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Abstract. We introduce a continuous time autoregressive moving average process
with random Lévy coefficients, termed RC-CARMA(p,q) process, of order p and
q < p via a subclass of multivariate generalized Ornstein-Uhlenbeck processes. Suf-
ficient conditions for the existence of a strictly stationary solution and the existence
of moments are obtained. We further investigate second order stationarity proper-
ties, calculate the autocovariance function and spectral density, and give sufficient
conditions for their existence.

1. Introduction

Let ¢ < p be non-negative integers and L = (L;);cr a Lévy process, i.e. a process
with stationary and independent increments, cadlag sample paths and Ly = 0
almost surely, which is continuous in probability. A CARMA(p,q) process S =
(St)ter driven by L is defined via

St = b/Xt, t S R, (11)

with X = (X})ter a CP-valued process which is a solution to the stochastic differ-
ential equation (SDE)

dX; = AX,; dt + edl;, teR, (12)
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where
0 1 0 . 0 0 bo
0 0 1 . 0 0 b1
A= : : - |,e=1]:|, and b= :
0 0 0 1 0 bp—2
—ap —Qp—1 —Ap—2 ... —ai 1 bp—1

with a1,...,ap,b0,...,bp—1 € C such that b; # 0 and b; =0 for j > ¢q. Forp=1
the matrix A is interpreted as A = (—ay).
It is well-known that the solution of (1.2) is unique for any X and given by

X, = et (XO +/ e 4% dLs> . t>0.
(0,¢]

Processes of this kind were first considered for L being a Gaussian process by
Doob (1944). Brockwell (2001b) gave the now commonly used definition with L
being a Lévy process.

A CARMA process S = (St)tcr as defined in (1.1) and (1.2) can be interpreted
as a solution of the p*"-order linear differential equation

CL(D)St = b(D)DLt,

where a(z) = 2P +a12P "1+ +ap, b(z) =byg+b1z+- - +b,_12P~ 1 and D denotes
the differentiation operator. In this sense, CARMA processes are a natural contin-
uous time analog of discrete time ARMA processes. Similar to ARMA processes,
CARMA processes provide a tractable but rich class of stochastic processes. Their
possible autocovariance functions h — Cov(S:, Si4p) are linear combinations of
(complex) exponentials and thus provide a wide variety of possible models when
modeling empirical data.

In discrete time, ARMA processes with random coefficients (RC-ARMA) have
attracted a lot of interest recently, in particular, AR processes with random coef-
ficients, see e.g. Nicholls and Quinn (1982). They have applications as non-linear
models for various processes, e.g. bilinear GARCH processes introduced by Storti
and Vitale (2003). RC-ARMA processes also arise as a special case of conditional
heteroscedastic ARMA (CHARMA) models proposed by Tsay (1987) and are used
for financial volatility processes, see e.g. He and Terdsvirta (1999), to name just a
few.

As CARMA processes constitute the natural continuous time analog of ARMA
processes, it is, therefore, natural to ask for CARMA processes with random co-
efficients. The CARMA(1,0) process with random (Lévy) coefficients has already
been studied. It is known as the generalized Ornstein-Uhlenbeck (GOU) process,
which is obtained as the solution to the SDE

dX; = Xy d&§ + dLy, t2>0,

where (§,L) = (&, L¢)t>0 is a bivariate Lévy process. It has been shown by
de Haan and Karandikar (1989) that GOU processes arise as the natural contin-
uous time analog of the AR(1) process with random i.i.d. coefficients. By choos-
ing (&)i>0 = (—a1t)i>0, the GOU process reduces to the classical Lévy-driven
Ornstein-Uhlenbeck process, which is a CAR(1), i.e. CARMA(1,0) process.
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Both the Ornstein-Uhlenbeck process as well as the generalized Ornstein-Uhlen-
beck process have various applications in insurance and financial mathematics, see
e.g. Barndorff-Nielsen and Shephard (2001) and Kliippelberg et al. (2004).

The aim of the present paper is to introduce CARMA processes with random
Lévy autoregressive coefficients of higher orders, p > 1, and to study stationarity
and other natural properties. The definition of our process is done in such a way that
it includes the generalized Ornstein-Uhlenbeck process for order (1,0) as a special
case and that it reduces to the usual CARMA process when the autoregressive
Lévy coefficients are chosen to be deterministic Lévy processes, i.e. pure drift and
henceforth linear functions.

The paper is organized as follows. In Section 2 we give some preparative results
regarding multivariate stochastic integration, the multivariate stochastic exponen-
tial, and multivariate generalized Ornstein-Uhlenbeck processes. In Section 3 we
define a CARMA process with random coefficients (RC-CARMA) and present some
basic properties as well as sufficient conditions for the existence of a strictly sta-
tionary solution. Similar to Brockwell and Lindner (2015) for CARMA processes,
we further show that the RC-CARMA (p, 0) process satisfies an integral-differential
equation and examine its path properties. Section 4 is concerned with the exis-
tence of moments, the autocovariance function, and the spectral density, whereby
it turns out that the latter two have an interesting connection to those of CARMA
processes. We end Section 4 by investigating an RC-CARMA (2, 1) process in more
detail. Conclusively, in Section 5 we present some simulations.

2. Preliminaries

Throughout, we will always assume as given a complete probability space
(Q, F, P) together with a filtration F = (F;)¢>0. By a filtration we mean a family
of o-algebras (F;):>o that is increasing, i.e. Fs C F; for all s < t. Our filtration
satisfies, if not stated otherwise, the usual hypotheses, i.e. JFy contains all P-null
sets of F, and the filtration is right-continuous.

GL(R,m) denotes the general linear group of order m, i.e. the set of all m x m
invertible matrices associated with the ordinary matrix multiplication. If A €
GL(R,m), we denote with A’ its transpose and with A~! its inverse.

For cadlag processes X = (X;);>0 we denote with X;_ and AX; = X; — X;_
the left-limit and the jump at time ¢, respectively. A d-dimensional Lévy processes
L = (L¢)¢>0 can be identified by its characteristic exponent (Ar,vr,II1) due to
the Lévy-Khintchine formula, i.e. if g denotes the distribution of L;, then its
characteristic function is, for z € R?, given by

-~ 1 ; i(z,T :
() = exp |5 (s Aa) + i) + [ (€0 =1 i(a )1 acr) (o)) e ()
Rd

Here, Ay, is the Gaussian covariance matrix which is in one dimension denoted by
o7, I a measure on R? which satisfies II ({0}) = 0 and [g,(Jz|?> A1) IIL(dz) < oo,
called the Lévy measure, and vz, € R? a constant. Further, |x| denotes the Euclidean
norm of x.

For a detailed account of Lévy processes we refer to the book of Sato (2013).

Stochastic Integration
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A matrix-valued stochastic process X = (X;);>0 is called an F-semimartingale
or simply a semimartingale if every component (Xt(i’j ))tZ(] is a semimartingale with
respect to the filtration F.

For a semimartingale X € R™*" and H € R™*™ and G € R"*? two locally
bounded predictable processes, the R!*P-valued stochastic integral J = JHIXG

is defined by its components via

J0d) Zz/H@,mG(k,j) ax (k)

k=1h=1
It can easily be seen that also in the multivariate case the stochastic integra-
tion preserves the semimartingale property as stated, for example, in the one-
dimensional case in Protter (2005).
For two semimartingales X € R>*™ and Y € R™*" the R\*"-valued quadratic
covariation [X,Y] is defined by its components via

(X, Y] =[x Ry D), (2.1)
k=1
and similar its continuous part [X,Y]¢. Then
(X, Y] = [X,Y]{+ XoYo + Y AXAY,, t>0 (2:2)
0<s<t

is true also for matrix-valued semimartingales.
Finally, as stated in Karandikar (1991), for two semimartingales X, Y € R™*™
the integration by parts formula takes the form
t

t
(ov)e= [ XedaVir [ dxve v XV tzo
0+ 0+

The Multivariate Stochastic Exponential
Let X = (Xt)¢>0 be a semimartingale in R™*™ with Xy = 0. Then its left sto-

-
chastic exponential £ (X), is defined as the unique R™*"-valued, adapted, cadlag
solution (Z;);>¢ of the integral equation

Zt:I—i—/ Zs—dXs, t>0,
(0,4]

where I € R™*™ denotes the identity matrix. The right stochastic exponential

N
of X, denoted as € (X),, is defined as the unique R™*™-valued, adapted, cadlag
solution (Z;);>¢ of the integral equation

Z :I+/ AX,Z,_, t>0.
0.4

It can be shown that both the left and the right stochastic exponential are semi-

— —
martingales and that for its transpose it holds £ (X); = £ (X'),. As observed by
Karandikar (1991), the right and the left stochastic exponentials of a semimartin-
gale X are invertible at all times ¢ > 0 if and only if

det(I +AX;) #0 Yt > 0. (2.3)
We also need the following result of Karandikar (1991).
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Proposition 2.1. (Inverse of the Stochastic Exponential)
Let X = (Xi)i>0 be a semimartingale with Xo = 0 such that (2.3) holds. Define
the semimartingale

Up=-X; + [X,X]5+ Y ([+AX)™ = T+AX,), t>0. (2.4)
0<s<t
Then
< 1 — ! —
Eoo = [Ewn] =E@), vezo (25)
and
U =—-X,—[X,U; VYt>0. (2.6)
Further,

det(I + AU;) #0 Vit >0,
and X can be represented by

Xo=-U+[UU+ Y (I+AU) —I+AU,), t>0. (27

0<s<t

Proof: For (2.5) and (2.6) see Karandikar (1991), Theorem 1. For the remaining as-
sertions, observe that AU; = (I + AX;)~! — I from (2.4), so that det(I + AU;) # 0
for all ¢ > 0. Further, from (2.4) we obtain [U,U]¢ = [X, X]¢. Inserting this,
AU; = (I + AX;)~! — I, and the form of U; from (2.4) into the right-hand side of
(2.7) gives X; so that (2.7) is true. O

Multivariate Generalized Ornstein-Uhlenbeck processes

We give a short overview of results regarding multivariate generalized Ornstein-
Uhlenbeck (MGOU) processes which are used throughout. MGOU processes were
introduced by Behme and Lindner (2012) and further investigated in Behme (2012).

Definition 2.2. Let (X,Y) = (X, Y:)i>0 be a Lévy process in R™*™ x R™ such
that X satisfies (2.3), and let V be a random variable in R™. Then the R™-valued
process V = (V4)¢>0 given by

— 1 —
V, = £ (X), %+/ £(X),_dv.|, t>o0,
0,1

is called a multivariate generalized Ornstein-Uhlenbeck (MGOU) process driven by
(X,Y). The underlying filtration F = (F;)¢>0 is such that it satisfies the usual
hypotheses and such that (X,Y") is a semimartingale.

The MGOU process will be called causal or non-anticipative, if Vj is independent
of (X,Y), and strictly non-causal if V; is independent of (X, Y5 )o<s< for all t > 0.

Remark 2.3. Tt follows from Behme and Lindner (2012), Theorem 3.4, that an
MGOU process V' = (V;)>0 with an Fyp-measurable Vj solves the SDE

AV = dUVs_ + dZ,, t>0, (2.8)
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where U = (Uy);>0 is another R™*™-valued Lévy process defined by (2.4) so that

— —
& (X) E(U),, and Z = (Z;)>0 is a Lévy process in R™ given by

=Y+ > (I+AX) 7 —1)AY, - [X,Y];, t>0.

0<s<t

With these U and Z the MGOU process can also be written as

(07t]

— —
V, = £ (U), (VO + gt dYS> , t>0. (2.9)
Conversely, if (U,Z) = (Us, Zi)1>0 is a Lévy process in R™*™ x R™ such that it
holds det(I + AU;) # 0 for all ¢ > 0, then for every Fyp-measurable random vector
Vo the solution to (2.8) is an MGOU process driven by (X,Y’), where X is given
by (2.7) and Y; = Z, + [X, Z],.

Convention 2.4. Observe that an MGOU process and similarly the process given
by (2.9) is well-defined for any starting random vector Vj, regardless if it is Fo-
measurable or not. We shall hence speak of (2.9) as a solution to (2.8), regardless
if Vy is Fo-measurable or not. Observe that if Vj is chosen to be independent of
(U, Z) or equivalently (X,Y), then the natural augmented filtration of (U, Z) may
be enlarged by o(V;) such that (U, Z) still remains a semimartingale, see Protter
(2005) Theorem VI.2. With this enlarged filtration, Vj is measurable.

To investigate the strict stationarity property of RC-CARMA processes later,
we introduce the property of irreducibility of a class of MGOU processes as it has
been done in Section 4 of Behme and Lindner (2012).

Definition 2.5. Suppose that (X,Y") = (X, Y})¢>0 is a Lévy process in R™*™ xR™
such that X satisfies (2.3). Then an affine subspace H of R™ is called invariant
for the class of MGOU processes V = (V;)¢>0 driven by (X,Y) if for all z € H the
choice Vy = = implies V; € H a.s. for all t > 0.

If there exists no proper affine subspace H such that, for all x € H, Vi = =
implies V; € H a.s. for all ¢ > 0, we call the class of MGOU processes irreducible.

Irreducibility is thus a property of the considered model. By abuse of language,
we will call an MGOU process irreducible if the corresponding class satisfies Defi-
nition 2.5.

3. The RC-CARMA process
Let p € Nand C = (Cp)i>0 = (Mt(l),...,Mt(p),Lt)tzo be a Lévy process in

RPHL with 11,0y ({1}) = 0. Let bg,...,by—1 € R. Let U = (Uy)i>0 be RP*P-valued
defined by

0 t 0 .0 b
0 0 t .0 by
Up = : : : : . b= 0, (31)
0 0 0 et by_o
_Mt(P) —Mt(p_l) _Mt(P—Q) o _Mt(l) bpfl

e:=[0,...,0,1) the p*" unit vector, and q := max{j € {0,...,p — 1}: b; # 0}.
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Then we call any process R = (R;);>0 which satisfies
R, =b'V,, t>0, (3.2)
where V' = (V});>0 is a solution to the SDE
dV; = dUVi— +edL;, t>0, (3.3)

an RC-CARMA (p,q) process, i.e. a CARMA process with random Lévy coefficients.
We speak of C' and b as the parameters of the RC-CARMA process.

As will be seen in Proposition 3.4 below, the assumption IT;q)({1}) = 0 implies
det(I + AU;) # 0 for all ¢ > 0, so that V' is an MGOU process as in (2.8) and,
as in Convention 2.4, by a solution of (3.3) we mean a process of the form (2.9)
with starting random variable V[ not necessarily Fy-measurable. We shall call the
process V' a state vector process of the RC-CARMA process R.

Observe that we get a classical CARMA(p,q) process (Si)i>0 = (b'Vy)i>0, al-
though on the positive real line, by choosing (Mt(l), e Mt(p)) = (a1,...,ap)t with
ai,...,a, € R. Further, we recognize that there is less sense in choosing the co-
efficients of the moving average side to be random since they are just defining the
weights of the components of V' to form S.

Recall that a CARMA (p,q) process S = (S;)¢cr satisfies the formal p*"-order
linear differential equation

a(D)S; = b(D)DL, (3.4)

where a(z) = 2P +a12P 7+ +ap, b(2) =bo+biz+--+by_12P7!, and D denotes
the differentiation with respect to t. When we consider an RC-CARMA (p,0) process
(Re)i>0 = (boVi )0 for (Vy)iso = (Vi, ..., VF)i>0 solving (3.3), we formally find
that

ari(D)R; = apn(D)b'V; = ap(D)boVy = bgDL; = b(D)DLy, (3.5)
where
M(l) dM(P)
— P /7t p-1 e t 0
ap(z) = 2P + T + 4 a c
()
Observe that djgz is not defined in a rigorous way but just an intuitive way of

writing.

Thus, it is possible to interpret also the RC-CARMA (p,0) process as a solution
to a formal pt"-order linear differential equation with random coefficients.

To justify (3.5), look at the first p — 1 components of V'

avy

dvy = Vit dt
t t A 1

=Vt o DV =Vt i=1,...,p—1. (3.6)



226 Dirk-Philip Brandes

Formal division by dt yields for the p*" component

Avp = —vram® — ... —vram® + dr,
“ o 9 d‘/;:p _ _Vl th(p) _ . VPth(l) %
a7t dt bt dt
(p) (1)
(3.6) dM., _ dM
< Dth:*thT;*---po y} d; + DL,
amV dM®

& DL =DPV! + DPVL v

dt
& DLy =ay(D)V}

dt

Brockwell and Lindner (2015) gave a rigorous interpretation of (3.4) by showing
that a CARMA(p,q) process (S; = b'Xy)er driven by a Lévy process L satisfies
the integral equation

a(D)JPS; = b(D)JP"Y(L;) + a(D)JP(b'e?Xy), teR,

where a(z) and b(z) are as before, and J denotes the integration operator which
associates with any cadlag function f = (fi)ter: R — C,t — ft, the function J(f)
defined by

J(f): :z/0 fsds.

Similarly, we give a rigorous interpretation of (3.5) as an integral-differential
equation and show that the RC-CARMA((p, 0) process solves this equation, hence
making the formal deviation of (3.5) above thoroughly.

We call a function g: [0,00) — R differentiable with cadlag derivative Dg, if g
is continuous and there exists a cadlag function Dg such that g is at every point
t € R right- and left-differentiable with right-derivative Dg, and left-derivative
Dg;— = limgg,e0 Dg¢—c, respectively. In other words, g is absolutely continuous
and has cadlag density Dg (see the discussion in Brockwell and Lindner, 2015 at
the beginning of Section 2).

We call a function g: [0,00) — R p-times continuously differentiable with cadlag
derivative DPg, if g is p — 1-times differentiable in the usual sense and the (p — 1)t
derivative D®P~Dg is differentiable with cadlag derivative DPg = D(DP~'g) as
defined above.

Theorem 3.1. Let C = (Cy)i>0 = (Mt(l), . .,Mt(p),Lt)tZO be a Lévy process in
R and an F-semimartingale with 1) ({1}) = 0. Let b’ = [bg,...,by—1] € RP
with by # 0 and by = --- = b,_1 = 0, and consider the RC-CARMA(p,0) process
R = (Ri)i>0 defined by (3.2) and (5.3), where V. = (V;)i>0 is the state vector
process (with Vo not necessarily Fo-measurable). Denote by DP~1 the set of all F-
adapted, R-valued processes G = (Gi)t>0 which are p — 1 times differentiable with
cadlag derivative DP71@.

(a) Define W = (Wy)i>0 by

—

Wt IZRt—b/g(U)tVb, tZO
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Then W € DP~1 it is an RC-CARMA process with parameters C, b, and initial
state vector 0, and it satisfies the integral-differential equation

P
Dp_th + <Z

DY, dMS(p‘”l)) =boLy, t>0. (3.7)
i—1 7 (0]

If Vi is additionally Fy-measurable, then also R € DP~' and there exists an Fo-
measurable random variable Zy such that

P
DPIR, + (Z DR, dMgpi“)) =boL; + Zy, t>0. (3.8)
i—1 7 (0]
(b) Conversely, zfﬁ = (Et)tzo € DP~1 satisfies
P
D;D—lét + (Z/ Di_lés, dMS(p—i+1)> =boL: + 2 (3.9)
=1 O’t]

for some Fo-measurable Zy, then R is_an RC-CARMA process with parameters
C, b, and state vector process V.= (Vi)i>0 = (bal(Rt,DRt,...,D”‘lRt))tZO.
Especially, Vo is Fo-measurable.

Proof: (a) As already observed (and to be shown in Proposition 3.4 (a) below), the
condition ;a1 ({1}) = 0 implies that V is an MGOU process. So

— — 1
V=E) (vt [ E@ta.
(0]

5
for some Lévy process Y as specified in Remark 2.3. Hence, (V; — £ (U), Vo)¢>o0 is

adapted and consequently so is (R; — b’ 2 (U), Vo)>0, and it is obviously an RC-
CARMA process with initial state vector 0. Hence, for the proof of (3.7) it suffices
to assume that V) = 0.

Denote V. = (Vi)i>o = (V;',...,VP)i>0. By (3.6), we have D'V}! = VT
i =1,...,p— 1. Hence, V;! is p — 1-times differentiable with (p — 1) cadlag
derivative V. By the defining SDE of the RC-CARMA process (3.3) and the form
of the matrix U = (Ut)¢>0 given in (3.1), we also have

p
Vi=v-> /(0 ) Vi dMPTHD 4 Ly, (3.10)
=1 ’

and, since V; = 0, that
p
Li=Dr 'V + ) DTV MY, (3.11)
i—1 7 (0]

Multiplying (3.11) by by gives (3.7) when Vi = 0 and hence (3.7) in general.
For (3.8) let
5
K, = (K{,...,K}) = £ (U), V.
5
When we consider the SDE which defines the right stochastic exponential d& (U), =
—

dU:€ (U),_, we obtain
th = dUth_ with KO = Vo, (312)
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and, due to the form of the process U,
. , dK; _ ,
dK} = Kj"'dt < T =K & DK'=KT, i=1,...,p-1
Further, from the last component of (3.12)
KP =DP 'K} = VP — K! dMmP — ... — K? dm!
(0,t] (0,t]

p
-3 / DITUKL dMp—iED,
=1 /(0.1 '

Hence,
DP K]} + Z DKL dMpPY = v
01 : :

where V" is Fy-measurable such that we obtain (3.8) via Ry = Wy + b’ K}, where
W, satisfies (3.7).

(b) For the converse, let R € DP~1 satisfy (3.9), and denote V, = (V;,..., VP) =
(bg'(Ri, DRy, ..., DP7'R;)), t > 0. By the fundamental theorem of calculus

Vi=Vi+ Vitlds, i=1,...,p—1, (3.13)
(0,2]

and from (3.9) we obtain

14
‘/;p — b(;lZO _ Z-/ Di*l‘/slidMS(pfﬁkl) + Lt

= by 12072/ VEdAMP=H) L L, t>0. (3.14)

But (3.13) and (3.14) mean that VO = by ' Zy and that V= (W)tzo satisfies

V,=Vo+ / AU, V,_ +eL;.
(0,]

Since obviously b’ V, = boby 'R, = ﬁt, it follows that R is an RC-CARMA(p,0)
process with parameters C, b, and state vector process V. O

Remark 3.2. Differentiating (3.8) formally gives

P
DPR,+Y D' 'R,_DMP~"*") = b,DL,
i=1
hence (3.5), and the RC-CARMA (p,0) process can be interpreted as a solution to
a formal p'P-order linear differential equation with random coefficients. To obtain
a similar equation and hence interpretation for RC-CARMA (p, ¢) processes with
q > 0 seems not so easy since it is in general not possible to interchange the
stochastic integration with the differentiation operator D.

Remark 3.3. Similar as in case of CARMA(p,q) processes, we easily see for an
RC-CARMA(p,q) process R = (Ry)i>0 with ¢ < p, by # 0, and b; = 0 for j > ¢
with

Ry = b/Vt _ bo‘/;gl NS bq‘/;q-i-l
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that, by (3.6), Ris (p—q—1)-times differentiable with (p—q—1)** cadlag derivative
DP=U IRy = by DPTI W o by DPTITIVIT = VP b VP

The following proposition shows that the state vector process V = (V;);>0 is an
MGOU process and gives its specific driving Lévy process (X,Y). Further, V' is an
irreducible MGOU process if we assume that U is independent of L and L is not
deterministic.

Proposition 3.4. Let C = (Ct)i>0 = (Mt(l), . .,Mt(p),Lt)tZO be an RPF!_valued
Lévy process and an F-semimartingale. Let 11,0y denote the Lévy measure of M™)
and let U be defined as in (5.1).

<
(a) Then € (U), € GL(R,p) for all t > 0 if and only if ;0 ({1}) = 0. In this
case, for any starting random vector Vy the solution to

dV; = dUV,— +edL;
is an MGOU process driven by (X,Y), i.e. V.= (V})i>0 takes the form

—

1 — — — 1
Vi=eX) ! (vo+ | ex),_avi ) =), (Vo+ [ W) av,
(0,¢] (0,t]

fort>0. Here, (X,Y) = (X¢,Y:)t>0 is a Lévy process defined by

0 —t 0 . 0
0 0 —t .. 0
Xe=| : : " :
0 0 0 . —t
Nt(p) Nt(l’—l) Nt(p—Q) . Nt(l)
with
AMO AMDY

N® = p +toyo po + Z

=1,...,p,
1
0<s<t 1_AM5()

where oy ppy denotes the Gaussian covariance of M® and M@ . X satisfies
det(I + AX;) #0 forallt >0, and Y; = eﬁ with

- AMPAL,
Y%:Lt'i‘tO'M(l),L‘i‘ Z 87(1)
0<s<t 1—AM;

(b) Denote M = (My)i>0 = (Mt(l), ce Mt(p))tzo. Assume that M is independent of
L and L not deterministic. Then the MGOU process V obtained in (a) is irreducible.
Proof: (a) Since C is a Lévy process and a semimartingale with respect to F, it is
<
clear that also U as defined in (3.1) is a semimartingale and therefore also £ (U)

s
is a semimartingale with respect to F. Since £ (U), is non-singular for all ¢t > 0 if
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and only if det(I + AU;) # 0 for all t > 0, we calculate

1 0 . 0 0
0 1 . 0 0
det(I + AU;) = det : : . : :
0 0 . 1 0
—AMP —AMPY o —AM® 1AM
=(1-AamY) (3.15)

which shows that 2 (U), is non-singular if and only if AMt(l) # 1 forall t > 0.
Since M) is a Lévy process, the latter is equivalent to Iy ({1}) = 0.

By Remark 2.3, V' is an MGOU process driven by (X,Y), where X is given by
(2.7) and satisfies det(I + AX;) # 0 for all t > 0, and Y; = eL; + [X, eL];.

From (2.1) we obtain for the components of [U, U]¢ due to the form of U in (3.1)

P 0 - .
([0, U]5)0) =N [oh gk = § 2 i=1,...,p
k=1 Lo N, Me—i+D), 1=p.
The form of I + AU, is implicitly given in (3.15) such that
1 0 . 0 0
0 1 ... 0 0
T+au) =] SN :
0 0 e 1 0
AMP AMPY AM®
1-am® 1—am®P T 1—aM®P 1—am®

which is well-defined since ITy;q1)({1}) = 0. Summing up the terms according to

(2.7) leads to the stated form of the processes (Nt(l), e Nt(p))tzo and X.
For Y; = eL; 4+ [X, eL]; we obtain with (2.1) componentwise

p .
i ; - 0 1=1,...,p—1
X eL]{) =3 [X0R (eL)®], = [XP) L], = BT
(X, eL]; H[ (el)™] = Ji (NO L, i=p.

Since
AMY
1—AM®’
and [NW, L]¢ = [MW L]¢ = toya), ;, we get the stated form of Y by (2.2).
(b) Suppose that V = (V;)i>0 = (V;, ..., V/)i>0 is not irreducible. Hence, there
exists an invariant affine subspace H with dim H € {0,...,p — 1}. Then for all

x € H it holds P(V; € H|Vy = z) =1 for all ¢ > 0. Since V is cadlag, we obtain
P(V; € HVt > 0|Vy = x) = 1. Further, if H' D> H with dim H' = p — 1, then

PV,e HVt>0|Vo=z)=1 Vze€H. (3.16)

We shall show that P(V; € H' Vt > 0|Vy = x) < 1 for all x € RP, hence contradict-
ing (3.16). So assume w.l.o.g. that dim H = p — 1. Since then H is a hyperplane,
there exists A € RP with A # 0 and a € R such that H = {y € RP: Ny = a}.

Let Vo =z € H. Let i1,...,ix € {1,...,p} with 4, # i, for all n £ m, A\;, #0
forall n € {1,...,k} and \; =0 for j € {1,...,p} \ {i1,...,%}. W.lLo.g. assume
i1 < g < -+- < i,. By the existence of an invariant affine subspace, this yields

AN =
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A, VI X, V™ = a. This is, since Di» =Vt = Vi» n=1,...,k, equivalent
to

Ay Vit + Xy D27V 4\, DT = q, (3.17)

But (3.17) is an inhomogeneous ordinary linear differential equation of order iy, —i;.
Hence, V;'* is a smooth deterministic function in ¢ and so are V}’ for all j € {1,...,p}

since V/ = D7='V;'. When we consider the last component of V, we obtain by
(3.10) with VJ = aP

Li=VpP +Z/ VE AMPRD g (3.18)

But under the assumption that M and L are independent and L is not deterministic,
(3.18) cannot hold (observe that V; is deterministic by (3.17) when Vp = z). This
gives the wanted contradiction and therefore that V is irreducible. g

Remark 3.5. We can write (3.18) using partial integration as

P P
L= VP + S VMO ST [ g gy
k=1 k=1"(0:1]

hence L, is a functional of M. It would therefore be enough assuming that L is not
measurable with respect to the filtration generated by M to ensure irreducibility
of the state vector process V.

Remark 3.6. When the components M) ... M®) L of the Lévy process C in
Proposition 3.4 (a) are additionally independent, then the components do not jump
together almost surely and the Gaussian covariances vanish for different components
so that the formulas for NV ... N®) simplify to

(AM)2

ﬁ and Nf(l) = Mt(i) a.s. for 7 = 27 .
1—-AM,
0<s<t s

NO = O 4 g2 2o+

Further, Y; = eL; and X are independent in that case (the latter is already true
when just L is independent of (M™), ... M®))).

Recall that a process is strictly stationary if its finite-dimensional distributions
are shift-invariant. As in the case of the MGOU process, we can find sufficient
conditions for the existence of a strictly stationary solution of the RC-CARMA SDE
(3.3) and therefore a strictly stationary RC-CARMA process. Assume throughout
that the used norm ||| on RP*? is submultiplicative.

Theorem 3.7. Let C' = (Cy)i>0 = (Mt(l), .. .,Mt(p),Lt)tZ() be a Lévy process in
RPHL with ;) ({1}) = 0 and a semimartingale with respect to the given filtration
F. Let b" := [by,...,bp—1] € RP, ¢ := max{j € {0,...,p—1}:b; # 0} and U =
(Up)i>o be given as in (5.1). Assume that E [log™ |Uy||] < 0o and E [log™ |Ly|] <
0.

(a) Suppose there exists a tg > 0 such that

E {log

Ew,

] <0. (3.19)
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— —
Then & (U), converges a.s. to 0 as t — oo, and the integral f(o 0 € (U),_edLs

converges a.s. to a finite random vector as t — oo, denoted by fooo E (U),_edL,.
Further, (5.3) admits a strictly stationary solution which is causal and unique in
distributiczl, and is achieved by choosing Vy to be independent of C' and such that
VoL [ € (U), edL,.

(b) Conversely, if Vo can be chosen independent of C such that V is strictly
stationary, M = (Mt(l), NN Mt(p))tzo is independent of L and L not deterministic,
then there exists a tg > 0 such that (3.19) holds.

In both cases with this choice of Vi, the RC-CARMA process given by Ry = b’V
t > 0, is strictly stationary, too.

Proof: (a) The assertions regarding V follow from Theorem 5.4 with Remark 5.5
(b) and Theorem 5.2 (a) in Behme and Lindner (2012).
(b) Under the assumptions made, V is irreducible by Proposition 3.4 (b). Therefore
Theorem 5.4 of Behme and Lindner (2012) applies.

That R is strictly stationary if V' is, is obvious. O

4. Existence of moments and second order properties

In this section, we calculate the autocovariance function (ACVF) of an RC-
CARMA process and give a connection to the autocovariance function of a specific
CARMA process obtained by choosing A = E[U;]. Further, we give sufficient
conditions for the existence of the ACVF and the spectral density. We end this
section with an exemplary investigation of the RC-CARMA(2, 1) process. But we
start with a result which guarantees the existence of higher moments. Assume that
the used norm ||-|| on RP*? is submultiplicative.

Proposition 4.1. Let R = (R;)¢>0 be an RC-CARMA(p, q) process with parame-

ters C = (C)i>0 = (Mt(l), el Mt(p), Ly)t>0, b and strictly stationary state vector
process V = (Vi)i>0 with Vo independent of C and C' a semimartingale with respect
to the given filtration F. Assume that for k > 0 we have for some tg > 0

K

<1. (4.1)

0

max{k,1} b
E||Cy|| <oo and E|&E(U),

Then E|Rp|" < oo, and if (/.1) holds for k =1,
E[L]
(R
E[M;"]
Remark 4.2. The assumption (4.1) in the previous proposition actually already
implies the existence of a strictly stationary state vector process V = (V;);>0, that is

E[Ro] = b

unique in distribution, since E ||C ||max{ﬁ’1} < oo obviously implies E[log™ ||U;]|] <
oo and Eflog™ |L1|] < oo, and by Jensen’s inequality and (4.1) we further have

- K

<E [1og sy, £, || <o.

} <logE

Then Theorem 3.7 applies.

Proof of Proposition /.1: By Remark 4.2 the strictly stationary state vector process
V' is unique in distribution. By Proposition 3.3 in Behme (2012) we then have
E||Vo]|" < oo and hence E|Ry|® < oo.
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Now let £ = 1. Again from Behme (2012), Proposition 3.3, we know that E[U;]
is invertible and
E[Vy) = —E[U)] 'eE[L,].
Observe that E[U;] is a companion matrix and it is well-known that the inverse of
this is of the form

_EMY] EMPY) _EMY]
E[M{"] EM™] EMP]  EMP)
0 .
E[U,]"! = 0 1 0 0 (4.2)
0 0 1 0
such that
E[L
E[VO]:el[i(lpJ)a
E[M;"™]

where e; denotes the first unit vector in RP, and
Ella] _, E]
EM]EM

E[Ro] = E[b/VO] = b’el

O

The following proposition gives sufficient conditions for the existence of the au-
tocovariance function of an RC-CARMA process and states its form. We denote
with ® the Kronecker product and by vec the vectorizing operator which maps a
matrix H form RP*™ into RP™ stacking its columns one under another. vec™!(H)
means the inverse operation and yields H.

Proposition 4.3. Let R = (Ry)i>0 be an RC-CARMA(p, q) process with parame-
ters C = (Cy)i>0, b and state vector process V.= (V;)i>0 with Vi independent of
C and C a semimartingale with respect to the given filtration F. Suppose it holds
E||Cy]? < 0o and E||V4|® < oo, then, fort >0, we have

Cov(Ryip, R) = b'e"®W Cov(V)b Vh >0,

where Cov(Vy) = E[V;V/] — E[R]E[V/] denotes the covariance matriz of V;.
In particular, if V is strictly stationary, (4.1) holds for k = 2 and we denote

D =E[h]® I +1®E[U;] +E[U; ® U] — E[U)] © E[t}], (4.3)

then all eigenvalues of D have strictly negative real parts and the matriz
/ / (et~ BIUASD) | o(s=w)(ISBIV)) gy s
is finite. Further, if E[L1] =0, we obtain
Cov(Ryin, R) = b'e"®Wilvec (—D te,2) E(L?)b,

where e,z denotes the (p*)"-unit vector in R and if M = (Mt(l), .. .,Mt(p))tzo
and L are independent, we obtain

COV(Rt+h, Rt)

2
= b’ ElU] (Ve(:1 (—D™'e,2Var(L;) + Fe,z(E[L1])?) — ere] <E[L(1p])> >b
E[M;"”]
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Proof: This follows immediately from Proposition 3.4 and the subsequent remark
in Behme (2012), by observing that

vec ' ((E[U;] ® E[U1]) " 'vec(E[eL1|E[eL])) = E[U,] 'E[eL]|E[eL,] (E[U1] 1)

o (B
-\ B

is obtained by (4.2), and the properties of the vectorizing and the Kronecker prod-
uct operations. O

The following is Remark 3.5 (a) in Behme (2012) for our purposes.

Remark 4.4. Let C = (Cy)i>0 = (Mt(l), ol Mt(p), Lt)t>0 be a Lévy process in RPF!
with E||C4]|> < oo satisfying 0, ({1}) = 0 and U = (Uy)¢»0 a Lévy process in
RP*P of the form (3.1). Let D be as in (4.3). Then
2

<1 for some tg >0

+—

E‘g(U)tO

if and only if
all eigenvalues of D have strictly negative real parts.
Therefore, that condition (4.1) holds for x = 2 can be replaced by
E ||C1]|> < oo and all eigenvalues of D have strictly negative real parts.  (4.4)

Let R = (R;)i>0 be an RC-CARMA process with parameters b and C =
(MO M@ L), EEMY)|,... E|M®)| < oo, we can associate to R and each
vector Xo a CARMA process S = (S¢)>0, given by (1.1) and (1.2) with A = E[U;].

Each of these processes, i.e. when X varies over all random variables, will be
called a CARMA process associated with the given RC-CARMA process with state
vector process (X;);>o. It is then interesting to compare the autocovariance func-
tion of R with that of S provided both are strictly stationary with finite variance.

We denote with @ the Kronecker sum, i.e. AGA=ARQI+1® A.

Theorem 4.5. Let R = (R;)i>0 be an RC-CARMA(p, q) process with parameters
C = (Cy)i>0, b and strictly stationary state vector process V.= (Vi)i>0 with Vp
independent of C, and C a semimartingale with respect to the given filtration F.
Assume that (/.1) holds for k = 2, that E[L] = 0 and denote D := E[U;] ® E[U4].
Then E[U;] and D have only eigenvalues with strictly negative real parts. Further,
X can be chosen independent of C' and unique in distribution such that the state
vector process (X¢)i>o0 of the associated CARMA process S = (Si)i>0 becomes
strictly stationary with finite variance. Its autocovariance function can be expressed
forallt >0 as

Cov(Siin, Si) = be"EU vec™ (~D7te,2 ) E(L?)b YV h > 0. (4.5)

Then the autocovariance function of S and R differ only by a multiplicative con-
stant. More precisely,

COV(Rt+h, Rt) = COV(St+h, St) *ORC Vt7 h Z 0, (46)
where

ORC = 1 + eg)zBﬁ_lep‘z (47)



Continuous time ARMA processes with random Lévy coefficients 235

with B = E[U; @ U1] — E[U1] @ E[U1]. Furthermore, if Var(Ry) > 0, the autocor-
relation functions of both R and S agree, i.e.

Corr|[Si4n, St] = Corr[Riypn, Ry] Vit,h > 0. (4.8)

Proof: That E[U;] has only eigenvalues with strictly negative real parts follows
since (4.1), by Jensen’s inequality, implies

o\ 1/2

) <1

5
Hence, since E[€ (U), | = eoElU1] by Proposition 3.1 in Behme (2012) we obtain
by the submultiplicativity of the norm

so that all eigenvalues of E[U;] have strictly negative real parts (e.g. Proposition
11.8.2 in Bernstein, 2009). That then also D has only eigenvalues with strictly
negative real parts follows by Fact 11.17.11 of Bernstein (2009).

That X admits a strictly stationary solution which is unique in distribution with
finite variance and X independent of C' under the given conditions, is well-known
(e.g. Brockwell, 2001a) or follows alternatively from Remark 4.2. (4.5) follows from
Proposition 4.3. (4.8) is clearly true as long as (4.6) holds and Var(Ry) # 0.

To show that (4.6) is indeed true, we recognize first that the covariance of the
CARMA process S and the RC-CARMA process R differ only in the matrices D
as defined in (4.3) and D. So, it is enough to show that

HE[E (U)tO]H <E HE(U)tO

< (EHE(U%O

entoE[Ul] g (U)

n/2
' ) —0, n— o0,
0

< HetoE[Ul]

TORCc =T

where z := De,2 and 7 := D~ 'e,> and ggc is defined by (4.7).
Since both D and D, under the assumptions made, are invertible, z and = are

well-defined. Further, we have that
D =D+E[lU; U] —E[lh] ®E[U;] = D + B,

where the matrix B = (b; ;); j=1,... p2 does only have values different from zero in
the last row. The latter can be seen due to the form of the matrix U; by

0, E[U1] 0, e 0,
0, 0, E[U] . 0,

E[U; ® Ui]= : : : : )
OP OZD OP E[Ul]

~EMPUy] -EMP V0] -EMP U] ~E[MVU)]
and
E[U;] @ E[U;] =
Op E[Ul] Op Op
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Then
2
epp =Di=(D—B)F=Di—» byp,iey
i=1
such that
2
Dr=|1+ przﬁifrfi €p2 = (1 + (8;23>5_1ep2)ep2 = QORC€p2.
i=1
Hence, T = QRcDilep2 = ORCZ. [l

The following two propositions give handy sufficient conditions for (4.4) and
therefore also for the existence of a strictly stationary solution by Remark 4.2.

Proposition 4.6. Suppose that E||Cy|* < oo and that E[U] has only eigenvalues
with, strictly negative real parts. Denote D := E[U]®E[U;], and B := E[U; @ U] —
E[U1|QE[U1] = (bij)ij=1,. p2 withb;; =0 for alli #p* and all j =1,...,p* and
bp2 p(k—1)4; = Cov(Ml(p_k+1),M1(p_j+1)) for k,j = 1,...,p. Then the minimal
singular value omin(f) &) 15), which is the square root of the minimal eigenvalue of
(D& D)(D @ DY, is strictly positive, and if
P

3~ [Cov(m?, MI? < %omin(fv & D)?, (4.9)

ij=1

then (/.4) applies.

Proof: Assume that E[U;] has only eigenvalues with strictly negative real parts.
Then so does D = E[U;] @ E[U3] by Fact 11.17.11 of Bernstein (2009) and hence
also D& D. In particular, D @ D is invertible so that its minimal singular value
is strictly positive. By Fact 11.18.17 of Bernstein (2009), the sum D = D + B has
only eigenvalues with strictly negative real parts if || B||p < 1/ 20 min (D @ D), where
|-/ denotes the Frobenius norm. Due to the form of B, we see immediately that

IBIG = 202, 2, 5, hence (1.9) -

i=1"p2,5

Let us denote with ||A[|; the column sum and with || A the row sum norm of a
matrix A, respectively. Further, x1(A) = HAH1HA_1H1 and Koo (A4) = ||AHOOHA_1HOO
denote the condition number of an invertible A with respect to |||, and |||
respectively.

o0?

Proposition 4.7. Suppose that E||Cy||> < oo and that E[U1] has only pairwise
distinct eigenvalues with strictly negative real parts, which we denote by i1, ..., fip.

Let D and B be as in Proposition /.0, denote

1 1
Moo Hp .

S = . . . Ac=diag(p, ..., tp),
T

and by spec(f)) the set of all eigenvalues of D. Then E[U1] and D are diagonaliz-
able, more precisely STE[U1]S = A and (S7* @ S™HD(S® S) = A® A. Further,
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if
(a) K1(S)? - max |Cov(M? MY) < min_ |[Re(\)|, or
4,j=1,....,p A€spec(D)

p
(b) koo(S)? - D [Cov(M{, M) < min_ [Re(\)],
=1 A€spec(D)

then (4.4) applies.

Proof: That E[U;] is diagonalizable and that ST1E[U;]S = A under the assumption
of pairwise distinct eigenvalues, is well-known, see, for example, Fact 5.16.4 in
Bernstein (2009). Then

(ST @S DS ®S) = (ST S TYE[U] @I+ I1®E[U])S®S)

=ST'E[l)]S® SIS + SIS ® STIE[UL]S
=AQQI+IRA=ADA,

so that D is diagonalizable and has only eigenvalues with strictly negative real
parts. Let r € {1,00}. By the Theorem of Bauer-Fike (see Theorem 7.2.2 in
Golub and Van Loan, 1996) we have for u being an eigenvalue of D = D + B that
ming ¢ oo 5y IA—p] <k (S®S)||B||,. In particular, if

kr(S®S)| B, < min_ |Re)|,
A€spec(D)

then D can only have eigenvalues with strictly negative real parts. Observe that
by Fact 9.9.61 in Bernstein (2009) it holds £, (S ® S) = [|S® S|, ||S~! ® 571”7, =

||S||i HS‘lﬂi = £,(S5)? so that the statement follows. O

Remark 4.8. (a) Proposition 4.7 can also be formulated for other natural matrix
norms corresponding to the r-norms with r € [1, 00], i.e.

A
||A||7~ = sup || x”r
w20 zll,

(b) For r = oo observe that Theorem 1 in Gautschi (1962) gives estimates for
the condition number ko (S) when S has the form as in Proposition 4.7 which then
gives feasible conditions for (4.4) to hold.

(¢) Both Proposition 4.6 and 4.7 state that, if a strictly stationary CARMA
process with finite second moments and matrix A whose eigenvalues have only
strictly negative real parts is given, then an RC-CARMA process with E[U;] = A
can be chosen to be strictly stationary with finite second moments, provided the
variances of the M are sufficiently small. In other words, the CARMA matrix
may be slightly perturbed and still give a strictly stationary RC-CARMA process
with finite second moments.

Ezample 4.9.  Consider an RC-CARMA(2,1) process under the assumption of
Proposition 4.7. Denote with A\; # Ay the eigenvalues of E[U;] with strictly nega-
tive real parts. If

K+ max |Cov(M1(i),M1(j))| <  min _ |Re(A\)|,
4,j=1,2 A€spec(D)
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where

_ ((1 + max{|A1], [A2|}) - max{2, |A;| + |/\2|})2
K= 7
A2 — A

then D + B has only eigenvalues with strictly negative real parts.
Proof: Since E[U;] is a companion matrix, we have
5= [1 1} and §71 = [AAA _Azlhl
A N ww

Hence, straightforward calculations yield
(1 + max{|)\1|, |)\2|}) . maX{Z, |)\1| + |>\2|}

k1(S) =
1(5) De — M|
Observe that koo (S) = k1(S) such that Proposition 4.7 (b) gives a weaker sufficient
condition. O
Let X = (Xi)ier be a weakly stationary real-valued stochastic process with

E|X:|? < oo for each ¢t € R, then the autocovariance function of X with lag h is
defined by

Yx (h) := Cov(Xiqn, Xi) = E[(Xevn — E[Xe4n]) (X — E[X])], heR.
and the autocorrelation function of X is

vx ()
PX h) :=
() 7x(0)
If vx : R — R is the autocovariance function of such a process X = (X;)ier with
Jz lvx (h)|dh < oo, then its Fourier transform

= COI'I‘(Xt+h7Xt), h €R.

1 [
fx(w): / e Whyy(h)dh, weER,

:% -

is called the spectral density if the integral exists.
It is well-known (e.g. Brockwell, 2001a) that the spectral density of a CARMA
(p,q)-process S = (S¢)¢>0 of order ¢ < p is given by

a2 |b(iw)|?
fs((.d) = % ||a((zw))||2’

w € R,

with o2 being the variance of the driving Lévy process. Under the stated conditions
of Theorem 4.5 we see that the spectral density of an RC-CARMA (p,q) process
R = (Ry;);>0 with parameters C' and b is given by

fr(w) = fs(w)orc, wER,

where fg(w) denotes the autocovariance function of the associated CARMA process
with A = E[U] as in Theorem 4.5 and the constant grc is as in (4.7).

Remark 4.10. It is well-known that if S = (S;):er is a weakly stationary CARMA
(p, q) process, then the equidistantly sampled process S® = (Spa)neng, A > 0, is a
weak ARMA (p, ¢’) process for some ¢’ < p, see e.g. Section 3 in Brockwell (2009).

Since under the conditions of Theorem 4.5 the autocovariance function of an RC-
CARMA (p, q) process R = (R;);>¢ differs from that of the associated CARMA(p, q)
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process only by a multiplicative constant, it follows immediately that also R® =
(RAn)nen, is a weakly stationary ARMA(p, ¢') process for some ¢’ < p.

Next, we evaluate exemplarily the covariance structure of an RC-CARMA (2, 1)
process under the assumption E[L;] = 0.

Ezample 4.11. (Covariance of RC-CARMA (2,1))

Let R = (R¢)t>0 be an RC-CARMA(2, 1) process with parameters C = (Cy)i>0 =
(Mt(l)7 Mt(2), Ly)¢>0, b and strictly stationary state vector process V = (V;);>0. Let
Vo be independent of C and C' a semimartingale with respect to the given filtration
F. Assume that E[L;] = 0, that (4.1) holds for x = 2, and denote with S = (S;)i>0
the associated CARMA process characterized by Theorem 4.5. Then, for all ¢ > 0,

by __ 2
E[L
Cov(Ryin, Ri) = Cov(Siin, Si)orc = b'e Bl | EM?] [71(}1)91%0 (4.10)
b | 2E[MD)]

for all A > 0, where

2E[MV|E[M;”) .
2E[M"] - Var[M{"]))E[M{?] — Var[M{”)]

ORC =

Proof: Under the assumptions made, an application of Theorem 4.5 yields an as-
sociated CARMA process S and the first equality in (4.10). Clearly,

0 1

B0 ey —mpa)

and the general form of Cov (R4, R:) is obtained from Proposition 4.3, i.e.
Cov(R; 1, Ry) = b'e"EWil yec=l(—D7le,) E(L?)b. (4.11)

Easy calculations show that

0 1 1 0

b ~EM?] —EMY) 0 1

~ | —EMPY) 0 ~E[MY) 1 ’
Var[M{?’] n Var[M{)] - 2B[M{"]

where 7 1= Cov[Ml(Q), Ml(l)] - E[Ml(z)]. Let
1
2E[M{"] - Var[M{"])E[M{"] - Var[p{*]’

/
and denote y = |—p 0 0 —QE[MI(Q)]} . Then Dy = e4 such that

—0
0 1 0
vee ! (=D leq) = vec ! | — 0 _[o E[MfQ)]] .
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Summarizing,
1 1) (2)
5 0 2E M, |E|M
vec (=D 'ey)b = | EIM;”] [20} My ] (1[) 1]
0 1) ] ampu)
vion 1
= [EM”]| —— o,
l b | 2E[M{]
and with (4.11) we get the stated shape of (4.10). O

Observe that for MM and M being deterministic, orc = 1, hence dividing
(4.10) by gre gives the autocovariance function of a CARMA(2,1) process.

Ezample 4.12. (Covariance of RC-CARMA (3,2))

Let R = (Ry)t>0 be an RC-CARMA(3,2) process with parameters C' = (Cy)s>o,
b and strictly stationary state vector process V = (V;);>0. Let V; be independent
of C and C a semimartingale with respect to the given filtration F. Assume that
E[L1] =0 and (4.1) hold for x = 2. Then, for all ¢t,h > 0,

E[M")
EMP)] bo — b2
COV(Rt+h, Rt) = blehE[Ul] 1 bl

E[M?]by — by

where
2(E[M"|E[M{V] - E[M{P)

(1)
¢ +2(Cov(MP, MMy — E[MP]) — 72%3)}%1«[]\4{3)]
1

ORC =

with ¢ = 2E[MY] — Var[MI)DE[MP) — Var[M?)].

The proof follows by similar calculations as in Example 4.11 and is left to the
reader.

5. Simulations

We compare in this section two simulations of an RC-CARMA(2, 1) process, one
when E[U;] has only real strictly negative eigenvalues and the other when E[Uj]
has complex eigenvalues with strictly negative real parts.

For our simulations we have chosen as random coefficient processes M), M (
two independent compound poisson processes, i.e. with depiction

2)

N N
TN SELRPI TN S CRpE)
=1 =1

In the case of real eigenvalues we have chosen E[Nl(l)] = 1.5, E[Nl(z)] =2, Xi(l) ~
N(1,0.3%), and Xi(2) ~ N(0.25,0.2%), and as driving process a standard Brownian
motion B = (By);>0. Hence, for D = E[U;] ® E[U;] and D = D + E[U; @ U4] —
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E[U;] ® E[U;] we have

0 1 1 0]
[ o 1 =~ |-1/2 =3/2 0 1
Elth] = {—1/2 —3/2] D=\ 0 g2 1|
0 -1/2 -1/2 -3]
0 1 1 0
p |12 =32 0 1
T -1/2 0 —3/2 1
0205 —1/2 —1/2 -1.365]
Consequently, we have for E[U;] the eigenvalues u1 = —1/2 and ps = —1, and
for D the eigenvalues \; ~ —0.29, Ao &~ —1.29 4+ 1.28i, A3 = —1.29 — 1.284, and
Ay = —1.5. Since all eigenvalues of D have strictly negative real parts, we obtain

the existence of a strictly stationary solution by Remark 4.2 and Remark 4.4.
Nevertheless, observe that

1 -~ <
Var(M™M) + Var(M?) = 1.84 ¢ 7 ouin(D @ D)* ~ 0.0799
showing that the condition in Proposition 4.6 is not necessary. Moreover,

_ ((1 + max{|A1[, [A2|}) - max{2, |\;] + |>\2|})2 _
K = =25
A2 — A1

so that _
K - max |Var(Mll))| =40.875 ¢ min_ |Re(N\)| =1,
i=1,2 A€spec(D)

showing that also the condition in Example 4.11 and hence in Proposition 4.7 is
not necessary.

In case of complex eigenvalues we have chosen E[Nl(l)] = 2, E[Nl(z)] = 7.5,
Xi(l) ~ N(0.5,0.1%), and Xi(2) ~ N(0.4,0.05%), and have left the driving process
unchanged. Then

Bltn] = {—03 —11]

gives two complex-valued eigenvalues fi; ~ —0.5 + 1.66¢ and o = —0.5 — 1.66i.
Also, D has just eigenvalues with strictly negative real parts. Furthermore, an
observation similar to the one above can be made showing non-necessity of the
conditions in Proposition 4.6 and 4.7.

For both the complex and the real eigenvalues case, we have simulated 10, 000, 000
observations with a mesh size k = 0.01, i.e. Ro.01, Ro.02;---,R100,000- In Figure
5.1(a) and (c) we see the corresponding plots until time 300. Plots 5.1(b) and (d)
show the corresponding autocovariance functions (ACVF).

The solid line corresponds to the model autocovariance function, the dashed one
to the sampled ACVF based on the data Ro.o1, ..., Ri00,000, and the dotted shows
the model ACVF of the corresponding CARMA(2, 1) process. The dashed-dotted
line shows the sample ACVF based on Rg.1, ..., R1i00-

We see that using 10,000, 000 observations to calculate the sample autocovari-
ance function, it nearly agrees in both cases with the model autocovariance func-
tion. Plot 1(d) shows a sinusoidal oscillation which is also in the CARMA case
characteristic for allowing complex eigenvalues and visualizes the variety of possi-
ble autocovariance functions.
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(a) Simulation with eigenvalues of E [U1] cho-
sen to be pu; = —% and pg = —1.

Lag

(b) ACVFs with eigenvalues of E [U1] chosen
to be p1 = —% and pg = —1.
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(d) ACVFs with eigenvalues of E [U1] chosen
to be 11 = —0.541.66¢ and 12 = —0.5 —1.664.

(c) Simulation with eigenvalues of E [U1] cho-
sen to be g1 &~ —0.5 + 1.66¢ and gz = —0.5 —
1.663.

FIGURE 5.1. Simulated RC-CARMA(2,1) process and ACVFs.

Figure 5.2(a) shows all simulated observations of the RC-CARMA(2, 1) process
where E[U;] has real eigenvalues. On the other hand, Figure 5.2(b) shows an
equally sized simulation of the associated CARMA(2,1) process, i.e. with the
choice A = E[U;]. Tt can be seen that the RC-CARMA(2, 1) process provides larger
outliers around the between —5 and 5 concentrated band than the CARMA(2,1)
process around its band. This may indicate possible heavy tails of RC-CARMA
processes.

We justify these observations intuitively in the following remark recalling results
on random recurrence equations.

Remark 5.1. Observe that a stationary CARMA process driven by a Brownian
motion has a normal marginal stationary distribution, in particular, it has light
tails.
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RC-CARMA(2,1)
CARMA(2,1)

5 . , , . , , . , , 15 . , , . , . . , ,
0 1 2 3 4 5 6 7 8 9 10 0 1 2 3 4 5 6 7 8 9 10
Time L10% Time <10*

(a) Simulation of RC-CARMA(2,1) with (b) Simulation of associated CARMA(2,1)
eigenvalues of E [U1] chosen to be pi1 = —% with A = E[Uj].
and p2 = —1.

FIGURE 5.2. Simulated RC-CARMA(2,1) and CARMA(2,1) processes.

On the other hand, as a consequence of results of Kesten (1973) and Goldie
(1991), it is known that a generalized Ornstein-Uhlenbeck process and so an RC-
CARMA(1,0) process will have Pareto tails under wide conditions, even if the
driving process is a Brownian motion, see e.g. Lindner and Maller (2005) (Theorem
4.5) or Behme (2011) (Theorem 4.1).

We henceforth expect using the multivariate results of Kesten (1973) that un-
der wide conditions the RC-CARMA process will also have Pareto tails for higher
orders. However, we leave a thorough investigation of this for forthcoming research.
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