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Abstract. Based on a new multiplication formula for discrete multiple stochas-
tic integrals with respect to non-symmetric Bernoulli random walks, we extend
the results of Nourdin et al. (2010) on the Gaussian approximation of symmetric
Rademacher sequences to the setting of possibly non-identically distributed inde-
pendent Bernoulli sequences. We also provide Poisson approximation results for
these sequences, by following the method of Peccati (2011). Our arguments use
covariance identities obtained from the Clark-Ocone representation formula in ad-
dition to those usually based on the inverse of the Ornstein-Uhlenbeck operator.

1. Introduction

Malliavin calculus and the Stein method were combined for the first time for
Gaussian fields in the seminal paper Nourdin and Peccati (2009), whose results have
later been extended to other settings, including Poisson processes Peccati (2011);
Peccati et al. (2010). In particular, the Stein method has been applied in Nourdin
et al. (2010) to Rademacher sequences (X, )nen of independent and identically
distributed Bernoulli random variables with P(X; = 1) = P(X; = —1) = 1/2,
in order to derive bounds on distances between the probability laws of functionals
of (Xn)nen and the law N(0,1) of a standard N(0,1) normal random variable Z.
Those approaches exploit a covariance representation based on the number (or
Ornstein-Uhlenbeck) operator L and its inverse L~1.
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From here onwards, we denote by (?f the set of all real-valued bounded functions
with bounded derivatives up to the second order. In particular, for h € €7, using a
chain rule proved in the symmetric case, the bound

[E[R(F)] = E[M(Z)]] < Ay min{4||hlloo, [ [} + 17" | Az, (L.1)

has been derived in Nourdin et al. (2010) (see Theorem 3.1 therein) for centered
functionals F' of a symmetric Bernoulli random walk (X,,),en. Here, (X,)nen is

built as the sequence of canonical projections on Q := {—1, 1} and
_ 20 _

AL =E|[[l=(DF,=DL7'Flaw)||, A2 = TE[(IDL7'FLIDFP)e)
where (-, -) 2y is the usual inner product on (?(N), and D is the symmetric gradient
defined as )

DiF(w) = S (F(h) ~ FWh)), keN,

where, given w = (wg, w1,...) € Q, we let

k _
wy = (wo, .-, Wr—1, +1, W1, - )
and
k
wW_ = (wo,...,wk,l,—l,warl,...).

The above bound (1.1) can be used to control the Wasserstein distance between
N(0,1) and the law of F as in Corollary 3.6 in Nourdin et al. (2010). In addition,
the right-hand side of (1.1) yields explicit bounds in the case where F is a single
discrete stochastic integral (see Corollary 3.3 in Nourdin et al. (2010)) or a multiple
discrete stochastic integral (see Section 4 in Nourdin et al. (2010)). In this latter
case the derivation of explicit bounds is based on a multiplication formula proved
in the symmetric case (see Proposition 2.9 in Nourdin et al. (2010)).

In this paper we provide Gaussian and Poisson approximations for functionals of
not-necessarily symmetric Bernoulli sequences via the Stein and Chen-Stein meth-
ods, respectively. See Krokowski et al. (2015) for recent related results on Gaussian
approximation, without relying on a multiplication formula for discrete multiple
stochastic integrals.

The normal and Poisson approximations are based on suitable chain rules in
Propositions 2.1 and 2.2 and on an extension to the non-symmetric case of the
multiplication formula for discrete multiple stochastic integrals (see Proposition 5.1
and Section 9 for its proof). In addition to using the Ornstein-Uhlenbeck operator
L for covariance representations, we also derive error bounds for the normal and
Poisson approximations using covariance representations based on the Clark-Ocone
formula, following the argument implemented in Privault and Torrisi (2013). Indeed
the operator L is of a more delicate use in applications to functionals whose multiple
stochastic integral expansion is not explicitly known. In contrast with covariance
identities based on the number operator, which rely on the divergence-gradient
composition, the Clark-Ocone formula only requires the computation of a gradient
and a conditional expectation.

A bound for the Wasserstein distance between a standard Gaussian random
variable and a (standardized) function of a finite sequence of independent random
variables has been obtained in Chatterjee (2008), via the construction of an auxil-
iary random variable which allows one to approximate the Stein equation. Although
the results in our paper are restricted to the Bernoulli case, they may be applied
to functionals of an infinite sequence of Bernoulli distributed random variables. A
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comparison between a bound in our paper and that one in Chatterjee (2008) is
given at the end of the first example of Section 4.

As far as the Gaussian approximation is concerned, using a covariance represen-
tation based on the Clark-Ocone formula, in Theorem 3.2 below we find sufficient
conditions on centered functionals F' of a not necessarily symmetric Bernoulli ran-
dom walk so that

[E[r(F)] = E[A(Z)]] < Bymin{4|[hfloc, [ oo} + |h oo B2 + " lcBs  (1.2)

for any h € G%, and for some positive constants Bj, Be, By > 0; similarly, using
a covariance representation based on the Ornstein-Uhlenbeck operator, in Theo-
rem 3.4 below we provide alternate sufficient conditions on centered functionals F’
of a not necessarily symmetric Bernoulli random walk so that the bound (1.2) holds
for different positive constants Cy,Cs, C5 > 0, in place of Bi, Bs, B3 respectively.
In Theorem 3.6 below we show that the bound (1.2) can be used to control the
Fortet-Mourier distance dpy between F' and the standard N(0, 1) normal random
variable Z, i.e. we prove

dem(F, Z) < /2(By + B3) (5 + E[|F]]) + Bo.

A similar bound holds, under alternate conditions on F', with the constant B;
replaced by C; (i = 1,2, 3). Replacing the Stein method by the Chen-Stein method,
we also show that this approach applies to the Poisson approximation in addition
to the Gaussian approximation, and treat discrete multiple stochastic integrals as
examples in both cases.

This paper is organized as follows. In Section 2 we recall some elements of sto-
chastic analysis of Bernoulli processes, including chain rules for finite difference
operators. In Section 3 we present the two different upper bounds for the quan-
tity |[E[h(F)] — E[h(Z)]|, h € €2, described above and the related application to
the Fortet-Mourier distance. Section 4 contains explicit first chaos bounds with
application to determinantal processes, while Section 5 is concerned with bounds
for the nth chaoses. The important case of quadratic functionals (second chaoses)
is treated in a separate paragraph. In Section 6 we apply our arguments to the
Poisson approximation and in Sections 7 and 8 we investigate the case of single and
multiple discrete stochastic integrals. Finally, Section 9 deals with the new multipli-
cation formula for discrete multiple stochastic integrals in the non-symmetric case,
whose proof is modeled on normal martingales that are solution of a deterministic
structure equation.

2. Stochastic analysis of Bernoulli processes

In this section we provide some preliminaries. The reader is directed to Pri-
vault (2008) and references therein for more insight into the stochastic analysis of
Bernoulli processes.

From now on we assume that the canonical projections X, : Q@ — {—1,1},
Q = {—1,1}" are considered under the not necessarily symmetric measure P given
on cylinder sets by

n

P({eo, - end x {=1,11%) = [ o202, o e {=1,1}, k=0,...,n.
k=0
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Given w = (wo,w1,...) €  and wi, w” defined as above, for any F : Q — R we
consider the finite difference operator

DypF(w) = /prae(F(w5) = F(w®)), k€N

and, denoting by & the counting measure on N, we consider the L?(Q x N) =
L?(2xN, P®#k)-valued operator D defined for any F': Q — R, by DF = (D F)ken-
Given n > 1 we denote by (2(N)®" = (2(N") the class of functions on N" that
are square integrable with respect to K®", we denote by £2(N)°" the subspace of
2(N)®" formed by functions that are symmetric in n variables. The L? domain of
D is given by

Dom(D) ={F € L*(Q): DF € L*(2x N)} ={F € L*(Q) : E[|DF|%qy] < oo}
We let (Y;,)n>0 denote the sequence of centered and normalized random variables

defined by

n -~ Fn Xn
y, = & —PntXn

2\/Pnn

which satisfies the discrete structure equation

dn — Pn
2 /Pndn
Given f; € £?(N) we define the first order discrete stochastic integral of f; as

Ti(f1) = fi(k)Ya,

k>0

V2=1+

Y,. (2.1)

and we let
Jn(fn>: Z fn(llauzn)Y; Y
(21 5eeyin)EAR
denote the discrete multiple stochastic integral of order n of f, in the subspace
2(A,,) of £2(N)°" composed of symmetric kernels that vanish on diagonals, i.e. on
the complement of
Ay ={(ky,....,kn) eN": k; #kj, 1<i<j<n}, n>1

As a convention we identify £2(N°) to R and let Jo(fo) = fo, fo € R. Hereafter, we
shall refer to the set of functionals of the form J,(f) as the n-chaos. The multiple
stochastic integrals satisfy the isometry formula
In € C2(AL), gm € 2(A,,), cf. e.g. Proposition 1.3.2 of Privault (2009).
The finite difference operator acts on multiple stochastic integrals as follows:
DkJn(fn) = anfl(fn(*v k)]lAn (*7 k)) = anfl(fn(*7 k))7 (2‘2)

k €N, f, € £2(A,). Due to the chaos representation property any square integrable
F may be represented as F = 3", - Ju(fn), fn € (2(Ay), and so the L? domain of
D may be rewritten as

Dom(D) =< F = Z In(fn) - Z nn!”.fn”??(N)@)” < 0

n>0 n>1

Next we present a chain rule for the finite difference operator that extends Propo-
sition 2.14 in Nourdin et al. (2010) from the symmetric to the non-symmetric case.
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This chain rule will be used later on for the normal approximation. In the following
we write Fif in place of F(w}).

Proposition 2.1. Let F' € Dom(D) and f : R — R be thrice differentiable with
bounded third derivative. Assume moreover that f(F) € Dom(D). Then, for any
integer k > 0 there exists a random variable R? such that

Dy F|? _
D F:’FDF—|7 "EN)+ f(F7)Xe + RE, as. 2.3
where | |3
5 1" Dk;F
REI< = o . a.s. 2.4
BEL< gl e (2.4

Proof. By a standard Taylor expansion we have
Dypf(F) = Vorae(f(F) — F(F)) = Vorak (F(FD) — f(F))
—VPear(f(Fy, ) — f(F))

= VoS (F)FF = F)+ YR (F)(Ff = F) + R}
—Vhrarf (F)(F; = F) = Y22 (P)(Fy = F)* + Ry
= [(F)DuF + YR I (F)(Ff — F)?
—(F, = F)’| + R} + Ry, (2.5)
where
IR < YR 1 ol FiE - FP (2.6)

By the mean value theorem we find

_STE)HE) L FE) = fED +E) - )

F(F) 5 + 5
" F+ + 1" F- ,
DD |y
where )
4 f 00 _
R < Wl g py e — .

Substituting this into (2.5) we get

Dif(F) =f/(F)DyF + Y25 (pr(py 4 p/(BFO)((F}F — F)?

4
—(F, = F)’|+R{ + R, + R}, (2.7)
where
« \PEGE | _ _
1Bl < == —If loo([F = Fl+|F; = FN(|F — F|” = |Fy — F?)
,/pk(]k; 11 _
s loo(|[Ff = F|+ |Fy = F)|FF - FP. (2.8)
Note that

Ff = F = (F = F)lgx=—n + (B = Pl = (B = F)lx-y
= (B — F)lx,=—1y, (2.9)
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and similarly,
Fy —F =—(F - F))lix, -1 (2.10)

Therefore we have |Fi¥ — F| < |DyF)|/\/pxqx, and combining this with (2.6) and
(2.8) we find

"

£
REI< - SIDGFP. Ry <

By (2.9) and (2.10) we also have
(Ff = F) =(F = F )’lix,——1y and (Fy = F)? = (F = ;)" 1x,-y,

||f ”oo

|DF|?. (2.11)

therefore
(B =P = (Fy = F)? = (F = F )’ (Lix, =1 — Lxe—1y)
_ Dy F?
_ F+ _F 2X — _ ‘ X
(i = Fi )X PRk
The claim follows substituting this expression into (2.7) and by using (2.11) to
estimate the remainder. O

Now we present a chain rule for the finite difference operator, which is suitable
for integer-valued functionals. This chain rule will be used later on for the Poisson
approximation. Given a function f : N — R we define the operators

Af(k) = f(k+1) = f(k), A*f:=A(Af).

Proposition 2.2. Let F' € Dom(D) be an N-valued random variable. Then, for
any f: N =R so that f(F) € Dom(D), we have

Dy f(F) = Af(F)D,F + RE, (2.12)
where
2
np < s (|2 (B,
Prqk Prqk (2 13)

+‘D’“F]1 (D’“F +1)‘
Vorar . T e ’
Proof. As shown in the proof of Theorem 3.1 in Peccati (2011), for any f : N — R
and any k,a € N,

|f(k) = fla) = Af(a)(k —a)| <
Therefore, taking first k& = F,j, a = I and then k = F_, a = I, we deduce
Dy f(F) = Voua(f(F) = F(F)) = Vorar(f(Fy,) = f(F))
= VIR Af(F)(FS = F) + R+ Vet Af(F)(Fy — F) + R,
where by (2.14), setting R := R,(;) + R,(f), we have
1A% £l
2

2
%Kk—a)(k—a—lﬂ. (2.14)

R | < (5 = F)(F —F -1+ (F, - F)(F, —F-1))).

The claim follows from (2.9) and (2.10). O
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Next we give two alternative covariance representation formulas. Let (F,)n>_1
be the filtration defined by

F_={0,9}, F.=0{Xo,...,X,}, n>0.

By Proposition 1.10.1 of Privault (2009), for any F,G € Dom(D) with F' centered
we have the Clark-Ocone covariance representation formula

Cov(F,G) =E[FG] =E | Y "E[DyF | Fx_1]DiCG | . (2.15)
k>0

The second covariance representation formula involves the inverse of the Ornstein-
Uhlenbeck operator. The domain Dom(L) of the Ornstein-Uhlenbeck operator L :
L3(Q) — LE(Q), where LZ(Q) denotes the subspace of L?(£2) composed of centered
random variables, is given by

Dom(L Z Jn(fn) - Zn2 n!||f,L||§2(N)®n < 00

n>0 n>1

and, for any F' € Dom(L),

= ndu(fn).
n=1

The inverse of L, denoted by L~!, is defined on L2(2) by

=3 ),
n=1

with the convention L='F = L~!(F — E[F]) in case F is not centered, as in e.g.
Peccati (2011). Using this convention, for any F,G € Dom(D) we have

Cov(F,G) = E[G(F — E[F])] = E[(DG,—DL™'F)p] , (2.16)

cf. Lemma 2.12 of Nourdin et al. (2010) in the symmetric case. For the sake of
completeness, we provide an alternative expression for the covariance representation
formula (2.16). Let (P;);>0 be the semigroup associated to the Ornstein-Uhlenbeck
operator L (we refer the reader to Section 10 of Privault (2008) for the details).
Then

Pt']n(fn) = e_ntJn(fn)a n>1,
and so for any F =3/ J,(fn) € Dom(D) one has

/O e 'P,D Fdt = Z / T P T 1 (fa(x, k) dt
=X n / e DL (fa(x, k) dt

n>1

= Z Jn—l(fn(*a k))
n=1

=_D,L7'F.
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Consequently, the covariance representation (2.16) may be rewritten as

0 oo
Z / e 'DL,GP.D,F dt
k=00

for any F,G € Dom(D), cf. Proposition 1.10.2 of Privault (2009).

Cov(F,G) = E[G(F — E[F])] = E

)

3. Normal approximation of Bernoulli functionals

In this section we present two different upper bounds for the quantity |E[h(F)]—
E[h(Z)]|, h € C%. The first one is obtained by using the covariance representation
formula (2.15), while the second one, obtained by using the covariance represen-
tation formula (2.16), is a strict extension of the bound given in Theorem 3.1 of
Nourdin et al. (2010).

Before proceeding further we recall some necessary background on the Stein
method for the normal approximation and refer to Barbour (1990); Gotze (1991);
Stein (1972, 1986) and to Nourdin et al. (2010) for more insight into this technique.

Stein’s method for normal approzimation. Let Z be a standard N(0, 1) normal ran-
dom variable and consider the so-called Stein’s equation associated with h : R — R:

h(x) - EIW(Z)] = f'(x) — af(x), @€

We refer to part (i) of Lemma 2.15 in Nourdin et al. (2010) for the following
lemma. More precisely, the estimates on the first and second derivative are proved
in Lemma II.3 of Stein (1986), the estimate of the third derivative is proved in
Theorem 1.1 of Daly (2008) and the alternative estimate on the first derivative
may be found in Barbour (1990) and Gotze (1991).

Lemma 3.1. If h € €2, then the Stein equation has a solution fy which is thrice
differentiable and such that || f;|lcc < 4|Rlloos |fi e < 2|7 |oo and ||f |oc <
2[|h")| . We also have || f}]loc < [|B]|0c-

Combining the Stein equation with this lemma, for a generic square integrable
and centered random variable F' we have

[E[A(F)] — E[R(Z)]] = [B[f4(F) = Ffn(F)]]. (3.1)
Let (Fy,)n>1 be a sequence of square integrable and centered random variables. If
[E[h(F,)] - E[R(Z)]| =0, heC

then (F),)n>1 converges to Z in distribution as n tends to infinity, and so an upper
bound for the right-hand side of (3.1) may provide informations about this normal
approximation.

The results of Sections 3.1 and 3.2 below are given in terms of bounds for |E[h(F)]—
E[n(Z)]|, for test functions in €%, and they are applied in Section 3.3 to derive
bounds for the Fortet-Mourier distance between the laws of two random variables
X and Y, which is defined by

dem(X,Y) = S [E[A(X)] = E[R(Y)]]; (3-2)

where FM is the class of functions h such that ||h|| g = ||h||L + ]|kl < 1, where ||-

|l denotes the standard Lipschitz semi-norm. Clearly, any h € FM is Lipschitz with
Lipschitz constant less than or equal to 1 and so it is Lebesgue a.e. differentiable and
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I ]lcoc < 1. One can also shows that dpy metrizes the convergence in distribution,
see e.g. Chapter 11 in Dudley (2002).

3.1. Clark-Ocone bound.

Theorem 3.2. Let F € Dom(D) be a centered random variable and assume that

Bi: = E ’leE[DkFHﬂf_l]DkF :
k>0
B = S 2 pmp, e 5 ) DeFp), (3.3)
" /Drax
5 1
By: = = — E[|E[DLF | Fi_1]||DiF)? 3.4
3 3kz>0pqu [|E[DLF | Fp—1]|| D F'|"] (3.4)

are finite. Then we have
[E[r(F)] = E[r(Z)]] < By min{4||A]loc, [ [loc} + 1M [cc B2 + |h"]|ec B3 (3.5)
for all h € CF.
Proof. Since the first derivative of fj is bounded we have that f is Lipschitz. So
fn(F) € L*(Q) and
| Defa(F)| = VorGel fn () = Fu(FO] < | fulloo Dy

Consequently we have

E(IDfn(F) 7)) < I/l EIDF 7))

and f5(F) € Dom(D). Since F is centered, by the covariance representation (2.15)
and the chain rule of Proposition 2.1 we have

E | Y E[DiF | F5 1] Difu(F)
=

= E | E[DF | Fx 1] DyF fi(F)

k>0

~E | Y B[DyF | Fi_i] DI
= 4y/Prak

+E | Y E[DyF | T ]RE ()| - (3.6)
>0

E[F fu(F)]

(fn (F5) + o (F) X

Note that the three expectations in (3.6) are finite. The first one since DF €
L*(Q x N) and f, is bounded, indeed by Jensen’s inequality

E || S EIDeF | 5] DeF f(F)|| < 4lRIwE | S BIDLF| | S| DiF|
k>0 k>0

= 4|l
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x E | Y E[E[DiF| | Fy1]| DiF| | F1]
k>0

= 4|[hllE | > EE[DiF| | Fya]?]

| >0

< 4[|hl|loE | Y E[E[DLFI* | Fji]

k>0

= 4||hlloc Y E[[DiF ] < o0;
k>0
the second relation follows from the boundedness of f;/ and (3.3), while the third
one follows from (2.4) and (3.4). The random variables E[DyF | F;_1], DiF, Fl}
are independent of X}, (the first one because it is Fi_i-measurable and the random
variables (Xj)gen are independent, the others by their definition). Therefore, the
equality (3.6) reduces to

E[Ffu(F)] = E | fi,(F) Y E[DyF | Fy_1]DyF
k>0

1-2 ) )
’ 1; 4\/ZTI;II:E[E[D’“F | Fr1)| DrF P (fr, (FF) + fr, (F))

+E | E[DiF | Fya] Ry (h)
k>0

Inserting this expression into the right-hand side of (3.1) we deduce

[ER(F)] -E[R(2)]] < Bimin{4|[hllo, [|F" o} + |8 ]|oc B2 (3.7)

+E | Y [E[DRF | T l[RE (W) (3.8)
k>0

where to get the term (3.7) we used the inequalities || f} ||cc < min{4||A||oo, ||h"]|oc}

and [|f// |lec < 2||W/||c (see Lemma 3.1). Using (2.4) one may easily see that the
term in (3.8) is bounded above by ||h”|lccB3. The proof is complete. O

Corollary 3.3. Let F € Dom(D) be a centered random variable and assume that
Bi: = [1—|Fljzl+ (D-FEED.F | F_1])ew
—E[(D.F,E[D.F | F _1])ezx )]l 2(0)

|1 — 2py|
By: = Y —— 2 DyF|p2()v/E[DeF, 3.9
2 P Trdn | Iz Q) [| Dy F|] (3.9)

5 1
Bs: = =Y —E[DiF[]
3 50 Pra

are finite. Then (3.5) holds for all h € C3.
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Proof. By the Cauchy-Schwarz and the triangular inequalities we have

E ‘1 ~ S EDF | :‘Fk_l]DkF’ < H1 ~ S EDF| ?k_l]DkF‘
E>0 E>0

< L= |IFlZ2 )l + ID.FED.F | Fa)) ey = IF 22 ()l 220)-

L2 ()

By the Clark-Ocone formula (2.15) we have

E(D.F,E[D.F |F_1))pm)] =E | Y Dy FE[DLF |Fj 4]

k=0

= |IF1 220
Therefore
E ‘1 ~ S EDF| EFk_l]DkF’ < B,.
k>0

By the Cauchy-Schwarz and Jensen inequalities we have

E[|E[DyF | Fy—1]||DiF|?]

A

< VE[E[DF | F41]2]VE[ D FI4
< VE[E[|DF|? | FrxallVEIDeFIY]
= VE[DyFP?]VE[| D F|Y,

and
BIEDF | For)l DiFP] = /E[EDLF | Fo_1]PIDxFP]/E[DiFT]
< VE[E[DyF? | F_1]| D FI?\/E[| D F 4]
< VEIDF[ x VEDFT] = E[|DeFI).
The claim follows from Theorem 3.2. O

3.2. Semigroup bound.

Theorem 3.4. Let F € Dom(D) be a centered random variable and let

Ci: = E Hl — <DF, 7DL71F>Z2(N)H )

G = S 2Pp (3.10)
= VP ’

Cy: = 25— BDL | D] (3.11)
3 i>0 Prk

be finite. Then for all h € € we have
[E[A(F)] = E[r(Z)]] < Crmin{4[|hllsc, [[M"[loc} + 7'l C2 + |1 [0 C3.  (3.12)

Proof. Although the proof is similar to that of Theorem 3.2, we give the details
since some points need a different justification. As in the proof of Theorem 3.2 one
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has f,(F) € Dom(D). Since F is centered, by the covariance representation (2.16)
and the chain rule of Proposition 2.1 we have

-E Z Dyfn(FYDyL™'F
k>0

E[F fu(F)]

= -E Z DyFf(F)DyL™'F
k>0

2
8 |2 EE iy o ey

50 4/Prqx
—E |Y DiL7'FR{(h)| . (3.13)

k>0

Note that the three expectations in (3.13) are finite. The first one since DF €
L*(Q x N) and f; is bounded, indeed

B (|3 =Dl FDGFf(F)|| < 4lblloE | 3 DL FIIDLF
k>0 k>0
1/2
<4fhlls (B IDLT'FP?
k>0
1/2

x |EY [DvFP?

k>0
s 1/2 ) 1/2
= 4lhlloe (BIDLT Flify)  (EIDFII )
< 4|[All B[ DF |72 )] < oo,
where for the latter inequality we used the relation
E[”DLAF”%(N)] < E[||DF||§2(N)]

(see Lemma 2.13(3) in Nourdin et al. (2010)); the second one due to the bound-
edness of f}/ and (3.10); the third one due to (2.4) and (3.11). By Lemma 2.13 in
Nourdin et al. (2010) we have that the random variables Dy L™'F, D, F and FkjE
are independent of Xj,. Therefore, the equality (3.13) reduces to

E[Ffu(F)]=—E |y fi(F)DyFD L™'F
k>0

1-2 " O a
+,;)4\/ZTZZE[DI€F|2(]C (F,j)-q-f (F7))DiL IF}

—B|Y R{(WDLT'F
k>0
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Inserting this expression into the right-hand side of (3.1) we deduce

[E[R(F)] — E[~(Z)]| < Crmin{4[h]so, [2"]loc} + [|A | C2 (3.14)
+E | IDLTFIRE ()] (3.15)
k>0

where to get the term (3.14) we used the inequalities || f7, ||coc < min{4[|h||c, [|2"||oc}
and ||f//[|cc < 2||M || (see Lemma 3.1). Using (2.4) one may easily see that the
term in (3.15) is bounded above by ||A”||.C5. The proof is complete. O

Note that, formally, the upper bound (3.5) may be obtained by (3.12) substitut-
ing the term —D;L~'F in the definitions of Cy, Cy, C3, with E[DyF | F_1], and
vice versa.

Corollary 3.5. Let F' € Dom(D) be a centered random variable and let
Cri = N—|Flliz(q)
+|(D.F,=D.L™'F) g2y — E[(D.F, =D.L™"F) 2 (1)} | 12 (02)»

Cy: = B,, where By is defined by (3.9)
and Cs defined by (3.11) be finite. Then (3.12) holds for all h € C3.

Proof. By the Cauchy-Schwarz and the triangular inequalities we have

B Hl —(D.F,—D.L™'F) )

] < Hl _ (D.F,—D.L‘1F>42(N)‘

L2(Q)
< L= |Fl72q)) + (D.F,=D.L™'F) 2y — |1 F 1220 | 20
By the covariance representation formula (2.16) we have
E[(D.F,—D.L7' F)em)] = || Fl[72(q).
Therefore
E[|L= (DF,-DL Flam|] <.
Let F' € Dom(D) be of the form
F= Z Jn(fn)a In € @(An)-
n>0
Then
—DyL7'F = Juoi(falx, k) and DyF = ndu_1(fa(*,k)).
n>1 n>1
So, by the isometry formula, we have
2
E[|DyL 'F|*] =E \ D Tna(falx, k))\

n>1

=3 " Ellno1(falx, k)%

n>1

= (0= Dl )1 qyo-

n>1
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and

n>1

E[|DkF|2] =E [‘ Zanl(fn(*vk))r]

= " n?E[| Syt (fu (. k)]

n>1
= Z n2(n — DY fn(*, k)”?z(N)eamfw
n>1
So
EDiL™'F|?] < B[ D PP (3.16)
and by the Cauchy-Schwarz inequality, we deduce
E[|Dy L' F||DyFP] < VE[DyL~'FPP]V/E[|DyFIY]
< VE[DvFPPIVE[ Dy FI1].

The claim follows from Theorem 3.4. O

3.3. Fortet-Mourier distance. In this section we provide bounds in the Fortet-
Mourier distance (3.2).

Theorem 3.6. Let F' € Dom(D) be centered. We have:
(i) If (3.5) holds for any h € €} and By + Bs < (5+ E[|F|])/4, then

dem(F, Z) < \/2(B1 + B3)(5 + E[|F|]) + Ba. (3.17)
(i3) If (3.12) holds for any h € C} and Cy + Cs < (5 + E[|F|])/4, then
dem(F, Z) < /2(Cy + C3)(5 + E[|F]) + Ca. (3.18)

Proof. We only give the details for the proof of (3.17). The inequality (3.18) can
be proved similarly. Take h € FM and define

i) = [ By VT Iedy e 0.1

where ¢ is the density of the standard N(0,
the proof of Corollary 3.6 in Nourdin et al. (2(
and the bounds

1) normal random variable Z. As in
)10), for 0 < ¢ < 1/2, one has h; € €2

18] |oe < 1/V/E, (3.19)
and
)] - Blk(P < VE (14 50 ) Bz - B2 < 3
So
B[(F)] ~ B[(Z))| = [(BIA(F)] ~ Blh(F)) + (B ()] — BlAy ()

IA
=

IN
S

/N
—
—+
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3
oo Bs +

< Vi (5 +E[|F|]> + 31\233 + By, (3.20)

where in the latter inequality we used (3.19) and that ||h;|ec < 1, for all £. Min-
imizing in t € (0,1/2] the term in (3.20), we have that the optimal is attained at
t* = 2(B1 + Bs)/(5+ E[|F|]) € (0,1/2]. The conclusion follows substituting ¢* in
(3.20) and then taking the supremum over all the h € FM. O

4. First chaos bound for the normal approximation

In this section we specialize the results of Section 3 to first order discrete stochas-
tic integrals. As we shall see, the bounds (3.5) and (3.12) (and the corresponding
assumptions) coincide on the first chaos, although they differ on n-chaoses, n > 2.

Corollary 4.1. Assume that o = (a)k>0 is in (2(N),

1 —2p|, 3 1 4
———|ag]® <o and —Jag]* < o0. (4.1)
,;) VPkAk ,;Opk%

Then for the first chaos

F=J(a)=) oY
k>0

the bound (3.5) (which in this case coincides with the bound (3.12)) holds with

|1 — 2py| 3
31101:‘172|O{k|2, 32102127|Oék|,
k>0 k>0 vV P4k

and

) 1
33203:7 7ak,4.
3,;)2%%' |

Proof. Since a € ?(N) we have that F' € L?(Q2). Moreover F is centered, and
since

g —pr+1 Qk_pk_l) o
2/Prar 2\/Prak ’

we have F' € Dom(D). The finiteness of the corresponding quantities By, Bs and
Bjz is guaranteed by o € £2(N) and (4.1). The claim follows from e.g. Theorem 3.2.
O

DpF = ap/Drar (

Example
Consider the sequence of functionals (F,),>1 defined by

Setting

ap = k=0,....n—1,and «ar =0, k>n,

1
Vo
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we have B; =0 and

1 |1 — 2pg| 5 1
= and B3 = — _
B n3/2 go N 3 3n?

In the symmetric case p = g, = 1/2 we find By = 0 and the bound is of order 1/n,
implying a faster rate than in the classical Berry-Esséen estimate (however here we
are using C7 test functions; cf. the comment after Corollary 3.3 in Nourdin et al.
(2010)).

In the non-symmetric case pr = p and qx = ¢, p # ¢, the bound is of order n
as in the classical Berry-Esséen estimate. Indeed we have

—1/2

By=B" =—-1""_ ayd B;=B —
2T T ) P T Bap(l-p)

hence the inequality By + B3 < (5 + E[|F,|])/4 of Theorem 3.6 reads
) 1 )
— Z\F n+47'E

s = 1 | (s ) 5

which holds if e.g. n > 3p(f_p . Consequently, by (3.17) it follows that for any

|

n > we have

4
3p(1—p)

dei(Fu Z) < ¢2B§"><5+E[|Fnu>+3§”’

50 1 10 — (1-2p+ X,
T A\ 3BA_pn B _pn U g( p))”

1—2p] 1
p(1—p)Vn
1/2
50 1 1—2p+ Xy
< w0t wa ’fz<2\/71— )H
P Lk
Ve —p) v

A straightforward computation gives

|l s (s ) ] =

%Km, n>- (4.2)

hence
dFM(Fn7 Z) S

where
25 4 [1 — 2p|

Halp):= p(1—p)

In the general case, if

1 |1 — 2py|
ap, = n3/2;0 T —0 and b, n2zm—>0 asn — oo, (4.3)
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then F,, — Z in distribution, and the rate depends on the rate of convergence
to zero of the sequences (ay)n>1 and (by,)n>1. For instance, if py = (k 4+ 2)~®
0 < a<l1, k>0, we have prgr > (n+ 1)7%(1 — (1/2)*), k = 0,...,n — 1.
Consequently we have

n—1

1 |1 — 2pk| 12 (n + 1)/
372 Z Nl (1= (/27" 3/2 Z|1_2p’“|
k=0

1427 (p 4 1)2/2
T (A= (1/2vE a2

and
iii 1 (1/2)") ' 0+ 1),
’n/ =0 q

which yields a bound of order n~(1=®)/2,

Finally we note that the bound (4.2) in the non-symmetric case px, = p and ¢ = ¢,
p # ¢, is consistent with the bound on the Wasserstein distance between F;, and
Z provided by Theorem 2.2 in Chatterjee (2008). Indeed, letting dy denote the
Wasserstein distance and Y] an independent copy of Yj, a simple computation
shows that

dym(Fr, Z) < dw(F,, Z)
< 5o (BI = YY1 = BIvs — YD + Bl
— 5o (VEI ¥ = a s B

1
—K.
TEa)
where
1 1 1+2/1—2p
Ks(p) == N 21— —4 #
p*(1 —p) 44/p(1 —p)
since we have
. 1+211-2 1
v < 2222 g By - vy =
2¢/p(1 —p) p*(1=p)

We note that when e.g. p is small it holds K3(p) > K1(p).

Application to determinantal processes. Let E be a locally compact Hausdorff space
with countable basis and B(E) the Borel o-field. We fix a Radon measure A on
(E,B(E)). The configuration space I'p is the family of non-negative N-valued
Radon measures on E. We equip I'g with the topology which is generated by the
functions 'y 5 &€ — £(A) € N, A € B(E), where £(A) denotes the number of
points of £ in A. The existence and uniqueness of a determinantal process with
Hermitian kernel K is due to Macchi (1975) and Soshnikov (2000) and can be
summarized as follows (we refer the reader to Blank et al. (1994) for notions of
functional analysis).



326 N. Privault and G.L. Torrisi

Theorem 4.2. Let X be a self-adjoint integral operator on L*(E, \) with kernel K.
Suppose that the spectrum of X is contained in [0,1] and that K is locally of trace-
class, i.e. for any relatively compact A C E, Ky = P\XPy is of trace-class (here
Prf = flp is the orthogonal projection.) Then there exists a unique probability
measure px on I'g with n-th correlation measure

An(dzy, ..., day,) = det(K (2, ;) )1<ij<nA(dz1) ... A(d2y),
where det(K (z;,2;))1<i j<n 15 the determinant of the n X n matriz with ij-entry

K(mi,xj).

The probability measure py is called determinantal process with kernel K.
Given a relatively compact set A C E, we focus on the random variable £(A)
and recall the following basic result (see e.g. Proposition 2.2 in Shirai (20006)).

Theorem 4.3. Let X be as in the statement of Theorem 4.2 and denote by Ky €
[0,1], k > 0, the eigenvalues of Kn. Under ugx the random variable £(A) has the

same distribution of Y, Z, where Zy, Z1, ... are independent random variables
such that Zj, obeys the Bernoulli distribution with mean ki, i.e.
X,+1
Z, = 21 ” €{0,1}, neN

where the X ’s take values on {—1, 1} and are independent with P(X, = 1) = k.

The central limit theorem for the number of points on a relatively compact set
of a determinantal process may be obtained in different manners, see Costin and
Lebowitz (1995), Shirai (2006) and Soshnikov (2002). In the followmg we provide
an alternate derivation which gives the rate of the normal approximation.

Corollary 4.4. Let X be as in the statement of Theorem 4.2 and (Ap)n>0 C E be
an increasing sequence of relatively compact sets such that

Var,,, (& Zmn) (n) ) =00, asn— o0
k>0

where k™ € 0,1], £ > 0, are the eigenvalues of Kp_, n > 0. Settin
k 9 n g

- 6(0) — B[]

Var,(€(An))

for any h € €%, we have

Eui [M(F)] = E[R(Z)]] < 11| BSY + |0 | B, 0> 0

where
s _ Sizo (1= )1 - 267 1
2 n 2 T (n) (n)y) /2
(Zkzo"% (1—ry )) (Zkzo’ﬁk (1—ry, ))
and

1
2 k>0 (n)( Kvg@n))
So we have a bound of order [Var,, (€(Ay))] /2.

n 5
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Proof. Forn >0, let (2" (n) ke 20 be a sequence of independent {0, 1}-valued random
variables with Z,g ™ Be(x é ) and (Yk(n))kzo defined by
(n) (n)

Zy Ky

AN

A0 )

By Theorem 4.3 we have

L)iZZ,g”):Z /@,(C")(l—fe(n Y(n —|—Z/~@

k>0 k>0 k>0

where £ denotes the equality in distribution. Then

_ &) —Eu [E(A)] a (n)y-(n)
Fn - - Y, ’
Varr (€(An) kzzoa’“ ¢

where
ol = 2= (1 M)
n n
\/Zk>0 — k)
(n)

We are going to apply Corollary 4.1. Clearly, for any n > 0, the sequence (o, ) x>0
is in ¢?(N). Moreover, for any n > 0,

o ? 1
> - <o
k>0 \/K](Cn)(l — /ﬁl(cn)) \/V&ruk (g(An))
and
Z |Oé(n) |4 1 -
00.
SR (- <">) Var, (§(An))
So condition (4.1) is satisfied. Moreover, a straightforward computation gives B; =
Bgn) =0, By = Bén) and B3 = Bén), and the proof is completed. O
Example

Let £ = C and A the standard complex Gaussian measure on C, i.e.
1
AMdz) = —e 1" qz,
T

where dz is the Lebesgue measure on C. The Ginibre process fiexp is the deter-
minantal process with exponential kernel K(z,w) = e™*¥, where Z is the complex
conjugate of z € C. Let b(O,n) be the complex ball centered at the origin with
radius n. By Theorem 1.3 in Shirai (2006) we have

4an
Var,,,, (£(b(0,n))) = %/ (1-— x/(4n2))1/2$71/2ef‘r dx
i 0
~——, asn — oo.

7

So for the Ginibre process Corollary 4.4 provides a bound of order n~1/2.
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5. nth chaos bounds for the normal approximation

In this section we give explicit upper bounds for the constants B; and C;, i =
1,2,3, involved in (3.5) and (3.12), when F = J,,(fn), fn € £2(A,). Our approach
is based on the multiplication formula (5.3) below, which extends formula (2.11) in
Nourdin et al. (2010) (see the discussion after Proposition 5.1).

Given f,, € 2(A,) and g, € (2(A,,), the contraction f, ®} gm, 0 <1 < k, is
defined to be the function of n +m — k — [ variables

Fr @k Gm(@ists s Gy D1y oy ) 7=
olars) - o(ar) fo *k Gm(@st, - Gy Degts - ooy Do),
where
p(n) = In"Pn o eN (5.1)

2y/Pntn’

(cf. the structure equation (2.1)) and

In *L Im(@it1y ooy ny by, b)) =

Z fn(ala-~-7an)gm(a1a-~-7ak7bk+1a---abm)

is the contraction considered in Nourdin et al. (2010) for the symmetric case, see
p. 1707 therein. By convention, we define p(a;41) -+ - ¢(ar) = 1if I = k (even when

= 0). Denote by f,, ®. g, 0 <1 < k, the symmetrization of f, @Y gm. Then, we
shall consider the contraction

f’I’L ogc gm(al+1)"'7an7bk+17"'7bm) =

= ]I-An m_k_l,(al+17 L] 7an7bk:+17 .. 7bm)fn ®§f gm(al+17 .. '7an7bk+17 .. 7b
+

)-
5.2)
Note that in the symmetric case p, = ¢, = 1/2 we have f, ®Z Im = fn *ﬁ Im-
However, f, @' gm = 0ifl < k and 5o f, %\ gm # fn ®% gm for I < k. The following
multiplication formula holds.

Proposition 5.1. We have the chaos expansion

2(nAm)

(fn Z Jn+m s nms) (53)

provided the functions

n m
= ! )
hn,m,s- E l(l)(l)(S— )fn i 9m
$<21<2(sAnAm)

belong to (2(Apim—s), 0 < s <2(nAm). Here the symbol D 5<2i<2(sAnam) TEANS
that the sum is taken over all the integers i in the interval [s/2,s An Am].

Since it is not obvious that formula (5.3) extends the product formula (2.11)
in Nourdin et al. (2010), it is worthwhile to explain this point in detail. In the
symmetric case p, = g, = 1/2, for any f, € (2(A,), gm € (2(A,,), we have
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005 gm =01if s < 2i,0 < s <2(nAm). Therefore, for any fixed 0 < s < 2(nAm)
we have Ay, s = 0 if $/2 is not an integer and

e = 120 ,) () i

if s/2 is an integer. Note that if s/2 is an integer, we have

2 o2

| fn 032 Imllezanim_) = Ifn ®Zf2 Imllez(Anim_2)
5 /2

< ”fn ®:§2 gm||e2(An+m75)7

where we used the straightforward relation

I fllezyen < 1 fllezvyen, (5.4)

being f the symmetrization of f. Therefore, by Lemma 2.4(1) in Nourdin et al.
(2010) we have f, ozg gm € C2(Apim—s), and 80 hy s € (2(Apim—s), for any
0 <s<2(nAm). By (5.3) we have

2(nAm

)
Jn(fn)Jm(gm): Z Jn+m—s(hn,m,s)
s=0

_ 2(§:M)(s/2)! <s’;2> (ST;;) Totm—s(Fn 23 gm)

s=0
nAm n m
=Y () (7)o )
—o r T

which is exactly formula (2.11) in Nourdin et al. (2010).
We conclude this part with the following lemma.

Lemma 5.2. For any f, € (2(Ay), gm € (2(Ay), we have

q>0

Proof. Note that
fn(*7q) ®§f gm(*7q)(al+1’ vy Ap—1, bk-i—la ey b’m—l)

:@(G/H’l)"'(p(a’k) Z fn(a17"'7an717q)gm(a’1"")ak7b/€+17"'7bm71aq)7
ai,...,a;eN

and so summing up over g € N we deduce

an(*7Q) ®§<‘, gm(*aQ)(al-‘rl, .. -aan—lvbk-‘rl, .. 'vbm—l)
q=0

—plar)--pla) S falar o1, @)gm(ars e ag bty b1, )

ai,...,a;,q€N
= SD(G‘LF]) e Qo(ak)fn *2:_11 gm(al+17 ceeyQn—1, bk+17 e 7bm71)
l
= fn ®k-:11 gm(a,l+1, ceeyQp—1, bk+1, “eey bm—1)~
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5.1. Clark-Ocone bound. By e.g. Lemma 4.6 in Privault (2008), for the nth-chaos
Jn(fn)y n > 2, fn € 2(A,), we have
E[Jn(fn) | Tl = Jn(fuljopn),  kEN

Therefore

E[DyJn(fn) | Fo-1] = nE[Jn_1(fa(* k) | Foa] = ndna(fue), (5.5
where

T (%) = fr(x, B) Lo g—1jn—1 (%). (5.6)

So by the isometric properties of discrete multiple stochastic integrals we have that
the constants B; of Corollary 3.3 are equal, respectively, to

By o= L= nl|| fallZaan| + 11 (Fa ) Tno1 (Fu. (6))) 2y
= E[(Jn—1(fn(*,7)), Jn—1(fr). () ez vyl L2 (02).
(5.7)

Byi= /(0= D! S0 222 £ (s ) 2, ) VEITu 1 (Fa (e R, (5.8)

By = 253050 prgr Bl Jn—1(fu(x, 0))I1]. (5.9)
In the proof of the next theorem we show that these constants can be bounded
above by computable quantities.

Theorem 5.3. Let n > 2 be fived and let f, € 2(A,,). Assume that for any k € N
the functions

2, .
S(n—1 t s—i
hgzk—)l,n—Ls = Z Z'( i ) (SZ)fn(*,k) % fn]k(*) (510)
$<2i<2(sA(n—1))
and
~(k n—1 2 ) ;
ZUPED DR | (i N R PN ACR SR CET)
$<2i<2(sA(n—1))
belong to (2(Asy—2-s), 0 < s <2n—2, and that
By :=[1 =l fallZz(a,)

+n® (2712_:3(271_2_8)! > z‘lug!(”; 1)2

s=0 s<{2i1, 2i2}<2(sA(n—1))
2 . .
n—1 (41 2 s—i
n(*, k i fn :
. ( 19 ) (S - i1> (3 - i2) /;) 1) B et lercanecn

1/2
XY ful k) @5, fn]k(*)”Z?(Aznzs)) ;

k>0

|1 . 2pk| 2n—2
By: = ngx/(n—l)! ——— (%, B)lle2(a,_, (2n —2—)!
kZZO vVPrqk o ) ;

x 3 il!i2!<ni11>2<ni21>2<s ili1> (81_2@2>

s<{2i1, 2i2} <2(sA(n—1))
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|| fo (e, ) @57 fua (o, )2 (A

1/2
X[ fo (e, ) @372 fra (%, )2 (A s)> 7 (5.12)
5714 2n—2
= — —_— _— '
Bs 3 ;(271 2—35)

n—1\>/n—1\?/ i i
. . (n—1)) 11 12 S— 1 S — 12

$<{241,2i5} <2(sA

XZ—nfn k) @5 LB )

k>0

x| fr (6 k) @5, fu(5, )l 2(Ag0—a)
(5.13)

are finite. Then for all h € CZ we have
[E[A(Jn(fn))] = E[(Z)]] < Bimin{4||hllsc, [|F" oo} + [[7[loc B2 + 1" ]| o Bs-

Proof.  The claim follows from Corollary 3.3 if we show that the constants B;
defined by (5.7), (5.8) and (5.9) are bounded above by the constants B; defined in
the statement, respectively.

Step 1: Proof of By < B;. By the hypotheses on the functions hSL )1 n—1,s
multiplication formula (5.3), we deduce

Jn—1(fn(x, k) Jn— 1(fn]k

2n—2

D w(”‘l) (, 23Tzl o ()

s=0 $<2i<2(sA(n—1))

(n— D) fn(x, k) ol 2] fapi(%)
+ zis Sl (" . 1) 2 (S i Z) Jon—2-s(fa (%, k) 077 fa(*)).

$=0 $<2i<2(sA(n—1))

and the

(5.14)

Since the constant Bj in the statement is finite, we have
D ol k) @57 fap ()2 (a0 a0y < 00,
k>0
0<s<2n-3,5<2i<2(sA(n—1)). By (5.4) this in turn implies
D> 1l k) 05 Fapr()lle2(Agn o) < 00,
k>0
0<s<2n-3,5<2i<2(sA(n—1)),and so
an*k Szfn () (A2n2s)
k>0

0<s<2n-3,s<2i<2(sA(n—1)) (it is worthwhile to note that one can not use
Lemma 5.2 to express the infinite sum > 7, - fn (%, k) o] " fyx (%) since the function
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of n variables f,.(*) is not symmetric). Therefore, summing up over k£ > 0 in the
equality (5.14), we get

(Jn-1(fn(,-)); Jn-1(fn) ())>
= n_]- an ok Z %fn]k()

k>0
2n—3 n—1 2 i
4 g—i
+ Z Z ’L.( i > <S—Z> Jon—2_s an(*ak) 0; fn]k(*)
5=0 s<2i<2(sA(n—1)) k=0

Taking the mean and noticing that discrete multiple stochastic integrals are cen-
tered, we have

E[(Jn-1(fa(%,))s Tna (f- ()2 o] = (R = DV fu( k) 0071 frae(),

k>0
and so
(n—1(fr (%, ))s n1(fr)- () ezqy) = E[(Jn—1(fn (%)), Jn—1(fn). () e2 )
2n—3 2 .
Z Z Z'<n 1> < Z_ ) Jon—o_s an(*ak) Of_i fn]k(*)
s=0 $<2i<2(sA(n—1)) ! s k>0

By means of the orthogonality and isometric properties of discrete multiple sto-
chastic integrals, we have

2

s=0 5<2i<2(sA(n—1)) k>0

2n—3 n—1 2 i
= .'
s=0 $<2i<2(sA(n—1))
2

XJ2n72fs an(*7k) Ofii fn]k(*)

k>0

0,2n—3 n—1 2 i
1l
S (D SE D N
S1#82 51<2i<2(s1A(n—1))

XJ271—2—81 an(*vk) Oflii fn]k(*) )

k>0

(xR

$2<2i<2(s2A(n—1))

XJ2n72752 an(*7k) O?_i fn]k(*) )]

k>0
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2n—3 n—1 2 i
= .'
sl s e
s=0 5<2i<2(sA(n—1))
2
XJ2n72fs an(*vk) Ofii fn]k(*)
k>0

2n—3

D

s=0 s<{2i1,2i2}<2(sA(n—1))

o m=1\?( iy \.,/n—1\?( i,
11! . . 7,2! . .
11 S — 11 12 §—12

X Jop—2_s an *, k s fn]k( )

k>0

X Jop_2_s an *, k i fn]k( ) ‘|

k>0
2n—3

n—1\>(n—1\>/ i
= > (2n—2-s) > iﬂig!( , ) ( . ) ( 1‘>
s=0 s<{2i1, 2i2}<2(sA(n—1)) n 2 s—1
X(S—ZQ) an *, k oS~ fn]k an *, k; s—iz fn]k( )>ZE(A27L7275).

k>0 E>0
(5.15)
By the above relations and (5.7), we deduce

= 1= nlllfallZza,] +7° (Z (2n —2 —5)! > i1l
=0

s<{2i1, 2i2}<2(sA(n—1))

(") (”;1>2(s )G

1/2
an *, k) o] n fn]k an *, k) of 2 fn]k( )>€2 (Azp_2— a)) :

£>0 k>0
(5.16)
Now, note that by the Cauchy-Schwarz inequality
(s 9 ezqyen] < I flleqyenllgllemen,  for any f,g € £2(N)®". (5.17)

By this relation, (5.4) and (5.16) we easily get B; < B.

Step 2: Proof of B; < B;, i = 2,3. By the hypotheses on the functions hgl )1 n—1.s
and the multiplication formula (5.3), we deduce

Jn—l(fn(*a k))Q

2n—2

)SINED ST (s N (S PRSIT AN AL

s=0 $<2i<2(sA(n—1))
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By a similar computation as for (5.15), we have

2n—2

B[l Jo1(fale k)Y = E || Y > i!(n;1>2<si )

—1
s=0 s<2i<2(sA(n—1))

2
X J2n—2—s (fn(*7 k) Of_i fn(*7 k)))

2n—2

=Y (2n-2-s9) 3 i1!¢2<”f1>2

1
s=0 s<{2i1, 2z} <2(sA(n—1)) !

(L) ()

X . . .

12 s — 1 S — 12

X<fn(*7k) ofl_il fn(*vk)7fn(*>k) Of;iz fn(*vk»@(Agn,z,s)a

(5.18)
and so by (5.8) and (5.9) we deduce

2n—2
1—2pk|
Br = oIS 22 o o[ ST 202 s
,; VPrQk o ) SZ:;)

3 n—1\*/n—1\?/ i i
s<{2i1, 2i2} <2(sA(n—1)) “ 2 STH/AS TR

1/2
X <fn(*a k) Ofl_il fn(*7k)vfn(*a k) Of;iz fn(*a k)>£§(A2n25)>

(5.19)
and

_ 5’[’7,4 2n—2

By = = ;(271—2—3)!

n—1\?/n-1\?/ i i
< o) (L) )G
s<{2i1, 2i2} <2(sA(n—1)) " "2 sTu/ NS

1 ) .
Z 7<f7’b(*a k') o?;“ fn(*’k)’fn(*’ k) o?;m f?’b(*)k»fﬁ(Aznfzfs)'

>0 Prqk

(5.20)

The claim follows from the above equalities and relations (5.17) and (5.4).
t

5.2. Semigroup bound. For the nth-chaos J,,(fn), n > 2, fn € £2(A,), we have
— Dy L™ 0 (fn) = 07 Didn(fn) = Jn-1(fa(, k) (5.21)
and the constants C; of Corollary 3.5 are equal, respectively, to

Cyi=1- 2| FullZz a2l (Fa (%, )y Tne1 (fu (55 ))) 2 )
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- E[<Jn*1(fn(*ﬂ ))7 Jnfl(fn(*7 '))>£2(N)]HL2(Q)>

(5.22)
Cy: = By, where By is defined by (5.8)
. By -
C3: = —, where B3 is defined by (5.9).
n

In the next theorem we show that these constants can be bounded above by com-
putable quantities.

Theorem 5.4. Let n > 2 be fized and let f, € (2(A,,). Assume that for any k € N

the functions hn Ln_1,s defined by (5.11) belong to £2(Dap—2-5), 0 <5 < 2n —2,
and that

Cr:=|1- n!”fn”?ﬁmn)\
2n—3 1N /n-1N\’/ i
—I—n(Z(Zn—Q—s)! Z 21112!< , ) < . ) ( )
5=0 s<{2i1, 2ia}<2(sA(n—1)) “ b2 s—h

, 1/2
? S—’il S—iz
* ( - ) 1w @54 Faller(an, ool fn @553 fn||e2<A2m>> ’
Cy := By, where By is defined by (5.12), and C3 := Bs/n where Bs is defined by
(5.13), are finite. Then for all h € € we have
E[R(Jn(f)] = E[R(Z2)]] < Crmin{4|Alec, [[F"]loc} + [[7'[cC2 + |A" || o Cs.

Proof.  The claim follows from Corollary 3.5 if we show that the constant Cy
defined by (5.22) is bounded above by the constant C; defined in the statement
(for the bounds C; < C;, i =2,3, see Step 2 of the proof of Theorem 5.3). Along a
similar computation as in the Step 1 of the proof of Theorem 5.3, we have

(Jn1(fu(x,))s Tno1(fn(,0))) ez
2n—3

(=1 ful B ol fue)+ 3 S “<n¢1>2<si )

—1
k>0 s=0 s<2i<2(sA(n—1))

XJ2n72fs an(*vk) ofii fn(*Vk)

k>0

(n = 1D)lfn op fu

2n—3

2 .
e (") () e ), 629
(n—1))

s=0 $<2i<2(sA

where the latter equality follows from Lemma 5.2. By a similar computation as for
(5.15), we have

11 To=1 (F Gy D2 oy = Bl T (G D2 )12 )

2n—3

2 .
L2 '<n1> <si@~)']2n—2—s<fnof;f“fn>

s=0 $<2i<2(sA(n—1))
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) zig(2n_2_s)! > Z‘1!1,2!<ni—11>2<n_1)2

7
s=0 s<{2i1, 2is} <2(sA(n—1)) 2

7 ) s—1i S—1i
( ! > ( 2 . ) <fn Oi1+i+1 fna fn Oi2+i+1 fn>£§(A2n_2_s)' (524)

S —1 S — 19
By this relation and (5.22) we deduce
Cr=1- n!an||§§(An)|

2n—3 S 9 — 9 .
+H<Z(2n—2—s)! Z iﬂiz!( ' ) ( ' ) ( 1.>
5=0 s< {201, 23} <2(sA(n—1)) n 22 s—11

. 1/2
2 —iy+1 —ia+1
(12 ) i fn>e§(A2n“>> .

By this equality and (5.17) and (5.4) we finally have C; < C. O

Connection with Theorem 4.1 in Nourdin et al. (2010). In this subsection we refine
a little the bound given by Theorem 5.4 in order to strictly extend the bound
provided by Theorem 4.1 in Nourdin et al. (2010). For the nth chaos J,(f,),
n > 2, f. € £2(A,), we have that the constants C; of Theorem 3.4 are equal,
respectively, to

Cr = B (|1 = nlJu1 (fu (s DIl (5.25)

A2 |1 — 2py| " 3

Cyi=n Z = B (a5, WD, (5:26)
and

~ B ~
Cs = 73, where Bj is defined by (5.9)

In the next theorem we show that these constants can be bounded above by com-
putable quantities.

Theorem 5.5. Let n > 2 be fived and let f, € 2(A,,). Assume that for any k € N
the functions Bﬁf_)m_l,s defined by (5.11) belong to €2(Agp_2_5), 0 < s < 2n — 2,
and that

C = (1 - n!anH%g(An)F

=3 n—1\?/n-1\?/ i
+n2 Y (2n -2 ) > i1!i2!( , ) ( _ > < 1,)
. . 1 19 S — 1
s=0 $<{2i1, 2i2}<2(sA(n—1))

19 .
x ( - >||fn S fulean o
S 12

Cy := By/n, where By is defined by (5.12) and C5 := Bs/n, where Bs is defined by
(5.13) are finite. Then for all h € CZ we have

B[ (Jn(fn)] = E[(Z)]] < Crmin{4|[hfloc, 1" [loc} + 7 lcC2 + IR [loc Cs.

1/2
i+l
fn ®z§2+zi+ fn||22(A2n—2—s)> )
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Proof The claim follows from Theorem 3.1 if we show that the constants Cj,
i = 1,2, defined by (5.25) and (5.26) are bounded above by the constants C;,
i = 1,2, defined in the statement, respectively (for the bound Cs < Cj see Step 2
of the proof of Theorem 5.3).

Step 1: Proof of Cy < Cy. By the Cauchy-Schwarz inequality, (5.23) and (5.24) we
have

- 1/2
Gy < B[ nllua(fale, Dl P]

2n—3 2 .
—1 )
1— || fullZegn |2 +n2E ("
11 =7l fullzzay|” +n Z Z ))Z ; s—i

s=0 $<2i<2(sA(n—1

IA

2
X J2n—2—8(fn Of;fl—H fn)>

<|1 - n!||fn||?§(A,,)|2

2n—3 7’1,7]. 2 ’/l*]. 2
2 .oy
m—2—s) o]

+n ?:0:(” 5) ) < ) ( )

s<{2i1, 2i2}<2(sA(n—1))

. . 1/2
(3} 2 s—iy+1 s—ip+1
X (S _ ’il) <S - i2> <fn Oz.:,.i fn, fn O;‘,J,_i fn>€§(A2n,2,s) .

The claim follows from Relations (5.17) and (5.4).
Step 2: Proof of Co < Cy. By the Cauchy-Schwarz inequality we have

E[| Tt (fa (s )] < Bl a1 (fa e RPN Y2 Bl Tnmr (a5, kDD,
By the isometry for discrete multiple stochastic integrals we have

[ Tn—1(fn (s B))l| £2(2) = v/ (0 = DU fn(

By the above relations and (5.18) we have Cy < Bg/n, where B, is defined by
(5.19). The claim follows from (5.17) and (5.4). O

nl)

Since it is not obvious that the above theorem extends Theorem 4.1 in Nourdin
et al. (2010), it is worthwhile to explain this point in detail. Take f,, € £2(A,),

n > 2, and let hfz )1 n—1,s be defined by (5.11). In the symmetric case py, = qx = 1/2,

by the same arguments as those one after the statement of Proposition 5.1 we have
that, for any fixed 0 < s < 2(n —1) and k € N, AR

notin_1s = 01if 5/2 is not an
integer and

n—1

2
7 (k s/2
W= /21" ) a3 1)
otherwise. If s/2 is an integer we also have
s/2 s/2
1fn Ges ) 0375 Fn s B2 (8o < (i k) @25 FuCs )2 (Ao
2
= [ fu e k) %25 Fn (s )220 o)
< [ fn(x, )||£§(An_1) < o0,

*
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where the latter relation follows from Lemma 2.4(1) in Nourdin et al. (2010). So

szk—)l,n—l,s € fﬁ (AQTL—Q—S)'

In the symmetric case, by the definition of the contraction, for 0 < s < 2n — 3 and
§<2i <2(sA(n—1)), we have
||fn ®f;f+1 fn”Zz(AanZfs) =0, if s <2

and

1w @55 Fuller@an sy = IFn %Y Fuller(Ann—sso)
where the latter relation follows from Lemma 2.4(1) in Nourdin et al. (2010). Con-

sequently, the constant C; in the statement of Theorem 5.5 is finite and reduces
to

2(n—2)

24 n? S n— —s.f-zn_14
n go 1{s/2 € N}(2n — 2 )'(2') (s/2>

Ci = <|1 — !l fullean
1/2

s/2+4+1
X ”f” *s§2+1 f"HEZ(Azn—z—s)) ’

B

2

= <|1 — !l fullean

1/2
X ||fn *i fn%Z(Agn_zs)> !

As far as the constant C5 in the statement of Theorem 5.5 is concerned, in the
symmetric case one clearly has

Csy =0.

Finally, consider the constant Cs in the statement of Theorem 5.5. The following
bound holds:

20 2n—2
3
C; < 3" ;0(271—2—3)!

n—1\?/n—-1\?/ i i
()
s<{2i1, 2i2} <2(sA(n—1)) “ K ST/

XY N fn (e ) @57 fu (oK) |2y 22—

k>0
X || (5, k) @772 fr (6, k) [l 2 yo2n—2-s

3 2n2 s (1)’
_ 203 ;]I{S/QEN}(271_2_S)!(2!> <3/21>

s/2
X3 (e k) %305 Fn G ) 122 iy 22
k>0
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- 203n?’ Xn:@" —2s)! [(3 —1)! (Z: DQ] 2

s=1
XD s k) %321 f (%, B 172 g2 —2:

k>0

2
20m3 | (n—1)? .o
3 Z(?n — 28) (S — 1). s—1 ||fn *g fn||z2(N)®271723+17

s=1

where the latter equality follows from Lemma 2.4(2) (relation (2.4)) in Nourdin
et al. (2010) and the constant Cj is finite again by Lemma 2.4(1) in Nourdin et al.
(2010). We recovered the bound provided by Theorem 4.1 in Nourdin et al. (2010).

5.3. Convergence to the normal distribution. The next theorems follow by Theo-
rems 5.3 and 5.4, respectively.

Theorem 5.6. Let n > 2 be fized and let F,, = Jo(fm), m > 1, be a sequence
of discrete multiple stochastic integrals such that f,, € (2(A,), for any k € N the

functions thk_)Ln_l,S and izst_)Ln_Ls defined by (5.10) and (5.11) with f,, in place
of fn belong to (2(Agy—2_s), 0<s<2n—2,
n!||fm||z(An) —1, asm— o0 (5.27)

D Ml k) @77 frpe(l2azn o) = 0,

k>0
asm — o0, forany0 <s<2n—-3 and s <21 <2(sA(n—1)) (5.28)

|1—2pk‘
—— lfm( k)2 an
> o IneBllaia

\/Hfm(*’k) ®ZS;21 fm(*vk)||42(ﬁznf2fs) f’m(*ak) ®f;¢2 fm(*,k)HZ?(Azn,z,s) -0,
as m — oo, for any 0 < s < 2n— 2 and s < {2i1,2i2} <2(sA(n—1))

(5.29)
and
1 s—i s—1
Ziufm(*’ k) ®i1 ! fm(*7 k)||e2(A2N72fs) fm(*, k) ®i2 ? fm(*’ k)HW(Aznfzfs)
DPrqk
k>0
— 0,
as m — oo, for any 0 < s < 2n—2 and s < {2i1,2is} < 2(s A (n—1)).
(5.30)
Then
Fo, "8 N(0, 1).

Theorem 5.7. Let n > 2 be fized and let F,, = Jo(fm), m > 1, be a sequence
of discrete multiple stochastic integrals such that f., € (2(A,), for any k € N the
functions ilflk—)l,n—l,s defined by (5.11) with f., in place of f, belong to (2(Agy—o_),
0<s<2n—2,

I fmn @54 Fnllez(agn a0y — O,

asm — 00, forany0 < s<2n-—3 and s <21 <2(sA(n—1)) (5.31)
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and (5.27), (5.29) and (5.30) hold. Then

Fo, "8 N(0,1).

Connection with Proposition 4.8 in Nourdin et al. (2010). In this paragraph we
explain the connection between Theorem 5.7, specialized in the symmetric case,
and Proposition 4.3 in Nourdin et al. (2010). Take f,, € 2(A,), m > 1, n >

2, and let fzgi)l’nfl’s be defined by (5.11) with f,, in place of f,. We already
checked (after the proof of Theorem 5.5) that, in the symmetric case, one has

R € 12(Agp_2_s), k€N, 0 <s < 2n—2. Note that assumption (5.27) is

n—1,n—1,s
explicitly required in Proposition 4.3 of Nourdin et al. (2010) and, for p = g = 1/2,
assumption (5.29) is automatically satisfied. In the symmetric case, conditions
(5.30) and (5.31) read

Z | fm (%, K) *ﬁ S (%, k)||§2(A2n7272i) —0, asm —oo,forany0<:<n-—1
k>0
(5.32)

and
[ fn 47 fmlle2(Ann 5 2) — 0, asm — oo, for any 0 <i<n—2 (5.33)

respectively. We are going to check that assumption (4.44) of Proposition 4.3 in
Nourdin et al. (2010), i.e.

| fm % fllezy@2n—2r — 0, asm — oo, forany 1 <r <n—1 (5.34)

implies (5.32) and (5.33). Clearly, (5.34) is equivalent to (5.33). Moreover, for any
0 <i<n-—1, by Lemma 2.4(2) (relation (2.4)) and Lemma 2.4(3) in Nourdin et al.
(2010), we have

D (o k) 4 Fan (o sy S D I ) o o (5, ) o yon—oas
k>0 k>0

<N fom 5t frnllee o fmllZ2a,

<N fm xn=1 Fmlle ez | fmllzz -

So combining (5.27) and condition (5.34) with » = n — 1 we have (5.32).

Quadratic functionals. In the next proposition we apply Theorem 5.7 with n = 2.
In comparison with Proposition 4.3 of Nourdin et al. (2010) we require an additional
¢* condition in the non-symmetric case.

Proposition 5.8. Assume that there exists some € > 0 such that
O<e<pr<l-—eg, keN, (5.35)

and consider a sequence f, € (2(As) such that

a) limp o0 || il (a,) = 1/2,

b) im0 | fin %1 finlle2iye2 =0,
¢) iy o0 | frmlles (an) = O

Then Ja(fm) Lo N(0,1) as m — oo.
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Proof. 'We need to satisfy Conditions (5.27), (5.29), (5.30) and (5.31), in addition to
an integrability check which is postponed to the end of this proof. First we note that
(5.27) is Condition a) above. Next we note that under (5.35), Conditions (5.29),

(5.30) and (5.31) read
D 1 fmCe )z (an | fm (. k) @O Fn (6, B)lle2(a0) = O,

k>0

Z [ Gy B2 any 1 fm (%K) @Y fin (5, B) 220y — 0,
k>0

D G B)lez(an) | o (5, 8) @1 Fn (4, E)le2(a0) — 0,
k>0

> 1 fm (e, k) @G fin (5, k)12 2z — 0,

k>0

D e k) @ fon (5, B) 172 4,y = O,

k>0

D 1 fm( k) @1 fn (e, k)72 (ag) — O

k>0

and

||fm ®% fm”ﬂ(Az)’ Hfm ®é meZZ(Al) — 0,

as m — oo. Using again (5.35), we have that the above conditions are implied by

Y Ml Bl anlfm (e k) 5 e, Bz an) — 0,

k>0

D fmCs )z an | fm (e k) 53 fn (5, B2 (a0) = 0,
k>0

Y fmCs Bz can Lfm (e k) %1 frn (B 2 (a0) = O,
k>0

D G k) %0 fon (e B) 172 a,) = 0,

k>0

D NG k) %9 fon (5, B)172 4,y = O,

k>0

Z | fn (%, k) *% fm (¥, k)“?ﬁ(Ao) -0,

k>0

and

[ %1 fmllezcas)s 1fm %5 fmllezcay) = 0,

as m — oo. Now by Lemma 2.4(3) of Nourdin et al. (2010) we have

”fm *% meEZ(Al) < ”fm *% meW(N)@?a

(5.36)
(5.37)
(5.38)
(5.39)
(5.40)

(5.41)

(5.42)

hence (5.42) is implied by Condition b) above. Next, by Lemma 2.4(2)-(3) in

Nourdin et al. (2010) we have

> W fm G k) %0 fn G B[22 a9y < N fom*b Fonlle2 oy |l Fon |72 oy
k>0

<N fm* Fmlle e | fmll e goy 22

(5.43)
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hence Condition (5.39) is implied by Conditions a) and b) above. Similarly, by
Lemma 2.4(2)-(3) in Nourdin et al. (2010) we have

> M fm G k) 51 fn G B2 (ag) < N b Fonllez oy |l Fon 72 oy
k>0
<N fm*1 Fmllee ez | fmll2 vy (5.44)

hence Condition (5.41) is also implied by Conditions a) and b) above. Now, we
have

D 1 fm G )z (an) | fm G, k) %) Fin (6 ) 2 20

k>0
1/2 1/2
< Z [ i (%, k)”?g(al) Z [ frn (. ) *8 fm (%, k)H?g(AQ) (5.45)
k>0 k>0
1/2
1/2
S Ml any | mrd FmllidGoyonllfm ez e (5.46)
k>0
1/2
= me(*vk) *% fm(*,k) Hfm *% f7n||22/(2N)®2||fm”22(N)®2 (5'47)
k>0
1/2
= (fm *% fm) / | fm *% me%(?N)m”fm”ﬂ(N)@? (5.48)
1/2
= | fmllZ an) Il Fn 1 Finll e (5.49)

where in (5.45) we used the Cauchy-Schwartz inequality, in (5.46) we used (5.43),
n (5.47) we used the identity

fHng=(f9emen, fgelf(N)*" (5.50)
n (5.48) we used the equality
Z fm(*v k) *% fm(*7 k) = fm *3 Jms
k>0
and in (5.49) we used (5.50). Similarly, using (5.44) we have

Y Ml Bl @l fme k) 5 flx k)

k>0

1/2
2(80) < [ FmllZ g 1 51 Fomlrgyn-

(5.51)
So Conditions (5.36) and (5.38) are also implied by Conditions a) and b) above. By
similar arguments as above, we have

> i G B2 ) | o G )+ Fon G ) 2 a0

k>0

1/2
< fmllezan | S 1fmek) € fre)Zan | - (5.52)
k>0

We note that
D M fm G k) &) fn G B2 a0y < DD Fm(ank) = 1 £7 117 as): (5.53)

k>0 k>0a>0
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and so Condition ¢) above implies (5.37) and (5.40). Finally we note that for any
k € N the functions ﬁgkl)s, 0 < s <2, defined by (5.11) with f,, in place of f,, i.e.

R o = fn(x, k) 03 fn (. k)

and
hglfl),Q = fm(*a k) O% fm(*a k)

belong to £2(As), £2(A1) and ¢2(Ay), respectively. Indeed, this easily follows from
(5.4), (5.35) and Lemma 2.4(1) of Nourdin et al. (2010). O

Example
A straightforward computation shows that examples of function sequences that
satisfy the hypotheses of Proposition 5.8 include

fm(kl, kQ) = %ﬂl[o,m]z(klv k‘g), m > 1.

Note that the above example will also satisfy the hypotheses of Theorem 5.6 as well.
More generally, any sequence of non-negative kernels satisfying the hypotheses of
Proposition 5.8 will satisfy the hypotheses of Theorem 5.6. Indeed, under Condi-
tion (5.35), for non-negative kernels, Condition (5.28) is implied by (5.39), (5.40)
and (5.41) which, as showed in the proof of Proposition 5.8, are in turn implied by
Conditions a), b) and ¢). However, elementary computations have shown that, in
general, it is difficult to compare the second addends of the constants B; and Cy
of Theorems 5.3 and 5.4, respectively. Consequently, in general, it is difficult to
compare Conditions (5.28) and (5.31) of Theorems 5.6 and 5.7, respectively.

6. Poisson approximation of Bernoulli functionals

We recall that the total variation distance between the laws of two N-valued
random variables Y;, i = 1,2, is given by
dry (Y1,Ys) :=sup |P(Y; € A) — P(Y, € A).
ACN
Of course, the topology induced by dry on the class of all probability laws on N is
strictly stronger than the topology induced by the convergence in distribution.

In this section we present two different upper bounds for dry (F,Po(\)), where
Po()) is a Poisson random variable with mean A > 0. The first one is obtained by
using the covariance representation formula (2.15), while the second one is obtained
by using the covariance representation formula (2.16).

Before proceeding further we recall some necessary background on the Chen-
Stein method for the Poisson approximation and refer to Barbour et al. (1992) for
more insight into this technique.

Chen-Stein’s method for Poisson approximation. Given A C N, it turns out that
there exists a unique function fs : N — R such that

1a(k) — P(Po(\) € A) = Afa(k +1) — kfa(k), keN (6.1)
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verifying the boundary condition AZ%f(0) = 0. The above equation is called Chen-
Stein’s equation. Combining e.g. Theorem 2.3 in Erhardsson (2005) and Theorem
1.3 in Daly (2008), we deduce that the function f has the following properties:

. 2 1—e 22 A
]l < min (L\/Ae>» [Afalle < =5 [18%fallee < =5 (62)

6.1. Clark-Ocone bound.

Theorem 6.1. Let F' € Dom(D) be an N-valued random variable with mean A and
assume that
b1 :EH< [DF|9’~_1] DF>@2 (N) — )\H

and
by = <|E[D‘F|ff—1] ; %_D'F (\1/)% a 1) ‘>£2(N)‘|
fenr afEor(22 )

are finite. Then we have

1— - 1— -
dry (F,Po(\)) € ———b1 + —3
Proof.  We start by checking the domain condition f4(F) € Dom(D). Assume

F,j > F;~. We note that

Dy fa(F) = \/Peqr(fa(FT) — fa(F)))
FF—Fo

= Vidi Y. (Fa(Ef —h+1) = fa(F — b)),
h=1

ba. (6.3)

and so |Dpfa(F)| < |Afallooy/Prar(Fy — Fy ). Similarly, if F;f < F, then
Dy fa(F)| < [|Afallooy/Preae(Fy — F;"). Consequently,

BIDA(F)N2g0] =B | D IDufa(F)?| < |AFaIRE | [DRFP?
k>0 k>0
= E[||DF||% ),

and this latter quantity is finite since F' € Dom(D). The claimed domain condition
follows. By the Chen-Stein equation (6.1), the covariance representation (2.15) and
Proposition 2.2, we have

P(Po(A) € A) = P(F' € A) = E[(F = A) fa(F) = Mfa(F' +1) = fa(F))]

= E ZE[DkF\srk_l]Dka(F)—AAfA(F)
k>0

= E | E[DiF|Feoa](Afa(F)DiF + Rf (f4)) — MAfa(F)
k>0
E[Afa(F)(E[D.F|F._1],D.F)pqy — N)] + E(E[D.F|F._1], RF (f4)) e ().
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The desired result follows by taking absolute values on both sides, as well as by
applying the estimates (6.2) and (2.13), and noticing that the random variables
Dy F and E[DF'| Fj;_1] are independent of X. |

Corollary 6.2. Let F' € Dom(D) be an N-valued random variable with mean X
and assume that
by = |A—Var(F)|
+|(D.F,E[D.F|F._1])e2vy — E(D.F,E[D.F | F._1]) 2yl £2(02)

and

by = [IDRF?) + —DkF 2 VEIDRF[] (6.4
2 kzzo\/m [ DxF[?] ];) | DrF'll £2(0) VEI| (6.4)

are finite. Then we have

- S
dry (F,Po(\)) < © ; byt L ;

Proof. We preliminary note that by the Clark-Ocone representation formula (2.15)
one has

ba.

Var(F) = E[(D.F,E[D.F | F._1])p - (6.5)
By the Cauchy-Schwarz inequality and (6.5), we have
E[|A = (E[D.F[F._1], DF) )]
< A= (E[D.F|F.—1], DF) )l 2(2)
< |A=Var(F)| + [(D.F,E[D.F [F._1])e2v) — EXD.F,E[D.F [ F. 1]}z )] 22(02)-

Moreover,
<|E[DF|3"1} qD.F(DF 1>‘> ]
p N o)
+E <|EDF|&”_1| ’1/ DF<+1>’> 1
2(N)
D.F D.F
< E <|EDF|5r 1l, | |<1+| |>>
NG N
D.F D.F|?
< E <|EDF|’J" ), 2L |> <E[D.F3"._1]|,||>
VP9 /g2 P-4/ e
D.F D.F|?
< B < \DF||9_11' = CERERE
VP9 / 2y P-4/ 2
< ¥ E[D.F2 + Y ——E[BIDLF | Foi]||DiF[?
k>0 VPRIE 5>0
< ];Om (IDxF ] +I§)7HEDI@F\?1€ llz2 ) VEIDe 4]
1
< E[|[DyFI!] +Y ——|DyF E[| D F|4].
kzm\/m [ Dy F|7] ,;,Pk%” kK F|| 2 () VE[| Di F|4]

The claim follows from Theorem 6.1. |
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6.2. Semigroup bound. The next result is formally similar to Theorem 3.1 of Peccati
(2011). More precisely, the first addend in the right-hand side of (6.6) coincides with
the term in the right-hand side of relation (3.5) in Peccati (2011) when replacing the
finite difference operator on the Bernoulli space with the finite difference operator
on the Poisson space. As for the second addend in the right-hand side of (6.6),
although it has some similarities with the corresponding term in (3.6) of Peccati
(2011) (the expectations have the same multiplicative constant), the two terms
remain different when replacing the finite difference operator on the Bernoulli space
with the finite difference operator on the Poisson space.

Theorem 6.3. Let F' € Dom(D) be an N-valued random variable with mean A and
assume that
c1:==E[A— (DF,~DL™'F)pmw)|],

-
<‘[DF ( - 1) ! |DL1F>¢2(N)] ’

dTv(F, PO()\)) S

and

+E

are finite. Then we have

N2 Co, (66)

Proof.  Although the proof is similar to that one of Theorem 6.1, we give the
details since some points need a different justification. As in the proof of Theorem
6.1 one has fa(F) € Dom(D). By the Chen-Stein equation (6.1), the covariance
representation (2.16) and Proposition 2.2, we have
P(Po(X) € A) — P(F € A) = E[(F = A) fa(F) = A(fa(F + 1) — fa(F))]

= E[(Dfa(F),=DL™'F)pq) — AAfa(F)]

= E[(Afa(F)DF + R"(fa),=DL™'F) ) — AAfa(F)]

= E[Afa(F)(~DL7'F,DF)pmw) — \)]

+E[(=DL™'F, R"(fa))e2 ()

The desired result follows by taking absolute values on both sides, as well as by
applying the estimates (6.2) and (2.13), and noticing that the random variables

D F and Dy L~'F are independent of X}, (see Lemma 2.13 (1) in Nourdin et al.
(2010)). O

Note that, formally, the upper bound (6.3) may be obtained by (6.6) substituting
the term —Dy,L~'F in the definitions of ¢; and cp with E[DyF | Fj,_1], and vice
versa.

Corollary 6.4. Let F' € Dom(D) be an N-valued random variable with mean X
and assume that

a = (A= Var(F)|+ [(D.F,=D.L7'F)p2(n) — E(D.F, =D.L™'F) 2 ) [l 12 (2):
and co 1= by, where by is defined by (6.4), are finite. Then we have
1—e? 1—e?

dTv(F, PO()\)) S

c1 + Ca.

A A2
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Proof. We preliminary note that by the covariance representation (2.16) it follows
Var(F) = E[(DF, —DL™"F) iz ()] (6.7)
By the Cauchy-Schwarz inequality and (6.7), we have
E[[]A = (=DL™'F, DF) 2(w)]]
< A= (=DL™'F, DF) 2l 220
< A= Var(F)| + [(D.F, =DL™'F) ) — E[(D.F, =DL™'F) 2] || .2 () -

Moreover, using the inequality (3.16) we deduce

E (DL 1P, ‘\/>DF<—1> >€2(N)}
+E {<|DL_ Ppr (D'F + 1) ‘>52(N)]
_ e VPRI
< E _<|DL‘1F|, % (1 + %)ﬂz(m}
< E :<|DL‘1F|,%>42(N)} +E[<|DL 1R, ijmz(m]
> ﬂ}* 1Dy L~ FI| D F | +I§)—E DL F||DyF P
= é \/plk—quHDkFP] +;>01||DkL—1F||L2<Q) E[|D.F|4]
< 1; \/m E[|DyF|?] +kz>07”DkF”L2(Q)\/ [[Dp F']4]
The claim follows from Theorem 6.3. O

7. First chaos bound for the Poisson approximation

In this section we specialize the results of Section 6 to (shifted) first order dis-
crete stochastic integrals. As we shall see, the bounds (6.3) and (6.6) (and the
corresponding assumptions) coincide on functionals of the form F = X + Ji(f1),
f1 € (3(N), although they differ for F = X\ + J,,(fn), fn € (2(A,), n > 2.

Corollary 7.1. Assume that o = (g )k>0 is in (2(N) and such that
F=X+Ji(a) =X+ arYi

k>0
is N-valued. Assuming
Z L | ‘ - 1‘ < oo
k>0 VPrAk
and

| <.

p
> ol o+
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we have that the bound (6.3) (which in this case coincides with the bound (6.6))
holds for F with

and
qk Pk
-y ||]ﬁf ]Z ||] +1)
k>0 Prk k>0

Proof.  As in the proof of Corollary 4.1 we have F' € Dom(D) with Dy F = .
The claim follows from e.g. Theorem 6.1. O

Example
Let (Zy)k>0 be a sequence of independent and {0, 1}-valued random variables with
E[Z;] = pr and define the random variables

Zik —prk _ qk —Pr + Xk

Pedc  2\/Prdk

where (Xi)r>0 is a sequence of independent and {—1,1}-valued random variables
with P(Xy =1) = pi. Let (Br)r>0 C N, assume

A= peBr <00, Y prarBi < o0

k=

k>0 k>0
> aev/DraeBE1BE — 1l <00, Y pry/PrarBE(Br + 1) < 00
k>0 k>0

and define ay, := /prqrfr. We clearly have a = (ay)g>0 € 2(N) and
F = ZBka =+ ZakYk.
k>0 k>0
Note that, obviously, F' takes values in N. Note also that

qk 2
| ‘ - 1‘ = E Qe PrarBe | Br — 1,
k>0 Vpqu k>0 *

and
p
3 ﬂ|] = 1] = 3 pevBRai (s + 1)
) k>0

So (with A as above) by Corollary 7.1 we have

e A
dry (F,Po()\)) gl e ‘Zpkﬂk(l — ﬁk%)’
k>0
e A
“Tﬁ > vorarBi(18k = gk + (B + Dpe) | - (T.1)
k>0

We note that by the classical bound for independent Bernoulli random variables
(see e.g. Barbour et al. (1992)) we have

1—e?
drv | Y Zp,Po(N) | < — > i (7.2)

k>0 k>0
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Although the inequality (7.1) with S = 1 does not coincide with (7.2) (producing
indeed a bigger upper bound), the bound in (7.1) holds, more generally, for sums
of ”weighted” Bernoulli random variables.

8. nth chaos bounds for the Poisson approximation

Throughout this section, for a fixed positive constant A > 0, we consider an
N-valued (shifted) nth chaos F = X\ + J,(fn), fn € £2(A), n > 2.

8.1. Clark-Ocone bound. By (5.5) and the isometric properties of discrete multiple
stochastic integrals we have that the constants b; of Corollary 6.2 are equal to

+ 22| (Tn—1 (Fu(5,2))s 1 (fu)- (6))) 2 )
- E[<Jn71(fn(*v ))7 Jnfl(fn} (*))>€2(N)] ||L2(Q);

by = A= nlll fullZaa,y

b 1
by :=n*(n—1)! (6, 1) |2
2 ( )gmllf( ez a,_y)

+n'y/(n =1y ]%qkllfn(*’ W)z (an ) VENTa—1 (fu(x, ). (8.1)

k>0

The next theorem follows from the computations in the proof of Theorem 5.3.

Theorem 8.1. Let n > 2 be fired and let f, € (2(A,). Assume that for any
k € N the functions hglk_)l,n_u and Bglk_)lm_m defined by (5.10) and (5.11) belong

to £2(Agp_o_4), 0 < s <2n—2, and that

2n—3

by :=[A — n!”an?ﬁ(An)' +n? < Z (2n —2—3s)!

s=0
2 2, . .

R e T TR

s<{261, 262} <2(sA(n—1)) i b2 S VAR
X e k) @57 Fugk () |2 (Agn—a)

k>0

1/2

X Z an(*’ k) ®f;h fn]k(*)llEQ(A2n25)> )

k>0

and

1
by :=n?(n —1)! k)% N Ny
2 = >kZ T G W),y + V0 =)

2n—2
1 .
D IPIIAREIRN 5 IEEER IS SRR

k>0 s=0 s<{2iy,2i2} <2(sA(n—1))

S N R I
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X an(*7 k) ®ZS;“ fn(*’ k)H£2(A21L7275)

1/2
Fal, k) @372 fu(x, k)||e2(A2”2s)>
(8.2)
are finite. Then we have
1—e? 1—e?

dTv(F, PO(/\)) < b1 +

3 2 ba.

8.2. Semigroup bound. By (5.21) and the isometric properties of discrete multiple
stochastic integrals we have that the constants ¢; of Corollary 6.4 are equal to

e = A=l fallZaan) |+ 0l (1 (fal ) Jao1 (Fa () ez
= E[{(Jn—1(fa (%)), Jn—1(fu (%)) ezl 22(0) 5
Gy := by, where by is defined by (8.1).
Next theorem follows from the computations in the proof of Theorem 5.4.

Theorem 8.2. Let n > 2 be fized. Assume that f, € (2(A,,), that the functions

hp—1n-1,s defined by (5.11) belong to £2(Agy—o_s), 0 < s < 2n —2, and that

e i=(A - m”fn”?gmn)\

2n—3
+n<Z(2n—2—s)! > irlig!

s=0 $<{2i1, 2i2}<2(sA(n—1))
(o) Cm)GE)
X . . . .
1 12 S — 1 S — 12
1/2
X | fn @5 fulle2(on—oe | fn @5 5F fn|62(A2n25>> ;
and co 1= by, where by is defined by (8.2), are finite. Then we have

1—e 2 " 1—e?
C
X! 22

dTv(F, PO()\)) S Ca.

Quadratic functionals. In the next proposition, we provide an explicit bound for
dryv (A + J2(f),Po(N)), A > 0. The proof is omitted since it is a simple consequence
of Theorem 8.2 with n = 2, Condition (5.35) and (5.49), (5.51), (5.52) and (5.53).
We also note that the integrability condition required in Theorem 8.2 can be checked
as in the proof of Proposition 5.8 from Lemma 2.4(1) in Nourdin et al. (2010).

Proposition 8.3. Assume (5.35), f,f? € (2(Az) and suppose that the shifted
second chaos X+ Jo(f) is N-valued. Then we have

1—e? 1—e?
dry (A + J2(f), Po(X)) < vt
where
1—2¢
dy = (A= 2| 172 ap)| + 2V2||f*1 fllez oz + E I1f %3 fllezqvy.
and

4 8 1/2
do :=g|\f||?§<A2) + ;(\/5+ DI fI1Z2 a) I1f 1 f”[‘((N)@Q
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4(1— 2
+ 573||f\|egm2)||f2||zg(A2)-
Example
Let m > 2 be a fixed integer, and suppose that pr = 1/m, for any k € N. Define
the function
m—1 m—1
f(k1, ko) = Tl{klzo}l[l,m](b) + Tl{m:o}l[l,m] (k1), ki,kp €N
and let A be an integer bigger than or equal to 4m. We are going to check that all the
conditions of Proposition 8.3 are satisfied. Since (5.35) and the integrability of f and
f? are obvious, we only check that A+ .J5(f) is N-valued. Let (Zx)r>0 be a sequence
of independent and {0, 1}-valued random variables with E[Z;] = py = 1/m. We
have

B(f) = Y ki ka)Ye, Y,

(k1,k2)€AS

20m — 1), &
=2 ) Y,
— 0; t

e C =)

k=1

= %(mZo 1Y (mZy—1)

-

3

2(mZy — 1) <Z Zp — 1) > —dm.

k=1
So Ja(f) is a Z-valued random variable bounded below by —4m. Therefore, by the
choice of A, the shifted second chaos is N-valued.
Again, the above example will also satisfy the hypotheses of Theorem 8.1 with
n = 2, while it is difficult in general to compare the constants in Theorems 8.1 and
8.2.

9. Proof of the multiplication formula

In this section we prove the multiplication formula (5.3) for (possibly non-
symmetric) discrete multiple stochastic integrals. In order to explain and prove
such a formula we shall use the notion of continuous-time normal martingale.

Continuous-time normal martingales. Given ¢ : R — R a deterministic function,
let

it = Lig(t)=0} Jt =1 — 1 = Lig)zoy, te Ry,
and consider the martingale (M;);cr, represented as

dM; = i;dB; + @(t)(dNt — )\tdt), te R+, My =0, (91)
with Ay = (1 —4,)/@?(t), t € Ry, where (By)ser, is a standard Brownian motion,
and (N¢)¢er, is a Poisson process independent of (B;)ier, , with intensity A;. Then
the martingale (M;);cr, has deterministic angle bracket (M, M); =t and it solves
the structure equation

d[M,M]t =dt+ gZJ(t)th, te R+, (92)
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cf. § 2.10 of Privault (2009). Here ([M, M]¢)ier, denotes the quadratic variation
of (My)ier, - Note that the continuous part of (M;).er, is given by dMf = i, dM,
and the eventual jump of (M;);er, at time ¢t € Ry is given by AM; = ¢(t) on
{AM, # 0}, t € Ry, see Bmery (1989), p. 70.

In the following, we denote by L?*(R$") the subspace of L?(R") made of sym-
metric functions in n variables. The multiple stochastic integral I,(f,) is defined
by

In(fn) = n! /Oo /tn /t faltiy oo ty)dMy, -~ dMy,, o€ L*(RS™), n>1
and the follovSing (i)sometr; formula holds

E[In(fn)lm(gm)] = n!]l{n:m} <fmgm>L2(R°+")» (9.3)
where the symbol (-, ) £2(rer) denotes the usual inner product on L*(R$™). For any
fn € L*(R$™) and g, € L*(RY™) the contraction FrbkGm, 0 <1<k, is defined to
be the symmetrization of the function

(xl+17 vy Ty Y1y - - 7ym ’_> (94)
@(xl—'rl xk / fn xla”-axn)gm('xlw-'7xkayk+17"'7ym)dx1”'dxl

in n 4+ m — k — [ real variables. We recall the multiplication formula in the general
context of normal martingales

2(nAm)

In(fn)ITn(gm): Z In—&-m—s(iln,m,s), (95)

cf. Proposition 2 of Privault (1996) or Proposmon 4.5.6 of Privault (2009), provided
the functions

0 ) DI

$<2i<2(sAnAm)
belong to L*(RY""™7%), 0 < s < 2(nAm), and we remark that (9.5) is of the same
form as (5.3).
For later purposes, we provide the relation between the contraction fnakém and
the one defined by (5.2). Given f,, € (2(A,) and g,, € £2(A,,), we let

fn(xh R amn) = Z fn(a’17 e an) [al,alJrl)(xl) e ]l[a",an+1)(xn)7 (96)

ay,...,an €N
T1,...,Tn € Ry, and
Gm(Y1s - Ym) = Z Gm b1y b)) Ly o +1) (W) - Loy bt 1) (Um), (9.7)
b1,...,bm EN

Yiyeo oy Ym € R-‘r) and
=Y o) pren (),  yERY (9.8)
keN
where ¢ is defined in (5.1). Then
fn oi; gm(ah ceey anerfkfl) =

In, s (a,. .. S ntm—k—1) fnShGm (a1, - -y G —k1)-
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Proof of Proposition 5.1. By the definition of the multiple stochastic integral, the
contraction and the structure equation (2.1), for any f, € £2(A,) and g € (*(N),
we deduce

Ta(fa)Tilg) = Y D falinein)g(ins)Yey - Y2, Ve,

In+1=0 41 Fi27#Fiy
- > fality - yin)g(ing1)Ys, ... Vi Yi
G170 F  Fin Fing1
tn Y fulin, e in)g(in)Y, . Ys, Y
iy FipF e Fin
= > falin, o sin)g(inga)Ye, - Y3, Y
i1¢i2#”'5£in¢in+1

+n Z ‘P(zn)fn(llvvln)g(zn)yz S

i1 FdaF Fin
> falins s in)g(in)Yi, Y
i1 G2 7 Fin
- Z falits .o yin)g(ins1)Ye, . Y5, Y5 0

i1 FboF  F i Flin 1

iy Fin e Fin

oy > faline s in)g(@n)Yi, Y

i1F£ioF Fin_1 1n=0
= Jut1(fn 08 g) +ndn(fn O(l) g) +ndn_1(fn O% 9)s (9.10)

which is exactly (5.3) with g, = ¢1 = g.

Next, consider hi(k) = Lyq,3(k), i = 1,...,m, d; # dj, 1 <i # j < m, and
let gm = h1 0] -+ 03 hum, 16 Jo(gm) = J1(h1) -+ J1(hy). We shall show (5.3) by
induction on m = 1,...,n. We already proved that (5.3) holds for m = 1. Next,
assuming that (5.3) holds at the rank m € {2,...,n — 1} we have

Jn(fn)Jerl (9m+1) = Jn(fn)Jm(gm)Jl(hm+1)

2m
= Z Jn+m—s(hn,m,s)J1(hm+1)
s=0
2m 2m
= Z Jn+m—s+1 (hn,m,s 08 hm-i—l) + Z(n +m — S)Jn—i-m—s(hn,m,s 0(1) hm+1)
s=0 s=0
2m
+ Z(n +m — S)Jn-‘rm—s—l(hn,m,s O]% hm+1)
s=0
2m
- Z Jn+m—s+1 (hn,m,s 08 hm-i—l)
s=0
14+2m
+ Z (77/ +m+1-— S)Jn-i-m—i-l—s(hn,m,s—l O(1) hm—i—l)

s=1
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242m

+ Z (TL +m+ 2 — S)JnerJrlfs(hn,m,sz Oi hm+1)
s=2
2m-—+2
- Z Jn+m+175(hn,m+l,s)a
s=0

since
hn,erl,s :]1{O§s§2m}hn,m,s 08 herl

+ 1{1§s§1+2m} (n +m+1-— S)hn,m,s—l 0[1) hm+1 (911)

+ 1{2§s§2+2m} (TL +m+2— S)hn7m,sf2 O% her],
as follows from Lemma 9.1 below. We have shown that (9.5) holds for any g,, of
the form

gm = Lgayy 00 -+~ 00 Lya,,

and the formula extends to all g,, € £2(A,,) by summation and linearity. The proof
is completed.
Lemma 9.1. The identity (9.11) holds for gn, = h10§- - -0Qhm, and hi(k) = Ly4,3(k),
i=1,...,m.
Proof. Letting h;(x) := L, q41)(2), i =1,...,m, and g, = hyoQ -+ 08 hy, by
(9.5) we have

L(f)1(81) = Tnga (Fa8091) + nl(fa8001) + nlu1(fn101)- (9.12)
By (9.5) and (9.12) it follows that
2m—+2 R )
Z In+m+175(hn,m+1,s) = In(fn)Ierl(ngrl)
s=0
= In(fn)Im(gm)Il(iLerl)
2m
- Z In+m—s(hn,m7s)ll (hm+l)
s=0
2m 2m
= Z In+m—s+1(hn,m7568hm+1) + Z(n +m — S)In+m—s(hn7m,56?hm+l)
s=0 s=0
2m
+ Z(n +m — S)In+m—s—l(hn7m,saihm+l)
s=0
2m
- Z In+m—s+1(hn,m7568hm+1)
s=0
1+2m
+ Z (n +m+1-— S)In+m+1—s(hn,m,s—laghm-i-l)
s=1
242m
+ Z (n +m+ 2— S)In+m+1—s(hn,m,s—Qaihm—i-l)z
s=2

which, due to the isometry property of the multiple stochastic integrals Iy, shows
that the identity (9.11) holds with Ay, s and Ap,41 in place of by, s and hy,y1,
and with ¢ defined from (9.8). Using (9.9) we conclude that (9.11) holds for A, s
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and h,,+1 as well, and in this case the identity holds for all non-diagonal terms
while all functions in the relation vanish on the diagonals. O
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