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Abstract. We consider an exactly solvable model of branching random walk with
random selection, which describes the evolution of a population with N individuals
on the real line. At each time step, every individual reproduces independently, and
its offspring are positioned around its current locations. Among all children, N in-
dividuals are sampled at random without replacement to form the next generation,
such that an individual at position z is chosen with probability proportional to e?*.
We compute the asymptotic speed and the genealogical behavior of the system.

1. Introduction

In a general sense, a branching-selection particle system is a Markovian process
of particles on the real line evolving through the repeated application of the two
steps:

Branching step: every individual currently alive in the system splits into
new particles, with positions (with respect to their birth place) given by
independent copies of a point process.

Selection step: some of the new-born individuals are selected to reproduce
at the next branching step, while the other particles are “killed”.
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We will often see the particles as individuals and their positions as their fitness,
that is, their score of adaptation to the environment. From a biological perspective,
branching-selection particle systems model the competition between individuals in
an environment with limited resources.

t+1— t+1—

(a) Branching step (b) Selection step
FIGURE 1.1. One time step of a branching-selection particle system

These models are of physical interest (Brunet and Derrida, 1997; Brunet et al.,
2007) and can be related to reaction-diffusion phenomena and the F-KPP equation.
Different methods can be used to select the individuals. For example, one can
consider an absorbing barrier, below which particles are killed (Atidékon and Jaffuel,
2011; Berestycki et al., 2013; Mallein, 2015a; Pain, 2016). Another example is the
case where only the N rightmost individuals are chosen to survive (Brunet and
Derrida, 1997; Brunet et al., 2007; Bérard and Gouéré, 2010; Durrett and Remenik,
2011), the so-called “N-branching random walk”. In this paper, we introduce
a new selection mechanism, in which the individuals are randomly selected with
probability depending on their positions.

Based on numerical simulations (Brunet and Derrida, 1997) and the study of
solvable models (Brunet et al., 2007), it has been predicted that the dynamical and
structural aspects of many branching selection particle systems satisfy universal
properties. For example, the cloud of particles travels at speed vy, which converges
to a limit v as the size of the population N diverges. It has been conjectured in
Brunet et al. (2007) that

oy — v =—¢(log N + 3loglog N + o(loglog N)) > as N — oo,

for an explicit constant ¢ depending on the law of reproduction.

Some of these conjectures have been recently proved for the N-branching ran-
dom walk (Bérard and Maillard, 2014; Bérard and Gouéré, 2010; Couronné and
Gerin, 2014; Durrett and Remenik, 2011; Maillard, 2016; Mallein, 2015b). Bérard
and Gouéré (2010) prove that vy — v behaves like —p(log N)~2. Nevertheless, sev-
eral conjectures about this process remain open, such as the asymptotic behavior
of the genealogy or the second-order expansion of the speed. Other examples in
which the finite-size correction to the speed of a branching-selection particle system
is explicitly computed can be found in Bérard and Maillard (2014); Comets and
Cortines (2015); Couronné and Gerin (2014); Durrett and Remenik (2011); Mallein
(2015b); Mueller et al. (2011).

To study the genealogical structure of such models we define the ancestral par-
tition process IIYY(t) of a population choosing n < N individuals from a given
generation T' and tracing back their genealogical linages. That is, IIY (¢) is a pro-
cess in P, the set of partitions (or equivalence classes) of [n] := {1,...,n} such
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that 7 and j belong to the same equivalence class if the individuals ¢ and j have a
common ancestor ¢ generations backwards in time. Notice that the direction of time
is the opposite of the direction of time for the natural evolution of the population,
that is, t = 0 is the current generation, ¢ = 1 brings us one generation backward in
time and so on.

It has also been conjectured in Brunet et al. (2007) that the genealogical trees
of branching selection particle systems converge to those of a Bolthausen-Sznitman
coalescent and that the average coalescence times scale like a power of the logarithm
of the population size. These conjectures contrast with classical results in neutral
population models, such as Wright-Fisher and Moran’s models, that lay in the
Kingman coalescent universality class (Mohle and Sagitov, 2001). Mathematically,
these conjectures are difficult to be verified and they have only been proved for
some particular models, see Berestycki et al. (2013); Cortines (2016).

We define in this article a solvable model of branching selection particle system
evolving in discrete time, and compute its asymptotic speed as well as its genealog-
ical structure. Given N € N and 8 > 1, it consists in a population with a fixed
number N of individuals. At each time step, the individuals die giving birth to off-
spring that are positioned according to independent Poisson point processes with
intensity e”*dx (that we write PPP(e~*dx) for short). Then, N individuals are
sampled (without replacement) to form the next generation, such that a child at
the position x is sampled with probability proportional to e?*.

We introduce the following notation. Let XV (1),..., X" (V) € R be the initial
position of the particles and {P;(j),j < N,t € N} be a family of i.i.d. PPP(e"*dz).
Given t > 1 and X}¥(1),..., X N ,(N) the N positions at time ¢ — 1, we define the
new positions as follows:

i. Each individual X}V, (j) gives birth to infinitely many children that are posi-
tioned according to the point process XY (j)+P:(j). Let A, := (Ay(k); k € N)
be the sequence obtained by all positions ranked decreasingly, that is

(Ai(k), k € N) = Rank ({X{¥1(j) +p; p € Pi(j),j < N}).
ii. We sample successively N individuals XV (1),..., X}¥(N) composing the tth
generation from {A;(1),A(2),...} such that for all i € {1,2,...,N}:
P (XN () = A A, XN (1), X (0= 1))

A (g
_ P e ), X i-n) (11)
Fest-ptente

To keep track of the genealogy of the process we define
AV@) =3 it X0 e {X1,0) +pp e P} (1.2)

that is, A,(i) = j if XV (i) is an offspring of X}¥,(j). We call this system the
(N, B)-branching random walk or (N, 3)-BRW for short.

It can be checked that the sum in the denominator of (1.1) is finite if 8 € (1, 00)
and that it diverges as 8 — 1 (see Proposition 1.3 below), thus the model is only
defined for 8 € (1,00). Notice that as f — oo the sum in the denominator is
dominated by the high values of A;. Precisely, it can be checked that the following
limits hold a.s.

1im,6—>oo e—BAL(1) ZZ‘:; eBAL(k) — 1, 1im,8—>oo e—BAL(2) EZ‘;’OZ eBA(k) — 1,
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and so on. Therefore, the case “8 = oo” is the “exponential model” from Brunet
and Derrida (1997, 2012); Brunet et al. (2007), in which the N rightmost individuals
are selected to form the next generation. In contrast with the examples already
treated in the literature, when 8 < oo one does not necessarily select the rightmost
offspring. In this paper, we will take interest in the dynamical and genealogical
aspects of the (N, 3)-BRW, showing that it travels at a deterministic speed and
that its genealogical trees converge in distribution. The next result concerns the
speed of the (N, §)-BRW.

Theorem 1.1. For all N € N and 3 € (1,00], there exists vy g such that

lim maxjen A ) XtN(j) = lim

t—+oo t n—+oo t

. N(;
mi v X0 s as (13)

moreover, vy,g = loglog N + o(1) as N — cc.

The main result of the paper is the following theorem concerning the convergence
in law of the ancestral partition process (IIY (t);¢ € N) of the (N, 3)-BRW.

Theorem 1.2. For all N € N and 5 € (1,00], let cy be the probability that two
individuals uniformly chosen at random have a common ancestor one generation
backwards in time. Then, we have limy_ oo cylog N = 1 and the rescaled coales-
cent process (IIV ([t/cn]),t > 0) converges in distribution toward the Bolthausen-
Sznitman coalescent.

The Bolthausen-Sznitman coalescent in Theorem 1.2 can be roughly explained
by an individual going far ahead of the rest of the population, so that its offspring
are more likely to be selected and overrun the next generation. Based on precise
asymptotic of the coalescence time, Brunet et al. (2007) argue that the genealogi-
cal trees of the exponential model converge to the Bolthausen-Sznitman coalescent
and conjecture that this behavior should be expected for a large class of models.
The (N, 8)-BRW can be though as a finite temperature version of the exponential
model from Brunet et al. (2007). In this sense, Theorem 1.2 attests for the robust-
ness of their conjectures showing that even under weaker selection constrains this
convergence occurs. It indicates that whenever the rightmost particles are likely to
be selected, then the Bolthausen-Sznitman coalescent is to be expected.

Different coalescent behavior should be expected when the selection mechanism
does not favor the rightmost particles, the classical example being the Wright-Fisher
model. Another example can be obtained modifying the selection mechanism of the
(N, 8)-BRW. It can be checked using the techniques developed in this paper (see
for example Theorem 3.3) that if we systematically eliminate the first individual
sampled X1V (t), so that it does not reproduce in the next generation, then this new
branching-selection particle system lays in the Kingman’s coalescent universality
class. Notice that this new selection procedure no longer favors the rightmost par-
ticles (in this case, the rightmost particle), which justifies this change of behavior.
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Notation. In this article, we write

~g(r) asz—ali im Lx) =1
f(x) ~g(x) —aif  lim e 1;
f(z) =o(g(x)) as x — a if il_)ma Z;((g =0;
and f(z) =0(g(z)) as ¢ — a if 1irilj}11p i}cg; < +00.

1.1. Preliminary results. In this section, we prove that the (N, S)-BRW is well
defined and provide elementary properties such as the existence of the speed vy g.

Proposition 1.3. The (N, 8)-BRW is well-defined for all N € N and 8 € (1, ).
Moreover, setting X}¥ (eq) := log Z;\[:l eXtN(j), the sequence

(Z OpL(t41) XN (eq) * t €N)
keN

is an i.i.d. family of Poisson point processes with intensity measure e~ *dx.

Proof: With N and § fixed, assume that the process has been constructed up to
time t with XV (1),..., XV () denoting the positions of the N particles. Thanks to
the invariance of superposition of independent PPP, { XN (j)+p; p € P;(j),j < N}
is also a PPP with intensity measure

TN o @ X)) dg = o~ (@ X (e g,

i=1©
Therefore, with probability one: all points have multiplicity one and the sequence
(Ag(t +1); k € N) is uniquely defined. Since there are finitely many points
Aj(t + 1) that are positive and E () ef2++D1 1 ,11)<0)) < 0o we have that
S ePARHD) < o0 as. As a consequence, the selection step is well-defined, proving
the first claim. Moreover, (Ag(t4+1)—X;(eq); k € N) is a PPP(e~*dz) independent
from the ¢ first steps of the (N, 3)-BRW, proving the second claim. (]

Remark 1.4. Tt is convenient to think X/¥(eq) as an “equivalent position” of the
front at time ¢, in the sense that the particles positions in the (¢41)th generation are
distributed as if they were generated by a unique individual positioned at X}V (eq).

We use Proposition 1.3 to prove the existence of the speed vy g, the study of its
asymptotic behavior is postponed to Section 4.

Lemma 1.5. With the notation of the previous proposition, (1.3) in Theorem 1.1
holds with
un,p = E(XT (eq) — Xg' (eq)).

Proof: By Proposition 1.3, (X[} (eq) — XV (eq) : t € N) are i.i.d. random variables

N
with finite mean, therefore lim;_, | X (eq) _ vn,g a.s. by the law of large num-

bers. Notice that both (max XN (j) — XN (eq)), and (min X}¥(j) — X;¥,(eq)),
are sequences of i.i.d. random variables with finite mean, which yields (1.3). O

In a similar way, we are able to obtain a simple structure for the genealogy of
the process, and describe its law conditionally on the position of the particles.
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Lemma 1.6. The sequence (AN )ien defined in (1.2) is i.i.d. Moreover, it remains
independent conditionally on H = o(XN(j),j < N,t > 0), with the conditional
probabilities

P(AY, =k |H) =0 (k1)...0] (kn), where k= (ki,...,kn)€{L,....,N}IV;
X1V (R)
Zij\il eXtN(i).

Proof: To each point = € > OA 41 (k)— XN (eq) We associate the mark ¢ if it is a point

and O (k) := (1.4)

coming from XY (i)+P;(i). The invariance under superposition of independent PPP
—(z—x{V (i) xN (i)

yields P (z € X} (i) + Py (i |H) Z;Zle’(’”’va“)’ = ZileX‘N(”. By definition of
AN (i), it is precisely the mark of Xﬁ_l(i)7 which yields (1.4). The independence
between the AN can be easily checked using Proposition 1.3. O

Organization of the paper. In Section 2, we obtain some technical lemmas con-
cerning the Poisson-Dirichlet distributions. We focus in Section 3 on a class of
coalescent processes generated by Poisson Dirichlet distributions and we prove a
convergence criterion. Finally, in Section 4, we provide an alternative construction
of the (N, $)-BRW in terms of a Poisson-Dirichlet distribution, and we use the
results obtained in the previous sections to prove Theorems 1.1 and 1.2.

2. Poisson-Dirichlet distribution

In this section, we focus on the two-parameter Poisson-Dirichlet distribution
denoted as PD(«, 6) distribution.

Definition 2.1 (Definition 1 in Pitman and Yor, 1997). For a € (0,1) and § > —a,
let (Y; : j € N) be a family of independent r.v. such that Y} has Beta(1 —«, 0+ ja)
distribution and write

j—1

Vi=Yy, and V;=][1-Y)Y; if j > 2.

i=1
Let Uy > Uy > -+ be the ranked values of (V},), we say that the sequence (U,) is
the Poisson-Dirichlet distribution with parameters (., 0).

Notice that for any £ € N and n € N, we have

Url{v,g{vi,..Va1}}
1-Vi=Vo—-=Vuy’
for this reason we say that (V},) follows the size-biased pick from a PD(«,6). It

is well known that there exists a strong connexion between PD distributions and
PPP, we recall some of these results in the proposition below.

P(V, =Us | (Uj,j €N),Vi,..., Vo) =

Proposition 2.2 (Proposition 10 in Pitman and Yor, 1997). Let ©1 > xo > ...
be the points of a PPP(e *dx) and write L = Z;r:f e and U; = eP% /L. Then
(Uj,j > 1) has PD(B71,0) distribution and lim,, 4o n°U, = 1/L a.s.

Notice from Propositions 1.3 and 2.2 that (eﬂXﬁ(i)/Z;:i e#2n0)) has the dis-
tribution of (V;) the size-biased pick from PD(B87!,0), which makes the model
solvable.
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Remark 2.3 (Change of parameter). If V1, Vs, ... is a size-biased pick of PD(a,6),

then (1Y§/1 , 1YL°"/1 , - .| has the distribution of a size-biased pick from a PD(«, a+6).
Moreover, it is independent of V;. That is, the sequence obtained from Vi, V...
after discarding the first sampled element V; and re-normalizing is a size-biased
pick from a PD(a,a + 6). Therefore, ordering this new sequence one obtains a

PD(a, a + 0) sequence.

In what follows, we fix « € (0,1) and § > —a, and let ¢ and C be positive
constants, that may change from line to line and implicitly depend on « and 6. We
will focus attention on the convergence and the concentration properties of

:En:va ZY“H Y;))*  neN. (2.1)
j=1 =1

Lemma 2.4. Set M, :=[[;_,(1 —Y;), then, there exists a positive r.v. Mo, such
that

11—« v
lim (n = Mn) = M2 as. and in L' for all v > —(0 + «), (2.2)

n—+00

oty
with y-moment verifying E(MY) = ®gp.o(y) == oﬂw

. Moreover, if
r(9+7+1)r(§+1)
0 <y <0+ a, then there exists Cy > 0 such that
(H;%n a M, < y) < Cyy7, forallm>1 and y > 0. (2.3)
. . r(or(%)
Notice that if —0, then ®p o(v) = o' ———5+%.
otice that if v > —6, then ®g o(y) = « 0T (2)

Proof: Fix v > —(0 + «), then (M;'/E(M)))) is a non-negative martingale with
respect to its natural filtration and
U0 +y+na) Din+2) TO+HD(H2+1)

L(0+na) T+ )0 +y+ 1L +1)

E(M)) =

n

~ @9@(7)”771%’ as n — +00.

Since lim,, 4 o E(M7/2) E(M))~'/? > 0, Kakutani’s theorem yields M)/ E(MV)

n
converges a.s. and in L' as n — +o0, implying (2.2) with M, = lim,, s ;oo Myn = .
In particular, if 0 < v < 8+ « we obtain from Doob’s martingale inequality that

(1nfnaM<y> P(supM T >y7>

n=0 n>0
<P (sup o >y C’),
<P (sw gl 207/,
with C., := sup,, ey E[M,; 7] /nY S < oo, proving (2.3). O

We now focus on the convergence of the series » V"%~ L
Lemma 2.5. Let S, := ijl Yt and U, := a7 °T(1 — a)~', then, there
exists a random wvariable Soo such that

lim S, —VYylogn =95 a.s.

n—-+oo
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Moreover, there exists C' > 0 such that for alln € N and y > 0,
P (S, —B(S,)| 2 y) < Co™"
Proof: Since Y; has Beta(l — «, 0 + ja) distribution, we have

E(GY)") = o —ay + O

I(1+a)l(1-a)—1
a2oT(1 — )2
which implies that EVar(on‘fl) < +o0 and that E(S,) = ¥, logn 4+ Cs + o(1)
with Cs € R. Thanks to Y* — E(Y) € (—1,1) a.s. we deduce from Kolmogorov’s

three-series theorem that S,, — E(S,,) and hence that S,, — ¥, logn converge a.s.
To bound P(S,, — E(S,) > y), notice that

P(S, —E(S,) >y) <e ™E [exsn—E(sn))} <eM][[E (exja*m‘*—Em&))) ’
j=1
for all y > 0 and X\ > 0. Taking ¢ > 0 such that e® < 1+ x + cz? for z € (—1,1),
we obtain

ja—1 . cq—
E [ohe e - E(ya))i| e if Ajet> 1
1+ A2 DVar(Ye) if Ajot <L

and  Var((jY;)%) = +0(1/3),

Since Zjl,a</\j“*1 < AT= for all o € (0,1) and 6 > 0, there exists ¢ = ¢(«, 0)
such that

P (S, — E(S,) > 11:[0(3 ) 11:[» <1+c)

< exp (—)\y + P = + c)\2) , forallneNandy>0.

Let 9 := (2 — «)/(1 — @) > 2, then there exists C' = C(«, 6) > 0 such that
P (S, —E(S,) >y) <Cexp(—Ay+CX®), forallneNandy>0.
Optimizing in A > 0 we obtain
P (S, — E(S,) > y) < Cexp (_yg/@fncl/(lfg) (gl/u—g) _ Qg/(ke))) :
with 01/ (=) [pl/(=0) — pe/(1=0)] > 0, as p > 1. The same argument, with the
obvious changes, holds for P(S,, — E(S,) < —y), therefore, there exists C' > 0 such

that P (]S, — E(S,)| > y) < Cexp (—y?/(¢=Y/C), proving the second statement.
[l

With the above results, we obtain the convergence of ¥,, = >V as well as its
tail probabilities.

Lemma 2.6. With the notation of Lemmas 2./ and 2.5, we have

>
lim
n—+oo logn

=V, MY a.s andin L.

Moreover, for any 0 < v < a + 0 there exists D~ such that for all n > 1 large
enough and u > 0 we have

P (2, <ulogn) < Dvual.
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Proof: Notice that ¥, = >°7_, (S; — Sj_1)j' M, (since Sy :=0) and that

lim (Mn(n—i—l)l*a) =MS and lim Sn =", as.

n=s+oo n—+oo logn

by Lemmas 2.4 and 2.5 respectively. Then, Stolz-Cesaro theorem yields the a.s.
convergence of X, /logn to ¥, M2 as n — co. Expanding (En)2 we obtain

E (%2) EV20‘+2ZZ

1 i=1 j=i+1

p“qz

<.
I

-

E (M]2)) B(Y)
1

.
I

n—1 n
+2 Y B(ME) B0 - Y)Y Y B (M) Boy)
i=1 j=i+1
n n—1 j —(1—a)
SCZ ~2(1-0) 2a+czz (1—a);—a Z ey < C(logn)?.
=1 i=1 Jj= Z+1

Therefore, supE [(En/log n)2] < +oo implying its L' convergence. To obtain
bounds for P(X,, < ulogn), we study the two cases u > 1/n and u < 1/n separately.
Assume first that v > 1/n, then

Zn = Z ((] — 1)%Mj71)a (]}/J)a > (;relf] o MJ) Sn
j=1

For all v/ < 6 + o and ¢ > 0 such that ¢ < E[S,,] we have

P (X, <ulogn) <P(S,<t)+P ((infj%Mj)a < (ulogn)/t)

< Cexp (~CT(BIS,| — )77 ) + €y (22222) 7"

E(Sn) _
logn

a constant ¢ > 0 depending only on « such that u®logn < E[S,] for all u < c.
Decreasing c if necessary, we can and will assume that

C~YE[S,] —u®logn) < alogn

Let 0 < € < 1/2 and set t = u®logn, since lim,,_ 4 V., there exists

and hence that
P (2, <ulogn) < Cexp (—(a log n)g/(g_l)) + Cyu(l_s)vl/o‘, for all u < ¢,

where a > 0 is to be chosen conveniently small. Observe that

Cexp (—(alog n)g/(g_l)) < Cvlu(l_e)vl/a,

for all u € {% exp <f%(a logn) <951>) ,c} and that efﬁ(abg")g < 1/n. There-
fore, taking v = (1 — €)y’ < ac+ 0 there exists D., such that
P (%, <ulogn) < Djuv,

for all n large enough and u € [+, +00).
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On the other hand if v < 1/n, let 7* € N be such that (1 — «)j* > =, then

P (X, <ulogn) —P<2Vﬁ < ulogn> <P (V* <ulogn; for all 1 <j < j*).

j=1

Observe that if u < 1/n and Vi <wulogn for all j < j*, we have

o Vja ulogn
Y/ = e a0 S Gy (v
We prove by recurrence that under the above hypothesis, Y% < % The

case j = 1 holds by the assumption Y{* < ulogn. Assuming that the statement
holds for all i < j — 1, that is Y;* < ulogn/(1 — (1_1)%) then

j—1 logn
A=Y= ¥g) o (1= Y y) > | (1— 1<>1>

=1 n
>J71 1——“‘:?” L (j—1)logn
= 1_ (i—1)logn n ’
i=1 n

yielding Y* <logn/(1 — H%) As a consequence, for all j < j* and n suffi-
ciently large Y < 2ulogn and hence P(3, < ulogn) < H;zl P (YJO‘ < 2ulog n)

Using crude estimate for the probability distribution function of the Beta distri-
bution, we bound the product in the display by Cu= g(u(j*(lfo‘)*”/(log n)j*(lf")),
with C' an explicit constant. Since u < 1/n and j*(1 — @) — v > 0, the term inside
the parentheses tends to zero uniformly in u. Therefore, increasing D, > 0 if nec-
essary, the upper-bound P (X, < ulogn) < Dﬂ,u% holds for all m» > 1 and u > 0
finishing the proof. O

In some cases, we are able to identify the random variable ¥,M% .

Corollary 2.7. Let (Uy)n be a PD(c,0), then ¥, M% = L™%, where we have set
1/L = lim,_ 100 n'/°U,.

Proof: By Proposition 2.2, L := lim,_, o n~*/®/U, exists a.s. and by Lemma 2.6
we have that W,MS ~ —— " Ve < @ D Uf ~ L™ as n — 00, thus

logn =173 =
Y, ME < L™ a.s. By Lemma 2.4, the pth moments of ¥, Mg, are equal to
r 1
E[(Y,MS)P] = (p+1) I'l—a)™®, forallp>-—1.

I'(pa+1)

By Pitman and Yor (1997, Equation (30)), it matches with the pth moments of L=,
which implies that the two random variables have the same distribution (the Mittag-
Leffler («) distribution), and hence that U, M = L~% a.s. by monotonicity. O

3. Convergence of discrete exchangeable coalescent processes

In this section, we study a family of coalescent processes with dynamics driven by
PD-distributions and obtain a sufficient criterion for the convergence in distribution
of these processes. For the sake of completeness, we include a brief introduction
to coalescent theory with the main results we will use, for a detailed account we
recommend the paper Berestycki (2009) from where we borrow the approach.
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Let P, be the set of partitions (or equivalence classes) of [n] := {1,...,n} and
Poo the set of partitions of N = [oo]. A partition m € P, is represented by blocks
(1), m(2),... listed in the increasing order of their least elements, that is, 7(1) is
the block (class) containing 1, 7(2) the block containing the smallest element not in
(1) and so on. There is a natural action of the symmetric group S,, on P,, setting
7 = {{o(j),j € n(i)},i € [n]} for o € S,,. If m < n, one can define the projection
of P, onto P,, by the restriction 7|, = {w(j) N[m]}. For m, 7’ € P,, we define the
coagulation of m by 7' to be the partition Coag(m, 7’) = {Ujen (jym(i); j € N}.

With this notation, a coalescent process II(¢) is a discrete (or continuous) time
Markov process in P,, such that for any s,t > 0,

II(t + s) = Coag(II(t),1I,), with II, independent of II().

We say that II(¢) is ezchangeable if T19(t) and II(¢) have the same distribution for
all permutation o.

An important class of continuous-time exchangeable coalescent processes in Pe,
are the so-called A-coalescents (see Pitman, 1999), introduced independently by
Pitman and Sagitov. They are constructed as follows: let II,, () be the restriction
of II(¢) to [n], then (IL,(¢);t > 0) is a Markov jump process on P,, with the property
that whenever there are b blocks, each k-tuple (k > 2) of blocks is merging to form
a single block at the rate

1
Ab ke = / #¥72(1 — 2)>"*A(dz), where A is a finite measure on [0, 1].
0

Among such, we distinguish the Beta(2 — A, A)-coalescents obtained from A(dz) =
%dx, where A € (0,2), the case A\ = 1 (uniform measure) being the
celebrated Bolthausen-Sznitman coalescent.

The set Py, can be endowed with a topology making it a Polish space, therefore,
one can study the weak convergence of processes in D([O, 00), 7300), see Berestycki
(2009) for the definitions. Without going into details, we say that a process IV (t) €
Poo converges in the Skorokhod sense (or in distribution) to II(t), if for all n € N
the projection ITV ()|, converges in distribution to II(¢)|, in D([0,00)Py).

3.1. Coalescent processes obtained from multinomial distributions. In this section,
we define a family of discrete-time coalescent processes (ITV(¢);¢ € N) and prove
sufficient criteria for its convergence in distribution. Let (pd,...n%Y) be an N-
dimensional random vector satisfying

N
1Y >n) > 29y >0 and » nY =1
j=1

Conditionally on a realization of (név), let {&;j < N} be iid. random variables
satisfying P(¢; = k[n™) = n¥ and define the partition

v ={{j <N:& =k}; k< N}

With (m; t € N) ii.d. copies of my, let IV (¢) be the discrete time coalescent
such that

V) = {{1},{2},....{n}} and IV (t+1)= Coag (I (t),m41) .
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The goal of this section is to obtain conditions under which IIV(¢) converges in
distribution. First, we assume that there exist a sequence Ly and a function
f:(0,1) = R4 such that

Jim Ly =+oc,  lim LyP (nY >z) = f(z) and NLHEOOLNE(UQ ) =0.
(3.1)

Denote by cy = Z;V:;l E [(n)Y)?], which corresponds to the probability that two
individuals have a common ancestor one generation backward in time.

Lemma 3.1. Assume that (3.1) holds and that

1
/ x (sup LyP(npY > z)) dr < +o00. (3.2)
0 NeN

Then, cN ~N—oo Ly fol 2 f(z)da and the coalescent process (IIN (t/cn);t € Ry),
properly rescaled, converges in distribution to the A-coalescent, with A satisfying

[ = p(a).

Proof: Denote by vy, = #{j < N : {; = k}, then (v4,...,vn) has multinomial
distribution with N trials and (random) probabilities outcomes 1¥. By Mohle and
Sagitov (2001, Theorem 2.1), the convergence of finite dimensional distribution of
TV (¢) is obtained from the convergence of the factorial moments of v, that is

N

1
E[i i |, withb; >2and b=by + ...+ bg,
cN(N)bil,;l:1 (Vi )by - -+ (Vig )b wi an 1+...+
all distinct

where (n), := n(n —1)...(n —a + 1). Since (v1,...,vy) is multinomial dis-
tributed, we obtain that E[(vi,)p, --- (i, )b,] = (N E {77?11 ...77;’:], see Cortines

(2016, Lemma 4.1) for a rigorous a proof. Therefore, we only have to show that for
all b and a > 2

N 1
lm et E[ } - / b=27(q
N Y “Z:l i) 0 (dz)
N
d I E[ Nybi N”a]:.
and  lim cy! ) 2;:1 )™ )] =0
al 1’ d17s tainct

We obtain by dominated convergence that
1
LyE [(n{v)g} = / 2zLNP (n{v > x) dx
0
1 1
—>/ 2z f(z)dz :/ A(dz) < 400, as N — oo.
0 0
We also get E [(n) )2 +.o.+ (17%)2] <E [n)(1—m)], with Ly E (n)) tending to
zero as N — 0o, as (n}¥) is ordered and sums up to 1. In particular, it implies that

Lyeny = Ly Y E[(n; )2] tends to fo 2z f(z)dzr as N — oco. A similar calculation
shows that for any b >

N
Jim LN;E [(nM)t] = / b~ f(x)da = / 2" 72A(dz) = Ay,
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where )y is the rate at which b blocks merge into one given that there are b
blocks in total. The others A, ; can be easily obtained using the recursion formula

Abke = Abt1,k + Abg1k+1-
We now consider the case a = 2, cases a > 2 being treated in the same way. We
have
N

> E[0))" (0)"]

i1,i2=1
distinct

s feri i
+E [Z ()" nd" > (mf)b“}

i1#1 ig#1
io#i1

<3 xE [n'],
Werecallthat( ) +.. +(77N) <l +...4n¥ =1-n) < 1. Since Ly Eny — 0

as N — oo, the right hand side of the inequality tends to zero, concluding the
proof. O

The next lemma gives sufficient conditions for the convergence to the Kingman’s
coalescent.

Lemma 3.2. Assume that (3.1) holds and that

1 1
/ zf(z)dr =+oc0 and In>2: / " (sup LyP(nfY > m)) dx < 4o0.
0

0 NEN
(3.3)
Then, imy oo cNLy = +00 and the process (TIN ([tey'|);t € Ry) converges in
the Skorokhod sense to the Kingman’s coalescent restricted to Py,.

Proof: A similar argument to the one used in Lemma 3.1 shows that

1
Lycey > Ly E[’Iﬁ] :/ 2.13LNP(T]1 > a:)dx
0

Thus, Fatou lemma and (3.3) yield liminfy_, o Lycy = 400, proving the first
claim. By Berestycki (2009, Theorem 2.5), the convergence to the Kingman’s coa-
lescent follows from

lmy o0 SN E[(1)3]/(N)sen = 0.

We rewrite the sum in the display as cJ_\,1 Zf\]:l E[(n))3] and apply Holder inequality
to obtain

B[ o)) < B0V B {05 T forana<e

Let A € (0,2) be the unique solution of 2(3 — A)/(2 — A) = n + 4, then we obtain
from (3.3) that

SR () e
m N—+oco
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A similar argument to the one used in Lemma 3.1 shows that ¢y' SN, E[(n))?]
tends to zero as N — oo, which proves the statement.

3.2. The Poisson-Dirichlet distribution case. In this section, we construct a co-
alescent using the PD distribution and obtain a criterion for its convergence in
distribution. With (Vj,j > 1) a size-biased pick from a PD(q, 6) partition, define

oN . Vi

= ﬁ and 95\1’) > 95\27) > > Gé\jfv), the order statistics of (ij)
i=1"Yi

In what follows, 0% will stand for the ¥ from Section 3.1 and (IIY(¢);t € N)

for the coalescent with transition probabilities IIY (¢ + 1) = Coag (II} (¢), 7)), as
defined there.

Theorem 3.3. With the above notation, set A=140/a and
—1
Ly = cap(log N)*,  where cqp= (F(l —0/a)T(1 — a)?°T(1 + 9)) .

(1) If 0 € (—a,q), then cN ~N—si0o (1 —0/a)/Ly and (N (t/cn),t > 0)
converges weakly to the Beta(2 — X\, X)-coalescent.

(2) Otherwise, limy_, oo cnLy = +o0o and (1N (t/cn)) converges weakly to
the Kingman’s coalescent.

Before proving Theorem 3.3 we obtain a couple of technical results. The next
lemma studies the asymptotic behavior of 0{.

Lemma 3.4. With the notations of Theorem 5.5, we have

A 1
. N B 1 1—2\" Beta(2 — A\, \)(dy)
yim P07 =) = srmra—a () <L V2 '

Moreover, there exists C' > 0 such that for all z € (0,1)

sup LyP (9{\[ > x) < Cz~
NeN

Proof: Let XYy = Z;VZQ (IY—JYI) , then Remark 2.3 says that X%, and Y; are
independent and that X\ has the distribution of V{ + ...V} _; with V/ a size-
biased pick from a PD(«, a4+ ) distribution. By Lemma 2.6, for all € € (0, 1) there
exists C' = C(e) and Ny € N such that

sup P (¥ <wulog N) < min (C’u)‘+5, 1), for all u > 0. (3.4)
N>No

Writing P (6 > z) in terms of X and V; = Y3, we obtain

1/
P0Y >0) = PO >0V + (-1 mh) = P (> (53) )

= /01 P (1/y 1> (&:E,N)l/a> ra 14:(61))£1a_)1?()a?;)+91 .
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Making the change of variables u = (—+—2-)(1/y — 1)® the display reads

z log
P(H{V>x)
[ 1-x A I'(1+0) /+°° P (X <ulogN)
\zlogN /) ol'(1—-a)'(a+6) J,

1o dU
u2—1/a (ul/a+( 1—z )1/a)
x log N

Then, we use (3.4) to bound the equation within the integral, obtaining
P (X <ulogN) P(¥ <wulogN)

1/a 1+60 — u2tt/a
u2—1/a (ul/a + (z}o—ga:N) >

for all N large enough . In particular, there exists C' > 0 such that LyP (n{v > x) <
Cxz~ for all N € N. Moreover, by dominated convergence and Lemma 2.6, we
obtain

< min(Cutt u™?),

lim_ (log NP (6 > z)
_ (1—a:>A I(1+6) /+°° P(U, (M. )* < u)
x al(1 —a)Na+0) J, ylth

—r A o —
- (1 x ) aAF(lFEloj)_I?()a +0) E ((‘I’Q(M‘x’) ) A)
B (1 — x>)‘ a®H0=10(1 — a)?/°T(1 + 6)
B Al'(a +0)

Pyra,0(=(0+ ),

xT

A
N—-+o0 z ) AC(IC(2 — A) proving the state-
ment. 0

1-— 1
and hence lim LyP (9{\’ > ) = ( z

This result is used to study the asymptotic behavior of 05\1’) = max;<y 95\[ .
Lemma 3.5. For all € € (0,1), there exists C = C(g) such that
‘P(Qﬁ) >z)—P (0] > x)‘ < C(zlog N)=—270/«
for all x € (0,1) and N large enough.

Proof: Notice that P (61 > z) < P(Qﬁ) > z) and that 05\1[) = 6N if Vi > 1/2,
thanks to Y V; = 1. Therefore, splitting the events according to Vi > 1/2 and
V1 < 1/2 we obtain

1 1
P(Gé\{) > ) —P(@{V >z) =P (6?{\1[) >a; V< 2) -P (9{\7 >z V< 2)

1
Since 0 < V; < 1 and Vi = Y7, we have
P (6 >,V <1/2) = P (maxjen V7 > o 0, Vi Vi < 1/2)
<P (7' > Y+ (1-Y1)*Sh, Y1 <1/2)
<P (Zy <2%/z),
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where ¥y = > V¥ /(1 - Y1)®. By Lemma 2.6, we obtain that for all N sufficiently
large

P(0}) > 2,Vi <1/2) < Czlog N)* 1=,
which finishes the proof. U
We now study the asymptotic behavior of the second maxima in {69,..., 08},

. N
written 0(2) .

Lemma 3.6. For all e € (0,1], there exists C > 0 such that for any x € (0,1) and
N eN,

P (95\27) > :1:) < C(zlog N)E_Q_a/“.
Proof: We basically use the same method as in the previous lemma
P(Qg) > x)
=P(03 >z, Vi <1/2) + P(0f) > 2,1 > 1/2,V5 < 1/3)
+P(0f) > 2,1 > 1/2,V5 > 1/3)
<P, >z, Vi <1/2) + P03 > 2, Vi > 1/2,V5 < 1/3) + P (05 > x).

By Lemma 3.5, we have that P(Qﬁ) >z, < 1/2) < C(zlog N)e=279/ 50 the

same arguments used in Lemma 3.4 yield
P(0) >2) =P(Vy(1—2) -2V > z(1 - Vi — 15)*S}) < C(zlog N)e=2=0/e
with 2% = (1-V; = V)™« Zj\]:?) V. Moreover, X7 is independent of (V1,V2) and
P (0% > @,V > 1/2,V2 < 1/3)

=P <2I§I§‘aéXN VEsSa(VE+ VP +(1-Vi - VQ)O‘E'](,)>

<P (X% < C/z) < C(xlog N)F~270/,
concluding the proof. O

Proof of Theorem 5.5: Given € > 0, Lemma 3.5 says that there exists C' > 0 such
that

LyP(0)) > x) — LyP (6 > ) < C(log N)* 'z, for all z € (0,1).
Therefore, by Lemma 3.4 we have that

A
1 1—2
. N -
i I (00 > o) = S5y ( v > "
sup LNP(QG’) > 1) < Ca .
NeN
(3.5)

We obtain from Lemma 3.6 that

1 1
LNE{ef\Q’)} :/O LNP(eg)>x)dx§(1ogN)€—1/o 27" — 0, (3.6)

N—+o00

which implies that IV (¢) satisfies (3.1).
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Assume now that 6 € (—a, «), so that A € (0,2), then (3.5) yields
1 1
/ T sup LNP(QZ\{) > w)da: < C/ 2 Mz < +oo.
0 NeN 0
Therefore, the assumptions of Lemma 3.1 are satisfied implying that IIV (t/cy)
converges in distribution to the Beta(2—\, A)-coalescent and that cy Ly ~ (1—60/a)

as N — co. On the other hand if # > «, we have that fol x (1_71))\ dx = +o00. With
k > A, we obtain from (3.5) that

1 1
/ 2" sup LNP(Hé\{) > x)dx < C’/ ¥ A e < +oo.
0 NeN 0

We apply Lemma 3.2 to conclude that IV (¢ /cx) converges weakly to the Kingman’s
coalescent. O

4. Poisson-Dirichlet representation of the (N, §)-branching random walk

We explore the relations between the (N, 3)-BRW and the PD(371,0) distribu-
tion to show Theorems 1.1 and 1.2 in the case where 8 < oo. The case f = oo is
also studied, but using different methods.

Proposition 4.1. Let 8 € (1,00) and (V,,), be its size-biased pick, and set (Up,)n,
be a PD(B~1,0), L =lim,_, oo n PU; ! then

) . (d)

(XY () - X (ea),j < N) @ (L1ogV + L1og L) .
in particular, X (eq) — XV (eq) @ log E;\Ll le/ﬁ + %1og L.
Proof: By Proposition 1.3,
(zk,k > 1) := Rank ({Xg' (j) +p — X3’ (eq),p € P1(j),j < N})
is the ordered points of a PPP(e"*dz). With L = Z;r:oi ef¥iand  U; = P /L,
we know from Proposition 2.2 that (U;,j > 1) is a PD(371,0) and that
lim »°U, = L%

n—-+00
By the definition of the (N, 3)-BRW, V; := e#(X1' ()=X0'(ca) /[, is the jth particle
sampled in the size-biased pick from (U,),. Inversing the equation, we conclude
that

X1V (j) — X5 (eq) = § (log Vj + log L),
proving the first statement. The second comes from the definition of X{¥(eq). O

To study the case 8 = 400, we use the following representation of N rightmost
points of a PPP(e~*dx).

Proposition 4.2. Let 1 > x9 > ... > xn be the N rightmost points of a
PPP(e~*dx), then

(1,...,2N) @ Rank{Zy +e1,...,ZNn +en},

where (e;) are i.i.d exponential random variables with mean 1 and Zy is an inde-
pendent random variable satisfying P(Zn € dz) = 37 exp(—(N + 1)z — e~ *)dz.
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Proof: 1t is an elementary result about PPP that
P @ PPP(dz) on Ry and that e *N+1 @ Gamma(N +1,1),

j=1
moreover, conditionally on xx41, (e7*1,...e" %) are the ranked values of N i.i.d.
uniform random variables on the interval [0,e”*N+!]. Setting Zy = zyy1 and
Ui,...,Upn ii.d. uniform random variables

(7™, ..,e7"N) @ Rank{e #~¥Uy,...,e " “NUy}.
It is straightforward that Zy and (z1,...,zy) satisfy the desired properties. O

We first use these results to compute the asymptotic behavior of the speed of
the (IV, 5)-BRW.

Proof of Theorem 1.1: Lemma 1.5 says that (1.3) holds with

vy, = E (X7 (eq) — X5 (eq)) -
Thus, if 8 < oo Proposition 4.1 yields

1
vy, =E (X]' (eq) — X (eq)) = log Z Ve + 3 E(loglL).

By Lemma 2.6, (log N)~ Z =1V 1/6 converges to \I/ﬁflM;o/B a.s. and in L' as

N — o0. Therefore, the logarlthm of this quantity converges a.s. as well. We
notice from Lemma 2.6 that for all u > 0,

P | log | (logN)~ ZVl/ﬁ <—u|=P ZV/ﬁ<e_“logN < Dy/ge” Zu,
j=1 j=1

The L' convergence of (log N)~! Zjvzl le/ # implies the existence of a constant K
such that for all v > 0,

P [ log [ (log N)~ ZV”B >ul| <P Zvl/ﬁ>e log N | < Ke ®
j=1 Jj=1
In particular, (log Zjv 1 V.I/B —loglog N) is uniformly integrable, which implies its

L' convergence. We know from Corollary 2.7 that ¥ g1 M VB _ v/ . and hence
that

. . S V°T | Elleg]
]\;E}%OUN,B—loglogN—A}l_rgoE log log N 3
llog L

—E [log (w51 MY7)| + %} 0.

For 8 = oo we follow the ideas from Brunet et al. (2007) and use Laplace
methods to estimate the asymptotic mean of X{¥(eq). Let (zi,...2zn) be the N
largest atoms of a PPP(e~*dz), and define for A > 0

N N Y
o e
k=1 k=1
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-2
By Proposition 4.2, we have A(A\) = E (e7*#) E ((Zg_l ee’“) ) , where (ey) are

i.i.d exponential random variables and exp(—Zy) has Gamma(N+1, 1) distribution.
Notice that the following equalities hold: E (e_’\Z ) = LWV ng

T(N+1)
N —A +00
1 N e
E e* :—/ PTIE (et 2m ) de
() J=nig [T
- / e Var, (4.1)
(A Jo

with Iy(t) = E(e~*"") the Laplace transform of e°*. The function I can be repre-
sented using the exponential integral Ei we have Iy(z) = zEi(—z)+e~*. Therefore,
there exists K > 0 such that

[Io(z) — 1 —zlogz| < Kz, for any z > 0.

In particular for x = t/(Nlog N) we have |Iy(t/(NlogN)) — 1 —t/N| < NllgéN'
Thus, (4.1) yields

+oo 1 +oo
/0 A L)V dt = (JVk)W/() A o (t/ (N log N))Ndt

S
= (Nlog N)* Jy ©
r(\) K\
( _logN> .

~ (Nlog N)*
The same argument with the obvious change gives a similar lower bound, which
implies
I(N+1+))
(Nlog N)AT'(N +1)
uniformly in A € [0,1], therefore log A(\) = Aloglog N + O((log N)~!). As a
consequence

AA) = (1+0((log N)™1)),

N
. log A(N)
Tk — —
E <log ,;:16 ) = )l\m}) 3 =loglog N + o(1),

which concludes the proof. O
In a similar way, we obtain the genealogy of the (N, §)-branching random walk.

Proof of Theorem 1.2: If g € (1,00), then Lemma 1.6 and Proposition 4.1 say that
the genealogy of the (N, 3)-BRW can be described by 1. in Theorem 3.3, with
a= % and 0 = 0. Therefore, it converges to the Bolthausen-Sznitman coalescent.

On the other hand if § = oo, the genealogy of the (IV, 00)-BRW is again described
by a coalescent process obtained from multinomial random variables. In this case,
by Proposition 4.2 we can rewrite the coefficients nJN as

.,
e . .. . .
77§V = ——— withey,...,ey ii.d. exponential random variables.

Zﬁil ec
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Thanks to P(e® > z) = z~!, Cortines (2016, Theorem 1.2 (c)) says that the
genealogy of the (N,00)-BRW converges to the Bolthausen-Sznitman coalescent
with ey ~ N as N — oo. O
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