (@) o < 0/ Y(Zo, dz) /A dy) 6

where C' = max p(x,y). By condition (111) in Assumption 2.1, we thus get

sup E(7;) < +o0. (3.4)

i>1

Hence, by Chebychev inequality, the second term on the right hand side of (3.3)
vanishes as ¢ — 0 uniformly in 7' O

Proof of Proposition 3.1: Recalling that, conditionally on {Z;}, {7;} have the same
law as {r(Z;)"te;}, we set S, (f) = Z?:_ol f(Z)r(Z;)te; and define

1 1
< >
un}i = T(Zl) I[{T.(Zi)—lgnl/ék}, un’i = ’I“(ZZ) 1[{7'(Z,i)_1>n1/4}'
We decompose accordingly

Sulf) =+ f(Zo)r(Zo) eo + (1) + S7(7), (35)

where

n—1
SEU) == 3 Sz
=1

1 n—1
= f(Zuy
=1

Trivially, the first term on the r.h.s. of (3.5) vanishes as n — oo, uniformly with
respect to Zy in a compact subset of E\ Fy. Let us next show that S;” (f) converges
to zero in L. We have

Sy ()

B(157 (1)) < 171 Y E(u)

where, by Chapman-Kolmogorov,

7Hf|| Z/ Zo,dil’ / (.’E dy) ( )]I{r(y) I>nl/4}

1
< su x,d I, n-15n1/a1,
<1 sup [ plads) T sy
which vanishes as n — oo by conditions (ii) and (iii) in Assumption 2.1.
We next show that S<(f) converges to mo(f/r) in L?. We have

—1

B(S5 ()~ ml/n)° < 5 SOB(F(Zous e~ molt )’
i=1

+ % Z E([f(Zi)u,iiei —mo(f/r)] [f(Zj)u,ijej - 7T0(f/7“)]).

1<i<j<n—1
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By definition of uy; ,, E(f(Zi)u;iei)Q < ||f|I>n'/2. Therefore the first sum on the
right hand side of (3.6) vanishes as n — oo. In order to estimate the second sum

on the r.h.s. of (3.6), we observe that for each 1 <i<j<n-—1
B(F2)fus = r(2) 7] £(Z) [~ r(2)7])
1
< [I£11? Sup/px,dy —
171 (sup [ ot dv) o

which vanishes as n — oo by conditions (ii) and (iii) in Assumption 2.1. Therefore
we can replace uy; ; by r~!(Xj) in the second term of the r.h.s. of (3.6). By the
same computations presented above, we get that each term in this modified sum is
uniformly bounded, that is

B[22 es = molf /)] [FZr(Z3) es = mols /0] )| < CP A1, (3.7
where C := sup,cp [p(x,dy) 1/r(y). Given m < n — 1, we now split the sum

2. = Xt D>+ )

1<i<j<n-—1 1<i<m m<i<j<n—1 m<i<j<n-—1
1<j<n—1 j—i<m Jj—i>m

2
]I{,.(y)—1>n1/4}) s

By (3.7), the first and the second sum give a contribution of order m/n, then it
remains to estimate the last sum. Since mo(-) = [mo(dz)p(z,-), for £ > 0 we can
write

| [ ) L8 = ot ] = | [0 ) = mala) [tz L

< C|fl sup [lp(z,-) — o ()l Tv.
xeFR

Therefore

= 2 (U@ @) e - nol ) 122 ey~ mols /1))

(sup llp* (e, ) ~ mo(lxv)

< C?[|f|* sup
0> rEE

>m

Since condition (ii) in Assumption 2.1 implies the Doeblin condition for p, the
uniform ergodicity of the chain, see e.g., Meyn and Tweedie (2009, Thm. 16.0.2),
implies that the r.h.s. above vanishes as m — co. We then conclude the proof
taking the limit n — oo and then m — oo. ([l

4. Large deviations upper bound

We denote the marginals of Q € M (ExE) by Q") and Q?. For F € C(ExE)
we let rf: £ — R, be the continuous function defined by

r(z) = /c(x,dy) ef'@y), (4.1)

observing that for F' = 0 we get r% = r. Given ¢ € C(E) and F € C(E x E) let
Iy.r: M — R be the continuous affine map defined by

I (1, Q) == QW (¢) — QP (¢) + Q(F) — p(rF —r). (4.2)
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In this section we first prove, by an exponential tilt of the underlying probability,
the large deviation upper bound with rate function supy, g I r. As in Bertini et al.
(2015a), this step can be easily accomplished since we are considering the joint
deviations of the empirical measure and flow. We then show that the rate function
thus obtained coincides with (2.3). We remark that the upper bound estimate holds
uniformly with respect to all initial conditions in F.

Proposition 4.1. As T — +oo the family {P, o (uT,QT)_l}T>O satisfies, uni-
formly with respect to x € FE, a large deviation upper bound with lower semi-
continuous convex rate function supy g Iy r. Namely, for each closed C' C M

_— 1
li —logP, ) €C)<— inf I )
o s 7 tosPaler Q) € ©) < = gl o gpler(sQ)

where the supremum is carried out over all (¢, F) € C(E) x C(E x E).

We start by proving the exponential tightness, that is there exists a sequence
{K¢}een of compacts in M such that

I 1
lim lim sup T log P, ((pr, Qr) ¢ Ke) = —o0.

L—oo T—00 zcRp

Recall M = My (E) x M4 (E x E). Since M;(FE) is compact with respect to the
topology of weak convergence and M (E x E) is endowed with the bounded weak*
topology, the previous bound follows from the exponential tightness of the sequence
of positive random variables {Qr(1)}r>¢, which count the total number of jumps
per unit of time.

Lemma 4.2. Let ap — +oo. Then

_— 1
lim lim sup T log P, (Q7(1) > ag) = —oo.

L—oo T—00 g R
Proof: Given F € C(E x E), let M be the process defined by
M; = exp {t[Q:(F) — e (r" —1)] }, teRy. (4.3)

By standard Markov chain computations, see e.g., Brémaud (1981, §VI.2), MF
is a mean one positive P, martingale, x € E. By choosing F(x,y) = v > 0,
(z,y) € EX E, for a >0, T > 0 we then write

P, (Qr(1) > a) = By (70O ML g, (1)50))
< e T I | (ME) = =T Tl -1,
The statement follows. O
Lemma 4.3. For each (¢, F) € C(E) x C(E x E) and each measurable B C M,

_— 1 ,
lim sup TIOng«NTyQT) € B) < —(Mlcrgl)feBqus,F(u,Q).

T—oo zeE

Proof: Fix z € E and observe that the following path-wise continuity equation
holds P, a.s.,

0= o(X7) — ¢(Xo) — > [b(X) — b(X;)]
t€[0,7] (4.4)

= ¢(X7) — 6(Xo) — T[QX (9) — Q% (9)].
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In view of (4.2) and (4.4), recalling the martingale introduced in (4.3), for each
T>0

]P):c((/j’TvQT) € B)
= Bo(exp { ~ T Lo r(r, Qr) — [6(Xr) — 6(2)]} MF Tas(iar, @)

< sup TR E, (exp { - [¢(Xr) = ¢(a)] } MF 1s(ur, Qr))
(n,Q)eB

< sup e T 1¢,F(H>Q)62H¢H ,
(n,Q)EB

where in the last step we used E, (M%) = 1. The statement follows. O

Proof of Proposition /.1: In view of the exponential tightness proven in Lemma 4.2,
it is enough to prove the upper bound for compacts. For each compact K C M,
by Lemma 4.3 and the min-max lemma in Kipnis and Landim (1999, App. 2,
Lemma 3.3)

Tm L 1}»( , e/c)<_ £ I
msup 7 log (ur, Qr) - o, sup 6.7 (1, Q).

Finally, as the map (p, Q) — Iy r(p, Q) is continuous and affine, the functional
Supy p Iy r is lower semi-continuous and convex. O

Recalling that the functional I is defined in (2.3), we show that it coincides with
SUpy g Iy F.

Lemma 4.4. For each (1, Q) € M,
(1, Q) = sup Lo r (1, Q)- (4.5)

In particular, I is lower semicontinuous and convex. Moreover, if I(p, Q) < +00
then @ < A x A and (2.4) holds.

Proof: Clearly, sup, {Q(l)(qb) —Q?(¢)} < +o0 if and only if QW =Q®@ . Forpue
My (E) we denote by Q" € M (E x E) the measure Q*(dz, dy) := p(dz)c(z, dy)
and set A(p, Q) := supp {Q(F) — Q" (e’ —1) }. Recalling (4.1) and (4.2), the proof
of (4.5) is achieved once we show that if Q1) = Q) then A(u, Q) = I(1, Q).

For @ with equal marginals we next prove that A(u, Q) < I(u, Q). We can
assume I(u, Q) < +oo so that Q@ < Q*. Then

QAP - Q" - 1) = [Jaer {5 - (" - 1)},

Since ¥(a) = supyeg {)\a — (e - 1) }, a € Ry, we complete this step by taking the
supremum over F.

To obtain the converse inequality, we first prove that if A(p,Q) < +oo then
Q < Q*. Let B be a Borel set in E x E such that Q*(B ) = 0, we show that also
Q(B) = 0. By regularity of the measure Q" there exists a sequence of open sets
A, D Bin ExE such that lim, Q*(A,) = Q*(B) = 0. By approximating indicator
of open sets with continuous functions we can take as test function F' = vl 4, , v > 0,
and deduce

YQ(B) <vQ(An) < A, Q) + (7 — 1) Q"(Ayn).
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We conclude by taking first the limit as n — oo and then v — oco. To prove
Alp, Q) > I(p, Q) (for @ with equal marginals) we can assume A(u, Q) < 400 so
that @ < @Q". Pick an array of continuous functions {Fj_,} equibounded in n such
that {F} ., }n>0 converges to log [(dQ/dQ“ A k) V1/k] in LY(E x E,dQ"). Then

//dQ“dQM (%Ak /dQ“ @Ak) %]—1}.

By monotone convergence, we conclude taklng the limit £ — oo.

To prove the last statement of the lemma, we decompose the measure p into
its absolutely continuous and singular parts with respect to A, i.e. g = pac + Us-
Accordingly, there exists a Borel set B C E such that us(B) = ps(E) and A(B) =
Since Q*(dx,dy) = p(dx)r(z)p(z,y)M(dy), it holds Q*(E x B) = 0. As Q < Q¥
and QM) = Q@ this implies Q(E x B) = Q(B x E) = 0. Since the restriction
of @ to (F'\ B) x E is absolutely continuous with respect to Q*=c < A x A, then
Q@ < A x A. Straightforward manipulations now yield (2.4). O

The following estimate will be used in the proof of the lower bound.

Lemma 4.5. Let (i, Q) € M be such that I(,u, Q) < 4o00. Then

/ Q(dz,dy) log ————

< +o00.

()( y)

Proof: For k > 0, choose as test function in the variational formula (4.5) the
function (z,y) + log (k A 1/r(z)p (x y)). We deduce

/Qdmdy log /m ()( ))

/ (dz)c(z, dy) k/\()( )

where we used that c(x,dy) = r(x)p(z,y)A(dy). By taking the limit k¥ — oo we
conclude the proof. (I

1) < I, Q) +1

5. Large deviations lower bound

We state a general result concerning the large deviation lower bound in which
we denote by Ent(P|P) the relative entropy of the probability P with respect to P.

Lemma 5.1. Let {P%, a € A},en be a sequence of family of probability measures
on a completely regqular topological space X. Assu@e that for each z € X there
exists a sequence of family of probability measures { P¥(z)} weakly convergent to 0,
uniformly with respect to o € A and such that
1 Ot (o3
< .

nh_}rrgo 51615)‘ - Ent (P )|Pn) < J(2) (5.1)
for some J: X — [0,+00]|. Then the sequence of family {P*, o € A}, en satisfies
uniformly with respect to o € A the large deviation lower bound with rate function
giwen by sc™J, the lower semi-continuous envelope of J, i.e.,

(s¢™J)(2) ;== sup inf J(w)
UeN, weU

where N, denotes the collection of the open neighborhoods of z.
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This lemma is proven in Jensen (2000, Prop. 4.1) in a Polish space setting without
the dependence on the parameter . The proof extends to the present setting. Note
that in the our application we shall work only with sequences so that one can avoid
the details of the general topological setting.

Our strategy to prove the large deviations lower bound is the following. We first
prove the lower bound for a nice subset of M. In view on Lemma 5.1 we then
recover the full lower bound by a suitable density argument. More precisely, we let

Mo = {(1.Q) € M : K i= supp(u) C E'\ By, supp(Q) = K x K,
dp = pd\ with p continuous and ¢ > 0 on K, (5.2)

dQ = gd) x d) with g continuous and ¢ > 0 on K x K}

We shall prove the entropy bound (5.1) with J given by the restriction of I, as
defined in (2.3), to My, that is

J(1,Q) = {f (@) if (1,Q) € Mo,

. (5.3)
400 otherwise.

Then we complete the proof of the lower bound by showing that the lower semi-
continuous envelope of J coincides with I.

Proposition 5.2. Let (u,Q) € My and K := supp(u). Then there exists a Markov
family P, x € K, such that P, o (ur,Qr)~' — O(u,q) uniformly with respect to
xz € K and

lim sup T Ent (P, 0.1 P2, 0.77) < 11, Q), (5.4)

T—oo zeK
where Py, 0.7 denotes the restriction of P, to D([0,T], E).

Proof: We can assume I(p, Q) < +o0o, so that @ has equal marginals. Let du =
0dX, dQ = qd)\ x d), and let ¢ be the transition rates on K defined by ¢(z,dy) =
a(z,y)/o(z) M(dy). We denote by P, the law of the chain with rates ¢ starting from
x. Since @ has equal marginals, then it is easy to check that pd\ is an invariant
measure of the chain. Moreover, the chain is Feller and satisfies ¢(z, dy) > coA(dy),
x € K, with ¢p := ming « g q(z,y)/0(x) > 0. Then, by the arguments of Section 3,
wr converges to pdA in ]T”x probability, uniformly with respect to x € K. In order
to prove the law of large numbers for the empirical flow @7, we use the following
semi-martingale decomposition. For each F' € C(E x E)

FQu(F /ds/ (Xody) F(Xy.y) + My(F),

where the ]T"x martingale M (F') has predictable quadratic variation

t—/dS/ Xs,dy .svy)2'

Since ¢(z,dy) < CX(dy), then (M(F)); < CtA(F?). Therefore, as the map K
z — [¢(x,dy) F(z,y) is continuous, the law of large numbers of the empirical
measure pp implies

lim Qr(F / (dz)c(z,dy) F(z,y) = Q(F), in ﬁc probability,
T—4o0
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uniformly with respect to 2 € K. Since by Lemma 4.2 the family {Qr}r>o is
tight, this implies the law of large numbers P, o (ur, Qr)~ ' — O(u,q) uniformly
with respect to z € K. Observe that this argument also shows that for each F' the
family of random variables {Q1(F)}7r>0 converges to Q(F) in L? with respect to

P,, uniformly in z € K,
Set F*(z,y) := loglq(z,y)/o(x)r(z)p(z,y)], (z,y) € K x K. Then, by an explicit
computation of the Radon-Nikodym derivative, see e.g., Brémaud (1981, §VI.2),

1 - 1~ P, (o, ~ . .
f Ent (Pz,[O,T”Pw,[O,T]) = ?]ET(log Wig) = ET (QT(F ) — ,U,T(’I"F — ’I’))

Recalling the representation (2.4) for I, the law of large numbers just proven yields

. 1 =~ * F*
Jim = Bnt (P, 0.79[Ps 0.77) = QUE) — p(r" —7) = I(p, Q)
uniformly with respect to = € K. O

We next show that the lower semi-continuous envelope of J, as defined in (5.3),
coincides with I. A set € C M is called I-dense in D C M if and only if for
each (1, Q) € D such that I(u,Q) < +oo there exists a net {(ta, Qq)} C € such
that (ta, Qa) = (1, Q) and limg, I (e, Qo) = I(1, Q). We remark that by the lower
semi-continuity of I, the second condition is equivalent to lime, I (jta, Qo) < I(p, Q).

Theorem 5.3. The set My defined in (5.2) is I-dense in M.

The proof is split in few lemmata in which we use the following notation. Let
A and B be respectively a Borel subset of E of strictly positive A measure and a
Borel subset of E x E of strictly positive A x A measure. For a function f € L*(d)\),
respectively a function F' € L*(d\ x d)\) we set

f.r= 5 (M s@. [ P g [ M) Pew.

Lemma 5.4. Let
My = {(1,Q) € M : K := supp(u) C B\ By, supp(Q) = K x K,
dD,...,Dy C K disjoint open sets such that )\(K \ UDZ) =0,

5.5
duzzaiﬁmdx, a;>0,i=1,..¢, (55)

dQ = by Ip,xp, dA x d, by >0, i,j =1, z}
,J
The set My is I-dense in M;.

Proof: Let (1, Q) € My with I(p, Q) < +00, so that Q) = Q). Denoting with
d(-,-) the distance in E, by Urysohn lemma, for each D;, i = 1,...¢, and n € N
there exists a continuous function ¢: K — [0, 1] such that

{1 ifze D,

%@ =10 if d(x, D) > L,



LDP for degenerate jump processes 15

where D; is the closure of D;. We define the sequence (i, Qn) by dit, = 0ndA,
dQp = gndA x dA, with 9, =0in F\ K and ¢, =0in (F x E) \ (K x K), and

oule) = S 0PI D).

(o) = by U AD)AD,)

In particular {(sn, Qn)} € Mo, (11, Qn) — (1, Q) and, since Q) = Q@ QY =
ng). In view of (2.4),

(i, Qu) = / /K M) M) (g x.0). @) @),

Since r(z)p(z,y) > 0in K x K and g, > ¢ > 0 in K, by dominated convergence
we conclude that I(un, Qn) — I(u, Q). O

Lemma 5.5. Let
My = { (1,Q) € M : K = supp(u) € B\ Eo, supp(Q) = K x K,
u<</\,Q<<)\><)\}.
The set My is I-dense in M.

(5.6)

Proof: Given an integer n, pick a family of disjoint open sets D7, .., D;} C K such
that )\(K \ U, D?) = 0 and the diameter of D} vanishes as n — o0, i =1,...,n.
For (u,Q) € My with Q) = Q®), let du = pd) and dQ = qd\ x \. We define
dpy, = 0pdX and dQ,, = gdA\xd\, with 9, = 0in E\K, ¢, = 0in (Ex E)\ (K x K),
and

on(2) ::][ 0 if z € D7,

gn(z,y) == q if (z,y) € D} x Dj.
DpxD?

In particular, since Q) = Q®, QY = Qi) Moreover, {(1tn, Qn)} € My, and
(Hns Qn) = (1, Q). In view of (2.4),

(. Q) = / /K A ) @00 .1). 00 (2) (. )

_ n n 0 i B )
= %: )\(Dz )/\(D] )]%? <D {qn log + qn log D (Qn On ’I"p) }

On

By convexity of the function alog(a/b), using Jensen’s inequality we get

an(z,y)log @n(2:3) SH glog,  (z,y)€ D} x DI
on() D x D7 0

so that
1
T Q) <10 Q)+ Y [[ - anxdr (a-a.)og
i 7Dy P

+Z// d\ x dX (0, — 0) Tp.
i.j @ x DY
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Since both rp and log(1/rp) are continuous in K x K, we conclude the proof taking
n — 00. (I

The next lemma is the key step and relies on the technical condition (iv) in
Assumption 2.1.

Lemma 5.6. Let
My = {(M,Q)EM L u< )\,Q<<)\><)\}. (5.7)
The set Mo is I-dense in Mg.

Proof: For § > 0 let As C E be the open set defined by As := {z € E : r(x) < d}.
Given (1, Q) € M3, with Q) = Q®) | we write du = pd) and dQ = qd\ x d\. For
§ >0, we set

o() if e\ Ay
0s(x) :== WA5 Mdx') o(x') if x € Ags \ As
0 if x € As,
and

q(z, if (z,y) € (E\A25)2
AT /A% Ad y') if (z,y) € B\ Ags x Ags \ As
qs(z,y) == /\(A%\Aé / (',y) if (x,y) € Ags \ As x E\ Aas

m Q(Aza X Azs) if (z,y) € (A2 \ A(;)2

0 if x€As or y € As.

By letting dus := 05 d)\ and dQs := g5 d\ x d), it follows that (us, Qs) € Ma and
(s, Qs) — (i, Q). Moreover, since Q) = Q) Q(l) Q(Q) In view of (2.4),

I(us, Qs) / d x dAD (g5, 05 D). (5.8)

Consider first the integral over (E \ Ags)?. By definition of (s, Qs),

lim // dX x dX ®(gs, 05 p) = I(p, Q). (5.9)
640 E\Ags)?

The proof of the lemma will be achieved by showing that the other contributions
to the right hand side of (5.8) vanish ad § | 0.
Consider the integral over E \ Ags X Ags \ As, namely

// dX\ X dA CID(q(;, 05 rp)
E\A25XA25\A5
S /], f,, a0 f
Adx)\(dy) q(z,-), o(z)r(x)p(x,-)) + Rs
A%W o ea NNE) (A% (@) f, e r ))
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where

R ://E\A o N )
/\(A25) )\(Agg) )CA25 r(x)p(x, )
{/\(Azé\Aa) ]{, A )18 SN Ay r @l
A(A3s)
- (o5 . et = ewrnte.n) |

By choosing § = 4,, as in condition (iv) of Assumption 2.1 and using that p is
strictly positive, it follows that lim,, Rs, = 0. Moreover, by Jensen inequality,

A:: iéA(; / /E\AWA%W (dz)A(dy) <I>(]£ @), ][A @) r@p(a, ))

g// d\ x d\®(q, 07p).
E\Azs X Azs

Hence

= / / dX\ x dA®(gs, . 05,7D)
n E\Azs,, X Azs, \As,,

glim// d\ X dA®(q,0rp) =0
n E\Aggn XA25n

We next consider the integral over Ass \ As X E \ Ags, namely

// dA X dA <I>(q<;,g(;rp)
A25\A5 XE\A2§

AiiéAs //Az(;\Ang\Aza () M) q;(]{m q<.7y)7][Aza Q<.)r(.)p(-7y)) o

where
A2§ JCA% Q() T()p(ay)
B = A(Azs\As) //Aza\Ang\A% (dz)M(dy) {]{425 1y log fa,, 0C)r(@)p(z,y)

f et~ f o )}

By condition (ii) in Assumption 2.1, there exists ¢ > 0 such that p(z,y) > ¢. We
thus deduce

) / Il
Bs < A(dz)Mdy) £+ q(-,y)log - —= + [[rpl| u(A
' A(A25\45) A2\ As x E\Azs ) Ass ) cr(z) 7Pl #(Azs).

By definition of the set A, r(x) > § for x € Ass \ As. Hence

(5.10)

rp
o< [ @@ o tos L+ i ()
A25><E\A26
<

</ Aldz)Mdy) a(z y) log 2L 4 ) u(As),
Ags X E\ Ay CT( )

where in the last inequality we used r(z) < 260 for z € Ags. In view of Lemma 4.5
we conclude that lims o Rs < 0. By using Jensen inequality as in the previous step
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we deduce

lim// dX X dA <I>(q5, 0s Tp) =0. (5.11)
010 S J 425\ A5 x B\ Ass

We finally consider the integral over (Ags \ As)?, namely

// d\ X d\ @(qg,ggrp)
Azs\A5)2

) ] (f,..+/]
= d\ x d\ ® Qrp + Rs,
( A(Aszs \Aé (Ags\Ag)2 (Azs)? (Azs)?

where

Ro= [[ Maoay
(A25\As)?
A(Aas\ As) (Azs)? A(A2s\ As) JCA% or(z)p(z,y)
AMA AMA 2
- )\(A(zéii)la)]{x% erl@p(my) - ()\(14(25?5/)16)) ]G{Ags)z Qrp}'
As in the previous step, we now use that p(x,y) > ¢ for some ¢ > 0. We deduce

A(Ass) // AM(Azs) |l
R A(da)\(d H 1
5—( AA26\A5) ) ] Jinns\ a2 2)A(dy) a8 N(Ags\ A) er(x)
+ [|rpl p(Azs) A(Azs\ As).
Since r(x) > § for x € Ags \ As,
~ A(Ass)  Irpll
Azs) A(Asg\ A
Ro< [ e tom 3 s UL Il naas) Adas\ 40

A(Azs)  2[|rpll
< //(A%) A(dz)A(dy) q(z, y) log Mz \ Ay er(a) + C pu(Azs) MAgs\ Ag),

where in the last inequality we used r(z) < 2§ for € Ags. By choosing § = &,
where 4,, is the sequence in condition (iv) of Assumption 2.1 and using Lemma 4.5,
we deduce that lim,, R;, < 0. By using Jensen inequality as in the previous steps
we conclude

n—oo

lim // dX x d\ <I)(q5n, 0s,, rp) =0 (5.12)
AQ‘Sn\A‘Sn)2

Since g5 vanishes on As and g5 vanishes on (As x E) U (E x A;), (5.9)-(5.12)
yield the statement. O

Lemma 5.7. Let
Myi={(1,Q) eM: n LA Q=0}, (5.13)

The set Mg is I-dense in My.

Proof: Consider a Borel partition E = | J; D}* such that A(D;*) > 0 and the diam-

eter of D} vanishes as n — oo. Given p L A, we set du,, = opdA, where

n(Dy)

A(Dr)

on(x) = x € D}
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and @, = 0. In particular (g, Q) € M3 and (pn, @n) — (1, 0). Moreover

Jim 10, @) = lim [ [ Mdo) Mdy)ea(0)r @)pl.9) = p(r) = I(0,0)

where we used the representation (2.4) for I(u, Q). O

Proof of Theorem 5.3: Let (u, Q) € M be such that I(u, Q) < +00. We decompose
1 into the absolutely continuous and singular parts with respect to A, i.e. = ptac+
s and we recall that by Lemma 4.4 QQ < QH=<. In particular, letting o = pac(E),

(1,Q) =« (éuac, é@) +(1- a)(ﬁus,o).

In view of Lemmata 5.4-5.6 there exists a sequence {(u1,n,Q1,n)} C Mo such
that (p1,n, Q1,n) — (ofluac,ole) and I(p1 5, Q1,n) — I(ailuac,ale). More-
over, by Lemmata 5.4-5.7, there exists a sequence {(f2,n, Q2,n)} C Mo such that
(/’52,71; QQ,n) — ((1 - a)_1MS7O) and I(MQ,na QQ,n) — I((l - a)_l;u’Sa 0)

The sequence {a(ft1,n, Q1,n) + (1 — @)(tt2,n, @2.n)} is in My and converges to
(1, Q). By the convexity of I,

I(e(p1n, Qua) + (1 — @) (2, Q2n)) < &l (10, Qrn) + (1 = ) (2,0, Q2,n)
so that
@I(a(ul,m Q1n) + (1 — @) (p2,n, Q2.n))
< al(a raes a1 Q) + (1= (1 — @)~ 1, 0) = I(1, Q)

where we used the representation (2.4) in the last equality. O

Proof of Theorem 2.3 (conclusion). The upper bound follows from Proposition 4.1
and Lemma 4.4, which also yields the convexity and lower semi-continuity of I.
Recalling (5.3), Lemma 5.1 and Proposition 5.2 imply the uniform lower bound
with rate function sc™J. In view of the lower semi-continuity of I and Theorem 5.3
we conclude sc”J = I. Finally, the goodness of the rate function I follows from
the exponential tightness proven in Lemma 4.2 and Dembo and Zeitouni (1998,
Lemma 1.2.18). O

6. Projections

Large deviations of the empirical measure. In the context of irreducible finite state
Markov chain, the representation of the Donsker-Varadhan functional in terms of
I has been obtained in Baldi and Piccioni (1999); Kipnis and Landim (1999). This
result has been proven for countable state space in Bertini et al. (2014). The proof
presented below relies on the variational representation of Lemma 4.4 and on the
Sion’s minimax theorem. It takes advantage of the compactness of F.

Proof of Corollary 2./: Let I, : M1(E) — [0, 400] be the functional
L= inf I(1Q). (6.1)

QEM | (EXE)
By contraction principle and Theorem 2.3, as T'— 400 the family {]P’:,: ) ﬂ;l}T>0
satisfy a large deviation principle with rate function I;. To complete the proof it
is therefore enough to show I = I;.
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We first prove the inequality Iy > I. In view of (2.3) we can restrict the infimum
on the right hand side of (6.1) to elements Q € M (E x E) satisfying Q") = Q(?).
For such elements, by the variational characterization of I proven in Lemma 4.4,

10Q)= | s {Q(F) = u(r" —1))

FeC(Ex

Fix f € C(E) and choose F(z,y) = f(y) — f(z), (z,y) € E x E. Since Q") = Q)

I(p,Q) > - / /u(dx)c(m,dy) [/ =1 1],

As the right hand side does not depend on @ we deduce

R0 = — [ futdoyetr. dy) [70-) -

and the result follows by optimizing on f.
We next prove the inequality I; < I. Fix u € M1(E) and observe that I1(p) <
I(1,0) = p(r) < +o00. By Lemma 4.4,

Il(,u) = inf sup Fu(Qa¢aF)
Q@ ¢.F

)

where the infimum is carried out over all Q € M, (E x E), the supremum over all
(¢, F) e C(E)x C(Ex E),and I';: M (E x E) x C(F) x C(E x E) = R is the
continuous functional defined by

I.(Q, 0, F)=QM(¢) — QD () + QF) — p(r" — 7).

As follows from a direct application of Holder inequality, the map F +— pu(rf) is
convex. Hence, for each @ the map (¢, F) — T',(Q, ¢, F) is concave. Since for
each (¢, F') the map Q — I',(Q, ¢, F) is affine, we would like to apply the Sion’s
minimax theorem to get

I(n) =sup inf T',(Q, ¢, F). (6.2)

o, F Q
Since neither M (E x E) nor C(F) x C(E x E) is compact, (6.2) needs however
to be justified. Postponing this step, we first conclude the argument. By choosing
on the right hand side of (6.2) Q(dz,dy) = p(dz)c(z, dy)er @¥) we get

Li(p) < Zu}g) //u(d:z:)c(:z:, dy) [eF(I’y) (F(z,y) + o(x) — oy)) — (eF'@V) — 1)]

<sup [ fudoyete dy)sup [ (3 + 9(2) - 9(3) — (¢* - 1)]

A€R
= slqlbp{ - //,u(dx)c(x,dy) [e‘ﬁ(y)ﬂb(m) - 1]} =1(n).

We are left with the proof of (6.2). To this end we apply the generalization of
the Sion minimax theorem proven in Ha (1981) that states the following. Under
the continuity and convexity/concavity assumptions discussed before, a sufficient
condition for the minimax identity

inf sup I',(Q, ¢, F) = sup inf T',(Q, ¢, F)
Q ¢r o F Q
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is that there exist a nonempty convex compact K C C(E) x C(E x E) and a
compact H C M (E x E) such that
inf sup I',(Q, ¢, F) < inf  sup T,(Q,9,F). (6.3)
Q &, F QEH (¢, F)EK

We choose H = {Q € M (E x E) : ||Q|lrv < h} (here ||Q||rv is the total mass
of Q) for some h > 0 to be fixed later and let K be the singleton K = {(0,1)}. If
Q & H then
[(Q,0,1) = Q1) — (e = Dpu(r) = h — (e = Dpu(r).
Since, as already observed,
infsup ', (Q, ¢, F) < I(p,0) = p(r),
Q ¢,F

by choosing h > eu(r) the condition (6.3) holds and we have concluded the proof
of (6.2). O

Large deviations of the empirical flow.

Proof of Corollary 2.5: Let Iy: My (E x E) — [0, +0o0] be the functional
LQ = inf I(1Q). (6.4)

HEM1(E)

By contraction principle and Theorem 2.3, as T' — 400 the family {]P o QTl}T>0
satisfy a large deviation principle with rate function Is. To complete the proof it
is therefore enough to show I=1.

We first prove the inequality I > I. We use the variational characterization
(4.5) restricting to @ with equal marginals. Given o € (=7, +00), we chose

Q(dz, dy)
Q. Byt )
By direct computations Q*(ef” — 1) = a, so that

1(,Q) = Q(F) — Q“(cF — 1)
/ Q(dz, dy)log [Q(dcaz(cll?x) C(li)dy)( (x) +a)} —a.

The result follows by optimizing over . We observe the choice of F' is not really
legal since it could be not continuous, however a truncation procedure similar to
the one in Lemma 4.4 leads to the same conclusion.

We next prove I < I. By definition of I we can assume that @ has equal
marginals. Given @, if there exists @ > —ry, such that [[ Q(dz,E)/(r(z) +a) =1

we chose Qldr. E)
Q _ )
IU’ (dIE) - 7"(.’1?) _|_ a )

then I(Q) < I(u?, Q). By a direct computation

Q(dz, dy) 7
(dz,dy)1 —a<I(Q).
44.0) = [ @t o [ i oo + )] —a <T@
If such « does not exists, by monotone convergence

deE

_rm

F(z,y) = log [
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and we can chose

L) - QUz,E) | // deE 5. (do),

r(z) — rm - rm

with ¢ such that r(xzg) = 7. From (2.4) by direct computatlon we obtain

12.Q) = [ [ Qs an)tog [ 2 M (@) = )] 4 1 < T(Q)

where the last inequality follows by monotone convergence. O

Acknowledgements. We thank the referee for suggesting us to formulate result for
a general (closed) set Ej.
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