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Abstract. We study the block counting process and the fixation line of exchange-
able coalescents. Formulas for the infinitesimal rates of both processes are provided.
It is shown that the block counting process is Siegmund dual to the fixation line.
For exchangeable coalescents restricted to a sample of size n and with dust we
provide a convergence result for the block counting process as n tends to infin-
ity. The associated limiting process is related to the frequencies of singletons of
the coalescent. Via duality we obtain an analog convergence result for the fixa-
tion line of exchangeable coalescents with dust. The Dirichlet coalescent and the
Poisson—Dirichlet coalescent are studied in detail.

1. Introduction

Coalescent processes have attracted the interest of many researchers over the
last decades, mainly in probability theory and population genetics. Most results
in coalescent theory concern coalescents with multiple collisions independently in-
troduced by Pitman (1999) and Sagitov (1999). Less is known for the full class of
exchangeable coalescents II = (II;);>¢ allowing for simultaneous multiple collisions
of ancestral lineages. Note that II is a Markovian process taking values in the space
P of partitions of N := {1,2,...}. Schweinsberg (2000a) showed that every ex-
changeable coalescent II can be characterized by a finite measure = on the infinite
simplex

A= {r=(r)ren : 11222 > - 20, |2 =372, < 1} (1.1)

Exchangeable coalescents are therefore called =-coalescents. The aim of this article
is to provide some more information on the block counting process and the fixation
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line of the =-coalescent and on the relation between these two processes. We there-
fore briefly recall the definition of the block counting process and turn afterwards
to the fixation line.

For t > 0 let N; denote the number of blocks of II;. It is well known that
N := (N¢)i>0 is a Markovian process with state space S := N U {oo}, called the

block counting process of II. We use the notation Nt(") for the number of blocks
of IlI; restricted to a sample of size n € N. The block counting process has been
studied extensively in the literature with a main focus on coalescents with multiple
collisions (A-coalescents). We will revisit some of its properties throughout this
article.

The definition of the fixation line is more involved. As in Schweinsberg (2000a)
decompose = = E({0})dp + =g with Jp the Dirac measure at 0 € A and Zj having
no atom at 0. For = (z,)reny € A define (z,2) := > 2 22 and v(dz) =
Eo(dz)/(x, z). One possible definition of the fixation line is based on the lookdown
construction going back to Donnelly and Kurtz (1996, 1999). For some further
information on the lookdown construction we refer the reader to Birkner et al.
(2009). Imagine a population consists of countably many individuals distinguished
by their levels. The level of an individual is a positive integer, and the individual
at time ¢t > 0 at level ¢ € N is denoted by (¢,4). In the following we use the
Poisson process construction of Schweinsberg (2000a, Section 3). Define Ny :=
{0,1,2,...} and, for every x = (z,)ren € A, let P, be the law of a sequence & =
(&1,&2,...) of independent and identically distributed Ny-valued random variables
with distribution P(§; = 0) := 1 — |z| and P(&; = r) = ., r € N. Furthermore, for
1,7 € Nwith ¢ < j let z;; be the sequence (21, 22,...) with z; = zj=1land z; :=0
for k ¢ {i,j}. Take a Poisson process on [0, 00) x NJ with intensity measure A ® u,
where A denotes the Lebesgue measure on [0, 00) and

WA) = 20D 3 Lyen + [ Pald)vlde) (1:2)

i,jEN A
i<j

for all measurable A C NjJ. Each atom (¢, ) corresponds to a reproduction event
which is defined as follows. For r € N define J, := {j e N: § =r}. Forr € N
and j € J,, the individual (¢, j) is a child of the individual (¢t—, min J,.). The other
lineages are shifted upwards keeping the order they had before the reproduction
event. The construction of this countable infinite population model is called the
lookdown construction.

We are now able to define the fixation line. Fix ¢ € N. The levels of the offspring
at time ¢ > 0 of the individual (0,7 + 1), that is the individual at time 0 at level
i+ 1, form a subset of N, whose minimal element (if it exists) we denote by ng) +1.
If this subset is empty, we define Lgl) := oo. For example, if at the time of a
reproduction event, J; = N and J,. = (§ for all » € N\ {1}, then the individual
at time 0 at level 2 has no offspring at all, so in this case we have Lgl) = o0. By
construction, the process L(*) := (Lgi))tzo has state space {i,i+1,...} U{oco} and
non-decreasing paths. Moreover, Lgl) < ng) < ... We define L; := L,El) and
L = (Lt)t>0. When L, reaches level n, all the individuals at time ¢ with levels
1,...,n are offspring of the single individual (0,1). Therefore, the whole finite
population of size n (consisting of the n individuals at time ¢ with levels 1,...,n)
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stems from the same individual at time 0, an event called fixation in population
genetics.

The process L is hence called the fixation line. This process can be traced back
to Pflaffelhuber and Wakolbinger (2006) for the Kingman coalescent. For the A-
coalescent the fixation line appears in Labbé (2014) and was further studied by
Hénard (2013, 2015).

The block counting process and the fixation line are two rather useful processes in
coalescent theory. Several functionals of the n-coalescent (the coalescent restricted
to a sample of size n € N), for example the number of jumps, the time back
to the most recent common ancestor (absorption time) and the total tree length
of the n-coalescent, can be expressed in terms of the the block counting process
(Nt(n))t20~ We exemplarily refer the reader to Gnedin et al. (2014) for a survey on
the asymptotic behavior of these functionals as n tends to infinity. The fixation
line is itself an important functional of generalized Fleming—Viot processes. For the
Kingman case it has for example been proven to be a powerful tool in the study of
evolving coalescent trees (Pfaffelhuber and Wakolbinger, 2006; Pfaffelhuber et al.,
2011). Last but not least, conditions for the Z-coalescent to come down from infinity
are translated via Siegmund duality into conditions for explosion of the fixation line
(see Remark 2.11) and may therefore help to solve the in its full generality still open
problem to find a nice characterization of all measures = for which the Z-coalescent
comes down from infinity (Herriger and Mdhle, 2012; Schweinsberg, 2000a).

We close the introduction by a brief summary of the organization of the article.
Section 2 contains the main results. Propositions 2.1 and 2.5 provide formulas for
the infinitesimal rates and the total rates of the block counting process N = (N¢)¢>0
and the fixation line L = (L;)¢>¢ for arbitrary =-coalescents. Theorem 2.9 shows
that the block counting process N is Siegmund dual to the fixation line L. For
Z-coalescents with dust, Theorem 2.13 provides a convergence result for N and L
when their initial state tends to infinity. The limiting processes are related to the
frequencies of singletons of the coalescent and can be expressed in terms of the
subordinator associated with the coalescent. Similar limiting processes appear in
other frameworks of Markov chains with rare large jumps, see for example Haas
and Miermont (2011) and the recent preprint of Bertoin and Kortchemski (2014).
In Sections 3 and 4 we study the Dirichlet coalescent and the Poisson—Dirichlet
coalescent respectively. The proofs of the results stated in Section 2 are provided
in Section 5. The appendix deals with a duality relation for generalized Stirling
numbers being closely related to the Siegmund duality of N and L.

2. Results

Throughout the article we shall use the following subsets of the infinite simplex
A defined in (1.1). For n € N define A,, :={z = (z;)ren €A : 21+ -+ 2, =
1}. Furthermore let Ay := |, cnAn = {2 = (@r)ren € A @ 2y + -+ 2, =
1 for some n € N} and A* := {z € A : |z| = 1}. Note that Ay C Ay C ---
Ay C A* C A and that v(A,) < nE(A,) < oo, since (z,2) = > _ 22 = 1/n
S (x,—1/n)2 >1/nforalln € Nand z € A,,.

In order to state our first result it is convenient to introduce the following urn
model which is essentially a version of Kingman’s paintbox construction (King-
man, 1982, Section 8) and can be also viewed as a generalization of an infinite
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urn model investigated by Hwang and Janson (2008). Fix 2 = (2,)reny € A. Re-
call that |z| := Y )2, 2, and define 2y := 1 — |z| for convenience. Imagine a
countable infinite number of boxes having labels r € Ny. Balls are allocated suc-
cessively to these boxes, where it is assumed that every ball will go to box r € Ny
with probability z, independently of the other balls. If X,.(i,2) denotes the num-
ber of balls in box r € Ny after ¢ € Ny balls have been allocated, then clearly
(Xo(i,z), X1(i,2), X2(i,2),...) has an infinite multinomial distribution with pa-
rameters ¢ and (zg, z1, T2, ...). The random variable

o0
Y(’L,JJ) = Xo(i,ﬂ?) "’Zl{XT(i,z)Zl} (2.1)
r=1
counts the balls contained in box 0 plus the number of other boxes which are non-
empty. In the language of Kingman’s paintbox, when a ball goes to box r € N; it
will be painted with color . The box 0 plays a distinguished role. Each ball going
to box 0 is painted with a new color never seen before. Y (i,z) is the number of
different colors after ¢ balls have been painted.

Propositions 2.1 and 2.5 below underline the well known fact that the process
(Y(i,x))ien, plays a fundamental role in coalescent theory. Proposition 2.1 concerns
the infinitesimal rates of the block counting process V. These rates are essentially
known from the literature (see, for example, Freund and Mdohle, 2009). We state
the result for the record and since the case Z(As) > 0 requires some attention.

Proposition 2.1 (Rates of the block counting process). Let = be a finite measure
on A and let II be a Z-coalescent. The block counting process N = (N¢)i>o of 11
mowves from state 1 € N to state j € N with j < i at the rate

gi; = E({O})(;)éj,il—k-/AIP’(Y(i,x) = j)v(dz) (2.2)

with Y (i,z) defined via (2.1). The probability below the integral in (2.2) can be
provided explicitly as P(Y (i,x) = j) = > 7_; fiju(x), where

x{rk 7! i i
.. o— 1 k
AL N S

The total rates are

i1 ,
q = ;qij = Z({0}) (2> +/A]P’(Y(i,:1:) < i) v(dx) (2.4)

=z (D) [ (S (D)t T e ) vtan

k=1 Ty rp EN
all distinct

i € N. Moreover, qooj = V(Aj)—v(Aj_1) for j € N (Ag :=0) and gocoo = —V(Ay).

Remark 2.2. From g;i41 —q; = i2({0}) + [L P(Y(i+1,2) =4,Y (i,2) =) v(dz) > 0
we conclude that g;+1 > ¢; with equality ¢;11 = ¢; if and only if Z(A\ A;—1) =0,
i € N. Thus, if Z(A\ Af) > 0 then the total rates g;, i € N, are pairwise distinct.

Remark 2.3. For the rates of the block counting process of the Dirichlet coalescent
and the Poisson-Dirichlet coalescent we refer the reader to (3.1), (3.2) and (4.1).
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Remark 2.4. For the A-coalescent the rate (2.2) reduces to the well known formula
(see, for example, Pitman, 1999 or Mdhle, 2006, Eq. (13))

Gij = (l )/ g1 — )T A(de), Q5 €N, <, (2.5)
J—1 [0,1]
and the total rates are (Mohle, 2006, Eq. (14))

G = A({o})@ + /(071] L=(za) 2= ), ien.

T

For the S(a, b)-coalescent with parameters a,b € (0,00) the rate (2.5) reduces to
 T(a+b) T@+1) TG-14T(i—j—1+a)
W T(@r) T —2+atb)  T() Lii—j+2) '

1,7 €N <.
(2.6)
We now state the analog result for the rates of the fixation line L = (L;);>0.

Proposition 2.5 (Rates of the fixation line). Let E be a finite measure on A. The
fization line L = (L;)¢>0 moves from state i € N to state j € N with j > i at the
rate

w5 = SUON () s + [ PYG) =iV G+ L) =ik Dvida)  (2)

with Y (.,x) defined in (2.1). Moreover, Vi = v(4A;) for all i € N and Yoooo =
0. The probability below the integral in (2.7) can be provided explicitly, namely
P(Y(j,z)=i,Y(j+1,2)=i+1)=>,_, giji(x), where

yi—k jl &
. 0 : i ik
gip(@) = =0y Y R <1§ xm>. (2.8)
(i—Fk)! 4 il ig! —
i1yeensig €N Py, €N =1
i1+ tig=j—itk <<y

The total rates are v; := Zje{z‘+1,i+2,...}u{oo} Yij = Gi+1, © € N,

Remark 2.6. In general g;;r(x) is not equal to fjx(z) (see (2.3)) because of the
additional factor 1 — Zle xy, occurring on the right hand side in (2.8). This
additional factor comes from the fact that in the paintbox construction, on the
event that box 0 contains ¢ — k balls and that the boxes ri,...,r; are non-empty,
{Y(j+ 1,z) =i+ 1} corresponds to the event that ball j + 1 belongs to a box
r € No\ {r1,...,7}, which has probability 1 — Zle L, -

Remark 2.7. Note that 7,11 = ; if and only if 2(A\A;) = 0,7 € N. IZ(A\Af) >0
then the total rates ~;, ¢+ € N, are pairwise distinct.

Remark 2.8. For the A-coalescent the rate (2.7) reduces to

Vij = ( ’ ) / N1 =) A(d), i, jENi<j, (2.9)
1—1 [0,1]

in agreement with Hénard (2015, Lemma 2.3). The total rates are

Vi = Qiv1 = A({O})C—gl) +/(o . 1_(14_;3;)(1_%)1 A(dz), ieN.

For the A-coalescent the equality v; = g;+1 was already observed by Hénard (2015).

For the Kingman coalescent (A = dy) we have v; = v, ;41 = (121) and 7v;; = 0

for all j ¢ {i,i+1}. Thus, L is a pure birth process with state space NU {co} and
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birth rates v; = (H'l)7 i € N. This process explodes, i.e. P(L; = oo) > 0 for all
t >0, since > .=, 1/7; < co. In fact, L reaches oo in finite time almost surely. The
explosion of the fixation line for the Kingman case has for example been applied to
study evolving coalescent trees (Pfaffelhuber and Wakolbinger, 2006; Pfaffelhuber
et al., 2011) and related functionals (Delmas et al.,, 2010). For more details on
explosmn of L we refer the reader to Remark 2.11.

For the B(a,b)-coalescent with a,b € (0,00) the rates (2.9) of the fixation line
reduce to

iy = et IEH) TG+l T—i-14a . oy, s

F@I'() T'(t) T'(j—14+a+bd) T(j—-i+2)
(2.10)

Simple formulas for the total rates ; seem to be only available for particular param-
eter choices of a and b. For example, for the 5(2 — «, «)-coalescent with parameter
0 < a < 2, which has attracted the interest of several researchers, the fixation line
has total rates

O _ 1 Ii+a) o= T(j—i+1—a)
= j;l%j T T2 —a)l(@) () j;l TG —i+2)
B 1 FMi+a)T(2—a) F(z—i—a Tk
I'(2—a)l(a) T() a - T(a+1)T H €.

k=1

In particular, v; = i for the Bolthausen—Sznitman coalescent (a« = 1). Another
class of beta-coalescents for which a nice formula for the total rate v; is available is
the (3, b)-coalescent with parameter b > 0. In this case the fixation line has total
rates

7 - 3+b)I‘(z+b = T@G+1)

to Z” ~ TEIG) T0) Z TG+b+2)
B (3+b)F(i+b) ri+2) (b+ 1)(b+2)i(i + 1) N
T T@I0B) TG) hi+b+2)  2+bG+br1 0 5

We now turn to the duality of the block counting process N and the fixation
line L. The following result (Theorem 2.9) is a reformulation and generalization of
Lemma 2.1 of Hénard (2015). Note that Theorem 2.9 holds for any =-coalescent.
Recall the notation S := NU {oo}.

Theorem 2.9 (Siegmund duality of N and L). Let IT be a Z-coalescent and let
N = (Ny)i>0 and L = (Ly)i>0 denote the block counting process and the fization
line of II respectively. Then N is dual in the sense of Liggett (2005, p. 84, Definition
3.1) to L with respect to the Siegmund duality kernel H : S* — {0,1} defined via
H(i,j):=1 fori <j and H(i,j) := 0 otherwise, i.e.

PN <j) = P(N: <j|No=4) = E(H(N;,j) | No =)
E(H(i,L;)| Lo = j) = P(Ly >i|Ly=7) = P(LY > )

foralli,je S andt>0. If Q = (gij)ijes and I’ = (vi;)i jes denote the generator
matrices of N and L respectively then q; <j = > e p<i @ik = D pesi>iVik =
Vj,>i foralli,j€S.

Remark 2.10. Note that L is dual to N with respect to the transposed duality kernel
HT : 5% —{0,1} defined via H'(i,5) := H(j,i) for all i,j € S. For i,j € S define
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=[P = ])dt € [0,00] and g;; := [;° P ) = j)dt € [0,00]. Note that
G = (g”)mes and G == (Gij)i,jes are the Green matrlces of N and L respectively.

The matrix G is lower left triangular whereas G is upper right triangular. From
Theorem 2.3 it follows that

Gi>j = / ]P(Nt(i) >j)dt = / P(ng) <i)dt = gj<i, 4,j€S,
0 0

where g; > = Zkes,k>j gir and Gj <; 1= Zkes,k<i§jkv ,j€S. Fori,jeT:=
N\ {1}, the set of states which are transient for N and L, it follows that

Gij = Yi,>5i-1— 9i,>5 = 9j-1,<i — Gj,<i = E (9;'71,1@—9]'1«)
keS, k<i
and
9i5 = 9i,<j+1 — 9i,<j = 9i+1,>i — 9j,>i = E (gj-i-l,k_gjk)-
keS, k>i

Remark 2.11. As in Schweinsberg (2000a) we say that II comes down from infinity
if P(N; < o0) =1 for all ¢ > 0 and that II stays infinite if P(N; = oo0) = 1 for
all t > 0. Note that there exist coalescents, for example the Dirichlet coalescent
studied in Section 3, that neither come down from infinity nor stay infinite. We refer
the reader to Schweinsberg (2000a,b) and Herriger and Mdohle (2012) for methods
to determine whether a coalescent II comes down from infinity or stays infinite.

We say that L does not explode if To, := inf{t > 0 : L;_ = oo} = oo almost
surely. Note that L does not explode if and only if P(L; < co) =1 for all ¢ > 0. By
the general explosion criterion for Markov chains, L does not explode if and only if
Yoo o 1/%x, = 0o almost surely, where x = (xn)nen, denotes the jump chain of L.
Note that x has transition probabilities p;; := v;;/7vi, 1 <i < j < 0.

If IT comes down from infinity then L explodes. Moreover, II stays infinite if and
only if I does not explode.

Proof. If II comes down from infinity, then II eventually becomes absorbed
almost surely, i.e. lim;_, o P(N; = 1) = 1. Thus, by duality, P(L; = c0) = P(N; =
1) > 0 for all sufficiently large ¢, i.e. L explodes.

If TI stays infinite, then P(N; = oo) = 1 for all ¢ > 0. Thus, P(L; = o0) =
P(N; = 1) = 0 for all t > 0, i.e. L does not explode. Conversely, suppose that
L does not explode. Then, by the first statement, IT does not come down from
infinity. Moreover, we must have v;,, = 0 for all ¢ € N, because otherwise every
L; would be equal to co with positive probability. Since ;00 = v(4;) it follows
that v(Ay) = lim;oo v(A;) = 0. Thus, Z(Ay) = 0. But under the additional
assumption that Z(Af) = 0 the coalescent does not come down from infinity if and
only if the coalescent stays infinite (see Schweinsberg, 2000a).

Remark 2.12. Recall that L explodes if II comes down from infinity. The converse
holds under the additional assumption that Z(Ay) = 0, but it does not hold in
general. Examples where L explodes but II does not come down from infinity are
provided in Section 3 (Dirichlet coalescent).

A E-coalescent IT = (II;)¢>0 has proper frequencies if, for all times ¢ > 0, the fre-
quency of singletons Sy of II; satisfies Sy = 0 almost surely. For a precise definition
of S; we refer the reader to Mohle (2010, Section 3). Schweinsberg (2000a, Propo-
sition 30) showed that IT does not have proper frequencies if and only if Z({0}) =0
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and [, |z|v(dz) < co. In this case the process Z := (Zy)i>0 := (—log Si)¢>o (with
the convention —log0 := o0) is a drift-free subordinator with state space [0, ]
and Laplace exponent

B(y) = /A (1- (- [z v(dz), 5>0. (2.11)

Note that E(S]) = E(e™"%t) = ¢7*® 5 > 0. A coalescent without proper
frequencies is also called a coalescent with dust (Gnedin et al., 2011). Theorem
2.13 below clarifies the asymptotic behavior of the block counting process N and
the fixation line L(™ as n — oo for Z-coalescents with dust. Note that we use the
conventions e~ := 0, e := 0o and 1/0 := oco.

Theorem 2.13. Let IT be a E-coalescent with dust or, equivalently, =({0}) = 0 and
Sa 2| v(dz) < oo. Then, the following two assertions hold.

a) Asn — oo the scaled block counting process (Nt(n)/n)tzo converges in Dig 11[0, 00)
to the frequency of singleton process S = (S¢)i>0 = (677t )s>0.
b) As n — oo the scaled fixation line (L§")/n)t20 converges in Dy 1[0, 00) to the
reciprocal frequency of singleton process (1/S;)i>0 = (€Z*)i>0.

Remark 2.14. Theorem 2.13 can be stated logarithmically as follows. For =-
coalescents with dust, as n — 0o, both processes (log n—log N{™);¢ and (log L{™ —
logn)¢>0 converge in Djg o)[0, 00) to the drift-free subordinator Z with Laplace ex-
ponent (2.11). Similar limiting processes appear in other frameworks of Markov
chains with rare large jumps (see, for example, Bertoin and Kortchemski, 2014 and
Haas and Miermont, 2011). Clearly, Theorem 2.13 holds for A-coalescents with
dust, for example for 3(a,b)-coalescents with a > 1 and b > 0.

Remark 2.15. If Z is concentrated on A* then the coalescent has dust if and only if
v is finite. In this case the Laplace exponent (2.11) satisfies ®(n) = v(A*), n > 0,
so S¢ has the same distribution as 1¢7,~4 for all ¢ > 0, where T} is exponentially
distributed with parameter v(A*). Examples are the Dirichlet coalescent studied in
Section 3, the Poisson—Dirichlet coalescent (Sagitov, 2003, Section 3) and the two-
parameter Poisson—Dirichlet coalescent (Mohle, 2010, Section 6). More information
on the two-parameter Poisson—Dirichlet coalescent is provided in Section 4.

Remark 2.16. Theorem 2.13 excludes dust-free coalescents. For the Bolthausen—
Sznitman coalescent we refer the reader to Kukla and Mdohle (2016), Mohle (2015)
and Schweinsberg (2012) for asymptotic results concerning the block counting pro-
cess N and the fixation line L(™. For dust-free coalescents different from the
Bolthausen—Sznitman coalescent we leave the asymptotic analysis of N(™ and L(")
for future work.

3. The Dirichlet coalescent

Let X := (Xi,...,Xn) be symmetric Dirichlet distributed with parameters
N € Nand a > 0 and let X(;) > --- > X(y) denote the order statistics of X.
We consider the =-coalescent when the characteristic measure v is the distribu-
tion of (X(1),...,X(n),0,0,...). We call this coalescent the Dirichlet coalescent
with parameters N € N and o > 0. Note that v is concentrated on Ay. The
Dirichlet coalescent neither comes down from infinity nor stays infinite. In order



On the block counting process and the fixation line 817

to see this we may assume without loss of generality that the Dirichlet coalescent
is constructed via a Poisson point process (e(t));>o as described in Appendix B of
Schweinsberg (2000a) with characteristic measure p on NY defined via (1.2). Define
A = {(n1,n2,...) € Njj : {nl,ng,...} is finite}. Note that P,(A;) = 1 for all
x € Ay. By Schweinsberg (2000a, Lemma 41) Ty := inf{t > 0 ( ) E As}is
exponentially distributed with parameter [, P,(Ay) =/ A, v(dx) =

v(Ay) =1. Thus, P(N; = 00) =P(Ty > t) = e * (O 1) for all t > O wh1ch shows
that the Dirichlet coalescent neither comes down from infinity nor stays infinite.
Note that the fixation line L = (L;);>0 explodes, since the coalescent does not stay

infinite.
n—1

In agreement with Hsu and Shiue (1998) we use the notation [z|y], oo+
ky) and (z|y), = [1iz é(gc — ky) for z,y € R and n € Ny with the convention
that empty products are equal to 1. We furthermore write [z], := [z|1],, and

(2)n := (x|1),. The proof of the following lemma is given at the end of this section.

Lemma 3.1 (Rates of the block counting process). The block counting process of
the Dirichlet coalescent with parameters N € N and o > 0 has infinitesimal rates
(Nala);

"[Noj;
where Sy (i, j) := S(i,j; —1,,0) are the generalized Stirling numbers defined in Hsu
and Shiue (1998) satisfying the recursion Sy (i+1,5) = Sa(i,j—1)+ (i+aj)Sa(, 7).
Alternatively,

(N>

' j -1 i ta—1

J 3 <“+,0‘ )...(”*,0“ ) 1<j<i<oo.
€N

Gj = T
J Na+1—1\ , i 1
T
7 it =i

Moreover, qoon =1, qooj =0 for j € N\ {N} and, hence, ¢oooo = —1.

qi; = Sal(i,7) 1<j<i<oo, (3.1)

(3.2)

Remark 3.2. The Dirichlet coalescent is closely related to the Chinese restaurant
process. Imagine a restaurant with N € N tables each of infinite capacity. Cus-
tomers successively enter the restaurant. When the (i + 1)th customer arrives and
j tables are already occupied (by at least one person), the customer sits at an
empty table with probability (Na— ja)/(Na+1). This corresponds to the Chinese
restaurant process (see Pitman, 2006) with k := a and 0 := Na. Let K; denote the
number of occupied tables after the ith customer has been seated. It is easily veri-
fied by induction on ¢ that K; has distribution P(K; = j) = (Na|a);S(i,5)/[Nads,
je{l1,...,i}. For j < i, P(K; = j) coincides with g;; in (3.1). Note that K; has
mean

(N = D)o

E(K;)) = N-N——F——
Remark 3.3. The Dirichlet coalescent has total rates g; := Z;;ll Gij = Z;;ll P(K; =
j)=1-P(K;=1i)=1—(Na|a);/[Naj;. Notethat 0 =¢q1 < g2 < -+ < gy < 1=

qN+1 = qN+2 = -+ -. Therefore the Dirichlet coalescent serves as an example that
in general the total rates of a coalescent do not need to be pairwise distinct.

Ezample 3.4. For a = 1 the Stirling number S (4, j) coincides with the Lah number

S(i,j;—1,1,0) = & (; 1) and we conclude that g;; = (J;[) (;:D/(Nt'i_l)' In this
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case K; has a hypergeometric distribution with parameters N +¢—1, N and ¢. The
total rates are ¢; = 1 — NI(N — 1)I/(N —i)!l/(N +¢—1)! for i <N and ¢; = 1 for
1> N.

Ezample 3.5. For a — oo it follows that ¢;; = N~%(N);S(4,5), where the S(i, )
are the usual Stirling numbers of the second kind. In this case K; counts the
number of non-empty boxes when ¢ balls are allocated at random to N boxes. This
corresponds to the Dirac =-coalescent where the measure v assigns its total mass 1
to the single point 2 € A whose first N coordinates are all equal to 1/N.

Example 3.6. For o — 0 and N — oo such that Na — 6 € (0,00) the rates g¢;;
converge to those of the Poisson—Dirichlet coalescent with parameter 8 and a = 0
studied in the following Section 4.

In the following we provide the asymptotics of some functionals of the Dirichlet
n-coalescent when the sample size n tends to infinity. By Theorem 2.13 and Remark
2.15, (Nt(")/n)tzo converges in Dig 11[0,00) to (S¢)s>0 as n — oo and (L§”)/n)t20
converges in Dy ][0, 00) to (1/St)¢>0, where Sy := 17,y and Ty is exponentially
distributed with parameter 1.

Let C,, denote the number of jumps and 7, := inf{¢t > 0 : N; = 1} denote
the absorption time of the Dirichlet n-coalescent. The following lemma clarifies the
asymptotics of C}, and 7, as n — oco. Its proof is given at the end of this section. In
the following R = (r;;)i jes denotes the transition matrix of the jump chain of the
block counting process of the Dirichlet coalescent. Note that r11 = 1, rj; = ¢4; /qi
fori>2and 1 < j <4, and r;; = 0 otherwise.

Lemma 3.7 (Asymptotics of the number of jumps and the absorption time). For
the Dirichlet coalescent with parameter N € N and o > 0 the following two state-
ments hold.

(i) The number of jumps C,, converges to Coo := 1 + Cn in distribution as
n — 0o. The limit Cy has distribution P(Co, = k) = 7"5\];171), 1 <k <N, where

rg\lffl) is the entry in row N and column 1 of the (k — 1)th power R*=' of the

transition matriz R.

(i) The absorption time T, converges to Too := E + Ty in distribution as n —
oo, where E is standard exponentially distributed and independent of 7. The
Laplace transform ¢ of Tn can be recursively computed via 11 (X) = 1 and 1, (A) =

@/ (@ + N S0 rartoe(N), n € {2,...,N}, A > 0.
We now turn to the fixation line L = (L;)¢>¢ of the Dirichlet coalescent.

Lemma 3.8 (Rates of the fixation line). The fization line of the Dirichlet coalescent
with parameters N € N and o > 0 has rates

(Nala)it1 . . .
i = ————84(7,1), i, € NJi < J. 3.3
Vig [Nal; 1 (J,1) j J (3.3)
Moreover ~ioo =0 fori e {l,...,N —1} and vioo =1 fori € {N,N +1,...}.
Remark 3.9. Note that v,; = ]Yvoéj:]‘?“qji =PK; =i,Kj11 =i+1) =PK; <

i, Kjp1 > 1) =P(K; <i)—P(K;11 <1i). Summation over all j € {i+1,i+2,...}U
{00} shows that the fixation line has total rates v; = ¢;+1, ¢ € N, in agreement with
Proposition 2.5.

Ezample 3.10. For a = 1 we obtain y;; = (N—1)/(N+j))g;; = (Ni_l) (]Jj)/(NI;}'J)
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By duality (Theorem 2.9), for all i, 5 € N with ¢ > j, the two quantities

j
Gi<j = Y ik =
k=1

Z Nala);Sa(1,7) (3.4)
k=1

l

and
.7 o
(Nala if j <N
Vi = Z Yik = @)1 Z Na Jr+1 J (3.5)
kek}ié{ioo} 7]00 = 1 ifj >N

coincide. The equality of (3.4) and (3.5) follows alternatively from Mohle (2016+,
Lemma 4.1), applied to the Markov chain K, or from Lemma 6.1 in the appendix,
applied with a := —1, b := o, r := 0 and ¢ := Na. Note that lim; ,. ¢;,<; =
lim; o, P(K; < j) =0 for all j < N, since all states j < N of the Markov chain K
are transient.

In the remaining part of this section we prove Lemmata 3.1, 3.7 and 3.8.

Proof: (of Lemma 3.1) Since the measure v is concentrated on Ay it follows from
(2.2) and (2.3) that

S (3.

| [
7] i1ty 11 ’L].
i1t =i
where
o1, ... 105) = / Z zh ”l/da: / Z xﬁfjv(dx)
AT T A S et
all distinct all (lmtxnct
The function below the latter integral is symmetric with respect to zi,...,zxN.
Thus,
N .
Glin, ..., i)=Y /xg c-2l Dy(a)(day, ... dzy) = (N);E(X{ - X77),
T yeens 'rj=1

all distinct

where the last equality holds, since the Dirichlet distribution Dy («) is symmetric

and, hence, the integrals (over each summand) are identical. The moments of the

symmetric Dirichlet distribution Dy («) are well known (see, for example, Kotz

et al., 2000, p. 488) to be E(X! X;J) = [afs, ---[a]i; /[Nals, where i := iy +
-+ +1;. Plugging all this into (3.6) leads to

il (N); [ofi -~ -[ali,
%= iNal, 2 j
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ol 1 TIla+i) Tla+i;)
Sal(isj) = = Z ! i) T(a+1) T T(a+ 1)

it follows that the right hand sides of (3.2) and (3.1) coincide. By Proposition 2.1,
Gooj = V(Aj) —v(Aj_1) = 0; v (Kronecker symbol) for all j € N, since v(A;) =0
for j < N and v(A;) =1 for j > N. Moreover, ¢oooo = —V(Ay) = —1. O

Proof: (of Lemma 3.7) (i) Clearly, (Cp)nen satisfies the distributional recursion
Ch 4 1+ Cf, with initial condition C; = 0, where I,, denotes the state of the jump
chain of the block counting process of the Dirichlet n-coalescent with parameters
N € N and a > 0 after its first jump. By Lemma 3.1 and the remarks thereafter,
I, has distribution P(I,, = k) = ¢ /qn = P(K,, = k)/(1 —P(K, =n)), 1 <k <n.
Since K, — N in distribution as n — oo we conclude that I,, — N in distribution
as n — oo. Thus, C, 49 + Cr, -+ 14 Cn =: C in distribution as n — oo.
Clearly, P(Coo = k) =P(Cy =k —1) = 7“5\];171) for 1 < k < N, where T%Cfl) is the
entry in row N and column 1 of the (k — 1)th power R¥~1 of the transition matrix
R of the jump chain of the block counting process.

(ii) The sequence (7, )nen satisfies the distributional recursion 7, 4 E, 7y, with
initial condition 71 = 0, where E,, is independent of I,, and exponentially distributed
with parameter ¢, = 1 — P(K,, = n). Since ¢, — 1 as n — oo and I,, - N in
distribution as n — oo we conclude that 7, 4 E,+71, - E+ 7N asn — oo, where

F is standard exponentially distributed and independent of 7. From 7, 4 E,+71,
it follows that the Laplace transform ¢y of 7y can be recursively computed via
P1(A) =1 and ¢, () = E(e N Eatmr)) = B(e ) 3707 rpB(e™ ) = g/ (gn +

A) St rkte(A), m € {2, N}, A > 0. O
Proof: (of Lemma 3.8) Since v is concentrated on Ay it follows from (2.7) and
(2.8) that
I D Dy v
i = gl g
PR
where

N i
Y01, i) :=/ > xfli---xziz(l—zm)mdx).
ATl k=1

..... ri=1
all distinct

The same arguments as in the proof of Lemma 3.1 show that

Vi1, ... i) = (N)JE(X{I X7 <1.;Xk)>

_ I (e P (Y P (o1 P (21 P
= Wiy, 2 Naly )

= el (e ) -

(o)

k=1
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Na—ia(N)i[a]j1~--[o¢]ji Na —ia

Na—i—] [NO[}] = Na+j ¢(]177.]1)

It follows that v;; = ¢;ji(Na—ia)/(Na+j) and (3.3) follows from (3.1). Moreover,
by Proposition 2.5, viee = v(4;) for all ¢ € N. It remains to note that v(4A;) =0
for i < N and v(A;) =1 for i > N. O

4. The Poisson—Dirichlet coalescent

Z({0}) = 0 and if the measure v(dz) = E¢(dx)/(z,z) is the Poisson—Dirichlet
distribution with parameters 0 < a < 1 and 6 > —a then the Z-coalescent is
called the two-parameter Poisson—Dirichlet coalescent (Mohle, 2010). Note that v
is concentrated on A*\ Ay. Since [, |#|v(dz) = v(A*) =1 < oo it follows that this
coalescent has dust and hence cannot come down from infinity. Since Z(Ay) = 0,
this coalescent stays infinite, and, hence, L does not explode. The associated block
counting process has rates (see Mohle, 2010, p. 2170)

Gij = Cj}a,@rmsa(i,j), P>, (4.1)
where
Ciop = 9+1+ —1a)
” I‘ 1—a)(0 + ka)
and
wlid) = 3 M

is a kind of generalized absolute Stirling number of the first kind satisfying the
recursion s,(i + 1,7) = T'(1 — a)sa (3,5 — 1) + (i — aj)sa(i, 7). More precisely,
5a(i,7)/(T(1—a))? coincides with the generalized Stirling number S(i, j; —1, —a, 0)
as defined in Hsu and Shiue (1998). For o = 0 (and hence 6 > 0) the rate g;; reduces
to

I'0)
T(0+9)

where s(i,7) := S(i,j; —1,0,0) are the (usual) absolute Stirling numbers of the first
kind. For # = 0 (and hence 0 < a < 1) we obtain

qij = s(ivj)v i>j7

0l (1) LU=

qij = T =) (=) saliyj) = o 1(@,71)! (2,7;—1,—,0), i> 7.

In order to compute the total rates of the block counting process of the two-
parameter Poisson—Dirichlet coalescent we proceed as follows. Let K = (K, )nen,
be a Markov chain with state space Ny, Ko := 0, K7 := 1 and transition probabili-
ties pg(n) :=P(Kp41 =k+1|K, =k) :=(0+ak)/(0+n) and P(K,,11 = k| K, =
k) =1—pr(n) forn € Nand k € {1,...,n}. Note that 1 < K,, <n,n € N. As for
the Dirichlet coalescent one may interpret K, as the number of occupied tables in a
particular Chinese restaurant process. When customer n + 1 enters the restaurant
and k tables are already occupied, he sits at an empty table with probability px(n).
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In the following it is verified by induction on n € N that K, has distribution (see
also Pitman, 20006, p. 65, Eq. (3.11))

'@+ ak)
I'@+n)
For n = 1 this is obvious, since K1 =1, ¢140 =T'(0 +1)/T'(1 — o) /T(# + ) and
sa(1,1) =T'(1—a). The induction step from n € N to n+1 works as follows. By the
Markov property, P(K,+1 = k) = pr—1(n) P(K,, =k —1) + (1 — pr(n)) P(K,, = k).

By induction,

k) = Ck,a,0 sa(n, k), ke No.

0+alk—1) IO+ ak—1))

— P(K, = —1 = _— _ - @77 —1
pre-1(n) P(Ky, =k —1) Gtn CLed T T sa(n,k—1)
Fr@+1+4+alk—-1))

-1, al\lty v ™ 1
DO +n+D)  Cevesselmb=1)
T+ k(1 —a)
— F(9—|—n+ 1) Ck,a,@ sa(n,kf 1)
and
B _ n—ak 'O+ ka)
(1—prn)P(K,, =k) = g Chod IO+ ) Sa(n, k)
(0 +ka)
= TOintD Ch,a,0 (N — ak) sq(n, k).
Summation of these two terms yields
P(K,+1=k) = Mc (D(1 = a)sa(n,k — 1) + (n — ak)sa(n, k)
n+1l — - F(9+n+1) k,a,0 al\lt, a\lt,
IO+ ak)
= T ) el st LA,

which completes the induction. As a consequence, the block counting process of
the two—parameter Poisson—Dirichlet coalescent has total rates

i—1
o S - SR 1B
j=1
0O+ ai) . . I'(6 + o) : LO+1+(k—-1)a)
C?,,Oé,a P(9+Z) Sa(Z7Z) 9+Z H 9+ka) ’

i € N. For a = 0 the total rates reduce to ¢; = 1 — 0°T'(9)/T'(0 + i), i € N, and for
0 =0 we obtain ¢; =1 — o'~ !, i e N.

Let us now turn to the fixation line. The rates v;;, i < j, of the fixation line
are obtained in a similar vein as the rates ¢;; as follows. Since the measure v is
concentrated on A* it follows from (2.7) and (2.8) that

J! I(j1,---,7:)
Yij = Z 7la

where

(1,51 = /A > x1§-~-x11(1—i:ka)u(dx).

all distinct
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By Handa (2009, Eq. (2.1)),

’ k=1

where p; denotes the ith correlation measure associated with the Poisson—Dirichlet
distribution. The density (correlation function) of u; is explicitly known (see, for
example, Handa, 2009, Theorem 2.1) and we obtain

. 1 O+
I(j1,.-,7i) = ci)mg/ s R chi_o‘_l(l—ZJck> dz; - - - da;.

k=1

The last integral is known (Liouville’s integration formula), and it follows that

L1 —a)-- T —a)'(0+ai+1)
T@+j+1)

I(jla s 7ji) = Ci,a,0

)

j=J1+ -+ 7 > i. Plugging this expression into the above formula for v;; leads
to

i = e (9+a2+1)3' 3 I(ji —a) - (i — a)
17 - _— _ :
re+j5+1) 4 P il !
1t tai=i
(0 +ai+l) . o
Cion0 g i1y Sl ) i <] 4.9
TG+ +1 2V J (42)

For o = 0 the rate -y;; reduces to

. T(0+1) . .
iy = 07‘7 s b))
whereas for § = 0 we obtain
ot z" 2!
ii = = —54(j,1) = a'—=5(j,i;—1,—«,0), 1< 7.
In particular,
J 1 J

qi,<j = Z%‘k = m;ck,a,er(9+ak)sa(lak)7 1> 7, (4.3)
and

7‘>i:§:7-k_caé,r9+ag+1i Sk, ) P> (44)

5z ¢ 1 J k=1I‘0+k+1

The two expressions (4.3) and (4.4) are equal by duality (Theorem 2.9). The
equality of (4.3) and (4.4) also follows from Mohle (2016+, Lemma 4.1), applied
to the Markov chain K. Alternatively, one may apply Lemma 6.1 in the appendix
with @ := —1, b:= —a, r := 0 and t := 6. Note however that formally the case
6 = 0 is not covered by Lemma 6.1. As a last option one may prove the equality
of (4.3) and (4.4) directly (using the recursion for generalized Stirling numbers) as
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follows. We have

ki — Qk+1,i

(0 + i) ) (0 + at) )
= it o i) = 0 (41,
67791—1(9—"-]{3)8( 7’) 6779F(9+k+1)s(+ Z)

(0 + «i) .

= 1,00 7ock7

C1 76F(0+k)8( Z)

I'(0 + ad)

‘%ﬂm (D(1 = a)sa(k,i— 1) + (k — ai)sa(k, 1))

(0 + ai) . .
Ci,a,(‘)msa(kvl)((e +k) — (k- ai))

(0 + «i) .
—Cz,a,emr(l —a)sa(k,i—1)
IO+ 1+ i) . r@+1+(—-1)a) )
= ¢ i S e — i —1).
Ci,a,0 F(0+k+1) Sa(kal> Ci—1,a,0 F(0+k+1) Sa(k'7z )

Summation over all ¢ € {1,...,j} yields

o e Ms (k. 5)
k,<j — qk+1,<j = Cj,0,0 TO+k+1) @ »J)-
Another summation over all k£ > 4 yields

oo

¢i,<j = Cja,0l (0 + 1+ aj) Z
k=i

sa(k, j)
TO+k+1)

which shows that (4.3) and (4.4) coincide.

5. Proofs

Proof: (of Proposition 2.1) The formulas (2.2) and (2.4) for the rates ¢;; and the
total rates ¢; of the block counting process are known from the literature (Freund
and Mohle, 2009, Egs. (1.2) and (1.3)). For given = = (x,)ren € A the block
counting process jumps from oo to j € N if and only if 1 +--- +z; = 1 and
x1,...,x¢; > 0, ie. if and only if # € A; \ Aj_; with the convention Ag := 0.
Integration with respect to v yields goo; = V(A; \ Aj_1) = v(A;) —v(Aj_q) for all
j € N. Since the generator Q = (¢;)i jes is conservative, it follows that goceo =
=2 jentoo; = = 2 jen(A;) = A(vj-1)) = = limp 00 v(An) = =1 (Ay). O

Proof: (of Proposition 2.5) We generalize the proof of Lemma 2.3 in Hénard (2015).
Recall the pathwise definition of the fixation line based on the lookdown construc-
tion provided in the introduction. Assume first that Z({0}) = 0. The fixation line
jumps from ¢ € N to j € N with j > 4 if and only if there exists k € {1,...,4} and
1 <7y <---<rg such that

(i) exactly i — k of the individuals 1,...,j belong to Jo := J, ey /r,
(ii) for every I € {1,...,k} at least one of the individuals 1,...,; belongs to
Jr, and
(iii) the individual j + 1 does not belong to J,, U+--U J,, .
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For fixed = (z,),eny € A this event has probability

j } G=G=R) iy -
(Z__k>(1—|x|)l k | Z Mx;ll...x;f;(l_zxm)
i1yeensig €N
it i =i —(i—k)
Summing this probability over all k¥ € {1,...,i} and 1 < r; < --+ < 1 and
integrating with respect to the law v yields v;; = [, D1 gijk(2) v(dx) with g (2)
defined in (2.8). From the definition of Y (., ) in (2.1) it follows that Y, _; gijx(z) =
JP’(Y(j, z)=4,Y(G+1lz)=i+1).
fZ({0}) > 0 then the rate ;; increases by Z({0})(})d;,i+1, since (J)éj i+1 1s the

rate at which the fixation line of the Kingman coalescent jumps from ¢ to j. Thus
(2.7) is established. Similarly, given x = (2, ),en € A, the fixation line jumps from
1 € Nto oo if and only if y + -+ x; = 1, i.e. if and only if z € A;. Integration
with respect to v yields ;oo = V(4;), i € N. Clearly, 70000 = 0, since the state oo
is absorbing.

It remains to determine the total rates 7;, i € N. From the definition of Y (., x)
in (2.1) via the paintbox construction it follows that Y (j + 1,z2) — Y (j,z) € {0,1}
for all j € Nand z € A. Thus, for allé,j e N, P(Y(j,z) =¢,Y(+1,2)=i+1) =
P(Y(j,z) <, Y+ 1,2) >4i) =P (j,z) <i) —PY( +1,z) <i). Summation
over all j € N with j7 > ¢ yields

S PY(j2)=i,Y(i+1,2)=i+1)

JEN
j>i

= > (PY(x) <i)=PY(+1,2) <i))

JEN
j>i

= P(Y(i+1,2) <i)— lim P(Y (k) <)

PY(i+1,2)<i) ifzeA\A;
0 ifxEAi,

since P(Y (k,z) <i) - 0ask — oo if z € A\ A; and P(Y(k,z) < i) =1 for all
k € Nif z € A;. Thus, the total rates of the fixation line are

Yi = ’Yz‘oo+2%'j
JEN
J>i

N ({o})(’“) /A\AiIE”(Y(i+1,x)<i)1/(dx)
_ 5({0})(”1> /A]I”(Y(i+1,:c)§i)u(dw), ieN.

A comparison with the total rate g; of the block counting process shows that v; =
git+1, 1 €N u

Proof: (of Theorem 2.9) From Y (k + 1,z) — Y(k,z) € {0,1} for all k¥ € N and
x € A we conclude that

P(Y(k,2) =Y (k+1,2)=j+1) = PY (k)
= PY(k,2)

Y(k+1,2)>7)

S’
<J)—PY(k+Lz) <j)
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for all j,k € N and z € A. Integration with respect to v and taking the formula
(2.7) for the rates of the fixation line into account, it follows for all j, k € N with
j < k that

v = E({O})( )6m+l+ /A (Y (k,2) = .Y (k + 1,2) = j + 1) v(da)

\
[1]

({0}) (2) 0jk—1+ /A (]P’(Y(k,z) <j)-PY(k+1,2) < ])) v(dx)
_ k
= 3 (o0 (5)n + [ pOt0) = vt
= Bl — z)=1)v(de
—~<{0}>( )m J B+ L) = >)
= Z Qe — Qh+1,1) = Qo<j — Qh+1,<js JkeN,j<k,
=1

where the second last equality holds by (2.2). Let i,j € N with ¢ > j. Summing
over all k € N with k > ¢ yields

> vk = > (Gh<i — Grir<g) = G — M grg = gigy — v(4,).
k—oo

keN keN

k> k>

The last equality holds since, by (2.2),

qk,<j Zle = E({0}) ( > ]k71+AP(Y(k7x) < j)v(dz)

— /AlAj(x)l/(dx) = v(4;)

as k — oo by dominated convergence. Note that P(Y (k,z) < j)
j) for all k > j and that the dominating map z — P(Y (j+1,z) <
Since o0 = v(4;) it follows that

<PY({+1,2) <
Jj) is v-integrable.

4i,<j = Z'ij = Vj.>i (5.1)

kes

k>
for all 4,5 € N with ¢ > 5. Eq. (5.1) holds as well for ¢, 7 € N with ¢ < j since in this
case both sides in (5.1) are equal to 0. Moreover, ¢; <co = 0 = Vo0,>; for all i € S
and ¢oo,<j = V(Aj) = Vjoo = Vj,>00 for all j € N. Thus, (5.1) holds for all i, j € S.
Let @ = (gij)ijes and I' = (745)i jes denote the generator matrices of N and L
respectively and let H = (h;;); jes denote the matrix with entries h;; := 1 for i < j
and h;; ;= 0for¢ > j. Since (QH);; = Zkes k< qikhi; = Zkes k< Qik = €i,<j and
(HT'T);; = Y kes ki MikVik = DressiVik = Vi,>i it follows that QH = HTT.
It follows that Q*H = H(I'T)¥ for all k € N and, hence, ¢!®H = H(e!")T for all
t > 0. Since e'? and e’ are the transition matrices of the block counting process
N = (Ny)¢>0 and the fixation line L = (L;);>0 respectively, this shows that N is
Siegmund dual to L with respect to the kernel H. O
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Remark 5.1. For A-coalescents Lemma 2.1 of Hénard (2015) essentially states the
Siegmund duality of N and L and Lemma 2.4 of Hénard (2015) is a reformulation
of this duality in terms of the generators of N and L.

Proof: (of Theorem 2.13) For n € N and ¢ € {1,...,n} let 7,; := inf{t > 0 :
i is not a singleton of H§")} denote the length of the ith external branch of TI(™).
For every ¢ € N the sequence (7, ;)n>; is non-increasing in n with 7,, ; \, 7; almost
surely as n — oo, where 7; := inf{t > 0 : {i} is not a singleton of II;} denotes the
length of the ith external branch of II. Let t1,...,t; > 0. Given S;,,..., S, the
conditional probability that i is still a singleton at time ¢; for all i € {1,...,k} is
Sty -+ St.. Thus, P(ry > t1,...,7% > tr) = E(Sy -+ St,). In particular, P(r, >
ty..., 1 >t) = E(SF).

Proof of part a). For n € N and ¢ > 0 decompose Nt(n) = Et(") + It("), where
Et(n) =y, l¢r, >ty and It(n) = Nt(") — Et(") denotes the number of singleton
and non-singleton blocks of HE”) respectively. We think of Et(") and It(") as the

number of ‘external’ and ‘internal’ blocks of Hg") and proceed similarly as in the
proof of Theorem 3 of Mohle (2010). For ¢ > 0 and n, k € N,

E(BY)Y) = E((Igr,sg + o+ Lms0)b)

k' k kn
- Z Epl-- kn!E(l{;n‘ot} A

k k;
Yo EQR a1 )

K1, ki EN
kyteethj=k

I
M= 7
-
N—

where the last equality holds since the random variables 7,;, i € {1,...,n}, are
exchangeable. Thus,
k

E((ES)%) = Y (0);S(k,)P(tna >t 7y > 1), t>0mkeN, (52)
j=1

where (n); :=n(n—1)---(n—j+1) and S(.,.) denote the Stirling numbers of the
second kind. Dividing by n*, letting n — oo and noting that (n);/n* — §; it
follows that
lim E(EM™ /n)%) = Plr>t,..., 1 >1t) = E(SF), kel (5.3)
n—oo
Since 0 < E,S")/n < 1land 0 <5; <1 the convergence (5.3) of moments implies
the convergence Et(") /m — S; in distribution as n — co. In order to show that
Nt(n)/n — S; in distribution as n — oo it remains to verify that It(n)/n — 0 1in
distribution as n — oo. In the following it is verified that the latter convergence
even holds in L!. Each internal branch is generated by a collision. Thus, if C,,

denotes the total number of collisions, the inequality ]E(It(")) < E(C,,) holds. The
assumption that the coalescent has dust ensures that C,, /n — 0 in L' by Lemma 4.1

of Freund and Méhle (2009). Thus, It(")/n — 0 in L' as n — oo, which yields the

desired convergence Nt(n) /n — St in distribution as n — oo. Thus, the convergence
of the one-dimensional distributions is established.
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Let us now turn to the proof of the convergence in Dy 17[0, 00). Let (Tt(n))tzo and
(T)1>0 denote the semigroups of (Nt(n)/n)tzo and (S;)¢>0 respectively. By Ethier
and Kurtz (1986, p. 172, Theorem 2.11), applied with state spaces F := [0,1] and
E, = {j/n : je{l,...,n}}, n € N, and with the maps n, : E, — E and
7n : B(E) — B(E,,) defined via n,,(z) := « for all x € E,, and 7, f(z) := f(z) for
all f € B(FE) and all x € E,,, it suffices to verify that for every ¢ > 0 and f € C(E),

lim sup |Tt(n)7rnf(x) - Wnth(l')‘ = 0.
n—oo zeE,
Obviously, T, f(z) = E(m,f(N'V/n) | NS /n = x) = E(F(N"/n)) and
mnTif(x) = Ti f (x) = E(f(2S:)). Thus, we have to verify that
lin, sup [E(f(N;™)/n) —E(f(25,))| = 0.

n—oo zcE,

n

Since the polynomials are dense in C'(F) it suffices to verify the latter equation for
monomials f(x) = z¥, so we have to prove that

lim  sup IE(N"NEY b — 2"E(SF)| = 0,  keN,t>0.
n—x0 xckE,

Using the decomposition Nt(m) = Et(m)—i—lt(m) and the facts that It(m) < Che <C,
and that C,,/n — 0 in L' (see Lemma 4.1 of Freund and Mdhle, 2009), it suffices
to show that

lim sup [E((E;"")F)/n* —2"E(SF)| = 0.

n—oo mGEn
By (5.2), E(E"™)*) = S8 (n2);S(k, j)P(Ts1 > t,... Tnay > t). Thus, it
suffices to verify that
(nz)

lim sup Tk]P’(Tm,l >t Toak > ) — 2FE(SF)| = 0.
n—o0 pck, n

Since (nx)y/n* — ¥ as n — oo uniformly on [0, 1] it remains to prove that

lim sup :vk|]P’(7'm,71 >t Taak > 1) — E(SF)| = o.

n—oo :EGETL
This is seen as follows. Choose a sequence (&, )nen satisfying €, — 0 and ne,, — 00
(for example &, := n~'/2) and distinguish the two cases x € E, N [0,e,] and
x € E, N (gn,1]. Clearly,

sup 2P| P(Tpen >ty Toek > ) —E(SF)| < 2¢% — 0, n — 0o.
z€E,N[0,e5]
Moreover, since py x(m) = P(7;,1 > t,..., Tk > t) is non-increasing in m (> k)

and, hence, p; x(m) > P(ry > t,..., 7 > t) = E(SF) for all m > k, it follows for all
n € N with ne,, > k that

sup 2| P(Thp1 >ty Tae g > t) — E(SF)|

z€E,N(en,1]
< sup |pea(na) —E(SF)| < prr(lnea]) —E(SF) — 0
z€E,N(en,1]
as n — oo, where |ne,| := max{z € Z : z < ne,}. The proof of part a) is
complete.

Proof of part b). We have to verify that (Lgn)/n)tzo converges in Dy [0, 00)
to (1/S¢)i>0 as n — oo. Define ¢ : Dig17[0,00) — D o01[0,00) via ¢(x) =
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(1/x¢)¢>0 for all 2 = (x4)i>0 € Dio11[0,00) with the convention 1/0 := oco. Since
the transformation ¢ is continuous we will (equivalently) verify that (n/ L,E”))tzo
converges in Djg 1[0, 00) to (S;)i>0 as n — oo.

Let F, :={n/j : j € {n,n+1,...}}U{0} and F := [0, 1] denote the state spaces
and (Ut(n))tzo and (Uy;);>0 the semigroups of (n/LEn))tZO and (S;)¢>0 respectively.
Define m, : B(F) — B(F,,) via m, f(z) := f(z), f € B(F), z € F,,. By Ethier and
Kurtz (1986, p. 172, Theorem 2.11) it suffices to verify that for all ¢ > 0 and all
feCF),

lim sup \Ut(n)ﬂ'nf(x) —mUef(z)] = 0.
n—oo z€F,
Obviously, Ui"'m, f(z) = E(maf(n/L{Y,) |n/L8" = @) = E(f(n/L{"")) and
Ui f(x) = Upf () = E(f(«S)). Thus, we have to verify that
lim_ sup [B(f(n/L;"")) = B(f(@S)| = 0.

n—oo zcF

Since the polynomials are dense in C(F) it suffices to verify the latter equation for
monomials f(z) = z*, so we have to prove that lim, e SUp,cp. IE((n/L{" "))k —
z*E(SF)| =0 for all t > 0 and k € N. In the following it is even shown that
lim sup [E((n/L"D)) — 2FE(SF)| = 0, t>0,keN. (5.4)
n— oo ZEE[O,I]
For m € N, t > 0 and y € (0,1], it follows by duality (Theorem 2.9 applied with
i:=[m/y|l :=min{z € Z : z>m/y} and j := m) that

Pm/L™ <y) = PEL™ >mfy) = P(L™ > [m/y))
N (/) m
L < .
[m/y] — (m/@ﬂ)

Since Nt(m)/m — S in distribution as m — oo by part a) of Theorem 2.13,
which is already proven, and since m/[m/y] — y as m — oo, we conclude that
limy, 00 ]P)(m/Lgm) < vy) =P(S; <y),if y € (0,1 is a continuity point of the
distribution function of S;. The point y = 0 has to be treated separately. For
all m € N we have P(m/L\™ < 0) = P(L{™ = c0) = limy_0 P(L™ > n) =
limp, oo PN < m) = limyo 0o PN/ < m/n) = P(S; < 0), if y = 0is a
continuity point of the distribution function of S;. The pointwise convergence of

BN < ) = P(

the distribution functions implies the convergence m/ Lgm) — S in distribution as
m — 00.

Fix z € (0,1]. Replacing m by |n/x] it follows by an application of Slutzky’s
theorem that n/L,gLn/ “) 5 28, in distribution as n — oco. This convergence
obviously holds as well for © = 0 with the convention n/0 := oo. Noting that the
map y +— y* is bounded and continuous on [0, 1] we conclude that

lim E((n/L{M™ ey = 2FE(SF),  t>0,keN,z€0,1].

n—oo
In order to see that this pointwise convergence holds even uniformly for all z € [0, 1]
we proceed as follows. Fix t > 0, ¥k € N and n € N. By the pathwise con-
struction of the fixation line, we have Lgl) < LZEQ) < .... It follows that the
map r E((n/LgLn/“))k) is non-decreasing on [0,1]. Clearly, the limiting map
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x + *E(SF) is non-decreasing, bounded and continuous on [0, 1]. Thus, the point-
wise convergence holds even uniformly for all z € [0,1]. Note that the proof that
this pointwise convergence holds even uniformly works the same as the proof that
pointwise convergence of distribution functions is uniform if the limiting distribu-
tion function is continuous (Pdlya, 1920, Satz I). Therefore, (5.4) is established.
The proof is complete. O

6. Appendix

We establish a sort of duality relation for generalized Stirling numbers. Let
a,b,r € R and suppose that t ¢ {0, a,2a, 3a, ...} such that we can define

tE=rb)j . »
i = ————25(1,7), i,7 € No,
qij (t|a)i ( ]) J 0
where (t|a); := Z_:lo(t — ak) and the coefficients S(i,5) := S(i,j;a,b,r) are the

generalized Stirling numbers as defined in Hsu and Shiue (1998). The recursion
S(i+1,7) = 80,5 — 1)+ (jb —ia + r)S(i, ) for the generalized Stirling numbers
(see Hsu and Shiue, 1998, Theorem 1) obviously transforms into the recursion
t—r—(j—1)b jb—ia+r
Gt = —j o Gt T (6.1)
for the quantities g;; (gi,—1 = 0). Note that Z;io gij = 1 for all i € Ng. For
i,j € No we define ¢; <j :== > 7 _, Qik-

Lemma 6.1. Fiz j € Ny and suppose that the limit limy_,o qr,<; exists. Then,
for all i € Ny,

oo

. t—r—jb
i = Jn anss = ) g 62)
=1

Remark 6.2. At a first glance Lemma 6.1 looks somewhat technical and does not
seem to have many applications. Indeed, in general it seems to be not straightfor-
ward to verify the existence of the limit limy_, o gr,<; and to determine this limit
(if it exists). However, for particular parameter choices (for instance for a < 0,
b>0,r =0and ¢t > 0 an integer multiple of b), the ¢;; turn out to be non-negative.
In this case there exists a random variable K; with distribution P(K; = j) = ¢,
j € Np. Based on the recursion (6.1) the sequence K := (K;);en, can be even
constructed such that K is a Markov chain with initial state Ky = 0 satisfying
K41 — K; € {0,1} for all i € Ny. Hence, ¢; <; = P(K; < j) is non-increasing in 1,
which ensures the existence of the limit lim;_, g; <;. If all states 0,1,...,j of the
chain K are transient, then lim;_,, ¢; <; = 0 and (6.2) reduces to

Zj: o i t—r—7b 4 (6.3)
qik = "t~ ka qkj- :
k=0 k=1

Roughly speaking, (6.3) is a sort of analytic reformulation of a particular Siegmund
duality. For typical examples we refer the reader to the equality of (3.4) and (3.5)
for the Dirichlet coalescent and to the equality of (4.3) and (4.4) for the Poisson—
Dirichlet coalescent.
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Proof: (of Lemma 6.1) The proof is purely analytic and straightforward. For all
k,i € Ny we have

t—r—(GE—1) ib—ka+r
ki — dk+1,5 = Qki — W(Nc,i—l - WQM
t—r—ib t—r—(G—-1)
= t— ka ki — I — ka Ak,i—1-
Summation over all ¢ € {0,...,j} yields qx,<j — qrt1,<; = ((t—7—3b)/(t —ka))qr;.
Another summation over all k > i yields the result. O
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