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Abstract. We consider excited random walks (ERWSs) on integers in i.i.d. environ-
ments with a bounded number of excitations per site. The emphasis is primarily
on the critical case for the transition between recurrence and transience which oc-
curs when the total expected drift 6 at each site of the environment is equal to 1
in absolute value. Several crucial estimates for ERWs fail in the critical case and
require a separate treatment. The main results discuss the depth and duration of
excursions from the origin for || = 1 as well as occupation times of negative and
positive semi-axes and scaling limits of ERW indexed by these occupation times.
We also point out that the limiting proportions of the time spent by a non-critical
recurrent ERW (i.e. when || < 1) above or below zero converge to beta random
variables with explicit parameters given in terms of §. The last observation can be
interpreted as an ERW analog of the arcsine law for the simple symmetric random
walk.

1. Introduction and main results

1.1. Model description. We consider an exited random walk (ERW) on Z with
nearest neighbor jumps which evolves in a random “cookie environment”. Each
site of the lattice contains a stack of “cookies” wy 1= (wy(1),wz(2),....). A cookie

Received by the editors October 26, 2014; accepted April 17, 2015.

2010 Mathematics Subject Classification. Primary: 60K37, 60F17, 60J80. Secondary: 60J60.

Key words and phrases. Random cookie environment, branching process, diffusion approxima-
tion, perturbed Brownian motion, beta distribution.

427


http://alea.impa.br/english/index_v12.htm
http://www.math.umd.edu/~dolgop/
http://www.baruch.cuny.edu/math/facultystaff/ekosygina/kosygina.html

428 Dmitry Dolgopyat and Elena Kosygina

wy(i) € [0,1], x € Z, i € N, encodes the probability that the walk jumps to the
right upon the i-th visit to x. We assume that the cookie stacks w,, x € Z, are
spatially i.i.d. and that there is a non-random M > 0, the number of excitations
per site, such that w; (i) = 1/2 for all ¢ > M and z € Z, i.e. starting from the
(M + 1)-th visit to a site the walk makes only unbiased jumps from this site.
More formally, we suppose that an environment w € ©Q = [0,1]2*N is chosen
according to a probability measure P which satisfies the following three assumptions.
(IID) (Independence) The cookie stacks w,(+), ¢ € Z, are i.i.d. under P.
(WEL) (Weak ellipticity) For all z € Z
Plw,(i) >0Vie N) >0 and P(w,(i)<1VieN)>0.
(BDMm) (At most M excitations per site) P(w, (i) =1/2Vz € Z, i > M) = 1.
Given an environment w € €0, we shall use the usual coin-toss construction of a
random walk, albeit we should keep a record of the number of visits of the walk
to each site and use appropriately biased coins for the first M visits to each site.
Namely, let (75(7))zez,ien be independent (under some probability measure P,,)
Bernoulli random variables such that B, (1,(:) = 1) =1 — P,(n:(%) = 0) = w,(7)
forall x € Z, 1 € N. Set Xy =z, v € Z, and define recursively

Xn+1=Xn +2nx, (#{ke€{0,1,...,n}: Xp =X,,}) -1, ne{0jUN.

The probability measure P, , induced on the space of random walk paths which
start from =z is called the quenched measure. The probability measure on the product
space of environments and random walk paths originating at = defined by

Po() = E[Pya()] = / Py o) dP(w)

Q
is called the averaged measure. Observe that ERW is not a Markov process with
respect to either of these measures.
Below we shall only quote the facts needed to put our results into the context of
previous work. For an overview of various ERW models, methods, and results the
reader is referred to Kosygina and Zerner (2013).

1.2. Excursions from the origin. Let T} := inf{n > 0 : X,, = k}, k € Z, be the
time of the first visit to k and T} := inf{n > 1 : X, = 0} be the first strictly
positive time at which the random walk visits the origin.
Under our assumptions, several phase transitions are known to be characterized
by the expected total drift stored in a single cookie stack
M
§:=E|) (2woli) - 1)] . (1.1)
i=1

The excited random walk (X,,)n>0
(i) is transient, i.e. | X, | — oo Pp-a.s., iff |§] > 1 (see Kosygina and Zerner (2013,
Theorem 3.10) and the references therein or a combination of Kosygina and
Zerner (2014, Corollary 7.10) and Remark A.6 below)';
(ii) is ballistic, i.e. there is a constant v # 0 such that Pp-a.s. nh_}n;o Xp/n = v,
iff |§] > 2 (see Kosygina and Zerner (2013, Theorem 5.2) and the references
therein);

Lor |6] <1 X is recurrent, i.e. returns to the origin infinitely often Pp-a.s..
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(iii) is strongly transient, i.e. E° [Ty |Tg < oo] < oo, iff [6] > 3 (see Kosygina and
Zerner (2014, Corollary 1.2));

(iv) after diffusive scaling converges under Py to a Brownian motion iff || > 4 or
d = 0 (see Kosygina and Zerner (2013, Theorems 6.1, 6.3, 6.5, 6.7) and the
references therein).

Remark 1.1. The velocity v in (ii) as well as all constants b,c,c;, ¢ > 1, which
appear below depend on the distribution of a single cookie stack wg under P. They
are not, in general, functions of § (see Kosygina and Zerner (2013, Remark 5.8) for
a discussion about v).

The phase transition in (iii) emerged in the study of the depth and duration of
excursions of ERW. Since our first result is about excursions in the critical case
|6] = 1 we shall first quote the original relevant theorem.

Theorem 1.2 (Kosygina and Zerner (2014), Theorem 1.1). Let 6 € R\ {1}. Then
there are constants c1,ce € (0,00) such that

HILH;O =P (T, < Ty < 0) = c1, (1.2)
11_}111 n|6_1‘/2P1(n <Ty < OO) = Ca. (13)

Moreover, if 6 = 1 then every e > 0,

lim n°P (T, < Tp) = lim n°P(Th > n) = cc. (1.4)

If |8] # 17 then there is a constant c3 € (0,00) such that

lim nllP1=1/2P(n < T} < o0) = 3. (1.5)

n=o0
Moreover, if |6| = 1 then for every e > 0,

nh_}n;(} n*Py(Ty > n) = . (1.6)

This theorem immediately implies (iii) but provides very little information about

the tail of the return time in the critical case. Our first result fills in this gap.

Theorem 1.3. If § =1 then there is a constant ¢y € (0,00) such that

11_)111 (hl’l’L) P1(Tn < To) = C4; (17)
lim (Inn) Py (Th > n) = 2¢4. (1.8)
n— oo

Moreover, if |6| = 1 then

lim (Inn) Py(T5 > n) =c5 :=

I {2C4E[WO(1)L if =1 (1.9)

2¢4E[1 —wo(1)], ifd=-1.

The key statements of Theorem 1.3 are (1.7) and (1.8). The last conclusion fol-
lows easily from (1.8), (1.3) with § = —1, and the following remark by conditioning
on the first step (see Kosygina and Zerner (2014, (6.2))).

2In (1.5) of Kosygina and Zerner (2014) both 6 = 1 and 8 = —1 should have been excluded.
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Remark 1.4. There is a useful symmetry in our model. If the environment (w;)zcz
is replaced with (&y)zez where @, (i) = 1 —w, (%), for all 4 € N, z € Z, then X, the
ERW corresponding to the new environment, satisfies

x<_x, (1.10)

where < denotes the equality in distribution. Thus, it is sufficient to consider only
excursions to the right (for all §). The corresponding results for excursions to the
left will follow by symmetry. Thus from now on we shall assume without loss of
generality that § > 0.

1.3. Occupation times and scaling limits. Unless stated otherwise we shall assume
that all processes start at the origin at time 0. Let B = (B(t)), ¢ > 0, denote a
standard Brownian motion and W, 3 = (W, 5(t)), t > 0, be an («, 8)-perturbed
Brownian motion, i.e. the solution of the equation

Wa.s(t) = B(t) + asup Wy 5(s) + 8 1r<1€5 W, 5(8). (1.11)
s<t s>
Reflected a-perturbed Brownian motion, W, = (W,(t)), t > 0, is the solution of
1
W, (t) = B(t) + asup W,(s) + ELW‘” (1), (1.12)
s<t

where L"e(t) is the local time of W, at zero. Equation (1.11) has a path-wise
unique solution if («, 8) € (—o00,1) X (=00, 1), and (1.12) has a path-wise unique
solution when a < 1 (Davis (1996); Perman and Werner (1997); Chaumont and
Doney (1999)). In both cases the solution is adapted to the filtration of B. If 5 =0
then the solution of (1.11) can be written explicitly:

Wao(t) = B() + 1  sup B(s). (1.13)

— O <t

Throughout the paper we use = to denote the weak convergence of random

variables and 2 for the weak convergence of stochastic processes with respect to
the standard Skorokhod topology J; on D([0, 00)), the space of cadlag functions on
[0, 00).”

The following two theorems describe scaling limits of recurrent ERWs.

Theorem 1.5 (Dolgopyat and Kosygina (2012), Theorem 1.1). Let § € [0,1). Then
under Py

X,

% 4 Ws_s(-) as n — oc.
Theorem 1.6 (Dolgopyat and Kosygina (2012), Theorem 1.2). Let § = 1 and
B*(t) := maxs<; B(s). Then there exists a constant b € (0,00) such that under P,

Xin.
il 4 B*(-) as n — oo.

by/nlogn

3Since all limiting processes below have continuous paths, we can also claim the convergence
with respect to the uniform topology on D([0,T]) for each T > 0 (see Billingsley (1999, Section
15)).
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At the first glance it appears counter-intuitive that for § = 1 the limiting process
is transient while the original process is recurrent. However, the running maximum
of Brownian motion is a natural limit of W, g((1—a)?-) as a 1 1 (see the discussion
right after Theorem 1.7).

Theorem 1.5 suggests that the rescaled occupation times of positive and negative
semi-axes of non-critical recurrent ERW should converge to those of the reflected
perturbed Brownian motion. The latter was studied in detail, and the next theorem
quotes results from the literature. Let

t

t
A+(t) ::/0 ]l{Wa,ﬁ(u)ZO} du, A™(t) ::A H{Wa,ﬁ(u)<0} du, t >0,

and T4 (t) := inf{s: A%(s) > t}, t > 0, be the right continuous inverses of A%(-).
Denote by Z(a,b) a Beta-distributed random variable with parameters a and b.

Theorem 1.7. For all a, 5 < 1 the following holds:
(a) Carmona et al. (1998, equation (8))
AT (¢ 1-8 1- A (¢ l—a 1-
()iZ 7[3, ) and ()gZ a7 & .
t 2 2 t 2 2
(b) Chaumont and Doney (2000, Theorem 1)

d —\ d
Was(TT()=Wa() and — Wa (T (-)) = Ws(-).
Theorem 1.7 implies that W, 5((1 — a)?-) = B*(-) as a 1 1. Indeed, the Brow-
nian scaling of W, g (Carmona et al. (1998, Proposition 2.3)) allows to rewrite the
above convergence as

(1—-a)Wups(-)=B*(-)as a1l (1.14)

By Theorem 1.7(a) a1 1 the process W, g stays most of the time in [0, c0) (recall
that E[A*(¢)/t] = (1 — 8)/(2 — a — 8)). By Theorem 1.7(b) we conclude that the
limit in (1.14) should be independent of 8. On the other hand, if 5 = 0 then (1.13)
tells us that (1 — a)Wy 0(-) has the same law as (1 — @) B(-) + asup,<. B(s). This
implies (1.14). -

The next corollary follows from Theorems 1.5 and 1.7 by the continuous mapping
theorem (see Section 4 for details).

Corollary 1.8. Suppose that 6 € [0,1). Let

A; = Z Iix,>01 and A, = Z T¢x,<0y, =0,
=0 =0

and TF :=inf{n >0: AF >m}, m >0. Then
Af 1+6 1-96 AL 1—-6 146
(a) n:>Z<272> and n:>Z<272 U/Sn—>OO,
X+ 5 X ;

(b) \/L%'J = Wis(+) and — L A Wos() asm— .

Consider now the critical case § = 1. It is clear from Theorem 1.6 that the
proportion of time spent in (—oco,0) by an ERW with ¢ = 1 should converge to 0
(see Lemma 4.1 below). Since the critical ERW is recurrent and satisfies (BDy),

A, — 00 as n — oo. But how fast does A, increase? Our last theorem answers
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this question on a logarithmic scale and also provides scaling limits of XTLi J when
6=1.

Theorem 1.9. Let § =1 and AF, T:F, n >0, be as in Corollary 1.5. Then under
Py
log A,

] = U as n — oo, where U is uniform on [0,1] random variable;
ogn

XTf 5
(b) ——=L LW (4) as m — oo;

Vm

(c) there is a constant b € (0,00) such that

Xy 5
__lmd dy e ,
by/mlogm () asm = oo

Part (a) of the above theorem informally says that A =< nY where U is a
standard uniform random variable. See Section 4.2 for a heuristic derivation of this
asymptotics. Part (b) is just a simple extension of the last claim of Corollary 1.8
to § = 1. This reflects the fact that if we consider an ERW with § = 1 only at
the times when it visits the negative half-line then such process is not critical and
can be treated essentially in the same way as the case 6 € [0,1). The situation is
different if we look at an ERW with § = 1 only when it visits the positive half-
line, since neither W, g nor W, exists for o« = 1. But in view of Theorem 1.6 the
statement of part (c) is not surprising.

1.4. Organization of the paper. In Section 2 we explain the connection between
ERWs and some branching processes. The main theorem of Section 2, Theorem 2.1,
is an important tool for the proofs of our main results. We illustrate this by deriving
Theorem 1.3 as a simple corollary of Theorem 2.1. The proof of Theorem 2.1 is
given in Section 3. In Section 4 we prove Corollary 1.8 and Theorem 1.9. Proofs
of some technical results are collected in Appendices A and B.

2. Connection with branching processes

In this section we construct the relevant branching process (BP) and restate
(1.7) and (1.8) in terms of the tails of the extinction time and the total progeny of
these BPs.

We shall use the same environment w € € and Bernoulli random variables
(12 (%)) ez ien as in the construction of the ERW. This will provide us with a nat-
ural coupling between the ERW and the BP. We define here only the BP V' which
corresponds to right excursions of the walk.” For z € {0} UN let

k
S.(0) =0, S,(m):=inf {k >1: ) (1—n.(i) = m} —m, meN.
i=1
Thus, S;(m) is the number of “successes” before the m-th “failure” in the sequence
Ng(i), © € N. Define the process V = (V,)n>0 which starts with y particles in
generation 0 by
V0=y7 Vn:Sn(anl)v n € N. (21)

4The BP corresponding to left excursions, V7~ is constructed in a symmetric way and will be
introduced in Section 4.2.
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If there were no biased coins, V would be a Galton-Watson process with mean 1
geometric offspring distribution. Our process uses up to M possibly biased coins in
each generation, therefore, strictly speaking, it is not a “true” branching process.
We could recast it as a branching process with migration (see Kosygina and Zerner
(2008, Section 3)) but, since we do not use any results from branching processes
literature, we shall not need this step.

For y € [0,00) we shall denote by PZY the (averaged) probability measure cor-
responding to the process V which starts with |y]| particles in generation 0. For
r € [0,00) define 7V := inf{n € N: V,, >z} and 0¥ :=inf{n € N: V,, < z}.
When there is no danger of confusion we shall drop the superscript V.

Theorem 2.1. Let § = 1 and V = (V,)n>0 be defined by (2.1). Then for each
y € N there is a constant cs(y) € (0,00) such that

lim (Inn) P) (o) > n) = cs(y), (2.2)
n—oo “
o’é/fl
nh_}lgo(lnn) P, 2 Vi>n| =2c(y). (2.3)
7=

Assume for the moment Theorem 2.1 and derive Theorem 1.3.

Proof of Theorem 1.5: The proof is essentially the same as that of Theorem 1.1 in
Kosygina and Zerner (2014). Let the ERW start with = 1 and the corresponding
BP start with y = 1. Observe that, since ERW and BP are constructed from the
same (1, (7))zez,ien, we have

o'(‘,/fl

08/ =max{X, : n <Tp} and Tol{Ty<oo} = <2 Z Vi, — 1)]1{03/<00}.

n=0
Therefore, (1.7) and (1.8) with ¢4 = ¢g(1) follow from (2.2) and (2.3). To show (1.9)
we start ERW with # = 0 and condition on the first step. Since P, 11(Tp > n) do
not depend on wy(+),
P()(Tg > n) = ]E[Pw,o(T(; > n)]

= Elwo(1) P (To = n)] + E[(1 — wo(1)) Po,—1(To = n)]

= ]E[CLJO(].)]Pl(TO Z TL) + E[(]. - wo(l))]P_l(TO Z ’/l)
By (WEL), E[w(1)] > 0 and E[(1 — wo(1))] > 0. If 6 =1 then (Inn)P;(Th > n) —
2¢q as m — oo by (1.8). By Remark 1.4 and (1.3) with § = —1, nP_1(Ty > n)
converges to a constant. We conclude that

lim (Inn)Py(T§ > n) = 2¢c4Elwo(1)]. (2.4)
n—oo
The result for § = —1 follows by symmetry. O

3. Proof of Theorem 2.1

The proof of Theorem 2.1 depends on a number of additional facts which we
state below and prove in Appendix A.

Lemma 3.1. Let § =1 and y € N. Then there is a constant cg(y) € (0,00) such
that
lim (Inn) P,(7, < 00) = cs(y).

n— oo



434 Dmitry Dolgopyat and Elena Kosygina

Lemma 3.2. Let § = 1. For everyy € N and a > 1

0'0—1
. o) _
lim (Inn)P, (Z Liv,<n} > 1 ) = 0.

i=0
Lemma 3.3. Let 6 = 1. For every h >0
lim P,(o¢ > hn) = 1; (3.1)

n— o0
0'071

lim P, (Z v > hn2> =1. (3.2)
1=0

The following results, which will be referred to as (DA), Diffusion Approximation,
and (OS), “Overshoot”, respectively, are borrowed from previous works.

Lemma 3.4 (Diffusion approximation). Let § = 1. Fiz an arbitrary € > 0 and
Vint)no
y>e. LetY=™(0) = [ny] and Y=™(t) = M, t > 0. Then, under the averaged
n
measure, Y= i\ Y, where Y is the solution of

dY (t) =dt++/2Y (t)dB(t), Y(0)=wy, (3.3)
stopped when Y reaches level €.
Lemma 3.4 is an immediate consequence of Proposition 3.2 and Lemma 3.3 in
Kosygina and Zerner (2014).
Lemma 3.5 (“Overshoot”, Lemma 5.1 in Kosygina and Mountford (2011)). There
are constants c7,cg > 0 and N € N such that for all x > N and y > 0

2
max P,(Vo, >x+y|1. <op) <cr (e_csy e 4 6_08y>
0<z<z

and

2
—C, T
max P,(Vo ar, <2 —1y) < cre” Y /.
r<z<4x

Proof of Theorem 2.1: We start with the proof of (2.2).
Lower bound for (2.2). For every y € N we have by the strong Markov property
and monotonicity in the starting point that
P,(o¢ >n) > Py(og >n,m, < op)
= Py(0¢ > n| 7, < 00)Py(1n < 00) > Pr(00 > n)Py(1, < 00).
Using Lemma 3.1 and (3.1) we get

liminf(lnn)Py (oo > n) > cs(y).

n—oo

Upper bound for (2.2). Fix an arbitrary a > 1 and notice that for all m >y

(Inm) Py(oo > m®) < (Inm) Py(o¢g > m%, 7, <m®) + (Inm) Py(rm A og > m®)
op—1
< (Inm) Py(og > 7m) + (Inm) P, (Z Tiv,<my > m“) .
i=1

As m — oo, the first term in the right hand side converges to cg(y) by Lemma 3.1
and the second term vanishes due to Lemma 3.2.
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Define m = m(«, n) by the condition m® < n < (m + 1)*. Then we get
limsup(Inn) Py(op > n) <lim lim a(In(m 4+ 1))Py(co > m®) = cs(y),

n—o0 all m—oo

which matches the lower bound.
We turn now to the proof of (2.3). It is enough to show that

OZ:V>n1—06() (3.4)

Lower bound for (3.4). By Lemma 3.1 and (3.2) ,

lim (Inn)P,
7),—)00

oo—1 oo—1
linrgiorcl)f(lnn)Py ZO Vi > nﬂ > linrgioréf(lnn)Py ; Vi >n? 1, < 00]
oo—1
S T . ' _
> nlgrgo(ln n)Py[r, < o] nl;rr;o P, ; Vi>n cs(y).

Upper bound for (3.4). The reasoning is very similar to the one we gave for (2.2).

Fix a > 1. Using the sequence m = m(a,n) such that m® <n < (m + 1)* we get
op—1

limsup(lnn)P, Vi > m2e| .

IR

op—1
Z Vi >n1 < alimsupln(m +1)P,

m— 00

Therefore, if we show that for every a > 1

0’01

Z Vi > m? ] < ¢cg(y), (3.5)

lim sup(lnm)P,
m— o0

then letting @ — 1 and using the lower bound we shall obtain (3.4). Notice that
opg— 1

Z Vi > m** 1, < 001 < (Inm) Py(Tm < 09),

(Inm) P,

which by Lemma 3.1 converges to ¢s(y) as m — oo. Finally,

op—1

Z Vi > m?Y, 1, > 0g| < Py(op > m?*~ 1, > 0g)

op—1
< Py Z l{mgm} > m2e~t
=0
By Lemma 3.2 the last expression is o(1/Inm) as m — oo, and we get (3.5). O

4. Proofs of Corollary 1.8 and Theorem 1.9

4.1. Proof of Corollary 1.8. Part (a) of Corollary 1.8 follows from the following
lemma. Observe that this lemma also covers the case § = 1. This will be needed
later in the section.

Lemma 4.1. Let § € [0,1]. Then as n — oo
Al 140 1-96
2 =7 — —
n < 2 72 >’
where we set Z(1,0) =
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Proof: This lemma is an easy consequence of Theorems 1.5 and 1.7 (for § € [0, 1)),
Theorem 1.6 (for § = 1), and the continuous mapping theorem. To unify the
notation let

Xin .
, fdel0,1);
Vi el .
X&n(') = X W17_1 = B*.
] if5=1;

by/nlogn’
Define ¢ : D([0,1]) — R by

o(w) = /0 10 oo (w(8)) dt. (4.1)

Note that the Lebesgue measure of the set Z := {t € [0,1] : W;_s(t) = 0} is 0
P-a.s.. Indeed,

E/O ]lg(t)dt:/o P(Ws_s(t) = 0)dt = 0.

where the last equality follows from the fact that W_s s has a density (see Carmona
et al. (1998, Proposition 2.3 and Section 3.3)). Then, if P is the measure corre-
sponding to W5 _s then by Proposition B.1 the map ¢ is continuous P-a.s. (as P
is supported on continuous functions) and
Af d 1496 1-96
R SUNRTARE ST e}

The last equality follows from Theorem 1.7(a) for 6 € [0,1) and is trivial for 6 =
1. O

It is enough to show the second part of Corollary 1.8(b). The proof of the first
part is similar. For every R > 0 consider the map 1 : D([0,00)) — D([0, R]) defined
by

B(w(s), 0 < s < 00) = (—w(T™(s)), 0 < T~ (s) < R), (4.2)
where T (s) := inf{t >0: fg 1(—o0,0)(w(r)) dr > s} By Proposition B.2, 9 is
continuous P-a.s. (P is the measure which corresponds to Ws _5). The desired

statement now follows from Theorem 1.5 and Theorem 1.7(b) by the continuous
mapping theorem.

4.2. Heuristics and the proof of Theorem 1.9(a). We start by introducing some
additional notation which will be used throughout the rest of Section 4. Denote by
d,, the number of down-crossings of X from 0 to —1 up to time n inclusively and by
Uy, the number of up-crossings of X from 0 to 1 up to time n inclusively. Rename
V to VT (for this section only) and introduce the process V'~ which corresponds
to left excursions of the walk. Namely, for x < 0 let
k
F,(0) =0, F,(m):=inf {k’ >1: Zm(z) = m} —m, meN.
i=1
Thus, F,(m) is the number of “failures” before the m-th “success” in the sequence
n(7), ¢ € N. Define the process V— = (V7 ),>0 which starts with y particles in
generation 0 by
Vo =y, V, =F_,(V,_4), neN. (4.3)

n
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If VOi = k then denote by Zf = Z;’igl VjjE the total progeny of the BP V* over
its lifetime and observe that

28) | <Af <28} +d,+1 and 28, | —d, <A, <257 . (4.4)

To see why the first set of the above inequalities holds, note that A, falls in between
the total duration (including visits to 0) of the first u,, —1 and the first u,, excursions
to the right. Since the number of up-crossings from one level to the next in each
excursion is equal to the number of down-crossings, by coupling with the BP we
obtain the estimates in terms of the total progeny of the BP which starts with
upn, — 1 and u, particles respectively. Since 4,7 includes the number of visits to zero,
we have to add to the upper bound the number of visits to 0 after which the walker
stepped to the left, i.e. d,,. An additional 1 in the upper bound for A;} accounts
for the possibility that X,, = 0, in which case we have to count the up- or down-
crossing in the next step from that point. The second set of inequalities is obtained
similarly. The only difference is that by our definition A, does not include the time
spent at 0.

Informal discussion. We shall explain where the uniform distribution in Theo-
rem 1.9(a) comes from. Recall that Y is a diffusion process satisfying (3.3). It is
a half of a squared Bessel process of dimension 2. Let 7, = inf{t > 0: Y (¢) = «},
x > 0. The uniform distribution appears naturally in the following lemma.

Lemma 4.2. Let Y*(t) = maxs;<; Y (s) and Y(0) =y > 1. Then

Iny

4
WY ()

Proof: 1t is easy to check that InY(¢), ¢ > 0, is a local martingale and so for all
R>y

Iny
Py(TR<7—1): ﬁ (45)
For z € (0,1) we have
lny * T (4.5)
i <1nY*(Tl) : x) = P(Y*(n) 2 y"") = Py(ty/= <m1) =" . O

The next step is to observe that for a large starting point y the area under the
path of Y up to 71 is roughly the square of Y* (7).

Lemma 4.3. Let Y(0) =y > 1. Then

In [ Y (s)ds

2 . 4.6
Y (n) = as y — 00 (4.6)

The proof of Lemma 4.3 is omitted as we use it only for this informal discussion.
It can be proven in the same way as Lemma 4.8. The next statement immediately
follows from Lemmas 4.2 and 4.3.

Corollary 4.4. Let Y(0) =y > 1. Then

2Iny

L BN — oo, AT
In [ Y (s)ds wy e (4.7)
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The key part of the proof of Theorem 1.9(a) is the following analog of (4.7): let
Vyh = n, then

2Inn

InX;t

Notice that (4.8) could not be obtained from (4.7) simply by the diffusion approx-
imation, since we consider V' all the way down to the extinction time and Y does
not hit zero with probability 1. In the next subsection we prove BP versions of
Lemmas 4.2 and 4.3 (see Lemmas 4.7 and 4.8) and obtain (4.8).

Once we know (4.8), it is relatively simple to arrive at the conclusion of Theo-
rem 1.9(a). We want to show that In A, /Inn = U. Consider the following chain
of substitutions as n — oo:

=U asn— oo (4.8)

InA;, (1) InX; 145 2Ind, (110) 2Inwuy, Loag 2Inw, (1.4) 2Inu, (110) 2Inn
Inn Inn Inn Inn In A In%; In%}’

where the last ratio converges to U by (4.8). The actual proof combines the last
three steps into a single argument. Below we state Lemmas 4.5 and 4.6 mentioned
above, and use them together with (4.8) to derive Theorem 1.9(a). The proofs of
Lemmas 4.5 and 4.6 are postponed until Section 4.4.

Lemma 4.5. For every v > 0, x € [0,1], and all sufficiently large n
21 InX 21
P, nd"gx—u —-v< P d < 2| <Py ndnSx—i—u + v
Inn Inn Inn

Lemma 4.6. The following statements hold with probability 1 as n — co:

Uy, —> 00;  dy — 00; (4.9)
dn
— = 1. 4.10
= (410)

Proof of Theorem 1.9(a): By (4.4), Lemma 4.5, and Lemma 4.6 it is enough to
show that 2(Inw,,)/(Inn) = U as n — oo.
Let z € (0,1). Fix an arbitrary v > 0 and € € (0,1/2). Then

p <2lnun < m)
Inn

<P (22@/2J >(1— 25)n) +P (

21Inu,
nu <, ZEan/zJ <(1- 25)n>

Inn
—p (22@6/2J >(1— 25)n) +P (un < (0", 28] L < (1- 2€)n) .

Note that by Lemma 4.1 with probability at least 1 — v/2 for all large n we have
that

(4.4)
(I-en+1<Af < 25F +d, +1. (4.11)
Moreover, on the set {u,, < [n®/2]} we have by coupling that

S S e (4.12)

U,
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Inequalities (4.11) and (4.12) imply that
dn

By Lemma 4.1, d,,/n < A /n — 0 in probability. Therefore, for all large n

P (un < (072,25 0 < (1= 2)n) <.

We conclude that for all sufficiently large n
2Inu,
P( n <x>§P(2E+ >(1—25)n)+u

i = /2] =

z/2 (4.8)
SP(M'MSJJ-‘,-I/)—FV < x+3v.

In Einm/ﬂ

Towards a lower bound, observe that by coupling {22} > n} C {u,, < z} for all
z € N. Using this fact, Lemma 4.6, and (4.8) we get for all sufficiently large n that

21n u,
P( nu <x>>P(un<an/2J72Efnx/2j>n>

Inn
21n|n*/?
:P(22+ >n)2P<nLnJ<x—V> >z—30.0

ne/2 =
n/2] ¥ .,

4.3. The lifetime mazimum and progeny of a critical BP. In this subsection we
prove (4.8). It is an immediate consequence of the following two lemmas.
Lemma 4.7. Let V;" =n > 1. Then

Inn

+:>U as n — o0o.

Inmax;<q, V;

Lemma 4.8. Let VO+ =n>1. Then
oo—1 v+
In Zjio V;

. +
Inmax;<q, V;

=2 asn — o0.

Proof of Lemma /.7: For every x € (0,1)

P(max Vy® > nl/%) = Py < o0).
1<00

The proof will be complete if we can show that the last probability converges to x
as n — 00. Fix a large enough y € N to satisfy the conditions of Lemma A.1. Then
P (Tpi/e < 00) = Po(Thi/e < 0y) + Po(Thi/e < 00| Thise > 0y) Po(T1/2 > 0y)

< Po(Tpise < oy) + Py < oo).
By Lemma A.1 the first term in the right-hand side of the above inequality is

bounded above by [logyn]/[2~!logsn] which converges to # as n — oo. By
Corollary A.4

c10(y)
P, x < —77
y(Tar/a < 00) < [z=11Inn|

The lower bound is even easier. By Lemma A.1 and Remark A.2

— 0 asn — oo.

liminf P, (7,1/» < 0¢) > liminf P, (7,,1/» < o) > . O
n—roo n—oo
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Proof of Lemma 4.8: Fix € € (0,1), let ko = [logy n].

Lower “tail”. To get a bound on the probability that the ratio in Lemma 4.8
is not less than 2 — ¢, we split the path space of the process VT according to its
lifetime maximum. On each event 7o < 09 < Tor+1, k > kg, we shall take into
account only the values of V* from the time 75« up until the time o7, _, := inf{i >
Tok Vi+ < 2F=11. On the time interval {i € N: 7o <i < 0h._1} the process vt
stays above 2°=1 and below 25+, Thus,

op—1 2—¢
+ +
Pn(ZV% < (maxvir) )

1=0
00 011
< Z P, Z V;+ < 2(k+1)(27€),7'2k < 09 < Tok+1
k=ko —
o0

(]
e

s (Qk_l(aék_l —Tor) < ok +1)2=e) 7 <oy < Tzk+1)

f

)

<> EBn (]I{Tzk <oo}n (Jékfl — 7o < 2P g < e

k=ko
oo )
< Z P (19r < 00)Par (O’ék,l < 2k(176)+3,0'0 < 7'21«+1> = Z Akak,
k=ko k=Fkq

where Ay, = Py(Tor < 00) and By, = Pr (041 < 2k(A=e)+3 5o < Tort1), which
we estimate separately.

Let ¢y < ko be fixed as in Lemma A.1, kg be sufficiently large, and k > kg + 2
(for k = ko, ko + 1 we shall use the trivial bound A, <1). Then

A= Po(Tor < 0g60) + Pr(Tor < 00 |09t < Tor ) P (0900 < Tor)

L.A.1,<L.3.1 ko+1 N C(EO).
- k k

Fix an arbitrary v > 0. If kg is large enough then for all k£ > kg

S P2k:0+1 (TQk < 0’2[()) + PQZO (Tzk < JO)

By, < Por(ogr—1 < 2k(1_6)+3,0'0 < Tortr, V3 > 2k_2)

Ook—1 =
+ Psr (O—Qkfl < Tok+1, Vf’tk71 < 2]672)
@ + k-2
< FEok []l{gqu Sgk(175)+3}P2k (0'0 < Tok+1, V(,Qk_l > 2 | For-1)
+ ¢7 exp(—cy2¥)
< Por(ogr-1 < 2k(176)+3)P2k—2(0'2z0 < Tor+1) + ¢7 exp(7092k)
(DA),L. A1 o
<
- k — £

Substituting the estimates for A, ;, and Bj, we get that for all sufficiently large n

+ ¢7 exp(—co2¥).

op—1 e o .
+ < + < R .
P” (2_% v < (maxvit) ) —3V+V<ko+1+0(€o>>k§ o <O
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Upper “tail”. To get a bound on the probability that the ratio in Lemma 4.8 is
at least 2 + ¢ we let

1 0'071

— * . + _ |9ek—2
Y ; Liaicvir <oy k" = [log, Izg%fvz Jome =277,

0,
and use a crude ‘“union bound”:

L

oo—1 2t ) X
r(S o () ) s (Srozee

i=0 §=0

) k
< Pn< max O; > mk*) <> Y Pu(0; =my). (413)

0<j<k* >
k=kqo j=0

To estimate the (rescaled) time O; which the process VT spends in the interval
[27,29F1) >0, we define

péj) =inf{i >0: V't e[27,27t1)}, pU) .= inf{i > pg)_l +27: Vvt e, 21y
for m € N. Then by the strong Markov property

Po(0; > my) < Pa(p) < 00) < Pu(p) < 00|p%) _y < 00)Pulply) _; < 00)

mg
(4) (9)
< .
< (nggggjﬂ Pe(py” < 00)) Po(pg” < 00)
We notice that by (DA) there is a ¢ > 0 such that Pyj+1(09-1 < 2971) > ¢ for all
j > 2, and choosing /y as in Lemma A.1 we get that if (£y + 1) A c19(2%) < j < k
where c1¢ is from Corollary A.4 then

(4) : (4) i—1
max P <o09)<1l— min P > 09, 09i-1 < 27
2icnoyitt e (P1 0) < 2i ety e (01 0,021 )
<1— min Pw(pgj) > 0g | Ogi—-1 < Qj_l)P2j+1(0'2j—1 < Qj_l)
2]§I<2J+1

<1 —cPyi-1(0g < Toi) <1 —cPoj—1(00 < Toj, 0929 < Toi)

Q\

IN
—_
|

Cor.A .4 cin(?,
<1 — cPyry (00 < Toi ) Pai—1(0900 < To5) < 1—0(1—10(0)> -

1
Rem.A.2 ] ]

|

Choosing kg large enough we can also ensure that for all k > kg

(9) /
max max P, <og)<1=C/Ek.
0<j<(Lo+1)Acio(fo) 2 Sz<29+1 w01 0) < /

Substituting these estimates in (4.13) we conclude that

oo—1 2+¢ 00 I\ Mk
Pn(Z\/Z_JrZ(maXV;JF) )gZ(k—i—l)(l—Z) —0 asn—o00. O

. <00
=0 k=k‘0

4.4. Proofs of Lemmas /.5 and /.0. We shall need the following result.

Lemma 4.9 ((4.4) from Theorem 4.1 of Kosygina and Zerner (2014)). Let (Y~ (¢)),
t > 0, be the solution of

dY ™ (t) = —dt +/2Y—(t)dB(t), Y (0)=1, te][0,7)].
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Then for every h > 0
_ _ To
lim PV (3, > hn®) =P (/ Y~ (s)ds > h) . (4.14)
n o0 0
Proof of Lemma /.5: Upper bound:
Py(Sy <n”) < Py(dy < n®?nn) + Py(2y, <n®dy > n®?1nn)
SPO(dnSnx/2h'ln)+Pan/21nnJ(27 <nx)

[n®/2lnn| —

(4.14)
< Py(dn < n*?Inn) 4 v.

Lower bound:

Py(S; <n") > Po(dy <n™?/Inn) — Py(S; >n",d, <n®/?/Inn)
Po(dn < n®?/Inn) — Plasz ) 1un (257 > n%)
Py

Y%

[n*/21nn]

(dp <n®?/Inn) —v. O

Y%

Proof of Lemma /.6: Let L,, be the number of visits of X to 0 up to time n inclu-
sively. Since 0 < L,, — (up, +d,,) < 1 and the ERW with § = 1 is recurrent, we have
that L, —u, — 1 <d, < L,, — uy, L, — 0o a.s., and both (4.9) and (4.10) would
follow if we show that

Z—: — % as n — 00 a.s.. (4.15)
Notice that . .
Zi:nM-H 1o (%) < Un < M+ Zi:nMH WO(i). (4.16)
L, Ly, Ly,
As L,, = oo a.s. as n — 00, the rightmost and leftmost ratios in (4.16) a.s. converge
to 1/2 by the strong law of large numbers for Bernoulli trials. ([

4.5. Proof of Theorem 1.9(b),(c).

Proof of Theorem 1.9(b): Let X° denote the excited random walk in the cookie
environment obtained by removing all cookies from the positive semi-axis. The
same proof as for Dolgopyat and Kosygina (2012, Theorem 1.1) shows that

0

X
e Aoy, (4.17)
Vn ’

Namely, we write X0 = BY + C9, where B) = C§ = 0 and
Bg+1 - Bg = X2+1 - X, CS-H - Cg =0
if X9 visited X2 at least M times before time n and

n?
0 0 __ 0 0 __ 0 0
Bn+1 - Bn - 07 CnJrl - Cn - XnJrl - Xn

otherwise. Then we can show that

Bliy Cluy) 4
( NN ) = (B(~)7—I§1§1¥13(8)),
and obtain (4.17). We refer to Dolgopyat and Kosygina (2012) for full details. Since

there is an obvious coupling such that X g, = XTk_, k > 0, the result follows from
k
Theorem 1.7(b) and the continuity of the map v defined in (4.2). O
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Proof of Theorem 1.9(c): This result admits the same proof as the one for Corol-
lary 1.8(b) but, since A} /n — 1 for § = 1, we can give a simpler derivation.
Without loss of generality we show the convergence on D(][0, 1]). Write

By Lemma 4.1 for each €,v > 0 and all large n

P (maX(Ti —m) > 5n> <.
m<n
On the other hand, given arbitrary positive € and v we can choose A > 0 so that

p ( sup (B*(t) — B*(s)) > €> <w.
0<s<t<s+A<THA

The above inequalities and Theorem 1.6 imply that for any fixed €,v > 0 and all
sufficiently large n

P <mz<1x|XT$ — Xl > m/ﬁlnn) <

Theorem 1.6 and the “convergence together” theorem Billingsley (1999, Theorem
3.1) imply the desired result. O

Appendix A. Proofs of Lemmas 3.1 - 3.3

Throughout this section we assume that 6 = 1 unless stated otherwise. The
following lemma plays an important role in proofs of Lemmas 3.1 and 3.2.

Lemma A.1 (Main lemma). Let
1
hE(n) :==n+ — for alln € N.
n

Then there is £y € N such that if {,m,u,x € N satisfy lop < ¢ < m < u and
|z —2m| < 22™/3 then

h™(u) = h™(m) h* () =t (m)
k(o =SS e

Remark A.2. A little algebra shows that the lower bound is at least 1 — m/u.

(A1)

The proof of Lemma A.1 is the same as that of Lemma 5.3 in Kosygina and
Mountford (2011) where we take a = 2, hX(n) = n 4 1/n, and use the following
result instead of Kosygina and Mountford (2011, Lemma 5.2).

Lemma A.3. Consider the process V with |Vy — 27| < 22"/3 and let T := inf{k >
0: Vi & (21,27}, Then for all sufficiently large n

P(dist(Vp, (2771, 271)) > 22007178 < exp(—27/4); (A.2)
1
P(Vp <on~l) — e 2/, (A.3)
The proof of the above lemma repeats the one of Kosygina and Mountford (2011,

Lemma 5.2) where we use our process V, set a = 2, and s(z) = Inz on (371, 3).

Corollary A.4. For every y € N there is a constant c10(y) such that for every
neN
(Inn)Py (oo > 7n) < c10(y)-
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The proof of this corollary is the same as that of (5.4) in Kosygina and Mountford
(2011) and uses Lemma A.l instead of Lemma 5.3 of Kosygina and Mountford
(2011).

Corollary A.5. Pyv(ag < 00) =1 for every y € N.

Proof: By Corollary A.4 and the fact that P, (oo = 00,7, = 00) =0 for n > y,

c10(y)

—0 asn—oo. O
Inn

P,(0¢g = 0) = Py(og = 00,7y, < 00) < Py(og > 7p) <

Remark A.6. Corollary A.5, the first statement of Kosygina and Zerner (2014,
Corollary 7.9), and symmetry imply that ERW with |§] = 1 is recurrent without
using any results from the literature on branching processes. A direct proof of
recurrence and transience results for 0] # 1 was obtained in Kosygina and Zerner
(2014, Corollary 7.10).

Proof of Lemma 3.1: For every n > 2 there is an m € N such that 2™ < n < 2m+!
and for this m
(In2™)P, (00 > Tom+1) < (Inn)Py(og > 1) < (In2" 1Py (09 > Tom).
If we can show the existence of
gly) = n}gnoo mPy (o9 > Tom) € (0, 00), (A4)
then we get

limsup(Inn)Py(o¢ > 7,) <In2 lim (m+ 1)P,(g¢ > mom) = (In2)g(y)

n—oo m—r 00

=1In2 lim mP,(o¢ > Tom+1) < liminf(lnn)Py(og > 1),
m— 00 n— oo

and the desired statement follows. Therefore, we shall show (A.4). Let ¢ =
(|logs y]| + 1) V £y, where £ is the same as in Lemma A.1. Then

m

mPy(cg > Tom) =m H P,(0¢ > Tai |09 > Tai-1) | Py(o0 > Toc)
j=l+1
T
= €Py(00 > TQZ) H ?Py(ao > T2 |0'0 > 7'2]'—1)
j=0+1

We need to prove that the last product converges. For this it is sufficient to show
that

oo

>

Jj=t+1
Lemma A.1 and Corollary A.4 allow us to obtain the necessary estimates.

%Py(ao > Toi |09 > Toi-1) — 1‘ < 00.
j—

%Py(00>7'2j|0'0>7'2j—1)—12 Pyj-1(0g > 15) — 1

1 J—1
; A e
> pyi(oge s )1 > — 1
j—1 I=1 g+ -Ll-g
2j-1 ¢ 1
_ PG G0 GG-D o 2 ¢ 1

1 Z 1 .2 .7 _.‘7 - ¢.7 .
I+ 55— ¢ 201 JG-1) Li(G-1)
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The right hand side of the above expression is a term of an absolutely convergent
series.
Set x :=2/~1 4 220-1/3_ Then
%P (o0 > T9i |00 > T95-1) < ]Jj(Pm(ao > Toi)
+ PV,

2
By (OS) the last term decays exponentially fast in j, and we shall concentrate on
the first term in the right hand side of the above inequality. For all sufficiently
large j

o1 > | oo > 7'2171)).

#Px(go >7-2f)_1

j—1

< — P (09t > To5) = 14+ —— P (00 > Toi | 09¢ < T9i ) Py(09e < To5)
J— J—

(N j j-1 ' j+i-0-1) -5

< — = 14+ ——Pylog > - J
]_1 j ] 12(0 23) ]_’_%_ _%
j Cor. A4 C(f)

< — - P. 2(0'0 > Toj < - - .

G-OG-c-n TS GGy
Again the last expression is a term of a convergent series, and we are done. ([l

The proof of Lemma 3.2 depends on an estimate of the time the branching
process V spends in an interval [z,2z) before extinction.

Lemma A.7. For every a > 1 there is a constant c11(«) € (0,1) such that for all
k,x,y e N

0'01

P, Z 120y (V3) > 2ka® | < Py(po < 00)(1 — c11(a))F,

where po :=inf{j > 0: V; € [z,2x)};

Proof: The proof is very similar to the one of Proposition 6.1 in Kosygina and
Mountford (2011). There are two differences. First, everywhere in the proof of
Proposition 6.1 the statement (ii) should be replaced with the following: there is a
constant ¢ = c(a) > 0 such that for all x € N

Px/g(a'o < Ter) > c. (A5)

Second, the stopping times p;, j € N, should be defined as follows: py was defined
above,
=inf{r > p;_1 +22%: V, € [z,22)}, j>1
Below we show (A.5). The rest of the proof is the same as that of Kosygina and
Mountford (2011, Proposition 6.1).
To prove (A.5) we fix a large y € N and observe that by Corollary A.4 and
Remark A.2 for all z > 2y + 1

Ppa(00 < Tpa) = Pyja(00 < Toa |0y < Tya ) Py ja(0y < Tya)
> Py(00 < 7o )Pyja(0y < 7o) =(1 = Py(00 > Tya)) Pyja(oy < Tya)

2(13151/;) <1%)2(1m>0‘;1>c>0.
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Adjusting the constant ¢ if necessary we obtain (A.5) for all 2 € N. (]

Proof of Lemma 5.2: For every n € N let k € N be such that 2¥71 < n < 2. We
can always write o as o’ + X where o/ > 1 and A > 0. Then

op—1 oo—1
P, Z ]l{ngn} >n® | < P, Z ]l{Vj<2k} ~ 9a(k—1)
Jj=0 =0
oo—1 k X
<Py DS dpieapn (V) > 22D (1 — 27 Y pe’lm D)
j=0 i=1 P
k oo—1 |
< ZPy Z 1[21‘71721')(1/}) > 2/\(k—1)(1 — 279"y (i—1)
i=1 j=0
Lem. A.7

KL= ep (@)=
Multiplying by Inn which is less than kIn2 we get that as n — oo

op—1 ’
mn) Py | Y Tgyycnp >0 | < 21— era (o) 7020) 0. O
j=0

Before we turn to the proof of Lemma 3.3 we present its continuous space-time
version.

Lemma A.8. LetY be the diffusion defined by (3.3) which starts at 1 and 7. :=
inf{t >0: Y(t) =€}. Then for every h >0

lim PY (7. > h) = 1; (A.6)
e—0

. Y e _

Eh_r>r(1) Pj (/0 Y (¢t)dt > h) =1. (A7)

Lemma A.8 follows from the fact that 0 is an inaccessible point for the two-
dimensional squared Bessel process. The details are left to the reader.

Proof of Lemma 3.3: We prove only (3.2), since the proof of (3.1) is the same (it
uses (A.6) instead of (A.7)). Notice that

oo—1 Oen—1
. g 2 > . . g 2 .
e T (Z L Vizhn ) = I, e ( 2 Vizhn )
1= =

By the diffusion approximation, for every e € (0,1)

Oen—1 Te
lim P, < > V;->hn2> =PY (/ Y(t)dt>h>,
n—oo
i=0 0
and by (A.7),
lim PY (/ Y(t)dt>h>—1. O
0

e—0
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Appendix B. Continuity of maps ¢ and v
Denote by meas A the Lebesgue measure of set A.

Proposition B.1. Let P be a probability measure supported on C([0,1]) such that
P-a.s.

meas{t € [0,1] : w(t) =0} = 0. (B.1)
Then the map ¢ defined by (4.1) is P-a.s. continuous.

Proof: Tt is sufficient to show continuity at every w € C([0, 1]) which satisfies (B.1).

Let @w € D([0,1]) and sup |w(t) —w(t)| < v.” Then
t€(0,1]

1

1
[ b de < o(@) < [ 1ot dt and
0

0

1
lp(w) — p(w@)] < /0 Ii_pp)(w(t)) dt = meas{t € [0,1] : —v <w(t) <v}. (B.2)

Since {t € [0,1] : —v <w(t) < v} \({t € [0,1] : w(t) = 0} and meas{t € [0,1] :
w(t) = 0} =0, given € > 0 we can choose v > 0 such that the right-hand side of
(B.2) is less than e. U

Proposition B.2. Let P be a probability measure supported on C([0,00)) such that
P-a.s.

meas{t > 0: w(t) =0} =0 and meas{t > 0: w(t) < 0} = cc. (B.3)
Then the map v defined by (4.2) is P-a.s. continuous.
Proof: Tt is sufficient to show continuity at every w € C([0,00)) which satisfies
(B.3). Fix such an w and let € > 0. Recall that T,) (s) := inf{¢t > 0 : meas{r €

[0,7] - w(r) <0} > s}. Given R > 0 let M be chosen so that T, (M) = R+ 1. We
need to find v such that if w € D(]0, 00)) satisfies

sup |w(t) —w(t)| <v (B.4)
te[0,M
then
S (T () ~ =T ()] < ¢ (B.5)
We denote limgy, w(s) by w(t—). Note that due to (B.4) for ¢ € (0, M] we have
low(t —0) —w(t)] < v (B.6)
Choose h such that
sup lw(t") —w(t")] < e/8. (B.7)

/'t €[0,M]:|t' —t""|<3h
Next choose v < €/8 such that
meas{t € [0, M] : |w(t)] < v} < h. (B.8)
5Recall that for w € C([0,1]) the Skorokhod convergence to w implies the uniform convergence

(see Billingsley (1999, the last paragraph on p.128)). Thus, it is sufficient to work with the sup
norm.
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Let w satisfy (B.4). Then for ¢ € [0, R] we have

w(T, (1) — @(T5 ()] < (T (1) — w(To ()] + [w(T5 (1) — @=(T5 (1))]
< (T (1) = w(T5 (1)) + v (B.9)
For f € D([0,00)) let A, (t) := meas{s € [0,¢] : f(s) <0} = fot T(—o0,0)(f(5)) ds.
The definition implies that A, € C([0,00)) and A (T} (t)) =t. Note that due to
(B.4) we have

A(.:+V
and due to (B.8) we have

Ay (8) =h < AS(s) <ALy, (s) + D

(s) < Ag(s) < AL, (s)

Therefore,

t—=h=A (T, () —h < AL, (T (1) < AZ (T (1) < AL (T (1))
<AS(TS(t)+h=t+h.
We now consider 4 cases.
(1) t —h < AZ(T5 (t)) <t (which implies that T (t) < T (t)) and w(u) < 0
for w € [T (t), TS ()]
Then, since A_(s) — A_(r) > s —r — meas{u € [r,s] : w(u) > 0} for s > r and

w(u) >0 = w(u) > —v for all w € [T, (t), T (t)], we have by (B.8) that

' T w

h> A(T5 (1) — AZ(T, (1) = T () = T, (1) — he

Hence, T (t) — T, (t) < 2h and so by (B.7) |w(T5 (t)) —w(T, (t))] < e/8.
(1) t —h < A_(T_ (t)) <t and w(-) has zeroes on [T (t), T (t)].

Let a be the first zero and b be the last zero of w(-) on [T (t), T (¢)]. Notice that

w w

w(T; (t)) <0. Thus, w(s) <0 for s € [T, (t),a] and the same argument as in case
(I) shows that

w(Te ()] = [w(T, (1) — wla)] < e/8.

Moreover if w(T5(t)) < 0 then by the same argument we also have

|w(Te ()] = |w (T () —w(b)| < /8.
On the other hand, if w(7, (t)) > 0 then, since w is continuous and w(7T (t)—)) < 0,
we get
lw(T5 ()] = w(T (b)) < w(T5 (1) —w(T5(t)—) <v <e/s.

In either case we obtain

lw(T5 (1) — w(T; (1)] < e/4.
(HI)t<Aw(T_())<t+handw()<0f0ru€[T t), T (t)].
Then h > A_ (T (t)) — A (TS (t)) =T, (t) — TS (t), and so by (B.7)

w w

W(T (1) = w(T (1) < /8.

(IV) t < A_(T; (t)) < t+ h and w(-) takes non-negative values somewhere on

w

[T5 (), T ()]
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Let
a=inf{u € w(u) > 0} and

T (), T, (¢)] )
t)] : w(uw)w(s) >0Vs € [u, T, (t))}
(

=
T (), T, (¢)]
Observe that by (B.4) and continuity of w(+) it holds that |w(a)| < v and |w(b)| <
v. Next, the same argument as in case (III) shows that |w(a) —w (TS (1)) < /8.
Moreover, if w(T, (t)—) < 0 then we also have that |w(T (t)) — w(b)| < €/8,
whereas if @(T (t)—) > 0 then, since w(T,; (t)) < 0, we conclude that

w(Te ()] < (T (1) = w (T, () -) < v <e/8.

[ I ()]
[ T ()]

b=inf{u e

Putting everything together we see that in case (IV)
w(T5 (1) —w(T5 (1) < |w(T; (1) —w(b) |+ |w(b) —w(a)|+|w(a) —w(T5 (1) < /2.

Combining (1B.9) with the above estimates for cases (I)—(IV) we obtain that for
all t € [0, R]
w(T, (1) = w(T5 ()] < 5e/8.

This implies (B.5) and concludes the proof of the proposition. |
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