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Abstract. Let X', X2 be two independent (two-sided) fractional Brownian mo-
tions having the same Hurst parameter H € (0, 1), and let Y be a standard (one-
sided) Brownian motion independent of (X1, X?). In dimension 2, fractional Brow-
nian motion in Brownian motion time (of index H) is, by definition, the process
Zy = (2},2¢) = (X},,X¢,), t > 0. The main result of the present paper is an
It6’s type formula for f(Z;), when f : R? — R is smooth and H € [1/6,1). When
H > 1/6, the change-of-variable formula we obtain is similar to that of the classical
calculus. In the critical case H = 1/6, our change-of-variable formula is in law
and involves the third partial derivatives of f as well as an extra Brownian motion
independent of (X1, X2,Y). We also discuss the case H < 1/6.

1. Introduction

Our aim in the present paper is to provide a change-of-variable formula for the
fractional Brownian motion in Brownian time (fBmBt) in multi-dimension. For
simplicity of the exposition and because the computations are rather involved, we
will stick on dimension 2, which is representative of the difficulty. In dimension
1, the mathematical definition of fBmBt (together with its terminology) was in-
troduced in our previous paper Nourdin and Zeineddine (2014). Let us give an
analogue definition in dimension 2. Set

Zt = (Ztl7Zt2) = (XilftaXS%t)7 t > 07 (11)

where X1, X? are two independent (two-sided) fractional Brownian motions having
the same Hurst parameter H € (0,1), and Y is a standard (one-sided) Brownian
motion independent of (X, X?).

The present work may be seen a natural follow-up of Nourdin and Zeineddine
(2014), in which we proved a change-of-variable for fBmB¢t in dimension one, that
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is, for Z'. Before stating the results we have obtained, let us start with some
historical comments and relationships with the existing literature. When the Hurst
index of the fractional Brownian motion is H = 1/2, we note that Z' reduces to
the iterated Brownian motion (iBm), a process introduced by Burdzy in Burdzy
(1993). IBm is self-similar of order i, has stationary increments, and it is neither a
Dirichlet process, nor a semimartingale, nor a Markov process in its own filtration.
A key question was therefore how to define a stochastic calculus with respect to it.
A beautiful answer was given by Khoshnevisan and Lewis Khoshnevisan and Lewis
(1999h), who developed a Stratonovich-type stochastic calculus with respect to
iBm. Recall that the Stratonovich integral of a continuous process X with respect
to another continuous process Y may be defined (provided the limit exists in some
suitable sense) as follows:

: 127¢) -1
X.d°Y, = li “(Xpgon + X ) YVipagrgn — Yign). (1.2
/0 o kz:;] 2( k2-n T X(k41)2 )( (k+1)2 2-n) (1.2)

As observed in Khoshnevisan and Lewis (1999a), in the iBm case it appears to be a
very hard task to work directly with definition (1.2). To circumvent this difficulty,
a nice idea of Khoshnevisan and Lewis have consisted in modifying the definition
(1.2) by replacing the uniform dyadic partition in the right-hand side by a suitable
arrays of Brownian stopping times, relying to some classical excursion-theoretic
arguments. Based on this new definition for the symmetric integral, Khoshnevisan
and Lewis obtained, for the iBm (corresponding to H = %) and in dimension 1, a
change-of-variable formula having a classical form:

(1) = f(0) + / FZHdZL, >0, (1.3)

A natural question was then to extend (1.3) for other values of H. We did it
in the joint paper Nourdin and Zeineddine (2014) with Nourdin, by proving the
following theorem.

Theorem 1.1. Let f : R — R be a smooth and bounded enough function.
(1) If H > ¢ then

t
fZh =10+ [ ez ez
0
(2) If H = % then, with k3 ~ 2.322,
t t
fzh - 10+ 5 [ etz [ ezl o
0 0

where fotf’”(Zi)dO?’Zs1 is a random variable equal in law to OYt (X Haws,
for W a two-sided Brownian motion independent of the pair (X1,Y).
(3) If H < %, then

¢
/ (ZH2d° Z} does not exist (even stably in law).
0

Theorem 1.1 was proved by combining some techniques introduced in Khosh-
nevisan and Lewis (1999b) with a recent line of research in which, by means of
Malliavin calculus, one aims to exhibit change-of-variable formulas in law with a
correction term which is an It6 integral with respect to martingale independent of
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the underlying Gaussian processes. Papers dealing with this problem and which
are prior to our work include Harnett and Nualart (2013a, 2012, 2013b); Nourdin
(2009); Nourdin and Réveillac (2009); Nourdin et al. (2010b).

In the present paper, our main aim is to extend Theorem 1.1 to the bi-dimensional
case. To reach this goal we follow and use a strategy introduced in Nourdin (2009)
and Nourdin et al. (2010b). We continue to let X*, X2,Y, Z be as in (1.1), and we
set X = (X1, X?). The following definition will play a plvotal role in the sequel.

Definition 1.2. Let f : R? — R be a continuously differentiable function, and fix
a time ¢ > 0.

1) Provided it exists, we define fot Vf(Xs)dXs to be the limit in probability, as
n — oo, of

2m/2¢]—1 9
. of (J+1 )2-n/2 +Xg2 w2 X(iiya-ns +XJ2 n/2
= ox 2 ’ 2

X (X(ljﬂ)z—n/z - X;szz)

2"/2¢| -1 1 2
. ZJ Of (XGrvana + Xjgonn XGyvgnss + Xfoou
2 ’ 2

X (X(2j+1)2—n/2 - X?Q—?L/z)'
2) When O,,(f,t) defined by (1.4) does not converge in probability but converges
stably instead, we denote the limit by f(f V(Xs)d*Xs.

A first preliminary result, which concerns the bi-dimensional fractional Brownian
motion X, can now be stated. An analogue result for the fBmBt Z will be the object
of the forthcoming Theorem 1.4.

Theorem 1.3. Let f : R? — R be a function belonging to C°, and fiz a time
t>0.

(1) If H > 1/6 then fg Vf(Xs)dXs is well-defined, and we have

100) = 1)+ [ V)X, (15)

(2) If H=1/6 then fot V(Xs)d*Xs is well-defined, and we have

10 10 - [ P rxoex. [ erxoex, (1.6
where f(f D3f(X,)d® Xy is short-hand for
t an Sf
3 3 _ 1 y2) Rl 1 y2)7R2
/ODf(XS)dXS - ”1/063(X  X2)dB! +/<2/063(X (X2)dB? (1.7)

t 3f t 83f
X! x2)aB?
0 ax2ay( 52 XS) B + s o 0zdy?

with B = (B! .,B4) a 4-dimensional Brownian motion independent of
X, k3= H% = 95 Yorez P(1) and k3 = ki = 353, p3(r) with p defined

s (X!, X2)dB



600 R. Zeineddine

(3) If H < 1/6, for f(z,y) = 23 then
t
/ Vf(Xs)d*Xs does not exist, even stably in law. (1.8)
0

So, it is impossible to write an Ito’s type formula.

Theorem 1.3 together with a suitable extension of the Khoshnevisan-Lewis def-
inition for the Stratonovich integral (see the next section for a precise statement)
with respect to Z then lead to the following change-of-variable formula for 2D
fBmBt, which represents the main finding of our paper.

Theorem 1.4. Let f : R?> — R be a function belonging to C5°, and fix a time
t>0.
(1) If H > 1/6 then fg Vf(Zs)dZs is well defined, and we have

t
120 = 10+ | Vi(Z)iz.. (19)
0
(2) If H=1/6 then fg Vf(Zs)d* Zs is well defined, and we have
t l t
20 -10 - [ Drzaez' [ vrzyez, (1.10)
0 0
where fg D3f(Z,)d*Z, is short-hand for
L3 3 L 1 oy VL oy e
[ porzaaz. = w [ UGB e [ (X1 X2) B3
0 0 0 Y
Y: 93 Yi 93
o°f 1 v2) 713 of 1 2\ p4
X, X2)dB X, X2)dB
+K3/0 gurgy o eV R | e (Ko X)L
with B = (BY, ..., B*) is a 4-dimensional two-sided Brownian motion in-
dependent of X, and K1,...,Kkq as in Theorem 1.5. (B is also independent
fromY.)
(3) If H < 1/6, for f(z,y) = 23 then
t
/ Vf(Z)d*Zs does not exist, even stably in law. (1.11)
0

So, it is impossible to write an Ito’s type formula.

A brief outline of the paper is as follows. In section 2, we introduce the framework
and the preliminaries to prove our results, as well as the notation and some technical
lemmas. In section 3, we prove Theorem 1.3. In section 4, we prove Theorem 1.4,
and finally in section 5, we give the proof of a technical lemma.

2. Framework, preliminaries, notation and technical lemmas

2.1. The framework of Theorem 1./. In this section, we explain and introduce the
missing definitions of the mathematical objects appearing in Theorem 1.4.

(1) Khoshnevisan-Lewis definition of the Stratonovich-integral with
respect to the 1D fBmBt

Since the paths of Z! are very irregular (precisely: Holder continuous of

order « if and only if « is strictly less than H/2), as a matter of fact we

won’t be able to define a stochastic integral with respect to it as the limit
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of Riemann sums with respect to a deterministic partition of the time axis.
A winning idea, borrowed from Khoshnevisan and Lewis Khoshnevisan and
Lewis (1999h,a), is to approach deterministic partitions by means of random
partitions defined in terms of hitting times of the underlying Brownian
motion Y. As such, one can bypass the random “time-deformation” forced
by Y, and perform asymptotic procedures by separating the roles of X and
Y in the overall definition of Z!.

Following Khoshnevisan and Lewis Khoshnevisan and Lewis (1999b,a),
we start by introducing the so-called intrinsic skeletal structure of Z1. This
structure is defined through a sequence of collections of stopping times (with
respect to the natural filtration of Y'), noted

Ty ={Thm : k=0}, n>1, (2.1)

which are in turn expressed in terms of the subsequent hitting times of a
dyadic grid cast on the real axis. More precisely, let 2,, = {j 2-n/2: e 7},
n > 1, be the dyadic partition (of R) of order n/2. For every n > 1, the
stopping times T, appearing in (2.1), are given by the following recursive
definition: Tp , = 0, and

Tk,n = inf {S > Tk—l,n : Y(S) €D, \ {Y(Tk—l,n)}}7 k>1.

Note that the definition of 7T} ,,, and therefore of .7, only involves the one-
sided Brownian motion Y. Also, for every n > 1, the discrete stochastic
process
Yy ={Y (Txn) : k >0}

defines a simple random walk over %,,. As shown in Khoshnevisan and
Lewis (1999b, Lemma 2.2), as n tends to infinity the collection {7, : 1 <
k < 2"t} approximates the common dyadic partition {k27" : 1 < k < 2"t}
of order n of the time interval [0, ¢]. More precisely,

sup ‘TLQnSJ’n — s‘ — 0 almost surely and in L?(€2). (2.2)

0<s<t
Based on this fact, one may introduce the counterpart of (1.2) based on
Ty, namely,

27t —1

Valf,)= > f
k=0

So, the integral of f(Z') with respect to Z! is defined as

Zr, .+ 2,
\n c4+1,n 1 1
< ) = >(ZTk+1,n - ZTk,n)'

/t f(ZHdz! = lim V,(f,1), (2.3)
0 n— oo

provided the limit exists in some sense.
A suitable definition for the Stratonovich-integral with respect to
the 2D fBmBt

In the light of the previous definition of the integral with respect to
1D fBmBt and of Definition 1.2, it might seem natural to introduce the
following definition for the integral with respect to the 2D fBmBt based on
T
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Definition 2.1. Let f: R? = R be a continuously differentiable function,
and fix a time ¢ > 0. Provided it exists, we define fg Vf(Zs)dZs to be the
limit in probability, as n — oo, of

[2"/2¢] -1 1 1 2 2
A af ZT n + ZT n ZT n + ZT n
On(f,t) = Z (‘3x< 1, 5 g ZTitn, 5 4, (Zil“j+1,n — Zi}“j,n)
7=0
[2/2¢] -1 1 1 2 2
+ Z ﬁ ZTJ'+1,n + ZTj.n ZTj+1,n + ZTj,n (ZZ . 22 )
dy 2 ’ 2 Titrn T/t
Jj=0

(2.4)

If On( f,t) defined by (2.4) does not converge in probability but converges
stably, we denote the limit by fg Vf(Z)d* Zs.

2.2. Some preliminary results. We provide now a description of the tools of Malli-
avin calculus that we need in this article. We follow in this section the idea intro-
duced in Nourdin (2009). The reader in referred to Nourdin and Peccati (2012) for
details and any unexplained result.

Let X = (X}, X?)ier be a 2D fBm with Hurst parameter belonging to (0,1).
For all n € N*, we let &, be the set of step R2-valued functions on [—n,n], and
& 1= Up&y. Set gy = 194 (vesp. 1p07) if t > 0 (resp. £ < 0). Let # be the Hilbert
space defined as the closure of & with respect to the inner product

((6t1r€ts), (Esyr€55)) e = Cr(t1,51) + Cr(t2, s2),  s1,82,t1,t2 €R,
where Cp(t,s) = 1(|s|?# + [t|* — |t — s|*#) = E(X.X]) (i equals 1 or 2). The
mapping (e¢,,€t,) — thl + Xf2 can be extended to an isometry between # and
the Gaussian space associated with X. Also, let .%,, denote the set of step R-valued

functions on [—n,n|, ¥ := U,%#, and G denote the Hilbert space defined as the
closure of .# with respect to the scalar product induced by

(er,e50¢ = Cul(t,s), s,t €R. (2.5)

The mapping &; — X} (i equals 1 or 2) can be extended to an isometry between G
and the Gaussian space associated with X°.
We consider the set of smooth cylindrical random variables, i.e. of the form

F= f(X(pl)vaX(pm))7 Pi 6%, i=1,...,m,
where f € C;° is bounded with bounded derivatives. The derivative operator D of

a smooth random variable of the above form is defined as the .7#-valued random
variable

ox;
For example, if F = f(X}, X2) with f € Cg°(R?), then
of of
DF = %(XQ,XE)(Q,O) + 3—y(Xt1,X§)(0,55).
So, we deduce from (2.6) that

of of
DXlF = %(th,Xg)Et and DXQF = Fy(th’Xg)Es.

DF = Z af (X(pl)v .- '7X(pm))pi = (DX1F7 DX2F). (2.6)
i=1
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In particular, for j, k € {1, 2}, we have

) k Et lf]:k'
Dxs Xy _{ 0 ifjtk

For any integer k > 2, one can define, by iteration, the k-th derivative D¥F' (which
is a symmetric element of L2(Q, s#®%)). As usual, for any k > 1, the space D*:?
denotes the closure of the set of smooth random variables with respect to the norm

k
IFIR 2 = E(F?) + ) ElID Fl5pe.].
j=1

The Malliavin derivative D satisfies the chain rule. If ¢ : R® — R is C} and if
Fy,...,F, are in D"2, then o(Fy, ..., F,,) € DY? and we have

Dy(Fy, ..., F, Z

... F,)DF,.

We have the following Leibniz formula. For any F,G € D92 (g > 1) such that
FG € D%2, for i € {1,2}, we have

q

DI (FG) =" (‘ll) (Dy.(F)&(D%'G), (2.7)

1=0
where ® stands for the symmetric tensor product. In particular, we have the
following formula. Let ¢, € CJ(R?) (¢ > 1), and fix 0 < u < v and 0 < s < L.

1 1 2 2 1 1 2 2
Then <p(X‘ ;XS , 2 ;Xﬁ )w(X'“;X“, X”;X“) € D?2 and for i € {1,2} we have

X+ X X2+ X2 X+ Xl xX24 X2
Dg(l((p( t+ s t+ s)w( v+ u v+ u)) (28)

2 ’ 2 2 ’ 2

i X+ X X2+ X2\ 0l (X4 X) X2 4 X2
Z 2 ' 2 27 2 2

y €5 + &y ®l® ey e, )2
2 2 '

A similar statement holds for v < v <0 and s <t <0.
If a random element u € L2(£2, #) belongs to the domain of the divergence
operator, that is, if it satisfies

|E(DF,u) | < cyr/E(F?) for any F € .Z
then I(u) is defined by the duality relationship
E(FI(u)) = E((DF, u}W),

for every F € D2,

For every n > 1, let H,, be the nth Wiener chaos of X, that is, the closed
linear subspace of L?(f2, &7, P) generated by the random variables {H, (X (h)),h €
A, ||h|| 2 = 1}, where H,, is the nth Hermite polynomial. The mapping

L, (h®") = Hu (X (h)), (2.9)
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provides a linear isometry between the symmetric tensor product S#°" and H,,.
The following duality formula holds

E(FI,(h)) = E((D"F,h) yen),

for any element h € #®" and any random variable F' € D™2. In particular, we
have

E(FIY)(h)) = E((D% F,h)gen), i = 1,2, (2.10)

for any h € GO and F € D™?2, where we write Iy(Li)(h) whenever the corresponding
n-th multiple integral is only with respect to X*.

Finally, we mention the following particular cases (the only one we will need
in the sequel): if f,g € G, n,m > 1 and ¢ € {1,2}, then we have the classical
multiplication formula

nAm
i n A m n m i n+m—r n+m—r r
1o @) = 30 1) (1) 75 g )

r=0
(2.11)
We have also the following isometric property,
EIID(£47)] = nl(f, )G, (2.12)
and, for j € {1,2},
) (%) ®@n—1 T
D~ I(Z) ®n — nI’nfl(f ) =7 21

2.3. Notation. Throughout all the forthcoming proofs, we shall use the following
notation. For all k,n € N we write

Eko—n/2 = 1[07k27'n./2], 6k27'n./2 = 1[(k_1)27n/27k.27n/2].

For all k € Z, H € (0, 1), we write
1
p(k) = f(|k+1|2H+|k—1|2H72|k\2H). (2.14)

For any sufficiently smooth function f : R? — R, the notation 8 12 of (where
the index 1 is repeated k times and the index 2 is repeated [ times) means that f is
differentiated k times with respect to the first component and [ times with respect
to the second one.

We denote for any j € Z ,

]nf(Xl X2

2 2
( (j+1)2 n/2 + X j2— n/2 X(j+1)2—n/2 + Xan/Z)
) 2 .

For i € {1,2}, H € (0,1), X

X

,% .
Definition 2.2. For any t € RT and any n € N, we define :

2% ¢]-1
1
KV (f,t) = 3 Z Aj i f(X, X )I(l (5811)2 na)
3=0
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125 ¢]—1
1
KR = 5 Y Dudeaf (X XL (), 00)
j=0
1[2%”—1
K (f,) = 3 Ajudizf(XE X)L (5(1+1)2 wa) I (5%11)2 wr2)
7=0
1[2%tj—1
Kff‘)(f,t) = ) Aj,n3112f(X1»X2)Iz(1)(5%il)2 n/z) (5(J+1)2 "/2)

(e}

For any r € N* and ¢ € C°(R?",R), we define £ as follows :

é':w(Xslleiv-"vXjrngr)a (215)
where s1,...,s. € R. In the proofs contained in this paper, C shall denote a

positive, finite constant that may change value from line to line.

2.4. Some technical lemmas. A key tool in our analysis will be the next lemma,
which can be deduced from the following Taylor’s theorem with remainder.
Theorem 2.3. Let n be a nonnegative mteger If g € C™(R?), then

=Y 0%l ) + R (1, k), (2.16)

| <n

where

RalE)=n S (k_l)a/o (1= w)" 0%l + ulk — 1)) — 8" g(1)]du

al

la|=n
ifn 21, and Ro(l, k) = g(k)—g(l). In particular, Ry (1, k) = 324 =, ha(l, k) (K=1)%,
where hy, is a continuous function with ha(1,1) =0 for all . Moreover,

|Ru(LE)| < (V1) Y Ma|(k—1)"

lee|=n

where M, = sup{|0%g(l + u(k — 1)) — 0%g(1)| : 0 < u < 1}.

Thanks to the previous theorem we deduce the following lemma.
Lemma 2.4. Let f € 013(R2) then
oo a+b c+d
fo = e + S Y Claves i o (117

=1 a1 +as=2i—1

x(b—a)*(d—c)** + Ri3((b,d), (a,c)),

where oy, s € N, and
|R13((b’d)’(avc))| < C’f Z |b_a|a1|d_c‘a2>
a1+as=13

with C is a constant depending only on f. On the other hand, we have C(1,0) =
C(0,1) =1, C(3,0) = C(0,3) = 57 and C(2,1) = C(1,2) = §. The other con-
stants: C(ay,a2) could also be determined explicitly, but won’t need their explicit
values.
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Proof: By applying (2.16) to f, we get
(b—a)* (d—c)*

f(b’ d) = f(a7 C) + Z a?.%.7i122...2 (a’ C) + R13 ((b’ d)7 (a7 C))7

a1 taz<12 ! el
(2.17)
where
|Ras((b,d), (a,¢)) | <Cp > [b—al|™|d—c|*.
a14as=13
For each ¢ € {1,...,12} and each a3,y € N such that ay + as = i, we define
Jor,asyi S Jag,an,i = O 018 of and we set k = (a,c), | :== (%42, <49). So, by
applying (2.16) t0 gay,a,, With k== (a,¢), 1 := (242, <5%) and n = 13 — 4, we get
a+b c+d a+b c+d
gal,az,i(aﬁc) = gahazﬂ(i’ ) + Z 65%??22...2ga17a2,i(7’ )
2 2 , 2 2
B1+B2<13—i
(a—b)5 (c—d)> a+b c+d
T 255, + Ri3—i((a,c), ( 5 ' o )
a+b c+d
= g(xl,(m,i(Ta 9 )
a+b c+d
+ X LA peeni (5 )
B1+p2<13—1
_ a+b c+d
x(b—a)?(d—c)* + ng_i((a,c), ( 5 g ))
By replacing ga, a,,i(a,c) in (2.17) we get
~ oo a+b c+d o
f(b’ d) = f(a, C) + Z C(ah O‘2)81}.7122...2 (Tv 2 )(b - a) 1<d - C)a2

a1 tae<<12

a+b c+d
55 )): (2.18)

+R13 ((a, C), (

where
+b c+d o o
}R13((a’c)’(a2 762 ))‘ng Z |bia| 1‘d70| 2.

a1+az=13

Let us prove that Vi € {1,...,6} and Yo,y € N such that a1 + as = 2i, we
have
C(a1,as) = 0. (2.19)
Indeed, let f(z,y) = xz**y*2. Thanks to (2.18), we get
a+b c+ d)
2 72

brd*? = a™ ™2 + Z 0(51752)351."%”.2(
B1+B2<2i—1

x(b—a)?(d — ) + aglan!Clay, as) (b — a)® (d — ¢)®2. (2.20)
Let us now change a into b and ¢ into d in the previous formula, so to get

b+a d—i—c)
2 7 2

et = pdm Y C(B A0S o (
B1+PB2<2i—1
x(a — )1 (c — d)?* + oy lan!Clay, as)(a — b)* (¢ — d)*2. (2.21)
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Observe that if in (2.21) 8 + B2 is odd (resp. is even) then (a — b)%1(c — d)?2 =
(=) HB2(b— a)Pr(d —c)?2 = —(b—a)P (d — ¢)? (resp. (b—a)P'(d—c)??). So, by
taking the sum of (2.20) and (2.21) we get

bal dOéQ + aalcOLQ — aalcag _|_ bal dozg
i—1
~ b+a d+c
Y. > 20500 Lf () (b - )
k=1 pB1+p2=2k

x(d — ) + 2a1105!C(ay, 2) (b — @) (d — )2,
leading to

1—1
~ \ B b+a d+c ) X
0 =Y Y 200800 (5L T - )@ - o (222)
k=1 B1+p2=2k

+2a1ap!C(ar, ag)(b — a)® (d — ).

We deduce thanks to (2.22) that, for i = 1 and each a1, as € N satisfying o + oo =
2, we have Va,b,c,d € R,

2041!0(2!@((11, Oég)(b — a)o‘l (d — c)a2 =0,

implying in turn C(a1, ap) = 0. Then, a simple recursive argument shows that for
all Vi € {1,...,6} and Yay,as € N/ a3 + as = 2i we have C’(al,ag) =0. As a
result, (2.19) holds true.

It remains to prove that C(1,0) = C(0,1) = 1, C(3,0) = C(0,3) = & and
C(2,1) = C(1,2) = &. Thanks to (2.18) and (2.19), by taking f(z,y) = x (resp.
f(z,y) = y) we deduce immediately that C(1,0) (resp. C(0,1)) equals 1. By taking
f(x,y) = 23 (vesp. f(x,y) = y*) we deduce that C(3,0) (resp. C(0,3)) equals =
Finally, by taking f(x,y) = 22y (resp. f(z,y) = zy?) we deduce that C(2,1) (resp.
C(1,2)) equals £. The proof of Lemma 2.1 is complete. O

The following lemma gathers several estimates that will be needed while com-
pleting the proof of our theorems .

Lemma 2.5. Suppose that H < 1/2. Then
(1) For all j,k € N and u € R,
{eu, 0(j41)2-nr2)gl < 2 nH (2.23)

(2) For all integersr,n > 1 and allt € Ry, and with Cy - a constant depending
only on H and r (but independent of t and n),

L2n/2”_1
Z [(O(k41)2-n/230g1y2-nr2)gl" < Crpt 2n(a=rH), (2.24)
k=0

(3) For all integer n > 1 and all t € Ry,

[27/2¢]—1
> UeransziSurnya-ns)gl < 27Tl ol n/22HEL (9 95)
k,1=0

[27/2¢]—1

> Heeryz-nrzi Ouprye-nredgl < 27HTL 2 22HEL 0 (9.96)
k,1=0
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Proof: 1) We have, for all 0 < s <t and i € {1, 2},
iy i 1 1
B(XL(X] - X)) = §(t2H — )+ 5(|s — P — |t — ).

Thanks to (2.5), we have
<5ua 5(j+1)2—"/2>g = E(X;( (ij+1)2‘"/2 - X;Q—"/Q))'

Since for H < 1/2 one has |[b*# — a?H| < |b — a|?! for any a,b € R, we
immediately deduce (2.23).
2) Thanks to (2.5), for i € {1,2}, we have that

<5(Ic+1)2—"/2;5(l+1)2—”'/2>5 = (E[(X(ik+1)2,n/2 - X]igfn/2)(X(il+1)27n/2 - Xlizfnﬂ)Dr'

Thus,
[27/2¢]—1
Z |<5(k+1)2*"/2;5(l+1)2*n/2>9|r
k,1=0
[27/2¢]—1
= 27T N k= 1+ 1P k== 1P =2k — 1P
k,1=0

By first setting p = k — [ and then applying Fubini, we get that the latter
quantity is equal to:

[2"/2¢t]—1
g—nrH-r Z “p+1|2H+|p_1|2H_2|p|2H‘7"
p=1-27/2t
x((p+ [2"2t]) A 1272t —p Vv 0)
L2”/2tJ—1
< 2mmIEren A N p 1P 4 p— 1P = 2pP
p=1—|27/2]

< CH,rtZ% —nrH7

+oo
where Ch, = % Y |lp+ 1 +|p— 1" —2[p|*"|". Observe that
p=—00
Cp r is finite because H < % This shows (2.24).
3) Thanks to (2.5), for ¢ € {1,2}, we have that

<5k2—"/2; 5(l+1)2—"/2>g = E[X/igfnﬁ (X(iz+1)27n/2 - X;Q,H/Z)].

Thus,
[2"/2t)—1
Z |<5k2—n/2§5(l+1)2—n/2>g|

k,1=0

[27/2¢] -1
D DR (Ve R R e R Bl
k,1=0

[27/2¢] -1

< g—nH-1 Z l(l + 1)2H _ l2H|
k,i=0
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[27/2¢] -1
42N = 1P = k-1 - 1P
k,1=0
We have
[27/2¢] -1
9—nH-1 Z |(l + 1)2H o ZQH‘
k,1=0
[27/2t] -1
— 9—nH-1 L2n/2tJ Z ((l + 1)2H o l2H)
1=0
— 2—7LH—1 |_2n/2tJ(\_2n/2tJ)2H < %2n/2t2H+1. (227)
On the other hand, a telescoping sum argument leads to
[27/2¢]—1
2—7LH—1 Z Hk _ l|2H _ |k _ l _ 1|2H| < 2—nH—1 + 2n/2t2H+1. (228)
k,1=0
By combining (2.27) and (2.28) we deduce (2.25). The proof of (2.26) may
be done similarly.
|
Lemma 2.6. Suppose that H < 1/2. Then
(1) Fort>=0
[2Z¢]—1
Eio—nj2 FE(; —nj2 1
Z 72 (5+1)2 75(j+1)27n/2 g *tQH. (229)
; 2 2
J=0 g
(2) ForseR andt >0
[2Z¢]—1
D s 0grnyz-nr) gl < 2627 (2.30)
j=0
Proof:
1) Thanks to (2.5) we have
1w .
(eja-nnsOgna-nin)g = 52 "7+ 1P =[P = 1),
1. . .
(eGena-na anz-nn)g = 27"+ 1P = i +1).

Hence, we get that

<€j2—n/2 + €(j+1)2—n/2
2

and, by a telescoping argument, it yields

25 ¢]—1
: ZJ g2/ ¥ E(j+1y2-n/2 1 on
,5(]'_;’_1)2—71,/2 < *t 5
= 2 ol T2

which proves (2.29).

1w .
Sgvan) =52+~ ),
g
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2) Thanks to (2.5), for ¢ € {1,2}, we have
<5875(j+1)2*"/2>g = E[X;(Xéj+1)2—n/2 - X;2—"/2)]

1- . . I,_ - , - .
29 nH(|j+1|2H—|j|2H)+§2 nH(‘SQ n/2—j‘2H—|82 n/2_j_1|2H)-

2
We deduce that
(1) fs>0:
(a) if s<t:
[2Z¢]—1
Y Kewdgrnz-nre)gl
3=0
] 1 123 s]-1
LoH | 1o-nH n/2 _ N2H _ (.on/2 _ :  1\2H
< 215 + 22 Z ((s2 7) (s2 j—1)*")
7=0
1

+§2*”H||52”/2 — 528 |21 — |s27/% — |25 | — 1]2H|

2% ¢|—1
+%2—nH L zj: ((] +1-— 32”/2)2H —(j - S2n/2)2H)
j=12%s]+1
= G2 — (a2 |28 )
o2 |ls2n/2 — (52| |s2n/? — 2% ] 11|
g2 (28] — 52/ APH — ((s528] — 52702 4 1),

where we have obtained the first equality by a telescoping argument.
As a consequence of the previous calculation, and since [b? — a2H| <
|b—al? for H < 1/2 and a,b € Ry, we deduce that

[22¢]-1
Z ’<5875(j+1)2*"/2>g’
j=0
1 2H 1 —nH/ 2HqonH 1 —nH12H 1 —nH n n 2H
< QT2 (s*72 )+§2 7+ 52 (122¢] — [22s] — 1)
le 12}1 lan n,\2H lan o, \2H
< ot ot 4 22 ([22¢])*" + =277 (|22t])
2 2 2 2
< 2,

meaning that (2.30) holds true.
(b) if s > ¢ : by the same argument that was used in the previous case,
we have
[22¢]-1

Z |<5S76(j+1)2’"/2>g|

Jj=0
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1 ] [2%t]-1

t2H + 22 nH Z S2n/2 _j (S2n/2 _] _ 1)2H)

/N

]. ]. n
5t2H + 5277’1]‘[((5277,/2)2[{ - (52n/2 - LQitJ)ZH)

< %tQH + %27”H(L2%H)2H < t2H,

and (2.30) holds true.
(2) Ifs<0:

[2Z¢]—1
> Hesdgrnenr)gl
j=0

L22tJ 1
2t2H+ 2—nH Z |821’L/2_]|2H_|82n/2_j_1|2H‘

N

125 ¢]—1

1
_ §t2H+ —9—nH Z ]_’_1+ )2n/2)2H_(j+(_s)2n/2)2H)

2

1
g §t2H 4= 5 ((t + (78))2H o (75)2H)
1 1
< S2H 4
2 + 2
where the second equality follows from a telescoping argument and the last
inequality follows from the relation |b*# —a?# | < |b—a|?H for any a,b € R,.
The last inequality shows that (2.30) holds true.

1
2

1t2H ;2 nH((L2%tJ + (75)2n/2)2H o (752n/2)2H)
1

O

Lemma 2.7. Suppose that f1, f2, f3, fa € C°(R?) and set H = 1/6. Fiz t > 0.
Then

(1) For (i,5) € {(1,2),(2,1)}, we have
[22¢]-1

sup sup
n2l, ,i2€{0,.. LQ%tJ—l} ig,ia=0

E<Ai1,nf1(X17XZ)Aiz,nf2(X17XQ)
XAi3nf3(X1 2) i4nf4(X17X2)
XI (5(13+1)2 "/2) (6(z2+1)2 n/2)
S ICHSSTAIC )|

C(t+t%), (2.31)
(2) Fori e {1,2}, we have

N

[23¢]-1
sup sup > ‘E(Aihnfl(Xl,XQ)A,-MfQ(Xl,X2)
nzl;, Lin€{0,.. LQ%tj—l} i3,i4=0



612 R. Zeineddine

XAiz,nf3(X17X2)Ai4,nf4(X17X2)

<552 10 ) )|
< Ot +17), (2.32)
(3) For (i,7) € {(1,2),(2,1)}, we have

12%¢]-1

sup Z

n>1. .= .
77 1,12,13,14=0

< Clt+t2 3 14, (2.33)
(4) Fori € {1,2}, we have

4
E( T 2 fa (X XL (85, 4 1y0-nr2) 1 (5§j+1)2n/2)> ‘

a=1

[22¢t]-1

sup Z

n>1. .= .
77 i1,i2,13,14=0

< Clt+t2 83+, (2.34)

4
(T 30 070

a=1

where C is a positive constant depending only on [ (but independent of n and t).

Proof: The proof, which is quite long and rather technical, is postponed in Section
5. |
Lemma 2.8. Suppose H =1/6. Then

(1) Forallj €N, forle{1,2}

[(Di28,68 1 pmne)] < C27M, (2.35)

where C in a positive constant depending only on v introduced in (2.15).
(2) ForalljeN, forie{1,2,3,4}, forl e {1,2}

i 2 -n
E[(Di2 (K (£,1), 60 1)) ] < C27M3(8 1 4 1), (2.36)

where C' in a positive constant depending only on f.

(3) Forallj €N, forie{l1,2,3,4}
E[(Dx2 (K (f,), 0 1j0-nr2) ] < C270B( 42 4 1 41), (2.37)
where C' in a positive constant depending only on f.

Proof: 1) For [ = 1, observe that, thanks to (2.6) (see also the example given
after (2.6)), we have

T

oY
Dx2€ = Z W(X;I,XS{, XD LXE ey,
= 9%2k
As a consequence, since 1 is bounded and thanks to (2.23), we deduce that

[(Dx2€, 8 41)2-n2)| < CZ|<€SM5(]‘+1)27TL/2>|
k=1

< 0278,
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which proves (2.35). On the other hand, for [ = 2, we have

T a2w
D%.¢ = XX2 XD X2 e .
et = ksz1 0x2,0T o/ ( A )E b Cs

So, as previously, we deduce that
2 ®2 —n/6\2 _ ro—n/3
(D32, 603 1) pmnse)| < C270) = C27"73,

which proves (2.35).

2) We will prove (2.36) for I = 1 and ¢ = 2,3. The proof is similar for the
other values of ¢ and I.
(a) For i =2 : Thanks to (2.7) and (2.13), we have

DX2K (f7 )
(28] -1 5 /2 + € /2
_ (2) [ s®3 12-n/" (I41)2-7
- ﬂ Z Al,n82222f(X1aX2)I (6%_;'_1)2 71./2)( 2 )
1=0
[2Z¢]—1
2)
+§ Z Al’”am?f(Xl’XQ)Ié (6((5?11)2 n/2)5(l+1)2*”/2'
1=0
So, we deduce that
2
E[(Dx>KP (f,),8(j11)2-ns2) |
[23¢]-1
< Q(Q)Q > |E[ALnOa202 f(X', X?) Ag nOa222 f(X T, X?)
1,k=0
(2) 3 (2) 3
xIy (528;4-1 gns2) s (5a+1)2 el
Elz—n/Q + 3 141 2—n/2
(=) )
Ero—n/2 +e€ k4+1)2—-n/2
() )
[22¢]-1
+2(§)2 > |E[Andaaa f (XY, X?) A D222 f(X ', X?)
1,k=0

< (0735 n2) 17 (0510

[ (Osay2-nrzs 04122 ) [(Okr1)2-n/2, s p1)2-m72) -
By (2.32), (2.23), (2.5), (2.14) and since

| B[ALn 02 f (X1, X2) Ao a2 f (X', XD I (552,02

is uniformly bounded in n (because f € C3°(R?) and thanks to the
Cauchy-Schwarz inequality and to (2.12) ), we deduce that

[<DX2K )(f,1), 6(j+1)2*"/2>2} < CERTO2(t+17) + 0(2_n/6)2(z lp(n)])?
nez

VI (562 152l

< C2B3(2 4+ 1),
which proves (2.36) for i = 2.
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(b) For i =3 : Thanks to (2.7) and (2.13), we have

DXQKr(Lg)(th)
1 [22¢] -1
= Z Ay oo f(XT, X?) 1(1)(5(l+1)2*”/2) (5(%-31 —
=0

y (8[271,/2 + €(l+1)2*"/2 >

2
1 [2%t]-1
1 2
> Ao f(XN XL (41y0- ) I (Sigry2-n/2) Oigryz-nse.
=0

Hence, we deduce that

2
E[<DX2K'SL3)(f’t)76(j+1)2*"/2> ]
[22¢]—-1

)? Z |E[A1n 01202 f (X', X?) Ap D122 f (X, X?)
1,E=0

< 2(§

xlfl)(§(l+1)2_n/2) (5(%1)2 n/z) (5(k+1)2—“/2) (5(%11)2 n/2)]|

Elp—n/2 + e I4+1)2—-n/2
(e

Eko—n/2 +e k4+1)2—-n/2
(|

|125¢]-1
+2(7)2 Z ’E[Al,n8122f(X17XQ)Ak7n8122f(X17X2)
1,k=0

I (Ssnyz-ne) I (Oenya-nra) 1L (Sgugnya-nia) 1) (Sgigayo—nra)|
X (taya=rr2, Sgnyz=rnro )| [(Frnya=nrzs dianya—nsa)|-

Since f € Cg°(R?), since X! and X? are independent, and thanks to
the Cauchy-Schwarz inequality and to (2.12), we have

|E[An 0122 f (X7, XQ)Ak nO122 f (X, XQ)I(U (5(z+1)27n/2)
I (S 1y2-mr2) 1L Sy ryz—ns2) I (g ny-nr2)]|
B (asnyz—ro) 11 Gpgryz—rnra) NE( I (Ss1y2-er2)]
|12 (S(ts1)y2-nr2)])
CIY (Ssnyz-nso) 21 Ssyo-rnro) 2l I (S 1ya-r2) ll2
X (S 1y2-nr2)

N

N

N

C(an/12)4 < C.

Thanks to the previous estimation, to (2.31) and to (2.23) (see also
(2.14) for the definition of p), we deduce that

E[(Dx2 K (f1),8(15110-n2)] < CRTVOR(t+82) +C27O2( |o(n)
nez
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< OB+t 41),

which proves (2.36) for i = 3.
Finally, we have proved (2.36).
3) We will prove (2.37) for ¢ = 2. The proof is similar for the other values of

7.
Fori=2:
<DX2 (K'r(?)(f’ t)), 6(j+1)2*n/2>4

[2Z2¢]-1 4

< Cc Y HAia,n52222f(X17X2)I§2)(5§3+1)2 w/2)

11,%2,13,14=0 a=1

4
€Z‘a2—n/2 + €(ia+1)2—n/2
<11 < 2 1 0(j+1)2-n/2
a=1

[22¢]-1 4
+0 2 Lot XD )
11,12,13,14=U a=
4
X H (Oliatn2-n728(j11)2-072)-

a=1

Thus, we have

E((Dx2(KP (f,1)),6(j41)2-nr2)")

[25¢]-1 4
@
E( H Ny oo f (XY, X)L )(583“)2_"/2)) ‘

<c Y
a=1

11,12,13,14=0

5i0’2—n/2 + E(’L',,,+1)27"/2
2 7(5(j+1)2—n/2
[2Z¢]—1 4
(2
+C Z ( H A'La,n8222f<X1 X2) )(5@:‘?+1) n/2>> ’
1,12,13,14=0 a=1

4
x H| Sliatnyz—n/2: O(ia1y2-m/2)

= Z30+ 25,
Thanks to (2.23) and to (2.34), we have
Z32 (1) S C@ Ot + 12 +1%) = C27 3t + 42 + 7).
On the other hand,
2
oo )

a=1
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is uniformly bounded in n. In fact, since f € Cy° and by applying the
Cauchy-Schwarz inequality two times, we get

4

4
‘E(HA%”@QQQ FOXL XL (622,00 )‘ H 2 OO0 1ya-nr) e

a=1 a=1

Thanks to the Hypercontractivity property of the pth multiple integral with
p > 1 (see for example Theorem 2.7.2 in Nourdin and Peccati (2012)), we
have for a € {1,...,4},

||I(2) (5®2 )||L4 < C||I(2) (5®2

(iq+1)2-7/2 (ta+1)2- n/2)||L2 < 02_n/6a

where C' is some positive and finite constant, and we have the last inequality
thanks to (2.12). We deduce immediately from the last inequality that
3C > 0 such that for all n € N

4
‘E( H Aimnagggf(Xl’XQ)I(z (5(@?2“)2 n/2)>‘ < C. (2.38)

a=1
So, we get

[22¢]-1
Z3) < ct ST alis — Dlleliz — Dllelis — Dllelia — )

11,12,13,14=0

< 0B plr))t = c2m e,
reZ

Consequently, we deduce that
E((Dx2(KD(£,1)),0(11)2-n/2)") S C272M3 (14t 417 +1%).

Hence, we have proved (2.37) for ¢ = 2, which ends the proof of Lemma
2.8.
O

3. Proof of Theorem 1.3

We suppose H < 1/2. The proof in the case H > 1/2 is immediate and, conse-
quently, is left to the reader.

Definition 3.1. For all p,q € N such that p + ¢ is odd, we define VP9(f, 1) as
follows:

[2%¢]-1
V;?q(fa t) = Z Aj,nf(X17X2)(X(lj+1)27n/2 - ngfn/z)p
§=0
X (X 1ygnie = Xipons2)™. (3.1)

We have the following proposition which will play a pivotal role in the sequel :

Proposition 3.2. If (H > 1/6 andp+q > 3) orif (H=1/6 andp+q > 5), then

VPAa(f,t) -z, 0, as n — oo.
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Proof: We suppose that p is even and ¢ is odd (the proof when p is odd and ¢ is
even is exactly the same). We have, for all k € N*, 22F = Zle bok,i Hoi(x) + bag o
and x2F—1 = Zle agk—1,iHz;—1(x), where H,, is the nth Hermite polynomial, bay, ;
and agi_1,; are some explicit constants (if interested, the reader can find these
explicit constants, e.g., in Zeineddine (2015, Corollary 1.2)). Set

3(3:3") = B (X1, X2 Ajr o f(XT, X).

Recall that for ¢ € {1,2} we denote X;’" =2 X;T%. We distinguish two cases:
ifp#0andif p=0,
(1) If p # 0 : Then, we have
ol 123¢]-1
VUL = b2 S a3 Ay (X Xy (X - X27)
k=1 =0
_nH(pto) i 2211
Zzaq,k’ D,k Z Ajnf( Xl XQ)
k=1k'=1

x Hoy, (X]+1 X;’”)

><-’7[21~f’—1(X32+n1 XJQH)

q+1 g q+1
pOZaqk’ n,1 ka t) +Zzaqk’ kan2 kak/ t), (3.2)

k=1 k=1k'=1
with obvious notation at the last equality. Let us now prove the convergence
to 0 as n tends to infinity, in the L? sense, of V,, 1 (f, k', t) and V, o(f, k, k', t)
forall k € {1,...,5} and ¥’ € {1,...,qJ2r1}7
(a) Convergence to 0, in L%, of V,,1(f,k',t) : For all k¥’ € {1,..., %1},

E[(Var(£.K 1))

125 ¢]—1
= 2 nH ) Z E(QS(jaj/)sz’l(Xjfl—Xz )HQk’*l(XJ’L X?ﬁ"))
5.37=0
[22¢]-1
—nH —(2k'—1 . 2 - 2 _
= ) S (VG G ) )
3,3"=0
2k’ —1 9 [2%t]—-1
/ 2K —1
_ 2—nH(p+q—(2k: -1) | B .
az:(:) a{ ™ MZ;O ¢(4,7")

(2) 2k —1—a 2k’ —1—a
X ghr 9 24 (5%+1)2*”/2 ® 5% 14+1)2- n/z)) (0G+1)2-m/25 0514 1)2-nr2)

; N 9 [2%¢t]-1 /
=yl @) 5T (ST ST m (o)
a=0 5.4'=0

(Sg)ikl);l n(/lZ ® 6®2i:1;21 -na/2 >> <6(j+1)2—n/2 3 6(j/+1)2—n/2>a
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2k’ —1 2
2K —1 ,
= §;a!( . )Qﬁf’“)(tL
a=0

with obvious notation at the last equality and with the second equality
following from (2.9), the third one from (2.11) and the fourth one from
(2.10). Recall that f € Cp°. We have the following estimates.

e Case a =2k —1

[22 t]—1
|Q£Lk',2k'—1)(t)| < 27nH(P+q 2k’ 71) Z E ‘QS ] ] )
J,3'=

2k’ —1
X[(0j1)2-nr2:0jr1)2-nr2)|
< O (pra- @K -0) on(- @K -DH) _ cyo-nlH a4
where we have the second inequality by (2.24).

e Preparation to the cases where 0 < a < 2k' — 2

Thanks to (2.8) we have

4k’ —2—2a

DETI(eG ) = Y. 4l (3.3)

l 4k’ —2—2a—1
€j2—n/2 + €(j+1)2—n/2 ~ €j/2—n,/2 + 6(j'+1)2—n/2 a
. 2 ® 2 ’

where ¢;(j, j') is a quantity having a similar form as ¢(j, j'). So,
we have
e Case 1 <a <2k —2

Q) (2)]

4k’ —2—2a L272Ltjfl

< o (pta-(r-1) Z Z (|61G. 5)]) %
J,J'=
Ejzfn/z + €(j+1)27n/2 l® 8]-/2771/2 + 6(jl+1)2—n/2 Ak’ 2201
2 2 ’
®2k"'—1—a ®2k"'—1—a a
6(]+1 9—n/2 ® (S j +1)2 n/2>"<6(j+1)2"/27 (S(j/+1)2—n/2>|
[22¢]—1
< C2—nH (p+q—(2k —1)) (2—nH)4k/_2—2a Z |<5(j+1)2*n/2 7 (5(j/+1)27n/2> ’a
J,3'=0

Ct2an (p+q7(2k'71)) (2—nH)4k/—2—2a2n(%—aH)

O~ nlH (p+a+2k —1—a)— *]

where we have the second inequality thanks to (2.23) and the
third one thanks to (2.24).
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e Case a =0

Q¥ (1)) (3.4)
4k’ —2 2% ¢]-1

27nH(p+qf(2k/*1)) Z Z E(|¢l(3’31)’) X

=0 j5,j'=0

l 4k’ —2—1
‘< <€j2"/2 T EGr12—ns2 Ejra—n/2 T E(jry1)a-n/2
2 b)

2
4k —2[2%¢)-1

N

X

5®2k —1 5®2k —1 >

(i41)2-n/2 © 0 1y9-n/2
o nH (p+q—(2k' 1)) Z Z

<(6]’2n/2 + 5(j+1)2—n/2 )l
2
p— J]/ 0

4k’ —2-1
& Ejra—n/2 T E(jry1)a—n/2 5®2k’ L @@kl
2 j+1)2 n/2 (] Jrl 2—n/2

N

(3.5)
We define

l 4k’ —2—1
Er(Lk/J) (]7 ]/) — ‘<<Ej2n/2 + ;(j+1)2n/2> ® (Ej/Qn/z + ;(j/+1)2n/2> 7

®2k"—1 ®2k"—1
5(]+1 2—n/2 ®5J +1)2 n/2> )

If 1 = 0, observe by (2.23) that

’ L. _n ’_ 5'/2—71/2 +€ i’4+1 2-n/2
E?(lk ,0)(]’]/) < (2 H)4k 3 << J 2(1 ) >75(j+1)2n/2>"

If I # 0 then

—n ’_ 6‘2—71/2 + E(s 1)2—n/2
B0 < (s |( (St g, >\
(2.2

By combining these previous estimates with (3.5),
(2.26) we deduce that

n

|Q(k,70) (t)| < 02—nH(p+q—(2k’—1)) (27nH)4k’73(27nH71 + 21+n/2t2H+1)
< 2 HIp+a+2k —1] + CQ—n[H(P+q+2k’72)f%]t2H+1'
Finally, we deduce that for all ¥’ € {1,..., %1},

2k’ —1

E[(Vaa(£,K,0))°] < Ct( > 9 nlH (pta+2k' —1=a)=3]) (3.6)

a=1
+C2—n[H(p+q+2k'—2)—7]t2H+1 + CQ—nH[p+q+2k -1

It is clear that either for H > 1/6 and p+ ¢ > 3 or for H =1/6 and
p+q =5, we have V,, 1 (f, K, t) L% 0 as n tends to infinity.
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(b) Convergence to 0, in L2, of V,, o(f, k,k',t) : For all k € {1,..., £} and
k€ {l,..., %1}, thanks to (2.9) we have

[2Z¢]-1
__ nH(p+q) n n
Vn,2(f7k7k/7t) = 2 Z Aj,nf(XlaXQ)HQk (X]l_u_l - X]L )
§=0
XHlefl(X;_’,’_nl — ij’n)
s [125¢]-1
_nH(p+q 1 nH
= 2 Z Aj,nf(leXz)Iz(k)((z 2 5(j+1)2*"/2)®2k)
§=0
2 nH r_
I (2% 65 1yp-ns2) 22 7).
We thus get
2
E[(Vn,Q(fakak/ut)) ]
[2Z¢]—1
= o nHlpta-(F 1) > E(¢(Jaj/)12(;1€)<(2rg[5(j+1)2n/z)®2k)
J,j'=0

1) ( ok 2 — 2 r_
sz(k) (272 5(j'+1)2w/2)®2k)12(k)’—1 (5((8;'1161)21%/2)[2(1@2—1 (58/2J]i1)21n/2)>

/ W1 opr 1\ 2 2% 1)1
_ 2—nH (p+q_(2k _1)) Z a! ( a ) Z E <¢(]7 ]/)
a=0 J,3'=0

1 nH 1 nH
IS (2781 1y2-072) 22 ) I5) (2780412 nr2) )

2 2k'—1—a 2k’ —1—a
XIil’)*Q*Qa (684»1)2—%/2 & 6?}/+1)2—n/2)) <5(j+1)2*"/2 ) 6(j/+1)27n/2>a

, 2k'—1 2k_l —1 2 LZ%tJ*I ’
et (pra—r-) ZC”( ) ) > E<<D§f2—2-2a(¢u,j')),
a=0 J,3'=0

2k'—1—a 2k’ —1—a 1 nH k
Jairen ®68+1)2—"/2>I§k)((2 7 0anz-n) )

nH a
xIy) (2% 5(j’+1)2"/2)®%)><5<J’+1>2"/2»5(j'+1)2"/2>

2k —1 2
2K —1\" ~
= > a!( ) Q- (®),
a

a=0

with obvious notation at the last equality. Recall that f € Cp°. We
have the following estimates.
e Case a =2k —1

‘Q,(f/’%/_l)(t)‘

[2%¢]-1
< grlpreeron) Ty E(\¢<j,j’)féi)(<2"f6<j+1>2m)@z’“)
J,3'=0
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XIQ(]];) ((2”2}1(5(j/+1)2n/2)®2k)> D | <6(j+1)2—n/2, 5(j/+1)2—n/2>‘2k -t

22¢t]—-1

< 02,nH(p+q7(2k’71)) L XJ: ”12(]13((2"21{ 5(j+1)2—n/2)®2k)||2
J»,3'=0

x||13) (277 8 +1y2-n2) %) I2[(0j 1 )22, 5(9"“)27"/2”%/_1

[23¢]—1

< Cco—nH (p+a—(2k'-1) Z \<5(j+1)2—n/2’5(j/+1)2*”/2>}2kl_1
4,4'=0

< CrgnH (pra=@K =) gn(h—@K =1 H) _ cyg—nlH(p+a—4]

X

where the third inequality is a consequence of (2.12) and the
fourth one a consequence of (2.24).

e Preparation to the cases where 0 < a < 2k — 2
Thanks to (3.3), we have

4k’ —2—2a .. R2k'—1—a ®R2k'—1—a
’E(<Dx2 (¢(]7j/))7 6(j+1)2—n/2 ® 6(j’+1)2_"/2

1 nH 1 nH
Iz(k)((2 2 (5(j+1)2—n/2)®2k)_[2(k)((272 5(j,+1)2n/2)®2k)>‘
4k’ —2—2a

< ) FE (|¢l (G 35 (270 ayanr2) PRV IS (2756514 1y0-nr2)52F) |>
=0

’
€j2—n/2 + E(j+1)27"/2 L - Ej/Z—n/2 + E(j/+1)2—n/2 4k"'—2—2a—1
8 2 @ 2 ’

®2k"'—1—a ®R2k"'—1—a
OGrne—riz ® 5(j’+1>2”/2>‘

4k’ —2—2a
1 nH 1 nH
< 03T MR (@ 5 ny0ne) B allIg) (272 650 11y2-nr2) 22 |12
=0

l 4k’ —2—2a—1
’<(€j2n/2 + E(j+1)2—n/2 ) ®(€j/2n/2 + E(j/+1)2“/2> a
)

2 2

(j+1)2—n/2 j/+1)2—n/2

l 4k’ —2—2a—1
<<€j2—n/2 + 5(j+1)2—n/2 > ®(5]‘/2—n/2 + €(j/+1)2—n/2 )
)

®2k"'—1—a ®R2k"'—1—a
s, @ g0

4k’ —2—2a

< C Y
=0

2 2

)

®2k"'—1—a ®R2k"'—1—a
OGrne—riz @ 5(j’+1>2”/2>

By the same arguments that was used in the study of
Vo1 (f, K, t), we deduce that
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e Case 1 <a <2k -2
QU0 ()] < CramH a2k —1)—3],

e Casea=0
|Q7(«Lk/70)(t)| < C2—7LH[p+q+2k/—1] +CQ—n[H(p+q+2k'—2)—%]t2H+1'
Finally, we deduce that, for all k € {1,...,2} and ¥’ € {1,..., T},

2k'—1
E[(Vaolf kK, 0))7] < Ct( Y 27nlfrar2i—1ma-4]) (3.7)

a=1

+C«2—n[H(p+q+2k’—2)— %]t2H+1 + CQ—nH[p+q+2k'—1] )

It is clear that either for H > 1/6 and p+q>3orfor H=1/6 and

p+q =5, we have V,, o(f, k, k', ) —) 0 as n tends to infinity.
Combining (3. 2) (3.6) and (3.7), we deduce that

94 a1
[(Vpﬂl(f t < C Z (( Z 2—n[H(P+q+2k/—1—a)—%])t (38)

k'=1 a=1

+2—n[H(p+q+2k/—2)—%]tQH-i-l + 2—nH[p+q+2k’—1]) )

Hence, the desired conclusion of Proposition 3.2 holds true when p # 0.
(2) If p=0: We have
il [2Z¢]-1

V07q(f7 Z Ajnf Xl )HZk’fl(Xja_nl Xf’n)

k=1
By the same calculation as in the previous case, we deduce that

o4 k-1
[(VO,q(f, < O Z (( Z 2—n[H(q+2k/—1—a)—%])t (39)

k'=1 a=1

+2—n[H(q+2k/—2)—%]t2H+1 + 2—nH[q+2k’—1]> )

Hence, the desired conclusion of Proposition 3.2 holds true when p = 0 as
well, which ends up the proof of Proposition 3.2.

]

3.1. Proof of (1.5). Thanks to Lemma 2.4, we have
f(X(:lj+1)2*"/27X(2j+1)2*"/2) - f(XJQ n/2vX i2— n/2)

of
- Ajna (X1, Xz)(X(j+1)2 w2 = Xy n2)
of
+AJ ”6 (Xl Xz) (X(23+1)2 n/2 *ngzfnﬂ)

6
+Z Z C(O‘ha2) Aj,naﬁa’lazz“Qf(XlaXz)(X(lj+1)277L/2 - X;anﬂ)al

=2 a1t+ag=2i—1

x (X(2j+1)2—"/2 - X?z—n/?)(12 + R13((X(1j+1)2—n/27X(23+1)2 "/2))’
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(Xjgns2s Xipns2)))-
By Definition 1.2 and (3.1), we can write

1 2
f(XLZEtJZ "/Q’XLZ%tJ2*"/2)—f(O7O) (310)

On<f,t)+z Y. Clona) V290055 ,f01)

1=2 a1tag=2i—1

+ Z R13((X(1j+1)2—n/2’X(2j+1)2—n/2))v(X}2—7z/27X?2—n/2)))~

By Lemma 2.4, we have

[23¢]-1

>

=0

R13((X(1j+1)2*"/27X(2j+1)2*n/2))7(XJQ n/2aX32 n/2)))

[22¢]-1

ST DD DN GRS ¢RI GRS ¢S]
ar1+az=13 =0

Qs
So, we deduce by the independence of X' and X? that

2% ¢t]—1
> x(

R13((X(1j+1)2*n/2a X(2j+1)2*"/2))’ (X;Q*"/z ’ X322*"/2))) D (3.11)

=0
|25 ¢t]—1
< G Z Z E(|X(1j+1)27n/2 _X;an/2|m)
a1taz=13  j=0
(‘X (+1)2-n/2 X?z—n/2)|a2)
Lz%tJ71 —nH(ajtag)
= G ) 27 S B B(|6)]
a1taz=13  j=0
< Cf Z E[ |a1] [|G|a2] Mt*}n_mo 0,
a14as=13

with G ~ N(0,1). On the other hand, by the almost sure continuity of f(Xl, Xz),
one has, almost surely and as n — oo,

2 2
P Xy ) = 10,0 = F(XEXR) = F0,0). (312)
Finally, the desired conclusion (1.5) follows from (3.11), (3.12) and the conclusion
of Proposition 3.2, plugged into (3.10).

3.2. Proof of (1.6). We define W,,(f,t) b

Wa(f.t) = (Kﬁ”(f, ), K (f,1), K2 (f,1), KO(f, t>>,
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where, for all i € {1,...,4}, K,(Li)(f, t) is given in Definition 2.2. Let also define
W(f,t) as follows,

t
W(f,t) = (/{1/ o f(X) X?)aB} @/ Dana f(X}, X2)dB2,
0
t
53/ Do f(XE, X2)dB3 54/ Oiaf X;,Xg)ng),
0

where (B 1 ,BY) is a 4- dimensional Brownian motion independent of (X!, X?),

K = K3 = g5 ZTEZp (r) and k3 = K] = 35 Zrezp (r) with p defined in (2.14).

The following theorem will play a crucial role in the proof of (1.6).

Theorem 3.3. Suppose H =1/6 and fizt > 0. Then, as n — oo,
(X', X2 Wo(f. 1) = (X1, X2, W(f,1)),

in Dy2[0,00) x R%.

Proof: The proof of Theorem 3.3 will be done in several steps.

3.2.1. Step 1: Tightness of (X', X2 W, (f,t)) in Dg2[0,00) x R%. It suffices to
prove that (W, (f, t))n is bounded in L?(R*). We have

E([Wa(f,1)134) (3.13)
= E(I(KM (1), KL (f4), KE (f,4), KD (f,4)l1Rs)

E((KP(f.)).

|
M%

1

S
Il

On the other hand:
(1) For p = 1,2, thanks to (2.32), we have

sup E((K{P)(f,1))%) < C(t + %),
neN

(2) Thanks to (2.31), we have

SEIR)IE((KT(L?’)(JC, t))2) <C(t+12).

(3) Thanks to (2.31), we have also

SggE((Ké‘“(f, )?) < C(t+17).

By combining these previous estimates with (3.14), we deduce that 3C' > 0 inde-
pendent of n and ¢ such that

E(||Wn(f7 t)”]?&“) < C(t + t2)=

which proves the boundedness, in L?(R*), of (W,,(f,t))» and consequently its tight-
ness.
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3.2.2. Step 2. By Step 1, the sequence (X', X2 W, (f,t)) is tight in Dg2[0, 00) x R?.
Consider a subsequence converging in law to some limit denoted by

(X', X2, W(f,1)

(for convenience, we keep the same notation for this subsequence and for the se-
quence itself).

We have to show in this step that, conditioned on (X!, X?), the laws of W (f, )
and W (f,t) are the same: Let A = (A1,...,\4) denote a generic element of R* and,
for \, B € R%, write (), 3) for 2?21 Xif3;. Let us define g1 := d111f, g2 := Oaaaf,
g3 := O122f and g4 := 0112 f. We consider the conditional characteristic function of
W (f,t) given (X1, X?):

P(N) i= E(! MWD X1 X2,

Observe that ¢p(\) = e™2 Tp=1 Mo where, for p € {1,...,4},

t
iy =3 | GHOXL X)),
0
Observe that ¢ is the unique solution of the following system of PDEs:

o) =0 (— ). =L 610

where the unknown function ¢ : R* — C satisfies the initial condition ¢(0) = 1.
Recall that our purpose is to show that

E(ei<A,Wm(f,t)>|X1’X2) _ E(ei<>\,W(f,t))|X1,X2).
Thanks to (3.14) this is equivalent to show that

0 .
E(efPMWe(Fit)) | x1 x2
N, (e X5 X)

¢
_ E(ei(,\,Woc(f7t))‘X1’X2) (- )\pfff,/ gf,(X;7 XZ)ds), -
0

Hence we have to show that, for all p € {1,...,4},

E(GKP (f,t) NW=U0)| X1 x2) = E(eHOW=0)| X1 x?)
t
<(= A [ g2t X)),
0
Equivalently, for every random variable ¢ of the form o (X}, X2 ,..., X} X2 ),

with » € N*, ¢ : R? — R belonging to C;°(R*") and s1,...,s, € R, for all
p € {1,...,4}, we have to prove that

E(iKL (f,1) ™ W=U¢)
t
= E(gMWellt) (—)\p/ifo/o gr(X1, X2)ds)).

Since (X', X% Wo(f,t)) is defined as the limit in law of (X', X2 W, (f,t)) and
since W, (f,t) is bounded in L?, we have

EGKD (f,1) eMW=lDe) = lim E(iKP (f,t) O WnllD)g),

n— oo
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Thus, we have to prove that, for all p € {1,...,4},

lim E(GKP (f,t) efOWnlfD)e)

n—oo

, . t (3.15)
=E (g Wee 50 5 (— )\p,‘ﬁz/ g2(X1, X2)ds)).
0

Let us compute E(iKr(lp)(f, t) efAWnF0)¢) for p = 3 (the calculations are very
similar for the other values of p). We have

E(iK(f.1) ¢! W (10g)

, [25¢)-1
1 _n n n n n
= 2% 3 E(Aj,nalggf(Xl,X2)H1(X}4’_1 — XM Hy (X2 - XM
j=0
Xem,wn(f,t»g)
; [22¢] -1
_n 1 n 2 n
= §2 * Z E<Aj,n5122f(X1aX2)I§ )(2125(j+1)2—n/2ﬂ§ )(265811)2w/2)
j=0
Xel’(/\,Wn(f,t))é“)
; [22¢] -1
1 2
= g E(Aj)nalggf(Xl’X2)Il( )<6(j+1)27n/2)lé )<6811)2_"/2)
7=0
X6i</\,Wn(f,t)>€>
; [2%¢]-1
= g E<<DX1 (Aj_’naugf(Xl, Xz)elo\’w”(f’t»f),5(j+1)27n/2>

2
XIQ( )(683_1)2—71,/2 )) bl
(3.16)

where the second equality follows from (2.9) and the last one follows from (2.10).
Thanks to (2.7), the first Malliavin derivative with respect to X! of
Ajmalggf(Xl, X2)€i<>\’W"(f’t)>§ is given by

DXI (Aj)nalggf(Xl, X2)€i<)\’W" (f’t)>f)

. Eig—ny2 + Ers —n/2
_ Aj’nallmf(Xl,X2)ez(>\,W"(f,t))£< 32 2(1+1)2 )

+iA D120 f(X, X2) e AWaED e Dt (N Wi (£, 1))
A 01 f(XT, X2)eAWn I Dy

Thus, by (3.16), we have

B (1,1) W)
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4 n(fs 2
E<Aj,nam2f(X1,X2>e SRR 3 A (i ﬂm))
£ i9—n/2 + 3 i+1)2—n/2
><< j 2@ ) 75(j+1)2n/2>

E <Aj,n6122f(X17 X2t Wn B e (D (N, Wi (f, 1)), S(j41)2-n/2)

XIQ (5%11 2— n/2)>
E(Aj’nalggf(X17X2)6i<)"W"(f’t)) <DX1§7(5(]4+1)277L/2>

652 )
A, (t) + Bn(t) + Cn(t),

with obvious notation at the last equality.
In the next steps we will prove ﬁrstly that A, (t) — 0 as n — oo, then that
Bu(t) = —Mr3E (66N W (F0) 5 [T g2(X 1, X2)ds) and finally that C,,(t) — 0.

3.2.3. Step 3: Proof of the convergence to 0 of A,(t). Thanks to the boundedness
of e!MWn(ft) and ¢, and since f € C5°(R?), we get

|123¢]-1
2 8‘2—71./2 +e€ i+1)2—n/2
ORI MR D[ (S )
L22tJ 1
2 5‘2—71,/2 +€ i+1 2—n/2
< 03 MG (SO )
L22tj—1

—n 6‘2—n/2 +€ i11)2—n/2

< 02 /6 Z < J 2(]+ ) ’6(‘7+1)2n/2>‘
§=0

< C«Q-’ﬂ/ﬁtl/37

where the third inequality follows from (2.12) and the last inequality follows from
(2.29). Hence, A, (t) — 0 as n — co.

3.2.4. Step 4: Study of the convergence of By(t).
B,(t)

= — > E(Aj,nalmf(Xl,X2)€i<)"w"(f’t)>

<€ (Do (W00 -0 ) 5 (08 )
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= 125 ¢]—1
= 5L b <Aj,n8122f<X17 X2)el W (10)
p=1 7=0
XE <DX1 (Kép)(t)),é(j+1)27n/2> ((5%3_1)2_,,/2)>
4
= S NBP (), (3.17)
p=1

with obvious notation at the last equality. We will prove that

n—roo

t
Bult) oy ~3E(O=00ex [ goxxhas). )
0

where g3 := 0122 f, see the beginning of Step 2. The proof of (3.18) will be done in
several steps. Firstly, we will prove the convergence of B(3)( t) to

—K3E (e“’\’wm(f’m& X fot (a2 f (XL, X2)) ds). Then, we will prove the conver-

gence to 0 of BY (t) for the other values of p.

Study of the convergence of B,(ZB) (t).

[22¢]-1
1 ) .
B0 =-5 2 E<Am31zzf(X17XQ)@“’W"”’”)& (3.19)
§j=0

X<Dxl (K( ()) 5(]+1)2 n/2>12 (5%11 2— 7;/2))

Our purpose in this subsection is to prove the following result :

t
BO (1) — HzE( <A,wm<f,t>>gx/ (8122f(X§,X§))2ds>. (3.20)
0

n—oo

Proof of (3.20). Thanks to (2.7) and (2.13), we have

<DX1 (K’r(13)(t)) ’ 6(]‘+1)2—n/2>
[22¢]—1
Z A nOr12af (X1, X2)Il (O(kt1)2- "/2)12 (5(@211)2 w2)

Ero—n/2 +e€ k+1)2—n/2
><<( CGe ),5(j+1)2n/2>
L22tJ 1

—1—7 Z Akn8122f(X1 XQ) 2)(5(%3_1)2 n/2)<6(k+1)2—n/276(j+1)2—n/2>.
k=0

1

Using the duality formula (2.10), we deduce that

BP(t)
|123¢]-1
= —= E (Aj,n6122f(X17 X2 Ap w122 f (X1, X2 I (6 s1y2-n02)

64 Pyt
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2 2 PN Wi (f,
A O MO0 )e V00
Ero—n/2 +e€ k+4+1)2—n/2
X<( 2( +1) )’6(j+1)2n/2>
1 |125¢]-1
i1 0 B850l (X XD FOC XD G )
k=0
2 7 n(f,
I (G2 1y )OI t)>€><5(k+1)2n/2v5<j+1)2n/2>
i [2Z¢]-1
= g 3 (D% (At (X XA Oz X X)
§,k=0

1 2 i w (f,
XIf )(5(k+1)27n/2)lé )(5(%24_1)27”/2)6 KWl t)>5>75§il)2n/2>)

Eko—n/2 +e€ k4+1)2—n/2
><<( 2( ) )’6(j+1)271/2>

1
~6 E (<D§<2 (Aj,namf(xl, XA nO12af (X1, X?)
7,k=0
2 1 n b
I (552 1) ya)e! O t)>£)’5(®;11)2"/2>> (O(k+1)2-n/2:0(j41)2-072)
BBV (1) + BB (1), (3.21)

with obvious notation at the last equality. In the following two steps, we will prove

firstly that BS 2 (t) — —k2E <ei<%Woo<f¢)>§ x [7 (D122 f(Xsl,XSQ))st), then that

By(LS’l)(t) — 0 asn — 0.

(1) Convergence of B,(E’Q)(t) as n — oo : Let us prove that

t
B7(L3,2)(t) — —m§E<ei<A,Woo(f,t)>£x/ (3122f(X§,X§))2d5>. (3.22)
0

n—oo

Proof of (3.22). Thanks to (2.7) and (2.13) , we have

D% (Aj,namf(xl, X2) Ao f(X M, XO)IP (557 )gn/z)ei“’w"(f’t”f)

k+1
(3.23)
= D3 (8o f (X, X2 ApnOron f(XY, X2) I (52, ) D0
+2D x> (800122 f (X1, X2 Ay D122 f(X T, X))
BDxs (I (652 1 )OIV 0))
+A; 10120 f (XY, X?)Ap G102 f (X, X?) D% ([2(2) (5211)2_n/2)ei<>\,Wn(f7t)>§)
= D1+ Dy + D3, (3.24)

with obvious notion at the last equality. We also have
D2 (Ajnd122f (X', X?)Ap 0122 f (X', X7?)) (3.25)
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Ejo-n/2 T £ —n/2
- Aj’"81222f(X17XQ)Ak,nalmf(Xl,XQ)( £ (j+1)2 />

2
Epo-n/2 + E(k+1)2—n/2 )
)

+Aj,n6122f<X1»X2)Ak,nal222f(X17X2)( 5

and
D§(2 (Aj7n6122f(X17 XQ)Ak7n8122f(X1, X2)) (326)

2

Eig—ny2 + Ers; —n/2 \ ~
52 2<g+1>2 >®

Eonss A Erivona\ 2
- Aj’"aw?”f(leXQ)Ak,n3122f(X1,X2)< ERELR VAR /2>

+2A; 01920 f (X1, X?)Ap G122 f (X, X?) (

(Ekzn/z + E(k+1)27n/2 )
2

®2
Eko—n/2 + 6(k+1)2_"/2
2

+0j 122 f (XY, X?) A 012202 f (X, X?) <

On the other hand, we have

by (I (G2 ) AW 1 00g) (3:27)
= 2P (Opprynra) NV I ES G o
1(2)(5311)2 2)Dx> (ei</\>Wn(f,t)>€)
= 211 (5(“1)2%/2)6 <A,Wn(f,t)),5(5(“1)27”/2 +i1( (5(%11)2 )i AWR(T) ¢
XDz (A Wa(£,) + I (052 2)eE WD) Da (6),
Also
D%z (I (52 1)y )M g) (3.28)
= 2IOWIIESE2 e+ AL (Sryz—r2)d(ryz—n 2 ®Dxa (€M WP )
+137 (557, 2_n/2)D§<2(erWn(fvf»g)
= 2/ Wn(fi) 55(@?@2“)2 n2 +4ZI (5(k+1)2 nyz )t WlT0) EO(k41)2-n/2@
Dx2 (N, Wi (f, )>)+4I (5(k+1)2 wj2)el A Wnllt )>6(k+1)2*”/2®DX2(€)
HiLy (05 )N D EDR (N W, 00)) = I (554 2
xe! NN E(Doea (L W (£.00)) ™ + 2L (5, )OO
xDx2 (A Wa (£, 0)@Dx2(€) + I (552 1152 )e’ O DR (8.
From (3.25), (3.26), (3.27), (3.28) and (3.24), we deduce that
Dy = Ay o f(XY, X2 A ndion f(XL X IP (622, 0) (3.29)
Xei(A,Wn(fyt»g(gj?”/r" +;(J‘+1)2n/2>®2 LA, B f(X, X2)

1 2\ 7(2) [ c®2 i Wo (F,t €jo-n/2 +€(j+1)2*n/2
XA Or222 f (X, X5) 1,7 (87, 4y5-ns2)€ iAW )>£( 5
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5 (sznﬂ t E(k+1)2-n/2

5 ) + AjnOi2a f(X, X?) A 012202 f (X1, X?)

1(2) (5®2

®2
2 /2)61‘()\,Wn(f,t)>£(5k2—”/2 + 5(k+1)2—n/2> 7

2

Dy = 40 D222 f(X', X?)Ap 122 f (X, X2)11(2)(5(k+1)2*"/2) X (3.30)

i 6‘2—n/2 +5 i1+1)2—n/2 ~
e <>"W"(f’t)>§< : 2(H ) >®5(k+1)2n/2

210 Ora2a f (XY, X2) Mg nOraa f (X1, X2 I (622

(k+1)2—7/2
% <€j2n/2 + €(j+1)2—n/2

Je i<)‘7Wn(f7t)>£

2
XAk,nalggf(Xl, X2)I(2 ((5®2

(k+1)2-n/2
y (Ean/z + €(j+1)2—n/2
2

5 Ao O122a f(X 7, X2)]£2)(5(k+1)2_n/2)ei<x\,Wn(f,t)>€

y <5k2n/2 + E(k+1)2*“/2

>®DX2<<A7 Wa(£,6))) + 28, 01202 f (X7, X?)

)e! HAWn (£,8))

)@sz (&) + 40,0122 f (X', X?)

) ®6(k+1)27n/2 + 2iAj,n8122f(X17 XQ)

2
XAkv"61222f(X17XQ)I2(2)(5E8;62+1)2 n/z) UNWalf:)
Epa—n/2 +e k+1)2-n/2 -
><§< 2( +1) )®DX2(<>\,W”(f,t)>)
+2Aj,n8122f(X17XQ)Ak,n81222f(X17X2)12(2) (5(@%1 . e AW (£:1)
Ega-—n/2 T € n .
X( o 2(k+1)2 /2>®DX2 (&),
DS = 2Aj n8122f(X1 Xz)Akmalggf(Xl,Xz) (3.31)

x et Wn(f: f»ffs(kﬂ gonsz F 4D 0120 f (X, XP) A D102 f (X, X?)

(5(k+1)2*n/2)6 <’\’W”(f’t)>§5(k+1)27n/2 @D x2((\, Wi(f,1)))
4D D102 f (XY, X2 A Oraa f (X1, X2V (61 yg-ns2)ed W F0)
X0 (jop1)2-n2@Dx2 (€)
+iAj,n8122f(X17XQ)Ak,n5122f(X17X2)12(2) (5(%24_1)2 n/2)€ ! Wnlhig
X D% (A Wa(f,1)) = Ajndiz f(X', X?)
X A nbroa f(X1, X)) (5%&1)2 wy2) €AW IDE (Do (N, Wi (£,8))))
F2iA O f (X, X2 A B f(XE, XDIP (652 )l W)
xDx2({(A\, Wi (f,1)))@Dx2(&) + Aj 22 f(X, X?)

xAk,namgf(Xl,XQ)I(z (5%2“ , W) i()\,Wn(f,t»D%@(g)_

®2
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By plugging (3.29), (3.30) and (3.31) in (3.24), then by plugging (3.23) in
(3,2)
By (t), we get

BEA(t) = BE29(t) + BE2V(0) + BE29(1),
where

B2 (1)
[2Z¢]—1

S E<Aj,nammf<xl,X2>Ak,namf(X1,X2) RGN
3,k=0

®2
{N W (£.0) €j2-n/2 T E(j11)2-n/2 ®2
S e

9 [22¢]-1

X((S(]H,l)gfn/z, 5(]‘+1)2—n/2> - 674 Z E<Aj,n61222f(X1, X2)
7,k=0

BB f (X X G,y )0

5j2—n/2 +€(J‘+1)2—n/2 ~ €k2—n/2 +€(k+1)2—n/2 ®2
X<( 2 ® 5 0122

[2%¢]—1

X<5(k+1)2_n/2, 5(j+1)2—n/2 - 64 kzo <Aj,n8122f(X17 X2)
Js

XAk,n812222f(X17X2) 2)(528])@24,1)2 n/2 ) i<A7Wﬂ(f’t))€>

Epa—n/2 T E(pt1)2-—n/2 92 e
X<( 2 768+1)2 n/2 <6(k+1)2*"/275(j+1)2*”/2>

(3 2)

H'Mw

BE20()
4 [23¢]-1

T 64 E (Aimalzzzf(Xla X2) Aoz f(XY, X)L (S s 1)z nr2)
7,k=0

PN Wi (f, €jo—n/2 + 5( j+1)2-1/2 \ ~
Xe ( (f t)>£) << J 2 J ®5(k}+1)27"/275((8}3,1)27n/2

C22t]-1
13
X<6(k+1)2—n/2,6(j+1)2—n/2> - 674 Z E(Aj’n81222f(X1’X2)
J,k=0

XAkanalmf(Xl’ )I(2 (6(%3-1)2 n/z)eio\’W"(f’t»f

io—n/2 + E(; /2 o
o (S ) s (W1, 00,6 )
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2% ¢]—1

><<5(k+1)2*"/275(]’-{-1)2*"/2 - 64 kzo (Ajwnalgggf(Xl,X%
s

X Ao f(X1, X)L (557, 0)el O W)

€jo—n/2 T E(j41)2-n/2 \ ~
X<< 2 2(J+ ) >®DX2(£)7583,1)2n/2>)<5(k+1)2"/2;5(j+1)2n/2>

[23¢]-1

- Z E(Aj,n8122f(X17XQ)Ak,nal222f(X17XQ)I1(2)(§(k+1)2"L/2)
k=0

i - €k2—n/2 +€(k+1)2_"/2 ~ 2
xe <)\,W (fvt»é') < < 2 ®6(k+1)27"/275(®;’+1)27n/2

L22tJ 1
X (O (kt1)2-7/25 0(j41)2-m/2) 764 Z (Aj,nalng(Xl,Xz)
7,k=0

X Ay nOrana f(X1, X215V ((5(@211)2 oya)e AW D) ¢

Eko—n/2 +5(k+1)2_"/2 S
><<< 5 ®DX2(<)\ Wi (f, )>)7 (J+1)2 n/2

122 ¢]-1
2
XOksryz-nr2 Sgrnz-na) = 57 D E(Aj,nc’)mf(Xl,XQ)
4,k=0
X Apndrons f(XY, X2 052, )e AW I

Ero-n/2 + E(k+1)2-7/2 \ ~
X<< 2 ®DX2 (f)végil)gfn/z

><<‘S(chrl)T"/z O(j+1)2-n/2)
B

B2 (1)
|25 t]—1
= o X E(Amamﬂxl,X2>Ak7n8122f(xl,X2>ei<Wn<fvt>>xs)
7,k=0
X (B 1y2-n/2 0 s 1y2-nr2 ) Ok 112072, 04 1y2-n/2)

4 L22tJ—1

64

E (Aj,namf(xl, X2 Ap 22 f (XY X2 (8(es1y2-nr2)
J,k=0

X6i</\,Wn(f7t)>£<6(k+l)2 7L/2®DX2(< (f7 >>)’6(®;il)2 n/2>>

4
X <5(k+1)27n/2 R 6(j+1)2—n/2> — 674 Z E(Aj,ncr)lef(Xl, X2)

X A Oraa f (XY, X2 (8 p1yg-ns2)ed AW 50)
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X <5(k+1)2n/2®Dx2 (), 5811)2%/2 >> <5(k+1)2*“/2 ) 5(j+1)2*"/2>

. 2%t)-1

_@ E<Aj,n3122f(XlaXz)Ak,nauzf(leXQ)
4,k=0

2 /L n b

I 00 22 O DR (W0, ) )
[22¢]-1
X<6(k+1)2—n/2,6(j+1)27n/2> + 674 Z E(Aj,n8122f(X1,X2)
3,k=0
XAk,n8122f(X1a X2)I§2) (6(Q?j_1)gfn/2 )6i<>\7wn(f7t)>£
®2
X < (Dx2((N\ Wa(f,8)) 7, 5831)2%/2 >) (O(kg1)2-n/25 O(j41)2-n/2)
9 |123¢]-1
S B8O O XA 4 X G )
4,k=0
et AW (£,0)) <DX2 (N WL (f,))@Dx= (), 5811)2%/2 >>
1 [22¢]-1
X<6(k+1)2—n/2,6(j+1)2—n/2> - 674 Z E(Aj,nal22f(X1,X2)
3,k=0

XAk,n8122f(X1v XQ)I§2) (‘S(Qﬁﬂ)rn/z)ew\’w"(f’t)>
X <D§(2 (f), (5(8;11)2_7”2 >> <(S(k+1)27n/2a 5(j+1)2*"/2>

16
= > BE ().

i=10

Now, we will prove firstly that
t
BED(1) - w2 (ei<A,Woo(f¢)>§ x / (0122f(X;,X§))2ds),
0

then we will prove the convergence to 0 of B®:2 (t) fori e {1,...,16}\{10}.

n,i
e Convergence of BS’l%) (t) :

[2Z¢]—1

B (1) E(Aj,namﬂxl, XQ)Ak,namﬂXl,Xg)e“w“fvt”f)

32 o

X <5(k+1)2*"/2 ) 6(]‘4,_1)2—71/2)3.

Let us show that

t
i 2
B0 (1) v —H§E<€1(A’W°°(f’t)>f X / (Droaf (X5, X3)) ds) (3.32)
0
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Let us prove firstly that, a.s.,

[22¢]—-1
32 > Ao f (XY X ApnOraaf (X1, X2) (S sq1y2-nr2, 8(j41)2-n/2)
Jk=0
t 2
— /’»3/ (Or22f (X7, X2)) ds. (3.33)
n (o ] 0

We have, see (2.14) for the definition of p :

[2%¢]-1

D Z AjnOroaf (XY, X?) A nO1o2 (X', X2) (0 (i1)2-n/2, 8 (j41y2-nr2)°
k=0

9—n/2 125 ¢]—1 -
= > DO (XY, XA nOriaaf (X1, X?)p(j — k)?

32 45
— |25 ¢)-1 [ (128 ¢]-1-r)A([23 t] 1)
= 5 Z p(r)3 Z Apieninaf(X', X% (3.34)
r:17[2%tj k=0V(—r)

XAk,n8122f(X17X2)7

where the last equality comes from the simple change of variable r =
j — k, together with a Fubini argument. Observe that

(125 t]—1—m)A([2% ¢]-1)
‘Qn/2 Z Ar+k,n8122f(X17XQ)Ak,n8122f(X1’X2)
k=0V(—r)

_ /t (Oraaf (X1, X2))2ds
0

(123 t)—1—r)A([2Z¢]—1)
’2—71,/2 Z Ar+k,n5122f(X1’X2)Ak,nal22f(X1’XQ)
k=0V(—r)

N

([22t)-1-r)A(|25 t]-1)
_2_n/2 Z 8122f(X;2,n/2,X£2—1z/2)Ak,n8122f(X17X2)
k=0V(—r)

(12%t]—1-r)A([2Ft]—1)
+‘2”/2 Z 8122f(X]12—n/27X]zg—n/2)Ak‘77lal22f(X1?X2)
k=0V(—r)

(122 t]-1-r)A(|228 t]-1)

_ 2
—27n/2 Z (D122 f (Xjignsos Xignsa))
k=0V(—r)
(122 t]—1-n)A([22¢]-1) ,
+‘2n/2 Z (0122 (Xpnjos Xpons2))
k=0V(—r)

- /Ot (3122f(X517X§)>2d3
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= Tin + T2.n + T3,n,

with obvious notation at the last equality. Let us prove the convergence
to 0 of 71, ro,n and r3 .

For any fixed integer r > 0 (the case r < 0 being similar), by Theorem
2.3 and since f € Cp°, we have

[22¢]-1
P < 0122f 10272 Y | AriknO122f (X1, X?) = 0102 f (X Xiponya)|
k=0
|123¢]-1
< C2n/? Z |31122f(X;12_n/2,XEQ_TL/2)|

k=0
1 1 1
X ’X(’r’+k+1)2*“/2 + X(r+k)2*”/2 - 2Xk2—n/2 |

[22¢]-1

+C272 N (Ora0n f (X oz Xpgnse)]
k=0

2 2 2
x ’X(r+k+1)2—"/2 + X(ry2-nre — 2X o n /2|

[22¢]-1
+C2 /2 Z R2<(X;2_n/2,X,§2_n/2),
k=0
X! + X/ X? + X7
( (r+k+1)2-7/2 (r+k)2-n/2 (r+k+1)2—n/2 (r+k)2—n/2 )) ‘
2 ’ 2

N

1 1 1
ct sup ’X(r+k+1)2*"/2 + X(r+k)2*”/2 - Qszfnﬂ‘
o<k< |25 t]—1

+Ct sup |X(2r+k+1)2*”/2 + X(2T+k.)2—n/2 — 2X22,,,/2|
0<k<[2t)—1

[22¢]-1
+C27 2y Rz((Xizn/zﬂXé"/?)’
k=0
X! + X! X7 + X3
( (rk+1)2-7/2 (r+k)2-n/2 “*(r4k+1)2- /2 (r+k)2-n/2 >> ‘
2 ’ 2 |

By Theorem 2.3 and since f € C§°, we have

e + X!
r+k+1)2-1/2 r+k)2-n/2
’RQ ((X;Q—n/%XZQ—"/?% < ( ) 2 ( ) 3

2 2
X(T'+k+1)27"/2 + X(T'+k)2"/2)> ‘
2

| 2

1 1 1
S C<|X(r+k+1)2—"/2 T X(rpry2nz = 2Xp0ns

1 1 1 2 2
Jr|X(r-w-k-|-1)2*n/2 + X(r+k)2*n/2 - 2Xk2*n/2 | |X(7-+k+1)2*n/2 + X(r+k)2*"/2

2 2 2 2 2
—2X75 nsa| + ’X(r+k+1)2w/2 + X srya2—nrz = 2X 3y 2| )
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We finally get

1 1 1
o < C sup |X(r+k+1)2*"/2 + X(tky2-nsz — 2Xk2*"/2|
0<k< |28 ¢]—1
+C su |X1 + X! —2x} |2
p (rdk+1)2—n/2 (r4+k)2—"/2 k2-n/2
0<k<|28 ) —1
2 2 2
+C sup |X(r+k+l)2*’"/2 + X(ikya—nrz = 2Xk2,n/2|
0<k<|28 ) —1

2 2 2 2
+C Sup; |X(r+k+1)27n/2 + X(T+k)27’n/2 - 2Xk.27n/2 |
0k |22 t] -1

1 1 1
+C sup (‘X(r+k+1)2"/2 + X ryznrz — 2X - n/2 |
o<k |22t -1

2 2 2
X ’X(r+k+1)2*"/2 + X(rirya—nrz = 2Xj9-n/2 ’)

By Heine’s theorem, the last quantities converge to 0 almost surely.
Thus, r1,, — 0 as n — oo. We can prove similarly that ry, — 0 as
n — oo. Finally, it is clear that r3, — 0 as n — oc. Hence, we have
proved that, for all fixed r € Z, a.s.,

(122 t]—1—r)A(|2% t]-1)
9~ n/2 Z ArgrnOioof (XY, X?)Ap n 0102 f(X', X?) —

n— 00
k=0V(—r)
t 2
/ (5122f(X;7X52)) ds.
0

By combining a bounded convergence argument with (3.34) (observe
that 3 1= 55 >, o, p*(r) < 00), we deduce that, a.s.,

[22¢]-1
1
32 > Do f (XY X2) A Ora2 f (XY, X2) (S (sq1y2-n/2, 854 1)2-m/2)°
J,k=0

t
— ng/ (Braaf(XL, X2))2ds.
0

n—oo
Thus (3.33) holds true.
Since (X1, X2 W, (f, 1)) — (X', X2, Wa(f,t)) in Dgz[0,00) x R*, we
deduce the following convergence in law in R3,

127 ¢]-1
i 1
(e Ot g, .kzo Ajndra (X', X?)
e

B (X X)) B yz-orns G i)

t
ﬂ (ei<)\7woo(f7t)>7 &, mi/ (alzzf(Xsl’XSQ))?ds)'
0

By boundedness of e *Wn(fit) ¢ and 9190 f, we deduce that (3.32)
follows.
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e Convergence to 0 of B,(S’f)(t), Bff’;)(t) and Bfﬁf) (t). Let us first focus

on BS”f)(t). Since f € Cp°, e AWnlf1) and € are bounded and by
Cauchy-Schwarz inequality and (2.12), we have

’E <Aj,n812222f(X1, X2)Ak7n8122f(X1, X2)12(2) (6(%3_1)2n/2)€i<A,Wn(f7t)>§> ’
2 -n
< C’||I2( )(5a11)2—7L/2)“2 < 02 /6~

Combining this fact with (2.23) and (2.24), we deduce that

[2Z¢]—1
3,2 —n —n
IBEP )] < 02702702 ST [(Biayznrz Og41y2-ns2)]
7,k=0

< 02 /69 n/349n/3 — Oopa—n/6,

Let us now turn to Bfi’;)(t) and Bff’;)(t). Relying to the same argu-
ments, we get

BIY () < cr/t
BCP (1) < cr27e,

(3,2)
n,l

It is now clear that B, ;7 (t), Br(f’;) (t) and ij’f) (t) converge to 0 as
n — oo.

e Convergence to 0 of B,(L?jf)(t) and BS}Q)(t). Let us first focus on

BEP (). Since f € Cf°, ¢MWnlfD) and ¢ are bounded and by
Cauchy-Schwarz inequality and (2.12) we have

’E(Aj,n81222f(X1, XA nO120f (X1, X2)1£2)(6(k+1)2n/z)ei(A,Wn(ﬁt))g) ‘
< o (Sr1yz-nre)ll2 < C27M12,

Combining this fact with (2.23) and (2.24), we get

6]-2771,/2 + E(j+1)2—n/2 s
3 > O(j+1)2-n/2

X (O (kt1)2-m/2s 6(j+1)27'n/2>2

[23¢]-1
B0 < oy
§,k=0

122 ¢]-1

< 02_n/122_n/6 Z <5(k+1)2—n/2, 6(j+1)2—n/2>2
J,k=0

< C2fn/1227n/6t2n/6 < Cthn/IQ.
Let us now turn to Br(jf) (t). By the same arguments, we get
B ()] < cra2,

(3,2)
n

It is now clear that B,}” (t) and Bff’f)(t) converge to 0 as n — oo.
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e Convergence to 0 of B(3’2)( t) and Bfféz)(t). Let us first focus on

BS’;)( ). Since f € C§°, HAWa(£,0) and & are bounded and thanks
to (2.23) and to the Cauchy Schwarz inequality, we get

1B (®)]
|125¢]-1
< c2e Y E(\[@ (6 1y2-nr "<DX2(()\7Wn(f,t)>),5(j+1)2n/2>’)
7,k=0
><}<5(k+1)2—”’/2’5(3‘+1)2—n/2>|
4 [22¢]-1
< Oz*n/ﬁ‘ZIApl Z <|I<2 5%&1)2 ) |[[{Dx2 (K (£)), 651192 n/2>|)
p=1 7,k=0
X[tk 1y2-m/2, 84 1)2-mr2)]
2% ¢]-1
< 02N I S \\]2(2)(5(%1)2 ) 2l x2 (KP (1)), 654 1y2-n/2 )2
= 7,k=0

X}<5(k+1)2*n/2»5(j+1)2—n/2>‘.
Due to (2.12), (2.36) and (2.24), we have
|123¢]-1
1
IBED(6)] < 02702 /6970 (12 4t 4 1) > Besnyz—nrzs 8 41ya-nr2)]|
k=0

< CL+t41)72/0,
Let us now turn to B,(i’éz) (t). The same arguments shows that
B2 ()] < CH(2 + 1 +1) 22775,
It is now clear that B(3 2)( t) and B,(j{f)(t) converge to 0 as n — oo.
e Convergence to 0 of BS:GQ)(t) and ijgf)(t). Let wus first focus on

ij’g)(t). Since f € Cg°, e*MWnlf:1) is bounded and due to (2.23),
(2.35), (2.12) and (2.24), we have

[22¢]-1

3,2 _n (2
B2 < c2/s Y <|1 (652 ||<DX2(§),6(j+1)2n/2>|)
7,k=0

X|<5<7€+1>2*"/2’5(;'+1)2*n/2>|

[22¢]—1
. ,

< 027 S D OE L )lla| B ez ryz-na)]
7,k=0

< C272n/3 = oS,
Let us now turn to Br(z’(f) (t). The same arguments shows that
IBED ()] < cr2=m/s.

We deduce that B(3 2)( t) and Bffgf) (t) both converge to 0 as n — co.

)
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e Convergence to 0 of B,(jfl)( t) : Since f € C°, eAWalf) and ¢ are
bounded and due to (2.36), (2.12) and (2.24), we have

3,2
IBED 1))

|22 P t]—1
<0y E<|I£2> eanyz-nr2) [ (D2 (O W (£,6))), 8(41)2- w/2>|)
4,k=0
><<5(k+1)27n/275(;‘+1)27n/2>2
4 [22¢]-1
< OY Nl Y (‘I (Sgks1y2-n/2)|[{(Dxa (K (¢ ))75(j+1)2"/2>‘)
p=1 4,k=0
X(B1y2-n/2s O 1y2-n2)
[22¢]-1
< Ol 0 I Gurnz-nro) 2l (Dx (K (0), s y0-w2) 2
j,k=0
X (B 1y2-n/2, O 1y2nsz)
123¢]-1
< 027202 b1 1) ST (Gayy iz g nr)
k=0
< Ctt? +t41)7277/12,
Hence, B; ’11)( t) converge to 0 as n — oo.
e Convergence to 0 of B(3 2)( t) : Since f € Cg°, eXMWnlf:1) is bounded
and due to (2.35), (‘_.1_) and (2.24), we have
[2Z¢]—1
B < © > E<’II(2)(6(I€+1)2"/2)H<DX2(§)76(J'+1)2”/2>|>
k=0
X<5(k+1)2*"/276(]’+1)2*"/2>2
125 ¢t]—1
< 020 YT LY Gz Bz sz o)
k=0
< 2712
Thus, Bff’fz)( t) converge to 0 as n — oo.
e Convergence to 0 of 37(13123)( t):
[22¢]-1
LSO E(\fé” 08 g (D% (O Wi (£,6))), 852 2_n/2>!)
7,k=0

X [(O41y2-n/2, 0 1)2-072) |
[23¢]-1
2
-

J:k=0
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X|<5(k+1)2*"/2 5(j+1)2*"/2>|
L22tJ 1
2
< ch S P52 2D (K 082 1) o
7,k=0
X\ (k+1>2*n/2a5(j+1>w/2>\
< 02702 B2 4 4 1)2273 = 02O (12 4+ 1) 7t

where the fourth inequality is due to (2.12), (2.36) and (2.24). Hence,
Bfff?)) (t) = 0 as n — oo.
e Convergence to 0 of Bflgli)( t) : Since f € Cp;° and thanks to (2.12),

(2.37) and (2.24), we have

[25¢)—1
3,2 9 ,
ESAGIIESNEY E<|]§ ) (66 1y2nr2) (D2 (Wi (f,0))), (5417272 )
4,k=0
X’<6(k+1)2*”/276(j+1)2—n/2>’
[2Z¢]—1
(2 2
<0 IBY (6 1)2-n/2 ) I2l{Dx2 (O W (f,)), 85 11)2-nr2) " |12
7,k=0
X|<5(7€+1)2’"/275(j+1)2*"/2>’
4 [2%¢)-1
2)
< OY W Y PGl
p=1 J,k=0
2
X ||<Dx2 (KT(LP)(t))y 5(j+1)27n/2> H2|<6(k+1)2*"/276(j+1)27n/2>‘
122 ¢]—1
< 027031t 42 4+ 15)2 Z (Ot 1)2-n2, 851 1y2-n/2)]
4,k=0

< C27O(1 b+ 12 +13)3¢

It is now clear that 37(13124)( t) - 0asn— oo.
e Convergence to 0 of BT(L3125)( t) : Since f € Cp° and thanks to (2.35),

(2.36), (2.12) and (2.24), we obtain

[22¢]—1

BRI ®I<C Y E(|I§2’ 082 1 )| [P (A Wi (£ 9))), 8 1y2-nr2)
§,k=0
x[(Dx2(8), 5(j+1)2"/2>|> (k12721 854 1)2-m/2)
4 128 ¢]-1
< CQ_n/ﬁ Z |)‘P| Z E(’IQ (6(8];2+1 9—n/2 H<DX2(K7(LP)(t>)’6(j+1)2n/2>‘)
p=1 7,k=0

x ’ <‘S(Ich1)2-"/2 ) 5(j+1)2—n/2 ) |
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125 ¢]—1

4
C2 S 0l S P GE2 ) ol (Dxa (K (8)), 8051yl
p=1 7,k=0

N

X | <6(k+1)2*"/2 ) 6(j+1)27n/2 > ‘
[23¢]-1
-n 1
CETMOP(E +t+1)2 [(Otkr1y2-nr2, 0j41)2-7/2) |
3,k=0

N

N

C27 02 4t +1)7t.

Hence, Bf:fg(t) — 0 asn — 0.

e Convergence to 0 of B,(L?:fﬁ) (t) : Since f € Cp° and thanks to (2.35),
(2.12) and (2.24), we deduce that
122 ¢]—1

BEEW < ¢ Y E(llf’(ég%il)zn/2)|!<D§(2<§),6g§?il)2m>|)
4,k=0

X|<6(k+1)2*"/2a 6(j+1)2*"/2>|
[22¢]—1
—n 2
< o N | )(6(@;5_1)2—71,/2)H2|<5(k+1)2*"/276(j+1)2*”/2>}
4,k=0
< 27/,
(3.2)
Thus, B, 7§ (t) — 0 as n — oc.
Finally, we have shown that

t
BB (4) — —m%E(e“’\’W*(f’t»fX/ (5122f(XslaX§))2dS>’
0

n—oo

and (3.22) holds true. O
Recall that we are proving (3.20). Moreover, by (3.21),

B = BEV () + BE (1),

So, it remains to prove the convergence to 0 of B7(L3’1)(t).

3

(2) Convergence to 0 of BS ’1)(15) as n — oo.

[2%¢]-1

BV = —— b <<D§(2 <Aj,n3122f(X17 X)) Ak Oz f(X', X?)
4, k=0

1 2 i
IO By L >(5(%2“)2_”/2)em,wn(f,mg) 7 5811)2—»%/2»

Eko—n/2 +e k41)2-n/2
><<< e ),5U+1)2,L/2>.
Observe that

D% (Ai,namf(xly X2 Ap Oz f (X1, X2 I (3 4192-n/2)

) ,
XI2( )(5(6211)2n/2)ez<)\’wn(f’t)>§)
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= Ifl) (6(k+1)2—n/2 )D§(2 (Aj,nalggf(X17 X2)Ak,n61122f(xl’ XZ)

IO, ) WD) 5)_
As in the case of (3.23), the same calculations show that
2
D% <Aj,n6122f(X1,XQ)Ak,nalmf(Xl,XQ)I; )(53‘11)2 a)e <A,Wn<f,t)>§)
= -@1 + @2 + .@3,
where
I = Aj»"812222f(X1a XZ)Ak,nanwf(Xla )1(2)(5%24—1)2 n/z) i ’W"(f’t»f
Eio-ns2 T E€(; —n/2 ®2
(S ) 0 B (X X2 A D S X)
(2) (5®2 AW (ot €jo-—n/2 T E(j11)2-n/2
<IP (61, ) AU >>5( -
~ g —n/2 + E —n/2
®< = 2(k+1)2 ) + A O122 (X, XAy 0 Or12020 F (X T, XP)
(2) 2 Y Ega-n/2 T E(ky1)2—n/2 ®?2
I (G52 1y el ,Wn<f,t>>£< > ’
2

Dy =40 ;01202 f (X, X?) Ag 1122 f (X, X?)

2 i £ ‘2—n/2 + g i+1 2—n/2 ~
I; )(5(k+1)2*"/2)e <A’W"(f’t)>f( : 2(; ) >®5(k+1)2n/2

20 Oraza f (X1, X)) Ag nOr1aa f (X1, X2) 11D (582 )t A Wnlf:D) ¢

(k+1)2-7/2
Eio—n/2 T E(; -n/2 \ ~
» < j2 2(J+1)2 >®DX2(</\, Wa(f,1))) + 28 501222 f (X', X?)

5‘2—71,/2 + E(s 1)2—n/2
xAk,nanmf(Xl,XQ)IQ(Q)(CS%i_l)Q ny2)e O"W"(f’t))( : 2(]+ ) )

BDx2(€) + 407 nO122 f (X1, X?) A nOr1ama f(X1, X2) 11 (O(k41)2-m/2)

i Epa—n/2 T E(pq1)2-n/2 ) <
xe <,\,Wn(f7t)>§( 2( ) )@6(k+1)2"/2

+2lAj nalggf(X XQ)Ak n811222f(X X )1(2 ((5®2 ) HAWa(£,1))

(k+1)2-n/2
Epg-—n/2 + € —n s
><§< k2-n/2 2(k+1)2 /2>®DX2(<A,Wn(f,t)>)

+2Aj7n8122f(X1, XZ)Akmallgng(Xl, X2)12(2) ((5®2 )eiO\,Wn(f,t))

(k+1)2—n/2
» (Ek2n/2 + E(k+1)2—n/2

: JaDxe.

Dy =20, 0102 f (X1, X?)Ap G122 f (X, X?)
et AW EgEE | e+ 4il 22 f (X XP) A Oiioa f(X, X?)

x I (O(kg1y2-ns2)e’ <’\’W"(f’t)>55(k+1)2—n/2 @D x2((\, Wa(f,1)))
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A D102 [ (XY, X2 A D190 f (X1, X (S (jg1ynso)ed Wm0
XO(1)2-n/2 ®Dx> (&) + iAj,nalzzf(X17 Xz)Ak,nall22f(le X?)
ISP (082 o)W I EDR, (X, Wi (£,1)))

~ D1 f (X, X2) A nOr1aa f (X, XA I (05210 s2)

x e € (Do (A, Wi (£,1)))) 7 + 208 50122 f (X1, X?)
X Ao f(XY, XI5 (5(%11)2 o)t O LL0)
XDz (A, Wi (f,1)))@Dx2(€) + Aj n0122f (X', X?)

X ApnO1122 f (X7, X2)12(2) (53&1)2 ny2)€MWREN DL, (8).

Hence, we have

BE(E) = BEU (@) + BE (6) + BELO(@),
where
B
1 [23¢]-1

_@ |
7,k=0

®2
(2) (s®2 PN W (fot €jo-n/z + E(j11)2-n/2 22
X1y (5(k+1)2 "/2)6 < v )>€)<< 2 ’5(J+1)2 n/2

Exo—n/2 +e€ k4+1)2—n/2
X< 5 v5<j+1>2n/2>

b (Aimalzzzf(Xla X2) A nOiiooaf (X1, X211V (O(k+1)2-m/2)

E (Aj,n612222f(X1, XA w122 f (X1 X2 I (8 s1y2-nr2)

5 [23¢]-1

64 im0

i 5‘2—n/2 +€ i+1 2—n/2
<IP (022, e (/\,Wn(f,t)>§)<< j D )

~ [ Ek2-n/2 T+ E(kp1)2-n/2 ®2 Ega—n/2 T E(ky1)2—n/2
®< 2 5 (j+1)2-n/2 D) 75(j+1)2—"/2

1 [2Z¢]-1

~5 Z E(Aj7n8122f(X1,X2)Ak,n6112222f(X17X2)I1(1)(5(k+1)2"/2)
k=0

®2
(2) [ 5®2 RINUATE: Epa-n/2 T E(gt1)2-n/2 Q2
IO, )W >>5)<( - R

Egpo—n/2 T E(ky1)2-n/2
><< B 76(j+1)2—n/2

23(3 1)

B (1)
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[2%¢]-1
4
- 64 E<Ajv"81222f(X1, XQ)Ak,naHQZf(Xla X2)11(1)(5(k+1)27n/2)
4, k=0
, Eigons2 + E(it119n
Xll(z)((s(k+1)271/2)€1<>‘7Wn(f7t)>§><( j2n/2 2(]+1)2 /2>
Epa—n/2 T E(g41)2-n/2
Okt 1)2-n/2: 9 1) "/2>< 2( : ’5(j+1>2"/2>
o [25¢]—1
ol Z E<Aj,n51222f(X1>XQ)Ak7n31122f(X1aXQ)I{D((S(kH)z"/2)
§.k=0
®2 Wl
PO, )OI

><<( j2—n/2 +;(J+1)2n/2) ®Dx2((\, Wi (f, 1)), 58;11)2—"/2>>

Epa—n/2 T E(gt1)2-n/2
X< 2( ) 7(5(j+1)2n/2>

[22¢] -1
2
61 > E<Aj>n81222f(X1>X2)Ak7n81122f(X1aXQ)I{D((S(IC+1)2"/2)
4.k=0

2 5‘2—11/2 + S i+1 2—n/2
I (622 |, )i ,Wn<f,t>><< j ") )

s Ep2-n/2 T E(k41)2-n/2
®Dx2 (6)76((?;‘3_1)2n/2>)< 2( ) 75(j+1)2n/2>

[2%t]—1

4

~5l |
J,k=0

9 . Epa—n/2 T E(kt1)2-n/2 \ ~
XII( )((S(k+1)2n/z)e“)\’Wn(f’t»g) <( ( ) >®6(k‘+1)2”/2’

E <Aj,n6122f(X1, X2) A Oz f (X1 X2 I (0 s1y2-ns2)

2

5®2 Eko—n/2 + 5(k+1)2—n/2 5
(+1)2-7/2 5 1 0(j41)2-m/2
C2%¢)-1

- Z E<Aj,n3122f(X17Xz)Ak,nauzzzf(Xl,XQ)Il(l)(5(k+1)2n/2)
k=0

(5((%;2_5_1 2— n/2)€i<)\7wn(f)t)>£

€k27n/2 + £ k+1 2—mn/2 S
X<( 2( ) >®DX2(<)\, Walf,0)), 007 1) />)

Ero—n/2 +é€ k+1)2-n/2
><< > v5<j+1>2n/2>
[2Z¢]—1

- Z E<Aj,n3122f(X17Xz)Ak,nauzzzf(Xl,XQ)Il(l)(5(k+1)2n/2)

(5®2 )e* i(x an(fyt)><<€k2‘"/2 +€(lc-s-1)2—n/2>
2
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~ Eko—n/2 + € k4+1)2—n/2
®Dx: (5)’58’3-1)2—"/2>)< 2( ) 75(j+1)2n/2>

9
- Yo,
i=4

BE)
9 [2Z¢]—1
= E<Aj,n8122f(X17XQ)Ak,nBIIQQf(X17XQ)I£1)(5(]C+1)2n/z)

~5 |
J,k=0

) Ero-n/2 + & —n/2
PN W (fot ®2 ®2 k2—n/ (k+1)2—n/
xXe < ( )>£> <5(k‘+1)2n/275(j+1)2"/2>< 2 75(j+1)2‘n,/2>

4 [2%¢]—1

~5l |
J,k=0

XI§2) (6(k+1)2n/2)ei()\7wn(f7t)>£<6(k+1)2n/2®DX2 (<)\a Wn(f7 t)>)7
5®2 €pa-n/2 + E(k41)2—n/2 5
(j+1)2—n/2 2 1 0(j+1)2—n/2
[25¢)—1

-— Y E (Aj,namf(xl, X2 A2 f(X Y X2 (81 1)prr2)
7,k=0

2 i w (f, =
XI{ )(5(k+1)2—n/2)6 <)\,W (f t)><5(k;+1)2_"/2®DX2 (5)7(5811)2n/2>)

€k2—n,/2 + 3 k+1 2—-n/2
><< 2( ) ,6(j+1)2n/2>

L [2%t)-1

E <Aj,n8122f(xl, X2) A Oz f (X1 X2 I (0s1y2-nr2)

_@ |
7,k=0

2 7‘ n k)
XI% )(68;2#%1)2771,/2)6 A Wn(f t)>£<D§(2(<)‘7Wn(f7 t)>)76(®;il)2n/2>)

Epa—n/2 T E(j1)2-—n/2
X< 2( ) 76(j+1)2"/2>
1 [2Z¢]—1
R Z E<Aj,na122f(XlaXQ)Ak,n31122f(X17XQ)Ifl)(‘S(kH)zn/z)

E <Aj,n8122 FXY, X2) A nOiize (XY X2 I (0(s1y2-nr2)

64

7,k=0

i ®2
I O 0 22 N (D (O W) 0 ) )

Epa-n/2 T E(py1)2-n/2
><< 2( : ’5(j+1)2"/2>

9 [22¢]-1

_@ |
7,k=0

E (Aj7"8122f(X17 X2)Ak,n81122f(X17 XQ)IF) (5(k+1)2—n/2)
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XI(2 (6@;{3_1 . n/2) (A VW"(f’t)><DX2(<A7Wn(f7t)>)®DX2(§)75(®;*3_1)2—n/2>>

Eko—n/2 +e k4+1)2—7n/2
><< 2( + ) ’(S(j+1)2n/2>
1 [22¢]-1
64 > E<Aj7n3122f(X17XQ)Ak,n5’1122f(X1,XQ)Ifl)(‘S(kH)zn/?)

4,k=0

2 g
><I§ (5‘%&1)2 e )e </\,W,L(f,t)><D§(2(f) 5%11)2 n/2>)

Eko—n/2 +e€ k+1)2-n/2
X< 2( ) ,5(j+1)2—n/2>

_ Z BV

=10

We claim that, as n — oo, B(3 1)( t) — 0 for ¢ € {1,...,16}. The proof

of this claim is similar to the proof of the convergence to 0 of B(3 2)( t) for
i€ {1,...,16}\{10} and is left to the reader. (The reader could find the
detailed proof of this claim in my PhD thesis Zeineddine (2014), Chapter
4: Proof of (4.1.4)).

Finally, we have that B,({g’l)(t) — 0 asn — oo.
We have proved that

t
BOA (1) — —/<;§E<ei<’\’w°°(f’t)>§></ (3122f(X517Xs2))2d5>’
0

n—o0

and
BEY () — 0.

n—oo

Taking into account that B (t) = B,({O”l)(t) +B$? (t) by (3.21), we deduce that

t
BO(t) — —/i2E< <A,wx<f,t>>§></ (3122f(X;,X§))2ds>.

n—0o0 0

Consequently, (3.20) holds true. O

In order to prove (3.18), it remains to prove the convergence to 0 of BY )(t),
defined in (3.17), for p = 1,2, 4.

Proof of the convergence to 0 of Br(Ll)(t),

[22¢]-1

1 .
B = -3 > E(Aj,namf(xl,Xz)ezu,vvn(f,t»
j=0

<€ (D0 (K 0). 802V G2 0) ).
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Recall that, by Definition 2.2,

|123¢]-1
1 1
Ky(Ll)(t) = ﬂ Z Al,nalllf(XlaXZ)I?E )(533_1)2771/2»
=0

We deduce that
B ()

[2%¢]-1
1
= 3 E(Aj,namﬂxl,X2>Az,namf<xl7X?)Ié”(ag‘?imn/z)

~5 |
3,1=0

2 ) n (S,
<1, )(5(%11)2—71/2)@ o (ft»f) (O(g1)2-n/25 0 41)0-n/2)

[22¢]-1

1
> E(Aj,namﬂxhX?)Al,namlﬂxl,X?)Ié”(af?imm)
j,l=0

8x 24

) €l9-n/2 + € —n
IS (622 )e’<A’W"(f’t)>£>< ot T /276(j+1)2"/2>

(j+1)2-n/2 5
= B+ BI().
Let us prove the convergence to 0 of Br(Ll’l)(t) and B,(ll’Q)(t).
(1) Convergence to 0 of Bgll’l)(t). Observe that, thanks to (2.10), we have

B () (3.35)

- - E(<D§(2 (Aj,n8122f(X17X2)Al,n8111f(X1aX2)
4,1=0

€i<>\,Wn(f7t)>§),(583_1)2_71/2>[§1)(5E8;3_1)2_n/2)> (Sar1ya—nr2s0¢j1ya-nr2)-
We have shown before that
D% (And1o2 f (X, X2) A 011 f(XF, X2)e MW g)
— D% (A 0122 f(X " X2) AL 011 f(XY, X2)) e WalFt)g
+2D 2 (A 00120 f(XY, X2 Ay i1 f(XE, X2)) @Dz (!N WnlF0) )
FA; 0122 f(X, X2) Ay 0111 f(X T, XP) Do (8N W50 6,
that
D2 (820102 f (XY, X2) A0 f(X, X2))

€j2—n/2 + 5(j+1)2—n/2
2
Elo—n/2 + €(H_1)2—n/2 )
2 )

_ Aj,namzﬂxl,X?)Az,namf<X17X2>(

+A P22 f(X Y, XA, 0012 f (X, X?) <

that
D% (A a2 f(XY, X?) AL 0111 f(X, X?))
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2

Eio—n/2 + E(; n ~
+2Aj7"61222f(X1’Xz)Al,nanlzf(Xl,Xz)( s 2(]+1)2 /2)®

<€l2n/2 + €(l+1)2—n/2 )

Eio—ny2 + €0 —ny2 ®2
- Aj’"au”?f(leXz)Al,naulf(Xl,XQ)( = . )

2
1 2 Loy [(Ei2one F Eapna-ne \ O
+A nO122f (X7, X7)A; 011122 f (X7, X7) > )
that
Dy (e MWnlh0)g) = ied MWl e D o (X, Wi (1)) + eH WD) D o,
and that

D§(2(6i</\7Wn,(f7t)>§)
= ORI (Da (A W (£,0))) % 4 e O D DY, (A, Wi (£,1)
+2ie"MWn B D o (N, W, (f, 1))@ D x2€ 4 AW D2 e
We deduce that
%2 (D n01oa f(X Y, XAy 011 f(XT, X2) et Wn T ¢) (3.36)
= N aOiaan f(XY X2)A, 001 f(XT, X2)et A Walfit)

®2

Eio—m/2 + E(s —n/2 ®2
Xf( 2 2(J+1)2 > + 20 201202 f (X1, X?) A 01112f (X1, X?)

KA (£D) g (83'2"/2 teGrnane ) 2 <5l2“/2 t ez )

2 2
+Aj,nal22f(X17 X2)Al,n811122f(X1a X2)€i<>"w"(f’t)>

Elg—n/2 +e€ 1+1)2-n/2
xg( uGa

®2
> + 200 01200 f (X1, XAy 0111 f(X T, X?)

) Eig—ny2 + E(s; —n -
X61<A,Wn(f,t)>§( j2-n/2 2(J+1)2 /2)®sz</\,Wn(f,t)>

+2i0; 00122 f (XY, XB) Ay 01112 f (X1, X2t X Wnll0)

E19-n/2 + € -n/2 \ ~
><§< - 2(l+1)2 : >®DX2<)\,Wn(f,t)>+2Aj,n81222f(X1’X2)

€j2—n/2 + 5(j+1)2—n/2
2

+2Aj,n3122f(X17 X2)Al,nalll2f(X17 X2)€i<A’W"(f’t)>
Ejo—n/2 + € —n -
X ( ARG 25 mie ) @Dx2€ — AjnOaa f (X, X?) A0 F(X, X?)

X AppOii1 f(XT, X2)e! D Wnl1:0) < >®Dx2£

2
@O E(Dys (A, W (f,6))) 5% + 88 0120 (X, X2)
XA 011 f(X T, X2)efNWalh0)e D2, (N W, (f, 1)) + ZAJ nO12of(X1, X?)
XA 11 f(XE, X2) MW B0 Do (N W, (f, )>®DX2§
FAj D20 f (XY, XA, 0110 F(XT, X2)el ™ D%
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By plugging (3.36) into (3.35), we deduce that

BV (1)
1 25 ¢]—1
= —= E( A 1012000 f (X1, XA 0111 f(X L, X 2)et A WnlFt)
64 J ,
5,1=0
5‘2—n/2 +5 i+1 2-n/2 2
Xﬂél)(‘sﬁimm)) x << : 2“ ) >75(j+1)2n/2>
1 [23¢]-1
X (814 1y2-n/2,8(j41)2-nr2) — 3 Z E<Aj,n31222f(X1, X?)
5,1=0
<Dt (X XOIENELD 532 L))

Eig—n/2 + e i+1)2-"n/2
X<( J 2(] ) ),6(j+1)2n/2>

€jg-n/2 + E(141)2-n/2
) < ( 2( ) ) ’ 5<J’+1)2*"/2 > <5(l+1)2*"/2 ) 6(j+1)2*"/2>
[25¢]-1
e Z E<Aj7n8122f(X17 X?)AnO11122 f(X1, X2)er N WnlFt)
4,1=0

2
1 Elo—n/2 +e€ [4+1)2—n/2
Xflé )<6E8;3_1)2_n/2)) < ( 2( ) ) 76(j+1)2"/2>
o [2%t)-1

1
X(8(11)2-n/2, O(j41y2-n/2) — 32 > E<Aj,n31222f(X1,X2)
41=0

XAy f(X X2)6i<>\,Wn(f,t)>£Iz(1)(5(@%2&)27”/2)

6‘2—74,/2 +5 i1+1)2—n/2
<DX2<Aa Wn(fvt)>76(j+1)2"/2>)<< ! 2(j+ ) >76(j+1)2n/2>

. [2%t)-1

1
X <5(l+1)2—n/2,5(j+1)2—n/2> — 33 Z E(Aj)nalggf(X17 XQ)
4,1=0
XA f (X, X2 ORI GEE, ,)

€lg—n/2 T E(141)2-n/2
<DX2 <>‘a Wn(fa t)>76(j+1)2—"/2>)<< 2( +1) >,5(j+1)2—"n,/2>

[23¢]-1
1
><<5(l+1)2*"/2’5(j+1)27n/2> - 32 Z E<Aj,n31222f(X1, XZ)
J,1=0

XAy f(XN X)W EN D8 L) <DX2€, O(j41)2-n/2 >>

Eio—n/2 +e€ ji1+1)2—n/2
X<( . 2(] ) )’§(j+1)271/2><6(l+1)271/2’6(j+1)27b/2>
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125 ¢]—1
1 )
D) g E <Aj,nal22f(X17 XQ)Al,naulzf(Xla X2)€z</\’w"(f’t)>
J,1=0

Elg—n/2 + e I4+1)2—n/2
XI(I (5(8;3_1 2_n/2)<DX2§,6(]'+1)2n/2>><< 2( ) >’

[22¢]-1
6(j+1)2"/2><5(l+1)2"/27 5(j+1)2—n/2> + a Z E(Aj,n8122f(xl, X2)
§,1=0

i w(fs 1
XA f(X1, X2 AWV (582 L)

X <(l)X2 <A7 Wn(f7 t)>) ’ 6(%_’_1)2 n/2>) <6(l+1)2*”/2’ 5(j+1)2*"/2>

. [2%t)-1
E<Aj,nal22f(X17 XHA 00 f(X X2)e! A Walht)

~51 |
J,1=0

XEI(I (6(8;i1)2 n/2)< X2<>\ W (f, >>, il)2 n/2>> <6(l+1)2—n/276(j+1)2—n/2>

25t -1
—L Z E(Ajmalggf(Xl,XQ)Al,nalllf(Xl,X2)€i<>\’W"(f’t)>

3,1=0
07y (DO W £ D) DX 05 1))

1 [2Z¢]-1

X (B(141y2-n/2,0(j41)2-n/2 ~ 6 Z E<Aj,n8122f(X17X2)
7,1=0

X A0 (XY, X2t Walht) I(l)(‘s(é?il)z w2 ){(D%2€, 87 (J+1)2 n/2>>

><<5(l+1)2*n/2 O(j41)2-n72)s

_ ZB(M

Let us prove the convergence to 0 of B(lil)( t) for all i = 4,5,6,7 and 8.

For the other values of 4, the proof of the convergence to 0 of B(1 1)( t) is
similar.
e Convergence to 0 of B( 1)( t) and B(l’é )( t). Since f € Cg°, e/ Walf1)

n

and & are bounded and thanks to (2.23), the Cauchy-Schwarz inequal-
ity, (2.12), (2.36) and (2.24), we have

1,1
1B )]

[22¢]-1

CQ_n/ﬁ Z (‘I 1) 5%3}1 29— n/2 "<DX2<)\7WTL(f7t)>)5(]+1)2"/2>|>

J,1=0

N

[ (Our1y2-nr2: Oj1)-nr2) |
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4 |123¢]-1
SECRUS I ESS (‘I(l) (8673 1y2-ns2) | [(Dx2 (P (£)), 6 41)2- n/2>|)
p=1 4,1=0
X|(0ir1y2-nr2: O 112-r2))|
[2Z¢]-1
< CQ—WGZP\H Z V5 (5%1)2 w2 )l2l{Dx2 (KP (1)), 6(j41)2-n/2) 2
41=0

X ‘ <6(l+1)2—n/2, 6(j+1)27n/2>}
C(27/0)22 /082 1t 4 1)327/% = C2 /5 (8 + ¢ + 1)t

N

We can prove similarly that |B7(117’51)(t)\ < C27™6(1% 4t + 1)3t. We
deduce that Br(Ll’;Ll)(t) and B,(Ll)’;)(t) converge to 0 as n — oco.
e Convergence to 0 of Bfll,él)(t) and Br(ll”;)( ). Since f € Cg°, !N Wn(fit))

and £ are bounded and thanks to (2.23), (2.35), the Cauchy-Schwarz
inequality, (2.12) and (2.24), we get

1,1
Bi ()]
2% ¢t]—1
n 1
< e S B(JP032 (D)8 a-is)
4,1=0
X[ (tt1y2-nr25 011272 )|
125 ¢]—1
_n 1
< Cc27/3 Z HIQ()(&%’L)Q w2 2 {r1y2-nr2s 0gj1)2-nr2)]
4,1=0
< C2/3gn/6n/3 = o/t

We can prove similarly that \B(l 1 (t)| < C27"/St. Thus, we get that
B(1 1)( t) and BT(L 5 )( t) converge to 0 as n — oo.

e Convergence to 0 of Bfll,él)(t). Thanks to (2.37) among other things,
we deduce that

B (1)
[2%¢)-1
<0 ) <|12 (6712 n/2)|<DX2</\,Wn(f,t)>,6(j+1)2n/2>2>
4,1=0
X[ (ti1y2-nr25 0112172 )|
4 [25¢)-1
KIS E(|Iz(1) (012 n/2)\<DX2(Kr(Lp)(t))75(j+1)2"/2>2>
p=1 4,1=0
X[ (Brs1y2-nr2, 0 1)0-072)
4 12%¢)-1
< OY N D V6 2D (KP (1), 6 412-02) 1
4,1=0

X[ (8(1y2-n/2, 04 1)2-n/2 )|
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< 0270233 4 2 4t +1)223 = 27O (83 4 12+t + 1) 3¢

)
It is now clear that B(1 2 (t) = 0 as n — oo.
1

Finally we have shown that B(1 )(t) — 0 asn — oo.

(2) Convergence to 0 of B )( t). The proof is very similar to the previous one
and is left to the reader.

Proof of the convergence to 0 of Bf)(t) and BSY (t). The motivated reader may
check that there is no additional difficulties to prove the convergence to 0 of BY (t)
for p € {2,4}. Indeed, all the arguments and techniques which are needed to
this proof, were already introduced and used along the analysis of the asymptotic
behaviour of B (t) for p € {1,3}.

Hence, we may consider that the proof of (3.18) is done.

3.2.5. Step 5: Convergence of Cy(t) to 0. Since e!Wn(£:0) is hounded and f €
C°(R?), we deduce that

22t -1

ICn(t)] = % Z E(Aj,nalmf(Xl,X2)€i<A’W"(f’t)> (Dx18,0(41)2-n/2)
=0
<IP (622 - ,L/z))‘
22 ¢]-1
< C Y B((Dxi& 5y [P (622 1))
=0

Observe that

T 6’(/)
Dxi€ = Z oo (XL X2, X X2 ey,

Since 1 € Cg°(R?"), we get

[(Dx1€,0(511)2-0/2) < C D [(Eaer Ogayz-nra)|-
k=1

We deduce that

ro|2%t-1
Cn(®)] = CZ Z <58k’5(J+12 "/2>’E(’I(2 6%11 2—n/2)’)
k=1 j=0
o221
< CY D [ewSgan w17 (557 1) o)l
k=1 j=0
r LQ%tJ—l

< 0270y Y0 (ea Bganz-nre)| < C27OH3,

where the third inequality follows from (2.12) and the last one by (2.30). It is now
clear that C,,(t) converges to 0.
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Finally, putting together the respective conclusions of Steps 1 to 5 lead to the
end of the proof of Theorem 3.3. O

Definition 3.4. For f € Cp°(R?), for all t > 0, we define V,>(f,t) as follows:

125 ¢)—1
]_ dnH n n 3
V3(f,t) = ﬂ2 Z Aj 0 f(XT, Xz)(X]lH X;’ )
7=0
1 3nH LQ%tJ_l 2 2 3
T2 Y Anlef (XN X)X - XTT)
§=0
1 [2%¢t]—1
suH n n n\2
+§2 Z AjnOioaf(X1, XZ)(X]H X]L )(X;J}l _X]% )
7=0
1 [2%¢]—1
_3nH 7 2 T
+527F Y A (XN X (X - X)) (G - X)),
§=0
. wn o, ognd i
where, for i € {1,2}, X" =27 Xj2,%.

Since 23 = H3(x) + 3z, 22 = Ha(z) + 1 and = Hy(x). We get, for H = 1/6,
Vo(f.1) =

1 [2Z¢]—1

527 Z Aj O f(X X2 Hs (X)) — X))

[taj—l

+—27% Z Aj,n8222f(X17X2)H3(Xj2+n1 XJQH)
=0

1 [2%8¢—1

+§2*% Z AjnOroa f(X1, X2 Hy (X1 — X" Hy (X777 — X77)
=0

1 L2g’tj 1

+8 Z Aj O f(X! XZ)H2(XJ+1 Xln)Hl(Xﬁl X;n)
7=0

) [22¢]-1

+82g< > (A0 (X, XP) + A nOraa f (X X)) (X4 — X))
=0

[22¢]-1
Y (A XN X) 4 Ay f (X, X2) (X2, X?))

§=0
Let us define P, (f,t) as follows:
Po(f,t) =

1 _»
§27§ ( (Aj,nanlf(Xl,X2) —|—Aj7n8122f(X1,X2))(X]1+1 le)
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[2%5¢]—1

+ Z A] w0222 f(X', X )+Aj,n3112f(X1»X2))(XJ2+1 X?))

Then, thanks to (_.9) and to the Definition 2.2, we deduce that, for H = 1/6,

V(4 = KD (£, + KD (f.6) + KD (£, + KO (f.) + Pa(f1). (3.37)
We have the following corollary of Theorem 3.3.
Corollary 3.5. Suppose H =1/6. Fizt > 0. Then

t
(X1, X2 V3(f,1)) 2% (Xl,X27/ D*f(X,)d*X,), (3.38)
0
t 3 3 .
where [, D®f(X)d* X, is short-hand for

tD?’ X )d*Xs = i X! X?)dB! >f X! X?)dB?

o f( s) s = R1 83( ) +K2083( s) s
+K /t il (X!, X2)dB? + & /t i (X2, Xx2)dB;
3 g Ox20y " °77° s 4 g Ozdy2'\ °77° s
with B = (B*,...,B%) a 4—dimensi0nal Brownian motion independent of X, k3 =

K3 = a5 e P2 (r) and k3 = k3 = 3535 pP(r) with p defined in (2.1/). Oth-
erwise stated, (3.58) means that V(g)(f, t) converges stably in law to the random
variable [j D3 f(X,)d>X,.

Proof: Thanks to (3.37), if we prove that
P,(f,t) 250 as n— oo, (3.39)

then we can deduce (3.38) immediately from Theorem 3.3. So, let us prove (3.39).
We define g := 011 f 4+ J2of. Thanks to Lemma 2.4, we have
Q(X(1j+1)2 n/2,X(2j+1)2 n/2) 79(X;2*"/27X]22*"/2)
= Aj,09(X", X2)(X(]+1)2 o —X;Q,n/z)

+An029(X ", X?) (X2 (G+1)2-n/2 ~ X?z—nﬂ)

6
‘1‘2 Z Clon, a2) A 20775 ,9(X1, X?)
1=2 a1 tas=2i—1
1 1 o 2 2
X (X(j+1)2 we = Xjgonsa) (X nyp-nse = Xjgons2)
+R13(( ]+1)2 n/27X(2j+1)27n/2))7 (X;Q—'rz/27X?2—7z/2)))~
Since f € C°°, we have in particular that 019 = O111f + O122f and 029 =

O112f + O222f. So, by combining this fact with the definition of V,*2(. t) given
in (3.1) and a telescoping argument, we get

1 2
(XL23tJ2 ”/2’XL2%”277L/2) - 9(070)

a2

6
_ 82”/6Pn(f, t) + Z Z C(al,O@) Vm,az(am,az 297t)

1=2 a1taz=2:i—1

+ Z R13((X(1j+1)2—”/2’X(2j+1)2—"/2)) (X312—n/27X]22—n/2)))'
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This way, we deduce that

1
_ ~o9—n/6 1 2 _
= 32 (g(XLQ%”W/Q,XLQ%”W/Q) 9(0,0))

6
1 (0% Qg
—§2’”/6 g E Clon, ) V' *2(07 115 29,t)

1=2 a1 tas=2i—1

125 ¢]—1
1 —-n
_g /6 Z R13((X(1j+1)2—n/27X(2j+1)2—n/2))3 (X;Q—n/2;X]22—n/2)))
=0
1

- 7727”4/6 Z C(al’ a2) Vnaha2 (6?_%;{122”_29, t) + Tml(t)a

Ot1+0(2:3
with obvious notation at the last equality. Thanks to Proposition 3.2, (3.11) and
since, by continuity of g(X?', X?), we have a.s.

1 2
g(XLﬁtJ?*"/Q’XL2%tj27n/2) -
g(X}, X?), we deduce that

.1 (%) E0 as n— oo (3.40)
So, it remains to prove that
2770 N7 Clan,a2) Ve 2 (975 bg,t) = 0. (3.41)
a1ta2=3

By Lemma 2.4, we have C(3,0) = C(0,3) = 3; and C(2,1) = C(1,2) = §. As a
result,

3 Clar,az) VEree (005 ,g.1) = V(9. 1), (3.42)

a1t+as=3

with V3(g,t) given in Definition 3.4. Thanks to (3.37), we have

270V (g, ) = 27O (KM (9, 1)+ K2 (9, 1)+ KD (g, )+ KD (9, 4))+27 /0 Po(g, 1).
By Theorem 3.3, we have that

27/S(K(V(g,t) + KP(g,) + K& (g, 1) + KP(g,1)) > 0.

So, in order to prove (3.41), we have to show that, as n — oo

277/6P, (g,1) -5 0. (3.43)
Set h := 0119 + O229. Thanks to Lemma 2.4, we have
h(X(1j+1)2—n/27X(2j+1)2—n/2) - h(X;Q—n/27X]22—n/2)

= D 0ih(XY X2 (X g ne = Xjyonsa) + Ajn02h (X1, X?)

6
$ (X g = Xopupa) 4> > Clan,a2) 8073 Lh(X!, X?)

i=2 a14ao=21—1
1 1 1 2 2 a2
X (X(j+1)2_"/2 - Xj2—n/2) (X(j+1)2_"/2 - Xj2—n/2)

+Ri3 ((X(1j+1)2—"/2 ) X(2j+1)2—n/2))’ (X;2_"'/2’ ngz—wﬂ)))'
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Observe that 01h = 01119+ 01209 and Ooh = 01129 + O2229. By the same arguments
that has been used previously, we get

1 2
h(XL2%tJ2‘"/2 ’ XL2%tJ2—n/‘z) — h(0,0)

6
80P, (g.t) 4D D] Clonan) Vo2 (9713 5h.1)

1=2 a1taz=2:1—1

+ Z RlS((X(lj+1)2—n/2;X(2j+1)27n/2))7(X;an/%X?anﬂ)))'

Hence, we have

1
_  ~o9—n/6 1 2 -
- 82 (h(Xl_2%tJ2—n/2’XL2%tJ2—n/2) h(070))

6
]. (0% «
7§27n/6 E E Clag,az) Vo2 (0715 oht)

1=2 a1tas=2i—1
1 [2Z¢]—1
=327 Y0 Rus((X{paye-nres Xijunya-n))s (Kponias Xyons2)))

Jj=0

1
= 20 ST Clan,az) VIO o)

a1 tas=3

+Tn,2 (t)7
with obvious notation at the last equality. Thus, we finally have

—-n 1 —-n ag,o x,Q
275p,(g,t) = —§2 /3 Z Clag, az) Vo2 (01115, ohs t)

a1 tas=3

+270r, o (t).

By the same arguments that has been used to prove (3.40), we deduce that 7, 2(¢) K
0 as n — co. Hence, to prove (3.43) it remains to show that, as n — oo

273N Clan, a0) Ve (0552 oht) 0. (3.44)
ar1+az=3

In fact, since h € Cp° and by the definition of V,*1*2(97" (3 5h,t) given in (3.1),
we deduce that

273 N Clag, az) VEre2 (974 5% ,hat)]

a1ta=3
2% ¢]-1 [2%t]-1
< 0273 N XL, - x0T X2, - X2 (3.45)
§=0 §=0
[22¢]-1

02 S = XX - X
=0
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[2%¢)-1
n 2
+C27% Y X = XX - X
3=0

Recall the following notation: for i € {1,2}, X;" = Z%X;T%. We deduce that,
for all p € N*|

Bl Xj 1 — XjP] =272 E[|X), — X" "] = 27 = E[|GP],
where G ~ N(0,1). Thanks to this identity , to the independence of X!, X2 and
to (3.45), we deduce that

2”/3E<| 3 c<a1,a2>thwa?_%;f;%.gh?t>|)

011+O(2:3
C2 "3 " E(G*)|25t] + C27/32 A E(|G||E[|G|*] |25 t]
c27"/t —s 0.

n— oo

<
<

Convergence (3.44) follows immediately. Consequently, we have proved (3.43),
(3.41) and (3.39). It finishes the proof of Corollary 3.5. O

We are now ready to prove (1.6). Thanks to Lemma 2.4, we have

f(X(1j+1)2*"/27 X(2j+1)27n/2) - f(X;an/%X?z—nﬂ)

of
= AL”% (X17 X2) (X(1j+1)2,,,L/2 - X;Q—n/2)
of
+Ajvn87y(X17 X2) (X(2j+1)2—n/2 - X?Q—n/z)

6
> Y Clanaz) 8udi s L f(XT XP)
1=2 a1t+ags=2i—1
x (X(ljJrl)2—"/2 o X;Q—nﬂ)al (X(23'+1)2—"/2 o X?Q—nﬂ)om
+R13 ((X{j51)2-m/20 XGpay2-n/2)) s (Xjgnsay Xipnsa)))-

Then, by Definition 1.2 and (3.1), we can write
1 2
f<XL2%tJ2fn/2’XLQ%tJQ—n/z) - f(07 O)

6
= On(fa t) + Z Z C(ah a2) Vnaha2 (8(11}.7?22...2 7t)

1=2 a1tag=2i—1

+ Z R13((X(1j+1)2_n/2,X(2j+1)2_n/2)),(X;2_n/2,X]22_n/2))).

By the same arguments that has been used to show (3.42), we get
N Clar,an) VEre2 (0753 o f.t) = V3(1.1).
(o5} +Oz2=3

Combining this fact with our Taylor’s expansion, we deduce that
On(f,1) (3.46)
— 1 2 3
- f(XngtJQ—"/WX\_2%t]2—"/2) - f(0,0) - Vn (f’ t)
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6
=D > Clan,an) Vo290 o fit)

1=3 a1tags=2i—1
22 ¢]—1
- Z R13((X(1j+1)2*”/2’X(2j+1)2*”/2)>’(X;Q*"/%XJZQ*””)))'
§j=0

Thanks to Proposition 3.2, we have

6
> 2 Clonan) Vie(@flng of,1) = 0. (3.47)
i=3 a1 +as=2i—1
On the other hand, by (3.11) we have
[25¢]-1
R13<<X(1j+1)2*"/2’X(2j+1)27n/2))’ (X;zfn/Zang—n/a))) 50 (3.48)
§=0

Observe also that, by the almost sure continuity of f (X ¢ 2), one has, almost
surely and as n — oo,

f(XE2%tJ2*”/27XfQ%th*”/z) - f(070) - f(th7Xt2) - f(O’O) (349)

Finally, the desired conclusion (1.6) follows from (3.47), (3.48), (3.49) and the
conclusion of Corollary 3.5, plugged into (3.46).

3.3. Proof of (1.5). Using b® — a3 = 3(“74'1’)2(19 —a) 4+ 4(b—a)?, one can write
On(z = 2%t) — (X}1)? = —V3(zw— 2®t)

[22¢] -1
+ Z ((X(1j+1)2—n/2)3 - (X;z—nﬂ)g) - (th)gv
j=0

where O,,(-,t) is introduced in Definition 1.2 and V;3(-,¢) is given in Definition

3.4. As a result, and since (X! . )2 — (X}!)3 a.s. as n — oo, one deduces
[22¢]2-7/2

that if O, (x — 23,t) converges stably in law, then V>(z — x3,¢) must converge
as well. But it is known (see for example (1.8) in Nourdin et al. (2010a)) that
2_"(%_3H)Vn3(x + x3,t) converges in law to a non degenerate limit. This fact
being in contradiction with the convergence of V.3(z + 3,t), we deduce that (1.8)
holds.

4. Proof of Theorem 1.4

We divide the proof of Theorem 1.4 in several steps.

4.1. Step 1: A key algebraic lemma. For each integer n > 1, k € Z and real
number ¢ > 0, let Uj,,(t) (resp. D;,(t)) denote the number of upcrossings (resp.
downcrossings) of the interval [j27"/2, (j + 1)27"/2] within the first |2"¢| steps of
the random walk {Y (T} ) }k>0, where (T n)k>0 is introduced in (2.1). That is,

Uin(t)=8{k=0,...,[2"] —1:
Y(Thin) = 5272 and Y (Th10) = ( +1)27"/2};
Din(t)=t{k=0,...,[2"] — 1:
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Y(Ten) = (G + 1272 and Y (Tis1,0) = 5272}
Definition 4.1. For f € Cy° and t > 0, for all p,q € N such that p + ¢ is odd, we
define VP9(f,t) as follows:

[2t] -1
1
D = S Gt T 5 P+ )

<(Zt s = 20,2y — 22,00 (4)

While easy, the following lemma taken from Khoshnevisan and Lewis (1999b,
Lemma 2.4) is going to be the key when studying the asymptotic behavior VP4(f,t).
Its main feature is to separate (X!, X2) from Y, thus providing a representation of
f/np’q( f,t) which is amenable to analysis.

Lemma 4.2. Fiz f € Cy°, t > 0 and for all p,q € N such that p + q is odd, we
have then

Vp*‘?(f, t)

1 2 2
Zf X(J+1 2—n/2 +X j2— n/2) i(X(j+1)2*n/2 +Xj2—n/2))
JEL

X (X iyny-ne = Xjgon2 )P (X{iy1y2-nrz = Xigon2) (Ui (t) — Dju(t))-

4.2. Step 2: Transforming the 2D weighted power wvariations of odd order. By
Khoshnevisan and Lewis (1999b, Lemma 2.5), one has

Liogj<j*(n.t)} if 7*(n,t) > 0
<<y 57 (n,1) <0
where j*(n,t) = 2"/2YTL2MM. As a consequence, we have

(1) If 5*(n,t) > 0 :

Vpﬂl(f t)
3% (n,t)—1
— 1,4+ 2,+ 2,+
- Z f +1)2 n/2 +XJ2 n/2) (X(J+1)2—n/2 +Xj2 n/2))
1,+ 1,+ 2,+ 2,+ q
(X(j+1)2 n/2 XJQ 71/2) (X(j+1)2 n/2 X]2 n/Z) .

(2) I j* = 0: VPa(f,t) = 0.
(3) I j*(n,t) <0 :

VPa(f, 1)
77 (n,t)| -1 1, )
= Z f( ( ]_H y2—n/2 +XJ2 71/2) (X(]_H)g n/2 +X]2 n/2))

x (X .

(j+1)2—n/2 ]2—n,/2)p(X2.’_ —_ X?7_ )q’

(]_;’_1)2—71,/2 J2—n/2

where, for i € {1,2}, X}"" := X} for t > 0, X"} := X} for t < 0.
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Let us introduce the following sequence of processes Wp e

[27/2t]—1
: 1, o4
pq (f7 ) = Z f j+1)2—'n/2 + X 2—n/2) (X(J+1)2 n/2 + X 2 n/2))
1,+ 1,+ 2,4+ 2,+ q
X (X(j+1)2—n/2 - Xj2—n/2) (X(J+1)2 n/2 XJQ n/z) 9 t 2 O
wPei(fit) ift=0
p.q — +,n\J> =
Wt (£t = { WP (F, 1) ift <0
‘We then have that )
VYAU(ft) = WA, Yrin,, ,)- (4.2)

4.3. Step 8: Known results for the 2D fractional Brownian motion.

o If H>1/6,p+q>3andif H=1/6, p+q > 5, then, thanks to (3.8) and
(3.9), we have for all t > 0

e
E[( e (f7 < C Z << Z 2—n[H(p+q+2k'—1—a)—*])

k'=1 a=1

4o nlH (p+a+2k =2)= 3] 2H+1 | 2—nH[P+q+2k/—1]> .(4.3)

o If H=1/6, for all t € R, we define W,(Lg)(f, t) as follows:
W (f.0) = > Clp,q)WEUIT, Hf 1), (4.4)

p+q=3

where C(3,0) = C(0,3) = 3; and C(2,1) = C(1,2) = ;. Then, thanks to

Theorem 3.3 we have, for H = 1/6, for any fixed ¢t € R and as n — oo
t
(X1, X2, W3 (f,1) 14 (X17X2,/ DPf(X,)d*X,) (4.5)
0

where fot D3f(X,)d®X, is short-hand for
L3 f

. 3(X1 X2)aB?
0

K 3 3 a3f 1 2 1
/on(Xs)d Xoo= m [ o= 3(X X2)dB! + ks

+5 3/ 52 ., X2) dB3—|-/i4/ o a 5 (X1, X2)dB;

with B = (B1,. ) a 4- dlmensmnal two-sided Browman motlon inde-

pendent of (X1, X2) K2 = K3 = 56 Zrezp (r) and K3=kK3= 5 Zrezp (r)
with p defined in (2.14).

4.4. Step 4: Moment bounds for WéB)(f,-). Fix f € Cy° and set H = 1/6. We
claim the existence of C' > 0 such that, for all real numbers s < ¢t and all n € N,

E[(W2(f,0) = WD (f,9))?] < Cmax (|s|'/2, ¢'/%) (272 + |t = s]).  (4.6)
Proof: By the definition of W, (f, t) in (4.4), we deduce that
E(WP (f,6)- W (f,5))*<C Z E[(WEI 1y of 8) =WEU 1 of,8))%).

p+q=3
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So, if we prove that for all f € Cp° and for all p,q € N such that p + ¢ = 3,
EL(WEI(f,t) — WEI(£,5)%] < C max (|s] /2, [11/%) (272 + |t — o),

then the conclusion (4.6) follows immediately. In fact, we will prove the last in-
equality only for p = 1 and ¢ = 2, the proof being similar for the other values' of p
and q.

For p =1, ¢ = 2, bearing the notation of Step 2 in mind, we have

[22¢]-1
1,2 1 _n 1,+ 2,+ o 1,+ 1,+
Wi,n(fat) = §2 * Z Ajmf(X 7X )(212(X(j+1)2—n/2_ij—n/2))
j=0
o 2,4+ 2,4+ 2
X(212 (X(j+1)2*"/2 — Xj2,n/2))
! [22¢]-1
_n n ,+ ,E
— §2 % Z Ajmf(Xl,ﬂ:’XQ,ﬂ:)Hl(le(X(1j+1)2_n/2—X;2_n/2))
j=0
1 [2Z¢]—1
_n n 1,+ 1,£
+§2 ; Z Aj,nf(Xl,;XM)Hl(zm(X(HI)QWQ—ij,m))
§=0
oot 2,4
X Ho (2 2 (X(j+1)27n/2 - ij—n/Q))

= WEL(F.1) + W (F.1).
We claim that:
BIWL2(f,t) - WE2(£,9)?] < Cmax (|s|V3, [t]/3) (272 + |t - s|);
E(W,2(f,0) =W, (f,9)2] < Cmax (|s|/2,[t[V/3) (272 + [t — s]). (4.7)

It suffices to prove (4.7) which is representative of the difficulty. To do so, we
distinguish two cases according to the signs of s,t € R (and reducing the problem
by symmetry):

(1) If 0 < s < t (the case s < t < 0 being similar), then
—1,2 —1,2 —1,2 =12
E[(Wn (f7 t) - Wn (f7 8))2] = E[(W-i-,n(fa t) - W-i—,n(fv 8))2]
{ [23¢]-1

= @2 X E<Aj,nf<X1’+,X2’+>Ajf,nf<xlvtX?v*)
3.d'=12"2s)

n 2 15
I (2720 aya-rr2)) 157 (27261 1)2-/2) 27)
1) (1o 2((21s
<IT (2720501 1y2-n72)) Iy )((2126@%1)2%/2)@2))

[25¢)—1
T 64 2 E<Aj’"f(X1’+’X2’+>Aj’v"f(X1’+vX2’+)If1)(5(j+1)2—n/2)

J.i’'=2n/2s]

XI{D (5(j/+1)2*"/2)-’2(2) (5811)241/2)12(2) (62’2+1)2n/2)> 7

WWhen p=3,qg=0o0r p=0,q = 3 the reader will find a very similar result in Step 4 in
Nourdin and Zeineddine (2014)
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where we have the first equality by (2.9). Relying to the product formula
(2.11), we deduce that this latter quantity is less than or equal to

1 [2Z¢]—1
0 X
Jij'=|2n/2s]

2
I( )(682+1 0—n/2 ) ’<6(j+1)2n/2’6(j’+1)2"/2>

E(Aj,nf(xl*,X2»+)Ajf,nf<xlv+7X“)ISQ (022 pmnr2)

1 [22¢]-1
+51 >

J.3'=12/7s)

E <Aj,nf(X1’+7 X2V Ay f(XHF, X27)

a1 0% ) )|

=: Z Q5 (s,t). (4.8)
i=1

We have then the following estimates.
e Case i = 1. Since f € Cp°, and thanks to the Cauchy-Schwarz inequal-

ity and to (2.12), we have

P9<Aznfc¥L+7Xﬂﬁ>AyﬂJ1xL+,xﬂﬁ>é”(5Sin2nm) (4.9)

I(2 (5((8;2“)2 n/2)> ‘

2 2
< OB (582 ) IS (522, el

<L (B(j12-n2 @ B yp-ns2) 157

< 02752
We deduce that
Q' (s,1)
[2%¢]-1
< co /3 Z |<5(j+1)2*"/2a5(j'+1)2*"/2>|
jg'=12n2s)
[27/2¢t]—1 1
S D R R e R e e R Aa]
4.5’ =12"/2s]
L271/2tJ71 j7L2n/2SJ
D YD vl
j=[2n/2s] q=j—|2"/2t]+1
with p(q) defined in (2.14). By a Fubini argument, it comes
Q' (s,1)
[27/2¢t]—|2"/%s] -1
<ot Y il 2 Al (4.10)

g=27/2s]—[20/21] 41

—@+@W%Dvmw%0
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N

dl

d2

L2n/2tJ_L2n/28J 1

c27 2 > p(@)|(122¢] — [27/%s])

g=|27/2s]—[2"/2t]+1
C272 Y lplg)][2773t] — (2725 = C27 | [27/3) — 2725
qE€Z
C272 (122t — 22| + 2n2 |t — s| + | [2/2s] — 2/%5])
CE™2 4|t —s|). (4.11)

N

N

NN

Note that >_ ., [p(q)] < oo since H < i
e Case i =2. Thanks to the duality formula (2.10) and to the Leibniz
rule (2.8), one has that

E(Aj,nf(Xl’Jr’ X0 Ay f(XEH, X2 1Y (8(j41)2-m/2 @ O(jr41y2-n/2)
2 (2) 2
RIC Sl ) |

E(<D§ﬁ (Ajnf(XIT X2 A f(XEF X)),

(2) (s®2 (2) (s®2
5(j+1)2—"/2®5(j'+1)2—”/2> x Iy (5( j+1)2— n/z)I (5@ 141)2- n/z)>’

d

xIy” (522“)2 nrz)

A f(XEF, X2 A f(X0T, X)) I8 (522 )

(4+1)2-7/2
> ‘<(€j2—n/2 + €(j+1)2—n/2>®2
9 ’

+ 2E(‘Aj,nalf(xlv+, X271

O(j+1y2-n/2 ® 5(j/+1)2n/2>

<A B SO XD (62 ) D (02, o)

% ‘ < <€j2n/2 + 5(j+1)2—n/2 ) ® <€j/2n/2 + 8(j/+1)2n/2)
2 2 ’

5(j+1)2—"/2 X 5(jl+1)2—n/2> + E<’Aj7nf(X1’+, X2’+)

)

XAj’,nallf(Xl’JraXQ’Jr)) 2)(5(%3-1)2 n/2) (5824-1)2 n/2)

)

Ejig-nsz +E(jri1ya-nrz \ 22
X‘<< ] 2 : 0+ 1)2-n/2 @ O(jr1)2-n/2

dh +d% +d3.

Observe that, thanks to (4.9), we get

Eja-n/2 +E(p2-ns2 | ¥
<< : Q(J : ) s 0(j4+1)2-n/2 ® O¢jr1)2-ns2 )|,

€jo2-n/2 + E(j+1)2-n/2 ® Ejrg—n/2 + E(j/4+1)2—n/2
2 2 ’
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9

O(j+1)2-n/2 @ 5(j’+1>2”/2>

<<5j/2—n/2 + €(j/+1)2—n/2

d3 < C2fn/3

n

®2
2 ) ,5(]'_;’_1)2—71,/2 ® 6(j/+1)2—n/2>‘.

By (2.23), recall that [(eu,d(j41)2-n/2)| < 277/6 for all u > 0 and all
j € N. We thus get,

d’}t + di + di § 02711/2(|<5j2—n/2, 5(j/+1)2—n/2>| + |<E(j+1)2—n/2, 5(j/+1)2—n/2>|

+(ejra-nr2,0(541)2-n/2) | + e 11)2-n/25 05 41)2-7/2)]
+|<Ej/2—n/2 + E(j/+1)27n/2,6(j/+1)2—7L/2>D.

For instance, we can write

[27/2t]—1
272 Y0 Hegrrna-nas dganya-nse)l
J,3'=[2n/2s]
1 [27/2¢]—1
— 52—2n/3 Z ’(j+1)1/3_j1/3+|j/—j+1|1/3_|j/—j|1/3|
J,3'=[2n/2s]
1 [27/2¢]—1
< 5272’11/3 Z ((,7 + 1)1/3 7‘7‘1/3)
§.4'=12"/2s)
1. 5, . . . .
+§2 2n/3 Z ((J/_]+1)1/3_(J/_])1/3)
[2n/2s] <5<’ <[ 2n/2t] —1
1 _,, . .
+52727 > (G=)3 =G -5 -1
[2n/2s| < <g< 2/ 2] -1
3 —on/3(1on/2 n/2 nj2y 13 S
< 52 ([2"72t] — [22s])[2"/%¢] <?(2 + |t —s|).
Similarly,
[27/2¢]—1

—n 3t1/3 —n
2 /2 Z |<€j2—n/2;6(j/+1)2—n/2>| < 9 (2 /2+ |t_s|);

J,3'=[2"/?s]

[27/2¢]—1

—n/2 3t1/3 —n/2
2 Z |<€(j+1)2—n/2; 6(jl+1)2—n/2>| é 9 (2 + |t - S|),
§i'=120/2)

L2n/2tJ71 3t1/3

2_’”/2 Z |<€j/2—n/2;6(j+1)2—n/2>| < (2_n/2 + |t — S|),
j'=1271%]

[27/2¢]—1 341/3

2_n/2 Z |<€j/2*"/2 + E(j/4+1)2-n/23 5(j/+1)27n/2>| < 5 (2‘”/2 + |t — S|)

3,5'=[2n/2s]
As a consequence, we deduce
Qb2 (s,t) < CHY3 (272 4 |t — 5]). (4.12)
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Combining (4.8), (4.11) and (4.12) finally shows our claim (4.7).
(2) If s <0< ¢, then

12

E[(W,(f,t) = W, (£,9)%] = E[(W 0 (f.t) = W22 (f.—9))?]
< 2E[(W2 (£, 6)2) + 2E[(W 2 (f, —9)2].
By (1) with s = 0, one can write
E[(W,2,(£,0)%] < Ct/3 (272 1 4).

Similarly

E[(W2 (f,—5))2] < C(=s)/3 (27 + (—s)).

We deduce that
—1,2 —1,2 _,
E[((W,(f,t) = W, (f,5))?] <Cmax (tl/S, (—5)1/3) (2 V2 (t— s)).
That is, (4.7) holds true in this case.
O

4.5. Step 5: Limits of the 2D weighted power variations of odd order. Fix f € Cy°
and t > 0. We claim that, if H € [6, 2) and p+ g > 5 then, as n — oo,

vea(f, 1) 22X o. (4.13)
Moreover, if H € (%, %) and p 4+ g = 3 then, as n — oo,
VPa(f, 1) 2R o. (4.14)
For all ¢t > 0, we define ‘7753)( f,t) as follows
V(8= Y Clo, VU, o), (4.15)
p+q=3
with C(3,0) = C(0,3) = 5; and C(2,1) = C(1,2) = §. Observe that thanks to
(4.2) and (4.4), we have
V753)(fa t) = W7(l3)(f7 YTLan,J,n)' (416)

Then, we claim that, for H = 1/6, for any fixed t > 0, as n — oo
Y,

(L X2V VO () I (XX Y [ DU(X)dX,), (4.17)
0
where fot D3 f(X,)d®X, is short-hand for
" 3 P e 1 P X2 2
/ODf(XS)dXS = m | 5 5 (X5, X2)dB] + k2 ; aS(X X?)dB:
LS 1 32 3 Lo 1 32 4
s /0 e (XL X2)aB 4wy [ S (41 X2)aB:
with B = (B!,..., B*) a 4-dimensional two-sided Brownian motion independent of

(X!, X?) and also independent of Y. The constants ry,..., k4 are the same as in
(4.5). Otherwise stated, (4.17) means that \7753)(]”, t) converges stably in law to the
random variable fOYt D3 f(X4)d®X,.
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Indeed, combining (4.2), (4.3) together with the independence of Y and (X!, X?)
(by the definition of Z in (1.1)), we deduce that

s
Ble0) < €3 (3 im0 3 sy, )
k=1 a=1

_’_2—n[H(p+q+2k'—2)—%]E(|YTL2”J . |2H+1) + 2—nH[p+q+2k’—1]>.

On the other hand, recall from Khoshnevisan and Lewis (1999b, Lemma 2.3) that

2
Yripm, . SN Y; as n — oo. So, combining this fact with the last inequality, we
deduce that (4.13) and (4.14) hold true.
Now, using the decomposition (4.16), the conclusion of Step 4 (to pass from

2
YT yn,,., to Y:) and the convergence: Y7,,., . L% Y,, we deduce that the limit of

3)(f7 t) is the same as that of W,gg)(ﬂ Y:). Thus, the proof of (4.17) then follows
directly from (4.5) and the fact that Y is independent of (X!, X?) and independent
of (B,..., B%).

4.6. Step 6: Proving (1.9) and (1.10). Let us introduce the following notation: for
feCy forjeN, A f(24,2%) = f(5Z3,, + 23, ), 5(Z3, + 77, )
Then, thanks to Lemma 2.4, we have

f(Z’_%"J+1 nvz%jJrl,n) - f(Z%«jm7Z%j1n)

0
= Aj, 8f(zl ZQ)(ZTHn Z%ijl)jLAj,

P Y Clonan) A LS (2 2N, — 2 )"

1=2 a1 tas=2i—1
X (Z%j+1,n - Z%j,n)az + R13((Z%j+1 n’ ZT]+1 ))’ (Z%j,n7Z%j,n)))-
Then, by the Definition 2.1 and (4.1), we can write
F(Z Ty Z3m,y.) — £(0,0)

6
On(f,t) + Z Z Clan, a2) V22 (07175 o f,t)
i=2 a1+ags=21—1
127t]—1

+ Z R13 J+1 n’ ZQJ+1 n))’ (Z%JW’Z%JH)))

Thanks to (4.15), we can write

On(f,1) (4.18)
= f(Z’ll"LQntijZ%LG”m,) - f(o? O) - ‘7753)(.}(" t)

6
=3 > Clanan) V075 o f 1)

i=3 a1tas=21—1
l27t] -1

- Z Rl:’,((Z:}ﬂjJrln ZT]+1 ) (ZTJ " Z%m)))'

Jj=0

of
"aiy (Zl’ Z2> (ZTJ+1 n Z%j,n)
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By Lemma 2.4, we have, with G ~ N(0, 1),

[25¢]-1
> B(|mal(Zh 200 (2h,022,))
=0
[27¢] -1
Q2
<o Yy ( - 2h, [, - 5, )
a1+az=13 j=0
[22¢]-1
< G Y Y NZg,, 25, 22— 27,1l
ar1+a=13 =0
[27¢] -1
- SRS S (BlEPEGP)) P < ot CE D (4.19)

a1+az=13 j=0

On the other hand, by continuity of f o Z and due to (2.2), one has, almost
surely and as n — o0,

F(Zt sy s Z2 gy ) — 1(0,0) = f(Z4,27) = £(0,0). (4.20)

Finally, when H > £ the desired conclusion (1.9) follows from (4 13), (4.14),
(4.19) and (4.20) plugged into (4.18). The proof of (1.10) when H = ¢ is similar,
the only difference being that one has (4.17) instead of (4.14), thus leadlng to the
bracket term fot D3f(Z)d*Z in (1.10).

4.7. Step 7: Proving (1.11). Using b3 — a3 = 3(“7“’)2@ —a) + 3(b—a)?, one can
write,
On(z 23 t) — (Z})? = —Vi(z—231)
l27] 1

+ Z ]+1 n (Z%]n)3) - (Ztl)3

As a result and since, by (2.2), (Z%qu .

that if On(x + 23, t) converges stably in law, then f/,f’ (x — x3,t) must converge as
well. But it is shown in Zeineddine (2015, Corollary 1.2) that 2_”(1_6H)/4f/,§3)(a: >
x3,t) converges in law to a non degenerate limit. This fact being in contradiction
with the convergence of V3 (z ~ 23, ), we deduce that (1.11) holds.

)3 = (Z})3 a.s. as n — oo, one deduces

5. Proof of Lemma 2.7

5.1. Proof of (2.51). We will consider only the case (i,7) = (1,2) (by symmetry,
the proof is very similar for (¢,7) = (2,1) and is left to the reader.) By the product
formula (2.11), we have

1 1 1
11( )(5(i3+1)27"/2)1£ )(5@4“)2%/2) 12( )(5(i3+1)2w/2 ® 0(iy41y2-ns2) (5.1)
<5(i3+1)2*"/275(i4+1)2*"/2>
7 (5®2 )1(2) (5@)2 ) = I (2) (5®2 ® 5@2 ) (5.2)
2 (i3+1)2—n/2/72 (i4+1)2—n/2 4 3+1)2—n/2 (i4+1)2—n/2 :

+412( )(5(i3+1)2_"/2 & 5(i4+1)2_"/2)
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X<5(i3+1)2*"/275(i4+1)27n/2>
Jr2<5(i3-i-1)2—n/2,5(1'4.|.1)2—n/2>2.
Thanks to (5.1) we deduce that, for all iy,i5 € {0,...,[2%t] — 1},

[2Z¢]—1

>

is,i4=0

Ay fa(X Y, XY (85, 1)0-072) 15 (5(%32+1)2—n/2) "(Our12-rr2)

<15 (5(@32“)2 n/?)) ‘

E(Ah,nfl(X%XQ)A@,nfz(X%XQ)Aig,nfg(Xl, X?)

[22¢]—1
< > E(Ai1,nf1(X17XQ)Ai2,nf2(XlaX2>Ai3,nf3(X17X2)
ig,ia=0
1 y2
XAM nf4(X aX )
2 (2) 2
XI (6(13+1)2 n/2 ®6(14+1)2 n/2) ((S(X; +1)2- —,,/2)] ((528;4_"_1 2—n/2))‘
[22¢]-1
S E(Ah,nmxl,XQ)A@,,@MX%X2>Ai3,nf3<xl,X?)
13,14=0

2)y 7(2) 2 (2) 2
B X XD G2 )8 O3 0000) )
X}<6(i3+1)2—”/2v 5(i4+1)2—"/2>|
= Mn,l(ihi%t) + Mn,2(i177;27t)7
with obvious notation at the last line. Set
G(i1,d2,03,14) = DNy o fi(X X2 A nfo(X1 X?)
XAig,nfB(XlaXz)Ai4,nf4(X1’X2)'

Let us prove that, for ¢ € {1,2}, 3C' > 0 such that :

sup sup M, (i1, 9, ) < C(t+12). (5.3)
n204, irefo,...,|25 t] -1}

(1) for ¢ =1 : thanks to the duality formula (2.10), we have

125 ¢]—1

Mn,l(ilaiQat) = Z

43,14=0

E (<DX1 (P(in,i2,13,74)), 0(jy41)2-n/2 © 5(i4+1)2—"/2>
(2) [ s®2 (2) (s®2
XT3 (0,122 T2 <5(i4+1>2-"/2)>"

Observe that, thanks to (2.7) and (2.8), we have

. €;.9-n/2 T € 1)2—n/2
i1,12,13, % E i1 e da. i 2" ij+1)2—n
DXl (¢(21722’Z37Z4)) = ¢j(2177’27z3a24)< 5 (lJ ) )’
j=1

2
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where ¢;(i1,42,143,%4) is a quantity having a similar form as ¢(i1,i2,3,%4)
and arising when one differentiates A;; , f; (X1 X2) in ¢(iq,42,13,14) wWith
respect to X!. By combining this fact with (2.23), we get
My 1 (i1, 42, )
4 [22t]-1

<@y Y

j=1 1i3,i4=0

4
E Zllea

(Z4+1)2 n/2

(¢J (i1, 32, i, 34) I 2)(5%;1)2 n/z)-’(?) (5®2 )>‘

with obvious notation at the last line. We have to prove that, for all j €

{1,...,4}, one has sup,, o sup, e 0,251 Mfl{%(il,ig,t) < Ot +t2).
Let us do it. Thanks to (5.2), we have

Mé{i (ila iQa t) -
2% ¢t]—1
278 N (%(113127137’64)14 (0 1)z ® O3 a1y "/2))‘
13,14=0
[22¢]-1 )
4273 N E<¢j (i1 2,13, 1) 17 (i 12/ © 5(z‘4+1>2"/2)) ‘
i3,i4=0
X[{O(igt1)2-m/25 Oiag1)2-n/2)|
[23¢)-1
+227n/3 Z E (925] (il, 7:2a i37 Z4)> ’<5(i3+1)2n/2, 5(i4+1)2*"/2>2'
is,i1=0

Thanks to the duality formula (2.10), to (2.8) and to (2.23) and since ¢; is
bounded, we deduce that

L. 2
E<¢j(11712723u 7’4)‘[( )(6(8;2+1)2 n/2 ® 5(7,4+1)2 "/2)) ‘

<<DX2 (¢] (Zla 12a13724)),5(1 +1)2-7/2 & 5(14+1)2 n/2>) ‘
< Cj(27n/6) )

E (¢j (i, iz i3, 14) IS (8(i511)2-n/2 ® 5(i4+1)2”/2)) ‘

= |B <<D§(2 (¢J (ila 02,13, Z4)) ’ 5(i3+1)2*n/2 & 5(i4+1)2n/2>) ‘
< Cj(2—n/6)2.

By combining these inequalities with (2.24), we get

M) (i1,iat) < Cj27m2M2 4 Cj1272/39n/3 4 Oy /390
< Gyt +t2).
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Hence 3C > 0 such that for all j € {1,...,4},
sup sup M(])(zl,m,t) <Ot +t2).
">0z1712€{0 ,I_Z%tj—l}

So, we have the desired conclusion (5.3) for ¢ = 1.
(2) for i =2 : Thanks to (5.2), we have

[22¢]-1
My 2(in, 72, 1) = Z E<¢(11712,Z37l4)14 (5®2+1)2 w2 @ 5 Gt 1)2- n/2)>’
13,14=0
X’<5(i3+1)2f"/275(i4+1)27n/2>|
[2%¢)—1
+4 Z E<¢(Zla iQa 7:37 24)12(2) (5(i3+1)2—n/2 X 5(i4+1)2—"/2)> '
i3,i4=0
X<5(i3+1)2*n/275(i4+1)2—n/2>2
[23¢]—1
L 3
2 Z E((b(“’ zz’l?”“)) “<5(i3+1)2"/275(i4+1)2n/2>‘ :
i3,i4=0

By the same arguments as used in the previous case, we deduce that
M,y 2(i1,i9,t) < C(277/6)42n/3 4 0(277/6)242n/6 4 Ot < Ct.

Hence, 3C > 0 such that SUDy 05U, ocro 23413 M, 2(i1,12,t) <

C(t+1?). So, we have the desired conclusion (5.3) for i = 2. This ends the
proof of (2.31).

5.2. Proof of (2.52). We will consider only the case ¢ = 2 (by symmetry, the proof
is very similar for ¢ = 1). Set

P(in, iz iz ia) = Ay nfi(X XA fa(XT, X?)
XAy [3(X T, XA, n fa( X, XP).
Using the product formula (2.11), we have that I(Q) (5?3“)2 n/2)132) (5‘%5’“)2 n/z)
equals
(2) (s®3
IG (5 (i3+1)2—n/2 ® 5 (i4+1)2— n/2)
(2)
+914 (§®2+1)2 n/2 ®§(14+1)2 n/2)<5(i3+1)2—"/2’§(i4+1)2—"/2>
+181£ )(6(i3+1)2*"/2 ® 6(i4+1)2*“/2)<6(i3+1)2*”/2a6(i4+1)2*n/2>2
F6(8(i41)2-1/2> (i g4 1)2-n72) -
So, we get
[2%¢t]—1
S 2)
Z E<¢(11,12,z3714) (5 Z§+1)2 wr2) 13 (653“2 n/z))‘
ig,ia=0
[22¢]-1

-y

i3,i4=0

E<¢(21712’Z3724)Ié )(5(1 +1)2-n/2 @ 5(14+1)2 n/2)>’
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[22¢]-1
0 Z E( (i1, i3, i3, 1) 11 (5 2+1)2 n/2 ®5z4+1)2 wz))‘
i3,ia=0
X|<6(i3+1)2*n/276(i4+1)27n/2>|
[2Z¢]-1
o Z E(qb(il’i2’i3’i4)I§2)(5(1‘3+1)2"/2®5(z‘4+1)2n/2)>‘
i3,i4=0
><<5(z'a+1)2*"/2’5(1‘4+1)2*n/2>2
[22¢]-1
+6 Z E<¢(7’17 i25 i37 7’4)) ‘|<6(i3+1)2—n/2,5(1-4_,'_1)2_"/2”3.
13,14=0

Thanks to the duality formula (2.10), we get

[2Z¢]—1
> E<¢(21722,23,z4)13 (05, 1ypmna) 157 (5(%3“)2”/2)) ‘
ig,14=0
125 ¢]—1
= Z E(<D§(2 (¢(i1’ i2, 13, i4))’5(%:+1)2 nsz @ 5 (ia+1)2— n/2>> ‘
ig,14=0
125 ¢]—1
+9 Y ( Dixa ($lin, iz, is,ia)), 600 gmnse © 0001 m))‘
ig,ia=0
><|<5(i3+1)2*"/275(i4+1)27n/2>|
122 ¢]—1
+18 Z ( D32 (p(in, iy i, 14))5 844 1)2-n/r2 @ 5(i4+1)2n/2>>'
i3,i4=0
X (O(i3+1)2-7/25 5(i4+1)2*"/2>2
[22¢]-1
+6 Z E<¢(i17i2,i3,i4)) ‘|<5(i3+1)2—n/2,5(i4+1)2—n/2>3.
ig,ia=0
Observe that, thanks to (2.7) and (2.8), for any k € {1,2, 3}, we have
D35 (p(in, iz, i3,14)) (5.4)

. ) . . 67,‘127"/2 +6(i1+1)2—n/2 ®ay
= E ¢(a1,a2,a3,a4) ('Lla 12,13, 14) 9

a1+az+taz+as=2k

~ €i22—n/2 + €(i2+1)2—n/2 ®az ~ €i32—n/2 + 5(7;3_;'_1)2—71/2 ®az
® 2 ® 2

~ <€i42—n/2 + €(i4+1)2—n/2 ) ®Kaq
© 2

where (ay, as,as,as) € N* and B(a1,az,a3,a4) (11, 92,13,14) 1S & quantity having a sim-
ilar form as ¢(iy, 42,173, 14) and arising when one differentiates A;, ,, f;(X*', X?) in
@i, 42,13, 14) a;-times with respect to X?. Thanks to (5.4), (2.23), (2.24) and since
B(ay,az,as,a4) (1, 12,13, 14) is bounded, we deduce that
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[22¢]-1

by

i3,i4=0

o 3 (2) (s©3
E<¢(21712323724) (6(63 +1)2 n/z)I (624_;’_1)271/2))‘

[23¢]-1
/o) am 2+ C(27/6) Z [(8(ig+1)2-7/25 O (it 1)2-7/2)]

ig,ia=0

N

[22¢]—1
+C270 D (S any2-nr20(i,t1)2-ns2)”

i5,i4=0
[2Z¢]-1
+C Z |<6(i3+1)2*”/25(i4+1)2*"/2>|3

i3,i4=0

< O+ 0273+ c27/5t 4 Ct.
Hence, we deduce immediately that
[22¢] -1

sup sup
214 iye{0,..,123 t] =1} ig,i2=0

E <¢(Zla 7:27 7:37 14)I§2) (5%§+1)2 n/2)

><132) (5%j+1)2 n/z)) ‘ <C(t+17),

which end the proof of (2.32).
5.3. Proof of (2.53). We will consider only the case (i,7) = (1,2) (by symmetry,

the proof is very similar for (i,5) = (2,1) and is left to the reader.) Thanks to
(2.11), we have

Il(l)(5(13+1)2 ”/2) 1 (623-&-1)2 n/2) (5(Z4+1)2 “/2) (5(@:42+1)2 n/z)

_ 7 (2)
- ‘[2 (6(7;3-1—1)2*"/2®5(i4+1)2*"/2)1’2 (528;32+1)2 71/2)‘[2 (5(8;42+1)2 n/2)
2 2
F(0(i541)2-7/2 014 41)2- wra) I (523+1)2 ) IS (5(%4“)2 o)

1 2
— I2( )((5(i3+1)2—n/2 ® 5(i4+1)2—n/2).[4 (5(@; +1)2 n/2 ® 5(Z4+1 92— n/2)

1
+412( )(6(i3+1)2_”/2 ® 5(i4+1)2—n/2) 2 (5(i3+1)2_"/2 ® 5(i4+1)2—n/2)
X (O(i541)2-7/25 O(i441y2-n/2)

1
+21( )((S(i3+1)2—n/2 ® (S i4+1 2—n/2) <6(i3+1)2*"/27 6(i4+1)2—n/2>2

I (522 ® 692 )8, 5 )
4 \%Gg+1)2-n/2 (ia+1)2-1/2)\O(i3+1)277/25 O(ig+1)277/2

HALE (33 41)2-r2 @ S(aypayz—n/2) (Big1yz—nr2s Oy 1ya—rnr)?
+2<5(i3+1)2—"/276(i4+1)2—”/2>3~
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For i1,19,13,14 € N, set ¢(i1,12,13,14) := Hi:l A, nfa(X1, X?). Then, thanks to
the previous estimate, we get

[22¢] -1

2.

1,%2,13,14=0

4
E( H AiaﬂfG(‘Xla XQ)Il(l) (6(ia+1)2*"/2> (6(@;2+1)2 n/2)) ’

a=1

[2Z¢]—1

2.

1,%2,13,14=0

N

E(¢(@1712723J4 HI:L (i +1)2- "/2)12 (522“)2 w2)

a=1

(1 2
XI5 (8iy 4 1y2-nr2 @ Saygnyamnsa ) 157 (832 3 s © 6001 n/2)>‘

122 ¢)-1 2
+y E(qb(il,iz,is,u)l'[ "B, y2-mr2) I8 (082 mse)
i1,12,13,14=0 a=1

X[2(1) ((5(13+1)2 n/2 & (5 (ia+1)2- n/2) (5(13+1)2 n/2 & (5(14+1)2 n/2)>‘

X[((i54+1)2-7/25 O (14 41)2-7/2) |
[22¢]—1

+2 )

11,12,13,14=0

2
E(¢(i1’i2’i3’i4) H‘rfl)(‘s(iﬁl)?—"/?) Y (5(%2“)2 n/2)
a=1

X[2(1) (6(7;34»1)27”/2 ® 6(i4+1)2"/2)> ’(6(2'34»1)2""/2 5 6(1;44»1)2771/2)2

[22¢]-1

Y

i1,12,13,14=0

2

E(¢(i17i2,i3,i4) H (6(za+1)2 W?) (5%3“)2 ws2)

a=1

2
XIZE )(5(8;24,1)2 n/2 ® 6(gz>f+1)2 n/2 >‘|<5(i3+1)2"/236(i4+1)2"/2>|

[2Z¢]—1

Y

11,12,13,14=0

E(¢(21,22723,%4 HIl 5(1 +12 71,/2).[2 ((5((8;2+1)2 n/2)
a=1

2
XISV (85, 4132 ® 5(i4+1)2n/2)) ‘<5(i3+1)2n/275(i4+1)2n/2>2

[22¢]-1

+2 )

11,%2,13,14=0

2
E(¢(i1’i2’i3’i4) H (5(z +1)2‘"/2) 1” (5(633“)2 "/2))‘

a=1

X |<6(i3+1)2*”/2 ) 5(¢4+1)27n/2> |3

Let us prove that, for any ¢ € {1,...,6} there exists C' > 0 (depending only on f)
such that

Lni(t) SOt + 12 + 13 +t4). (5.5)

Then the desired conclusion of (2.33) will follow immediately.
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Thanks to the duality formula (2.10), we have

Lml(t)

[2Z¢]-1

2.

11,12,13,14=0

2
E <<D§((1) (¢(7/17 i27 7:37 24) H Il(l) (6(7;(1"1'1)27”/2)‘[2(2) (523+1)2n/2>> )

a=1

(2) (s®2 ®2
Oiz+1)2-n/2 ® 5(i4+1)2"/2>14 (5(1'3+1)2—"/2 ® 5(i4+1)2—"/2)>'

2
E<<D§((1) (d)(lh ig, i37 7’4) H Ifl) (6(ia+1)2—n/2))7

a=1

[23¢]-1

-y

11,%2,13,14=0

2
(2) (s®2
Oig+1)2-n/2 @ 5<z‘4+1>2n/2> 157002 0)

a=1
(2) (s®2 ®2
XL (0 p1y2-nre © ‘5<z'4+1>2"/"’))‘

When computing the second Malliavin derivative

2
Do <¢(i17i2,i3,i4) H 11(1)(5(ia+1)2n/2)>,

a=1
there are three types of terms:
(1) The first type consists in terms arising when one only differentiates
@(i1,142,13,14). By (2.23), these terms are all bounded by

[22¢]-1

c2—n/3 Z

11,%2,13,14=0

(2) (s®2 ®2
x1y (5(i3+1)2*"/2 ® 5(i4+1)2"/2)> '7

2
E (¢(i1, i2,13,14) H 11(1) (6(ia+1)2*n/2)I§2) (523+1)2_n/2)

a=1

where (E(il,ig,ig, i4) is a quantity having a similar form as ¢(iy,i2,13,1%4).
By the duality formula (2.10), we deduce that the last quantity is equal to

[2Z¢]—1

ce By

11,12,13,14=0

2
E<<D§(<2> (¢(i17 i27i37i4) H I£1)(5(¢a+1)27n/2)

a=1

(2) (s®2 ®2 ®2
<1y (5(ia+1)2“/2))’5(i3+1)2"/2 ® 5(i4+1)2"/2>>'

2
E<<D3‘<<2> <¢(i1, iz,is,ia) [ | [;2>(5§§j+1)2n/2)),

a=1

2% ¢t]—1

= c2 P N

11,12,13,i4=0

2
®2 ®2 (1)
5(i3+1)2*"/2 ® 5(i4+1)2"/2> H Iy (5(ia+1)2—"/2)) ‘
a=1
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When computing the fourth Malliavin derivative

(2
D§(2)< 21722)7/3724 HI ) 6%2+1)2_n/2)>

there are three types of terms:
(a) The first type consists in terms arising when one only differentiates
@(i1,142,13,14). Thanks to (2.23), these terms are all bounded by

[23¢]-1

c2~" Z

11,12,13,14=0

2
E( i1, 12,13, 14) HI za+12 n/Z) (522+1)2 n/2))
a=1

where ¢(iy,i0,43,44) is a quantity having a similar form as
@(i1,142,13,14). Observe that the last quantity is less than
125 ¢]—1
Ct? sup
i3,14€40,..,[22 ] =1} iy ,ip=0

2
E(Q_S(Zh iQa i37 14) H Il(l) (5(ia+1)2—n/2)
a=1

(2) 2
<A 0 ) )|
< OB +th, (5.6)

where the last inequality is a consequence of (2.31).
(b) The second type consists in terms arising when one differentiates

a(ih i2,13,14) and 12(2) (522“)2 n/z) but not I(2) (5%2“)2 n/z) (the case

when one differentiates ¢(11722,23,z4) and I§2 (5(@32“)2 n/Q) but not
(5®2

(+1)2- n/Q) is completely similar). In this case, with p defined
in (2 14) and « € {0, 1}, the corresponding terms are bounded either
by

[22¢]-1

c2" Z

1,%2,13,14=0

E(¢(11722713al4) (5((2?10;_1)2 n/2) (5(%;1)2 n/z)

X H I 5(1a+1)2 n/2 >‘|p Zl — ’L3)| (57)

or by the same quantity with |p(i; —i4)| instead of |p(i; —i3)|. We have
obtained the previous estimate by using (2.13) and (2.23). Observe
that, by the duality formula (2.10), we have

2
'E<q_5(711712723724) 2)(581)0;1)2 n/2)I(2) 5(%22+1)2 n/2 H za+1)2"/2)>’
'E<< X(2>( (iv, 2, i3, i) I§ (5(@?11)2 n/2))76(6?22+1)2n/2>
2
1
<114 )(5(ia+1)2—"/2))‘
a=1

=1 F(i1,i2, 13,14, ).
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We have
e For a =0:

F(il7i23i37i470)

2
- ’E(< x (P01, iz, 83,1)) 0 (12+1)2 n/2> HI = (Oiat1)2- n/2)>‘

a=1

—n 1 1
< QORI (Bpsnznr) [2ll1f) (Fizsayzare) o
< 612—71/27
where we have the first inequality since f € Cp° and thanks
o (2.23) and to the Cauchy-Schwarz inequality. The second
inequality follows from (2.12).
e For a = 1: Thanks to (2.7),(2.8), (2.13),(2.23) and (2.12), we
have
F(iq,149,13,144,1)
_ 1 1
C27PE( I (3, 112w |11 (B r1y2-n2) )
—n 1 -n
C2 1Y (Biy sy [2llTf” (Figaynr) 2 < €272

NN

For « € {0, 1}, by plugging F'(i1, 2, i3, 14, ) into (5.7) we deduce that
the quantity given in (5.7) is bounded by

[23¢]-1
Cct?2n/? Z |p(iy —i3)| < Ot3( Z Ip(r)]) < C3. (5.8)
11,13=0 reZ

Note that ) ., [p(r)| < oo because H = 1/6 < 1/2.

(¢) The third type consists in terms arising when one differentiates
(i1, 42,13,14), 1(2)(6‘%12“)2 n/2) and I§2) (522“)2 n/z) In this case,
thanks to (2.13) and (2.23), for a, 8 € {0,1} the corresponding terms

can be bounded either by
[22¢]—1

c2~ " Z

11,%2,13,14=0

x H S | S C S Y

® 72 (598
E(¢(2172271377’4) (5(1?_;'_1)2 'n./2) B (5(12_’_1)2 n/z)

or by the same quantity with |p(i; —i4)||p(i2 —i4)| or |p(i1 —i3)||p(i2 —
ia)| or |p(iz —i3)||p(i1 —i4)| instead of |p(i1 —i3)||p(iz —i3)|. Observe
that

2
‘E(¢(21’l2’23’z4) (521611)2—”/2)[;) (12+1)2 n/2 HI (Oia-+1)2- ”/2))‘
a=1



678 R. Zeineddine

is uniformly bounded in n. So, the quantity given in (5.9) is bounded

by
[22¢t]-1
Ct272 N plin —is)lp(iz — i) < CE(Y_ Ip(r)])* < C#. (5.10)
i1,i2,i3=0 TEL

Thanks to (5.10), (5.8) and (5.6), we deduce that the terms of the first type
in L, 1(t) agree with the desired conclusion (5.5).

(2) The second type consists in terms arising when one differentiates
é(i1,142,13,14) and Il(l)(d(iﬁl)%n/z), but not I(l)(é(zzﬂ)z ns2) (the case
where one differentiates ¢(iq,i2,43,44) and Il (6(l2+12 n/z) but not
Ill)(d(i1+1)2_n/z) is completely similar). In this case, thanks to (2.23),
the corresponding terms are all bounded either by

[2%¢)-1

ca /Ay

11,12,13,14=0

2) S
x1y? (5(%2+1)2—w/2 ® 5(14+1)2—w/2 >'|p(“ —i3),

or by the same quantity with |p(i; — i4)| instead of |p(iy — i3)|. By the
duality formula (2.10), the previous quantity is equal to

2
e .. 2
E(<D§((2) (¢(2177/2323;Z4> HI2( ) 523+1)2 n/2))

a=1

E<$(i1’i2’i3’i4) (O(iz-+1)2-7/2) HI(Q) 5(%2“)2 w2)

[25¢]-1

ce By

11,12,13,14=0

6(%)32“)2 n/2 ®5(v +1)2- "/2> (5(12+1)2‘”/2 )‘V’ i —i3)|-

When computing the fourth Malliavin derivative

2
/. . . . 2
Do) ((Z)(u,zz,zg,u) H Ig( ) 5‘8;;1)2 m))
a=1

there are three types of terms, exactly as it has been proved previously:
(a) The first type consists in terms arising when one only differentiates
@(i1,12,13,14). Thanks to (2.23), these terms are all bounded by

[22¢]-1 2
n T 2
02 Z E(¢(1157’27l337’4) H I( )(6(8;2_'_1)2 n/2)
11,12,13,i4=0 a=1
><I1(1)((5(i2+1)2n/2)) ‘|p(i1 —i3)]. (5.11)
Observe that since f € Cp° and thanks to (2.10), (2.23) and (2.12),
we have
T 2) 1
‘E<¢(7/1’Z2) Z377/4) H I( (6®2+1)2_ﬂ/2)1( )(6(7124’,1)271/2)) ’

a=1

2
= ‘E<<DX(1)( G(inin, i3, i) [ [ 1§ (652, 1), n/z))v(s(i2+1)2”/2>)‘
a=1
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< comon( T

_ 2) (2 2 _
< OIS (622, ) 2 < €22

Hence, we deduce that the quantity given in (5.11) is bounded by

[22¢]-1
Ct?27? N |p(iy —is)] < C () lp(r)]) < CF°. (5.12)
i1,i3=0 r€Z

(b) The second type consists in terms arising when one differentiates

g(ih i9,13,14) and I, (2) ((5(@;2_~_1 2_n/2) but not 1(2 (5?2+1)2_n/2) (the case

When one differentiates ¢(21,22,23,Z4) and 1(2 (522+1)2_ﬂ/2) but not
(5@2

(12t 1)2— n/2) is completely similar). In this case, thanks to (2.23)
and for @ € {0,1}, the corresponding terms are all bounded either by

[2Z¢]—1

c2 Y

11,%2,13,14=0

1M (5@2“)”/2)) \wl —i3)||pli1 — ia)| (5.13)

«@ (2
E(¢(11722713’Z4) 2) (5(%1+1)2 ”/2) )(5%22+1)2 “/2)

or by the same quantity with |p(i1 —i3)| instead of |p(i; —i4)|. Observe
that, by (2.10) and (2.23) among other things and since f € Cp°, we
have

‘E<¢(ll722723714) (6(8;1&+1)2 n/2) 2)(6%22+1)2 'n/2) :51) (6(1'2_;'_1)2”/2))‘
= ‘E(<DX“> (d_)(ilvi%i&i‘l)) 5(12+1)2 "/2> (52?+1)2 7»/2)I§2 (5(%;1)2 n/2)>'
E<X(7’17 12, Z3a 24) (5(8;0{_;'_1)2 ”/2)1(2) (5(%224'1)27#2)) ’

E <<D§<<2> (x (i, iz, i3, i) TS (0 1y2-mr2)) 5(122+1>2 n/2>> ’

< C2fn/6

= Cc27"/6

< C272,

where  x(i1,72,73,74) is a quantity having a similar form as
&(i1,142,13,94). Thus, we get that the quantity given by (5.13) is

bounded by
[22¢]-1
27"t Y p(i —da)llp(in —ia)| < CE27E(Y ] |p(r)))?
11,%3,24=0 reZ

< 0272, (5.14)

(¢) The third type consists in terms arising when one differentiates
T 2 2) 2 :
(1,12, 13,14), L. ((5‘%’1+1)2 n/Q) and Ié ((5(% )2 n/z) In this case,
thanks to (2. 23) for , 8 € {0,1} the corresponding terms can be
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bounded either by

[2Z¢]—1

c2 Y

11,%2,13,14=0

IV (6<Z—2H>2n/2>) \|p<z'1 —i3)||p(in — ia)|lp(ia — ia)], (5.15)

@ (2
I CORRALSIC R

or by the same quantity with |p(i; —i3)||p(i2 —i3)| or |p(i1 —i3)||p(i2 —
i4)| or |p(iz —i3)||p(i1 —i4)| instead of |p(i1 —i4)||p(i2 —i4)|. Observe
that

‘E<¢(Zl’12’l3’“)j U CTHERY S n/2)1(1)(5(i2+1)2"/2)>'

is uniformly bounded in n. So, we deduce that the quantity given by
(5.15) is bounded by

[2%t]-1
c2 Y p(iy —ids)llplin — i)llp(ia —ia)] < C272(D ] |p(r)])®
91,12,13,14=0 rEL

< 027, (5.16)

Combining (5.16), (5.14) and (5.12), we deduce that the terms of the second
type in L, 1(t) agree with the desired conclusion (5.5).
(3) The third type consists in terms arising when one only differentiates

Hi:l Il(l)(d(ia+1)2_%). In this case, thanks to (2.7) and (2.13), the cor-
responding term is equal to:

125 ¢]—1

2

11,12,13,14=0

2
E<¢(Zla 7:27i37i4) H ‘[2(2) 6(8;24_1)2 n/2)
a=1

(2) (s®2
xIy (5(%3 +1)2-n/2 ®514+1 2- n/z>>’

X | <5(z’1 +1)2-n/2 ®5(z‘2+1)2*n/27 5(134-1)2*”/2 ® 6(i4+1)2*"/2>|

|123¢]-1 2
®2
E< 7’137’277’3714 H 5 (ia+1)2— n/z)

< 2711/3 Z

11,%2,13,14=0

2 . . . .
IO (SE, s ®0Z, e )]wl —ig)llpliz — is)

[23¢]-1

+2—n/3 Z

11,12,13,14=0

2
E( 21)7/27Z3a24 H (la-‘rl 2—71/2)

2 . . . .
XLE )(58;24_1)2 n/2 ® 5 (ia+1)2- ,L/2)> ‘|p(22 — Zg)”p(ll — Z4)|,

It suffices to prove that the second quantity agree with the desired conclu-
sion (5.5) (similarly, the first quantity agree as well with (5.5)). Thanks to
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the duality formula (2.10), we have that the last quantity is equal to

[22¢]—1

2—n/3 Z

1,12,13,14=0

E(<D§((2) <¢(i17i277’.37i4) H I(2 (6S2+1)2 71/2))7 (517)

a=1
02 s ®0 g o) ) Il = )l = i)

Observe that one can prove, thanks to (2.23) among other things (and
following the approach already used several times previously) that

'E<<D§((2) (¢(i17i27i35 7’4) H [(2) (5(8;3_;'_1 2— n/2))

a=1

®2 ®2
Oig+1)2—nrz ©0 z4+1)2‘“/2>> ’

< 02—271,/3.

Hence, we get that the quantity given in (5.17) is bounded by

[2Z¢]—1
o2 3" plia —is)llplis — ia)] < OO |p(r)])? < CF,
11,%2,13,14=0 reZ

which agrees with the desired conclusion (5.5).

Finally, we have proved that L,, 1(¢) agrees with the desired conclusion (5.5).

The motivated reader may check that there is no additional difficulties to prove
that for all i € {2,...,5}, L, ;(t) agrees with the desired conclusion (5.5). Indeed,
all the arguments and techniques which are needed to prove this claim, were already
introduced and used along the previous proof.

It remains to prove that L, (t) agrees with the desired conclusion (5.5). Observe
that

L, 6(t)
125 ¢]—1

_ 22771/2 Z

11,12,13,i4=0

E <¢(Zla i?? i37 Z4)

2

(2 . .
< TL Y G I G2y ) ) 0t = i)
a=1

[2%¢t]—1 [2%¢]—1
g 227”1/2 Z < sup E <¢(7’17 i25 7:37 7’4)

i3,i2=0 i3i4e{0 ..... 122 ¢]—1} i1,i2=0

1) . .
xHﬂ hﬂ2m><ﬁmpW0DMmﬂm3
|12%¢]-1

< C+127"2 3 plis —ia)|* < CE+ (D p(r)] C(t? + %),

13,14=0 rez
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where the second inequality is a consequence of (2.31). Thanks to the previous
estimate, it is clear that L,, ¢(t) agrees with the desired conclusion (5.5). The proof
of (2.33) is now complete.

5.4. Proof of (2.5/). The proof is similar to the proof of (2.33) and is left to the
reader. See also Nourdin et al. (2010b, Lemma 3.5) for a very similar result.

Acknowledgements. This paper is part of my PhD thesis. I thank my su-
pervisor Ivan Nourdin for several interesting discussions about this article and for
his careful reading and helpful comments. Also, I thank an anonymous referee for
his/her many valuable comments and remarks on a previous version of this work.

References

K. Burdzy. Some path properties of iterated Brownian motion. In Seminar on
Stochastic Processes, 1992 (Seattle, WA, 1992), volume 33 of Progr. Probab.,
pages 67-87. Birkhduser Boston, Boston, MA (1993). MR1278077.

D. Harnett and D. Nualart. Weak convergence of the Stratonovich integral with
respect to a class of Gaussian processes. Stochastic Process. Appl. 122 (10),
3460-3505 (2012). MR2956113.

D. Harnett and D. Nualart. Central limit theorem for a Stratonovich integral with
Malliavin calculus. Ann. Probab. 41 (4), 2820-2879 (2013a). MR3112933.

D. Harnett and D. Nualart. Central limit theorem for a Stratonovich integral with
Malliavin calculus. Ann. Probab. 41 (4), 2820-2879 (2013b). MR3112933.

D. Khoshnevisan and T.M. Lewis. Iterated Brownian motion and its intrinsic skele-
tal structure. In Seminar on Stochastic Analysis, Random Fields and Applications
(Ascona, 1996), volume 45 of Progr. Probab., pages 201-210. Birkh&user, Basel
(1999a). MR1712242,

D. Khoshnevisan and T.M. Lewis. Stochastic calculus for Brownian motion on a
Brownian fracture. Ann. Appl. Probab. 9 (3), 629-667 (1999b). MR 1722276.

I. Nourdin. A change of variable formula for the 2D fractional Brownian motion of
Hurst index bigger or equal to 1/4. J. Funct. Anal. 256 (7), 23042320 (2009).
MR2498767.

I. Nourdin, D. Nualart and C.A. Tudor. Central and non-central limit theorems
for weighted power variations of fractional Brownian motion. Ann. Inst. Henri
Poincaré Probab. Stat. 46 (4), 1055-1079 (2010a). MR2744886.

I. Nourdin and G. Peccati. Normal approzimations with Malliavin calculus, volume
192 of Cambridge Tracts in Mathematics. Cambridge University Press, Cam-
bridge (2012). ISBN 978-1-107-01777-1. From Stein’s method to universality.

I. Nourdin and A. Réveillac. Asymptotic behavior of weighted quadratic variations
of fractional Brownian motion: the critical case H = 1/4. Ann. Probab. 37 (6),
2200-2230 (2009). MR2573556.

I. Nourdin, A. Réveillac and J. Swanson. The weak Stratonovich integral with
respect to fractional Brownian motion with Hurst parameter 1/6. FElectron. J.
Probab. 15, no. 70, 2117-2162 (2010b). MR2745728.

I. Nourdin and R. Zeineddine. An Ito-type formula for the fractional Brownian
motion in Brownian time. Electron. J. Probab. 19, No. 99, 15 (2014). MR3305825.

R. Zeineddine. Sur des nouvelle formules d’It6 en loi. Ph.D. thesis, Université de
Lorraine (2014).


http://www.ams.org/mathscinet-getitem?mr=MR1278077
http://www.ams.org/mathscinet-getitem?mr=MR2956113
http://www.ams.org/mathscinet-getitem?mr=MR3112933
http://www.ams.org/mathscinet-getitem?mr=MR3112933
http://www.ams.org/mathscinet-getitem?mr=MR1712242
http://www.ams.org/mathscinet-getitem?mr=MR1722276
http://www.ams.org/mathscinet-getitem?mr=MR2498767
http://www.ams.org/mathscinet-getitem?mr=MR2744886
http://www.ams.org/mathscinet-getitem?mr=MR2573556
http://www.ams.org/mathscinet-getitem?mr=MR2745728
http://www.ams.org/mathscinet-getitem?mr=MR3305825

Change-of-variable formula for the 2D fBmBt 683

R. Zeineddine. Fluctuations of the power variation of fractional Brownian motion
in Brownian time. Bernoulli 21 (2), 760-780 (2015). MR3338646.


http://www.ams.org/mathscinet-getitem?mr=MR3338646

	1. Introduction
	2. Framework, preliminaries, notation and technical lemmas
	2.1. The framework of Theorem 1.4
	2.2. Some preliminary results
	2.3. Notation
	2.4. Some technical lemmas

	3. Proof of Theorem 1.3
	3.1. Proof of (1.5)
	3.2. Proof of (1.6)
	3.3. Proof of (1.8)

	4. Proof of Theorem 1.4
	4.1. Step 1: A key algebraic lemma
	4.2. Step 2: Transforming the 2D weighted power variations of odd order
	4.3. Step 3: Known results for the 2D fractional Brownian motion
	4.4. Step 4: Moment bounds for Wn3f
	4.5. Step 5: Limits of the 2D weighted power variations of odd order
	4.6. Step 6: Proving (1.9) and (1.10)
	4.7. Step 7: Proving (1.11)

	5. Proof of Lemma 2.7
	5.1. Proof of (2.31)
	5.2. Proof of (2.32)
	5.3. Proof of (2.33)
	5.4. Proof of (2.34)

	References

