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Abstract. We show that the rescaled maximum of the discrete Gaussian Free Field
(DGFF) in dimension larger or equal to 3 is in the maximal domain of attraction of
the Gumbel distribution. The result holds both for the infinite-volume field as well
as the field with zero boundary conditions. We show that these results follow from
an interesting application of the Stein-Chen method from Arratia et al. (1989).

1. Introduction

In this article we consider the problem of determining the scaling limit of the
maximum of the discrete Gaussian free field (DGFF) on Z¢, d > 3. Recently, for
d = 2, Bramson et al. (2016) showed that the maximum of the DGFF on box of
size N converges to a non-trivial limit law, after appropriate recentering. In this
case, due to the presence of the logarithmic growth of covariances, the problem is
connected to extremes of various other models, for example the Branching Brownian
motion and the Branching random walk. In d > 3, the presence of covariances
decaying polynomially changes the setting but the behavior of maxima is still hard
to determine Chatterjee (2014, Section 9.6). This dependence also becomes a hurdle
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in various properties of level set percolation of the DGFF which were exhibited in a
series of interesting works (Rodriguez and Sznitman, 2013; Sznitman, 2012; Drewitz
and Rodriguez, 2015). The behavior of local extremes in the critical dimension has
also been unfolded recently in the papers Biskup and Louidor (2016, 2014).

We consider the lattice Z?, d > 3 and take the infinite-volume Gaussian free field
(¢Pa)aecze with law P on RZ’. The covariance structure of the field is given by the
Green’s function g of the standard random walk, namely E [pq08] = g(a — ), for
a, B € Z?. For more details of the model we refer to Section 2. It is well- known
(see for instance Lawler, 1991) that for o # 3, g(a — B3) decays likes ||a — B||*~¢ and
hence for ||a — || = +00, the covariance goes to zero. However this is not enough
to conclude that the scaling is the same of an independent ensemble. To give an
example where this is not the case, when Vy is the box of volume N, " cvy Pa 1S
of order N*/2+1/4 unlike the i. i. d. setting (see for example Funaki, 2005, Section
3.4).

The expected maxima over a box of volume N behaves like 1/2¢(0)log N as
N — 4o00. An independent proof of this fact is provided in Proposition 2.2 below;
this confirms the idea that the extremes of the field resemble that of independent
N(0,¢(0)) random variables. In this article we show that the similarity is even
deeper, since the fluctuations of the maximum after recentering and scaling converge
to a Gumbel distribution. Note that in d = 2 the limit is also Gumbel, but with a
random shift (see Bramson et al., 2016, Theorem 2.5, Biskup and Louidor, 2016).
The main results of this article is the following.

Theorem 1.1. Let Ay be a sequence of subsets of Z¢ such that |[Ay| = N. We
define two sequences as follows:

B loglog N + log(4) _ _
by = v 9(0) [\/2logN— N } and an = g(0)(by)"t (1.1)

so that for all z € R

« a T b —
lim P (max €Ay P N« z) =exp(—e 7).
N—~+oc0 an

Note that scaling and centering are exactly the same as in the i. i. d. N(0, g(0))

case, see for example Hall (1982). As in d = 2, the argument depends on a com-
parison lemma. We show that in fact the proof is an interesting application of a
Stein-Chen approximation result. Not only does the result depend on the corre-
lation decay, but also crucially on the Markov property of the Gaussian free field.
We use Theorem 1 of the paper by Arratia et al. (1989) which approximates an
appropriate dependent Binomial process with a Poisson process, and gives some
calculable error terms. In general showing that the error terms go to zero is a
non-trivial task. In the DGFF case, thanks to estimates on the Green’s function
and the Markov property, the error terms are negligible.
The techinques used for the infinite-volume DGFF allow us to draw conclusions
also for the field with boundary conditions. For n > 0 let N := n¢; we consider the
discrete hypercube Vi := [0, n — 1]2NZ%. We define therein a mean zero Gaussian
field ()a)aeza Whose covariance matrix (gn (e, 5))a, gevy is the Green’s function
of the discrete Laplacian with Dirichlet boundary conditions outside Vi (again for
a more precise definition see Section 2). The convergence result is the following:
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Theorem 1.2. Let Viy be as above and (Yo)aeza be a DGFF with zero boundary

conditions outside Viy with law Py, . Let the centering and scaling be as in (1.1).
Then for all z € R

5 maxaevy Yo — by
an

< z) = exp(—e~ 7).

The core of the proof is an application of Slepian’s Lemma and also the use
Theorem 1.1 with the help of the Markov property. The structure of the article is
as follows. In Section 2 we recall the main facts on the DGFF that will be used in
Section 3 to prove the main theorem.

2. Preliminaries on the DGFF

Let d > 3 and denote with || - || the £oo-norm on the lattice. Let ¢ = (¢o)aezd
be a discrete Gaussian Free Field with zero boundary conditions outside a finite set
A € Z%. On the space Q := RZ" endowed with its product topology, its law P, can
be explicitly written as

Pav)= e (0 Y Ga-ua) | [Tdve [T dldva).

a, BEZ: |ja—B||=1 a€A a€Zd\A

In other words v, = 0 ﬁA—a. s. if « € ZT\ A, and (Yo)aea is a multivariate
Gaussian random variable with mean zero and covariance (ga (e, 3))a, gezd, Where
g is the Green’s function of the discrete Laplacian problem with Dirichlet boundary
conditions outside A. For a thorough review on the model the reader can refer for
example to Sznitman (2012). One can define also an infinite volume version of
this model, namely by ¢ = (¥q)aezd, & centered Gaussian field with covariance
matrix g(c, B)q, geze which admits the following random walk representation: if
P, denotes the law of a simple random walk S started at o € Z%, then

gla, B) =Ea | D> I(s,—p
n>0

Since ¢(0) < +oo for d > 3, it is known Georgii (1988, Chapter 13) that ¢ is the
limit as A 1 Z? of the finite-volume measure 1) in the weak topology of probability
measures (for d > 3). With a slight abuse of notation we write g(a — 3) for g(«, )
and also g (a) = ga(a, ).

A key fact for the Gaussian Free Field is its spatial Markov property, which will
be used in the paper. The proof of the following Lemma can be found in Rodriguez
and Sznitman (2013, Lemma 1.2).

Lemma 2.1 (Markov property of the Gaussian Free Field). Let ) # K € Z4,
U:=Z%\ K and define (po)aczs by

Pa = Pa + fa, aeZ?

where [io 15 the o(pp, B € K)-measurable map defined as

Ho = 3 Po (Hi < +09, Su,e = B) g, a € I (2.1)
BeEK
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Here Hig = inf{n>0: S, € K}. Then, under P, ($n)aczs is independent of
o(pg, B € K) and distributed as (Yo)qecza under Py.

As an immediate consequence of the Lemma (see Rodriguez and Sznitman, 2013,
Remark 1.3)

P ((¢a)aczs € -lo(ps, B € K)) =Pu (Y + Ha)acze €7) P —a.s.

where ji, is given in (2.1), Py does not act on (jia)acze and (Vg )acze has the law
Pu.

2.0.1. Law of large numbers of the recentered maximum. Although this can be ob-
tained directly by Theorem 1.1, we think it is interesting to insert an independent
proof of the behavior of the maximum of the DGFF.

Proposition 2.2 (LLN for the maximum). Let Vi := [0, n—1]NZ9¢, N :=n? > 0.
The following limit holds:
E [maXOzGVN SDOC]

I
Nt 2 log N

Proof: Using Slepian’s lemma and by comparison with independent N (0, g(0)) ran-
dom variables, the upper bound is immediate. As for the lower bound, we will use
Sudakov-Fernique inequality, see Adler and Taylor (2007, Theorem 2.2.3). We first

=/9(0).

need a lower bound for E [(apa - <p3)2}: we will apply here the bound
y d—2
c
g(a) < <|a”> el = d (2.2)

whose proof is provided in Sznitman (2011). The key to obtain the result is to

use a diluted version of the DGFF as follows. Consider ng,k) = Vn N EkZ4, where
k:=|logn] € {1, 2, ...}. Note the fact that the expected maximum on Vy is lower

bounded by that on the diluted lattice Vjsfk). Now for a, B € T := ]S,k) and k > d

55 c d—2
E {(wa - %)2} =29(0) — 2g9(a = B) (é) 2 {g(0)— < vd )

o — Bl
\/& d—2
>2 [ ¢(0) - (Uf)gnJ> =: 20(n, d)>0

for n large enough. Notice also that lim_, 1, v(n, d) = 1/¢g(0). Now take (Gq)aecr
to be centered independent Gaussian random variables with variance v(n, d). Then
from above we get that

E [(¢a — 98)%] = E[(Ga — Gp)?] .

By an application of the Sudakov-Fernique inequality we have, E [max,er ©a] >
E [max,er Go) and hence,

E [maxaevy ©a log |T|
_— d .
Vieg N 2 vin, d) log N
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We obtain log |T'| = dlog|%](1 + o (1)) = dlog {mJ (1 +o0(1)). It follows that

log|T
logg‘N‘ =1+4o0(1) and

lim E [maXaEVN @a}

2¢(0).
N—+o0 Vleg N 9(0)

3. Proof of the main result

The proof of the main result is an application of the Stein-Chen method. To
keep the article self contained we recall the result from Arratia et al. (1989).

3.1. Poisson approximation for extremes of random wvariables. The main tool we
will use relies on a two-moment condition to determine the convergence of the
number of exceedances for a sequence of random variables. Let (X,)aca be a
sequence of (possibly dependent) Bernoulli random variables of parameter p,. Let
W= 3 ncaXa and X := E[W]. Now for each a we assume the existence of a
subset B, C A which we consider a “neighborhood” of dependence for the variable
Xa, such that X, is nearly independent from Xz if 5 € A\ B,. Set

bii=>_ > Paps;

a€A BEB,

b2 = Z Z E [XaXﬁ] )

a€A a#BEB,y

b3 1= Z EHE[Xa — Pa | Ha]”

acA
where
Ho =0 (Xp: €A\ B,).

Theorem 3.1 (Theorem 1, Arratia et al., 1989). Let Z be a Poisson random
variable with E[Z] = X and let dpy denote the total variation distance between
probability measures. Then

drv(L(W), £(Z)) < 2(b1 + b2 + b3)
and
|P(W =0) —e | <min {1, A"} (b1 + bz + b3).
Let now A € Z? with N := |A|, uy(2) := anz + by, and define for all a € A
Xao = ]]'{Woc>UN(Z)} ~ Be(pa)'
A standard tool to determine the asymptotic of p, is Mills ratio:

—t2/2

AR R P
(1-5) Sy PO D=0 <

This yields p, ~ N texp(—z) as N — oco. Since p, is independent of a, we
suppress the subscript a throughout. We will also use later a bivariate form of

t>0. (3.1)
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this bounds in the form proved by Savage (1962, formula (I)): for X = (X7, X2) ~
N(0, ), a= (a1, az) € R? and fx the density of X, one has

9 -1
P(X1 > a, X2 > ay) < fx(a) (H AZ-) (3.2)
=1

with A; == 32 a;(¥71)j. We furthermore introduce W := 3 ., X, and

j=1
see that E[W] ~ e *. Of course W is closely related to the maximum since
{maxaea 0o <upn(z)} = {W =0} We will now fix 2 € R and )\ := e7*. We
are now ready to prove our main result.

Proof: Our main idea is to apply Theorem 3.1. The proof will first show that the
limit is Gumbel, and in the second part we will prove uniform convergence. To this
scope we define, for a fixed but small € > 0,

B = B (a, (log N)***) n A

where B(«, L) denotes the ball of center a of radius L in the £.-distance. We draw
below examples of such neighborhoods when

a€0A:={yeA:IBeZ\A, |-~ =1}
and « € int(A4) = A\ 0A.
Convergence. The method is based on the estimate of three terms (cf. Sub-

sec. 3.1).
(i) Recall b1 = > 4D sep, p?. Using Mills ratio we have

—oyun ()7 2
N (log N)3(2+29) g(0)e =
V21un (2)
= N~(log N)i2+29) g=2=4e(1) — o (1), (3.3)

(i) Recall by = > c 4 > arzpen, E[XaXgs]. First we need to estimate the joint
probability

by

IA

P(pa > un(2),ps > un(z)).

Denote the covariance matrix
g, _[ 90  ga-p
gla=p)  ¢(0)
Note that, for w € R?, one has
1
9(0)? — g(a — )
Using 1 := (1,1)* we denote by

W'y w = 5 (9(0) (wi + w3) — 2g(c — Bwyws) .

o -1y _ un(2)(9(0) —gla—p)) _ un (2) o
A= un() (U5 = = G pr . g0 tea g b
Exploiting (3.2) we have
2
P(pa > UN(Z),(PB > upn(z)) < % [det 22‘1/2A1A2 exp <_U'Néz)1t§]211>
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Z{l
A
A\ B,
(A) Ba when « € int(A).
Ztl
A
A\ B, 5

(B) Ba when a € 0A.

F1GUre 3.1. Examples of B,,

Note that using the explicit formula for the determinant one can bound the first
factor easily by

3/2
(a—5)
1 1 (H a(0) )
27 | det S| /ZA1 Ay (1 B g(afﬂ))l/Q.
9(0)

Now using uy (2)? = b3 +2¢(0)z + g(0)%2% /b3, and the bound of b% by Hall (1932,
Equation 3)

g(0)(21log N — loglog N — log47) < b% < 2g(0)log N
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we can now upper bound the exponential term by,

2
u z _ 29(0) _ 29(0)=
exp (—N;)ltzzll) < N~ 5@+90@=F) ¢~ 5@+sta—5 TO1)

Also note that for « # 0, g(||lz]|)/9(0) < g(e1)/g(0) = 1 — k where x :=

Py (ffo = —|—oo) €(0,1) and Hy = inf {n > 1: S, = 0}. Hence we have that
00 1 gla-p)
9(0)+gla—p) ~ 2—x 9(0) +g(a = p)
We thus obtain

<1-k.

P (pa > un(2), 05 > un(z))

2 k)2 o o 92 /(9—r
>~ ( K}l/g N @-x max (e 2 ]].{Zgo},e 2 /(2 )]]-{z>0}) .
We get finally for some constants ¢, ¢/ > 0 depending only on d and &
R e 9, 92 /(29—
by < ¢N(log N)d(2+26)%N @ max (e 2 1(,<qy, 0727/ (279 n{m})
<IN~ @Tm (log N)d(2+2€) max (6_22 Tiz<0ys e 2%/(2=r) ]1{Z>0}) . (3.5)

Since /(2 — k) > 0 we have that by = o (1).

(iii) Recall b3 = > 4 E[|[E[Xa — pa | Ha]l]. It will be convenient to introduce
also another o-algebra which strictly contains H, = o (X : 8 € A\ B,), that is
H., =0 (ps: B€A\B,).
Using the tower property of the conditional expectation and Jensen’s inequality
E[IE[Xa —p| Holl] < E[E[Xa —p| HL]l]-
At this point we recognize, thanks to Corollary 2.1, that

E[Xo | HL) = Paoy(a\5.) (Y + Ha > un(2)) P —a.s.
where (¢4)qeze 18 a Gaussian Free Field with zero boundary conditions outside
A\ B,. In addition, setting U, := Z?\ (A \ B,), we observe that gy (a) < g(0)
Lawler (1991, Section 1.5).
We will make use of the fact that u, is a centered Gaussian, and apply the same

estimates of Popov and Rdth (2015): first observe using strong Markov property
we have 8 € A\ By,

gla, )= Y Po(Hap, <+, Su,,. =7) 907 8). (3.6)
YEA\Ba

We can plug this in to obtain

(3.6)
Var[,uoz] = Z Pa (HA\BQ < Ho00, SHA\BQ = ﬁ) g(Oé, ﬁ) < sup g(Oé7 6)
BEA\B. BEA\Ba
C
< (log N)2(+)(d-2) (3.7)

by the standard estimates for the Green’s function

calla = Bl < g(a, B) < Calla = B>~ (3-8)
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for some 0 < ¢g < C4 < +o0 independent of a and 8 Lawler (1991, Theorem
1. 5. 4). Using the estimate

PN(0,1)|>a)<e */% a>0 (3.9)
we get that there exists a constant C' > 0 such that
P (|Ma| > (uN(z))_l_e) < Cexp (—(log N)<2d_5)(1+5)> . (3.10)

Note that this quantity goes to zero since d > 3. Hence
E [ [Pu. (o + 10 > un(2)) = |
=E HPUQ (wa + fha > UN(Z)> —p‘ ]l{ma\g(ul\,(z))flfe}]

+E [‘ﬁUa(wa + to > UN(Z)) *p‘ ]]-{|Ma|>(uN(z))_l_E}] =Ti+ 1z

By (3.10) and the fact that d > 3, we notice that NT5 = o(1). Therefore it is
sufficient to treat the term 77. By conditioning on whether p is larger or smaller
than Py, (Yo + e > un(2)) we can split the event in T into the following two
terms.

E [(PUa (Yo + pa > un(2)) _p) Ljnai<tun 1=} Yp<bu, <wa+ua>uN<z))}}
+E [ (P = Pu (Vo st > un(2) L <unien -} Ley>po, <wa+ua>w<z>)}}
=:T11+ T . (3.11)

We will now deal with T3 2. The first one can be treated with a similar calculation.
Using Mills ratio and fact that 1, has variance gy, we get that,

P —Pu, (Yo + Ha > un(2))

(un () —pa)?

_ Vo BT (1 . < Voo @ )) Jara@e bt

V2mun (2) un (2) = pa V2r(un(2) = pa)
(3.12)
We have on the event {|ua| < (uN(z))_l_E} that the above is bounded by
u z 2
g0 e H
V27mupn(2)
(1_ 9(0) ) un(2)? + un(2)7C _un(x)T272%¢
9U, (@) ) 29(0) U, (@) 29y, (@)
< | 1- (14 o) You(@un(E)e
9(0)un(2)(1 = un(2)727°)
(3.13)

Since the bound is non random, by bounding the indicator functions by 1,

E Kp — Pu. (Yo + pa > ”N(Z») L i< un ()=} Lipzpo, wawagw(z))}}
is bounded above by (3.13). Now

by <> (Th +T) <-‘20> > Tito(l)=Y Tii+ Y Tiz+o(l). (3.14)

acA acA acA acA
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wnr(2)2
9u. (a)uN(Z)e(l_%)%Jrou)

9(0)un(2)(1+0(1))

Observe that 1 — qg((i)a) < 0 since ¢g(0) > gy, (). We observe further that (and we

will prove it in a moment)

Claim 3.2. sup,ec4 (1 — ggi(?a)) un(z)? =o(1).

Therefore T} 2 = o (1) uniformly in «. This yields that
_un()?

g<0) e 2900 —z+o(1)
E Tio<NXT————0(l)=e o(1). 3.15
= 1,2 > muN(Z) ( ) ( ) ( )

Analogously, > .4 T1,1 = o(1). Plugging (3.15) in (3.14), one obtains b3 = o (1).
We now only need to show Claim 3.2. By the Markov property we know

gu. (@) =g(0) = > Po(Hap, <+00, Sty ,, =7)9(7,0).

yEA\ B,
This shows that
0< 9(0) < SUPreA\B. 9(%01).
gu., (@) gu., (@)
(3.8)
Note that g(y,a) < Cgy(log N)~2(¢=20+e)  Also,
Ha\ B,
gu, (o) = Eq Z Iis,—a}| =1
n=0
and hence we have
0< Y © _, < ¢(log N)~2d=2)(1+9) (3.16)
gu., (@)

from which it follows that

(1 __9(0) > un(2)? < e(log N)"26@=20+9 1os N 4 z 4 0 (1)) =0 (1). (3.17)
gu, (@)

Therefore the claim follows and we have shown pointwise convergence.

O

3.2. DGFF with boundary conditions: proof of Theorem 1.2. The idea of the proof
is to exploit the convergence we have obtained in the previous section. We will show
a lower bound through a comparison with i. i. d. variables, and an upper bound
by considering the maximum restricted to the bulk of Vi, concluding by means of
a convergence-of-types result. We abbreviate gy (-, ) := gy, (-, -). For § > 0 define
(recall that Vy = [0, n — 1]9 N Z%, with N = n?)

Vo = {aEVN: ||af’y||>5N1/d,’y€Zd\VN}.

We begin with the easier lower bound.
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Proof of Theorem 1.2: lower bound: We will need a lower and an upper bound on
the limiting distribution of the maximum. Let us start with the former. We use
the shortcut Py := Py,. First we note that since the covariance of (1) is non-
negative, we can apply Slepian’s lemma for the lower bound. Let (Zy)acvy be
independent mean zero Gaussian variables with variance gy («); then by Slepian’s
lemma it follows that

acVy

ﬁN <max Zy < uN(z)> < ﬁN (max Vo < uN(z)> ,
acVy
where un(z) = ayz + by as before. Then we want to analyze P(maxaeca Zo <

un(z)). First fix = € R. Take N large enough such that —g(0)b3, < z (this is
possible as b3 — +00). Now note that

Pn (érel:%/); Zq SuN(z)) = H (1 =Pn(Zy > un(z)))
a€eVyn
) un(2)? un(2)? N
(3.1) e 29n(a) e 2900

> QEN 1*m\/9N(0‘) > 1*m\/9(0)

The last term converges to exp(—e™*) as N — +o00. This shows that for any fixed
z € R,

liminf Py (g}é% Yo < UN(Z)) > exp(—e ?).

O

In order to prove the upper bound of Theorem 1.2, we shall need a Lemma
which will allow us to derive the convergence of the maximum in Vy from that of
the maximum in V.

Lemma 3.3. Let N > 1, F be a distribution function, and my

= (1-26)4N.
Let an and by be as in (1.1). If imy 400 FN(ampy2 + by ) = exp(—e~

%), then
lim Fy(anz+by) = exp (, efz+dlog(1725)) _

N—+oco

Proof: The proof follows from a convergence-of-types theorem (see Resnick, 1987,
Proposition 0.2) if we can show that

m by — b
Gy 1 and 22X PN dlog(1 — 26). (3.18)
an an

It is easy to see that

/2
A n dlog(1 —28)\"
~ll+—"——7 1.
an < + log N ~

To show the second asymptotics note that

dlog(l — 24) 1
" 2logN +0 ((log N)Q)] 2¢g(0)log N.
(3.19)

v/29(0)log my — +/29(0) log N = [
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Also observe that as N — +o00 one gets

N/TO) loglog(4nN)  loglog(4mmny)
2v/2log N 2v/2logmpy

_ V9O { log <1 + dlog(l_?é)) +o(1)} : (3:20)

-~ 2y/2Ilog N log N
(3.19) and (3.20) together give
dlog(1 —29)
V2log N
Using ay' = g(0)*1/29(0)log N(1 + 0 (1)) and the above we get that
by — by

an

by — by = /9(0) +0 ((1ogN)—%) :

— dlog(1 — 20).

We have now the tools to finish the upper bound.

Proof of Theorem 1.2: upper bound: First fix z € R and § > 0, set my := ‘Vm =

(1 —20)%N. For the upper bound, we again use Lemma 2.1 and the fact that, for

a € VN, one has the equality ¢, = ¥, + u((x ) under the infinite volume measure P,

where ua = E[pa|Fovy]. Hence if we fix € > 0, and condition on the event that

{1 < 0,
aEVf,

(where a,,, is defined according to (1.1)) we have
Py <max Vo < umN(z)> <P (max Va < Umy (24 e))
acVy aeVs

+P (max lpta] > eamN> . (3.21)
%

First we show that the second term goes to zero. Observe that pu, is a centered
Gaussian with variance

max Var [pg] < sup 9(B,7) = (N(2 d)/d)
BEV BEVS, vEDVN

Let (®a)aevg be a collection of iid. Gaussians with mean zero and E [®7] =
E [ui} for all a. By Slepian and Talagrand (2003, Prop. 1.1.3) we have

2E [maxaeva @a}
P | max |pa| > €amy | < +2P | max ®, <0
V3 A E

agVy aEV]f,

A

2\/maX/36V;3 Var [pg] log | V3|

Am €

IN

+o(1
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Since ay grows like (\/210g N)fl as N — +oo, we can conclude that, for every
e >0,

lim P (ma)g |tta] > 6amN> =0.

N—+o00 aeVy

Using Theorem 1.1 we have that

N—+o0 aGV;@

lim P <max Vo < Umy (2 + 6)) = exp (— e_(z+€)) .

Using continuity of the limit above and letting ¢ — 0 in the above we obtain
from (3.21),

lim sup ﬁN max Yo < Uy (2) | < exp(—e™?). (3.22)
N—+o00 aeVy

Now using an easy comparison with independent random variables just as in the
proof of the lower bound of Theorem 1.2 above it follows that (3.22) is in fact an
equality. By Lemma 3.3 one can conclude that

lim Py | max Yo <un(z) | =exp (— e_z+dlog(1_25))
N—+o00 aev}f]

and thus letting 6 — 0, the upper bound follows.
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