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Abstract. The longest increasing subsequence of a random walk with mean zero
and finite variance is known to be of length n'/2+°(1) We show that this is not
universal for symmetric random walks. In particular, the symmetric Ultra-fat tailed
random walk has a longest increasing subsequence that is asymptotically at least
n%09 and at most n®-#1°. An exponent strictly greater than 1/2 is also shown for
the symmetric stable-a distribution when « is sufficiently small.

1. Introduction

It is well known that the longest increasing subsequence (LIS) of a sequence of
n IID non-atomic random variables has length (2 + o(1))+/n with high probability.
(see Versik and Kerov 1977; Logan and Shepp 1977). A different model was con-
sidered by Angel et al. (2012). Let S, := Y__, X be the partial sums of random
walk with mean zero and finite variance. Angel et al. show that the LIS of the
partial sum sequence (S, ..., S,) has length nt/2+°()  They do not shed any light
on what happens when the finite variance hypothesis is removed. When the second
moment, and possibly the first, are undefined, it makes sense to consider other ways
to keep the walk from having a drift. Here we consider random walk trajectories
whose increments are symmetric about zero. We show that random walks whose
increments have fat tails will have a longer LIS than do those with finite variance.

The cleanest model in which this occurs is the so-called Ultra-fat tailed distri-
bution, which is a distribution not on R but on a non-archimedean totally ordered

Received by the editors February 6th, 2016; accepted March 7th, 2017.

2010 Mathematics Subject Classification. 60CO05.

Key words and phrases. Ultra-fat tailed distribution, stable law, LIS, NBU.

Research supported by NSF grants # DMS-1209117 and DMS-1612674.
327


http://alea.impa.br/english/index_v14.htm
https://doi.org/10.30757/ALEA.v14-18

328 R. Pemantle and Y. Peres

space S described in Section 2 below. There, we are able to show that the LIS
has length at least n%5%; see Theorem 2.1 below. However, the result also holds
for real random walks with fat tails, such as the symmetric stable-ar when « is
sufficiently small. We also show that the LIS has length at most n°%2. Neither of
these exponents is believed to be sharp, however empirical studies suggest that the
LIS exponent for the Ultra-fat tailed distribution is roughly 0.72, so nearer to our
lower bound. Numerical evidence also suggests that for stable laws, the exponent
varies, interpolating between this and 1/2.

The organization of the rest of the paper is as follows. The next section contains
definitions, notation and preliminary facts. Section 4 proves the nfoto(1) lower
bound with an explicit constant [y slightly larger than 0.69. Section 5 proves the
nP1te() ypper bound, with an explicit constant 3; slightly less than 0.9. Section 6
extends the lower bound from the Ultra-fat tail case to actual fat-tailed distribu-
tions. We conclude with some further remarks and questions.

2. Definitions and results

2.1. Ultra-fat tailed distribution. We begin by defining the state space S, which is
a free Z-module with one generator z for each € (0,1). In other words, elements
of § are finite formal linear combinations of the symbols {x : 0 < & < 1} with
coefficients in Z. There should be no confusion between the formal symbol =z and
the real number x as coefficients take only integer values and are always written on
the left.

Endow & with the lexicographic order. Formally, if o = Y _pa,z and § =
> wecq baw, we may define this order relation by induction on the minimum length
m An of a and 3 as follows. For a = > _pa,x € S, define its degree by |a| :=
sup{t : a; # 0}. By convention |0|] = 0. We define comparisons to 0 by a > 0 if
and only if [F'| > 0 and aj4| > 0 and o < 0 if and only if —a > 0. For elements
a=) cpazrand =3 _~b,x, assuming |F|,|G| > 0, inductively define a >
if and only if one of the following conditions holds.

(i) |a| =t > |B| and a; > 0;

(ii) |8l =t > |a| and b, < 0;
(ili) |o] =t =|p| and a; > by;
(iv) |a] =t =|p| and a; = b; and o — ast > 5 — bst.
This defines a total order on S consistent with addition: a > § and v > ¢ implies
a+y>pB+4.

2.2. Ultra-fat tailed random walk. Define F': (—1,1) — S by F(0) = 0 and F(z) =
sgn (z)|z| for z # 0. Let {U, : n > 1} be an IID collection of real random variables
uniform on (—1,1). The law of F(U) is called the Ultra-fat tailed distribution.
Let X,, := F(U,) and S,, := >, _; Xj, with Sy := 0. The sequence {S,, : n > 0} is
called the so-called Ultra-fat tailed random walk. A sequence nq < --- < ny is
an increasing subsequence if S,,, < Snj for all 1 < i < j < k. The Ultra-fat tailed
distribution has been used elsewhere, without a formal definition; see, e.g., Limic
and Pemantle (2004). The following theorem is the main result of this note.

2.3. Main result. Let {S,} be a random walk on § with increments from the Ultra-
fat tailed distribution. Let L(t) denote the length of the LIS of (Sy,...,S:). We
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remark that, by convention, we have not allowed Sy to be an element of the LIS,
hence the increment X; will play no role.

Theorem 2.1. There are numbers 1/2 < v < § <1 such that as t — oo,
P(t" < L(t) <t°) — 1.
In particular, one can take v = 0.690 and § = 0.815.

Remark. Tt can be shown (see Section 7) that neither exponent is sharp.

3. Preliminary results

We look at the growth rate of various deterministic random functions going
between the time variable for the random walk and the length variable for the
corresponding LIS. Because of the proliferation of notation, we will organize by
using ¢t and nearby letters when possible for quantities in the time domain and /¢
and nearby letters for quantities in the length domain. As usual, we use upper case
letters such as L and T for random quantities.

The random variables {L(t) : ¢ > 1} have already been introduced and follow
this notational scheme. For ¢ > 1 let T'(¢) := inf{t : L(t) > ¢} denote the random
time that the LIS first reaches length ¢. Thus L(T'(¢)) = £ and T'(L(t)) < t.

The magnitudes of the steps are the values |Ui|, |Uz|,.... Trivially, the order
type of the first ¢ of these is uniform on all ¢! possible orders and independent
of the sign vector, which is also uniform on {£1}. This allows for the usual
conditioning identities. For example, if the variable of the greatest magnitude is U,
then the order types of (|U1], ..., |Us—1]) and (|Us41], - - ., |Ut|) are independent and
uniform. Also immediate is the following Markov property. Construct the random
variables {U,,} as the coordinate functions on the canonical space Q := [—1,1]*
with normalized Lebesgue measure. Let 0 : Q — Q be the shift (Uy,Us, Us,...) —
(Us,Us,...). Let F; :=o(Uy,...,Us) and let 7 be a stopping time with respect to
the filtration {F;}. Then conditionally on F, the sequence {X;4,} is distributed
as the unconditional sequence {X,}.

This is all pretty trivial but it allows us to state two important relationships,
one sub-additive and super-additive:

Lis+1) < L(s)+L(t)06°; (3.1)

T(+m) > T +T(m)osT® . (3.2)
Intuitively, the first of these holds because any increasing subsequence of (S, ...,
Se+¢) has at most L(s) entries in [s] and L(t) o #° elements in {s + 1,...,s + t}.
The second holds because to get an increasing subsequence of length ¢+ m one first
needs one of length ¢, and must then find one of length m among the remainder of

the sequence. These properties do not rely on the Ultra-fat tailed distribution and
hold for the LIS of any random walk.

Definition 3.1 (NBU). Say that a random variable X is new better than used
(NBU) if for every pair of positive integers a and b,
P(X >a+b) <P(X >a)P(X >0).

The terminology comes from reliability theory Barlow et al. (1963) and Barlow and
Proschan (1965), where the inequality rewritten as P(X > a+b|X > a) <P(X >b)
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says that a new light bulb has a better chance of surviving b units of time, than
does a light bulb that has been used for a units of time.
We recall a basic property of NBU variables.

Lemma 3.2. If the random variable X is NBU and P(X < q) =€, then E[X] < g/e.

Proof: The NBU assumption implies that P(X > kq) < (1—¢€)*, so X/q is stochas-
tically dominated by a Geometric Variable of mean 1/e — 1. d

Proposition 3.3. For LIS of any random walk, each random variable L(t) is NBU.

Proof: This follows from (3.1) and (3.2). The event {L(¢) > a+b} is the intersection
of the events {T'(a) < t} and {T'(b) 0 87 < t —T(a)}. Because T(b) o 7@ is
independent of Frp(,),

P(L(t) > a+b) = P(T(a)<t)- ]P’(T(b) 0fT(@ < ¢ - T(a))
< P(L(t) > a) - P(L(t) > b).
O

Proposition 3.4. Let X be NBU with mean pu and let Y be geometric started from
zero with mean p (that is, one less than a geometric of mean p+1). Denote

a, = P(X >n)

0o
Aﬂ = jz:ak
k=n

G, = ng:Gogn
k=n

where Gog = 14+ u. Then for all n we have A, < G,.

Proof: Let t be the least integer such that a; < g;. Then ¢ is at least 1 because
ag = go = 1. Also t is finite unless X and Y have the same distribution because

Zan:Zgnzl—i—,u.
n=0 n=0

Suppose first that n <¢. Then
n—1 n—1
Ap = 1+‘U“‘j{:ak < 1+‘M__j£:gk::(;n~
k=0 k=0

Now suppose that n > ¢ and assume for induction that A,, < G,, for all m < n.
Then using the NBU property and induction,

A, = Z ap < ag Z ar = atAn_t < g1Gnt = Gy,
k>n k>n—t

completing the induction. O
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Corollary 3.5. Let X be NBU and Y be geometric started from zero with the same
mean. Then for any conver function ¢,

E¢(X) < E¢(Y).

Remark: An equivalent conclusion is that X has the distribution of some condi-
tional expectation of Y.

Proof: As before, let a,, and A, be tail probabilities for X and their tail sums.
Letting Ah(n) denote h(n + 1) — h(n), we sum by parts twice to obtain

E¢(X) = ¢(0) + Y Ag(n — 1)an = ¢(0) + Ap(0) Ay + Y AA¢(n —2)A, .

n=2
Similarly,
E¢(Y) = ¢(0) + Ap(0)G1 + Y AAp(n — 2)G,, .
n=2
Because ¢ is convex, AA@(k) > 0 for k > 0. Together with Ay < Gy, for all k and
Ay = Gy = p, this proves the corollary. O

4. Proof of the lower bound

In this section we prove the lower bound in Theorem 2.1. In terms of universality,
this direction is the more interesting, as it shows the Ultra-fat tailed walk to be in
a different LIS-universality class from mean zero finite variance walks.

For 1 <m < n,let L(m,n) := L(n—m)of™, in other words, it is the length of the
LIS of (S, ..., Sn) (recall that, by convention, the LIS cannot include the initial
element, S,,,). Of course L(m,n) has the same distribution as L(n—m). Define o(n)
to be the almost surely unique k € [n]\{1} such that |Uy| = maxo<;<y, |U;|. In other
words, o(n) is the time at which the random walk completed its largest magnitude
step among those occuring after time 1 and before time n. Let up,, := {Us(n) >
0} denote the event that this greatest magnitude increment was positive. The
complementary event is denoted down,,. On up,,, one has the inequality S; > S;
whenever j > o(n) > i. Therefore, the increasing subsequences of [n] are precisely
the unions AU B where A is an increasing subsequence of [o(n) — 1] and B is an
increasing subsequence of [n] \ [o(n) — 1]. It follows that L(n) = L(c(n) — 1) +
L(o(n) — 1,n) On down,,, one has S; < S; whenever j > o(n) > i, hence the
increasing subsequences of [n] are precisely the sets that are either an increasing
subsequence of [o(n) — 1] or of [n] \ [o(n) — 1]. We have therefore proved:

Proposition 4.1. The sequence of random variables {L(n)} satisfies the recursion
L(n) = lup, [L(o(n) —1)+ L(o(n) — 1,n)]
+ Igown, max {L(o(n) —1),L(e(n) —1,n)} .
O

We will prove the lower bound in Theorem 2.1 by using the recursion to obtain
the following lower bound on EL(n).

Lemma 4.2. Let By be the positive solution to x + 2717% = 1, whose decimal
expansion begins 0.690069. Then EL(n) > nfo—o),
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Proof: Let a,, = EL(n). Note that, conditional on o(n), the three random variables
L(o(n)—1), L(¢(n)—1,n) and 1yp are all independent and distributed respectively
as L(k—1), L(n—k+1) and Bernoulli(1/2), where k = o(n). Next, use Emax{L(k—
1),L(k — 1,n)} > max{EL(k — 1),EL(k — 1,n)} = max{ar_1,an_k+1} =
Amax{k—1,n—k+1} because {a,} is nondecreasing. This gives

1 i 1 d
an, = mz(ak,1 +an,k+1)+mZEmaX{L(k— 1),L(n—k‘—|—l}
k=2 k=2
1 n—1 1 n—1 1
n_1 Zak‘i’m Z [43% (1 25k,n/2) . (41)
k=1 k=[n/2]
The key observation is that for § < By and sufficiently large n,
1 n—1 1 n—1 1
B B B _Z
k=1 k=[n/2]

Indeed, dividing (4.2) through by n”, the right-hand side is a Riemann sum ap-

proximation for
1 1
6522/ a:'edx—i—/ 2P da
0 1/2
1
—— (227771
T (2-2 )

As a function of 3, the quantity cs decreases as § varies over [0, 1], passing through
the value 1 at 8 = y. Therefore, for g < By, we have

which evaluates to

n—

n—1 1
1 2 1
1 E kP + 1 E K? <1 — 25;67”/2) =nf [CB —o(1)] > n®
k=1 k=Tn/2]

provided that n > N(f), where N() is sufficiently large so that the o(1) term is
less than cg — 1.

The rest is easy. Fixing 8 < g, we may pick C = C(f) such that a,, > Cn” for
all n < N(B). We claim, by induction, that this is true for all n > N(8) as well.
Indeed, assuming it to be true for n — 1, we see that the right-hand side of (4.1),
which is a lower bound for a,, is at least C'(8) times the right-hand side of (4.2).
Because n > N(f3), we see from (4.2) that this is at least Cn”, proving the claim.

We have shown that for all 3 < By there exists a C such that EL(n) > Cn® for
all n. This completes the proof of Lemma 4.2. (|

Proof of lower bound in Theorem 2.1: Fix v < < y. The preceding lemma gives
EL(n) > CnP. By Lemma 3.2, we have P[L(n) < nY] <n?=# — 0. O

5. Proof of upper bound

The proof of the upper bound in Theorem 2.1 is analogous to the proof Lemma 4.2
but in the reverse direction. It reduces to the following result.

Lemma 5.1. Let 31 be the positive solution to

2 /1/2 2P(1—2)f
1+8 Jo aP+(1—-x)p 7
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whose decimal expansion begins 0.814834. Then EL,, < nf1to(1),
Before proving this, we record the following lemma.

Lemma 5.2. Let X1 and Xo be independent random variables both of which are
NBU. Let a :=EX; < b:=EXs5. Then

ab
a+b+1°

Proof: Let Y7 and Y5 be independent geometric random variables (taking values
0,1,2,...) with respective means a and b. Corollary 3.5 applied to — (X7 A s) shows
that E(X1 A s) > E(Y7 A s) for each fixed s. It follows that

E(X1 A X | X3) > E(Y1 A Xy | X))

E(X; A X3) >

and hence that E(X; A X3) > E(Y; A X3). Similar reasoning shows that E(Y; A
X3) > E(Y1 AYs). This last quantity may be computed exactly. This is one
less than the minimum of two geometrics (started from 1) with respective success
probabilities 1/(a 4+ 1) and 1/(b+ 1), which means a combined success probability
of (a+b+1)/(ab+a+b+1). One less than the mean is ab/(a + b+ 1), proving
the lemma. (]

Proof of Lemma 5.1: Again let a,, denote EL(n). Fix n and again let 0 = o(n) de-
note the time of the largest magnitude step up to time n. The identity max{a, b} =
a+b—min{a,b} gives

L(n)=L(c —1)+ L(oc — 1,n) min{L(oc —1),L(c — 1,n)}.  (5.1)

- ldownn

The random variables 144, » L(0 —1) and L(0 — 1,n) are conditionally indepen-

dent given o. Now use Lemma 5.2 with X = L(k) and Y = L(n — k) where k is
the minimum of ¢ — 1 and n — o + 1. This gives

min{L(c) — 1, L(o — 1,n)}} . 1-o(1) EL(k)-EL(n - k)

E| T2 EL) + Lin—h)

1downn

where the o(1) term is uniform in k as n — oo, coming from the ratio of a + b+ 1
and a+b when a = EL(k) and b = EL(n — k). Plugging this in to (5.1) after taking
expectations gives

n [n/2]
2 2 1—0(1) EL(k) -EL(n — k)
angn_lkg ap = —— g . (5.2)

2 E[L(k) + L(n— k)]

Again we play the trick of replacing aj, by & and approximating the sum by an
integral. Pulling out a factor of n?, the right hand side becomes

1 1/2 B(1_ )8
P / B d — / 2(7“’)
o 0 P+ (1—ua)f
The expression (5.3) is decreasing on [0,1] and passes through the value 1 at ;.
Now fix 8 > f31, let N(B) be large enough so that (5.3) is less than n® for all
n > N (). Choosing C so that a,, < Cn” for n < N(8), the integral approximation

then shows by induction that a,, < Cn? for all n, finishing the proof of Lemma 5.1.
Invoking Markov’s inequality then ayields the upper bound in Theorem 2.1. O

dz + o(1). (5.3)
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6. Real random walks

For whose who don’t accept the Ultra-fat tailed distribution as a true random
walk, we include the following result.

Theorem 6.1. For any v < By there are real o, C > 0 such that the length L(n)
of the LIS up to time n of the symmetric stable walk with index a has expectation
at least Cn”.

We begin with a lemma.

Lemma 6.2. Fiz any indez a € (0,2). Let £(n) = {o(n) denote the median of L(n)
for the symmetric stable walk of index . Then the family {L(n)/l(n) : n > 1} is
uniformly integrable. In particular,

L(n)
E lé(”) 1A1 < h(P(A))
for some function h with lim. o h(e) = 0.

Proof: It suffices to show that L(n)/(¢(n)+ 1) has uniform exponential tails. Sub-
additivity (3.1) holds for any random walk, implying for any integer k the inequality
P(L(n)/(€(n) +1) > k) <P(L(n) > £(n) + 1)F < (1/2)". 0

Proof of Theorem 6.1: Let W,, := max{|Xy| : 1 < k < n}, let o,, be the almost
surely unique argmax, i.e., W,, = |X,, |, and let Z,, := Y, | Xx|. Let up, be the
event that up,, occurs and W,, > Z,, —W,,. On up/,, the recursion in Proposition 4.1

is satisfied at n. O
Lemma 6.3. W
7" — 1 as a0, uniformly inn. (6.1)

Consequently, P(up,, \ up,,) — 0 as o — 0, uniformly in n.

Proof of Theorem 6.1 from Lemma 0.3: On down,,, the inequality is favorable: we
can still choose to use only the longer segment, hence EL(n) > EL[max{c(n) —
1,n —o(n) 4+ 1}]. On up,, the inequality goes the wrong way, but the difference is
bounded above by (L(o(n)—1)+L(o(n)—1,n))(Lup, —Lup: ). Taking expectations,

1 n—1 1 n—1
FEL, > EL EL
n = n_1 Z k+ n—1 Z k
k=1 k=[n/2]

- E(L(U(n) — 1)+ L(o(n) — 1, n)) (lup, —1up;)-

The subtracted term E(L(U(n) — 1)+ L(o(n) — Ln))(lUPn —1lyp ) is o(f(n))
by (6.1) and Lemma 6.2. The approximation by Riemann sum and the resulting
inequality then finish the proof as before. ([

Remark. This lemma is the only place we use specific properties of the step dis-
tribution, other than symmetry. The conclusion of the theorem will therefore hold
for any symmetric distribution satisfying (6.1). There are many more extreme dis-
tributions, such as Z = ReX where X is Cauchy and R is Rademacher, for which
the ratio of the greatest of n picks to the sum of the magnitudes of the other n — 1
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goes to infinity in probability. For such distributions, the conclusion holds for all
v < Bo-

Proof of Lemma 6.5: It will be convenient to construct random walk steps {X,Sa)}
simultaneously for all n > 1 and a € (0,1), such that for fixed «, the collection
{X,(f‘)} is IID symmetric stable-a. To do so, let B denote the Borel sets of R and
choose a probability space (€2, F,P) supporting an IID sequence of Poisson point
processes N,, : Q x B — Z* with intensity |z|~2. Mapping each point z to its signed
1/a power (/) := sgn (z)-|x|"/* produces a Poisson process of intensity c|z
Recall (see, e.g., Durrett 2010, Chapter 3, Section 7) that the sum [z dN(w,-)(x)
of ordinates of a Poisson process with intensity |x| =1~ is a.s. absolutely convergent
for o € (0,1) and has the law of a symmetric stable-a. Therefore, the construction
is completed by defining

|—1—Oz.

X = /x(l/a) AN, (w, )(x). (6.2)

Let M,, denote the maximum magnitude of a point in the support of the random
measure =, := »_,_, Nj. The most that either Wi or 2 can differ from M,/ ®
is the sum of the 1/« powers of all other magnitudes of points in Z,,. Thus,

(a) 1/
‘W" < | (A'j') 0= () (6.3)

M

zi) 2\ e
W - 1‘ < / (M) d=r () (6.4)
where =¥ is Z,, without the atom at £M,,. The point process =, is a scaled copy
of the process E; and the same is true of =¥ and Z7. It follows that the law of the
self-scaled point process M,, !Z,, is the same for all n. Consequently, the law of the
random integral on the right-hand side of (6.3) and (6.4) does not depend on n.
For fixed sample point w and fixed a € (0,1), the atoms z of Z (w,-) are ab-
solutely summable and each has maximum modulus less than M,,. Hence, each
(|z|/M,)'* goes to zero as o | 0. By dominated convergence, the common right-
hand side of (6.3) and (6.4) goes to zero. Pointwise convergence implies convergence
in probability; because the law of the right-hand side of (6.3) and (6.4) is indepen-

dent of n, the convergence is uniform in n. Thus, uniformly in n, both Z{* /Mg/ ¢
and W /M converge in probability to 1, implying (6.1). O

7. Further remarks and questions

One natural question is to prove that the exponent limlog L(n)/logn exists.

Another is whether we can obtain better bounds on the exponent by finding a
functional form for the distribution which yield an inequality when passed through
the recursion.

Neither exponent 8y nor ; is sharp. The proof of

log EL(n
s L)
ogn
in fact computes the correct exponent, namely [y, for the length of the greedy
increasing subsequence. The GIS is defined by splitting the sequence at the location

lim inf
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o of the maximum step, and, if the step is a downward step, throwing away the
smaller interval rather than the interval with the shorter LIS. The length Z,, of the
greedy increasing subsequence obeys the recursion of Proposition 4.1 but with the
max taken on the inside. This seems likely to give an exponent not too far from
the correct exponent, but it gives up a non-negligible amount in the recursion and
cannot be sharp.
The proof of
log; EL(n) < 8,
ogn
does not, as far as we know compute anything natural. This bound could be
improved by finding the correct function ¢(n, k) that computes a better lower bound
on Emin{L(k), L(n — k)}. Lemma 5.2 is best possible assuming only the NBU
property, as the geometric random variable is the extreme case. However, we know
more about L(k). For example, when j and k/j are integers then

P(L(k) < eEL(k)) < P(L(k/j) < eEL(k))’ .
If EL(j) = j#t°() then taking choosing j so that ¢ = ¢j~” makes P(L(k/j) <
eEL(k)) < 1/2 and results in
P(L(k) < cEL(k)) < 2~

The lower tails on L(k) are thus expected to be very small; this ought to lead to
a better lower bound on EL(k) A L(n — k), hence a better exponent in Lemma 5.1
and in Theorem 2.1.

lim sup

(1+0(1))/8
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