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Abstract. For a measure preserving automorphism 7' of a probability space, we
provide conditions on the tail function of g: Q@ — R and g — g o T which guarantee
limit theorems among the weak invariance principle, Marcinkievicz-Zygmund strong
law of large numbers and the law of the iterated logarithm to hold for f := m +
g—goT, where (m o Ti)@o is a martingale differences sequence.

1. Introduction and notations

Let (Q, F, 1) be a probability space and T': 2 —  be a bijective bi-measurable
and measure preserving map. We assume that the dynamical system is ergodic
(that is, if T71A = A for some A € F, then u(A) € {0,1}). If n > 1 is an integer
and f: Q — R, we denote S, (f) := Z?:_ol foTJ and for a fixed ¢, define

SP(f.t) == Spug (f) + (nt — [nt]) f o T ¢ € [0, 1], (1.1)

where [z] denote the integer part of the real number . Then for each w €  and
each integer n > 1, the map t — SP!(f,t) is an element of the space of continuous
functions on [0, 1], denoted by C[0, 1].

Let us state the limit theorems we are interested in.

Definition 1.1. Let f: Q2 — R be a measurable function.

e We say that the function f satisfies the invariance principle if the sequence
(n=Y28PY(f,))n>1 weakly converges in the space C[0, 1] endowed with the
topology of uniform convergence to a scalar multiple of a standard Brownian
motion.
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e We say that the function f satisfies the law of the iterated logarithm if
there exists a constant C(f) such that for almost every w € €,

. Sn(f)(w) e Se(f) (W)
I;ET;EW = C(f) and lﬁgl}rrgm =—-C(f). (1.2)
o We say that the function f satisfies the functional law of the iterated log-
arithm if the sequence ((v/nloglogn)~tSE!(f, ~))n>1 is relatively compact
and the set of its limit points coincides with the set of all absolutely contin-
uous functions = € C[0,1] such that £(0) = 0 and fol(as’(t))2dt < 1, where
2’ denotes the derivative of x defined almost everywhere with respect to
the Lebesgue measure.
e Let 1 < p < 2. We say that the function f satisfies the p-strong law of
large numbers if for any « € [1/p, 1], the following holds:

1<k<n

—+oo
Ve > 0, Zn‘”’_Qu{ max |[Sk(f)| = ana} < +o0. (1.3)
n=1

If it is possible to find a decomposition of the function f
f=m+g—goT, (1.4)

where g:  — R is a measurable function and m satisfies one of the previous limit
theorems, then one can wonder if we can deduce the result for f.

A known situation is when the sequence (m o T%);>0 is a square-integrable mar-
tingale differences sequence. A necessary and sufficient condition to have (1.4) with
such an m and a square integrable g is known (see Theorem 2 in Volny, 1993). If
(moT");>0 is a square-integrable martingale difference sequence, then the functional
law of the iterated logarithm and the invariance principle take place.

If 1 <p<2and m € LP, then Theorem 5 by Dedecker and Merlevede (2007)
implies that m satisfies the p-strong law of large numbers. Actually, their results
holds in a more general setting than strictly stationary sequences, as they only
require a stochastic domination on the considered martingale differences sequence.
A similar result as (1.3) takes place for « = 1 if we require a conditional stochastic
domination (see Benoist and Quint, 2016, Theorem 2.2). A necessary and sufficient
condition for (1.4) to hold with m,g € LP, 1 < p < 2, is given by Volny (2006,
Theorem 1), and in this case, (1.3) is satisfied (see Theorem 6 of Dedecker and
Merlevede, 2007).

We call a coboundary a function of the form g — g o T', where g: 2 — R is a
measurable function. The function g is called a transfer function. The following
result is Theorem 1 of Volny and Samek (2000). It gives a necessary and sufficient
condition on the transfer function to preserve the limit theorems mentioned in
the previous definition. Sufficiency for the invariance principle and the law of the
iterated logarithm was established in Hall and Heyde (1980, pages 140-142).

Theorem 1.2 (The equivalence theorem,Volny and Samek, 2000). Let us suppose
that for the process (m o T%);cz the invariance principle, the law of the iterated
logarithm (functional law of the iterated logarithm) respectively, holds true. Let g
be a measurable function and

f=m+g—goT. (1.5)
Then for the process (f o T%);ez
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e the invariance principle holds if and only if

1 . . )

7 121132{71 ’g oT ’ T 0 in probability; (1.6)

e the law of the iterated logarithm as well as the functional law of the iterated
logarithm holds if and only if

1 n
WQOT njooo a.s. (1.7)

Both conditions (1.6) and (1.7) take place when the function g is square-integra-
ble. If 1 < p < 2, Theorem 6 in Dedecker and Merlevede (2007) shows that (1.3)
holds if g belongs to L.

However, it may happen that we obtain a decomposition (1.4) where m € L2
but the function g is only integrable (see Volny and Samek (2000) for explicit
counter-examples, and Esseen and Janson (1985) for a condition which guarantees
the square integrability of m) and in this case, the weak invariance principle does
not need to hold. We investigate conditions on the functions ¢ — p{|g| > ¢} and
t — p{lg—goT| >t} which guarantee (1.6) or (1.7). In order to state these
conditions in a more concise way, we introduce the so-called weak LL?-spaces.

Definition 1.3. Let g be a real number strictly greater than 1. We denote by L%-*°
the space of functions h: £ — R such that

||h||g w =suptiu{|h| >t} is finite. (1.8)
’ t>0

The subspace of L% which consists of functions h such that , hI_P tu{lh| >t} =0
—+00
is denoted by L{™.

2. Main results

In this section, we state the main results of this note. In the first subsec-
tion, we give a sufficient condition on the functions ¢ — u{|g| >t} and ¢ —
w{lg —goT| >t} in order to preserve the weak invariance principle, the law of the
iterated logarithm and the p-strong law of large numbers respectively. We provide
projective conditions which guarantee these sufficient conditions an a martingale
coboundary decomposition.

In the second subsection, we construct counter-examples which show that the
found conditions are sharp when the considered dynamical system is aperiodic.

Finally, in the third subsection, we provide applications of the results of Subsec-
tion 2.1 to Bernoulli shifts.

Volny and Samek (2000) showed that the conclusion of Theorems 2.1 and 2.4
(see the next subsections) holds when p > (r+2)/r and that of Theorem 2.10 when
p < (r—1)/(r —3/2). In the case r > 2, we cannot conclude from their results if
(r—=1)/(r—3/2) < p < (r+2)/r, while it is the case with our conditions.

2.1. Sufficient conditions.

Theorem 2.1. Let 1 < p < 2 and let g: & — R be a function such that g € LE™
and g—goT € Lg/(p_l)’oc. Then for any square integrable martingale differences
sequence (moT%);>q, the function f :=m+ g — goT satisfies the weak invariance
principle in C[0,1].
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A similar result has been obtained for the quenched functional central limit
theorem (see Barrera et al. (2016), Corollary 7).

Corollary 2.2. Let 1 < p < 2 and let M be a sub-c-algebra of F such that
TM C M. Assume that f is an M-measurable element of ]Lg/(p_l)’OO such that
the following two conditions hold:

the sequence (E[S,(f) | M]), s, converges in L7 (2.1)

the sequence ((I —U)E[S,(f) | M]),>, converges in L/ (p=1)00, (2.2)
Then the function f satisfies the invariance principle.

The conditions of Corollary 2.2 imply that f admit the martingale-coboundary
representation (1.4) with m and g integrable and ¢ satisfies (1.6). In Durieu and
Volny (2008); Durieu (2009), the later condition was compared with Dedecker and
Rio projective criterion (cf. Dedecker and Rio, 2000):

the sequence fE[S,(f) | M] converges in L', (2.3)

which also implies that f satisfies the invariance principle. It was shown that there is
an example of function f which satisfies the martingale-coboundary decomposition
in L' and the invariance principle but not (2.3).

Here do not assume that f belongs to LP/(P~1) and that the convergence in
(2.2) holds in IL?, otherwise, the function f would satisfy Dedecker-Rio projective
criterion. In this way, our condition is independent of (2.3).

Proposition 2.3. Let (2, F,u) be a dynamical system of positive entropy. Let
1 < p < 2. There exists a sub-o-algebra M such that TM C M and a function
fe ]Lg/(p_l)’OO satisfying (2.1) and (2.2) but not (2.3).

Theorem 2.4. Let1 <p<2<r andlet g: Q@ — R be a function.

(i) Ifp>r/(r—1), g €eLP> and g —goT € L™, then for any martingale
differences sequence (m o T");>o, the function f:=m+g— goT satisfies
the law of the iterated logarithm;

(i) ifp=r/(r—1),g€LP and g—goT €L", then for any square integrable
martingale differences sequence (moT");>¢, the function f :=m+g—goT
satisfies the law of the iterated logarithm.

Corollary 2.5. Let 1 < p < 2 and let M be a sub-o-algebra of F such that
TM C M. Assume that f is an M-measurable element of LP/®=1) such that the
following two conditions hold:

the sequence (E[S,(f) | M]), s, converges in L (2.4)

the sequence ((I —U)E[S,(f) | M]),, converges in Lp/ (=1, (2.5)
Then the function f satisfies the functional law of the iterated logarithms.

Remark 2.6. In Volny and Samek (2000), LY spaces are involved. It turns out that
in the setting of Theorems 2.1 and 2.4, (i), we may work with weak L?-spaces. For
the case (ii) in Theorem 2.4, it is an open question to determine whether strong
moments are actually needed.
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Theorem 2.7. Let 1 < ¢ < p < r < 2 be real numbers and let g: Q@ — R be
a function such that g € LY and g —goT € L". Ifq > (p— 1)r/(r — 1), then
for any martingale differences sequence (m o T%);>¢ with m € P, the function
fi=m+g—goT satisfies (1.3).

Corollary 2.8. Let 1 < p < r < 2 and let M be a sub-o-algebra of F such
that TM C M. Assume that f is an M-measurable element of L™ such that the
following two conditions hold:

the sequence (E[S,(f) | M]),s, converges in Lmax{l.(p=1)r/(r=1)}, (2.6)

the sequence ((I —U)E[S,(f) | M]),s, converges in L". (2.7)
Then for each positive € and any o € [1/p, 1], we have
400
;n%ﬂ i {121% 1Sk ()] = 6710‘} < +oo. (2.8)

Remark 2.9. Ergodicity of the dynamical system is required for the “only if” direc-
tion in the equivalence involving the law of the iterated logarithm of Theorem 1.2.
Therefore, the results of this subsection remain valid in the non-ergodic setting.

2.2. Counter-ezamples. In Theorems 2.1 and 2.4, we gave a sufficient condition on
(p,r) for which g € LP and g — goT" € " guarantees the invariance principle, and
the law of iterated logarithms for ¢ — g o T. The next results show that when this
condition is not satisfied, these limit theorems may fail, which shows its sharpness.

Theorem 2.10. Assume that the dynamical system (Q, F,u,T) is aperiodic. Let
1 <p <2< r be real numbers such that p < r/(r—1). Then there exists a function
g € LP such that g — goT € " and the function g — g o T satisfies neither the
inwvariance principle nor the law of the iterated logarithm.

We also have a similar counter-example for the p-strong law of large numbers.

Theorem 2.11. Assume that the dynamical system (2, F, u, T) is aperiodic. Let
l1<p<2andletl <q<p<r bereal numbers such that g < (p — 1)r/(r —1).
Then there exists a function g € LY such that g — go T € LL" but the sequence
(n=YPS,(g—goT))n>1 does not converge almost surely to 0. In particular, g—goT
does not satisfy (1.3)

2.3. Applications. In Subsection 2.1, we provided sufficient conditions for the func-
tional central limit theorem, the law of the iterated logarithm and the p-law of large
numbers. It is natural to try to apply these conditions to some strictly stationary
sequences.

In the case of a linear process f o Tk = Zz;o a;ek—i, where (&;);ez is an i.i.d.

centered sequence of random variables in ]Lg/ (=122 1 < p < 2, condition (2.1)
implies that f has a martingale coboundary decomposition in L9, 1 < ¢ < p. Since
q/2 < 1, the Marcinkievicz-Zygmund and Jensen’s inequalities give the convergence

2
of the series Z@o (Z ki ak) , which in turn implies the martingale-coboundary

decomposition in L2, from which the invariance principle could have been already
deduced.
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This is why we shall focus on some functionals of a particular linear process:
the so-called Bernoulli shifts. Let (ex),.;, by an ii.d. sequence of random vari-
ables which take the values 0 and 1 with probability 1/2. We define for z =

+00 —k—1

12 €k

k=1

“+oo
Tz =Y 27" e,y (2.9)

The map T preserves the Lebesgue measure A on the unit interval endowed with
the Borel o-algebra. Given a function f: [0,1] — R, we would like to give some
sufficient conditions on the regularity of f which guarantee the invariance principle,
the law of the iterated logarithm and the p-law of large numbers.

Proposition 2.12. Let f: Q@ — R be a centered function such that for some p €
(1,2), tP/®P=OX{|f| > t} =0 and for some § > 0,

|p 1 p—149
/ / log dzdy < oo and (2.10)
u—m |z =y

D

p—1 1 plfl-i'(;
/ / (log ) dady < oo, (2.11)
W—yl |z =yl

where f(z) = f(@/2)/2 = f((z +1)/2)/2.
Then f satzsﬁes the invariance principle and the functional law of the iterated
logarithm.

Proposition 2. 13 Let p € (1,2). Let f: Q@ — R be a centered function such that
for somer € (p,1), f belongs to L" and for some § > 0,

@)~ Fw)I” AR
/ / |x — y| ( \x — y|> dzdy < oo and (2.12)

T

1 r—1+6
/ / <log ) dady < oo, (2.13)
u—m [z -yl

where q := max {1, (p — 1)r/(r — 1)} and f(x) = f(x)— f(x/2)/2—= f((x+1)/2)/2.

Then f satisfies the p-strong law of large numbers.

3. Proofs

If h: Q — R is a measurable function, we define M*(h) := supy>; N~'[Sn(R)|.
The following lemma about Birkhoff averages will be used in the proof.

Lemma 3.1. Let ¢ > 1 and let h: Q — R be a measurable function.

(i) If h belongs to L™ then the function M*(h) belongs to L™
(i) if h belongs to LY, then so does M*(h).

Proof: By the maximal ergodic theorem, we have for each positive ¢,

Eo M (h) > £} < B[R] 1{M*(h) > 1}]. (3.1)
(i) The expectation can be bounded by

/+oo min {u(At),s*q ||h-1(At)||W}d5, (3.2)

0
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where
Ay = {M*(h) > t}. (3.3)

Therefore, we infer the bound

E[[h] - 1(A0)] < p(A)' "V RL(AN) g 0 + (3.4)
b 1A /+°o s~9ds
IA-1(ADl, oo (Ae) =1/
— (A (A, o + (35)
w1 I 1(At)||q;,°iﬁ(At)l/q)1q
= (A V- LA, - 1(At)|[1q"°f(At)l_l/q (3.6)
= pA) T 1A - (3.7)
Plugging this into (3.1), we obtain
Lo (M () 2 1S e A (38)
hence is is enough to prove that
lim supsfu({|h| = s}NA4;) =0. (3.9

(i)

t—4o00 )

To this aim, fix a positive €; by assumption, there exists a positive real
number sy such that for s > sg, we have sZu {|h| > s} < ¢, hence

sup sfp ({|h] = s} N Ay) < max{e, shu(As)}, (3.10)

sz

which is smaller than e for ¢ large enough.
This follows by multiplying (3.1) by 972, integrating over [0, +00) with
respect to the Lebesgue measure and switching the integrals.

This concludes the proof of Lemma 3.1. (I

We now give the proofs of the main results, which combine Lemma 3.1 with the
ideas of Volny and Samek (2000).

3.1. Proof of sufficient conditions.

Proof of Theorem 2.1: In view of Theorem 1.2, we have to show that the sequence

n-

1/2

max | goT’ | converges to 0 in probability.
1<j<n n>1
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Let € be a positive fixed number. Let k,n be positive integers such that k& < n.
Denoting p,, := {max1 <<n ‘g oTJ | > 25711/2}, the following estimates take place:

pngu{ max max |goTik|+|goTj—goTik >25n1/2}

IR+ k<I<(i+ 1)k

<p max ‘QOT“C|>5\/E
L<i<[g]+1
g

Ti — goTk| > epl/2

< ([F] +2)ufiot > ant2} o (3] 40) e goas lo o 70 o] > en'2}
< ([3]+1) i > en=} o+ ([3] 1) d o H18500 - g0 > <"
This yields
oo (2] +1) {lol > o072} +
([%} n 1) y {M*(g —goT) > 5"22} . (3.11)

By the assumption on p and r, the inequality

2—-1 —1—-r/2
r/2-1_r 2T ok (3.12)
r—1 r—1 2(r—1) 2
takes place, hence we may choose a number a such that
P r/2—1
1-=<a< . 3.13
2 SS T (8.13)
We now use (3.11) with k := [n®]. This yields, for some constant ¢ depending only

on p and 7:
pn <c-n'T% {|g| > 5n1/2} +e-ntT {M*(g —goT)> 5n1/2’0‘} , (3.14)
and, by (3.13),
P < enP/?p {|g| > snl/z} + (3.15)
+cnlfafr(l/Qfa)n(1/2fa)r,u{M*(g —goT)> 8n1/2704}
:cn”/zu{|g| >5n1/2}+ (3.16)
+ enlmr/2telr=1)  (1/2-a)r {M*(g —goT)> €n1/2—o¢}
<en??p {|g| > 5n1/2} + en(/2=ry, {M*(g —goT) > snl/zfa} . (3.17)

Since g € LE™ and g — go T € L™, we conclude by item (i) of Lemma 3.1 that
the sequence (pn)n>1 converges to 0.
This concludes the proof of Theorem 2.1. O
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Proof of Corollary 2.2: Condition (2.1) implies by Volny (1993) that f may be
written as f = m+g—goT, where (moT?%);>¢ is a martingale differences sequence
with respect to the filtration (T-‘M);>o. Since f is M-measurable, the function
g may be written as Zi>0 E [Uif | TM}. Thus, by condition (2.1), we derive that
g € LP* and since each term in the series defining g belongs to L5, we derive
that g belongs to LE*°. Similarly, by condition (2.2), we infer that g— go T belongs
to ]Lg/(p_l)’oo. Since f € ]Lg/(p_l)’oo, we have m € Lg/(p_l)’oc, and accounting the
inequality p/(p — 1) > 2, we conclude that m is square integrable. The proof is
complete since we showed that g satisfies the conditions of Theorem 2.1. O

Proof of Proposition 2.3: We use the contruction given in Durieu and Volny (2008).
There exists two independent and 7T-invariant sub-o-algebras B and C. We consider
a B-measurable function eg: Q@ — {—1,1} such that u({eg = 1}) = u({eq = —1}) =
1/2, and define e; := eg o T%, i € Z, and M := C V o {e;,i <0} (which satisfies
TM C M). We introduce three sequences: (0x)r>1 C (0,+00), (pr)r>1 C (0,1) a
decreasing sequence such that Zk>1 pr < 1 and an increasing sequence of integers
(Nk)k>1. Once these sequences are fixed, we choose a decreasing sequence (£x)k>1 C
(0,1) such that

> 0uNkey”. (3.18)
k21
We now consider for each fixed k > 1 a set A, € C such that
(1) the sets Ay are mutually disjoint;
(2) (1 Y pi> 2 < pu(Ag) < pi for all k> 1
(3) for each k > 1 and all 4,5 € {0,..., Ny + 1}, u(T A AT Ay) < k.
The existence of such a sequence of sets as well as that of B and C is explained in
Durieu and Volny (2008).
The function f is defined by

+oo
f= Zake—Nkl(Ak)~ (3.19)

k=1

Assume that the sequence (0y)r>1 is increasing and 6, — +oo. The function f

belongs to Lg/(p_l)"x’ if
. -1
Gm oIS pi =0 (3.20)
ik
Now, we have
400 min{n,Ny}
k=1 i=1

400 min{n,Ny}
DO D enei (LT A\ AR) — (AR \T'AR)),  (3.21)
k=1 =1
and since
min{n,Ny} ‘ ‘
e neri (LT A\ Ap) — LA\ T AY) || < Nie)/?, (3.22)
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the sequence (E[S,(f) | M]),>, converges in L” if

400 min{n,Ny}

lim B DO Y e npil(A)| =0 (3.23)

k=1 {=min{m,N}

Since the family (Ag)r>1 is disjoint, (3.23) is equivalent to

400 min{n,Ny} p
i SRl > eoneti| pp=0, (3.24)
k=1 t=min{m,Ny}

which is implied (by Marcinkievicz-Zygmund inequality) by

+oo
SNy (3.25)
k=1
Notice also that
+00 min{n, Ny}
(I=UR[Su(f) IM =D 0:(I-U) > e nil(T"Ay)
k=1 i=1

+oo
= Z O (ekaJrll(TilAk) — € Ny+4min{n, N} LT~ mm{"’N’“}Ak)> ,

hence the sequence ((I — U)E[S,(f) | TM]),, converges in LP/(P=1):%° a5 Jong as

/(p—1) _
Jim 675 > pi=0. (3.26)
izk
By Proposition 3 of Durieu and Volny (2008), the function f defined by (3.19)
satisfies (2.3) if and only if Z 1 027/ Nip, < 0o. We thus have to takes sequences
Ox)k>1, (Pr)k>1 and (Ng)gp>1 such that (0x)k>1 is increasing, (3.25) and (3.26)
hold but ZJFOO 07+/Ni.pr, = +00. Such a selection is possible; for example, take
9k(p—1)/p 92k(2—p)/p
—_— = |—— =27k 3.27
(log k)Q/pv k |: k’2/p :| y Pk ( )

O

0 =

Proof of Theorem 2./: In view of Theorem 1.2, we have to prove that the conver-
gence in (1.7) takes place. Let o € (0,1) be a number which will be specified later.
We define

mj =Y [i*,j > 1. (3.28)
i=1
Notice that for some constant x depending only on «, we have

ja+1

<my < RFOTL > 1 (3.29)
K

By the Borel-Cantelli lemma, we have to prove the convergence of the series
+oo

, with p; :=
;p] p] 2 {O<Z<[ja] /mj log logm] |

o Tt > e} (3.30)
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for each positive €. To this aim, we start from the inequalities

1
Pj S p§ ————=1goT™| >¢e/2 )+
v/mjloglogm;
+ 14 max ;MOT"WH—T"”’ >¢e/2
0<i<li?] y/m; loglog m;

/mjloglogm;
1

max ————
0<i<[i*] y/m; loglogm;

{

{

{ - |g>a-/2}+

{ |goTi—gy>s/2},

from which we infer

1
P; <u{g| >e/20+
v/mjloglogm;

1 €

+ — M*(g—goT)>—=7. (331

K { m; loglogm; (g=goT) 2[5 } (33

(i) Assume that p > r/(r —1). Using the definition of [|-||, ., and inequality
(3.29), we obtain

1 1
- _|g|>¢/2% <c(p,e, )P ?glP . ———,
M{ m; loglog m; 9= } (b€ )"l jlatbp/2

where ¢(p, €, ) is independent of j. Using (3.29) and (3.8), we derive

(3.32)

1 €
— M*(g—goT)> —— » <
s { \/m; loglogm; (9=geoT) 2 [JO‘]}

<clre,a)s™? |lg—goT|; o~ FV/2 1 (3.33)

where ¢(r, e, ) is independent of j.
Combining (3.31), (3.32) and (3.33), we deduce the upper bound

pj < cp,r, o€, 9) <j(a+11)p/2 + j(lic)r/Q) . (3.34)
We have to take a such that
(a+1)p/2>1and (1 —a)r/2> 1. (3.35)
This is equivalent to
a>2/p—land a<1-—2/r (3.36)

Since 2/p — 1 < 1 — 2/r, inequalities (3.35) are satisfied and in view of
(3.34), the series defined by (3.30) is convergent for any positive . This
conclude part (i) of Theorem 2.4.
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(ii) Assume that p=1r/(r —1). We pick a :=2/p—1=1—2/r. In this case,
for some constant ¢ depending only on p and r, the inequality

pi <u{lol > e+ p{ M (g — g o T) > ecj ot} (3.37)
=u {\g| > cajl/p} + 1 {M*(g —goT)> acj(l_“)/2} (3.38)
:u{\g|>caj1/p}+u{M*(g—goT)>scj1/r} (3.39)

takes place. By item (ii) of Lemma 3.1, we conclude that the series defined
by (3.30) is convergent for any positive ¢ and this concludes part (ii) of
Theorem 2.4, hence the proof of Theorem 2.4.

O

Proof of Corollary 2.5: Like in the proof of Corollary 2.2, we derive that f admits
a martingale-coboundary decomposition with g in L? and m,g — g o T € LP/(P—1),
We thus may apply Theorem 2.4 to conclude that f satisfies the functional law of
the iteratd logarithms. (I

Proof of Theorem 2.7: Let us fix a positive € and o € [1/p,1]. Let 1 < k < n be
integers. By similar inequalities which leaded to (3.11) (we replace the exponent
1/2 by «), we derive

,u{ max |g— goT7| >5n°‘} <2({%} +1)u{|g| >en®/4} +

1<j<n

[e3%

+2 ([%} + 1) u{M*(g—goT) > 5272} (3.40)
Let us choose k := [n/ﬂ, where

(P—qa<B<alr—p)/(r—1) (3.41)

(the existence of such a f is guaranted by the assumptions on p, ¢ and r). Then it
suffices to check that for each positive constant ¢, the series

“+o0
Sp= Y 0P Pu{lgl > en®} and (3.42)
n=1
“+o0
Spi= Y P {M(g—goT) = en* P} (3.43)
n=1

are convergent. The convergence of ¥; is equivalent to the integrability of the
function |g|p_ﬁ/a; this holds since (3.41) implies ¢ > p — 3/«

Note that the second series converges if

pa—_
E [(M*(g —goT)) s } < +o0. (3.44)

Notice that inequality (3.41) implies that (pa— 8)/(a— ) < r, hence we derive the
convergence of Sy by item (ii) of Lemma 3.1 (with the exponent (pa—p)/(a—3) > 1
since p > 1).

This concludes the proof of Theorem 2.7. O
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Proof of Corollary 2.8: Like in the proof of Corollaries 2.2 and 2.5, we derive that f
admits a martingale-coboundary decomposition with g € L~ 1)’“/ (r=1) and m, g —
goT € L". By Theorem 2.7, we derive that for each positive € and any « € [1/p, 1],
(2.8) takes place. O

3.2. Counter-examples.

Proof of Theorem 2.10: We recall the construction given in the proof of Theorem 3
of Volny and Samek (2000). We choose a real number « such that

% <a<l-*t. (3.45)

1 1 1/ r
=—(1-p+—) == - . (34
2( p+ _1> 2(7«—1 p)>0 (3.46)

For each i > 1, we define n; := 2% and k; := [2“"] By the Rokhlin lemma (see
Kakutani, 1943; Rohlin, 1948), one can find a set A; € F such that

sets A;, TA;,...,T" "1 A; are pairwise disjoint and (3.47)
’I’Li—l )
pl 174 >1/2 (3.48)

In particular, the quantity p(A;) can be bounded as follows:

1 1
<p(d;) < —. A4
3 < (A < (3.49)

We then define for ¢ > 1
v/n;loglogn; it
, = YT OB 0BT g 1 Z T IA)+ > 2k — HLT™IA) |, (3.50)

j=ki+1

and g := jm gi, where iy is such that 2k; < n; for each ¢ > ig. By the Borel-
Cantelli lemma, since p {g; # 0} < 2k;/n; < 2'7(0~)7 the series which defines g is
almost surely convergent.

Since it has been shown in Volny and Samek (2000) that the function f satisfies
neither the invariance principle nor the law of the iterated logarithm, it remains
to prove that the constructed function g belongs to L? and that the coboundary
g — goT belongs to L.

By (3.47) and (3.50), the equality

- -\ P k; . 2k;—1 4
|p . (Vm lolflognz) Z]pl(Tnl—]Al) + Z (2]@‘2 _j)pl(Tni—jAZ_)

Jj=1 Jj=ki+1

‘gi

(3.51)
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takes place, hence integrating and accounting (3.49), we derive the estimates

2k;—1

vn;loglogn; . 1
E|gil” < (‘kg_gz Zy’” + D @ki—5)") | — (3.52)
7 ka1 7
2-1
X kf 7 .
p/2-1 p/2
= 2n; (loglog n; )P/ “k;, (3.54)
hence
lgill, < 21/pn2/2_1/p(10g10g ni)1/2ki1/p. (3.55)

By definition of n; and k;, one can find a constant ¢ depending only on « (hence
on p and r) such that for ¢ large enough,

||ng < c.2i1/2=1/p) (10gi)1/2 .9t/p _ . (1ng')1/2 . gila=1+p/2)/p_ (3.56)

By (3.45), the series 3.7 (log)/2 - 2{(@=142/2)/P i5 convergent, and we conclude
by (3.56) that g belongs to LP.
It is proved in Volny and Samek (2000) that by construction, the equality
v/niloglogn; 2he
VIOBO8M | | )14 3.57
- U (3.57)

9i —gioT| =
holds. By (3.47) and (3.50), we have

(3.58)

1/r
o1, < VIS (25

ki n;
hence by the definition of n; and k;, we have for ¢ large enough and a constant c
depending only on «,

lgi — gi o T||, < ¢-2/(1/271/M)ia(l/r=1) (150 4)1/2 (3.59)
from which we infer (by (3.45)) the convergence of the series 3 ||lg; — gi o T,

hence the fact that the function g — g o T belongs to LL".
This concludes the proof of Theorem 2.10. a

Proof of Theorem 2.11: The construction is similar to that of the proof of Theo-
rem 2.10.
For each i > 1, we define n; := 2¢ and k; := [2°

—-p

where 3 satisfies

°l.
q

r
— < B <1~ 3.60
p(r—1) p (360)
Such a choice is possible since
r—p rr=p_plr=1)—-@-r—r+p
—g— —(p—1 - = =0. (3.61
P 7"—1>p (p )r—l r—1 r—1 0. (361)
We take a set A; € F such that (3.47) and (3.48) hold. We then define for ¢ > 1
l/p ks 2k;—1
231 (T A)+ Y 2k — HUT™TIA) |, (3.62)
Jj=ki+1

and g := j_ b0 Jis where 7o is such that 2k; < n; for each i > 4.
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The proof will be complete if we show the following three assertions:
(1) the function g belongs to LY;
(2) the function g — g o T belongs to L";
(3) the sequence (n~'/PgoT™),; does not converge almost surely to 0.
The first two items follow by completely similar computations as in the proof of The-
orem 2.10. To show the last item, we notice that the sequence (2_i/1’ maxoyi <joi+1 go
Tl)i>1 does not converge to 0 in probability. To see this, one can note that

M{Q_i/p ‘max goT'> 1} >

21<l§27‘+1

(3.63)

. A 1
2P ioTh>1% > T(A;) | > =.
u{ max g; o } t U (Ai) | = 3

20 I 201

Indeed, since g; is non-negative, we have g; < g, which gives the first inequality of
(3.63). For the second, notice that since n; = 2°,

ki
—i/p T'>1% = 71 T IA) 0T > 1 3.64
{ A% g © } o2t 2 gt (T A o (3.64)
S J{wlTwerrm A} 5 ([ T9(4).  (3.65)
1=0 j=1

This finishes the proof of Theorem 2.11.
O

3.3. Applications. For the context, we refer the reader to Subsection 2.3. We define
M :=o0(e;,i <0).

The proof of Propositions 2.12 and 2.13 will follow from Corollaries 2.2, 2.5 and
2.8 and the following intermediate step.

Lemma 3.2. Let ¢ > 1. Then for each centered f: [0,1] = R and each n > 1, the
following inequalities hold:

|E[f oT”|M //1{|x—y\ 27"} | f (=) y)|Pdzdy  (3.66)
(- DE[fo T | M7 <
//1{|x—y|<2”}‘f Ny‘ dzdy < oo, (3.67)
where f(z) = f(x) = f(2/2)/2 = f((x +1)/2)/2.

Proof: Following Maxwell and Woodroofe (2000), we have for each x € [0, 1],

E[foT" | M](z)=2" 22_:1/ { (”’ﬂ) f(y;jﬂdy, (3.68)

hence by Jensen’s inequality,

IE[foT™ | M2 < //1{|x—y| 2} |f () — f)|* dedy.  (3.69)
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Since
 [[(zti\ i (y+i
t-vElrer M@ =2 Y [ 7(52) -7 ()| an e
7=0
we prove (3.67) in a similar way. O

Lemma 3.3. Let g > 1. Iffor some positive §, we have

|q 1 q—1+446
/ / |x — y| (log P y|) dady < oo, (3.71)

then the series 32, <, [[E[f oT™ | M]||, converges.

A similar sufficient condition can be stated for the convergence of the series

Yozt T =U)E[foT™ [ M]|,.

Proof of Lemma 5.3: In view of inequality (3.66), we have to prove that

+<>o 1/q
(2"/ / {|lz —y| <27} |f(z |qudy) < +00. (3.72)

To this aim, we define 8 := (¢ — 1 4 ¢)/q and bound, by Hélder’s inequality,

1-1/q
(Zn5q2”// {|x—y\ 2- "}|f |qudy><2n Ba/(a— 1)><—|-oo
n=1 n=1

and since ﬁq/(q —1)=(¢g—149)/(¢g —1) > 1, it suffices to show that the series

SoFoe pfagr fo f 1{|lz —y| <27"}|f(x) — f(y)|? dedy converges. For a fixed t €
[0,1], we have

log,(1/t)

Z nf12m1 {t <27} = Z nfa9m < (log2(1/t))ﬂq, (3.73)
from which the convergence of }°, o, [[E[f o T™ | M]||, follows. O
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