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Abstract. We prove existence and uniqueness of the reflected backward stochastic
differential equation’s (RBSDE) solution with a lower obstacle which is assumed to
be right upper-semicontinuous but not necessarily right-continuous in a filtration
that supports a Brownian motion W and an independent Poisson random measure
m. The result is established by using some tools from the general theory of pro-
cesses such as Mertens decomposition of optional strong (but not necessarily right
continuous) supermartingales and some tools from optimal stopping theory, as well
as an appropriate generalization of It6’s formula due to Gal’¢uk and Lenglart. Two
applications on dynamic risk measure and on optimal stopping will be given.

1. Introduction

The notion of Backward Stochastic Differential Equations (BSDEs in short) was
introduced by Bismut (1973, 1976) in the case of a linear driver. The nonlinear case
was developed by Pardoux and Peng (1990, 1992). BSDEs have found a number
of applications in finance, that is pricing and hedging of European options and
recursive utilities (for instance El Karoui et al., 1997b).

Reflected Backward Stochastic Differential Equations (RBSDEs in short) have
been introduced by El Karoui et al. (1997a) and were useful, for example, in the
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study of American option. The difference between the two types of equations (BS-
DEs and RBSDEsS) is that the second can be seen as a variant of the first in which
the first component of the solution is constrained to remain greater than or equal to
a given process called obstacle or barrier, and there is an additional nondecreasing
predictable process which keeps the first component of the solution above the obsta-
cle. The work of El Karoui et al. (1997a) considers the case of a Brownian filtration
and a continuous obstacle. After there have been several extensions of this work
to the case of a discontinuous obstacle, for example, Hamadene (2002), Hamadene
and Ouknine (2003, 2016), Essaky (2 ))8) and Crépey and Matoussi (2008) etc.

The right continuity of the obstacle is the difference between these extensions
and the paper of Grigorova et al. (2015). In this work, the authors present a further
extension of the theory of RBSDEs to the case where the obstacle is not necessarily
right-continuous in a Brownian filtration.

In the present paper, we generalize the result of uniqueness and existence of
the RBSDE’s solution in Grigorova et al. (2015) to the case of a larger stochastic
basis, i.e. in a filtration that supports a Brownian motion W and an independent
Poisson random measure w, we establish existence and uniqueness of solutions, in
appropriate Banach spaces, to the following RBSDE:

€T+/ fSYsz,%)dS—/T ZsdWy — //1&3 7(du,ds) /dM

+Ar — A +Cp_ —C,_ forall 7€ Tyr. (1.1)

The solution is given by (Y, Z, 1, M, A, C'), where M is an orthogonal local mar-
tingale. We assume that the function f is Lipschitz with respect to y, z and .
To prove our results we use tools from the general theory of processes such as
Mertens decomposition of strong optional (but not necessarily right-continuous)
supermartingales (generalizing Doob-Meyer decomposition) and some tools from
optimal stopping theory, as well as a generalization of It6’s formula to the case
of strong optional (but not necessarily right-continuous) semimartingales due to
Gal’cuk (1980) and Lenglart (1980).

We recover these natural differential equations by studying the limit of a system
of reflected BSDEs

=& +fo (s, V', 20, ™)ds + K — K» — [T Znaw,

7 fovn R (du,ds) — [T by
Y > €,

where KJ* = nfOt(YS" — &)~ ds. Essaky (2008) proved, by a monotonic limit theo-
rem, that (Y™, Z™ K™ ¢™ M"™) has, in some sense, a limit (Y, Z, K, 4, M) which
satisfies a reflected BSDE with £ a cadlag barrier (see also Peng, 1999 for the case
of filtration generated only by a Brownian motion).

It is well known that if £ is a cadlag barrier then Y is also a cadlag process
(Theorem 3.1 in Essaky, 2008 for filtration generated by a Brownian motion and
Poisson point process, and Lemma 2.2 in Peng, 1999 for the Brownian filtration).
But if the barrier £ is only optional the limit Y of Y is £/-super-martingale, then
Y has left and right limits (see Dellacherie and Meyer, 1980, Theorem 4 page 408).

In this sense, we know that (Y™, Z™ 4™, M™) converge to (Y, Z,4, M) and the

limit K of K}' = nfOt(YS” — &)~ ds is a ladlag process that can be written as
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K = A+ C_ where A an increasing cadlag predictable process satisfying Ay = 0,
E(Ar) < 00, and C an increasing cadlag optional process and E(Cr) < oc.

The paper is decomposed as follows: in the second section, we give the math-
ematical setting (preliminary, definitions and properties). In subsection 2.1 we
recall the change of variables formula for optional semimartingales which are not
necessarily right continuous (Gal’¢uk-Lenglart decomposition for strong optional
semimartingales). In the third section, we define our RBSDE and we prove exis-
tence and uniqueness of the solution in a general filtration. In the last section, we
give two applications of reflected BSDEs where the right-continuity of the obsta-
cle is not necessarily used: application on dynamic risk measure and on optimal

stopping.

2. Preliminaries

Let T > 0 be a fixed positive real number. Let us consider a filtered probability
space (Q,F,P,F = {F;,t > 0}). The filtration is assumed to be complete, right
continuous and quasi-left continuous, which means that for every sequence (7,) of F-
stopping times such that 7,, 7 for some stopping time 7 we have \/n€Z+ Fr, = Fr.
We assume that (Q,F,P,F = {F;,t > 0}) supports a k-dimensional Brownian
motion W and a Poisson random measure m with intensity p(du)dt on the space
U c R™\ {0}. The measure u is o-finite on U such that

/(1 Alu?)p(du) < +oo. (2.1)
u

The compensated Poisson random measure 7: 7(du, dt) = w(du,dt) — p(du)dt is a
martingale w.r.t. the filtration F.
In this paper for a given T' > 0, we denote:
e T, r is the set of all stopping times 7 such that P(t < 7 < T) = 1. More
generally, for a given stopping time v in 7o 7, we denote by 7, r the set of
all stopping times 7 such that P(v <7< T) = 1.
e P is the predictable o-field on Q x [0,7T] and

P =P aBU)

where B(U) is the Borelian o-field on U.

e L?(Fr) is the set of random variables which are Fr-measurable and square-
integrable.

e OnQ = 0x [0, T]xU, a function that is P-measurable, is called predictable.

e Gioc(m) is the set of P-measurable functions 1 on Q) such that for any t > 0
a.s.

/ /(|¢S(U)|2 A s ()| p(du) < +oc.
0o Ju

e H%T is the set of real-valued predictable processes ¢ such that

T
|W@y=EM\@W4<w

e M, is the set of cadlag local martingales orthogonal to W and 7: if
M € M, then

[M,W'; =0, 1<i<k, [M7(A)],=0
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for all A € B(U).
e M is the subspace of M,. of martingales.

As explained above, the filtration F supports the Brownian motion W and the
Poisson random measure . We have the following lemma that we can find in
Jacod and Shiryaev (2003, Chapter III, Lemma 4.24):

Lemma 2.1. FEvery local martingale N has a decomposition

N, = / Z.dW, + / /u s ()7 (du, ds) + M, (2.2)
0 0

where M € Mioe, Z € H2T and ¢ € Gioe(p)-

Now to define the solution of our reflected backward stochastic differential equa-
tion (RBSDE), let us introduce the following spaces:

e 527 is the set of real-valued optional processes ¢ such that:

16ll3r = Eess sup [o]2] < oo.

T€To, T
e M? is the subspace of M of all martingales such that:
M]3 = E(IM, M]r) = E([M]r) < +00.

e L2(0,T) = L2(Q x (0,T) x U) is the set of all processes ¥ € Gjoe(p) such
that:

T
WHig = E[/o /u\il)s(u)lz,u(du)ds < 400.

o L2(0,T) = L*(U, 4u;R?) is the set of all measurable functions ¢ : U — R?
such that:

Wl = [ () < +oc.

o £2(0,T) =8>T x H>T x L2(0,T) x M? x $>T x §>T.
The random variable ¢ is Fp-measurable with values in R? (d > 1) and f :
Q x [0,T] x R x RIXE x Li — R is a random function measurable with respect
to Prog x B(R?) x B(R?**) x B(LL?) where Prog denotes the o-field of progressive
subsets of  x [0, T].
In the following we denote the spaces H>” and $*7 by H? and $2, as well as the
norms | . ||gz.r and ||| . ||lszr by || - ||mz and ||| . |||sz-

Definition 2.2. A function f is said to be a driver if:
o [:Ox[0,T]xR*xL2 —R
(W, t,y,2,0) — flw,t,y,2,¢) is P© B(R?*) ® B(L})-measurable.
o E[f, | f(t,0,0,0) |? df] < oc.
A driver f is called a Lipschitz driver if moreover there exists a constant K > 0
such that P ® dt-a.s., for each (y1, z1,%1) and (ya, 22, 1¥2)

[Pty 21, 00) = @by, 22, 0) | < K (=gl + s =2+ 01—l ) (2:3)

For a ladlag process ¢, we denote by ¢;+ and ¢;_ the right-hand and left-hand
limit of ¢ at t. We denote by Ay ¢y = ¢y — ¢4 the size of the right jump of ¢ at ¢,
and by A¢; = ¢y — ¢¢— the size of the left jump of ¢ at ¢.

We give a useful property of the space $2:
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Proposition 2.3. The space $% endowed with the norm ||| . |||s2 is a Banach space.
Proof: The proof is given in Grigorova et al. (2015, Proposition 2.1). O
The following proposition can be found in Nikeghbali (2006, Theorem 3.2.).

Proposition 2.4. Let (X;) and (Y;) be two optional processes. If for every finite
stopping time T one has, X, = Y., then the processes (X;) and (Y;) are indistin-
guishable.

Let 8 > 0. We will also use the following notation:

For ¢ € H2, H(b”% = E[fOT e#*¢2ds]. We note that on the space H? the norms
I.llg and ||.||g= are equivalent.

For ¢ € $2, we define |||¢|||% := Elesssup,c7, . €°7|¢-]?]. We note that |[|.|||5 is
a norm on $2 equivalent to the norm |||.|[|gz.

For ¢ € L2, the defined norm ||¢||; 2.6 = \/E[fOT efs [, |os(u)?p(du)ds] is equiv-
alent to the norm [|¢|| 2 on L2.

For M € M2, we have the equivalence between HM||M§ = E[fOT eBsd[M],] and
| M ||ng2 on M2,

2.1. Gal’¢uk-Lenglart decomposition for strong optional semimartingales. In this
section, we recall the change of variables formula for optional semimartingales which
are not necessarily cad. The result can be seen as a generalization of the classical
It formula and can be found in Gal’cuk (1980, Theorem 8.2) and Lenglart (1980,
Section 3, page 538). We recall the result in our framework in which the underlying
filtered probability space satisfies the usual conditions.

Theorem 2.5. (Gal’¢uk-Lenglart) Let n € Zy. Let X be an n-dimensional
optional semimartingale, i.e. X = (X1, ..., X},) is an n-dimensional optional process
with decomposition XF = Xk + NF + AF + BF, for all k € {1,...,n} where NF is a
(cadlag) local martingale, A¥ is a right-continuous process of finite variation such
that Ag = 0 and BF is a left-continuous process of finite variation which is purely
discontinuous and such that By_ = 0. Let F be a twice continuously differentiable
function on R™. Then, almost surely, for all t > 0,

F(X)

F(Xo) +Z Ot] (X, )d(N*® + AF),

n
Z / D*D'F(X,_)d < N*¢ N >,

N | =
a

+ Y [F(Xs) ZD F(X AX’@}
0<s<t

+ Y DFF(X,)d(B*),y
[0.4]

+ Y [P - F Z DFF(X,)A 4 XE]

0<s<t
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where D* denotes the differentiation operator with respect to the k-th coordinate,
and N*¢ denotes the continuous part of N*.

Corollary 2.6. Let Y be a one-dimensional optional semimartingale with decom-
position Yy = Yy + Ny + Ay + By, where N, A and B are as in the above theorem.
Let 8> 0. Then, almost surely, for all t in [0,T],

eﬂty'tQ

t t
Yy +/ BeP*Y2ds + 2/ eP*Y,_d(A+ N),
0 0

t
+ / eP*d < N¢,N¢ >,
0

t
+ ) (Y -V + 2/ Y d(B)or + Y P (Yoy — Y02

0<s<t 0 0<s<t

Proof: For the corollary demonstration, it suffices to apply the change of variables
formula from Theorem 2.5 with n = 2, F(z,y) = xy?, X} = /' and X}? = Y.
Indeed, by applying Theorem 2.5 and by noting that the local martingale part and
the purely discontinuous part of X' are both equal to 0, we obtain

t t
Py? = Y02+/ ﬁeﬁszds+2/ eP*Y,_d(A+ N),
0 0

t
+ / ePd < N¢, N¢ >,
0

t
bYW (Yo 2 [ VB
0

0<s<t
+ Z eﬁs(ys%r - Ys2 =2Y(Ysy = Y5)).
0<s<t
The desired expression follows as (Y — Y,_)? = Y2 - Y2 —2Y, (Y, - Y, ) and
(Yor = Yo)? = Y2, — ¥2 = 2Y,(Yoy — ). O

3. RBSDEs whose obstacles are not cadlag in a general filtration.

Let T'> 0 be a fixed terminal time. Let f be a driver. Let & = (&):efo,1) be a
left-limited process in $2. We suppose moreover that the process ¢ is right upper-
semicontinuous (r.u.s.c. for short). A process £ satisfying the previous properties
will be called a barrier, or an obstacle.

Definition 3.1. A process (Y, Z,9, M, A,C) is said to be a solution to the re-
flected BSDE with parameters (f,£), where f is a driver and £ is an obstacle, if
(Y, Z,, M, 4,C) € £2(0,T) and

T T T T
Y, = gT+/ f(s,Ys,Zs,zZzs)dsf/ Z,dW, 7/ / by (W) T (du, ds) f/ dM,
T T T u T
+Ar — A +Cp_ —C,_ forall Te€Tor (3.1)

Y > ¢ (up to an evanescent set) a.s. (3.2)

M e M, and My = 0. (3.3)
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In the above, the process A is a nondecreasing right-continuous predictable process
with Ag =0, E(Ar) < oo such that:

T
/1{n>5t}dA§:0 a.s.and (Y,_ —& )AL — A% ) =0 (3.4)
0
a.s. ¥ (predictable) T € Tor and the process C is a nondecreasing right-continuous
adapted purely discontinuous process with Co— = 0, E(Cr) < oo such that:
Y, —&)(Cr—Cr2) =0 a.s. YT €Tor (3.5)

Here A°¢ denotes the continuous part of the nondecreasing process A and A? its
discontinuous part.

Remark 3.2. We note that a process (Y, Z,v, M, A,C) € 52 (0, T) satisfies equation
(3.1) in the above definition if and only if V¢ € [0,T], a

, = 5T+/ sts,zs,ws)ds—/t ZydW, — //w #(du, ds)

T
—/ dMs+ Ar — Ay + Cr— — Cy—.

Remark 3.3. If (Y, Z,1,M,A,C) € £*(0,T) satisfies the above definition, then
the process Y has left and right limits. Moreover, the process given by (Y; +

fot f(s,Ys, Zg,15)ds)sepo,1) is a strong supermartingale.

The proof of the existence and uniqueness of the reflected BSDE solution defined
above is based on a useful result (following lemma) in the case of f depends only
on s and w (i.e. f(s,y,2,%) = f(s,w)), the corollary 2.6 and the lemma 2.1. To
this purpose, we first prove a lemma which will be used in the sequel.

Lemma 3.4. Let (Y1, Z1 ¢!, Mt AL CY) € £2(0,T) (resp. (Y?,22,42 M?, AL,
C?) € &£%(0,T).) be a solution to the RBSDE associated with driver f'(s,w)
(resp.f?(s,w)) and with obstacle &. There exists ¢ > 0 such that for all € > 0,
for all B > 6% we have

12" = Z2|I5 + | MY = M| + 9" =922 < 1P = 25 (3.6)

and
Y =Y <4e(1+42)|If1 = F2]3. (3.7)

Proof: Let > 0 and € > 0 be such that 5 > E% We set ¥ := Y1 — Y2, Z =
ZV— 7% % = =2, M= MY - M?, A= A= A2, C == C' — C? and
flw,t) = fl(w,t) — f?(w,t). We note that Y7 := & — &p = 0. Moreover,
Y, = / f(s ds—/ ZdW, — / /ws 7(du,ds) — My + M, + Ap — A,
+CT r— a.S. VTE%’T, (38)
ie.

Y, = YO—/f ds+/OZdW+//ws 7(du, ds) + M, — A, — Cr_

a.s. Y1 € Tor, since M, = M} — ME =0, Ay = Al — A2 = 0 and Co =
C}_ — C2_ = 0. Thus we see that Y is an optional (strong) semimartingale with
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decomposition Y; = Yo+ N;+ A+ B;, where N; = fot stWS—l—f(f Ty Vs u)7(du, ds)+
M, Ay = — fot f(s)ds— A, and B, = —C,_ (the notation is that of (2.5)). Applying

Corollary 2.6 to Y gives: almost surely, for all ¢ € [0, T,

t t
Y2 = _/ Be'BsYSst—l—2/ PV, _d(A+ N),
0 0

t
- / e’*d < N¢,N°¢ >,
0

t
) YY) / 2V, d(B)ss — Y (Yo — V)%,

0<s<t 0 0<s<t

Using the expressions of N, A and B and the fact that Yi = 0, we get: almost
surely, for all ¢t € [0, T,

T T T
Pty +/ e?*d < N°,N¢ >, = —/ BeP*Y2ds + 2/ Y, f(s)ds
t t t

T T
+2/ eﬁSYS_dA—z/ ePY,_ZydW,
t

t

T T
—2/ eﬂSYS,/¢S(u)%(du,ds)—2/ eP*Y,_dM,
t u t

T
- Y ST [ 2 Ta0).

t<s<T t

— > PV YR

t<s<T
Then
_ T . T - T .
eﬂthQ-i-/ P2 7%ds + / eﬂS/ |w5(u)\2p(du)ds+/ ePid < M, M€ > =
t t u t
T _ T _ _
- / 6eﬁsYszds—|—2/ eP5Y,_f(s)ds
t t
T _ _ T _ _
+ 2/ eBSYS_dAfQ/ P Y,_Z,dW,
t t
T _ _ T _ N
— 2/ eBSYS_/ z/)s(u)?r(du,ds)—Q/ Py, _dM,
t U t

T
- > eﬁS(stYs_)?Jr/ 2¢7°Y,d(C),

t<s<T t

- Z eﬁs(3~/s+ - f/s)Q-

t<s<T

It is clear that for all t € [0, 7] =3, ¢ P (Y=Y, )2 = i<s<T P (Yo —Y,)2 <
0. By applying the inequality 2ab < (%)2 + €2b2, valid for all (a,b) in R?, we get:
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a.e. for all t € [0,T]

T T T _ 1 /T
—/ BeP Y2ds + 2/ eP5Y,_f(s)ds < —/ BeP Y2ds + —2/ P Y2 ds
t t t €

t

T
+62/ e f(s)%ds
¢
1 T T
=(5 - )/ eﬁsY;{ds—i—EQ/ % f(s)?ds.
€ t t

As B> %, we have (£ — f3) ftT P Y2 ds <0 for all t € [0,T] a.s.
Next, we have also that the term ftT eﬂsffsd@ is non-positive. Indeed a.s. for
all t € [0, 7],

[ ac.= 3 evine,
t t<s<T
and a.s. for all ¢t € [0, T
ViAC =Y —Y2)AC - (Y] —Y?)ACL (3.9)
We use property (3.5) of C! and the fact that Y2 > £ to obtain: a.s. for all
te[0,7T)
Y =Y)ACH=(Y! —&) A0 - (Y &) ACT =0~ (Y7~ &) AC <0
Similarly, we obtain: a.s. for all ¢ € [0,T],
(V- Y2 ACE= (Y} — &) ACE— (V2 — &) ACE = (Y — &) ACE—0>0.

We also show that ftT eﬁsi,dg is non-positive by using property (3.4) of the
definition of the RBSDE and the fact that Y? > ¢ for i = 1,2 and that A’ =
Abe 4 A% (see also Quenez and Sulem, 2014). Then

T T . T -
eﬂtY;2+/ e’BSZfds+/ ePid < M, M*¢ >, +/ e'BS/ |15 ()2 p(du)ds <
t t t 1Zi

T T
62/ eBSfQ(s)ds—Q/ Y, Z,dW,
¢ t

T T N
72/ /eﬂsYs_ws(u)%(du,ds)—Q/ e?*Y,_dM, ¥V a.s. t€[0,T]. (3.10)
t u t

We now show that the term fOT 6;35)78_2'de3 has zero expectation. To this purpose,

we show that F| fOT €265Y2 Z2ds] < oo, in the same way that in the proof of
Lemma 3.2 (A priori estimates) in Grigorova et al. (2015). By using the left-
continuity of a.e. trajectory of the process (Y;_), we have

(Yoo )?(w) < sup(Y;_)*(w) forall se (0,T], foras. w e (3.11)
teQ

On the other hand, for all ¢ € (0,7], a.s., (Y;_)? < ess SUP,e7; 1 (Y;)2. Then

sup(V;_)? < ess sup (Y;)? a.s. (3.12)
teQ T€T0,T
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According to (3.11) and (3.12) we obtain
T o T o T o
/ eQBSYSQ_ZSstg/ e2Ps squf_Z?dsS/ e*Psess sup Y2Z2ds. (3.13)
0 0 teQ 0 reTo,r

Using (3.13), together with Cauchy-Schwarz inequality, gives

\// €285y 2. szs <E ess sup YQH ezﬁsZst
T€To, T

T
E[\/ | @72 Z2as| <1F el 2. (3.14)
0

We conclude that E[\/fOT ezﬁsfff_Zfds} < oo, whence, E[f ePY,_Z,dW,] =

Next we show that E[foT Iy eP5Y, iy (u)7(du, ds)] = 0. For this purpose, we first

Then

prove that E[\/fOT Iy €265V 2 2 (u)pu(du)ds] < co. According to (3.11) and (3.12),
we have

T
/ /eQBsYSQJ/J p(du ds</ / 205 sup Y;2 2 (u) u(du)ds
o Ju teQ

S/ /62[3S€SS sup Y292 (u)p(du)ds. (3.15)
o Ju

T€To, T

Using (3.15) and Cauchy-Schwarz inequality, gives

E[\//OT/M ezﬁsffs{zzg(u)u(du)ds] SE{ /essrzl%),T?Tz\//oTews/uig(u)u(du)ds .

Thus

T ~ ~ ~ ~
E[\/ | [ eV i) < P9z <o @16)

Then EUOT Ju oYy (w)F (du, ds)} = 0. Finally the same result holds for the
martingale fg ePsY,_dM,, since:

T
E[\// e2,8sYS27d[M]S} < 172 |37 gz, < oo (3.17)
0
By taking expectations on both sides of (3.10) with ¢t = 0, we obtain:
_ T T . T B
Y2 +E{/ eﬁszfds] +E[/ ePsd < M >S] +E[/ eﬂS/ |ws(u)\2p(du)ds}
0 0 0 u
< E[lF ()13
Hence, with the fact that E[f ePsd < M >, = E[fOT ePsd[M]s], we have

1215 + 1M 5 + 101725 < €[1F ()15 (3.18)
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This therefore shows the first inequality of the lemma. From (3.10) we also get,
for all T € Tor

T T T
PTY? < 62/ eﬁsfz(s)ds—Q/ eﬁSYs_stWs—Q/ /eBSYs_ws(u)?r(du,ds)
0 T T u
T ~ —_—
—2/ PV, _dM, a.s. (3.19)

By taking first the essential supremum over 7 € 7y 7, and then the expectation on
both sides of the inequality (3.19), we obtain:

E|ess sup 657—177_2} <é|f(s )||5—|—2E{ess sup | eﬁsﬁ_stWS\]
T€To, T T7€To,r JO

+2E ess sup |/ / P Y,y (u (du,ds)\]

7€T0,T

+2E[ess sup | eﬂsﬁ,dﬁsﬂ. (3.20)
7€To,r JO

By using the continuity of a.e. trajectory of the process (fot eﬁs}?Q_ZSde)te[o7T]
(Grigorova et al., 2015, Prop. A.3) and Burkholder-Davis-Gundy inequalities (Prot-
ter, 1990, Theorem 48, page 193. Applied with p = 1), we get

T t
E[ess sup | eﬂSYS_ZSdWsﬂ = E{ sup | eﬁsYs_stWJ]
T7€To,r JO te[0,7] Jo

T ~ ~
gﬁ[/e%ﬁﬂ@]@m
0

where ¢ is a positive "universal” constant (which does not depend on the other
parameters). The same reasoning as that used to obtain equation (3.13) leads to

T T
\// e2PsY2 72ds < \/ess sup eﬁ"Yf/ ePsZ2ds p.s. (3.22)
0 T€To,T 0

From the inequalities (3.21), (3.22) and ab < +a? + b, we have

2E{ess sup | BSY st|}
T€To, T 0

yMH

T
{ess sup eﬁTYTQ} +4¢*F [/ eﬁSZSQdS]
T€To,T 0

(3.23)
By the same arguments, we have

2F [ess sup | ;BS?S_QZS(U)%(dU,dS)‘] < 2cE [\/| /T/ eQBS}N/SQ_JE(u)u(du)dsﬂ

T7€T0,7J0

1
SfE{ess sup eﬁTY2 —|—402E/ / 581/)2 du)ds] (3.24)
0

T€To, T

S
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and

T . T - .
2E[ess sup | e’BSYs,dMS\] < 20E[\/|/ 6255Y52_d[M]5|}
T€To, T 0

T
< E[ess sup eBTYQ} +4C2E[/ eﬁsd[M]S} (3.25)
7€T0, 1 0

where ¢ is a positive constant which does not depend on the other parameters.
From (3.21), (3.23), (3.24) and (3.25), we get

1. ~ ~ ~ — ~

TIYIIE < E1F ()15 + 4e*1 213 + 4c® [ Ml + 4 [9]72.s -
This inequality, combined with (3.18), gives

Y115 < 41+ 4| F(s)3 -
O

In the following lemma, we prove existence and uniqueness of the solution to the
RBSDE from Definition 3.1 in the case where the driver f depends only on s and

w, ie. f(w7 5 Y, %, w) = f(w7 S)
Lemma 3.5. Suppose that [ does not depend on y, z, ¥ that is f(w,s,y,z,¥) :=
f(w,s), where f is a process in H?. Let £ be an obstacle. Then, the RBSDE from

Deﬁmtzon 1 admits a unique solution (Y, Z,4¢, M, A,C) € 52(0 T), and for each
S € To,r, we have

Ys = ess sup E fT / f(t dt|}"s a.s. (3.26)
TE€Ts, T

Proof: For all S € Ty, we define Y (S)

Y(S) =ess sup E .ST / f(®) dt|fs , Y(T)=¢&r. (3.27)
TETs, T
And ?(S) by:
? / f(t)dt = ess sup E §T / f(t dt|]:s (3.28)
TE€Ts, T

We note that the process (& + fo 5)ds)iefo,1) is progressive. Therefore, the fam-
ily ( (S))seTo.r is a supermartingale family (see Kobylanski and Quenez, 2012,

Remark 1.2 with Prop.1.5), and with remark (b) in (Dellacherie and Meyer, 1980,
page 435), gives the existence of a strong optional supermartingale (which we de-
note agaln by Y) such that YS = Y(S) a.s. for all S € 7o r. Thus, we have
Y(S) = fo =Yg — fo t)dt a.s. for all S € Ty (see Dellacherie
and 1\[( yer, l()SU) On the other hand, we know that almost all trajectories of the
strong optional supermartingale Y are ladlag. Thus, we get that the ladlag optional
process (?t)te[O,T] fo 5)ds)iefo,1) aggregates the family Y (8))s7o.7-
To prove the lemma 3.5, it must be shown, as a first step, that Y € $2 by
giving an estimate of [|[Y]||2; in terms of ||[£[||3, and || f||Z.. In the second step, we
exhibit processes Z, 1, M, A and C such that (Y, Z,1, M, A, C) is a solution to the
RBSDE with parameters (f,£). In the third step, we prove that A x C' € $2 x $2
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and we give an estimate of ||[A||2; and |||C|||Z.. In the fourth step, we show that
Z € H?, 4 € L2 and M € M?, and finally we show the uniqueness of the solution.
Step 1. By using the definition of Y (3.27), Jensen’s inequality and the triangular
inequality, we get

T
Vsl <ess swp Bllel+| [ s0atlFs] < Bess sw e+ [ Irolan7s

T€Ts, T

Thus, we obtaln

Vsl < B[ X|7s] (3.20)
with
X = / t)|dt + ess sup |&.]. (3.30)
T€To, T

Applying Cauchy-Schwarz inequality gives

B[X?) < T||fllfe + clll€ll§> < oo (3.31)
where c is a positive constant. Now, inequality (3.29) leads to |V s|? < |E[X|Fs]|?.
By taking the essential supremum over S € To,r we get esssupgey, . |YS|2
esssupger, . |E[X|Fs]|?. By using Proposition A.3 in Grigorova et al. (2015), w
get esssupgers o [Vs|® < supsepo 7 |E[X|F]?
martingale inequalities, we obtain

E[ess sup |?5|2} < E[ sup |E[X|F]?| < cE[X?] (3.32)
SeTo,r t€[0,T]

. By using this inequality and Doob’s

where c¢ is a positive constant that changes from line to line. Finally, combining
inequalities (3.31) and (3.32) gives
E[ess sup |75|2} < T fllfe + clllé]]§2 < oo (3.33)

SeTo, T
Then Yg € $2.
Step 2. Due to the previous step and to the assumption f € H?, the strong optional
supermartingale Y is of class (D). Applying Mertens decomposition (Crigorova
et al., 2015, Theorem A.1) and a result from optimal stopping theory (see more in
El Karoui, 1981, Prop. 2.34. page 131 or Kobylanski and Quenez, 2012), gives the
following

Y,=N,—A,—C._ Vre€Tor

—/ f®)dt+ N, —A. —C-_ a.s. VT €Tor (3.34)
0

where N is a (cadlag) uniformly integrable martingale such that Ng = 0, A is a
nondecreasing right-continuous predictable process such that Ag = 0, E(Ar) < oo
and satisfying (3.4), and C is a nondecreasing right-continuous adapted purely
discontinuous process such that Co— = 0, E(Cr) < oo and satisfying (3.5). By the
martingale representation theorem (Lemma 2.1), there exists a unique predictable
process Z, a unique process ¢ and a unique (cadlag) local martingales orthogonal

M such that
/ZdW+//1/}s 7(du, ds) + M.
0

Moreover, we have Y = &1 a.s. by definition of Y. Combining this with equation
(3.34). gives equation (3.1). Also by definition of Y, we have Y g > &g a.s. for
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all S € 7o, which, along with Proposition A.4 in Grigorova et al. (2015) (or
Theorem 3.2. in Nikeghbali, 2006), shows that Y satisfies inequality (3.2). Finally,
to conclude that the process (Y, Z,1, M, A,C) is a solution to the RBSDE with
parameters (f, £), it remains to show that Z x¢x M x AxC € H? x L2 x M? x $? x $2.
Step 3. Let us show that A x C' € $% x §2.

Let us define the process A; = A; + Cy_ where the processes A and C are given by
(3.34). By arguments similar to those used in the proof of inequality (3.29), we

see that |Y g| < E[X|Fs] with

T
X:/ |f(®)|dt + ess sup |&r].
0

T€Ts, T

Then, the Corollary A.1 in Grigorova et al. (2015) ensures the existence of a constant
¢ > 0 such that E[(Ar)?] < cE[X?]. By combining this inequality with inequality
(3.31), we obtain

E[(Ar)’] < T 3 + lllé13: (3.35)

where we have again allowed the positive constant ¢ to vary from line to line. We
conclude that A € L?. And with the nondecreasingness of A, then (A,)? < (Ar)?
for all 7 € 7o, thus

E[ess sup (XT)Q] < E[(

T7€To0, T

AT)ﬂ

ie. A€$%then A $2and C € $2.
Step 4. Let us now prove that Z x ¢ x M € H? x L2 x M2. We have from step 3

T T T
/ ZsdW +/ / Vs(w)7(du,ds) + My = Y +/ ft)dt+ Ar =Yg
0 0o Ju 0
where A is the process from Step 3. Since Ay € L2, Y € L?, Yy € L? and f € H2.
Hence, fOT ZdW; € L2, fOT J s(u)w(du,ds) € L* and My € L* and consequently
Zx1¢x MeH? x L2 x M2

For the uniqueness of the solution, suppose that (Y, Z, ¢, M, A, C) is a solution
of the RBSDE with driver f and obstacle £&. Then, by the previous inequality 3.7
in the Lemma 3.4 (applied with f! = f2 = f) we obtain Y = Y in $2, where
Y is given by (3.27). The uniqueness of A, C, Z, ) and M follows from the
uniqueness of Mertens decomposition of strong optional supermartingales and from
the uniqueness of the martingale representation (Lemma 2.1). O

Remark 3.6. (1) We note that the uniqueness of Z, 1 and M can be obtained
also by applying (3.6) in the previous Lemma 3.4.
(2) Let 3 > 0. For ¢ € $2, we have the inequality E[fOT ePtge|?dt] <
TElesssup,cr, , e’7|$.|?]. Indeed, by applying Fubini’s theorem, we get

T T T
E[/ e%tﬁdt]:/ E{e“lmdts/ Eless sup €”7|¢,[*]ds =
0 0 0

7€To, T

TEless sup €”7|¢,?]. (3.36)

T7€T0, T



RBSDESs when the obstacle is not RC in a general filtration 215

In the following theorem, we prove existence and uniqueness of the solution to
the RBSDE from Definition 3.1 in the case of a general Lipschitz driver f by using
a fixed-point theorem and by using (2) in the Remark 3.6 .

Theorem 3.7. Let & be a left-limited and r.u.s.c. process in $% and let f be a
Lipschitz driver. The RBSDE with parameters (f,&) from Definition 3.1 admits a
unique solution (Y, Z,1, M, A,C) € £%(0,T).

Proof: We note by é'f the space $2 x H? x L2 (0, T') which we equip with the norm
||Hg? defined by

1Y 2,902 = YU + 12115 + 1412

for all (Y, Z,v) € §2 x H2 x L2(0,T). After, we define an application ® : E? — E?

as follows: for a given (y,z,¢) € &2 we let (Y, Z,0) = ®(y, z, ) where (Y, Z, %)
the first three components of the solution to the RBSDE associated with driver
f == f(t,ys, 2, p+) and with obstacle &. Let (A,C) be the associated Mertens
process, constructed as in lemma 3.5. The mapping ® is well-defined by Lemma 3.5.

Let (y,z,¢) and (v, 2’,¢") be two elements of 6’?. We set (Y, Z,¢) = ®(y, 2, ¢)
and (Y, Z' @) =®(y,2',¢'). Wealsoset Y =Y —Y'. Z =27 ) = —/,
y=y—vy,z2=z2—72 andg=p— .

By the same argument that in the proof of Theorem 3.4 in Grigorova et al.
(2015), in the Brownian filtration case. Let us prove that for a suitable choice of
the parameter 5 > 0, the mapping & is a contraction from the Banach space 5? into
itself. Indeed, By applying Lemma 3.4, we have, for all ¢ > 0 and for all 5 > 6%:

IYIIE + 1215 + 19l12e - < NYIIE+ 1215 + M5 + 11720
(5 + 16| f(t,y, 2, 0) = f(t.y', 2", )5

By using the Lipschitz property of f and the fact that (a + b)? < 2a® + 2b2, for all
(a,b) € R%, we obtain

IN

where Ck is a positive constant depending on the Lipschitz constant K only. Thus,
for all € > 0 and for all 5 > E% we have:

NG + 1203 + 190250 < 2Cxc(5 -+ 166%) (I3 + 1213 + 181255 )

The previous inequality, combined with (2) in Remark 3.6, gives
IYIIE + 12115 + 19720 < €Cr(5+16¢*)(T + 1)(|||?7|||% +IZN13 + H&Hii,ﬁ)-

Thus, for € > 0 such that €2C (5 + 16¢*)(T + 1) < 1 and 8 > 0 such that 3 > %,
the mapping @ is a contraction. By the Banach fixed-point theorem, we get that ®
has a unique fixed point in S? . We thus have the existence and uniqueness of the
solution to the RBSDE. |
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4. Application on dynamic risk measure and optimal stopping.

4.1. On dynamic risk measure. In this subsection, we give an application of re-
flected BSDEs in dynamic risk measure. Indeed, define the following functional:
for each stopping time 7 € 7oz and & € $2. Set

v(S) = —ess sup Sgﬂ_(&) (4.1)
TETs, T

where S € 7o r, v is the dynamic risk measure, {0 (T7 € [0,T7]) is the gain of the
position at time 7" and —5£ 7 (&r7) is the f-conditional expectation of & modelling
the risk at time ¢ where ¢ € [0,7]. We can show that the minimal risk measure v
defined by (4.1) coincides with —Y, where Y is (the first component of) the solution
to the reflected BSDE associated with driver f and obstacle £. For this purpose,
we can extend the results in Proposition A.5 and Theorem 4.2 in Grigorova et al.
(2015) to our setting (see Aazizi and Ouknine, 2016 for more details).

4.2. On optimal stopping. We note also that we can show the existence of an e-
optimal stopping time, and that of the existence of an optimal stopping time under
suitable assumptions on the barrier € i.e. without right continuity of ¢, by extending
the results of the second part of Grigorova et al. (2015) to our setting.

Let (Y, Z,¢,M,A,C) be the solution of the reflected BSDE with parameters
(f,€) as in definition 3.1, we have

Ys =ess sup EgT(fr) (4.2)
TETs, T ’

For each S € Tor and € > 0, the stopping time 7§ = inf{t > S,Y; < & + ¢} is
a (Ce)-optimal for 4.2 where C' is a constant which depends only on T and the
Lipschitz constant K of f:

Ys < &f . (6e) +Ce, s,

Under our assumption on € and f, we can prove that for each S € 7o r and 7 € Tg 7,
the stopping time 7 is S-optimal. i.e.

Y.,’: = 55’?(5?), a.s.

(see Theorem 4.2 and Proposition 4.3 in Grigorova et al., 2015).

Finally, under an additional assumption of left-upper semicontinuity (l.u.s.c) of
¢ in $?, the first time when the value process Y hits £ is optimal: if 74 = inf{u >
S,Y, =&}, Eisras.c and Lus.c in $2 and (Y, Z,1, M, A, C) is the solution of the
reflected BSDE of definition 3.1, the stopping time 7§ is optimal that is

Ys =& . (&), as.

(see Proposition 4.2 in Grigorova et al., 2015).
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