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Abstract. We prove the convergence of the extremal processes for variable speed
branching Brownian motions where the ”speed functions”, that describe the time-
inhomogeneous variance, lie strictly below their concave hull and satisfy a certain
weak regularity condition. These limiting objects are universal in the sense that
they only depend on the slope of the speed function at 0 and the final time ¢.
The proof is based on previous results for two-speed BBM obtained in Bovier and
Hartung (2014) and uses Gaussian comparison arguments to extend these to the
general case.

1. Introduction

Gaussian processes indexed by trees is a topic that received a lot of attention,
in particular in the context of spin glass theory (see e.g. Bovier (2006); Talagrand
(2011a,b); Panchenko (2013)) through the so-called Generalised Random Energy
Models (GREM), introduced and studied by Derrida (1985); Gardner and Derrida
(1986a,b). Other contexts where such processes appeared are branching random
walks (see e.g.Bramson (1978b); Shi (2011); Zeitouni (2013)) and branching Brown-
ian motion (see e.g. Moyal (1957); McKean (1975); Bramson (1978a, 1983); Derrida
and Spohn (1988)).
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One of the issues of interest in this context is to understand the structure of
the extremal processes that arise in these models in the limit when the size of the
tree tends to infinity. A Gaussian process on a tree is characterised fully by the
tree and by its covariance, which in the models we are interested in is a function of
the genealogical distance on the tree. In the classical models of branching random
walk and branching Brownian motion, the covariance is a linear function of the
tree-distance. In the context of the GREM, the tree is a binary tree with IV levels;
another popular tree is a supercritical Galton-Watson tree (see, e.g. Athreya and
Ney (1972)). These models generalise branching Brownian motion and were first
introduced, to our knowledge, in Derrida and Spohn (1988).

In this paper we focus on this latter class of models. They can be constructed
as follows. On some abstract probability space (2, F,P), define a supercritical
Galton-Watson (GW) tree. The offspring distribution, {pi }ren, is normalised for
convenience such that Y oo pr = 1, > po  kpr = 2, and the second moment,
K =377 k(k — 1)py is assumed finite. We fix a time horizon ¢ > 0. We denote
the number of individuals ("leaves”) of the tree at time ¢ by n(t) and label the
leaves at time ¢ by i1(t), i2(t), . .., in) (t). For given t and for s < ¢, it is convenient
to let ir(s) denote the ancestor of particle i (t) at time s. Of course, in general
there will be several indices k, £ such that iy (s) = i¢(s). The time of the most recent
common ancestor of ix(t) and is(s) is given, for s,r < ¢, by

d(ig(r),ie(s)) =sup{u < s A7 :ig(u) =ig(u)}. (1.1)

We denote by Fi°, s € Ry the o-algebra generated by the Galton-Watson process
up to time s. On the same probability space we will now construct, for given ¢, and
for any realisation of the GW tree, a Gaussian process as follows.

Let A :[0,1] — [0,1] be a right-continuous non-decreasing function. We define
a Gaussian process, z, labelled by the tree (up to time t), i.e. by {ix(s) Eign(t),

with covariance, for 0 < s,7 <t and k, ¢ < n(t)
E [zk(s)ze(r)] = tA (¢ d(ik(r), ie(s)) - (1.2)

The existence of such a process is shown easily through a construction as time
changed branching Brownian motion. Note first that, in the case when A(z) = z,
this process is standard branching Brownian motion Moyal (1957); Skorohod (1964).
For general A, the models can by constructed from ¢ime changed Brownian motion
as follows. Let

$2(s) = tA(s/t). (1.3)

Note that X2 is almost everywhere differentiable and denote by o?(x) its derivative
wherever it exists. Define the process { BX }o<s<; on [0, ] as time change of ordinary
Brownian motion, B, via

BY = Bya ). (1.4)

Branching Brownian motion with speed function ¥? is constructed like ordinary
Brownian motion, except that if a particle splits at some time s < t, then the
offspring particles perform variable speed Brownian motions with speed function
%2, i.e. they are independent copies of { B> — Bsz}tzrzs, all starting at the position
of the parent particle at time s. We refer to these processes as variable speed
branching Brownian motion. This class of processes, labelled by the different choices
of functions A, provides an interesting set of examples to study the possible limiting



Variable Speed Branching Brownian Motion 263

extremal processes for correlated random variables. The ultimate goal will be to
describe the extremal processes in dependence on the function A.

Remark 1.1. Strictly speaking, we are not talking about a single stochastic process,
but about a family, {z}(s),k < n(s)}zeff*, of processes with finite time horizon,
indexed by that horizon, t. That dependence on ¢ is usually not made explicit in

order not to overburden the notation.

Branching Brownian motion has received a lot of attention over the last decades,
with a strong focus on the properties of extremal particles. We mention the seminal
contributions of McKean (1975); Bramson (1978a, 1983); Lalley and Sellke (1987),
and Chauvin and Rouault (1988, 1990) on the connection to the Fisher-Kolmogorov-
Petrovsky-Piscounov (F-KPP) equation Fisher (1937); Kolmogorov et al. (1937)
and on the distribution of the rescaled maximum. In recent years, there has been a
revival of interest in BBM with numerous contributions, including the construction
of the full extremal process by Aidékon et al. (2013) and Arguin et al. (2013). For
a review of these developments see, e.g., the recent survey by Gouéré (2014) or the
lecture notes Bovier (2015). Variable speed branching Brownian motion (as well
as random walk) has recently been investigated by Fang and Zeitouni (2012a,b);
Maillard and Zeitouni (2013); Mallein (2013), and the present authors Bovier and
Hartung (2014).

Naturally, the same construction can be done for any other family of trees. It is
widely believed (see Zeitouni (2013)) that the resulting structures are very similar,
with only details depending on the underlying tree model. More importantly, it is
believed that the extremal structure in more general Gaussian processes, such as
mean field spin glasses Bolthausen and Kistler (2006, 2009) or the Gaussian free
field Zeitouni (2013) are of the same type; considerable progress in this direction has
been made recently by Bramson et al. (2013) and by Biskup and Louidor (2013).

We are interested in understanding the nature of the extremes of our processes
in dependence on the properties of the covariance functions A. The case when A is
a step function with finitely many steps corresponds to Derrida’s GREMs Gardner
and Derrida (1986b); Bovier and Kurkova (2004a), the only difference being that
the deterministic binary tree of the GREM is replaced by a Galton-Watson tree. It
is very easy to treat this case.

The case when A is arbitrary has been dubbed CREM in Bovier and Kurkova
(2004b) (and treated for binary regular trees). In that case the leading order of
the maximum was obtained, as well as the genealogical description of the Gibbs
measures; this analysis carries over mutando mutandis to the analogous BBM sit-
uation. The finer analysis of the extremes is, however, much more subtle and in
general still open. Fang and Zeitouni (2012b) have obtained the order of the cor-
rections (namely #'/3) in the case when A is strictly concave and continuous. These
corrections come naturally from the probability of a Brownian bridge to stay away
from a curved line, which was earlier analysed in Ferrari and Spohn (2005). There
are, however, no results on the extremal process or the law of the maximum.

Another rather tractable situation occurs when A is a piecewise linear function.
The simplest case here corresponds to choosing a speed that takes just two values,
ie.

o?(s) = (1.5)

o2, for 0 <s<th,
US, for bt < s <,
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with 02b + 03(1 — b) = 1. In this case, Fang and Zeitouni (2012h) have obtained
the correct order of the logarithmic corrections. This case was fully analysed in a
recent paper of ours Bovier and Hartung (2014), where we provide the construction
of the extremal processes.

In the present paper, we present the full picture in the case where A(x) < x for
all z € (0,1), and the slopes of A at 0 and at 1 are different from 1. We show that
there is a large degree of universality in that the limiting extremal processes are
those that emerged in the two-speed case, and that they depend only on the slopes
of A at 0 and at 1.

The critical cases, A(x) < z, involve, besides the well-understood standard BBM,
a number of different situations that can be quite tricky, and we postpone this
analysis to a forthcoming publication.

1.1. Results. We need some mild technical assumptions on the covariance function.
Let A :[0,1] — [0,1] be a right-continuous, non-decreasing function that satisfies
the following three conditions:

(A1) For all x € (0,1): A(z) <z, A(0) =0 and A(1) = 1.
(A2) There exists &, > 0 and functions B(z), B(x) : [0,1] — [0, 1] that are twice
differentiable in [0, §] with bounded second derivatives, such that
B(z) < A(z) < B(z), Vz €0, (1.6)
with B'(0) = B'(0) = A’(0).
(A3) There exists §. > 0 and functions C(x), C(z) : [0,1] — [0, 1] that are twice
differentiable in [1 — d,, 1] with bounded second derivatives, such that
C(x) < A(z) < C(x), Vx €[l —de,1] (1.7)

with 6/(1) = (C’(1) = A'(1). The case A’(1) = +oo is allowed. This is to
be understood in the sense that, for all p < oo, there exists £ > 0 such that,
forallz € [1 —g,1], A(z) <1—p(1 —x).
For standard BBM, Z(¢), recall that Bramson (1978a) and Lalley and Sellke
(1987) have shown that

. o <) — _ —Ccze V2 )
i? (g 50— <) =t B[]0

where m(t) = V2t — % logt, Z is a random variable, the limit of the so called

derivative martingale, and C' is a constant.
In Arguin et al. (2013) (see also Aidékon et al. (2013) for a different proof) it
was shown that the extremal process,
n(t)
lim St = }%Iol'é I; 5fk(t)—m(t) = 5, (19)

tToo

exists in law, and £ is of the form
E= ;‘%HA;’“” (1.10)
J

where 7, is the k-th atom of a Cox process Cox (1955)) directed by the random
measure C’Ze_‘/iydy, with C' and Z as before. Agk) are the atoms of independent
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and identically distributed point processes A*), which are the limits in law of

Z 5fz‘(t)—maxjgn(t) Z;(t)> (1.11)
J<n(t)

where Z(t) is BBM conditioned on the event max; <, Z;(t) > v/2t.
The main result of the present paper is the following theorem.

Theorem 1.2. Assume that A : [0,1] — [0,1] satisfies (A1)-(A8). Let A’'(0) =
02 <1and A'(1) = 02 > 1. Let m(t) = V2t — ﬁ logt. Then there is a constant

C(o.) depending only on o. and a random variable Y, depending only on oy, such
that

(i)
. _ . _ —Cloe) Yo, e V2
ImP | max z;(t)—m{)<z)=El|e b . (1.12)
tToo 1<i<n(t)
(ii) The point process
Z 53ck(t)—fn(t) — 501”06 = 5pi+UeA§i)’ (113)
k<n(t) 0,J
as t T oo, in law, where the p; are the atoms of a Cox process on R directed
by the random measure C(oe)nge_\/ﬁmdaj, and the A?) are the limits of the
processes as in (1.11), but conditioned on the event {maxy, Ty (t) > v/20.t}.
(iii) If A’(1) = oo, then C(o0) = 1/v/4m, and A = &y, i.e. the limiting process
is a Cox process.
The random variable Y5, is the limit of the uniformly integrable martingale
n(s)
Yo, (s) = Y e s(ton)v2mails) (1.14)
i=1

where T;(s) is standard branching Brownian motion.

Remark 1.3. In Theorem 7.7 of Bovier and Hartung (2014) the constant C(o) is
characterised by the tail behaviour of solutions to the F-KPP equation, namely

C(oe) = oe lim V2 22 (1 0+ V2L, (1.15)

where x = v/2(0, — 1)t, and u solves the F-KPP equation
1 o0
dyult,x) = 5<9§u(t, z)+ (1 —ult, ) = Y pr(l —ult, z))k, (1.16)
k=1

with initial condition u(0,x) = 1,<o.

Remark 1.4. The special case of Theorem 1.2 when A consists of two linear segments
was obtained in Bovier and Hartung (2014). Theorem 1.2 shows that the limiting
objects under conditions (A1) — (A3) are universal and depend only on the slopes
of the covariance function A at 0 and at 1. This could have been guessed, but the
rigorous proof turns out to be quite involved. Note that o, = oo is allowed. In that
case the extremal process is just a mixture of Poisson point processes. If o, = 0,
then Y;, is just an exponential random variable of mean 1. We call (Y, (s))ser,
the McKean martingale.
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1.2. Outline of the proof. The proof of Theorem 1.2 is based on the corresponding
result obtained in Bovier and Hartung (2014) for the case of two speeds, and on
a Gaussian comparison method. We start by showing the localisation of paths,
namely that the paths of all particles that reach a hight of order m(t) at time ¢ has
to lie within a certain tube. Next, we show tightness of the extremal process.

The remainder of the paper is then concerned with proving the convergence
of the finite dimensional distributions through Laplace transforms. We introduce
auxiliary two speed BBM’s whose covariance functions approximate A well around
0 and 1. Moreover we choose them in such a way that their covariance functions
lie above respectively below A in a neighbourhood of 0 and 1 (see Figure 1.1).

We then use Gaussian comparison methods to compare the Laplace transforms.
The Gaussian comparison comes in three main steps. In a first step we introduce
the usual interpolating process and introduce a localisation condition on its paths.
In a second step we justify a certain integration by parts formula, that is adapted
to our setting. Finally, the resulting quantities are decomposed into a part with
controlled sign and a part that converges to zero.

0.8

0.6

0.4

0.2

FIGURE 1.1. Gaussian Comparison: The extremal process of BBM
with covariance A (black curve) is compared to process with co-
variances functions A (red curve), respectively A (blue, curve).

2. Localization of paths

In this section we show where the paths of particles that are extreme at time ¢ are
localised. This is essentially inherited from properties of the standard Brownian
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bridge. For a given speed function Y2, and a subinterval I C [0,t], define the
following events on the space of paths, X : Ry — R,

T = {X|Vs s e 11 |X(s) - ZRX )| < (SP(9) A =227} (21)

Proposition 2.1. Let x denote variable speed BBM with covariance function A.
For 0 <r <t, set I, = {s: X%(s) € [r,t —r]}. For any~ > 3 and for all d € R,
for all e > 0, there exists rg < co such that, for r > rq and for all t > 3r,

P(Hkgn(t):{xk() ()+d}/\{xk¢ 122})<e. (2.2)

To prove Proposition 2.1 we need the following lemma on Brownian bridges (see
Bramson (1983)).

Lemma 2.2. Let v > % Let & be a Brownian bridge from 0 to 0 in time t. Then,
for all e > 0, there exists rg < co such that, for r > rq and for all t > 3r,

PEsert—r]: &) > (sA(t—9))7) <e. (2.3)
More precisely,
P(Iselrt—r]€6) > (sA(t—s)7) <8 3 kFme ™7 /2 (2.4)
k=|r]

Proof: The probability in (2.3) is bounded from above by

[t—r]
S P@Esek—1LE:[E(s)] > (sA(t—s)))
k=[r]

[t/2]
< 2) P@Eselk—LA:[E(s) > (sA(t—5)), (2.5)
k=[r]
by the reflection principle for the Brownian bridge. This is bounded from above by
[t/2]
2 ) P(3s €0,k [¢(s) > (k—1)7). (2.6)
k=[r]

Using the bound of Lemma 2.2 (b) of Bramson (1983) we have
P(3s €0,k :|€(s)] > (k— 1)) < d(k — 1)z Ve~ *=D*71/2, (2.7)

Using this bound for each summand in (2.6) we obtain (2.4). Since the sum on the
right-hand side of (2.4) is finite (2.3) follows. O

Proof of Proposition 2.1: Using a first moment method, the probability in (2.2) is
bounded from above by

elP (Bgz(t) > m(t) +d, Bgz(.) & 7:{“22) . (2.8)

Since ¥2(s) is an non-decreasing function on [0,¢] with $2(¢) = ¢, the expression in
(2.8) is bounded from above by

o'P ({Bt > 1i(t) + d} A {33 € lrt—r]: ‘BS - gBt‘ > (sA(t - s))v}) . (29)
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Now, &(s) = Bs — $B; is the Brownian bridge from 0 to 0 in time ¢, and it is well
known (see e.g. Lemma 2.1 in Bramson (1983)) that £(s) is independent of By, for
all s € [0,¢]. Therefore, (2.9) is equal to

e'P(By>m(t) +d)P3s € [r,t —r] : |£(s)| > (s A (t—5))7). (2.10)
Using the standard Gaussian tail bound,

/ e " 24y < ufle*"z/z, for u > 0, (2.11)

we have

<

t

o o () +d)? /2t

'P (B, > m(t) + d)

IA

V2r(m(t) + d)

¢ o~ V2d
V2 () + d) =M (2:12)

for some constant M (depending on d), if ¢ is large enough. By Lemma 2.2 we can
find r¢ large enough such that for all » > ro and ¢ > 3r,

PEsert—r]: )] > (sA({t—29)7) <e/M. (2.13)
The bounds (2.12) and (2.13) imply that (2.10) is smaller than e. O

3. Proof of Theorem 1.2

In this section we prove Theorem 1.2 assuming Proposition 3.2 below, whose
proof will be postponed to the following two sections.

Proof of Theorem 1.2: We show the convergence of the extremal process
Er= Sauvy—m(t (3.1)
k<n(t)

by showing the convergence of the finite dimensional distributions and tightness.
Tightness of (&)¢>0 is implied by the following bound on the number of particles
above a level d (see Resnick (1987), Lemma 3.20).

Proposition 3.1. For any d € R and € > 0, there exists N = N(e,d) such that,
for all t large enough,

P (&]d,00) > N) <e. (3.2)

Proof: By a first order Chebyshev inequality, for all ¢ large enough,
P(£[d, 00) > N) < %etP(Bt S t) + d) < % (3.3)
by (2.12), where M > 0 is a constant that depends on d. Choosing N > M /e yields
Proposition 3.1. ([

To show the convergence of the finite dimensional distributions define, for v € R,

n(t)

Nu(t) = Z Las(t)—m(t)y>u (3.4)
i=1
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that counts the number of points that lie above u. Moreover, we define the corre-
sponding quantity for the process &5, », (defined in (1.13)),

Nu=>"1, o AP (3.5)
,J
Observe that, in particular,
P i(t) —m(t) < =P (N,(t) =0). 3.6
(|, 50 = () < 0) =P (AL =0 (35

The key step in the proof of Theorem 1.2 is the following proposition, that asserts
the convergence of the finite dimensional distributions of the process &;.

Proposition 3.2. For all k € N and uy,...,ur € R
d
{Nul(t)a7Nuk(t)}4){Nu177Nuk} (37)

ast T oo.

The proof of this proposition will be postponed to the following sections.

Assuming the proposition, we can now conclude the proof of the theorem. The
distribution of {N, (t),..., Ny, (t)} for all k& € Nyuy,...,uxr € R characterise
the finite dimensional distributions of the point process & since the class of sets
{(u,00),u € R} form a II-system that generates B(R). Hence (3.7) implies the
convergence of the finite dimensional distributions of &; (see, e.g., Proposition 3.4
in Resnick (1987)).

Combining this observation with Propositions 3.1, we obtain Assertion (ii) of
Theorem 1.2. Assertion (i) follows immediately from Eq. (3.6).

To prove Assertion (iii), we need to show that, as 02 1 oo, it holds that 5(06) 0
1/ VA7 and the processes A" converge to the trivial process dp. Then,

Eapoe =D 0p,, (3.8)

where (p;,i € N) are the points of a Cox process directed by the random measure

ﬁnge_‘/ﬁxdaﬁ.

Lemma 3.3. The point process £, ., converges in law, as o, T 0o, to the point
process Eq, oo -

Proof: The proof of Lemma 3.3 is based on a result concerning the cluster processes
A, We write A, for a single copy of these processes and add the subscript to
make the dependence on the parameter o, explicit. We recall from Bovier and
Hartung (2014) that the process A,, is constructed as follows. Define the processes

&, as the limits of the point processes
n(t)

—t
&, = Z O ()= /2ot (3.9)
k=1

where x is standard BBM at time ¢ conditioned on the event {max<,q) zx(t) >

\/ﬁaet}. We show here that, as o, tends to infinity, the processes £,, converge to
a point process consisting of a single atom at 0. More precisely, we show that

lim lim P (Ef,g([—R,oo)) > 1| max @i (t) > \/iaet> =0. (3.10)

o.Too tToo k<n(t)
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drift V20,

p1 P3P py

FicURE 3.2. The cluster process seen from infinity for o, small
(left) and o, very large (right)

P (Sf,ﬂ([R,oo)) > 1| max x(t) > \/§aet>

k<n(t)

< (suppgzc N[0, 00) # B /\Ef,e([—Rpo)) > 1| max z(t) > \/iaet>

k<n(t)

P
< / P (suppé’f,c Ndy # 0 /\gf,e([—R, 00)) > 1| max x(t) > \@agﬁ)
0

k<n(t)
= / P (suppé'f, Ndy # Q)| max z(t) > \/ﬁaet)
0 ¢ k<n(t)
xP (Etae([—R, 00)) > 1| suppff,e Ndy # (D) . (3.11)

But P (‘ supp gze Ndy # @) =P, . v3,, () is the Palm measure on BBM, i.e. the
conditional law of BBM given that there is a particle at time ¢ in dy (see Kallenberg
(1986, Theorem 12.8)) Chauvin et al. (1991, Theorem 2) describe the tree under the
Palm measure P;  as follows. Pick one particle at time ¢ at the location z. Then pick
a spine, Y, which is a Brownian bridge from 0 to z in time ¢. Next pick a Poisson
point process 7w on [0,¢] with intensity 2. For each point p € 7 start a random
number v, of independent branching Brownian motions (BY (P i < 1) starting
at Y (p). The law of v is given by the size biased distribution, P(v, =k —1) ~ k%.
See Figure 3.2. Now let z = v/20.t + y for y > 0. Under the Palm measure, the
point process E,, (t) then takes the form

ny (p),i (P)

ra law
Eo (t) = 0y + Z Z 5Bf<")'i(t—p)—\/§get' (3.12)
=1

pET, i<V Jj=

Since, for 1 >~ > 1/2,
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lim lim P (vs > o7V Y (E—8) —y+ V2005 € [~ (0e5)”, (aesm) =1, (3.13)

oeToo tToo
if we define the set

G = {Y VE> s> 0.2 Y (E—8) —y+ V205 € [—(0e5)7, (aes)'y]} , (3.14)
it will suffice to show that, for all R € R+,

lim hmIP(ﬂp€7rz<1/p,j B ( p)Zy—R/\YGQ(t,e):O. (3.15)

oeToo t1oo

The probability in (3.15) is bounded by
P(Hpe i < ij:B;/(p)’i(t—p) >y—R)AY € gf,e)

t Vp
= E / Z 1 BY P (t—p)>y— rlveg, ™ (dp)]
Vp
< E /0 E lz lmax]- B;/(p)’i(t—p)zy—R]lyegge |fﬂ] ﬂ(dp)]
i=1
k Y (t—s) t
< 2KP ( max B; >y—RAY €G, |ds. (3.16)
0 J )

Here we used the independence of the offspring BBM and that the conditional
probability given the o-algebra F™ generated by the Poisson process m appearing
in the integral over m depends only on p. For the integral over s up to 1/01/2, we
just bound the integrand by 2K. For larger values, we use the localisation provided
by the condition that Y € G,_, to get that the right hand side of (3.16) is not larger
than

71/2

2K/ ds+2K/ ) > —R+ V205 — (00s))ds.  (3.17)
(3.17) is by (2.11) bounded from above by

2Ko /2 + 2K T sV (R (oes)) g (3.18)

—1/2

From this it follows that (3.18) (which does no longer depend on t) converges to
zero, as o, T 0o, for any R € R. Hence we see that

i (?Ze([—R, 50)) > 1|supp &, N dy # o)) Lo, (3.19)

uniformly in y > 0, as t and then o, tend to infinity. Next,
/ P <supp5f7 Ndy # 0] max (t) > \/§O'et)
0 ‘ k<n(t)
< / P ( max x(t) > V20,t + 9 krgagc) xp(t) > \@agt) . (3.20)
0 <n(t

k<n(t)
But by Proposition 7.5 in Bovier and Hartung (2014) the probability in the inte-
grand converges to exp(—+/20.y), as t T co. It follows from the proof that this
convergence is unifomr in g, and hence by dominated convergence, the right-hand
side of (3.20) is finite. Therefore, (3.10) holds. As a consequence, A,, converges to
do-
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It remains to show that the intensity of the Poisson process converges as claimed.
Theorems 1 and 2 of Chauvin and Rouault (1988) relate the constant C(o.) defined
by (1.15) to the intensity of the shifted BBM conditioned to exceed the level v/20t
as follows:

1 ‘m E |:Zk lik(s)>\/§aes]
VarC(o,) stoo P (maxy, T (s) > V20.5)

sToo

= lmE lz lik(s)—maxi Zi(8)>V20.s—max; T;(s) | m]?”X jk(s) > \[20—85
k
= Ao ((—E,0]), (3.21)

where, by Theorem 7.5 in Bovier and Hartung (2014), F is a exponentially dis-
tributed random variable with parameter /2o, independent of As,. As we have
just shown that A,, — o, it follows that the right-hand side tends to one, as
oe T 00, and hence C~'(U€) 1 1/v/4rn. Hence the intensity measure of the PPP ap-

pearing in &, ,, converges to the desired intensity measure #nge"/ﬁ””dm.

Var
O
This proves Assertion (iii) of Theorem 1.2. O
4. Proof of Proposition 3.2
We prove Proposition 3.2 via convergence of Laplace transforms. For uy,...,u; €

R,k € N, define the Laplace transform of {N, (¢),..., Ny, (t)},

k
Loy, (t,c) =E (exp (— ZCzNu, (t))) , c=(c1,...,cp)t € Ri, (4.1)

=1

and analogously the Laplace transform Ly, . ., (¢) of {Ny,,...,N,, }. Proposition
3.2 is then a consequence of the next proposition.

Proposition 4.1. For any k € N, uy,...,ur € R and ¢1,...,c, € Ry
Im Lo ue(t ) = Loy, u (€)- (4.2)
t—o00

The proof of Proposition 4.1 comes in two main steps. First, we prove the result
for the case of two speed BBM. This was done in our previous paper Bovier and
Hartung (2014). In fact, we will need a slight extension of that result where we allow
a slight dependence of the speeds on t. This will be given in the next subsection.

The second step is to show that, under the hypotheses of Theorem 1.2, the
Laplace transforms can be well approximated by those of two speed BBM. This
uses the classical Gaussian comparison argument in a slightly subtle way.

4.1. Approximating two speed BBM. The case A’'(1) < oo. It turns out that it is
enough to compare the process with covariance function A with processes whose
covariance function is piecewise linear with a single change in slope. We derive
asymptotic upper and lower bounds by choosing these in such a way that the
covariances near zero and near one are below, respectively above, that of the original
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process. We define

6<(t) = sup{z €[0,1]: A(z) < t~/3}
67(t) = 1—inf{ze(0,1]: A(z) >1—1t"2/3} (4.3)
Al@) | A(z) .
1By ___ = _ 1-¢%3
Y S ! e
0.2 6<(t)n.4 0.6 08 17 6>(1t) z

(a) Case 1) o3 = 0 but limyee 6<(¢) =0 (b) Case 2) op = 0 but limyqeo 6<(¢) =6< #0

FI1GURE 4.3. Different cases for 6<(¢) and §~ (¢).

By Assumption (A1) it follows that limo 67 (¢) = 0.

Remark 4.2. If limyoo 0<(t) = 6< # 0, then it follows from the definition of §<(¢)
that A(z) =0 on [0,0<].

In the following formulas, we choose a parameter n € N>, as follows. If in
Assumption (A2) the functions B, B can be chosen such that there exists m > 2,

such that B® (0) = B¥ (0) =0, forall 1 < k < m, and in some finite interval [0, 0],

both |[B™(z)| and \F(m)(a?ﬂ are bounded by some constants K, respectively K1,
then we choose n as the largest of these integers. Otherwise, we choose n = 2.
Moreover, let \61/(I)| < Ky and |C”(z)| < K, for all x € [1 — J,,1]. We define

T (s) = tA(s/t) (4.4)
and
22(s) = tA(s/t). (4.5)
Here ® (5<(t)) ) 0 b
v e+ B (t) ), =esh
e {1 - Er )1, B<rsl, "
with K.
. 1o+ 26> (1) _ . (4.7)
o2 + IfL'l (5<(t))"=1 — 02 + %CP( )
If 02 < o0,
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with
1—02—E25>(¢
b= 0. = 507 () . (4.9)

0f = SO — o2 = 526> (1)

n!

Remark 4.3. If 6 = 0, A(z) =0 for 0 < z < b. If limypoo 6<(¢) = < # 0 (which
implies that all derivatives in zero are 0), we take

_ 0 0<x<b
Aoy =4, = ST (4.10)
L+ (07 — 3207 (t)(x—1), b<ax<1,
and
e (
po oot FO7) (4.11)
—o2+ K25>(1)
If A/(1) = 02 = 400, then b=1. And A = A, is defined by
. 2 Ki(5< n—1 <y <h
A({E) _ (Ub + n! (5 (t)) )!L} 9 ST bv (412)
14+ p(z—1), b<ax <1,
and b=b, = 1-p

e G

The choice of I° and »? is motivated by the following properties.
Lemma 4.4.7Z and A are piecewise linear, continuous functions with A(0) =
A(0) =0 and A(1) = A(1) = 1. Moreover,
(1) If limsoo 6<(t) = 0, then, for all s with X%(s) € [0,t'/3] and X%(s) €
[t - tl/gv t];
T(s) > ¥2(s) > 2%(s). (4.13)
(i) If limypoo 6<(t) = 8< > 0, then (/.13) only holds for all s with ¥2(s) €
[t — t1/3 1] while, for s € [0, (5 AD)t),
() = £2(s) = 2%(s) = 0. (4.14)
Proof: A and A are obviously piecewise linear. The fact that they are continuous
is easily verified. By definition, 4’(0) = o and A’(1) = ¢2. For all s such that
»2(s) € [0,t'/3], a nth-order Taylor expansion of B at 0 together with the fact that
by assumption, for k < n, B(0) = Ek(O) = 0 shows that

Y2 (s) < B(s) =t

=) .
E/(O)g + B n!(f) (;) 1 , for some € € (0, s). (4.15)

The reverse inequality holds when B is replaced by B. Eq. (4.13) follows then
from Assumption (A2). Using a second order Taylor expansion of C' and C at 1, we
obtain Eq. (4.13) for ¥2(s) € [t — t'/3,t]. Eq. (4.14) holds trivially in the specified
interval. This concludes the proof of the lemma. (I

Let {y,,4 < n(t)} be the particles of a BBM with speed function T and let
{y,,7 < n(t)} be particles of a BBM with speed function %%, We want to show that
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the limiting extremal processes of these processes coincide. Set

n(t)
Z 13, () —m(t)>us (4.16)
n(t)
t)= Z ]lgi(t)*fn(tbw (4.17)
i=1
Lemma 4.5. For alluy,...,ux and all cy,...,c € Ry, the limits

k
}g)no E (exp ( ; N, (t)> ) (4.18)

k
}%Ioll E (exp (— ; Ny, (t)) ) (4.19)

exist. If A'(1) < oo, then two limits coincide with Ly, ... u,(c).
If A/(1) = 02 = oo, then the two limits in (4.18) and (/.19) converges to the
same limit, as p T oo.

and

Proof: We first consider the case when A’(1) < co. To prove Lemma 4.5, we show
that the extremal processes

n(t) n(t)
&= b5 _me and &= Z 8y (4.20)
i=1

both converge to &, »., that was defined in (1.13). Note that this implies first
convergence of Laplace functionals with functions ¢ with compact support, while
the N, (t) have support that is unbounded from above. Convergence for these,
however, carries over due to the tightness established in Proposition 3.1.

To do so, observe that the slopes at 0 of 5 and »? are equal to 05 up to an
error of order <(t). Moreover the slope at ¢ is in both cases, up to an error of
order 6~ (t), equal to o2. The time of speed change b(t), respectively b(t), is equal

2
to (712:”;2 up to an error of order §~ (¢) V 6<(t). For the two-speed BBM with speed
b b

) o?, for0<s<g —5,
o2 (s) = o (4.21)

2_2
b e

it was shown in Bovier and Hartung (2014) that the maximal displacement is
equal to m(t) and that the extremal process converges to &, ,, as t T co. The
method used to show this is to show the convergence of the Laplace functionals,

E(exp(— [ ¢(x)&(dx))), ¢ € C.(R,R). The other difference is that the function
A we have to consider now depend (weakly) on t. We need to show that this has
no effect.

Inspecting the proof of the convergence of the Laplace functional, respectively
convergence of the maximum in Bovier and Hartung (2014), one sees that nothing
changes (since we keep t fixed) until Eq. (5.28) in Bovier and Hartung (2014).



276 A. Bovier and L. Hartung

There, we then have to show that, for each y € R, (in the case of §2)

— 1/2
02257 (1) Y
e 2 Yy —
E <eXp ( C(CL) (1—[a§+ 5 5<(t)]b/\/f) € YUb,b\/f,'Y) (1 0(1))> ’ (422)

converges, as first ¢t 1 oo and then B 1 oo, to

E (exp (—o’eC’(a)nge*ﬁy)) , (4.23)
where C(a) > 0 is a constant depending on a = v/2(c, — 1) (see (1.15)), and
—B
Y o, bvin (4.24)
n(bVt)

_ —(14+oZ+E5<(t)bvE+Vv27, (bVE _ _
— Z e ( + b+2 ()) + y( )lyi(b\/f)—\/i(o'g-‘r%5<(t))b\/ze[—Bt’Y/27Bt'Y/2].
i=1
The main task is to ensure the convergence of ?fb’g\/gﬁ to the limit of the corre-
sponding McKean martingale, Y,,. In the case where limy 6<(¢) > 0, this takes
the simple form
n(bve)

—B _
Yoria= » ¢, (4.25)
i=1

which converges to an exponential random variable of mean one, as desired.

In the case when lim;oo 6<(¢) = 0, a further slight modification is necessary.
Observe that in the proof of Theorem 5.1 in Bovier and Hartung (2014), by/t can
be replaced by any sequence A(t) 1 oo such that limyroo A(t)/t = 0. Here we adapt
A(t) to the function X2 and choose

A(t) = (5%(2))

Doing so, we have to show that, analogously to (4.22), the object

2_ K> 1/2 —
E <exp (—C(a) ( o.— 5207 (1) )/t> e_\/iyyfh,A(t),'y> (1+ 0(1))> (4.27)

1-[o2 4+ EL5< ()] At

1z (4.26)

converges to (4.23). By our choice of A(t),

e*@ﬁ(t)A(t)eﬁ§6<(t)(A(t)JrBA(t)”) _ 1’ < const.\/0<(t), (4.28)

which tends to zero, as t T co. Thus
B

Y o Ay = Yar a1+ 0(1)), (4.29)
where
B n(A(1)) ) B
YUB;,A(t),'y = Z e_(1+ab)A(t)+\/§Uin(A(t)) ]]'o-bii(A(t))fx/iﬁgA(t)E[7BA(t)'V,BA(t)7]'

i=1
(4.30)
By Lemma 4.3 in Bovier and Hartung (2014), it follows that ?U]f’A(tM converges
in probability and in L' to the random variable Y,,. Since ?f:,A(tm > 0 and
C(a) > 0, and since

= 1/2
lim (2200 — o, (4.31)
ttoo \ 1—[oZ+ L 6<(t)]A(t)/t
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it follows that
lim liminfE (exp <7C’(a)oee*ﬁyl~/£7A(tm) (1+ 0(1)))

Too  tfoo

= lim limsupE (exp (—C’(a)aeefﬁyﬁf,“tm) (1+ 0(1)))

Bfoo oo

=E (exp (—é(oe)nge_ﬂy)) ) (4.32)

where C(o,) = 0.C(a). The same arguments work when T s replaced by X2.
The limit in (4.32) coincides with the one obtained in Bovier and Hartung (2014)
for the two-speed BBM with speed given in (4.21). The assertion in the case when
o = oo follows directly from Lemma 3.3. O

4.2. Gaussian comparison. We distinguish from now on the expectation with re-
spect to the underlying tree structure and the one with respect to the Brownian
movement of the particles.
e [E,: expectation w.r.t. Galton-Watson process.
e Ep: expectation w.r.t. the Gaussian process conditioned on the o-algebra
Firee generated by the Galton-Watson process.

For a given realisation of the Galton-Watson process, we now let x, g, and y be
three independent Gaussian processes whose covariances are given as in (1.2) with
A replaced by A in the case of § and A in the case of y.

The proof of Proposition 4.1 is based on the following Lemma that compares the
Laplace transform L., ., (t,c) with the corresponding Laplace transform for the
comparison processes.

Lemma 4.6. For any k € N, uy,...,up € R and cy,...,c € Ry we have
k
Loy, mp(tie) < E (exp <— Z aNu, (t))) +0(1) (4.33)
=1
k
Loy, up(t,e) > E (exp < Z CZMW (t))) +0o(1) (4.34)
=1

Proof: The proofs of (4.33) and (4.34) are very similar. Hence we focus on prov-
ing (4.33). We will, however, indicate what has to be changed when proving the
lower bound as we go along. For simplicity all overlined names depend on 2.
Corresponding quantities where % is replaced by 2 are underlined.

To use Gaussian comparison methods, we first replace the functions N, (t), N, (t)
by smooth approximants:

K 1 z _22/9,2
X (z) = > [me 125 4z, (4.35)

n(t)
NE(W) = 32X i) — ) — ), (4.30

and
n(t)

N () = X (@a(t) — (t) — u). (4.37)
i=1
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Note that, as « | 0,
X(x) = Laso,  NE() = Nu(t), Noy(t) = Nu(t). (4.38)
In order to prove (4.33), we show that for all k > 0,

k k
Ep <exp <— Z aNy, (t))) <Ep (exp (— Z clﬁzl (t))) + R(t), (4.39)

1=1 1=1
where R(t) is independent of x and limy o, ER(t) = 0.
From now on we work conditional on the o-algebra generated by the Galton-
Watson tree. We introduce the family of functions f; , : R™®) — R by

n(t)
Jew(@) = frw(@1, .. Tne) =exp | — Z Z ax™(z; —m(t) —w)

i=1 [=1

‘We want to control

k k
Ep (exp <— Z ahNy, (t))) —Eg (exp <— Z cl./T/'Zl (t)> >
I=1 I=1

=Ep (fru(zi(t),. ... 2n)(t)) — Eg (fm@l(t), Uy (1)) (4.40)
Define for h € [0, 1] the interpolating process
ot = Vha; +V1—hy,, hel0,1]. (4.41)

The interpolating process {z,i < n(t)} is a Gaussian process with the same un-
derlying branching structure and speed function
=2

Y7 (s) = h¥2(s) + (1 — h)X (s). (4.42)
Then, (4.40) is equal to

Ep ( /O 1 % ftﬁ(xh(t))dh) , (4.43)

where
n(t)
d 0
IO = 5 3 G 0 g ) | )~ o)
(4.44)
and
0
é)Tcift’”(x}f(t)’ T (1) (4.45)

k h . 2
Z a  _Gro-mo-w
- ( V 27m2e " > funi (0 ’mz(t)(t»'

The key idea is to introduce a localisation condition on the path of ! into (4.44)
at this stage. Note that it is not surprising at this point, since localising paths
has been a crucial tool in almost all computations involving BBM, see already
Bramson’s paper Bramson (1978a). To do so, we insert into the right-hand side of
(4.44) a one in the form

1= 135?67—:1’,2% + ]lw?gT”, , (4.46)

2
t,I,Zh
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with
I=[t(5 (1) A ST (1), t(1 — o7 (1))] (4.47)

and 7.7 ., defined in (2.1). Here §;°7(t) = §<> (), while 65~ is defined in the

t,1,%2
. . =2 .
same way, but with respect to the speed function X" instead of ¥2. We call the two

. —h —h .
resulting summands S_ and S, respectively.
Note that, when proving the lower bound, we choose instead of I, the interval

I=[t(05(t) Ao (t)), t(1 — 65 (1))] - (4.48)

—h . .
The next lemma shows that S does not contribute to the expectation in (4.44),
as t — oo.

Lemma 4.7. With the notation above, we have
! —h
lim E, </ EB(|S>|)dh> =0. (4.49)
t—o00 0

The proof of this lemma will be postponed.
We continue with the proof of Lemma 4.6. We are left with controlling, for fixed
h e (0,1),

n(t)

g 132 9 n) Tl
Ep(So)=Ep | =Y = finla"(t)ner - = 4.50
559 =Es | 33 g O)Lery, |0~ H] | w0

By the definition of 7, ..,
Lotery, o = Lvselfer ()| <3 (ne-23 (1) (4.51)

where £f'(s) = 2l (s) — %xf(t) is a time changed Brownian bridge from 0 to 0 in
time ¢, which, as we recall, is independent of the endpoint x” (). We want to apply
a Gaussian integration by parts formula to (4.50). However, we need to take care of
the fact that each summand in (4.50) depends on the whole path of §; through the
term in (4.51). Therefore, we first approximate that indicator function in (4.51) by
a discretised version. Let, for N € N, t1,...,ty~ be a sequence of equidistant points
in [0,¢]. Define the following sequence of approximations, G, v : C(Ry) — R, to
the indicator function in (4.51),

Gun(z) = gn(z(tr),...,z(tan)), (4.52)
where
2N
-N
gn(ereza) = [[[en® ™ () A G- S300) —2) (453)
=1
-N
XX (SR (k) A (= SR+ 22) + Ly
Clearly Gp .y — ]13667—:7[22 , pointwise, while the derivatives %gh(zl, ..., ZoN) are

bounded. By the Gaussian integration by parts formula (see, e.g., Talagrand (201 1a,
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Appendix A.5)), we have, for any given N € N,
0
i (1s0) g oo ()G v (€"))

2N
> Ep ((:(t)g (te)) Ep (ft,,@(:v”(t))aazegh(s?(tl), . 7§£L(t2N))>
=1

n(t) 92
+ZE3 (z:i(t)z" (1) Ep (Gh ~(EM) T ft,,{(g;h(t))> : (4.54)
But for all £ € {1,...,2V},
2
EB (Zl(t)f:l(tg)) = \/E]EB (:L’i(t)xi(tg) - :L'l(t)zgmml(t)>

= VR (Z2(t) - 22(t)) =0, (4.55)

and hence the second line in (4.54) is equal to zero. In exactly the same way we
get

Ep (yi;ft,n(m?(t)v e »xﬁ(t)(t))>

—ZEB Gi(t)2 (1) Es (Gmsh) —finla <>>>. (4.56)

Computing the covariances, Ep (2;(t)z!(t)) = VAE (z;(t)z;(t)) and
Ep ()2} (8)) = V1 —hE (7:()7;(t)) ,

we obtain that

Z B, — fewn (2" (1)) Gnn (€") {m\z/(%) - ylz(j)h} (4.57)
n(t) 2 zh
= 3 (et ) ~ En@ 05, 0)] En (Gnn(e) Rl O)),

where crucially the terms with ¢ = j have cancelled. This equation holds for any NV,

: . TN 0)) W
and since 0 < G n(z) < 1, and the integral Ep o is finite (trivially,

since the mixed second derivatives of f are bounded), by Lebesgue’s dominated
convergence theorem, the right hand side converges to the expression where G, v
is replaced by its limit. Similarly, in the left hand side we can apply Lebesgue’s
theorem, majorising the integrands by C|x;(t)|, etc, which are all integrable. Thus
we obtain that

n(t) -
z(t) v;(t)
Z 8 ft n ]l heTt’vI - |: \/E - /1 — h:| (458)
n(t) 2 zh
= 3 [Ealast)s; 0) - En @m0, B (Lo, S0z

i,j=1
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Introducing
L= Ta@nr@),ar@)el t Lal @),ah @) el (4.59)
into (4.58), we rewrite the right hand side of (4.58) as (T'1) + (T2), where
(T1) (4.60)
n(t

) 2 h
. 0P fy el (1))
_ E B (t) —g. Oy, ()| E 1 il —— |
~ B [l’ ( )xj( ) yz( )y]( )] B ( d(a:?(t),w_’]?(t))GI w?eTjj’E% 650181']

i£j
(T2) (4.61)
n(t) 2 h
N 07 fre (2" (t
= > Ep[zi(t)x;(t) —3,(1)y;(t)] Ep (h(ﬁ(t),w;(t))ggﬂlwgeT” t(())> )

i,j=1 ta152i 8:5181']

1#]
The term (T'1) is controlled by the following Lemma.

Lemma 4.8. With the notation above, there exists a constant C < 00, independent
of t and k2, such that for all t large and k> small enough,

E, ( /O 1(T1)dh>

Moreover, we have:

ds. (4.62)

< 5/ ‘efs+22(s)+0(s'y) o s (9)+0(s7)
T

Lemma 4.9. If ¥? satisfies (A1)-(A3), and 5 is as defined in (/./), then

lim ‘e—s+22(s)+0(57) _ e—s+§2(s)+0(s'y)
t—o00 I

ds = 0. (4.63)

We postpone the proofs of these lemmata to Section 5.
Up to this point the proof of (4.34) works exactly as the proof of (4.33) when

s replaced by 2. For (T2) and (1'2) we have:
Lemma 4.10. For almost all realisations of the Galton-Watson process, the fol-

lowing statements hold:
(1) Iflimyroo 0<(¢) = 0, then

(T2) <0, (4.64)
and
(T2) > 0. (4.65)
(ii) If limypoo 0<(t) = 6< > 0, then
lin(T2) <0, (4.66)
and
tl#rolé(ﬂ) > 0. (4.67)

The proof of this lemma is again postponed to Section 5.

From Lemma 4.8, Lemma 4.9, and Lemma 4.10 together with (4.50), the bound
(4.39) follows. Since the left and right hand sides involve expectations over bounded
functions, we may pass to the limit 2 | 0. This implies (4.33). As pointed out,
using Lemma 4.10, the bound (4.34) also follows. Thus, Lemma 4.6 is proved, once
we provide the postponed proofs of the various lemmata above. ([
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We conclude the proof of Proposition 4.1.

Proof of Proposition /.1: Taking the limit as ¢ T co in (4.33) and (4.34) and using
Lemma 4.5 gives, in the case A’(1) < oo,

hmsupﬁuh...,uk(tac) S Eul,...,uk(c)v (468)
tToo
lirtrTlinfﬁu1 ,,,,, up (B, 0) > Loy (€. (4.69)

Hence limyoo Lo, .. uy (¢, ¢) exists and is equal to L, 4, (c). In the case A'(1) =
00, the same result follows if in addition we take p 1 oo after taking ¢ 1 co. This
concludes the proof of Proposition 4.1. O

5. Proofs of the auxiliary lemmata

We now provide the proofs of the lemmata from the last section whose proofs
we had postponed.

Proof of Lemma /.7: We have

L0k _Gr®ommw)?
S <= e ()] mmq
Ep(S2) < 533l | 5o, [ S
1= =

(5.1)
We use the fact that the condition in the indicator function involves only the time
2
changed Brownian bridge, £/'(s) = 2/(s) — Z’T(S)xf(t), which is independent of the
endpoint z(t), and of course also of z;(¢). This implies that

@ -mm—up?

e 2r2 M

B\ T ame sy

B e 2k |zi(t)] h

=Eg VorK? 7w | BB (xz ¢ 7?11%) ’ (52)

and similarly for the terms involving y. The computation of the first expectation
is a straightforward Gaussian integration involving two independent Gaussians. In
fact we can write

@ —m) —up?

e 2r2 dz1dze  _1 e 2 2
E At — 2 (z,Mz)+(v,2)— (M (t)+w)”/2r
B TTFLQ ‘ ( )| / (27r)3/2tne 2 |Z1|,

(5.3)
where

o ol VAL =h)/r? U:ﬁz(t)+ul< \/E> 5.0
T \WVRI =Ry R? O T g2 VIi—h)

Note that det M =t~2 +t~1x2, and its eigenvalues are given by

M=t P+ 2E Vet 12 (5.5)

Importantly, the smaller eigenvalue behaves, when %2/t tends to zero, as

Ao =1/(2t) 1+ O(k*/1)). (5.6)
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The remaining calculations amount to completing the square. With

“ Th(t)—i—ul< Vh ) (5.7)

kK2t-1+1 \WV/1—=h
we can rewrite the right hand side of (5.3) as

1 ("7L(t)+gl)2
2 K
e o+ dz1dzo o iz-aM(z-a

D241 (5.8)
(2m)1/2/Kk2 + 2m/det(M—1)

Now it is plain that the last expectation is bounded by

la| + const.(A_)"1/? < VA m(t) + ul +2t2(1+ O(k*t™2)) < const.(Vht + V1),

2/t
(5.9)
with the constant uniform in, say, x? < 1, > 100. This allows us to bound (5.8)
by a uniform constant times

(\ﬁ+ 2) —t/(LHR2 [+t (1482 ) < onst o™ <~/ht3 4 2t) . (5.10)

Next we bound the probability that the Brownian bridge does not stay in the
tube. For this we use Lemma 2.2. Note that by construction, if s € I, then for
all h € [0,1], 2 > Dt'/3, and ¥? < t — Dt*/3] for some constant 0 < D < oo,
depending only on the function A. Thus, by Eq. (2.4)) of Lemma 2.2,

i Y _p2y—1
Pp (x? gﬁizi) <8 Y KT R (5.11)

k=Dt1/3

We are now ready to insert everything back into (5.1). This gives that, uniformly

in 2 small and ¢ large (as above)

k
Egp <|§};|) < n(t)const. Z ce? (2\/;3 +2t/Vh+2t/V/1 = h) e DTN
1=1
(5.12)
Integrating over h and taking the expectation with respect to the Galton-Watson
process yields

! k
En (/ EB (|§};|> dh) < const. Z clt3/2€—D27*1t(2771)/3’
’ =1

which tends to zero as ¢t 1 oo, uniformly in x < 1, as claimed, if v > 1/2. This
proves the assertion of the lemma. O

Proof of Lemma /.10: We first proof (4.64). Observe that

d(zi(t), 25(1) = d(F;(t),7;(t) = d(=} (1), 2} (1)). (5.13)
Moreover, for all 1 <i,5 < n(t),i 7& 7,

ft fs( ( )7"'7x2(t)(t)) > 0. (5'14)

For d(x;(t),z;(t)) € [0,t(67(t) A 65 (t))), we distinguish the cases limy_,o, §<(¢) > 0
and limy_, ., 6<(¢) = 0, respectively.

1,.n
ET1>32 o0x; awj
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If limy 0o 0<(t) = 6< > 0, then A(z) = A(z) = A(z) = 0, for all z €
[0,¢(05(t) A 65 (t))). Thus all the terms in both (T2) and (T2) with i,j such
that d(x;(t),z;(t)) € [0,(d; () A &5 (¢))) vanish.

Next consider the case where lim; o, d<(¢) = 0. By Lemma 4.4 we have, for

7:(8),7,;(t) with d(;(1),7;(1)) € [0,6(55(t) A 65 (1)), that
Ep@(1),7;,() = S (d@:(1),5;(1))
> S2(d(Gi(t),7;(1))
= 22(d(@i(t), 2;(1)) = Ep(ai(t), z;(t).  (5.15)

For (4.65) we proceed in the same way but instead of (5.15) we have,
for d(y,(t),y () € [0,£(67(t) A 65 (1)),

En(y,(t).y,(t) = 22( (3,(6),,())

< X(d(y,(6),y,(1)))

= B(d(x;(t),z;(t))) = Ep(a:(t), z;(t)). (5.16)

If d(g;(t),7;(t)) € [t(1 = 67 (1)), 4], resp. d(y,(t),y,(t) € [t(1 = o5 (2)),1], we
obtain in both cases from Lemma 4.4 that

~

Es(@:(1),7;(t)) = Ep(2:(t), z;(1)), (5.17)
and

Ep(y;(1),y,(8) < Ep(zi(t), z;(t)), (5.18)
respectively. This concludes the proof of Lemma 4.10. ([l

Proof of Lemma /.8 : We have that

E, ( / 1(T1)dh) ] <E, ( f s (:(0)25(1)) — En (@ (07,(1)] (5.19)

1#]

1 2 h
0" frn(2(t)
Ep ( 1y0.n \ floner  —F——>|dh]).
></0 B< d(zp (t),ah (t))el ta] eth’E% dx;01;

By definition of f; , we have for i # j

k . Bty - 2
2 2l (¢ cep  —Ehm-—mw-u)? @GO —m—up
M — § #e T e 2x2 ft (xh(t))
O0z;0x; — 27K2 "
1,i=1
b ccr 7<z?<t>—m<t>wl>2 —(@f Ot —up?
< E 27{_’%2 2r2 e 2r2 ) (520)
1i=1

where we used that f;, < 1. Using this bound we get that (5.19) is bounded from
above by

n(t)
E”<Z [En (@i(t)e;(t) — En(7:(1)7; (t |/ Ep <]ld(:c rwatanerlatery

ij=1
1#]
k ccr —@h—m)—up? —G@HO-m®)—up?
X E 5€ 2r2 e 2k2 dh|. (521)
— 27K
1,l=1



Variable Speed Branching Brownian Motion 285

We introduce the shorthand notation

A= )/
Ay = 1-X3(s)/t. (5.22)

To compute the expectation in (5.21) we fix the time of the most recent common
ancestor of z; and z; as s and integrate over it. Then the pair (27 (¢), x ] "(t)) has the
same distribution as (Y + X1,Y + X5), where Y, X, Xo are independent centred
Gaussian random variables with variance tA;,tAy, and tAs, respectively. We also
relax the tube condition except at the splitting time of the two particles. From this
we see that the expression in (5.21) is bounded from above by

C Z clcl/|§] % (s)]e? (5.23)

I,i=1

Arm(t)+J(s,7) 2
<[ L Qw0 e s
Aim(t)—J(s,y)

where co > C > 0 is a constant,
J(s,7) = (Zh(s) A (t =57 (s)) " = (A1 A A1), (5.24)

and for 1 <1<k

o0 _ () —u)2 /22 _ e =
Q(y, ul,t) — / o~ (@ry—m(t)—w)* /2" ,— 3ia; (2w?én2tA2. (5_25)
—o0 \%

We first compute Q(y,u;,t). We change variables in (5.25)
tAz(m(t) —y —w)

5.26
/€2 + tAQ ( )
and obtain that (5.25) can be written as
_ 22(s%+As1)
Q(y, w, t) - / Yo M
Jup,t) = e 20eTTeAs ——dz
b —oo \/(2m)2K2 At
() —y—up)?
e 2(k2+tAg)
= — (5.27)
2m(Kk? + tAg)
Plugging this into (5.24) we get
i 2
cy clcf[|22(s) — 37 (s)]e* s (5.28)
1i=1 I
) —y—up) 2+ (m(t)—y—ur)?
MmO o Sy
TEAr dhd
/ /1m<t J(s.7) 27 (K? + tAs) ¢ b dhds,

In the integral with respect to y we now change variables to

B (2m(t) — uy — up) Aqt
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and drop terms that are bounded uniformly in ¢ and x? by constants to see that
(5.28) is less than or equal to

A At (t)—Aqm(t)r? —tAq (ug+up)

k 1 +J(s,7)

~ =2 _ w2+ (1+A)t ’
C E cier |E2(s) -3 (s)\ezt s ) o
4 7 0 AqAgtm(t)— Ay m(t)r2 —tAq (ug+up) —J(s)
1,l=1 RZH(1+AL )t 24
___m®? —w?(r?24+(1+A7))
K2+ (1+A 2(k24+tAg)A
% e ¢ vie ¢ tA2) ALt dwdhds (5 30)
27 (k2 4 tAs) 2mtA .

with C' a new constant independent of ¢ and k2. Since, for each h € (0, 1),

V1+ A (A Aam(t)
\/tAlAQ ( A1 + 1 B J(S,’Y>>

> ((Aq A Ag)in(t)) 12 (i(Al A Ag)i(t) — (A1 A Ag)“’ﬂ) . (5.31)

which tends to +o0o, as t T oo, we can use the Gaussian tail bound (2.11) in the
integral over w to show that

1 AlAztr’n(t)—Alﬁ(t)nz—tAl(ul+u[) 7 _ m(t)? —w?(k?4(1+A1)0)
2t75/ T H(11ADE +J(s,7) e RZt(tAte 2(r2+tAg)Aqt dwdh
e w
A Aot (t)—Apm(t)r2—tAy (ujtug) 2
0 e D J(s,) 2m(K? + tAg)V/2mt Ay

_ _ 2 m(t)?

1 1 w240+apt [(ArAgtin()—Aym()s® —tAy (ug+up) - =
< Q2t=s o 2 (EHtAp)ALt 2 (1A I(s7)) e At
- 0 2m(Kk2 + tAs)

o [(ArdatmO—Avn@ i) g o)) £ )T
K24+(1+Aq1)t Y (k2+tA2) At V2rmtAr®
Ay Agtm(t)—Aym(t)r? —tAq (uptup)

2
1 1 k24(A+ADE J ()2
—1 —J (s, — 2
e2t75/ e 2 (k24tAg)Aqt K24 (14+Aq)t (s) e RZF(+ADE
0

VAL dh
X A At () = AT (R AL () =T 7 (P (T ADE) ami (5.32)

By the definition of J(s,7) we can bound (5.32) from above by

N 1 (A+Ag)m(t)?
Cthfs _ _ VAt G*TJFO(SA’)L’K
o Ai Aot (t)— Arm(t) k2 —t A (wi+up) —J(s,7) (k2 +(1+A1)1) (2m)z’
(5.33)

where C < oo is a constant that does not depend on t and 2. The denominator
in the fraction appearing in the integrand equals v/2A43A1t%(1 + o(1), for ¢ large,
because, for all s in the integration range I, it holds that Ayt > t3 and Ayt > t3.
Using this and the fact that

m(t)?/t = 2t —logt + O(log(t)?/t), (5.34)

we see that the expression in (5.33) is smaller than

AT o _dh
20/ L estAtHO(sT) 5.35
o Ast/Ait (2m)3 (5.35)

Since A =1 — As, the fraction in (5.35) is bounded by a constant times

t71+A2/2

PRI (5.36)
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We now distinguish three regimes. If Ay € (e,1 — €), for € > 0 independent of ¢,
then the expression in (5.36) is of order t=1/2 as t 1 oo. If Ay tends to 1, then for
sel,

t71+A2/2 .
- <A (5.37)
A2(1 — 142)§
which tends to zero, as ¢t T co. Finally, when A5 | 0, we get
—1+4A5/2
t72/1 < ¢ HH2/34e() (5.38)
Ag(l — A2)5 -

which tends to zero as t T oo. Hence, for all s € I, (5.35) is bounded from above by
1
o(1) / e sHAHOE ) g, (5.39)
0
Inserting this into (5.28), and writing out Ayt = hX2(s) + (1 — h)i2 (s), we see that

([ )

1 _
<o(1) /Jz%) —(s)] / e~ (@) (1-MEX (@) +0(7) g g
I 0

< o(1) / (e*3+22<3>+0<8”> — e TEOF06N) | g, (5.40)
I

with o(1) tending to 0, as t 1 oo, uniformly for x2 small enough. This proves Lemma
4.8. O

Proof of Lemma /.9: We split the domain of integration into three parts. First, let
63 > 0 be such that

oy + 565 <1 and 03 < &, (5.41)
By a Taylor expansion at zero we have
¥%(s) < (of + 563)s, for s €[0,dt]. (5.42)

Moreover, if §; > 0, then so is dy, and we then choose d5 < d5 A 0y (with 6~ =
lims4oo 0;°); hence, for ¢ large enough it then also holds that d5 < o5 (£) A 05 (¢).
If 55 = 0, we set (note that, by monotonicity, in this case §5 (¢) A 67 (¢) = 65 (¢))

3t
(51) = /
65 (t)

Sst
</3 (e—s(l—gg—gasno(ﬁ)+e—s(1—ag—§5<(t))+o(57)> ds.
N 65 (t)

o HFOFOET) oot T)+06T)] g (5.43)

By assumption on 83, 1 — o7 — %53 >0and 1—0}— §5< (t) > 0, for all t sufficiently
large. Hence
tlggg(Sl) =0. (5.44)
If 67 > 0, we set (S1) = 0.
Next we choose d4 such that
ol —5,% >1and 64 < 4. (5.45)
Again due to a first order Taylor expansion we have
St —35) <t—(0f —564)5, for s e [t67 (1), td4]. (5.46)
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Hence
t(1-67 (1)) <2
(52) = / o= ITOLT) _ om0 +06T) g
t—d4t
dat —
:/ e§7t+22(t7§)+0(sw) _ I (t=5)+0(s7) | g3
t87 (t)

Sat

< / ! (egufai#%mw(s”) 4 e§<1703+%6><t>>+0(57>) ds. (5.47)
to7 (t)

By assumption on &, we have 1—r2+ 564 < 0 and, for t large, 1—02+ £ 5> (t) < 0.

Hence

lim (S2) = 0. (5.48)
t—o0
We still have to control
t—84t
(S3) E/ 4 e 5T (9)+0(s7) _e_s+§2(s)+0(s7) ds. (5.49)
dat

Consider the function A(z) on the interval [05, 1—d4]. Since A(z) is right-continuous,
increasing and A(z) < z on (0, 1), we know that

M= inf —A > 0. 5.50
e (z — A(z)) (5.50)
Then
s — N2(s) = t(s/t — A(s/t)) > Mt, (5.51)
which implies
t—041t t—0o4t
/ e TR0 g5 < e*Mt/ P67 s, (5.52)
3t - I3t
which tends to zero, as t 1 co. By the same argument it follows that
t—04t —
lim e SR F0GT) gg — . (5.53)
tToo Sst
It follows that lims+o(S3) = 0, which concludes the proof of Lemma 4.9. O
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