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Abstract. We study the interface of the symmetric multitype contact process on
Z. In this process, each site of Z is either empty or occupied by an individual of
one of two species. Each individual dies with rate 1 and attempts to give birth
with rate 2R\; the position for the possible new individual is chosen uniformly at
random within distance R of the parent, and the birth is suppressed if this position
is already occupied. We consider the process started from the configuration in
which all sites to the left of the origin are occupied by one of the species and all
sites to the right of the origin by the other species, and study the evolution of the
region of interface between the two species. We prove that, under diffusive scaling,
the position of the interface converges to Brownian motion.

1. Introduction

The multitype contact process is a stochastic process that can be seen as a
model for the evolution of different biological species competing for the occupation
of space. It was introduced in Neuhauser (1992) as a modification of Harris’ (single-
type) contact process (Harris, 1974).

Let us give the definition of the multitype contact process (&;)¢>0 on Z¢ with (at
most) two types. We will need the parameters: Ry, Re € N* and 01, d2, A1, Ag > 0.
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(&)1>0 is then the Markov process with state space {0, 1, 2}Zd and generator given
by L= El + ,CQ, with

(L&) = Y SelfE7)=FO+ Y. D NUETH=FQ), =12,

zezd: zezd: yGZd:
§(z)=i §(#)=0 |z—y|<Ri,
E(y)=i

(L.1)
where f :{0,1, 2}Zd — R is a function that depends only on finitely many coordi-
nates, | -| is the £°° norm and

£=7(y) :{ R S SRR (1.2)

We will adopt throughout the paper the following terminology: vertices are
called sites, sites in state 0, 1 and 2 are respectively said to be empty or to have
a type 1 or type 2 occupant (or individual), and elements of {0, 1, Q}Zd are called
configurations. Additionally, d1,02 are called death rates, Ry, Ry are ranges and
A1, A2 are birth rates (or sometimes infection rates).

Let us now explain the dynamics in words. Two kinds of transitions can occur.
First, an individual of type i dies with rate J;, leaving its site empty. Second, given
a pair of sites z,y with |z —y| < R;, £(x) =i (with ¢ = 1 or 2) and £(y) = 0, the
occupant of x gives birth at y with rate )\;, so that a new individual of type i is
placed at y. Note that, under these rules, births only occur at empty sites, so that
the state of a site can never change directly from 1 to 2 or from 2 to 1.

In case only one type (say, type 1) is present, this reduces to the contact process
introduced in Harris (1974), to be denoted here by ({;)¢>0 in order to distinguish it
from the multitype version. We refer the reader to Liggett (1999) for an exposition
of the contact process and the statements about it that we will gather in this
Introduction and in Section 2.

Let (Ct{O})tZO be the (one-type) contact process with rates 61 =5 =1, A\ = A >
0, Ry = R € Z7 and the initial configuration in which only the origin is occupied.
Denote by 0 the configuration in which every vertex is empty, and note that this
is a trap state for the dynamics. There exists A. = A\.(Z%, R) (depending on the
dimension d and the range R) such that

P there exists ¢ > 0 such that Ct{o} = Q] =1 ifand only if A < A,. (1.3)

This phase transition is the most fundamental property of the contact process.
The process is called subcritical, critical and supercritical respectively in the cases
A< A, A=Acand A > A

In this paper, we will consider the multitype contact process (&) on Z with
parameters

01 =y =1, Ri=Ry; =R, A=A =A> )\C(Z,R) (14)

We emphasize that the quantity \.(Z, R) that appears here is the one associated to
the one-type process, as in (1.3). We will be particularly interested in the ‘heaviside’

initial configuration,
1 ifax <0
h )
T) = 1.5
% () {2 if x > 0. (15)
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We will denote by (£]');>0 the process with parameters (1.4) and initial configuration
¢l We let

re = sup{z : & (x) = 1}, 0y = inf{x : M (x) = 2}, it =(re +4:)/2. (1.6)
The interval delimited by r; and ¢; is called the interface at time ¢, and i; is the
position of the interface at time ¢t. The choice of the middle point of the interval as
the position of the interface is somewhat arbitrary and will not matter for all the
results obtained in this paper.

In case R = 1, it follows readily from inspecting the generator in (1.1) that
ry < {; for all t. If R > 1, both r, < ¢; and r; > {; are possible (in the latter
case we say that we have a positive interface, and in the previous case, a negative
interface). In Valesin (2010), it is shown that the process (|ry — ¢¢|)¢>0, which
describes the evolution of the size of the interface, is stochastically tight:

Theorem 1.1. Valesin (2010) If R € Z7 and X > A\.(Z, R), then

for any e > 0 there exists L > 0 such that P[|r, — ¢;] > L] < e for all t > 0.
(1.7)

In the present paper, we will continue the study of the interface, but we will
focus on its position rather than its size. Our main result is

Theorem 1.2. If R € Z and X\ > \.(Z, R), then there exists o > 0 such that

P S
( Lst s>0 (dist.) ( 3)8207

where (Bs)s>o denotes Brownian motion with diffusive constant o, and convergence
holds in the space D = D[0,00) of cadlag trajectories with the Skorohod topology.

Our proof of this result follows the usual two steps: verifying convergence of
finite-dimensional distributions and tightness of trajectories in D (see Section 16
of Billingsley, 1999). We thus prove the following propositions, both applicable to
the case R € Z* and A > \.(Z, R):

Proposition 1.3. There exists 0 > 0 such that, for any 0 = a9 < a1 < --- < ay,
we have

—1/2 . . . . . t—oo
t /2. (Za1~t7 Za2~t_za1-ta~~'»zak~t_'Lak_yt) (ﬁ) (Nla“'ka)a
ist.

where Nu, ..., Ny are independent and N; ~ N (0,02(a; — a;j_1)).
Proposition 1.4. For any € > 0 there exists a compact set K C D such that
lim inf P [(fl/? Cist)sn0 € K} >1-e.
t—o0 -

In proving these propositions, we will establish a result of independent interest,
which we call interface regeneration. We will explain it here only informally; the
precise result depends on a few definitions and is given in Theorem 2.14. Given
s > 0, consider the configuration ¢ and assume the interface position i, = .
Suppose we define a new configuration & by putting 1’s in all sites to the left of
is and 2’s to the right of i;. We then show that it is possible to construct, in the
same probability space as that of (§;);>0, a multitype contact process started from
time s, (£})1>s, such that £, = ¢ and moreover, the interface positions for (&) and
for (&) are never too far from each other. Since the evolution of the interface of &’
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has the same distribution as that of the original process (except for a space-time
shift), this regeneration allows us to argue that, if we consider large time intervals
I, 15, ..., then the displacement of i in each interval follows approximately the
same law.

In many of our proofs, we study the time dual of the multitype contact process.
This dual, called the ancestor process, was first considered in Neuhauser (1992)
and further studied in Valesin (2010). In these references, it was shown that the
ancestor process behaves approximately as a system of coalescing random walks on
Z. Because of this, our proofs of Propositions 1.3 and 1.4 are inspired by arguments
that apply to coalescing random walks and the voter model, an interacting particle
system whose dual is (exactly) equal to coalescing random walks. In particular, a
key estimate for the proof of Proposition 1.4 (see Lemma 4.3) was inspired in an
argument by Sun for coalescing random walks (Sun, 2005).

2. Background on the contact process

2.1. Notation on sets and configurations. Given a set A, we denote by #A its
cardinality and by 1 4 its indicator function.

We will reserve the letter ¢ to denote elements of {0,1}%, as well as the one-
type contact process, and the letter & for elements of {0,1,2}% and the multitype
process. We denote by 0 the configuration in which every vertex is in state 0. We
write {§ =i} = {z € Z : £&(x) = i} (and similarly for ¢). Given A C Z, “¢ =i on
A” means that {(x) = ¢ for all x € A (and similarly for ().

Throughout the paper, we fix the parameters R € Z% and XA > \.(R,Z). All the
processes we will consider will be defined from these two parameters.

2.2. One-type contact process. We will now briefly survey some background mate-
rial on the (one-type) contact process.

a) Graphical construction and infection paths. A graphical construction or
Harris system is a family of independent Poisson processes on [0, 00),

pe =z, each D* with rate 1,
H= ((D Jaez (D™ ) ez, 0<‘m_y|§R) ’ each D*Y with rate . (2.1)

We view each of these processes as a random discrete subset of [0,00). An arrival
at time t of the process D7 is called a recovery mark at x at time ¢, and an arrival
at time ¢ of the process DY is called an arrow or transmission from x to y at time
t. This terminology is based on the usual interpretation that is given to the contact
process, namely: vertices are individuals, individuals in state 1 are infected and
individuals in state O are healthy. Although we will focus mostly on the multitype
contact process, which we see as a model for competition rather than the spread of
an infection, we will still use some infection-related terminology that comes from
the study of the classical process.

We will sometimes need to consider restrictions of H to time intervals, and also
translations of H. We therefore introduce the following notation, for ¢ > 0 and
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z €l
0 =D"N0,t, DTof(z,t)={s—t:s€ D" 7 s>t}

Dﬁ)’g] =D%YN0,t], D*Yol(z,t)={s—t:se€ D**Y7% s>t}

Hpo = ((D[o,t])meZa (D[O,t] )a:,yEZd7 0<\w—y|§R> 3

Hof(z1t) = ((Dw 0 0(z,))sez, (D@ 0 0(2,1)), cpu 0<‘m_y|§R) :

Given a (deterministic or random) initial configuration ¢, and a Harris system
H, it is possible to construct the contact process (¢;)>0 started from {y by applying
the following rules to the arrivals of the Poisson processes in H:

a recovery mark at a site makes it healthy: (2.3)
if t € D®, then (; = (P77 .

an arrow with infected starting point makes the end point infected:

i1 D™ and ¢, (z) = 1, then ¢ = ¢, ()

(recall that (‘7% was defined in (1.2)). That this can be done in a consistent
manner, and that it yields a Markov process with the desired infinitesimal generator,
is a non-trivial result which (as the other statements in this section) the reader can
find in Liggett (1999).

Given z,y € Z, t' > t > 0 and a Harris system H, an infection path in H from
(z,t) to (y,t') is a cadlag path 7y : [t,t'] — Z such that

)=z y({t')=y,

. (2.5)
s¢ DY for all s € [t,¢] and s € DY) whenever y(s—) # y(s)

In words, Yy may not touch recovery marks and y can only jump from site x to site
y at time s if there is an arrow from x to y at s. We employ the following notation.
In case there is an infection path from (z,t) to (y,t'), we write (z,t) < (y,t') in H
(or simply (z,t) <> (y,t') if H is clear from the context). Given sets A, B C Z, and
I, I> C [0,00), we write A x I} +> B X I7 if (z,t) + (y,t') for some (z,t) € A x I
and (y,t') € B x I5. We will also write A x I +> (y,t') if (z,t) > (y,t') for some
(x,t) € A x I, and similarly (z,t) <+ B x I5. Finally, we adopt the convention to
put (z,t) < (z,1t).

When (¢;) is constructed with the rules (2.3) and (2.4), for any (z,t) € Z %[0, c0),
x is infected at time ¢ if and only if there exists a site y € Z which is infected at
time 0 and so that an infection path connects (y,0) and (z,t):

G(x) = Tiico=1)x {0} 5 (.00} forall x € Z, t > 0. (2.6)

We will always assume that the contact process is constructed from a Harris
system (this will also be the case for the multitype contact process, which, as we
will explain shortly, can be constructed from the same H as the one given above).
Additionally, we will often consider more than one process at a given time, and
implicitly assume that all the processes are built in the same probability space,
using the same H.

Let us now list a few facts and estimates that we will need.
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b.) Basic facts about the distribution of Harris systems. Given A C Z,
x € Z and t > 0, by invariance of the law of Poisson processes with respect to time
reversal, the following holds:

P [(i(z) = 1] =P[A % {0} ¢ (z,1)]

(2.7
=P[(z,0) < Ax {t}] =P[{7(y) = 1 for some y € A].

This is a particularly simple instance of the well-known self-duality property of the
contact process.

Given A C Z and t > 0, due to invariance of the law of the Harris system with
respect to space-time translations, the processes

(C;q—t)SZt and (]l{meZ:Ax{t}H(z,s)})szt

have the same distribution. We refer to the latter as the contact process started at
time t with A occupied.

By a simple comparison with a Poisson process, we can show that there exist
k,c > 0 (depending on A and R) such that

Pl(z,7) < [z — kt,z +rt] x {r+t}]<e “foranyx €Z, r>0,t>0. (2.8)

c.) Extinction time. Given A C Z and t > 0, define the extinction time of the
contact process started at time ¢ with A occupied as the infimum of the times that
cannot be reached by infection paths started from A x {t}:

T —inf{t' > t: Ax {t} «» Z x {t'}}.

Note that this is a stopping time with respect to the natural filtration of Harris

systems. We write 7" instead of T{#}*{*} and, in case t = 0, we omit it and write

T4 and T*. Note that the distribution of T4*{*} is equal to that of ¢ + T4*{0},
By (1.3) and the assumption that A > A,

P[T° = 0] > 0.

In case T4} = 0o, we write A x {t} <> co. Similarly, when T(**) = oo, we write
(z,t) > oo.

In Theorem 2.30 in Liggett (1999), we find that there exists ¢ > 0 (depending
on R and ) such that

Pt< T° < oo] < e~ for any ¢t > 0 (2.9)

and
P [TA < ool < e~ #A for any A C Z, A # @. (2.10)
In the mentioned theorem, these estimates are obtained for the case R = 1, but the

method of proof is a comparison with oriented percolation that works equally well
for R > 1.

d.) An insulation result and an application. The following result deals with
the contact process started from an initial configuration (p in which an interval
[a, b] has the property that, in the two (large) intervals [a — S, a) and (b, b+ 5], all
vertices are occupied (we think of these large intervals as “insulating” [a, b] from the
outside). It then guarantees that, in a linearly growing spacial set which contains
[a, ] at time zero, the process is likely to coincide with the process started from ¢,
the modification of ¢y in which all sites outside [a, ] are set to occupied.
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Lemma 2.1. There exists § > 0 such that the following holds. For any e > 0 there
exists So > 0 such that, if S > Sy and (o, ) satisfy, for some a < b,

Co(x) = () for all x € [a,b];
Co(x) =1 forallz € [a—S,a)U(b,b+S];
¢ (x) =1 for all x € (—o0,a) U (b, 00)

and ((t), ((}) are contact processes started from (o and (), and constructed with the
same Harris system, then, with probability larger than 1 — ¢,

Gi(x) = ¢ (w) for all x € [a — Bt, b+ Bt] and t > 0. (2.11)

This result is easy to prove when the process only has nearest-neighbor interac-
tions, R = 1, and much harder for general R. The proof (for any R € N*) follows
from Proposition 2.7 in Andjel et al. (2010) (see also the treatment of the event Hs
in page 11 of that paper). The key idea is an event which the authors called the
formation of a descendancy barrier; this means that in a space-time set of the form
C. = {[x — Bt,z + Bt] : t > 0}, every vertex that is reachable by an infection path
from Z x {0} is reachable by an infection path from (z,0). For the statement of the
present lemma, it would suffice to argue that, if S is large, with high probability
one can find x € [a— S,a) and y € (b, b+ 5] so that a descendancy barrier is formed
from both z and y.

Remark 2.2. The above lemma also holds, with the same proof, for a = —oco or
b= 0.

We will need the following consequence of Lemma 2.1.

Lemma 2.3. For any e > 0 and 0,0’ with —3 < 0 < o' < j3 there exists Sy > 0
such that, if S > Sy and (o(x) =1 for all x € [—S, 5], then with probability larger
than 1 — ¢,

for all t > 0, there exists x € [—S + ot, S + o't] such that (;(z) =1.  (2.12)

Proof: By Lemma 2.1, it suffices to prove that, given ¢, 0,0’, there exists Sy so
that, for S > Sy,

P [for all t > 0, there exists # € [-S + ot, S+ o't] with ¢E(z) = 1] >1—¢,

where (¢7) denotes the one-type contact process started from full occupancy. For
any t we have

P[¢/ =0o0n[-5+0t, S+0't]]
=P[Z x {0} +» (z,t) for all x € [-S + ot, S+ o't]]

D p [(z,0) «» Z x {t} for all x € [-S + ot, S+ o't]]

<P |:T1[—S-‘rat7 S+ao't] < 00 (22“) e—ZCS—c(a’—a)t
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Also, using the Strong Markov Property it is easy to verify that, for some 6 > 0
that depends on o, ¢’, A and R but not on t,

P[¢Z=0on[-S+oat, S+0't]

>6-P[¢Z=0o0n[-S+0s, S+ 0's] for some s € [t — 1,1]]
for all £ > 1. In conclusion,

P [there exists t > 0: ¢/ =0 on [-S + ot, S+ ot]]

<) P|[there exists s€ [t —1,¢]: (/ =0 on [-S + o5, S+ o's]]

o~
Il

’
e—QCS—c(U —o)t

IN
7| =

9

e~

t=1

which is smaller than ¢ if S is large enough, since ¢’ — o > 0. |

e.) Invasion-free infection paths. When we construct the contact process
(CEA)tZOv arrows in the Harris systems which land on space-time points which were
already in state 1 have no effect. The following result states that, if Ax {0} < (x,t),
then we can find exactly one infection path from A x {0} to (z,t) in which all the
jumps correspond to arrows that land on empty sites. We call such an infection
path invasion-free; we stress that this property depends on the initial occupancy A,
since the set of space-time points which are occupied depends on A. Invasion-free
infection paths will be very useful for the graphical construction of the multitype
contact process.

Lemma 2.4. Let H be a Harris system, A C Z and (z,t) € Z x (0,00). Then,
either A x {0} «» (x,t) or there exists a unique infection path vy : [0,t] — Z such
that y(0) € A, y(t) = x and every jump of y lands on a site that is empty in
(C?)SZO; that 7;3;

Y(s) #v(s—) = ¢L(v(5) =0,  s€0,t]. (2.13)
Proof: Assume A x {0} <> (x,t). For every infection path y from A x {0} to (x,t),
we define f(y) as follows. If y satisfies (2.13), we let f(y) = —oo. Otherwise, we
let f(y) be the last jump time of vy which violates (2.13), that is,

Fy) = max{s : y(s) # v(s-), ¢L(v(s) = 1.

If we have f(y) = s* # —oo, then there exists an infection path v’ from A x {0}
to (y(s*),s*) whose last jump occurs before time s*. Defining a path ¥ which is
equal to v’ in [0, s*] and equal to y in [s*,t], we then obtain f(y) < s* = f(y).

In order to obtain a path satisfying (2.13), we can start with an arbitrary infec-
tion path y from A x {0} to (z,t¢) and apply the above procedure recursively (that

_—

is, letting y(1) =y, y() =y etc.) until f reaches —oco. To see that the recursion
must indeed reach a path for which f is —oo, note that the value of f decreases
with each iteration, and moreover f can only attain finitely many values, as there
are almost surely only finitely many infection paths reaching (x,t).

The uniqueness statement is evident: if y; and ys are two distinct infection
paths from A x {0} to (z,t), then at some point either y; jumps to a space-time
point occupied by Yo or vice-versa, so (2.13) cannot be satisfied by both paths. =
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A time (2,1) Atime (x,1)

1OQ@O000@000@00 1000000000 e00

>

-~

1100000000000 00 1100000000000 00
\/r/v

A

FiGURE 2.1. Left: illustration of Lemma 2.4. Three infection
paths can be found from A x {0} to (z,t); the unique one in which
all jumps land on empty space-time points appears in green. Right:
multitype contact process built with the same Harris system as the
one on the left. The two types are represented by the colors blue
and red. Note that the infection path that appears in green on the
left picture is entirely blue here.

2.3. Multitype contact process.

a.) Graphical construction and first properties. Due to our symmetric choice
of parameters in (1.4), it is possible to construct the multitype contact process with
the same graphical construction H as the one we have given in (2.1) for the single-
type process. The effects of recovery marks and arrows are:

a recovery mark at a site kills its occupant:
if t € D*, then & = £)7%;
an arrow with a type 7 occupant at the starting point creates a new type
occupant at the end point, provided the end point was empty:
ifte D™, & (z)=iand &_(y) =0, then & =&Y, i=1,2,
(2.15)

(2.14)

where £'7% is defined in (1.2). These rules lead to the correct transition rates, as
prescribed in (1.1) and (1.4). Figure 2.1 illustrates the construction.

This picture also illustrates an important fact: if we only distinguish empty sites
from occupied sites (in the picture, if we treat blue and red as a single color), we
re-obtain the single-type process. Formally,

(]1{&(1,)750} tx € Z)t>0 has same distribution as a one-type contact ( )
= 2.16
process started from (Lyg,(z)0) : @ € Z) .
To verify that this holds, note that the rules (2.14) and (2.15) reduce to (2.3) and
(2.4) when the two types are treated as a single type. A consequence of (2.16) is
that we can still use infection paths to decide whether a space-time point is empty
or occupied:

&(x) # 0 if and only if {y : &(y) # 0} x {0} < (z,1). (2.17)
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This is quite convenient, but there is a drawback: in case &(x) # 0, it is not so
simple to deduce its value from &, and the infection paths in H. This is where
Lemma 2.4 comes into play: if an infection path y : [0,¢] — Z is invasion-free and
&(v(0)) =i € {1,2}, then it manages to carry type 4, that is, £(y(s)) = ¢ for all
s. This is again illustrated in Figure 2.1 and summarized as follows:

Lemma 2.5. Let (§)i>0 be the multitype contact process started from a fized & €
{0,1,2}Y% and constructed with a Harris system. Then,

there exists an infection path vy : [0,t] — Z
&(x) =14 if and only if such that & (y(0)) =1, v(t) = = and ,i=1,2.
s—(v(s)) = 0 whenever y(s) # y(s—)
(2.18)
Moreover, for every (x,t) there exists at most one infection path satisfying the stated
properties.

As already noted, it will often be convenient to construct several processes,
one-type or multitype or both, in the same probability space and using a single
realization of H. When we do so, the following will be quite useful.

Claim 2.6. If (&)i>0, (&)i>0 are constructed with the same Harris system,

{60 =2} C{€h =2} and {§ = 1} D {&) = 1} implies

(=2 Clg =2 and {6 =1} 24g = 1} jorane.
Proof: Simply consider the partial order
(=¢ & {{=21c{¢=2tand {{=1}2{=1}
and note that the rules (2.14) and (2.15) preserve this order. n

b.) Ancestor process. Given a multitype contact process (&;):>0 and (z,t) €
Z x [0,00) with &(z) = ¢ € {1,2}, Lemma 2.5 shows us how to locate the site y
which contained, at time 0, the individual of type i from which the occupant of
(z,t) descends. This suggests the definition of an ancestor process which holds a
duality relation with the multitype contact process.

The ancestor process was first defined by Neuhauser (1992) in a more general
version than the one we will present here. The definition in that paper depends
on an algorithmic exploration of the Harris system, starting at (x,t) and moving
downwards to time 0. Here we do not need to use Neuhauser’s algorithm: our
Lemmas 2.4 and 2.5 already allow us to define the ancestor process and obtain the
results we will need.

Fix a Harris system H and x € Z. We will define a process (n¥)¢>0 on Z U {A},
where A represents a “cemetery” state. For each ¢, nf will be measurable with
respect to Hig 4, the restriction of the Harris system to [0, ], and will satisfy:

nf €{y:fly)=1}ift<T® and nf=Aift>T". (2.20)
For fixed ¢ > 0, we recall the notation introduced in (2.2) and define the reversed

Harris system H (0,¢] by

H[O,t] = ((ZA)[IQt])mEZa (ﬁ[xd7yt})x,yez, O<|z—y|§R) ) where (2 21)

Affm ={t—s:s€ D"NJ0,¢} and lA)[IOZ] ={t—s:s€D¥"N|0,]}.
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In words, H, [0,¢] is the Harris system on the time interval [0, ¢] obtained from HN|0, t]
by reversing time and reversing the direction of the arrows (it is useful to think of
Hyp 4 and H [0,) drawn in the same picture, with the time direction of each being
the opposite of that of the other).
Now, we define n{ as follows:
e in case Z X {0} «» (z,t) in ﬁ[mt], we let nf = A;
e otherwise, by Lemma 2.4 (with A = Z), there exists a unique infection path
v : [0,t] — Z with respect to fI[O7t] such that

Y(s) # y(s—) = Z x {0} «» (y(s),s—) in Hyy, s e [0,1]. (2.22)
We then let 7 = v(0).

It should now be clear that (2.20) indeed holds.
The following lemma describes the duality relation that exists between the an-
cestor process and the multitype contact process.

Lemma 2.7. (Duality) Let {(n})i>0 : © € Z} be the ancestor processes obtained
from a Harris system H. Fizt > 0 and let ﬁ[o,t] be defined as in (2.21). Given
&0 € {0,1,2}2, let (&s)o<s<t be the multitype contact process started from &, and
constructed with ﬁ[o,t]' Then, for any x € Z,

ifnf = A, then &(z) =0 and (2.23)

if nf # A and & (nf) # 0, then & (x) = &o(nf). (2.24)

In particular, if o(x) # 0 for all x € Z, then, with the convention that £o(A) = 0,
&)z eZ)= (&) x€Z). (2.25)

Proof: If nf = A, then Z x {0} « (z,t) in _H[O7t], so &(xz) = 0 by (2.17), proving
(2.23). To prove (2.24), assume nf = y € Z and &(y) = i € {1,2}. By the
definition of n¥, there exists an infection path y (with respect to H (0,4) such that
(2.22) holds. Consequently,

¥(s) #v(s—) = &-(v(s)) = 0,
50 (2.24) follows from Lemma 2.5. The third statement is an immediate consequence
of the previous two. [ |

c.) Ancestor process started from arbitrary space-time points; concate-
nation property. It will be useful to consider ancestor processes started from
space-time points (x,r) with r > 0; we define these by

ns (H) = ni(H 0 ©(0,7)).
When r = 0, we will keep writing (n7) instead of (ngm’o)
simply write (1;):>0. Naturally, we have

ey (ar) o (g0} ift <T@ and g™ = Aif > T,

). If we also have x = 0, we

and

( (z,7) (di:sti) ( z (di:st.)

T+t )tZO t )tZO (e + x)tZO . (2.26)

The usefulness of starting the ancestor process at arbitrary space-time points is in
the following result.
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Lemma 2.8. (Concatenation property). For 0 <r <t <t, we have:

(@) (@)
™ £ A and 0 £ A, then T = gD, (2.27)

In particular, for r <t < oo,
- o (@,7)
if nfm’r) £ A and T = oo, then nf, ") = 7715,7“ D for all t > t. (2.28)

Proof: The result is an easy consequence of the following fact. Suppose 7y : [a, b] —
Z and Y’ : [b,c] — Z are infection paths satisfying:

¥(0) =v'(b),
v(8) #v(s=) = Z x {0} « (v(s),s-), s€[a,b],

Y'(s) #V'(s—) = Z x {b} «» (v(s),5—), se€ b
Then, the concatenation y” : [a, ¢] — Z, defined by

vy ¥ ifsefan),
vi(s) {y'(s) if s € [b, ]

satisfies
Y'(s) #v"(s=) = Z x {0} «» (Y"(5),5—), s€[a,c].

2.4. Renewal times of the ancestor process. We now recall the renewal structure
from which we are able to decompose the ancestor process into pieces that are
independent and identically distributed. This then allows us to find an embedded
random walk in (7s) and argue that the whole of the trajectory of (7s) remains
close to this embedded random walk. Most of the results of this subsection are
not new (they appear in Neuhauser (1992) or Valesin (2010) or both); in an effort
to balance the self-sufficiency of this paper with shortness of exposition, we will
include a few key proofs and omit others.

Due to the concatenation property (2.28), it will be useful to find times ¢ for
which (1, ) <» 0o. Let us discuss how the search for these times goes. Fix tg > 0
and, on the event {(0,0) <> oo}, define

T=inf{t > to: (e, t) 4> 00}, (2.29)
T("% k) if o1, < o0
oo = to, Oht1 = (2.30)
00 if o, = 0.
We claim that
almost surely on {(0,0) <> oo}, T = sup{oy, : o < 00}. (2.31)

See Figure 2.2 for an illustration of the random times (o), T, and of this claim. We
interpret (2.31) as expressing that T is obtained as the result of repeated attempts
of having (n,t) <> oo, starting at time ¢y and moving forwards in time. That is, we
first check whether (n:,,t0) > co. If so, we have T = 09 = tg. Otherwise, we wait
until time o; = T(o:t0) | that is, the first time ¢ at which the set {y : (1,,,t0)
(y,t)} is empty. We then check whether or not (7,,,01) <> 00; if so, we have T = o7,
and so on.
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1 = 1\_/(%1’01)

to = 09 N

e}

0,00\

(77007 UO)

Z

FIGURE 2.2. Illustration of the times o, and T. The thick black
line represents the evolution of the ancestor process. The infinity
symbol on top means that (7,,,03) > 0o, so that T = o3.

The statement (2.31) is proved as follows. If (7s,,0%) <> oo for some k, then
we clearly have T < o;. Now assume that, for some k and ¢, we have o5, < t <
Okr1 < 00. Since t < opy1 = TMr:%)  we have (Mo, 0k) < Z x {t}, so at
time ¢, the first ancestor of (1, ,0%) is some y € Z with (ns,,0%) <> (y,t). Hence,
TWH < Tew%) = g1, < co. Using the concatenation formula (2.27) with r = 0,

we also have 1y = 771577"’“ o) y. Therefore we have proved that

0 <t <041 <00=T>1.
This completes the proof of (2.31).
Equation (2.27) is a key ingredient for obtaining the following result.
Lemma 2.9. There exists ¢ > 0 such that, for any b > a > 0, we have
P, # A and (ns,s) « co for all s € [a,b]] < e (0=, (2.32)

See Proposition 1 of Neuhauser (1992) (page 474) for a full proof. The idea is
as follows. First note that

Pns # A and (1, s) = oo for all s € [a,b], (0,0) «» 0o] <P[b—a < T° < oo]
(22)) eclb=a),
Hence, it suffices to bound
Pns # A and (1, s) «» oo for all s € [a,b], (0,0) <> 0].

Define T and (01)72, as in (2.29), (2.30) with o = a. One can then argue that
max{k : 0 < oo} can be stochastically dominated by a geometric random variable
with success probability P[T? = cc]. Moreover, if o3, < opy1 < 00, then the law
of 041 — o) has exponentially decaying tail (in other words, if (75, ,0%) does not
survive to oo, then it dies out quickly). Equation (2.32) is obtained by putting
these ideas together.



494 T. Mountford and D. Valesin

Given a finite set A C Z, we write
PA[-]=P[- | (y,0) ¢ oo for all y € A]. (2.33)

In case A = {z}, we write P* instead of P*} and in case z = 0, we omit the
superscript. We write E4, E* and E for the corresponding expectation.

Lemma 2.10. Let tyg > 0 and, on the event {(0,0) <> oo}, define T as in (2.29).
We then have

Pt <oo] = 1. (2.34)
Moreover, for any y € Z and events E, F' on Harris systems,

P[Hp €E, ne =y and Ho0(0,7) € F| =P [Hg € E, ne =y -PY [H € F].
(2.35)

Proof: The first statement is a direct consequence of Lemma 2.9. For the second
statement, let (o), be as in (2.30). Using (2.31) and the fact that (o), is
an increasing sequence of stopping times with respect to the natural filtration of
Harris systems, the left-hand side of (2.35) becomes

Zf[” [O’k < 00; Hio,0] € E; 0y, =y and (y,01) <> 00; H 0 0(0,0%) € F]
k=0

=P[0,0) <> 00] 'Y P
| ) ] kZ:O Ny, =y and (y, o) <> 00; H 0 6(0,0;) € F

o < 00; H[()’Uk] e FE;

[M]8

=PV[H € F]- Y P[0, < 00; Hiop) € B 10, =y and (y,0%) 4 o]

ol
Il

0
=PY[H € F] - P[Hjpxq € E; ne=y].

Given (z,1) € Z x [0,00), on the event (z,7) <> oo we define the times
W =, A —inf{t > A 41 (1) o o0}, k> 1L

We write T} instead of T,(:’O) and Ty instead of 1. We now state three simple facts
about these random times. First, it follows from (2.28) that

if Ty =t and n, = 2, then T, = 1" for all k > 1. (2.36)
Second, from (2.32) it is easy to obtain
Pt < oo for all k] = 1. (2.37)
Third, by putting (2.8) and (2.32) together, it is easy to show that
P [max (Th sup |ns|) > t} <e t>0. (2.38)
0<s<Ty
Our main tool in dealing with the ancestor process is the following result.
Proposition 2.11. (1) Under P,
(Tht1 = Ty, (M — N )rr<t<ris) > k=1,2,... are ii.d. (2.39)

In particular, (N, k>0 s a random walk on Z with increment distribution

[@[nmﬁzwwrk:z]Zp[nﬁ:w—z}.
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(2) There exist Cyc > 0 such that, for anyt >0, r >0 and x > 0,

P |nyr # 20, sup |ns—m >x| <P [ max |9, | > Iy orees, (2.40)
sE[t,t+r] ke{1,...,[r]} 3
(3) Under P,
tzep N(0,0%) with o > 0. (2.41)

W (dist.)

Remark 2.12. Due to (2.39), the law of maxyeqi, .. k) [7c,| under P is the same
as that of maxgeqr,.. xy | X1+ -+ Xg|, where Xy, ..., Xk are independent and
identically distributed random variables with law P[X; = -] = P[,, = -]. Due to
(2.38), this increment distribution P [1;, = -] has exponential tails. Hence, standard
maximal inequalities for random walks with exponential moments are applicable;
see for example Section 12.2.2 of Lawler and Limic (2010). In particular, if ¢ is
small enough, we have E[exp{|n+, |}] < co and Theorem 12.2.5 in Lawler and Limic
(2010) gives

P [ max |0, | > x] < e (Elexp{d|n-, }])%, x> 0. (2.42)

Optimizing over the possible values of § as in Corollary 12.2.7 of Lawler and Limic
(2010), it can then be shown that, for some ¢ > 0,

- 2 2/3
P[kegrﬁ)f[(} 7, | >m] <exp{—cz’/K}, 0<z< K3 (2.43)

Proof of Proposition 2.11. A proof of part (2.39) can be found in Neuhauser (1992),
but we give another one here. Let Ey, ..., Ejy be measurable subsets of U;>0D|0, t],
the space of finite-time trajectories that are right-continuous with left limits. We
evaluate

P [(ns M) i<y, € Bifori=0,..., k]

= Z]fb [(nS)OSSSTl S .E()7 Nty = %, (ns - nTi)Ti<5§Ti+1 S El for i = ]., ey ki .
ZE€EZL
(2.44)

Now, by (2.28) and (2.36),

on {(0,0) +> o0, 1, = 2},

we have ny = ngz’“) for all s > 11 and T}, = T,(szll) for all £ > 1.
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Applying these identities and Lemma 2.10, we obtain that (2.44) is equal to

> P [(”3)0991 € Eo, 1x, = Z}
2€EZ

x P? [(nj — nii)n<s§n+1 € Eiyq fori=0,...,k— 1}

= ZHTD [(778>0§5§T1 € Eo, 1, = zi|
2€7Z

X P |:(7’5 - T’Ti)Ti<SSTi+1 G E'L—‘,—l for Z == O, ey k _— ]_i|

=P {(775)09STl € EO} P {(77S — M )ecs<niy, € Bigr fori=0,....k— 1] .

We now iterate this computation to obtain (2.39).
For the remaining statements, we will need a definition. On the event {(0,0) +>
oo}, let
Ny =max{k: 1, <t}, t>0.

Since we have Ty11 — T > 1 for all k, we obtain
Niyr — Ny < [r] for any ¢t >0, r > 0. (2.45)

We now turn to (2.40). Recalling that under P, we almost surely have (0,0) « oo,
the left-hand side of (2.40) is less than

Plt4+r<T'<oo, sup [|ns—mn>x|+P

SE[t,t+7]

sup |ns — el > 33] . (2.46)
SE[t,t+7]

The first term in (2.46) is less than

x
P sup  |ns| > =

s€[0,2/(2x)] 2

i

T < 00, sup |ns|>E S]P’[£<T0<oo}+l[”
0<s<TO 2 2K

where £ is as in (2.8). Then, (2.8) and (2.9) show that the sum is less than e~ *
for some ¢ > 0. Noting that [t,t + 7] C [Tn,, Tn,+[r]+1], the second term in (2.46)
is less than

X
P sup Ms = New, | > 3

SG[TNt, TNt+1]

P ax T
+ >3 (2.47)
|:k€{Nt+27I.1tl_,Nt+|—r-| 1} ch nTNt+1| 3]
; max up | | > x
S 775 77 .
ke{Ni+1,... Ne+[r1+1} se[t),Thqq] Tk *3

A computation carried out in Lemma 2.5 of Valesin (2010) shows that the first
term of (2.47) is bounded above by e~* for some ¢ > 0 (see equation (2.10) in that
paper). Next, Lemma 2.10 implies that the second term in (2.47) is equal to

~ T
P > —.
[ke{ﬁ‘}?‘.’,‘m} G 3}
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Finally, again by Lemma 2.10, the third term in (2.47) is equal to

P max sup | _ | > x
KE{L, [P 141} sefry,thpi] Ns — Ny, 3
(2.39) _ 21 e
< ([r[+1)-P| sup [ns] > 5| < ([r]+1)-e .
s€[0,71] 3

Finally, let us prove (2.41). Denote

- (2.38)
w= (ETl)il < 00.

In Lemma 2.5 in Valesin (2010), it is shown that
P [sup{|ns — 1y, | 1 T, < 8 < Ty 1} > z] < e, t>0, x>0 (2.48)
We write
Nt Nt/ u + NINe — Mt/ p] + Mt — 7N,
ViVt Vi Vi

By (2.39) and the Central Limit Theorem, mt# converges in distribution, as
Nt —

t — oo, to N(0,0?) with o > 0. Using (2.48), we have that % converges
in probability, as ¢ — oo, to zero. Hence, (2.41) will follow if we prove that the
remaining term also satisfies

NNy = Nt/u] t—oo
X0 2.49
Vi (prob) (2.49)

With this aim, fix € > 0. For any § > 0 we have

- - [N, 1
PWM}@[t_M}
Vi top
5 [N = Nt/u) t t”
+]P[>5,Ne[—5t, 2.50
Vi e 7 (2:50)

= | INe — Nt/ u) t 1 :|:|
+]P’{>€,N€[,+5t )
Vit Tl m

By the Renewal Theorem, P % — = > 5} — 0 as t — oo. Next,

1
m

. L — t ot .
P w>s, Nte{,+6tH§IP max \UTi*UTU/J|>5\/E
Vi wop £<i<tyot "
< 6tVar(277T1) _ 6Var(77ﬁ)’
t g2

where the last inequality is an application of Kolmogorov’s Inequality. The above
can be made arbitrarily small by taking ¢ small (depending on €). The other term
in (2.50) is then treated similarly, and the proof of (2.49) is now complete. n

In Valesin (2010), results are obtained about the joint behavior of two or more
ancestor processes. The method used to obtain such results involved studying
renewal times that are more complicated than the 17 defined above. We will not
present the details here. Rather, let us just mention that, while a single ancestor
behaves closely to a random walk (as outlined above), a larger amount of ancestors,
when considered jointly, behave closely to a system of coalescing random walks (that
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is, a system of random walkers that move independently with the added rule that
two walkers that occupy the same position merge into a single walker). Taking
advantage of this comparison, one can then obtain for ancestor processes several
estimates that hold for coalescing random walks. In particular, in Lemma 3.2 in
Valesin (2010), it is shown that

there exists C' > 0 such that

. . Clz—vy (2.51)
P[m» 771?&;7{&7 un #W?}Swv 1’7y€Z, t>0.

Using this result, it is then possible to show that the density of the set of all
ancestors at time ¢, {nf : © € Z} NZ, goes to zero as t — oo (see Proposition 3.5 in
Valesin, 2010), so that

t—o00

for all finite I CZ, P{n{ :2 € Z} NI # @] — 0. (2.52)
Finally, we will need the bound
for any u > 0 there exists C' > 0 such that,

for t large enough and any x < y, (2.53)

]P’{n:,nfj £ N, 1% > nY + uV/t for somesgt} < 5%

For coalescing random walks having symmetric jump distribution with finite third
moments, this estimate is given by Lemma 2.0.4 in Sun (2005). As (nf) and (n})
are not exactly coalescing random walks, the proof of the mentioned lemma has to
be adapted to the present context. Given the method of proof of Theorem 6.1 in
Valesin (2010), this adaption does not involve anything new, so we do not include
it here.

2.5. Interface. Given & € {0,1,2}%, we write
r(§)=sup{zr € Z:{(x) =1}, L) =inf{z €Z:{(x)=2}.
Define
{ €c{0,1,2}%: #rx<0:&x)=1}=#{x>0:£((x) =2} = oo, }

#{r<0:¢(x) =2} <00, #{z >0:{(x) =1} <
(2.54)

Q:

in particular, r(§) < oo and ¢(§) > —oo for any £ € .
As mentioned in the Introduction, (£]');>0 denotes the contact process started
from the heaviside configuration, (1.5), and

re=rEh),  G=0E), = (r+6)/2,  t>0.

The interval delimited by r; and ¢; is the interface, and i; is the interface position,
at time ¢. Using (2.8), it is easy to show that, almost surely,

theQforallt>0.

It will be useful to have the following rough bound on the displacement of r; and
ls.
Lemma 2.13. For any ¢ > 0 and o > 0 there exists Sy > 0 such that, if S > Sy
and & satisfies £ = 2 on (0,00), then with probability larger than 1 — ¢,

for any t >0, r(&),£(&) < S+ ot.
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Proof: Tt is sufficient to prove the result for ¢ € (0,/3), where § is the constant
that appears in Lemmas 2.1 and 2.3. We fix ¢/, 0" with

0<o' <o’ <o.

Using the joint construction of the multitype contact process and the ancestor
processes (as described in Subsection 2.3 and in particular equation (2.25)) together
with the assumption that £ = 2 on (0, 00) and Claim 2.6, we have

Ple(z) =1] <P[g(x) = 1] =P[5} # A, nf <0].
If > 0, the right-hand side is smaller than or equal to
Pl # 4, g — 2| > ]
x

(2.40) _
— Pl £ D, | 2a] < P[ max__[ne,| >

< } + Cte™“*.
ke{l,...,[t]} 3

Combining the previous two inequalities with a union bound (see also Remark 2.12),
we get

S
3

P [r(ft) > — + o't for some t € ZJF}

(2.55)

_]P’{ﬁt(x)_lforsometEZ+ andeiJra’t} <§

if S is large enough. We then bound
Plr(&) < S/3+0't and r(&) > 25/3 + 0"t for some s € [t,t + 1]]

< P[(—o0, §/3+0't) x {t} ¢ [25/3 + 0"'t,00) x [t,t + 1]] < e~ ¢(F+ot/2)

for some ¢ > 0, by a comparison with a Poisson random variable (describing the
number of arrivals in a certain space-time region; we omit the details). Together
with (2.55), this shows that, if S is large enough,

2
P {r(ft) > ?S + o't for some t > O] <eg/2. (2.56)
By Lemma 2.3 and (2.16), increasing .S if necessary we have
2
P {ft =0on {5 +o"t, S+ crt] for some t > 0] < g/2. (2.57)

To conclude, using (2.56) and (2.57),
Pr(&),£(&) < S+ ot for all t > 0]
s
o p [ for all t >0, r(&) < 22 + 0t

>1—ce.
and &(z) # 0 for some z € [2 + 0", 5 + ot

Given a Harris system H and s > 0, we define the regenerated interface process
(7)1>s as follows:
forany x € Z and t > s, on {|is(H)| =}, let i (H) =« + i4—s(H 0 §(x, s)).
(2.58)
Let us explain this definition in words. Using the Harris system H, we construct the
multitype contact process started from the heaviside configuration % and evolve it
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up to time s, obtaining the configuration &" with corresponding interface position
is. Then, we artificially put 1’s on (—oo, |is]] and 2’s on ([i,], 00) and, using H, 4,
we continue evolving the process; the resulting interface position at time ¢ is ;.
Note in particular that

(dist.)

(i1 —13)i>0 = (it)y>0 and [i§ —is] =0or (2.59)

0%
the first equality follows from translation invariance of H in space and time. In
Section 5, we will prove:
Theorem 2.14. For any € > 0 there exists K > 0 such that, for any s > 0,
Pllif —it| < K forallt > s] > 1—e. (2.60)
As a consequence we obtain

Corollary 2.15. For any e > 0 and r > 0 there exists K > 0 such that

]P’{ sup itis|>K]<5 for all s > 0.

s<t<s+r

Proof: For any s,r, K, by (2.59),

IP’[ sup | — is| >K]

te[s,s+r]

+P | sup |ii] > (K —1)/2].

<P| sup |ij —i > K/2
te[0,r]

te[s,00)

Now, for fixed r, the second term vanishes as K — oo, and the first term does so
as well by Theorem 2.14. |

3. Convergence of finite-dimensional projections

The goal of this section is to prove Proposition 1.3. Using Theorem 2.14, we
will be able to deduce (at the end of this section) convergence of finite-dimensional
projections from convergence of one-dimensional projections. Convergence of one-
dimensional projections is the content of Proposition 3.3 below. It will depend on
two preliminary lemmas. Lemma 3.1 is quite simple and states that the probability
that the interface is located at any (deterministic) position = € %Z tends to 0 as
t — oo (uniformly on z). Lemma 3.2 is much more involved and makes sense of the
following heuristic reasoning. Suppose that, for some x € %Z and some large t > 0,
we observe ¢/'(z) = 1. Then, there are only two possibilities: either x is located
at the left of the interface (that is, @ < min{rs, ¢:}) or x is located inside the
interface (that is, min{r;, ¢} < z < max{r;,¢;}). Using Lemma 3.1 and tightness
of the interface size (Theorem 1.1), we will argue that the second alternative has
negligible probability as ¢ — oco. This will allow us to approximate the probability
of {i; > x\/t} from knowledge of the distribution of & (|xv/]).

Lemma 3.1. For any € > 0 there exists tg > 0 such that

1
Pli; = x] < & for any x € §Z, t > to. (3.1)
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Proof: Let € > 0. By (1.7), we can obtain L > 0 such that for all ¢, P[|lr, — £, >
L] < /2. For any ¢ and = we have

Pliy = x] <P[|ry — €] > L]
+ PP [there exist z,w € [x — L, x + L] : &(z) =1, &(w) = 2].
Switching to the dual process, the second probability can be written as
P[there exist z,w € [t — L, x + L] : nf, ;" # A, nf <0, n;" > 0]
< Y Pt AL w £
zwelz—L, z+L)
By (2.51), when ¢ is large enough the sum is smaller than £/2 for any x, so we are

done. |

Lemma 3.2. For any € > 0 there exists tg > 0 such that
Pli, > 2] — P el (|avE]) = 1 | €8 (|avi]) # o” < foranyz €R and t > to.

(3.2)
Proof: Fix e > 0. Using (2.9), we can choose S > 0 such that
P[S<T’<o]<e (3.3)
Using Corollary 2.15, we then choose S’ > 0 such that
P [there exists s € [t,t + S]: |is —i¢| > S'] < e for all t > 0. (3.4)
Increasing S’ if necessary, by (1.7) we can also assume that
Pllry — 4] > S’] < e for all t > 0; (3.5)
Finally, using Lemma 3.1, we can choose ty > S such that
Plipefz—S, 2+ 5] <e foralt>0andzeZ. (3.6)

Now fix t > tg and z € R. Denoting by A the symmetric difference between
sets, we have the following estimates:

P [{€!(LovEl) = 1} & {e([2vE]) # 0, iv > 2V} |

P [{it,s > oV} A {ip > x\/i}}

<P [|z’t — v < S’} P [\it_s — v < S’} Y P[lis —is| > 8] (3.8)

(3.4),(3.6)
< 3¢;

P [Z x {t— S8} & (aViLt), Zx {0} (mﬁ,t)]
(3.3) (3.9)

<P[(0,0) < Z x {S}, (0,0) «» o0] < &
the first inequality in (3.9) follows from duality (see equation (2.7)) and translation
invariance of the Harris system in space and time. With these bounds at hand,

we are ready to prove the statement of the lemma. In the following computation,
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the symbol ~ means that the absolute value of the difference between the left-hand
side and the right-hand side is at most 5e.

€ lavi)) = 1] =P [ (lavED) £ 0. i > avE]

GEED p [Z x{t— S} o (lavil,t), ir_s > x\/i}

=P[Zx{t-8} & (lavi],0)] P [is > 2V

X p [t (LovE]) # 0] P [0 > o]
We then have
[P [ie > avt] — P [l (Lovi]) = 1] € (LaviE) £ 0] |

w[@uxﬂ#o} [P e Levi) £ 0] -P i > avi] ~ P gl (lavi) = 1] |

< P[T° = o0] ! - 15,

that is, at most a universal constant times €. This completes the proof. [ |

Proposition 3.3. Ast — oo, % converges in distribution to N'(0,02), where o is
as in (2.41).

Proof: The statement follows from (2.41), Lemma 3.2 and the fact that

~ z ~ O t
P\ ([avi]) =11 & (V) 7&0] — plavi) [mL Vi) go] _ 0 {m . _Lx\fj} |
vt Vvt
|
Proof of Proposition 1.5. Fix 0 < a1 < ... < ay. We have
t— 1/2 (Za1t7 Z(th ialt, ey iakt — iakflt)
= 7 (g, i = i -k i) (3.10)
+ t_1/2 (07 iazt Z;i + Zgiltf ia1t7 ey iakt - iZ:;It + Zzlz i iak—lt) . (3]_]_)

Theorem 2.14 implies that the term in (3.11) converges to zero in probability as
t — o00. Since the elements of the vector in (3.10) are independent and satisfy

-a;t _ sa;t (dit) .
taipat — tait = Yaipi—ai)t

(by (2.59)), Proposition 3.3 shows that (3.10) converges in distribution, as ¢ — oo,
to the distribution prescribed in Proposition 1.3. [ |
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4. Tightness in D

Most of the effort in this section will go into proving the following uniform bound
on the displacement of the interface position.

Lemma 4.1. For any € > 0 there exists U > 0 such that, for large enough t and
any r >0,

P| sup fi,—i,| <UVE| >1——.
r<s<r+4t U

The proof will depend on several preliminary results. Before turning to them,
let us first explain how Lemma 4.1 allows us to conclude.

Proof of Proposition 1./. For each t > 0, define the process X® by
XU =124, s> 0.

We want to show that the family of processes {X®) : ¢ > 0} is tight in D[0,00). As
explained in Section 16 of Billingsley (1999), it is sufficient to prove that

for all m > 0 and € > 0 there exists § > 0 and ¢y > 0 such that

4.1

P sup sup |Xs(t)—X,i?| >e| <eforallt>tg. (4.1)
ke{0,...,[m/8]} s€[ks, (k+1)8]

By the identity x® = V- Xl(mt), it is sufficient to treat m = 1. Then the above
condition becomes
for all € > 0 there exists 6 > 0 such that, for large enough ¢,

4.2
P sup sup lis — inst| > eVt| <e. (42)
ke{0,..,|1/6]} s€[kdt, (k+1)6¢]
Given € > 0, using Lemma 4.1, we can find U > 0 and ¢y > 0 such that, if ¢ > ¢y,
3
sup P { sup |is — iy > U\/i} < 6—2 (4.3)
r>0 r<s<r+t U

Now, set § = (¢/U)?. We then have, for t > ty/6 and t' = dt,

P l sup sup lis — igse| > 6\/2{|

ke{0,...,[1/8]} s€[kdt, (k+1)dt]

1
—-sup P| sup |is—ir| > eVt
) r>0 sE[r,r+4t]

1 . . t
=—-sup P| sup |is—i,| >e\/—<
r>0 se[r,r+t’] 0

U? . ) | (43)
=—sup P| sup |zs—zr|>U\/ti < €
€ r>0 sE€[r,r+t’]

as required in (4.2). |

Our first step towards the proof of Lemma 4.1 are the following generalizations
of Lemmas 2.9 and 2.10. Since the proofs are line-by-line repetitions of the proofs
of these earlier results, we omit them.
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Lemma 4.2. (1) There exists ¢ > 0 such that the following holds. For any
(x1,71), (x2,72) € Z % [0,00) and b > a > max(r,r2), we have

ngml’”),ngm’rz) # N for all s € [a,b],
P . . <e =) (4.4)
min (T(”s v 75)7 T("s 2 S)) < 0o for all s € [a, b]

(2) Let (x1,71),(x2,72) € Z X [0,00) and o be a stopping time (with respect to
the sigma-algebra of Harris systems) with ¢ > max(ry,re) almost surely.

Let
(x1,71) (z2,72)
T=inf{t >o: nt(zl’”),nt(m“) # A and T(”t v) T("t 272 ) oo}
For any y1,y2 € Z and events E, F on Harris systems,

P [r < 00, Higy € E, &™) = gy, &7 — o and H 060, 7) € F}
(4.5)
=P [T < 00, H[O,T] € F, 77’([?61,7"1) =11, 17,([952’7’2) = yQ} . [@{y1,y2} [H S F] .

Given v > 0 and t > 0, define K** = —13u\/t and the intervals
ot = K (k= DV, dbuvt), 1<k <3,
Jot = (—o0, K*1);
Tt = K (4= 3V, (k- 2uvi], 1K<
TPt = K 4 [13uvt, oo) = [0,00).

We will often omit the superscripts and write K, I} and Ji. These definitions, as
well as the event treated in the following lemma, are illustrated in Figure 4.3.

Dual time

FIGURE 4.3. The event of Lemma 4.3.

Lemma 4.3. For any u > 0, there exist C = C(u) > 0 and to = to(u) > 0 such
that, for any t > to, (x,7) € J' x [0,t], 1 € I, zy € IY" and x3 € I, we have

C

P [nt(m’r) >0 and n? € I"" for allk € {1,2,3} and s € [O,t]] < VR
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Proof: Fix u > 0. Choose t large enough that
21/ < un/t. (4.6)
Fix (z,r) € Jy x [0,t], @1 € I1, x5 € I5, x5 € I5. Define
o =inf{s: ngg”’r) >inf Ji}, 1<k<A4.
The probability in the statement of the lemma is less than
Ploy <t and ni* € I, for all s < o4 and k < 3].

We will show that

Ploy <t, ni* € I} for all s < o4 and k < 3|

—ct” c Tr (47)
< Ce +—t]P’[03§t,173 € I for all k < 2 and s < 03]

Vi

for some ¢, C,y that only depend on u. To this end, we first define the events

E, = {Hs,s'e [ 4] |s — | < /8 @) £ A o™ £ A pEr) — ngﬁ’r)| > t1/4},

s’ s

s.8" € [r,t] s — 8| > V8, ") £ A pis £ A
By = (2,) @3
and min (T(”u ) ’“)) < oo for all u € [s,§']

and the random time
T=inf{t > o5 0" £ A, pP £ A, (07, 1) 00, (0, 8) ¢ 00}
By (2.40) and (4.5), we can find y > 0 such that
P[E, U Ey] < Ce™t", (4.8)
Using (4.6), we have

{o4 <t; i+ € Iy for all s <oy, Kk <3}NEY

o3 St—tl/g; nZk € Iy, for all s < o3 and k < 2;

ngl’r) < supJz and 7?3 € I3 for all s € [o3, o3 +t'/3];

N

n") > ps 4 uy/i for some s € [o5 + t1/5 4]
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We thus also get
{o4 <t, n¥* € I, for all s <oy and k <3}NE{NES

o3 §t7t1/8, nek € Iy for all s < o3 and k < 2,

CQ{ t<os+ /8 " <sup s,
nes € I, ni™" > n% + uy/t for some s € [1, 1]
o3 <t, N € I for all s <oz and k < 2,
C
T < 00, nﬂ(rxy’f') < sup J3a ,'75?3 € 137 ngz’T) > 7]:3 + ’U,\/E for some s € [T7T+ t]

o3 <t, n¥x € Ij for all s < o3 and k < 2,
= U U{ m<onl™ =22 =w,

z<sup Js w€lg (2,7)
Ms

> ngwyT) + u\/i for some s € [T’T + t]

Using this set inclusion and (4.5) we obtain

P[{os <t, ni* € Ij for all s <oy, k < 3}NE{N ES]

o3 <t, n¥ € Ij for all s < o3
= Z ZP{ and £ <2, T< o0 n(m’t):z N =w
z<sup J3 w€ls -7 T s Tt

- plzwl [nf > 1% + u/t for some s € [O,t]}
<Plog <t, ni* € I for all s < o3 and k < 2]

sup plzwh [nj > 1Y 4 uv/t for some s € [0, ]
z<sup Js, weEl3

(2:53) O
%-]P’[aggt, nik € I, for all s < o3 and k < 2].

IN &

The desired result now follows from iterating this computation.

|
Lemma 4.4. For any € > 0 there exists U > 0 such that, for large enough t,
P [there exists (z,7) € [~UVE —tY* —UVE] x {0,1,..., [t]}: nt(gc’r) > O] < %
(4.9)

Proof: Let N be a large integer to be chosen later. Define

u=N?, U = 13u, t > to(u), where to(u) is as in Lemma 4.3.
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For k € {1,2,3}, let I} be the set of N sites (or N + 1 sites, depending on parity)
that are closest to the middle point of I,g’t. Define the events

B; = {TI_’:J < oo for some k € {1,2,3}},
By = {there exist k € {1,2,3}, y € I_}:’t, s <t such that n¥ # A, nY ¢ I;j’t} ,

there exist (z,7) € [~UVt —t/4 UVt x {0,..., |t]},
y1 € IV, yo € I3, ys € I3 such that

B3
n§m’r) >0, n¥ € I for each i = 1,2,3, s < t.
We then have
{there exists (z,7) € [-UVt — tY* UV x {0,1,...,|t]} : n,ﬁ“”’“) > O} C U}_, By.

In what follows, ¢ and C' will denote constants that only depend on A and R
(recall that X and R respectively denote the birth rate and range of the interactions
of our process). Moreover, Cy will denote constants that also depend on N. Of
course, since u = N2, constants that depend on u also depend on N. We start
bounding the probability of Bj:

3 . 3
St (2.10) _
PBi] <Y P [Tfk < oo} < S exp{e- #IM) < 3eN.
k=1 k=1

To bound the probability of Bs, fix k € {1,2,3} and y € I_;j’t. As long as t is
large enough that N < uy/t, we have

{there exists s <t :n¥ ¢ I}"'} C {Os<ug [nd —y| > u\/i/Q}
<s<t

u2
and, by (2.40) and (2.43), the probability of this event is less than Ce ¢t +
Cte=¢*¥" for some ¢,C > 0. We thus get

We now turn to Bs. Note that there are at most t°/4 candidates for (z,7) and
N? candidates for y1,¥2,ys. Using Lemma 4.3, there exists Cy > 0 such that

Oy _ Cn N

$3/2 — t1/4

Putting these bounds together and rearranging constants, we get

P[Bs] < N* .45/

U? P |there exists (z,7) € [~UVE— /4, ~UVH] x {0,1,..., [t]} : nf™" >0

CnN7
< ON*e N 4 ONBe=eN" 4 CtNPe—eNVi L ZN T (410)
3
Now, given € > 0, we first choose N* such that the sum of the first two terms
on (4.10) is less than /2. Next, we choose t* > to((N*)?) such that, for N* and
any t > t*, the sum of the third and fourth terms in (4.10) is less than £/2. This
completes the proof of the lemma, with U = 13(N*)2. ]
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Lemma 4.5. For any € > 0 there exists U > 0 such that, for large enough t,

P [Irsl,lﬁs\ < UVt for all s < t] >1_ %

Proof: Given € > 0, we will find U > 0 such that

. _ _41/4 4{7. .
P [nggt by < —UVt—t } < g if ¢ is large enough (4.11)
and
P { inf ¢, > —-Uvt—tY* inf r, < —2U\/i} 1220 (4.12)
0<s<t 0<s<t

the statement of the lemma clearly follows from these statements and symmetry.
For (4.11), we remark that, using the joint construction of the multitype contact
process and the ancestor processes, (4.9) can be rewritten as

P [there exists (z,7) € [~UVE— Y4, —UVE x {0,1,..., |t]}: €"(z) = 2] < %
(4.13)
Letting A; be the event that appears in the above probability, we also have
P [Ag N { inf ¢, < -Uvt— t1/4}]
0<s<t
L]
1/4

<Y P [[—U\/i,oo) x {1} & (=00, —~UVE—tYY x [r,r +1]] < te=et

by a comparison with a Poisson random variable. (4.11) is thus proved.
We now turn to (4.12). If the event inside the probability occurs, then we have
by > —U\t—tY* for all s € [0,1] and 74« < —2U+/t for some s* € [0,¢]. This gives

re = sup{x : €0 (2) = 1} < —2U VA, lye = inf{x: &M (2) =2} > —UVE—t/*
— " (y) =0 for all y € [-2UVE, —UVL — t'/4).
This gives

P [ inf ¢, > —UvVt—t"/* inf r, < —20Vt
0<s<t 0<s<t

<P [there exists s € [0,¢] such that £&" = 0 on [-2UVt, UVt —t'/4)].

The probability on the right-hand side can be bounded from above similarly to how
we proceeded in Lemma 2.3, so that (4.12) follows. n

Proof of Lemma /.1 We recall the definition of % in (2.58). Given ¢ > 0, using the
previous lemma we choose U so that

U €
P sup |is]| < =Vt >1— —.
S fil <5 vt 20
Using Theorem 2.14, we choose K so that, for any r > 0,
€

Pllis—i"| <K forall s > 7] > 1 — ——.
[lis —i%] < K for all s > r] > oTiE
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Then, if ¢ is large enough that U+/t > 2K we have, for any r > 0,

P { sup  |is — ip| > U\/i}

r<s<r+t

SP{ sup isi§>gﬁ]+P[ sup |z’;zr>g\/i]

r<s<r+t r<s<r+t

U €
§IP’[ sup isi£>K}+P[sup |is|>\ﬁ]<2.
r<s<r+t 0<s<t 2 U

5. Interface regeneration

In this section we will prove Theorem 2.14. We will often consider multitype
contact processes with different initial configurations simultaneously. When we
do so, we always assume that all these processes are constructed on the same
probability space, using a single Harris system H.

We start defining some classes of subsets of the space of configurations {0, 1, 2}%.
Recall the definition of Q C {0,1,2}% in (2.54). Define

£e€eQ: thereexist a <bwithbd—a <L, r(&),4¢) € (a,b),
Isr = .S, L >0.
E€=1lona—S,aland £ =2 on [b,b+ 5]
(5.1)

The homogeneously and fully occupied intervals [a — S, al, [b,b+ S] that appear in
the above definition will be referred to as “isolation segments”. The reason is that
we think of them as isolating the interface (which is contained in (a,b)) from the
“outside” [a — S,b+ S]° so that, if S is large, we can hope that the configuration
in the outside never has any effect on the evolution of the interface.

Our second class of configurations will depend on a preliminary definition. Given
& € Q, let

€0 = L(—oo,liteo))] + 2 L(liteo)),00)-

Also let (&) and (&) be contact processes started from & and &y, respectively
(constructed with the same Harris system). We now let

Oex = {50 cQ:P [|i(§t) —i(&)| < K for all t} >1- 5}. (5.2)
We will separately prove the following two propositions:

Proposition 5.1. (Large isolation segments allow for regeneration). For
any € > 0 there exists S > 0 such that the following holds. For any L > 0 there
exists K = K(g,5,L) > 0 such that I's,;, C Q. k.

Proposition 5.2. (Large isolation segments are found not too far). For
any € >0 and S > 0 there exists L > 0 such that, for any t > 0,

Pl¢els] >1—ec
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Proof of Theorem 2.14. Fix € > 0. Choose S = S(¢) as in Proposition 5.1, then
choose L = L(g, S) as in Proposition 5.2, and finally choose K = K(¢, S, L) as in
Proposition 5.1. Now, for any ¢ > 0 we have

Pl¢re Q| >PE eTsr] >1—e. (5.3)

Now, for any s > 0 we have
P [suplit — ie] > K| < P[eh ¢ Quxc] +B | suplis — il > K \ £ € .
t>s t>s

The first probability on the right-hand side is less than € by (5.3) and the second
one is less than € by the definition of Q. x. n

5.1. Proof of Proposition 5.1. In proving Proposition 5.1, we will need to argue
that, if S is large and &y € (2 is a configuration such that, for some a, b, L,

a<r(&), (&) <b<a+L, &=1lonla—S,al, &=2on[bb+S5],

then the interface of (&;) is with high probability never too far from that of the
process started from &g, the “heaviside version” of &.

The comparison between the interfaces of (&) and (ét) will be indirect. We will
define an intermediate process (ét), started from what we call an “almost-heaviside

version” of &y:

€0 = T (o0,a)(®) + L(a)(x) - E0(2) + 2 Lpp ooy ().

We will then have two comparison results, Lemma 5.3 and Lemma 5.4, the former
allowing us to compare the interfaces of (&) and (&), and the latter allowing us to
compare the interfaces of (&) and (&).

We now give the full statements of our comparison lemmas. Here and in the rest
of this section, S is the constant of Lemma 2.1.

Lemma 5.3. (Comparison I: Processes with initial configurations which
are equal and non-empty at all but finitely many sites). For anye > 0 and
L > 0 there exists to >0 such that the following holds. I]f] is an interval of length
at most L and &, & € {0,1,2}% are such that & (z) = &(x) # 0 for all x € Z\I,
then

P[ét:éforalltzto >1—e.

Lemma 5.4. (Comparison II: Process started from configuration £, with
isolation segments compared to process started from almost-heaviside
version of & ). For any e > 0 there exists Sy > 0 such that the following holds.
Assume S > Sy and & satisfies, for some a,b € Z with a < 0 < b:

& =1onla—Sal; (5.4)
a < (&), (&) < b; .
& =2 on[bb+ 5] (5.6)

Let (&)i>0 be the process started from

€0(2) = L(_oo,a)(2) + Lapy (x) - () + 2 L ooy (2).
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Then, with probability larger than 1 — ¢,
for every t >0, (&) =r(&), (&) =L(&) and (5.7)
S S

The proofs of the comparison lemmas will be done later in this section; first we
will show how they give Proposition 5.1. The argument is sketched in Figure 5.4.

- time g _ 3¢ b+S+jt
g
| ~&
(-\U} § A to
i
SE upper bound on
s [i(&) — (&)
} &
0 0000000000 88000000000000080000000000000000000000000000“" é
N — Q.00 o000 o0 o L 18 Seee e
B @0 -
i | )
“_s o 0&) (&) r(&) b b+ S

FIGURE 5.4. Sketch of the argument for Proposition 5.1. With
high probability, (1.) the interfaces of the three processes, £, £ and
¢ are contained in the grey zone at all times, (2.) (&) = i(&) for

all t and (3.) i(€) = i(&) for all t > to. If all these hold, then
[i(&) —i(&)| < b+ S+ Bto— (a— S — Btp) for all ¢.

Proof of Proposition 5.1. Given € > 0, we choose S large enough corresponding to
¢/3 in Lemma 5.4. Increasing S if necessary, by Lemma 2.13, we can also assume

the following (recall that 7; = r(&P) and £, = €(&l), where (£]') is the process started
from the heaviside configuration).

P[re, by € [S—pBt, S+ pt] forallt > 0] >1—e.

Then, given L > 0, we choose ty corresponding to £/3 and L in Lemma 5.3.
Now assume &, € I's 1. Then, there exist a < b as prescribed in (5.1); note in
particular that (&), £(&0) € (a,b), so that (&) € (a,b). Let

£0(2) = L(—oo,a)(2) + L(apy(@) - E0(2) + 2+ Lpp o0y (@),
o(2) = L(—oo,Liteo) )] T 2 L) )10

and (&), (&) be the processes started from these configurations. By our choice of
S and tg, with probability larger than 1 — ¢ the following three events occur:

for all t >0, i(&) =i(&) € [a— S — Bt, b+ S + Bt];

for all t >0, i(&) € [|i(&)] — S — Bt, |i(€)| + S+ Bt] Cla—S — Bt, b+ S+ ji];
for all t > to, i(&) = i(&).
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If these events all occur, we have
i(&) —i(&)] < b—a+ 25+ 28ty < L+ 25 + 2531, if t < ty and
[i(&) —i(&)| =0 if £ > to.
The desired result now holds for K = L + 25 + 20t,. [ |

Let us now prove our first comparison lemma. The proof is a simple application
of the convergence to zero of the density of the set of all first ancestor processes,
given by equation (2.52).

Proof of Lemma 5.5. Since (&) and (Et) are constructed from the same Harris
system H, it suffices to find ¢y such that

P [5}0 :fto} > 1—e.

For a fixed to > 0, consider the system of first ancestor processes ((n7)o<t<t, : T €

Z) constructed from the time-reversed Harris system H [0,t]- Since ég = éo on Z\I,
we have

~ A 7 (2.25) ~ A
P&, =&0| > P|é0m) =) # 0 for all 2 € Z with o, # 4
>Pnf ¢lforallz € Z] >1— (#I)-P[0€ {n} :x€Z}].

The result now follows from taking ¢y large enough, depending on € and L, by
(2.52). ]

The proof of the second comparison lemma, Lemma 5.4, will depend on a one-
sided version of that statement, which we now state and prove.

Lemma 5.5. For any € > 0 there exists Sy > 0 such that the following holds for
any S > Sy. Assume &y satisfies:

& =2 on|0,5]; (5.9)
r(&0) < 0. (5.10)

Let (&)i>0 be the process started from

§0(7) = L_oo,0)(2) - Eo(x) + 2 Tjg o0y (). (5.11)

Then, with probability larger than 1 — & we have

foranyt >0, & =& on (—o0,S/2+ ft], (5.12)
(&) = (&), r(&) =r(&) and (5.13)
&), (&) < S/2+ Bt (5.14)

Proof: Given S > 0, we write

w_S B, co_S 2 o
L =240t LP =2 1B 20
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Fix € > 0. By Lemmas 2.1, 2.3 and 2.13, if S is large enough, then with probability
larger than 1 — ¢ all the following three events occur:

E = {for all (z,t) with = < LI, &(2) = 0 if and only if £/(z) = o} :
E, = {for all ¢ > 0, there exists = such that Lgl) <z< L§2) and & (v) # O} ,

Ey = {r(gg) < IV for all ¢ > o} .

We will also assume that S > 4R.
We will now state and prove two auxiliary claims.

Claim 1. On Ey N Es, {x: &(x) =1} = {z: & (x) = 1} and {z : &(z) =2} C {x:
& (x) = 2} for all ¢.
To see that this holds, first note that
{z:&(x) =1} ={z: &) = 1}, {z: &o(v) =2} S {z: & (@) =2},

so applying (2.19) we get

{z:&(x) =1} D {x: &(x) =1}, {x: &(x) =2} C {x: & (x) =2} for all ¢.
Let us prove that, under the assumption that E; N E3 occurs, the first inclusion is
in fact an equality. Fix (z,t) such that & (z) = 1. By Lemma 2.4, there exists an
infection path y such that £ (y(0)) = 1, y(¢) = 2 and 7y only jumps to space-time

points that are unoccupied in (&5)s>0, that is, y satisfies (2.13). By Lemma 2.5, we
also have

59(Y(5)) =1, se€ [Ovt]'
Let 9 =v(0), x1, ..., , = = be the successive positions of y; also let to = 0 and
0<ty <--- <t, <t be the jump times of vy, so that:
Y=o on [0,t1), Y=z on [t1,t2), -+, Y =Tp_1 0N [ty_1,tn), Y= on [tn,t].
We will prove by induction that, for each ¢, we have

& (xi) = 1; (5.15)
the statement of Claim 1 will immediately follow. The statement of (5.15) is clear
for ¢ = 0. Assume that it holds for some i < n. Since v is an infection path, there
is no recovery mark in [¢;,¢;+1), hence it follows from the induction hypothesis that

€y (i) = 1. (5.16)
Since y jumps from z; to x; 41 at time t;41, using (2.13) we have
&t —(wig1) = 0. (5.17)
Now note that
w1 <@+ R<r(E)+R< LY +R<L) +R<L? (5.18)

where the second inequality follows from the induction hypothesis and the third
inequality follows from our assumption that F3 occurs. Using (5.17) and (5.18)
together with our assumption that F; occurs, we get

&typr—(Tip1) = 0. (5.19)

Finally, putting (5.16) and (5.19) we conclude that &, (zi4+1) = 1 completing the
proof by induction.
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Claim 2. On Ey N Es, £(&)) < L for all t.

Indeed, by the definition of Es, for any t there exists = € [Lgl),L?)] such that
&i(z) # 0, and by the definition of E3 we have (&) < L,El), so that z > r(&}), thus
¢(x) =2, thus £(¢]) <z < L |

We are now ready to conclude. From Claim 1 and the definition of F;, we have
that
on By N3, &(x) = &(x) forall t >0, 2 < L.
From Claim 1 and the definition of Ej,
on By N By, r(&) = (&) < L < L}
From Claim 1 and Claim 2,

on By N Ey N Es, £(&) = 0(€]) < L?.

2)

Proof of Lemma 5./. Let (&) and (&) be as in the statement of the lemma. We
will also need (§}):>0, the process started from

€0(2) = L(—cop)(7) - S0 (@) + 2+ L 00) (@)
Given € > 0, by Lemma 5.5, Sy can be chosen so that, if (5.5) and (5.6) hold, then
. [ for every t > 0, £(&) = €(&}), r(&) = (&)
and £(&),7(&) <b+ 5 + Bt
Now, note that (5.6) and the definition of & imply

>1—¢/2. (5.20)

&=1lonfa—Sal, (&) >a,
so that we can again use Lemma 5.5 (and symmetry) to obtain that
for any t >0, £(&) =4(&), r(&)=r(
p om0 e =0&). re=r@ 1
and £(&),r(§) > a— 5 — Bt
Putting (5.20) and (5.21) together, we obtain the desired result. |

5.2. Proof of Proposition 5.2. Recall the definition of Q in (2.54). Given £ € £, we
write

m(§) = min{r(£),€(&)},  M(£) = max{r(£), (&)},
so that {(x) € {0,1} for any = < m(§) and £(x) € {0,2} for any x > M(§). Also
let
my = m(&') = min{re, 6}, M; = M(&") = max{r, £,}.
Our proof of Proposition 5.2 will consist of three main steps. First, we will
argue that the proposition follows from the weaker result:

Lemma 5.6. For S,L >0, let
5o =1{£€Q: there exists b€ (M(E), M(§)+L] such that {(x) =2 on [b,b+S]}.
For any e > 0 and S > 0 there exists L > 0 such that, for any t > 0,
Pl el ] >1—c (5.22)
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(Note that I'g ;, O I's,, so Lemma 5.6 is indeed weaker than Proposition 5.2).
Second, we will prove that Lemma 5.6 follows from the yet weaker result:

Lemma 5.7. Fork, L€ Z,, k<L, let
s = {6 € Qs f{w € (M(E), M(€)+ L] : €(x) = 2} > k}
For any e > 0 and k € Z there exists L > 0 such that, for any t > 0,
Pl¢r ey ] >1—e.

(Note that IIgr4+s D F’SyL, so Lemma 5.7 is indeed weaker than Lemma 5.6).
Third, we will use Theorem 1.1 to prove Lemma 5.7.

5.2.1. Step 1: proof of Proposition 5.2 assuming Lemma 5.0. Our first step is an
easy application of tightness of the interface size and symmetry.
Proof of Proposition 5.2. Fix S > 0 and € > 0. Using (1.7), choose Ly > 0 such
that

P[M; —my < Lg] >1—¢/3 forall ¢t > 0. (5.23)

Using Lemma 5.6, choose L1 > 0 such that
i [gf € F’S’LI/J >1-¢/3 forallt>0. (5.24)

Since the set of configurations I'y L./3 is increasing with L1, we may assume that
Ly/3 > Lp. Using symmetry, we also have

there exists a € [m; — L1/3,my)

>1—¢/3 forallt>0. (5.25)
such that ¢! =1 on [a — S, d]
Now note that if for ¢ > 0 the events inside the probabilities in (5.23), (5.24) and
(5.25) all occur, then & € T's 1, . |

5.2.2. Step 2: proof of Lemma 5.0 assuming Lemma 5.7. Apart from Lemma 5.7,
we will need to use the following claim, which shows how, when L and k are appro-
priately chosen, depending on S, configurations in Il ; can lead to configurations
in Iy ;, with high probability:

Claim 5.8. For any e > 0 and S > 0 there exist T > 0 and k € Z, such that, for
any L >k,
foelly, = Pléely]>1-¢

Before proving this claim, let us show how to establish Lemma 5.6.

Proof of Lemma 5.6. Fix € and S. We first choose T and k corresponding to /2
and S in Claim 5.8, and then choose L corresponding to €/2 and k in Lemma 5.7
(we may assume L > k). We then have, for any ¢ > T,

Pl el 2P el | & r €] P& €] > (1—€/2) > 1—e.

That is, (5.22) holds for all ¢ > t. It is then easy to show that we can increase L if
necessary so that the result also holds for ¢ € [0, T). |

We now turn to the proof of Claim 5.8. The idea of the proof is as follows. If T is
small (depending on ¢), k is large (depending on €, S and t), L > k and &, € I 1,
then the following will be shown to hold with probability larger than 1 — e:
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o M(&,) will be constant for s € [0,7] (that is, the right extremity of the
interface will not change in this time interval);

e one of the (at least k) sites © € (M (&), M (&) + L] with &(z) = 2 will
“germinate”, by time T, an isolating interval of length S. This means
simply that x will produce enough descendants to fully occupy the interval
[z,z+ S].

This will produce &; € Fi‘i 1,- We now proceed to the actual proof.

Proof of Claim 5.8. Given x € Z and Tt > 0, define the freezing event A.(zx) as
the event that the space-time set [z — R,z + R] x [0, T] has no recovery mark and
no start or endpoint of any transmission arrow. The reason we call this a freezing
event is the following:

if & € Q and A(M(&)) occurs, then M (&) = M (&) for all s € [0,7], (5.26)

that is, the right extremity of the interface is frozen in this time interval (a similar
statement holds for the left extremity). This can be easily verified by inspecting
the two possible cases M (&) = r(&) and M (&) = £(&).

Given © € Z, T > 0 and S > 0, define the germination event By s(z) as the
event that

o for all y € [z,z + 5], there is an infection path from (z,0) to (y,T) which
is entirely contained in [z, 2z + S];
e there is no arrow originating from [z, 2 4+ S]¢ x [0,7] and entering [z, z +
ST x [0, T].
If this event occurs, then x germinates a fully occupied interval:
if § € Q, & > M (&) and By g(x) occurs, then & =2 on [z,z+ S].  (5.27)

It is worth observing that, by translation invariance of the Harris system, the
probabilities of A.(x) and By g(x) do not depend on z. Additionally, by making
prescriptions on the Poisson processes of the Harris system in a finite space-time
region, it can be seen that

P[B+ 5(0)] =: 6r,s > 0 for all T,5 > 0. (5.28)
Fix e > 0 and S > 0. We choose T > 0 small enough that
P[A-(0)] > 1—¢/2. (5.29)
We then choose k € Z. so that
k' = |k/(2R + S +1)] satisfies (1 — d¢.5)" < /2 (5.30)

(note in particular that k > 2R+ S + 1).
Now that T and %k have been chosen, assume that L > k and fix & € II; . By
the definition of Il j,, we can find

T1y..., Tl € (M(§0)+2R+S+1,M(§0)+L] with Tig1 >z, +2R+S+1

and &o(z;) = 2 for all 3.
(5.31)

‘We then have

Plaels,] 2" B A (M(&0) N (U Brs(a)]
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Since the intervals [M (&) — R, M (&) + R] and {[z; — R,z; + R+ S], 1 < i <
k'} are all disjoint, the events in the probability on the right-hand side are all
independent. Hence, using (5.28), (5.29) and (5.30), this probability is larger than
1—-£—(1-69)" >1—e. |

5.2.3. Step 3: proof of Lemma 5.7. For t > 0, define
X" = My = max{r(), (")}, X = minfe > X7 : @) £ 0}, =0,1,....

We remark that the minimum that defines each Xt(j ), j > 1, is well defined since
at any time there are infinitely many occupied sites to the right of the origin. An

U

equivalent formulation of Lemma 5.7 is the statement that, for all k € Z,, the
process (Xt(k) — M)¢>0 is stochastically tight, that is,

for all € > 0 there exists L > 0 such that P | X®) — M, > L| < ¢ for all ¢ > 0.

(5.32)
Our proof will be by contradiction. We will assume that (5.32) fails for some k
and will show that this would imply that, for a deterministic sequence (t,), the
interface size M;, — my, is larger than n with non-vanishing probability. We will
then argue that this contradicts Theorem 1.1.
Proof of Lemma 5.7. Suppose the statement is false. Then, there exist k € Z, and

€ > 0 such that, for all L > 0, there exists ¢, > 0 such that P Xt(k) - M, > L} >e.

L
In particular, by letting L vary along the natural numbers, we obtain a sequence
(t,,) such that

Plx® _ >n] >cforallneZy.

By tightness of the size of the interface (as given by (1.7)), we can then find Lo > 0
such that

P [Mtn — oy, < Lo, XB = My, > n] > ¢/2 for all n € Z,. (5.33)

We will now show that (5.33) implies that one time unit after ¢,,, the interface has
probability at least § -exp{(—1—2RA)(2R+ Lo+ k)} of consisting of a gap of size
at least n (that is, €, +1 > r¢,+1 + n). The idea for this argument is essentially
contained in Figure 5.5. The fact that the mentioned lower bound § - exp{(-1 —
2RN)(2R+ Lo+ k)} does not depend on n will then be used to yield a contradiction
with tightness of the interface size, (1.7).

Let us denote by E, the event inside the probability on the left-hand side of
(5.33). Also define the event

in the time interval [t,,t, + 1], all vertices in
Fo=E,0S [my, —RM, Ju{x" .. xPyox®, x¥ + R
have a death mark and do not originate any arrow.

See Figure 5.5 for an illustration of this definition. Since the set of vertices that
appears in the definition of F), contains at most 2R + Lo + k vertices, we have
P[F,, | E,] = exp{(—=1 — 2RA)(2R + Lo + k)}, so that, by (5.33),

P[F,] > g -exp{(—1— 2R\)(2R + Lo + k)}. (5.34)
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time Ttp+1 Ct,t1
ty + 1 00000000000000000000000000000000000000000000000
tn— (o] oolooooooobooobooo]oooolooooo oooo‘oooooooloo (o]
m, My, X{V X2 xP x,)
interface
me, — R Xf:) +R
Lo
n
FIGURE 5.5. Illustration of the events FE, and F, with k& = 4
(additional parameters in this picture are: R = 4, Ly = 20 and
n = 22). The event E, occurs because M; < my, + Lo and
Xt(f) = Xt(j) > M, +mn. The event F,, occurs because in addition,
all occupants of sites in [m, — R, Xt(f) + R] at time t,, die within
one second without giving birth. As can be seen, this implies that
the interface consists of a gap of size larger than n at time ¢,, + 1.
Additionally,
Fn Q {Ttn+1 < mtn, gtn+1 > Mtn —|—n} g {Etn+1 — ’l"tn+1 > n} (535)

Now, (5.34) and (5.35) together imply
Pl 41 —7¢, 41> 1] > % cexp{(—=1— 2R\ (2R + Lo + k)} for all n.  (5.36)

On the other hand, (1.7) implies that there exists L’ such that

P, — | > L] < g cexp{(—1 —2RN)(2R+ Lo+ k)} forallt>0. (5.37)
Since (5.36) and (5.37) contradict each other, the proof is complete. n
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