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Abstract. In this paper we are concerned with contact processes with random
vertex weights on oriented lattices. In our model, we assume that each vertex z
of Z% takes i. i. d. positive random value p(x). Vertex y infects vertex x at
rate proportional to p(x)p(y) when and only when there is an oriented edge from
y to x. We give the definition of the critical value A, of infection rate under the
annealed measure and show that A\. = [1 + o(1)]/(dEp?) as d grows to infinity.
Classic contact processes on oriented lattices and contact processes on clusters of
oriented site percolation are two special cases of our model.

1. Introduction

In this paper we are concerned with contact processes with random vertex
weights on oriented lattices. For d-dimensional oriented lattice Z?, there is an
oriented edge from x to x + ¢; for each z € Z% and 1 < i < d, where

e;=(0,...,0,1,0,...,0).
ith

For x,y € Z4, we write z — y when y — 2 € {e;}1<i<4. We denote by O the origin
of 7.

Let p be a positive random variable such that P(p > 0) >0 and P(p < M) =1
for some M € (0,+00). Let {p(x)},cze bei. i. d. random variables such that p(O)
and p have the same distribution. When {p(z)},cz« is given, the contact process
with random vertex weights on oriented lattice Z¢ is a spin system with state space
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{0, 1}Zd and flip rates function given by

1 if n(z)
B =N 5 p@)pw)nly) i n(z)

Y y—x

)

1
0 (1.1)

for each (z,n) € Z¢ x {0, I}Zd, where A > 0 is a positive parameter called the
infection rate. More details on the definition of spin systems can be found in
Chapter 3 of Liggett (1985).

Intuitively, this contact process describes the spread of an infection disease. Ver-
tices in state 0 are healthy and vertices in state 1 are infected. An infected vertex
waits for an exponential time with rate one to become healthy. An healthy vertex
x may be infected by an infected vertex y when and only when there is an oriented
edge from y to x. The infection between y and z occurs at rate proportional to
p(x)p(y).

Please note that the assumption P(p < M) = 1 for some M < +o0o ensures the
existence of our process according to the basic theory constructed in Harris (1972)
and Liggett (1972).

The contact processes with random vertex weights is introduced by Peterson in
Peterson (2011) on finite complete graphs. He proves that the infection rate A has
a critical value A\, = E%;z such that the disease survives for a long time with high
probability when A > A, or dies out quickly with high probability when A < A..

Recently, contact processes in random environments or random graphs is a pop-
ular topic. In Chatterjee and Durrett (2009), Chatterjee and Durrett show that
contact processes on random graphs with power law degree distributions have crit-
ical value 0. This result disproves the guess in Pastor-Satorras and Vespignani
(2001a,b) that the critical value is strictly positive according to a non-rigorous
mean-field analysis. In Peterson (2011), Peterson shows that contact processes
with random vertex weights on complete graphs have critical value %ﬂ’ which is
consistent with the estimation given by the mean-field calculation. In Chen and
Yao (2009) and Yao and Chen (2012), Yao and Chen show that complete conver-
gence theorem holds for contact processes in a random environment on Z? x Zt.
The random environment they set includes the bond percolation model as a special
case.

In our model, if p satisfies P(p = 1) =1 — P(p = 0) = p, then our model can be
regarded as contact processes on clusters of oriented site percolation on Z?, which
is similar with the model in Bertacchi et al. (2011) with N = 1. In Bertacchi et al.
(2011), Bertacchi, Lanchier and Zucca study contact processes on Co, X Ky, where
C+ is the unique infinite open cluster of site percolation and Ky is the complete
graph with N vertices. They give detailed criteria to judge whether the disease will
survive. In Kesten (1990), Kesten shows that site percolation on Z< has critical
probability [1 + o(1)]/2d. We are inspired a lot by this result.

2. Main result

Before giving our main results, we introduce some notations. We assume that
the random variables {p(z)},cze are defined on a probability space (€2, F, P). We
denote by F the expectation operator with respect to P.

For any w € Q, we denote by Py the probability measure of our contact process
on oriented lattice Z¢ with infection rate A and vertex weights {p(x,w)},eze. The
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probability measure Py is called the quenched measure. We denote by EY the
expectation operator with respect to PY. We define

Pra(-) = E[PL(1)],

which is called the annealed measure. We denote by E 4 the expectation operator
with respect to P 4.

For any t > 0, we denote by 7; the configuration of our process at the moment
t. In this paper, we mainly deal with the case where all the vertices are infected at
t = 0. In later sections, if we need deal with the case where

A={z:mola) = 1} # 2,

then we will point out the initial infected set A and write 1; as 7. When 7, is
with no upper script, we refer to the case where

{z:no(z) =1} = Z4.
According to basic coupling of spin systems, it is easy to see that

Py ,a(ni(0) = 1) < Py, a(ns(0) = 1)

for all £ > s and A1 < X\o. As a result, it is reasonable to define the following critical
value of the infection rate.

Ae(d) = sup {A: tiigrnoo Pya(n(0) =1) =0}. (2.1)

Please note that our process is symmetric under the annealed measure Py 4. So,
Py 4(ni(z) = 1) does not depend on the choice of z. As a result, when A < A.(d),

t_l}gloo Py q(ni(z) =1 for some z € A) =0

for any finite A C Z% and hence 7, converges weakly to the configuration where all
the vertices are healthy as ¢ grows to infinity.
Our main result is the following limit theorem for A.(d).

Theorem 2.1. Assume that P(p > 0) > 0 and P(p < M) =1 for some M €
(0, +00), then

lim dA(d) = —

—. 2.2
d—+o0 Ep? (2:2)

Theorem 2.1 shows that the critical value A.(d) is approximately inversely pro-
portional to the dimension d, the ratio of which is the reciprocal of the second
moment of p.

When p = 1, our process is the classic contact process on oriented lattice. In
this case, we write A.(d) as Aq. When p satisfies

Plp=1)=1-P(p=0)=p

for some p € (0,1), our process is the contact process on clusters of oriented site
percolation on Z%. In this case, we write \.(d) as \.(d, site, p). There are two direct
corollaries of Theorem 2.1.

Corollary 2.2.
lim d\g =1. (2.3)

d—+oo
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We say y is x’s neighbor when y — =z, then Corollary 2.2 shows that Ay is
approximately the reciprocal of the number of neighbors. In Griffeath (1983), Holley
and Liggett (1981), Pemantle (1992), Holley, Liggett, Griffeath and Pemantle show
that this conclusion holds for contact processes on non-oriented lattices and regular
trees. In Xue (2014a), Xue shows that the same conclusion holds for threshold one
contact processes on lattices and regular trees.

Corollary 2.3. Forp € (0,1),
lim dpA.(d, site,p) = 1. (2.4)

d—+oo
Corollary 2.3 shows that A. = [1 + o(1)]/(dp) as d grows to infinity for contact
processes on clusters of oriented site percolation. In Xue (2014b), Xue claims
that the same conclusion holds for contact process on clusters of oriented bond
percolation on Z2.

Please note that the critical value A.(d) we define is under the annealed measure
Py 4. We can also define critical value A.(w,d) under the quenched measure such
that

_ . d 1 w —1) =
Ae(w,d) =sup{A:Vz€Z ,t_lggloo Pg(mi(z) =1) =0}

for any w € Q. A.(w,d) is a random variable. However, according to the ergodic
theorem for i. i. d. random variables, it is easy to see that

P(w: Ac(w,d) = A(d)) = 1.

So we only need to deal with the critical value under the annealed measure.
The proof of Theorem 2.1 is divide into two sections. In Section 3, we will prove
that

.. 1
i inf dAo(d) = 75

The fact that p(O) and p(y)n:(y) are independent for y € {z : z — O} is crucial
for the proof. Hille-Yosida Theorem and Gronwall inequality are two main tools of
the proof.

In Section 4, we will prove that

1

lim sup dA.(d) < ok

d—+oo
In the proof, we will introduce another process (; to control 7, from below and
define the set L of infected paths. The upper bound of A\. will be given by the
2
Holder inequality P(|L] > 0) > %

3. Lower bound

In this section we give a lower bound for A.(d).

Lemma 3.1. For each d > 1,
1

Ao(d) > ——

and hence )
.. > ’
it ) 7
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Proof: We use f; to denote
fi:= Exa[p(O)n:(0)] = E[p(O,w)P§ (n.(0) = 1)].

According to the flip rates function of 7; given by (1.1), p(O,w) and PY (1,(0) = 1)
are positive correlated. Therefore,

ft 2 Ep(O,w)E[PY (n:(0) = 1)] = EpPy a(n:(0) = 1).

Hence,
Jr
Py a(m(0) =1) < By (3.1)
Please note that the assumption P(p > 0) > 0 ensures that Ep > 0.
According to Hille-Yosida Theorem and (1.1),
d w
SPL(0) = 1) = - PY(m(0) = 1)
+ A Z Y)Y (m(0) = 0,me(y) = 1)
y:y—O
<—PYm(0)=1)+X Y pO)p)PY(m(y) =1). (3.2)
y:y—O
Multiply (3.2) by p(O,w), then
d
Tl <=Lt 2 D0 Bl (0)(y) P (m(y) = 1) (3.3)

y:y—O

For each y such that y — O, n:(y) is only influenced by the vertices from which
there are oriented paths to y. Therefore, p(O) is independent of p(y) Py’ (n:(y) = 1)
and hence

E[p*(0)p(y)PX (ne(y) = 1)] = Ep*(O)Elp(y)P5 (m(y) = 1)] = Ep*fr.  (34)
Please note that in (3.4), we utilize the fact that
Elp(y) X (n:(y) = )] = Elp(O)FY (n:(0) = 1)] = f;
since the process 7; is symmetric for Z? under the annealed measure.
By (3.3) and (3.4),
%ft < (dAEp* = 1) ;. (3.5)
According to Gronwall inequality and (3.5),

fi < foexp{(dAEp® — 1)t}
and hence

m fy =0 (3.6)

when \ < ﬁ.
Lemma 3.1 follows from (3.1) and (3.6).
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4. Upper bound

1
Ep2-

In this section we will prove that liminf d\.(d) >
d—400

First we define the contact process 7); where disease spreads through the opposite
direction of the oriented edges. For any w € €, The flip rates of 7; with random
vertex weights {p(z,w)},cza is given by

. 1 if n(z)
M =N S p@)ply)nly) i nx)

Y:r—y

)

1
0 (4.1)

Hence, for 7);, y may infect  when and only when there is an edge from x to y.
According to the graphical representation of contact processes introduced by
Harris in Harris (1978), we have the duality relationship

P (n(0) =1) = P (i #0), (4.2)

where 70 is 7j; with that {z € Z? : iy(z) = 1} = {O}.
Please note that in (4.2) we utilize the identification of 7P with

{a:EZd:ﬁtO(m):l}.

We put the rigorous proof of (4.2) in the appendix. We find (4.2) according to
the approach of graphical method, but to avoid too much details, in the proof we
resort to the tool of generator.

Since {p(x)}yeze are i. i. d., the events {n° # 0} and {7, # 0} have the same
distribution under the annealed measure P q. Therefore, according to (4.2),

Pya(n:(0) = 1) = Pya(n? #0). (4.3)

To control the size of n° from below, we introduce a Markov process (; with state
space {—1,0,1}%". For given {p(z)},cz4, (; evolves as follows. For each z € Z%, if
¢(z) = —1, then z is frozen in the state —1 forever. If ¢(z) = 1, then the value of
x waits for an exponential time with rate one to become —1. If {(z) = 0, then the
value of z flips to 1 at rate

A DD p@)p) =1y

Y:y—x

So for (;, when an infected vertex becomes healthy, then it is removed and will
never be infected again.

We use ¢ to denote (; with {z € Z¢: (y(z) = 1} = {O} and {z € Z¢: (o(z) =
—1} = 0. According to the basic coupling of Markov processes, there is a coupling
of ¢ and (; under quenched measure Py’ such that

g 2{zr €2 (P () = 1} (4.4)
for any t > 0.
We use C; to denote {z € Z% : (P (x) = 1}. Then, by (4.3) and (4.4),
t—lgrnoo P)\’d (771&(0) = 1) Z P)\’d(v t7 Ct 7é @) (45)

We give another description of {V ¢, C; # ()}. When the random environment w
is given, we let {1} cza be i. i. d. exponential times with rate 1 and let Uy, be
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exponential time with rate Ap(z, w)p(y, w) for any x — y. We assume that all these
exponential times are independent under the quenched measure P“. For

O=x9g—>21 > 2T3—>... 0T, =1,

if Ugje;o < Tk, for each 0 < 5 < n — 1, then we say that there is an infected path
with length n from O to z, which is denoted by O =, «

If x becomes infected at some moment ¢, then it waits for T}, to be removed and
waits for U, to infect neighbor y. If U, > T, then the infection between x and
y will not occur. Else if y has been infected by other vertices before ¢ + Uy, then
the infection between 2 and y has no effect. As a result, for each = € Z¢, = has
ever been infected when and only when there is an oriented path O = 2y — 21 —
g = ... — op = x such that Uy, < T, for each 0 < j < n — 1. Therefore, in
the sense of coupling,

{O=, 2} ={3t,zeC}.
Let I, = {z : O =, z} and L,, be the set of infected paths with length n from O.
{V t,C; # 0} is the event that that there are infinite many vertices which have ever
been infected. Therefore,

[V 4,Co £ 0} = (Y T, £0).
Since {I,, # 0} 2 {I,, # 0} for any n < m and {V n, I, # 0} = Jﬁo{ln # 0}, by
n=1

Monotone Convergence Theorem and Hoélder inequality,
Pya(Vt,Cr #0) = nglfw Pra(I, #0)
= lim P)\’d(|Ln| > 0)
n—-+o0o

2
> lim sup 7(E’\’d|Ln|)

. 4.6
n—+00 E)\,d|Ln|2 ( )

To calculate E) 4|Ly| and E) 4|L,|?, we utilize the simple random walk S,, on
oriented lattice Z¢ with Sy = O and
1
d
for 1 <i < d. Let {5,}/2 be an independent copy of {Sh e “o- We assume that
{Sn}12% and {Sn}n:o are deﬁned on probability space (€, G, P) and are indepen-
dent of {p(2)}rezd, {Ta}reze and {Uzy}aryy. We denote by E the expectation

operator with respect to P.
For a given path O — 1 —» 22 — ... = x,,

P(Sn+1 — Sn = €i) =

n—1
P Unyr <o W02 <=0 = 1 (o) ] )
and hence
) e Ap(xj)p(xjiqr)
Pra(Us,a,yy <To), WO<j<n—1)=E H [1 vt (xjﬂ)] (4.8)
Please note that Uy, »,., and Uy, , s,,, are not independent under the annealed

measure Py 4 but are independent under the quenched measure P¥, since {p(z) }ycz¢
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are not random when w is given. As a result, we can get a product under P in
(4.7) and then utilize the fact that

Pya(r) = EP“(")

to obtain (4.8). We will use this technic several times.
It is obviously that the right-hand side of (4.8) does not depend on the choice

of the oriented path z1,zs,...,z,.
As a result,
n—1
Ap(S;)p(Sj+1)
Eyq4|lL,| =d"E J J 4.9
Ll =B ]l SEsviEnrEmy (49)
for any given first n steps (Sp, S1,...,S,) of the simple random walk {5, Zi%

Please note that we write E not E x E in the right hand side of (4.9). We mean
that the right hand side of (4.9) is a random variable with respect to G and is a
constant with probability one.

To calculate F >\,d|Ln|27 we introduce the following notations.

7 =inf{n >0:8, =8, Sns1 = Oni1},

oy =inf{n>m:5, = §n,5n+1 % §n+1},
D=0y —1 +1,

T =inf{n >01: 85, = §n,Sn+1 = §n+1},
oo =inf{n >m: S, = gn,SnH + §n+1},
Dy=0y—12+1,

T = inf{n > op_1 : Sp, = §n, Spt+1 = §n+1},
o =1inf{n > 7, : S, = §n, Sn+1 # §n+1},
Dy = o — 1 + 1,

T = sup{k : 7 < +o0}.

Please note that P(T' < +o00) = 1 for d > 4 according to the conclusion proven
in Cox and Durrett (1983) that P(3 n > 0,5, = S,) < 1 for d > 4. Therefore,
Tk, Ok, Dy, are finite for £ < T.
Furthermore, we define
AO = {0 <n<T: Sn = §na SnJrl 7& §n+1}7
Al = {01 <n<Ty: Sn = §n,Sn+1 7£ §n+1},
AT—I = {UT—I <n<Tr: Sn - §n; Sn-i—l 7é §n+1}a

Ar = {’I’L >or: Sy, = s7'mSn-|-1 7& s771-‘,—1}-

For 0 <i < T, we use K; to denote |A;]|.

Please note that there are no n € (o, Tk+1) which satisfy S,, = §n7 Snt1 = §n+1
for k < T according to the definition of o and 7.
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After all this prepare work, we give a lemma which is crucial for us to give an
upper bound for A.(d). We let

THY K, 6744 Y K, 2ZD+2ZK
2 S = +/\M2) =
Vy = _ (4.10)
S D;=T E D, +2T+2 E K,
A=t (Ep )
Lemma 4.1. Assume that P(p > 0) >0 and P(p < M) =1. If X satisfies
EVy < 400, (4.11)
then
Ac(d) < A,
where Vy is given by (4.10).
Proof: For each x — 21 and y — 29, we define F(x,y; 21, 22) as
PY(Uyzy < Ty, Uy, <Ty).
By direct calculation,
_ X p@)p)p(z1)p(z2) :
~ oGOl o] if w7y and 21 # 2,
_ y)p° (21 : _
Flayyim, ) BogeeGltiesrpe] Mo #yandan=s g,
= 1+§p"sz);1Zl if x =y and z; = 2o,

222 p% (x) p(z1) p(22)
1 +/\p(w)p(21 N+Ap(@)p(22)]

Please note that in (4.12) we utilize the fact that U,,, and U, are independent
under the quenched measure P“ when (z, z1) # (y, 22).
We denote by P, the set of all the oriented paths from O with length n, then

E)\7d|L"L|2 = Z Z P)\,d(v O S i < n-— 1 Ux Ti4+1 < TxL’ Uyzy'LJrl S T )
xXeP, yeP,

=3 Y EPY(VO<i<n—1Upe,, <To Uy, <Ty,)
xeP, yeP,

IN

if x =y and z; # 2.

n—1

Z Z E| H F(xi, i Tig1, Yis1) ] (4.13)

xeP, ycP, =0

. 1 n—1
=d’ Z Z dﬁE[ H F(xi, yi; Tig1, Yit1)]
xeP, yeP, =0
_ n—1
= d*(E x B)[[[ F(Si, i Siy1, Sipa));
i=0
where x and y are the oriented paths
O=xg—>x1—>23—>... 22, and O=yog—= Y1 = Y2 — ... = Yn.

Please note that in the oriented paths x and y, ||z;]| = ||y:|| = ¢ for 0 < i < n,
where || - || is the l; norm on Z?. Therefore, z; # x;,y; for i # j. As a result,
(Usiziins Uyiyisr> Ty s Ty, ) e 70 are independent random vectors under the quenched
measure P¥. That is Why we can get a product in the third line of (4.13).
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Therefore, by (4.9),

H F(S;, §i§ Siy1, §i+1)‘| }_1

=0

(4.14)

Eyq|lLyn])?
(Ex.dl |g 15
E)\,d|Ln|

(En ! Ap(Si)p(Sit1) )
—o 1HAe(S)e(Sit1)

Then by (4.5) and (4.6), A > A.(d) when
n—1 —~ ~

E H F(Sivsi§si+1;5i+1)
i=0

5 < 400.
Ap(Si)p(Sit1)
(E H 1+Xp(S; )p(Stlﬂ))

lim sup E

n—-+oo

Now we control
n—1

E Tl F(Sivgi;si+1>§i+1)‘|

E =0

2
Ap(Si)p(Sit1)
(E H 1+Ap(Si)p(S til))

from above.

2 ~ ~
For the denominator (E H %) ,if S; = S; or S;41 = S;41, then

1+ Ap(Si)p(Siv1) < 14 AM?,

where P(p < M) =1 as we assumed.
—1

For the numerator F H F(S;, SZ, Sit1, SH_l) if §; = :S’\Z or S;11 = §H_1, then
=0

L+ Ap(Si)p(Siv1) = 1.
If i € Ay, for some k, then by (4.12),
2220(8:)p(Si+1)p(Sit1) < 222 M?p(Si11)p(Si41)
and

N2p(Si-1)p(Si-1)p*(8:) < Np(Si-1)p(Si—1) M?.

If 4 = 1, for some k, then

and
Ap(Si)p(Sit1) < AMp(Sit1).
If i = oy, for some k, then
Ap(Si—1)p(Si) < Ap(Si—1)M
and
2X2p2(S)p(Si41)p(Sit1) < 2A2M2p(Si1)p(Sis1).

After all these operations, we can cancel many common factors in the numerator
and denominator. For example, if 4,j € Ay and | € Ay, for each i < [ < j, then we
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can abstract

j—i—1
[T o}
=1

I

from both numerator and denominator and cancel this common factor, where
{pl};;Tl are i. i. d. and have the same distribution as that of p.
Therefore, after all the above operations, it is easy to see that

{Ejfi%
IT (14 Xopisr)
=1

n—1 ~ ~
E H F(Sla‘s’lasl-‘rlasi-‘rl)

lim sup

2
n——+oo Ap(S:)p(Sit1)
(E Il th)

and

n—1 ~ —~
E I F(Si, Si; Sig1,Si41)

lim sup E | —=2— —| <EVx. (4.15)
n—+00 E H >\[)( z)p(sz+1)
i=0 1+)\P(51)P(S7+1)
Lemma 4.1 follows (4.5), (4.6), (4.14) and (4.15).
O

Finally, we give the proof of limsup,, ., d\.(d) < Elpz.

Proof of limsup,, ,, . d\c(d) < 5 Let

r=inf{n>0:9,=25,}.
Then according to (2.9) of Cox and Durrett (1983),

Gy

where C; does not depend on d. Therefore, according to strong Markov property,

PT=mK;,=kifor0<i<m,D;=1; for1 <i<m)

S(S;)Zk+m l(cll)Zl— (4.16)

for all possible m, k;, ;. Please note that ky may take O but I; > 1 and k; > 1 for
1<i<m.
Let

= dEp?
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for some fixed v > 1. Then by (4.16),
+o00 400 +oo +oo +oo 400 Cl g:k?‘+m—1 1 g: Li—m

Z7ED 35 95 D 35 SIS DYt L ST

m=0ko=0ki=1  kp=1L1=1 l,=1

m—+ i kj  6m+4 i kj 2 i 1j+2 % kj
2 =0 "M i=0 (]_ +)\M2) i=1 i=0
>< m.
S li—m Z lj+2m+2 E k;
A=t (Ep )
B *f *f <201M6)\) [201M4(1+AM2)2FO @1
- 2 2)2 :
m=0 ko=0 d (Ep )
201 MA(1+ AM2)2 1 ym <X (14 AM?2)2 ym d2
X[Z( 2 2)2 )} [Z( 2 )} Vol
— d?(Ep?) — d\Ep Ch
Since A = (“37 for some v > 1,
201 MSN Oy
AN g1
d(Ep?)? ~ &2
and
20, MA(1 + AM?)? <O
d2(Ep?)2 =2
for sufficiently large d, where C and C3 do not depend on d (but may depend on
~ and p).
We choose 7 such that 1 <4 < ~, then for sufficiently large d,
2
a2 (+ 35" 1
dNEp® v ol
Then, by (4.17),
4?2 IR X ck+°°0 X1 m
AR DD MRSl Ve
m=0 k=0 1=1 = 7
for sufficiently large d.
For sufficiently large d,
Cs\k d2
<2
> Gy T
ko=0
and N
(@) - mom <
— d ?—-C5 — d
where C4 does not depend on d.
Therefore,
2 X Coym Caymy 1 qm 22 - CoCy m
EV. < — — = — —_ . 4.18
A C, z_:o(dz) (d2) [7_1} Cl;)[d4(7_1)] ( )

For sufficiently large d, 7%=y (A ) < 1 and therefore

EV)\ < +o00 (4.19)
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when \ = ﬁ for some fixed v > 1.
Then according to Lemma 4.1,

<
AC(d) — dEp2

for sufficiently large d and hence

. i
limsupdA.(d) < —
d—>+o£) eld) < Ep?

for any v > 1.
Let v decrease to 1, then we accomplish the proof.
O

Since we have shown that liminfy_, ., dA.(d) > %ﬁ in Section 3, the whole
proof of Theorem 2.1 is completed.

Appendix A. Appendix
Proof of (4.2): We identify 7; as the set
{z :m(x) =1}
Then, 7; is a Markov process with state space 22" = {A: A C Z9}. According to
(4.1), the generator  of 7; is given by

Qf(A) =D [F(A\2) = FA]+AD ] D7 pl@)pw)lf(AUy) — f(A)] (A1)
z€A TEA Yy y—x
for any f € C’(ZZJ) and A C Z4.
For any 7 € {0, I}Zd and A C Z%, we define

1 if{z:nx)=1}NnA=0,

H(n, A) =
(n,4) {O else if.

We write H(n, A) as H(-, A)(n) when we consider H as a function of n with fixed
A and write H(n, A) as H(n,-)(A) when we consider H as a function of A with

fixed . Then, H(-, A) € C({0,1}%") for each A C Z¢ and H(n,-) € C(2%") for each

n e {0,1}%
We denote by ) the generator of 7, then
Qfm) =" cl@.n)lf(n") — F()] (A.2)
TEZ

for any f € C({0, 1}Zd) and n € {0, 1}Zd7 where c(z,n) is given by (1.1) and
P (y) = {1 —n(x) ?f y=uz,
n(y) ify # .
For any A, B C Z% and x € A, it is easy to see that
H(n,AUB)=H(n,A)H(n,B) and
H(n",A) = H(n, A\ x) — H(n, A). (A.3)
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Then, by (A.2), (A.3) and direct calculation,

H(-, A)(n)
=Z c(x,m)[H(n", A) — H(n, A)]
= Z A) - §6(x777)H(777A)

z; H(n, A\ )f{n(x)=1} - z;c(% mH (0, A\ 2)1{(z)=0
= %;H (0, AN 2)Liy@y=1y — ;‘ ijw Ao(@)p(Y) L ne) =1y H (1, A\ 2)152)=0)
= ;H(Uwa A) - 26;4 z_:m Aﬂ(x)?;?y)[l — H(n,y)|H(n, A)
= %[H(m A\ x)x— H*’(; A) - ; z;m Ap(@)p(y)[H (n, A) = H(n, AUy)]
—mz; H(n, A\ ) +f\z§y2 H(n, AUy) — H(n, A)]
:%EH(%')(A) o

for any 1 € {0,1}%" and A C Z4.
Then, according to Theorem 3.39 of Liggett (2010),

EyH(ne, A) = EaH(n, ) (A.4)

for any n € {0,1}%" and A C Z¢.
We denote by §; the configuration where all the vertices are in state 1. In (A.4),
let n = 01 and A = {O}, then we have

P(n(0) =0) = P({z: &1(z) = 1} N7P = 0). (A.5)
Since §;(z) = 1 for each x € Z4,
{{:C:(Sl(:c)zl}ﬂﬁ?:@}Z{ﬁtOZ(b .
(4.2) follows from (A.5) and (A.6).

-

—
>
(@]
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