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Abstract. The h-trimming of a tree is a natural regularization procedure which
consists in pruning the small branches of a tree: given h > 0, it is obtained by only
keeping the vertices having at least one leaf above them at a distance greater or
equal to h.

The h-cut of a function f is the function of minimal total variation satisfying
the constraint 0 < f — g < h, and can be explicitly constructed via the two-sided
Skorohod reflection of f on the interval [0, A].

In this work, we show that the contour path of the A-trimming of a rooted real
tree is given by the h-cut of its original contour path. We provide two applications
of this result. First, we recover a famous result of Neveu and Pitman (1989), which
states that the A-trimming of a tree coded by a Brownian excursion is distributed
as a standard binary tree. In addition, we provide the joint distribution of this
Brownian tree and its trimmed version in terms of the local time of the two-sided
reflection of its contour path. As a second application, we relate the maximum of
a sticky Brownian motion to the local time of its driving process.

1. Introduction and Main Results.

In a rooted tree, there is a natural partial ordering on the set of vertices —x <y
iff the unique path from the root to vertex y passes through vertex x. Under this
ordering, the children of a given node are not ordered. However, one can always
specify some arbitrary ordering of the children of each vertex of the tree (from left
to right) and by doing so, one defines an object called a rooted plane tree — see
Le Gall (2005) for a formal definition.

Every rooted plane tree can be encoded by its contour path, where the contour
path can be loosely understood by envisioning the tree as embedded in the plane,
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with each of its edges having unit length. We can then imagine a particle starting
from the root, traveling along the edges of the tree at speed 1 and exploring the
tree from left to right — see Fig 1.1. The contour path of the tree is simply defined
as the current distance of the exploration particle to the root — see Fig 1.2.

In this paper, we show that the contour path of the h-trimming of a rooted plane
tree (and more generally the h-trimming of rooted real trees) is given by the h-cut
of the original contour path; where the h-cut is constructed from the two-sided
Skorohod reflection of the original contour path — see (1.4).

Real rooted trees. As already discussed, every rooted plane tree can be en-
coded by its contour path which is a function in Cj (R*) — the set of continuous
non-negative functions on R™ with f(0) = 0 and compact support. Conversely,
it is now well established that any f € C;j (R*) encodes a real rooted tree in the
following natural way — see again Le Gall (2005) for more details. Define

Vs,t € RT, dy(s,t) = f(s)+ f(t) =2 inf f,

[sAt,sVi]
and the equivalence relation ~ on R as follows
s~t<=ds(s,t) =0.
The equivalence relation ~ defines a quotient space
T =R/~

referred to as the tree encoded by f. The function d induces a distance on 7y, and
we keep the notation dy for this distance. It can be shown that the pair (7;,dy)
defines a real tree in the sense that the two following properties are satisfied. For
every a,b € Ty:
(i) (Unique geodesics.) There is a unique isometric map ¢®° from
[0,d¢(a,b)] into Ty such that ¢*°(0) = a and ¢**(ds(a, b)) = b.
(ii) (Loop free.) If ¢ is a continuous injective map from [0, 1] into 7 , such
that ¢(0) = a and ¢(1) = b, we have ¢([0,1]) = ¢¥*°([0,ds(a, b))).

In the following, for any z,y € Ty, [x,y] will denote the geodesic from z to y,
ie., [z,y] is the image of [0,d¢(z,y)] by ¥™¥. We will denote by ps the canonical
projection from R* to 7; which can be thought of as the position of the exploration
particle at time ¢. In the following, p; = p;(0) will be referred to as the root of
the tree 7¢. In what follows, real trees will always be rooted, even if this is not
mentioned explicitly.

dy induces a natural partial ordering on the rooted tree 7y : v < v (v’ is an
ancestor of v) iff

d(v,v") = dy(pg,v) —dp(ps, ).

We note that this partial ordering is directly related to the sub-excursions nested in
the function f. Indeed, for any s, > 0, ps(t) < py(s) if and only if infjrs pvs) f =
f(t), which is equivalent to saying that ¢ is the ending time or starting time of a
sub-excursion of f starting from level f(¢) and straddling time s — see Fig 1.1 and
1.2.

Finally, for any x,y € 7, the most recent common ancestor of z and y — denoted
by x Ay —is defined as sup{z € Ty : z < z,y}. From the definition of our genealogy,
for any t1,t, € RT, we must have

pr(t) Apg(ta) =ps(s), for any s e argming s, + v, f (1.1)
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with the height of the most recent common ancestor being given by

f(s)=  min

[tl/\t27t1\/t2]
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FIGURE 1.1. Exploration of a plane tree. The exploration particle
travels along each branch twice : first on the left and away from

the root, and then on the right and towards the root. The root of
the red sub-tree belongs to the 2-trimming of the tree.

FIGURE 1.2. Contour path. The red portion of the curve is a sub-
excursion of height 2 corresponding to the exploration of the red
sub-tree on the left panel.

Trimming and the two-sided Skorohod reflection. As in Evans (2005),
for every h > 0, we define the h-trimming of the real tree (7¢,ds) as the (possibly
empty) sub-tree

Trh(’]}) ={zeT; : sup  dy(z,y) > h}, (1.2)

yeT; Yy

which consists of all the points in 7; having at least one leaf above them at distance
greater or equal to h. (Note that Trh(7}) is not empty if and only if supyg ) f > h.)
As already mentioned, one of the main results of this paper is the relation between
the h-trimming of a real rooted tree and the two-sided Skorohod reflection of its
contour path. The one-sided Skorohod reflection is well known among probabilists.
Given a continuous function f starting from z > 0, it is simply defined as the
following transformation

I°(f)(t) == f(t) — (inf £ AO). (13)

[0,¢]
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The resulting path obviously remains non-negative and the function
c(t) := —(infgq f A 0) is easily seen to be the unique solution of the so-called
(one-sided) Skorohod equation, i.e., ¢ is the unique continuous function ¢ on R
such that ¢(0) = 0 and

(1) TO(f)(t) := f(t) + c(t) is non-negative.

(2) ¢ is non-decreasing.

(3) ¢ does not vary off the set {t : T°(f)(t) = 0}, i.e., the support of the

measure dc is contained in TO(f)~1({0}) .

See Lemma 6.17 in Karatzas and Shreve (1991) for a proof of this statement.
Intuitively, the function ¢, which will be referred to as the compensator of the
reflection in the rest of this paper, can be thought of as the minimal amount of
upward push that one needs to exert on the path f to keep it away from negative
values. The Skorohod equation states that the reflected path is completely driven
by f when it is away from the origin, while it is repealed from negative values by
the compensator upon reaching level 0. The following theorem is a generalization
of the Skorohod equation to the two-sided case. See also Fig. 1.3.

FIGURE 1.3. A path (plain line) and its two-sided reflection
(dashed line) on the interval [0, h].

Theorem 1.1 (Two-Sided Skorohod Reflection). Let h > 0 and let f be a
continuous function with f(0) € [0,h]. There exists a unique pair of continuous
functions (°(f),c(f)) with °(£)(0) = c"(£)(0) = 0 satisfying the three following
properties.

(1) Aon(£)(t) = f(t)+c(f)(t) + (f)(¢) is valued in [0, h].

(2) (f) (resp., ch(f)) is a non-decreasing (resp., non- mcreasmg) function.

(3) °(f) (resp., c"(f)) does not vary off the set Ao p(f)~1({0})

(resp., Don(f)~H({R}))

As noted by Kruk et al. (2007), existence and uniqueness to the Skorohod prob-
lem follow directly from Lemma 2.1, 2.3 and 2.6 in Tanaka (1979). In the rest of
this paper, Ao r(f) will be referred to as the two-sided Skorohod reflection of the
path f on [0, k], while the pair of functions (c°(f),c"(f)) will be referred to as the
compensators associated with the function f. In the same spirit as the one-sided
reflection, the compensator ¢”(f) (resp., c’(f)) can be thought of as the minimal
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amount of downward (resp., upward) push at level h (resp., 0) that one has to exert
on f to keep the path Ag,(f) inside the interval [0, h]. In other words, adding the
compensators c®(f) and c"(f) to f is the “laziest way” of keeping f inside the
interval [0, k).

Let f be a continuous function on R* with f(0) = 0 (with no restriction on the
support and on the sign of f). For such a function, define the h-cut of the function

f as
fu o= f=Aon(f) = =) = (). (1.4)
fr is also characterized by the following interesting variational property.

Lemma 1.2. Let f be a non-negative continuous function on R* with f(0) = 0.
For every T > 0, fr is a solution of the following minimization problem:

TV, 0.T)) = g st g(0)=0, 0<f—g<h} (15)
where TV (g,[0,T]) denotes the total variation of g on the interval [0,T]

Proof: Let g := f — h/2 and (c~"/?(g),c"/?(g)) the compensators at —h/2 and
h/2 for the two-sided reflection reflection of g on [—h/2,h/2]. As an immediate
corollary of Proposition 2 in Mitos (2013), we get that when f > 0, the function

h)2 —c"2(g) — "?(g), where g := f —h/2
is a minimizer of the following problem:
IE(TV(9,[0,7]) 5 g st 0 < |If = glloeor < /2. (16)

(regardless of the value of T') where || - |[o,j0,7] is the sup norm on [0, T7.
The reflection of g = f — h/2 on the interval [—h/2,h/2] is obtained from the
reflection of f on the interval [0, h] by a translation of —h/2 which implies that

(c2(9),¢"(9)) = ((f),"(f))

Combining this with the result in Milo$ (2013) stated above yields that h/2—c°(f)—
c(f) is a minimizer of (1.6). Since the total variation is invariant under translation
by a constant, our result follows. [ ]

Informally, the previous result states that up to a linear transformation, fj is
the function of minimal total variation satisfying the constraint 0 < f — g < h.
L' Our main theorem states that the contour path of the h-trimming of a tree is
simply given by the h-cut of its original contour path.

Theorem 1.3. Let f € C’S‘(R*‘) and let us assume that the h-trimming of Ty is
not empty.
(1) The h-cut f5 belongs to Cf" (RT).
(2) The h-trimming of the real tree (T, dy) is identical to the real tree (Ty, , dy,)
(up to a root preserving isometry).

IFor more information on the interesting minimization problem (1.5), we refer the reader to
Lochowski (2011, 2013) — see also Lochowski and Milo$ (2013).
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To state our next result, we need to introduce some extra notations. For a
continuous function f with f(0) = 0, define ¢, (f) = ¢, (vesp., Tn(f) = Ty) to be
the n'" returning time at level 0 (resp., k) of Agn(f) and s, (f) = s, to be the nt*
exit time at 0 of A ,(f) as follows. tg =0, and for n > 1

T, = inf{u > t,_1 tAon(f)(u) =h}
tn = inf{u > T, s Non(f)(u) =0}
sn = sup{u € [ty—1,tn) : Aon(f)(u) =0} (1.7)

with the convention that sup{@},inf{(} = co. See also Fig. 1.3. Let N,(f) be the
number of returns of Ay x(f) to 0, i.e.,
Nn(f) := sup{n: t, < oo}.
Finally, define {X,,(f)} = {X,} and {Yo.(f)} = {YV,},
Vn>1, Xo(f):= fultn) = fa(sn),

Yo(f) = foltn-1) = fa(sn). (1.8)
As we shall see below (see Theorem 1.5(2)), when f is a Brownian excursion, the
quantity X, (f) (resp., Y, (f)) simply coincides with the amount of Brownian local

time accumulated by the reflected path Agp(f) at h (resp., 0) on the interval
[tnfhtn]-

Proposition 1.4. Let f € Cf (R") and let us assume that the h-trimming of T;
is not empty. The h-trimming of Ty is equal (up to a root preserving isometry) to
the tree generated inductively according to the following algorithm — see Fig 1.4.
(Step 1.) Start with a single branch of length X1(f).
(Step n, n > 2) If n = Ny (f) stop. Otherwise, let z,_1 be the tip of the (n — 1)** branch.
On the ancestral line [p, zn—1], graft a branch of length X, (f) at a distance
Y. (f) from the leaf z,_1.

Xi

FIGURE 1.4. Schematic representation of the algorithm generating
the h-trimming of a tree from the two-sided reflection of its contour
path.

Relation with standard binary trees. Recall that standard binary trees
have branches (1) that have i.i.d. exponential life time with mean «, and (2) when



Trimming a Tree and the Two-Sided Skorohod Reflection 817

they die, they either give birth to two new branches, or have no offspring with
equal probability 1/2. The algorithm described in Proposition 1.4 is reminiscent
of a classical construction of standard binary trees (see e.g., Le Gall (1989)), for
which (X1 (f), {(Xn(f), Ya () ba<nen, () is replaced with (X1, {(Xn, V) }pene )

where X1,Ys, X5,Y3, -+ is an infinite sequence of independent exponential r.v.’s
with parameter o and the algorithm stops at step N, with
n
N :=inf{n : Z(X’ — Y1) <0} (1.9)

i=1

(Note that this stopping condition is quite natural: the quantity sz;l(f(i —Yin)
is the height of the n*" intercalated branching point. We stop the algorithm once
the branching point has negative height.) Using Proposition 1.4, we easily recover a
result due to Neveu and Pitman (1989), relating the h-trimming of the tree encoded
by a Brownian excursion e with standard binary trees (see item 1 in the following
theorem). Further, the next theorem provides the joint distribution of the tree T,

and its trimmed version Tr"(7;) (see item 2). In the following, for a path w, we
define

)@ = sl € 0,1) 5 Aon(w)(s) € [h -, )]
)0 = Tim s € 10,0 Aoa(w)(s) € 0]}, (1.10)

provided that those limits exist. ["(w) (resp., [°(w)) will be referred to as the local
time of Ag p(w) at h (resp., at 0).

Theorem 1.5. Let e be a Brownian excursion conditioned on having a height larger
than h.

(1) The h-trimming of the tree (Te,d.) is a standard binary tree with parameter
a=h/2.
(2) For 1< i< Ng(e),
e X;(e) a.s. coincides with the local time of Ao p(e) at h accumulated
between [t;_1(e),t;(e)], i.e., X;(e) = 1"(e)(t;) — 1" (e)(ti—1).
e Yi(e) a.s. coincides with the local time of Agp(e) at 0 accumulated
between [t;—1(e),t;(e)].

The maximum of a sticky Brownian motion. Our final application of
Theorem 1.3 relates to the sticky Brownian motion. Given a filtered probability
space (Q,G,{Gt}i>0,P), a sticky Brownian motion, with parameter 6 > 0, is de-
fined as the adapted process taking value on [0, 00) solving the following stochastic
differential equation (SDE):

d2’(t) = Losodw(t) + 0 1e—odt, (1.11)

where (w(t); t > 0) is a standard G;-Brownian motion. Intuitively, 2% is driven by
w away from level 0, and gets an upward push upon reaching this level, keeping the
process away from negative values. Sticky Brownian motion were first investigated
by Feller (1957) on strong Markov processes taking values in [0,00) that behave
like Brownian motion away from 0. We refer the reader to Varadhan (2001) for a
good introduction on this object.
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Tkeda and Watanabe showed that (1.11) admits a unique weak solution. The
result was later straightened by Chitashvili (1989) and Warren (1999) who showed
that 2% is not measurable with respect to w and that, in order to construct the
process 2, one needs to add some extra randomness to the driving Brownian motion
w. In Warren (2002), Warren did exhibit this extra randomness and showed that
it can be expressed in terms of a certain marking procedure of the random tree
induced by the one-sided Skorohod reflection of the driving Brownian motion w
(more on that in Section 4).

Among the first applications related to sticky Brownian motions, we cite Yamada
(1994) and Harrison and Lemoine (1981) who studied sticky random walks as the
limit of storage processes. More recently, Sun and Swart (2008) introduced a new
object called the Brownian net which can be thought of as an infinite family of one-
dimensional coalescing-branching Brownian motions and in which sticky Brownian
motions play an essential role (see also Newman et al. (2010)).

Building on the approach of Warren (2002), and using Theorem 1.3, we will
show that the law of the maximum of a sticky Brownian motion can be expressed
in terms of the local time of the two-sided reflection of its driving Brownian motion
w on the interval [0, A].

In the following, Ao n(-) will refer to the linear function reflected at 0 and h,
i.e., the function obtained by a linear interpolation of the points {(2n - h,0)},ecz
and {((2n+ 1) - h), h}pez. For any continuous function f, the standard reflection
of f on [0,h] (as opposed to the two-sided Skorohod reflection) will refer to the
transformation Ao, (f). In Warren (1999), the one-dimensional distribution of a
sticky Brownian motion conditionally on its driving process was given. The follow-
ing theorem provides the one-dimensional distribution of the maximum of a sticky
Brownian motion conditionally on its driving process.

Theorem 1.6. Let h > 0 and let (2% (t),w(t);t > 0) be a weak solution of equation
(1.11) starting at (0,0). Ao p(w) is distributed as a Brownian motion reflected (in
the standard way) on [0, h] and we denote by 1" (w) its local time at h (see (1.10)).
Then,

P <max20 < h| a(w)) = exp (—20 I"(w)(t)),

where I"(w) is the local time at h for the path Ao p(w) (see (1.10)).

2. Proof of Theorem 1.3 and Proposition 1.4

In the following, a nested sub-excursion of the function f € Cy (R*) will refer to
any section of the path f on an interval [t_,t,] such that V¢ € [t_,t,],inf,_ 4 f =
f(t=) = f(t+) — see Fig 1.2. The height of such a sub-excursion is defined as
maxig_ ¢.] = f(tJr)’

Let p(t) be the canonical projection from R* to T, which can be thought of
as the position of the exploration particle at time ¢. By definition, p¢(t) belongs to
Tr" (7;) if and only if there exists s such that infiipspvs £ = f(t) and f(s)—f(t) > h,
which is equivalent to saying that ¢ is the ending time or starting time of a sub-
excursion (nested in f) of height at least h starting from level f(¢). We claim that
the extreme points of Trh(7}) — or leaves — are contained in the set of points of the
form z = ps(t), where ¢ is the time extremity of a sub-excursion of height ezactly h.
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In order to see that, let ¢ be the time extremity of a sub-excursion of height strictly
larger than h. By continuity, this sub-excursion must contain another sub-excursion
of height greater or equal to h. Thus, py(t) must have at least one descendant and
can not be a leaf. As claimed earlier, this shows that the leaves must be visited at
the time extremities of some sub-excursion of height ezactly h. >

Let us now define inductively {7,,(f)}n>0 = {mn}n>0, {0n(f)}n>1 = {On}n>1
and {0, (f)}n>0 = {on}n>0 as follows : 79 =0, o9 = 0 and

Opi1 = inf{s>7,: f(s)—h= [inf]f}.

Tot1 = inf{s >60,11: sup f=f(t)+h},

[On+1,8]

Ont1 = sup{s € [1n, Tnt1] : f(s) = inf]f}. (2.1)

[7-71 »S

with the convention that inf{@},sup{f} = co. See also Fig. 1.3.

As already noted in Neveu and Pitman (1989) (although under a slightly different
form), the sequences {7y} : r,<oo} @a0d {00 }{n : 0, <o} Play a key role in the tree
Tr"(7}), being respectively related to the exploration times for the leaves and the
branching points respectively.

First, the reader can easily convince herself that the set of finite 7,,’s coincide
with the completion times of all the sub-excursions nested in the function f which
are exactly of height h (see Neveu and Pitman (1989) for more details). As already
discussed, this implies that {ps(7,)}{n:r,<oc} contains the set of leaves of the tree
T(T)).

Secondly, the very definition of the o;’s implies that for every m < n, inf[,; . f=
f(og) for some k € {m+1,---,n}. From (1.1), this implies that p;(7,) Aps(Tm) —
the most recent common ancestor of p;(7,,) and ps(7,,) — is given by some py (o).

We now show that the times o, (f) and 7,,(f) also appear quite naturally in the
two-sided Skorohod reflection. Recall from the introduction, that ¢, (resp., sp)
refers to the n'”* returning time (exit time) of Ag 5 (f) at level 0 (see (1.7)).

Proposition 2.1. For every continuous function f with f(0) = 0 and for every

n>1,
(1) 7a(f) is the n'" returning time to level 0 of Ao n(f), i.e., Ta(f) = ta(f).
(2) . (f) is the n'" exit time at level 0 of Ao n(f), i-e., on(f) = sn(f).

(3) The function fr, = f — Ao n(f) is non-decreasing (resp., non-increasing)
on [Un-i-l(f)an-i-l (f)] (resp., on [Tn(f)a0n+1(f)])' In partiCUlar7 {fh(al)}
(resp., {frn(m:)}) coincide with the local minima (resp., local mazima) of fp,.

See also Fig. 1.3 for a pictorial representation of the next proposition. As we
shall see, this proposition is a consequence of elementary results on the two-sided
Skorohod reflection that we now expose. We start by introducing some notations:

Vf, ¥t >0, RN (f)(t) = Lisr (f(t) = f(T)).

In other words, RT (f) is constant on [0, 7] and follows the variation of f afterwards.
The next elementary lemma states that the reflection of a path can be obtained

2 Note that we only have an inclusion. For example, let ¢ be the starting time of a sub-excursion
of height exactly h, and let t. be the ending time of this excursion. If ¢. is also the starting time
of another sub-excursion of size > h, then ps(t) is not a leaf of the h-trimming of the tree.
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by successively reflecting the path up to some T and then reflecting the remaining
portion of the path from T to co.

Lemma 2.2. For any continuous function f with f(0) € [0,h] and T > 0,

VE<T, Non(f)(t) = Aon(f(-AT))(),

VE>T, Aon(f)(t) = Aon (RT(f)+Aon(F)(T)) (1)
Proof: In the following, we write

LY(f)(t) = RY(f)(t)+ Aon(f)(D),
and for any continuous function F with F(0) € [0, k], we denote by (c°(F),c"(F))
the pair of compensators solving the Skorohod equation for the two-sided reflection
of F on the interval [0, h]. For y = 0, h, define
Vi >0, &) = S(FCAT)E) + SLT()E).

We will show that (¢%, ") solves the two-sided Skorohod equation for f. We first
need to prove that the function G(t) := f(t) + ¢"(t)+c°(¢) is valued in [0, h]. First

G(t) FANT)+ Y7 (AT | + [ LT+ Y (LT ())E)

y=0.h y=0.h
—Aon(fT)

Aon(fC-AT))(E) + Aono LT (f)(t) — Aon(f)(T)
Non(FYEAT) + Aono LT(f)(t) — Aon(F)(T)

where the first equality follows from the fact f(t) = f(t AT)+LT(f)(t)— Ao n(f)(T)
and the last equality only states that the reflection of the function f(- AT) (the
function f “stopped” at T') is the reflection of f stopped at T (this can directly be
checked from the definition of the two-sided Skorohod reflection).

The function LT (f) is constant and equal to Ao, (f)(T) on the interval [0, 7.
This easily implies that its reflection is also identically Agn(f)(T) on the same
interval. Thus, the latter equality implies that

Ao n(H®) ift<T,
G(t) = { Agy: o LT(f)(t) otherwise. (2:2)

(2.2) implies that G(t) belongs to [0, k], hence proving that the first requirement
of the Skorohod equation (see Theorem 1.1) is satisfied. The second requirement
— the function & (resp., ¢°) non-increasing (resp., non-decreasing) — is obviously
satisfied since the function & (resp., é°) is constructed out of a compensator at h
(resp., at 0). Finally, for y = 0, h, we need to show that the support of the measure
dé¥ is included in the set G=!({y}). In order to see that, we use the fact that
the support of dc?(LT(f)) and de?(f(- AT)) are respectively included in [T, o0]
and [0,7] — using the fact that if a function g is constant on some interval, its
compensator does not vary on this interval. As a consequence, for y = 0, h

Supp(¢¥) N[0, T] = Supp(c!(f(- AT)))N[0,T]

where Supp denotes the support of the measure under consideration. Further,
Supp(c?(f(- AT)) € {t : Aon(f(-AT))() = y}. Since Agn(f(-AT)) and G
coincides on [0,7] (by (2.2)), we get that on [0, 7] the compensator & only varies
on G1({y}). By an analogous argument, one can show that the same holds on the
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interval [T, c0]. Hence, the third and final requirement of the Skorohod equation
holds for &, y = 0,h. This shows that (¢, &") solves the two-sided Skorohod
reflection. Combining this with (2.2) ends the proof of our lemma.

|

Let h > 0. For any continuous function f with f(0) < h, let us define the
one-sided reflection (with downward push) at h — denoted by T'"*(f) — as

I(f) = f — (sup f — h) V0.
[0,1]

Along the same lines as the one-sided reflection at 0 (as introduced in (1.3)), the
function c(t) = —(supyg f — h) V 0 can be interpreted as the minimal amount of
downward push necessary to keep the path f below level h. More precisely, this
function is easily seen to be the only continuous function ¢ with ¢(0) = 0 satisfying
the following requirements: (1) f 4 ¢ < h, (2) ¢ is non-increasing and, (3) ¢ does
not vary off the set {¢t >0 : f(t) + c(t) = h}.

Lemma 2.3. For every T > 0 and every continuous function F with F(0) € [0, h]
such that T"(F) > 0 (resp., T°(F) < h) on [0,T], we must have

Vt € [0,T), Aon(F)(t) = T"(F)(t) (resp., Aon(F)(t) = TO(F)()).

Proof: Let us consider a continuous F with F(0) € [0, k] and such that T'"(F) > 0
on [0,T]. Let us prove that Ag,(F) = I'"(F) on [0,7]. We aim at showing that
(0, —(sup[oﬁt] F — h)™) coincides with the pair of compensators of F' on the time
interval [0, T]. First,

I"(F) = F + 0 +(—(supF —h) Vv 0)
[0.]
belongs to [0, h] since I"*(F) < h and under the conditions of our lemma I'*(F) > 0.
Secondly, using the fact that —(supjy 4 F — h) V 0 is the compensator for the one-
sided case (at h), this function is non-increasing and only decreases when I'*(F) is
at level h. This shows that I'(F) coincides with the two sided reflection of f on
the interval [0, h]. The case I'°(F) < h can be handled similarly. ]

Proof of Proposition 2.1: In order to prove Proposition 2.1, we will now proceed by
induction on n.

Step 1. We first claim that o7 < #;. When 6; = oo, this is obvious. Let us
assume that 6; < oo and let us assume that o; > 6. The definition of #; implies
that T°(f)(01) = h and thus 6; belongs to an excursion of I''(f) away from 0 (of
height at least h), whose time interval we denote by [t_,t.]. Since o7 was defined
as the last visit at 0 of ['9(f) before time 71 (see (2.1)) and oy is assumed to be
greater than 61, oy >t and the excursion of I'°(f) on [t_,¢] must be completed
before 7. On the other hand,

(0= ggyr) = (s gt 1)
f61) = f(t4)
sup f — f(t),

[91 7t+]

h

IN
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where we used the fact that infjg, f must remain constant during an excursion
of TO(f) away from 0 in the second equality. By continuity of f, there must exist
s € [0h,t4] such that supgy, o f—f(s) = h, which implies that 7 <, thus yielding
a contradiction and proving that o1 < 6.

Next, the strategy for proving the first step of our proposition consists in breaking
the intervals [0, 7] into three pieces: [0,01], [01,61] and [f1,71]. In the following,
we assume that 7 < co. The complementary case is obvious.

First, on [0, 0], we must have I'°(f) < h since o7 < 61, and 0; was defined as
the first time I'°(f)(t) = h. By Lemma 2.3, this implies that

vt € [0,01], Aon(f)(t) =T°(f)(t) = f - [lglf] f,and Ao (f)(o1) =0, (2.3)

where the latter equality follows directly from the definition of o;. Next by Lemma
2.2, we must have

vt € [or,00], Aon(f)(t) = Non(l20,(f = f(01)) (D).

Using the fact that infly 4 f remains constant during an excursion of T'V(f) away
from 0 and the fact that f —infj j f < hon [0, 6], it is easy to see that #; coincides
with the first visit of 1.>,, (f(-) — f(o1)) at h. Further, since o7 is the last visit at
0 of T°(f) before 71, we must have

Vi€ (o1,m), f(t)— [iontf]f = f(t) = f(o1) > 0.

In particular, f — f(o1) € (0, h] on the interval (o1, 61] and thus, (0,0) solves the
Skorohod equation for 1.>,,(f — f(o1)) on this interval. This yields
vt € (01,61), Aon(f)(t) = f(t) — f(o1) > 0. (2.4)

Finally, we look at Ao, (f) on [61,71]. Using Ag n(f)(61) = h, Lemma 2.2 implies
that

Vt€ [0, m], Aon(f)(t) = Non(h+ 130, (f() = (1))
A straightforward computation yields
Vi<, T (B4 1o, (F() = £(01)) (B) = h+ Lz, (f(t) — sup f)

By definition of 71, the RHS of the equality must remain positive on [0, 71). Using
Lemma 2.3, we get that

Vi€ [61,m1), Aon(f)(t) = T"()(t) = F(t)+h— [seup]f >0,

and Aou(f)(m) =0 (25)

where the second equality follows from the very definition of 71. Finally, combining
(2.3)-(2.5) yields that Ag 5 (f) is continuous on [0, 71], and further that

vVt € [077—1]7 AO,h(f)(t) = f - <1t€[0,a'1) : [lOng f + 1256[01,01) : f(ol)

+ 1t€[01,7—1] . (Sup f- h)) .
[917t]

As a consequence, f, = f — Ao (f) is non-increasing (resp., non-decreasing) on
[0,01] (resp., [01,71]). Furthermore, the argument above also shows that 7 (resp.,
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o1) is the first returning time (resp., exit time) at level 0. Indeed, piecing together
the previous results, we proved

A07h(f)(t) < h, on [0,0’1) and A07h(f)(0'1) =0
Ao n(f) >0 on (o1,m1), and Agn(f)(01) =h, Aon(f)(T1) =0

Step n+1. Let us assume Proposition 2.1 is valid up to rank n. Recall that
R (f) = Li>-, (f(t) — f(7)). By Lemma 2.2,

Yt € [T, 00), Ao n(f) = Aon(R™(f)),

where we used the induction hypothesis to write Ag n(f)(7n,) = 0. On the other
hand, it is straightforward to check from the definitions of 7,41, 6,41 and 0,41 in
(2.1) that

ont1(f) = ou(B™(f), Tata(f) = n(R™ (), Onga(f) = O2(B™(f))

Applying the case n = 1 to the function R™(f) immediately implies that our
proposition is valid at step n + 1.
| |

In order to prove Theorem 1.3, we will combine Proposition 2.1 with the following
lemma.

Lemma 2.4. Let (T1,d1) and (Tz2,d2) be two rooted real trees with only finitely
many leaves. For k = 1,2, let S, = (2F,--- ,z]kv) € Tr such that the two following
conditions hold.

(1) For k=1,2, Sk contains the leaves of Ty,.
(2)
Vi <N, di(p',2}) = da(p?, 27) and Vi, j < N, di(p', 2} A z}) = da(p®, 2] A 25),
where p* is the root of T.
Under those conditions, there exists a root preserving isometry from Ty onto Ts.

Proof: For k = 1,2 and m < N, let I¥ := [p*, 2k ]. Using the second assumption
of our lemma, the two ancestral lines I}, and I2, must have the same length. From
there, it easy to construct a root preserving isometry from I onto I2, as follows.
Since 7y, is a tree, there exists a unique isometric map ¥, from [0, d,(p*, 2*,)] onto

I* such that X (0) = p* and ¥F (di(p*, 2%))) = 2F,. Define

Va €I, om(a) = ¥y, 0 (¢,) " (a).
Since dy(p', z}) = da(p?,22), it is straightforward to show that ¢,, defines an
isometry from I}, onto I2,. Furthermore, ¢, preserves the root, ¢, (2} ) = 22, and
it is order preserving, i.e., Va X b € I}, ¢(a) X dm(b).
Next, we claim that if @ € I}, NI}, then ¢,,(a) = ¢i(a). We first show the
property for a = z! A z}. Using the isometry of ¢, and the root preserving
property, we have

d2(p2a¢m(zl1 /\Zrln)) = dl(plazll /\Zvln)
= dQ(p2’Zl2/\Z72n)a
where the second equality follows from the second assumption of our lemma. Since

bm(a) € I2,, it follows that ¢, (2} AzL) = 22 A 22, — on the segment I2,, a point is
uniquely determined by its distance from the root. By the same reasoning, we get
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that ¢I(Zl AzL) = zl A 22, Let us now take any point a € I}, N Il Under this
assumption, we must have a= z A Zz Using the isometry property, this implies

2(P a¢m(a)) = 2(,0 7@?)1(04))

and using the order preserving property

¢1(a), pm(a) <

since we showed that ¢, (2}, A z1), ¢i(2),
¢i1(a), as claimed earlier.

We are now ready to construct the isometry from 77 onto 73. First, for k = 1,2,
any point a, € T;, must belong to some ancestral line of the form [p*,1], for some
leaf [ in the tree 7. By what we just proved, and since S; contains all the leaves
of 71, we can define a map ¢ from 7; into 75 as follows

Va € Ti, ¢(a) = ¢m(a) ifacll.

Since Sy contains all the leaves of 73, and any ancestral line of the form [p!, z} ] is
mapped onto [p?, 22], the map ¢ is onto.

It remains to show that ¢ is isometric. Let a,b € T; and let us distinguish
between two cases. First, let us assume that a and b belong to the same ancestral
line I}, for some m < N. Under this assumption, the property simply follows
from the isometry of ¢,,. Let us now consider the case where a and b belong
to two distinct ancestral lines: a € I! but @ ¢ I!, and b € I! but b ¢ I;
in such a way that a Ab = zll A zL . Using the fact that both ¢, and ¢; are
isometric and order preserving, and ¢(z; A z}) = 22 A 22, ¢i(a) € I, dp(a) € I,
we get that ¢(a) A ¢(b) = 27 A 22,. We can then write [¢(a), (b)] as the union
(22 A 22, 0(a)] U [22 A 22, ¢(b)] and write

da(p(a),¢(b)) = da(2f Az, (a)) + da(2f A 2, $(D))
= di(z} NZEa) Fdi(zf Azl D)
= dl (a7 b)

where the second equality follows by applying the previous case to the pairs of
points (2} A z},,a) and (2} A 2},,b).

2 A
)=

o N2
Azl) = z2 A 22 Tt follows that ¢, (a) =

In the following, we make the assumption that the h-trimming of the tree 7; is
non-empty, i.e., that supp ooy f = h.

Proof of Theorem 1.5: Recall that Cy (R*) denotes the set of continuous non-neg-
ative functions with f(0) = 0 and compact support. We start by showing the first
item of our theorem, i.e., that f € Cf (R*) implies that f, € Cf(RT). First, as
an easy corollary of Proposition 2.1, we get that for every continuous f > 0, the
function f, = f — Ao n(f) is non-negative. This simply follows from the fact that
the local minima of f, are attained on the set {o;}, on which f(o;) = fr(0;) since
Ao n(f)(os) = 0. Since f(o;) > 0, the function f, is non-negative. Secondly, we
show that f > 0 implies that Supp(fx) C Supp(f). In order to see that, let ¢ be such
that f(t) = 0. We have f(t) = —Aon(f)(t) and since fr, > 0 and —Agx(f) <0,
it follows that f,(t) = 0 (and Agn(f)(t) = 0°). As a consequence, if f € Cf (RT)
then f, € Cf (RY).

3This also shows that Supp(Ag,x(f)) C Supp(f).



Trimming a Tree and the Two-Sided Skorohod Reflection 825

Next, let us show that f, is such that the real tree (7y,,dy,) is isometric to
the h-trimming of the tree (77,dy). is the contour function of the hA-trimming of
the tree 7 (up to a root preserving isometry). For k < Nj(f), Proposition 2.1
immediately implies that the maximum of f;, on [0}, 0k+1) is attained at time 7
and that the set

Iy = A{t € [og,0n41) * fa(t) = falm) }
is a closed interval. On the one hand, any time t € [0, 041) outside of this interval
is the starting or ending time of a sub-excursion with (strictly) positive height, and
for such ¢, py, (¢t) can not be a leaf. On the other hand, we have py, (t) = py, (¢')
for t,t' € Ir. This implies that the only possible leaf of 7y, visited during the
time interval [0, o)1) is given by py, (71) and thus, that the set of leaves of Ty, is
included in the finite set of points {py, (7)}{n : 7, <00} -

As explained at the beginning of this section, any leaf of the tree Trh(7}) must
be explored at some finite 7,, i.e., the set of leaves of Trh(7}) is a subset of
{pf(Tn)}{n P Tp<oo}+

In order to prove our result, we use Lemma 2.4 with 2} = p¢(7;) and 22 = py, (1:)
and

N = Nu(f) = l{n : 7alf) < o0}
First, item 1 of Proposition 2.1 implies that the height of the vertices ps(7;) and
Py, (7;) are identical, i.e., that f(7;) = fa(7) since Aga(f)(7) = 0. In order to
show that Tr" (T7) and Ty, are identical (up to a root preserving isomorphism), it
is sufficient to check that
Vi<j, inf f= [inf I,
TiyTj TiyTj
i.e., that the height of the most recent common ancestor of the vertices visited at
7; and 7; is the same in both trees. To justify the latter relation, we first note that
the definition of the o,,’s (see (2.1)) implies that inf(;, .| f must be attained at
some oy, (for some k € {i +1,---,5}). On the other hand, the third item of the
Proposition 2.1 implies that the same must hold for fj since the set of local minima
of fr coincide with {fy(0;)}. Since f(o;) = fr(0:), (s; = 0; by the second item of
Proposition 2.1 and Ag ,(f)(s;) = 0), Theorem 1.3 follows.
|

Proof of Proposition 1./: Let us define
Ts = {z €Ty, : 3t <ty ps(t) ==z},
the set of vertices in Ty, visited up to time ¢,. Ty, can be constructed recursively
by adding to 7}, all the vertices in 77;“ \’7}”I for every n < N, where N = N,(f).
(Indeed, by definition of a real tree from its contour path, if a point is visited at a
given time, its ancestral line must have been explored before that time. Thus, if all
the leaves have been explored at a given time — e.g., at t y—vertex has been visited
at least once before that.) For every n < N, let us show that the set 77;“ \ Ty is
a branch (more precisely, a segment [a, ] \ {a} with a,b € T}, and a < b)
(i) with tip b= py, (tny1) —ie., V2 € TPTNTE, 2 < py, (tnga) —
(ii) attached to a = py, (sp41) —ie., Vz € 7}2“ \TE, pr(snt1) = 2.
(ili) py(sp41) belongs to the ancestral line [py, , 0y, (tn)]-
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Let n < N and let t € (ty,,tn41]. The definition of the real tree Ty, implies that the

point py, (t) has been visited before ¢,, if and only if there exists s < ¢, such that
[iﬂtf] frn = fn(t) = fals), (2.6)
S,

i.e., t must be the ending time of a sub-excursion straddling ¢,,. On the one hand,

since fp, is non-increasing on [t,, $,+1] (by Proposition 2.1), we have

YVt € [tn, Sthl]7 [tlnfi.&] fh = fh(t). (27)

Since f;(0) = 0 and f5(¢) > 0, one can find s < ¢, such that (2.6) is satisfied (using
the continuity of f3). Thus, every point visited on the time interval [t,, s,+1] has
already been visited before t,, and does not belong to TJZ}LLH \ T

On the other hand, the function f3 is non-decreasing on [s,1,tn+1] (again by
Proposition 2.1). Let us define

Ont1 = sup{t € [sni1,tnt1] = frn(t) = fa(snt1)}

(with the convention sup{(} = t,41). First, the definition of our real tree Tg,
implies that any py, (t) with ¢ € [spy1,0n11] coincides with py, (sn41). Secondly,
for any t € [0p41,tn+1], and any s < t,

[intf] S £ fu(sng1) < fu(t)

S,

which implies that any point visited during the interval (6,,41,%,+1] belongs to
T’;H \ T}, . Furthermore, the previous inequality implies that

vt € (9n+1atn+1]’ Py (t> = Dfy, (8n+1)' (28)

Finally,

vt € [o’n,—‘rl?tn—‘rl]a inf ]fh == fh(t)?

tibn41

which implies that

Vi € [én-‘rlv tnt1), P (t) = Py (tn+1)- (2.9)
Combining the results above, we showed the claims (i)—(iii) made earlier: 7}7;“\ IS
is a branch with tip ps(t,+1) (see (2.9)) attached at the point py, (sp+1) (see (2.8)),
which belongs to [py,, Py, (tn)] (see (2.7) applied to ¢t = s,,11). The length of the
branch is given by

fu(tns1) = fr(snt1) = Xns1(f), (2.10)

(height of the (n + 1)** leaf — height of the attachment point) and the distance of
the attachment point from the leaf py, (¢,) is given by

fh(tn) - fh(sn+1) = Yn+1(f)' (2'11)

(Height of the n'" leaf — height of the attachment point.) This completes the proof
of our proposition.
|
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3. Proof of Theorem 1.5

Next, let e be a Brownian excursion conditioned on having a height greater than
h and let {(Xn(e),Yn(e))}i<n,(e) be defined as in (1.8), i.e.,

Vn>1, Xp(e) = en(tn) —en(sn)
Yo(e) = en(tn—1) —en(sn),

with t, = tn(e), sp = sp(e) and let Ny(e) be the number of returns of Ag (e) at
level 0. As discussed in the introduction (see the discussion preceding Theorem
1.5), in order to prove that the trimmed tree Tr"(7;) is a binary tree, we need
to show that (Xi(e), {(Xi(e),Yi(e))}2<i<n,(e)) is identical in law with a sequence
(X, {(Xi,f/i)}KKN), where X1,Ys, Xo, - -+ is an infinite sequence of independent
exponential random variables with mean h/2 and
N = inf{n : » (Xi—Yi;1) <0}
i=1

The idea of the proof consists in constructing a coupling between
(X1(e), {(Xi(e),Yi(e)) }o<i<n(e)) and (X1,Ya, Xa,---) as follows. Let w be a Brow-
nian motion with w(0) = 0, independent of the excursion e, and define

w(t) = e(t)+w((t— K(e)) V0) where K(e) :=sup{t >0: e(t) >0}, (3.1)

obtained by pasting the process w at the end of the excursion e. Finally, for n > 1,
define X, := X, (w) and Y, = Y, ().

First, the support of Ag 5 (e) is included in the support of e. (This was established
in the course of the proof of Theorem 1.3.) As a consequence, for every n < Np,(e),
we must have t,(e),s,(e) < K(e) (recall that for n < Np(e), t,(e) and s,(e)
coincide with the n'” finite returning and exit times at 0). Since e and @ (and their
reflections) coincide up to K(e), this implies that s,(e) = s,(0),t,(e) = tn(W)
and that X, (e) = X,,,Y,(e) = Y, for n < Ny(e). Theorem 1.5 is then a direct
consequence of our coupling and the two following lemmas.

Lemma 3.1. (1) X1, )72,)22,}73, <o 18 an t.4.d. sequence of independent expo-
nential variables with parameter h/2. Further, Y1 = 0.
(2) Fori =1,
o X; = I"(w)(t;) — 1"(w)(ti-1),
o Y = I%(w)(t:) — 1°(@)(ti-1),
where t; := t;().
Lemma 3.2. Under our coupling,
Ny(e) = inf{n: Z(XZ —Yi41) <0} as.
i=1

Proof of Lemma 3.1: Let us first prove that ¥; = 0 and that ¥; = 1°(w)({;) —
1°(@)(to). Let

Ty :=inf{t: w(t) = e(t) = h}.
Since e is a Brownian excursion with height larger than h, Ty < co and @ € (0, h]
on (0,Ty]. From there, it immediately follows that Ag (@) = @ on [0,71] and that
Ty is the first returning time at level h for the reflected process, i.e., Ty = T} ()
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(see (1.7) for a definition of T1(w)). Further, §; — the first exit time of Ag (W) at
level 0 — is equal to 0. Since

i = —(+)@)(0) + (0 + M) (50),

this implies ¥; = 0. Finally, we also get that 1°(d)(f;) — I°()(f) = 0, since #;
coincides with the first returning time of the reflected process at 0, and this process
never hits 0 on the interval (0,1;).

Before proceeding with the rest of the proof, we start with a preliminary discus-
sion. Let w’ be a one-dimensional Brownian motion starting at x € [0, h]. Recall
that the one-sided Skorohod reflection I'°(w’) is distributed as the absolute value
of a standard Brownian motion, and the compensator c(w’)(t) = —(inf}y 4 w A 0) is
the local time at 0 of ['%(w’). A proof of this statement can be found in Karatzas
and Shreve (1991). By following the exact same steps, one can prove an analogous
statement for the two-sided case, i.e., that for any Brownian motion w’ starting at
some x € [0, h], Ag p(w’) is identical in law with Ag (w’) (the standard reflection
of the Brownian motion w’ — see Section 1 in the discussion preceding Theorem 1.6
for a description of Ao ,(w’)) and that —c(w’) and ¢®(w’) are respectively the local
times at h and 0 of this process.

Next, let us define #,, = t,, () and 3, = s,(@) and recall that the h-cut @y, is
defined as

Wy, = W — Ao p () = = () — ().

By definition of X,,, we have

Xn = wn(tn) — Wn(5n)
= (@) (Gn) — "(@)(Fn)
= @) (Fn1) = (@) (). (3-2)
The second line follows from the fact that (@) does not vary off the set
Ao (@0)71({0}) and Ag (@) > 0 on (3,,%,); the third line is a consequence of

the fact that ¢ (1) does not vary off the set Ag 5 (w) "' ({h}) and Ag; () < h on
(fn—1,3,). By an analogous argument, one can prove that

Y, = &E@)(f) — @) (1) (3.3)

With those results at hand, we are now ready to prove our lemma. In the first

paragraph, we already argued that Ag (@) = @ on [0,T}]. By Lemma 2.2,
VE>0, r(t) = Agn(®)(t+Ty)
= Aop(w(-+T1))(2).

By William’s decomposition of a Brownian excursion conditioned on having a height
larger than 1, the process w(- + 7}) is distributed as a standard Brownian motion
starting at level 1. Hence, the discussion above implies that the path 7 is identical
in law with a reflected Brownian motion (where the reflection is a two-sided “stan-
dard reflection”) starting at level h. Further, the compensators ¢”(w)(T; + -) and
—c(w)(Ty + -) are the local times at 0 and h for the process r. Using (3.2)-(3.3),
we easily obtain that X, (resp., f/ ) 1s the local time accumulated at h (resp., 0),
for n > 1 (resp., n > 2) on [t,_1,t,]. This completes the proof of the second part of
our lemma. Finally, by standard excursion theory, X1, Y, XQ, Yy, .-+ are i.id. ex-
ponential random variables with mean h/2. (Independence follows from the strong
Markov property, whereas X; and f@-.H are distributed as the amount of Brownian
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local time accumulated at 0 before occurrence of an excursion of height larger or
equal to h.)
|

Proof of Lemma 3.2: Recall that
X, = W (tn) — wn(3,) and Y, = iy, (1) — Wn(5,),

where we wrote t,, = t,,(0), §x = sx(w). Thus,

n

B Bnr) = (@) = @nEio1))] = (@) = D (Ensa))

i=1

= [(V+X)+ (Yot Xo) 4+ (—Va+ Xp)] = Yoru

n
= -+ Z(Xz — Y1)
i=1
S
i=1
where the last equality follows from the fact that Y; = 0 (see item 1 of the previous
lemma).

Let us now show that Ny(e) = inf{n : > . (X; — Yi41) < 0} a.s.. First, let us
take n < Np(e). On the one hand, we already argued that $,11 < K(e). On the
other hand, @y, > 0 on [0, K (e)] since ep, > 0 (by Theorem 1.3) and that ej, and wp,
coincide up to K(e). Thus,

Wp(Spt1) = Z(Xl —Yi41) > 0.
i=1
Conversely, let us take n = Nj(e). By Proposition 2.1, wp, attains a minimum at
S (e)+1 ON the interval [ty (o), tn, (e)+1]- Since K(e) € [tn, (e), tny,(e)+1], We get
that

0=wn(K(e) = wWn(Sn,(e)+1)
Ny (e)

= Z (X; = Yiq1).

i=1

Since X; and Y; are exponential random variables, this inequality is strict almost
surely. This completes the proof of the lemma. [ |

4. Proof of Theorem 1.6

Let (2%, w) be a weak solution of (1.11). Our proof builds on the approach of
Warren (2002). In this work, it is proved that the pair (2?,w) can be constructed
by adding some extra noise to the reflected process

E(t) :==w(t) — [1515 w

as follows. First, there exists a unique o-finite measure — here denoted by L and
referred to as the branch length measure — on the metric space (7¢,d¢) such that

Va,b € Te, Le(la,b]) = de(a,b).
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(See Evans (2005) for more details). Conditioned on a realization of &, let us now
consider the Poisson point process on (7¢,d¢) with intensity measure 20L¢ and
define the pruned tree
729 = {2 €T : [pe,2) is unmarked},
obtained after removal of every vertex with a marked ancestor along its ancestral
line. Finally, define z%(¢) as the distance of the vertex pg(t) from the subset 729,
ie.,
L) = { Oifnelt) € T

&(t) — A(t) otherwise,
where A(t) = 0 if there is no mark along the ancestral line [pe, pe(t)], and is equal
to the height of the first mark (counted from the root) on [pg,pe(t)] otherwise.
Informally, (2%(¢);¢ > 0) can be thought of as the exploration process above the
pruned tree 7'59 — see Fig 4.5.

(4.1)

FIGURE 4.5. The top panel displays a reflected random walk € with
marking of the underlying tree Te. 729 is the black subset of the tree.
The bottom panel displays the sticky path (2°(t);t > 0) obtained by
concatenating the contour paths of the red subtrees attached to 729.

Theorem 4.1 (Warren (2002)). The process (29 (t),w(t); t > 0) is a weak solution
of the SDE (1.11).

Using this result, we proceed with the proof of Theorem 1.6. Let 7'5(0 =TeN
{pe(s) : s <t} be the sub-tree consisting of all the vertices in 7¢ visited up to time
t. For every s, the set

{r €Te : =2 pe(s) and df(x,pg(s)) > h}.
is totally ordered. We define a(s) as the sup of this set, with the convention that
sup{0} = pe. Informally, as(s) is the ancestor of pe(s) at a distance h. Following
the construction of the pair (27, &) described earlier, and since pe is unmarked with
probability 1, the events {supy 2% < h} and
{Vs <t, [pe,an(s)] is unmarked}

coincide a.s.. Further, the latter event is easily seen to be equivalent to not finding
any mark on the A-trimming of the tree ’Tgt). Thus, by a standard result about
Poisson point processes, we have

P(sup 2’ < h | o(w))

s

P (Trh(Tg.(t)) is unmarked | O‘(U)))

— exp [729 : gf(Trhmj”))} . (4.2)
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Let us define
- E(s)if s <t
f(t) (S) = { (é(t) _ (5 — t)) V 0 otherwise.

which is a function in Cy (R*) from which we can construct the real rooted tree
(Tewr, dey)-

Lemma 4.2. There exists a root preserving isometry from (Tét),de) onto
(72“«) ) d7—£(t) )-

Proof: For ease of notation, we write 71 = 72“) and 75 = E(t). For every y € T1,
define ¢, to be the minimal element of the fiber {s : pe(s) = y} (i.e., the first
exploration time for y) and define the mapping

¢ T — T2
Yy — pg(t)(ty)-

It is straightforward to show that ¢ defines a mapping from 77 to 73 preserving the
root. We first show that ¢ is surjective. In order to do so, we start by showing that

Vs < t, d(pe(s)) = pe (s). (4.3)

For s < t, we have

tpes) = mf{u 1 pe(u) = pe(s)}
= inf{u<s : {(u)=£&(s) = [iur?flg}

inf{u <5 €0(u) =€0(s) = inf €0,

where the last equality follows from the fact that & and £€®) coincide before time ¢.
The latter identity implies that t, (s € {u <s : £0(u) = £W(s) = inff, 4 £V} or
equivalently that
Pe) (tpe(s)) = Pew (8),

which can be rewritten as (4.3), as claimed earlier. In order to show surjectivity,
let us take v € 75 and s such that v = pee) (s). We distinguish between two cases:
(1) if s <'t, the previous result immediately implies that v € ¢(71), and (2) s > ¢,
since €® is continuous and non-increasing on [t, 00), one can find s’ < t such that

§0(s) = £1(s") = inf €
s’,s
implying that v = p) (s’) and we are back to case (1).

It remains to show that ¢ is an isometry. Let zq,z9 € T;. We have ¢(z;) =
Pe (tz,) with t,, < t. Since £ and €W coincide up to time ¢, we must have
dr(9(21),$(22))) = €D(tay) + €V(tsy) — 2 inf €W
(taq Atug sty Vi)

£<tw2) + 5(75901) -2 inf f

[tog Atag,teg Via,]

= dr(x1,22).
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The branch length Eg(’ﬁh(TE(t) )) is obtained by adding up all the branch lengths
of the trimmed tree Tr" (Tew). Following the algorithm described in Proposition
1.4, the total branch length is given by the sum of the X, (f(t))’s or equivalently

LT (Tew)) = 3 (6700) = (1))

n>1
= 3 (HEOED ) — @)
_ i#;ii (D) (s), (4.4)

where we wrote ¢ := tn (€M), s = 5, (€M), and the second line can be shown
as in (3.2).

Lemma 4.3.

lim " (€M)(s) = "(&)(t).

sToo
Proof: Since € and ¢ coincide up to t, we have
MEW)(t) = (€)(1). (4.5)
Furthermore, by Lemma 2.2,
Vs > 1, Aon(€W)(s) = Aon(m)(s),
where m(s) = Ao,n(§)(t) + Lsze (€(1) = (s = 1)) VO — &(1)).
The function m is non-increasing on R™ and m < h. From this observation, we
easily get from the definition of the one-sided reflection I'°(-) that
Vs >0, T%m)(s) <Tm)(t) < h.

Lemma 2.3 then implies that Agj(m) = T'%m) and that ¢"(m) = 0 (in other
words, no compensator is needed to keep m below level h). Finally, since dc”(m) =
dc" (€M) on [t, 00), we have

lim ch(ﬁ(t))(s) = Ch(g(t))@)'

sToo

The latter equation combined with (4.5) completes the proof of the lemma. |

Combining (4.2), (4.4) with the previous lemma, we get
P(sup2? < h | o(w)) = exp[20-c"(€)()]. (4.6)
it
In order to prove our theorem, it remains to show that Ag ,(w) is identical in law
with a Brownian motion reflected (in a “standard way”) on [0, h], and that —c"(€)
is the local time of Ag j(w) at h. We will need the following lemma.

Lemma 4.4. For every continuous function f with f(0) =0, c"(T°(f)) = "(f).

Proof: Let g be a continuous function with ¢g(0) = 0. In the proof of Theorem 1.3,
we showed that

Supp (Ao,n(9)) C Supp (9) ,
or equivalently that every zero of the function g is also a zero of the function Ag 1 (g).
On the other hand, for any continuous function f with f(0) = 0, the definition of
the one-sided Skorohod reflection at 0 (see (1.3)) implies that T'°(f) can be written
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as f 4 ¢ where ¢ is a non-decreasing continuous function, only increasing at the
zeros of the reflected path I'°(f). Taking g = I'°(f) in the previous discussion, the
set of zeros for T(f) is included in its Ao, (TY(f)) counter part, and we get that
the compensator c(t) := —infjg 4 f (for the one-sided reflection) only increases on
the set of zeros of the doubly reflected path Ag ;(I'°(f)). Next, let ¢° and ¢" be the
compensators associated with the function TO(f), i.e. Agn(TO(f)) = (f+c)+c’+er.
where ¢® and &" satisfy the hypothesis of Theorem 1.1 for the function f+ec. Since ¢
and &° only increase at the zeroes of Ag 5 (I'°(f)), the functions (c+¢°, ") must solve
the Skorohod equation for f on the interval [0, h]. By uniqueness of the solution,
this readily implies that Ag 4 (f) = Ao n(TO(f)) and & = (TO(f)) = (f). ]

The previous lemma and (4.6) yield

P(supz® < h | o(w)) = exp 26 - ch(w)(t)] . (4.7
[0,¢]
As already explained in the previous section (see the proof of Lemma 3.1), Ag 5 (w)
is identical in law with a Brownian motion reflected (in a “standard way”) on [0, h],
and —c"(w) is the local time of this process at h (see again the proof of Lemma 3.1
for more details). This completes the proof of Theorem 1.6.
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