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Abstract. For any N > 2 and o = (aq,- -+ ,an+1) € (0,00)V 1 let ,u((xN) be the
corresponding Dirichlet distribution on A := {z = (@i)1<icn € 0,1V ¢ |z|y =
> i<icn @i < 1}. We prove the Poincaré inequality

1 N
u(f?) < —— /A o L= bel) Y (@ng? pul?0 () + V(5

AN+1

for f € CY(AM)), and show that the constant —— is sharp. Consequently, the

QN+1
associated diffusion process on AM) converges to M&N) in L2(u£¥N)) at the expo-
nentially rate ayy1. The whole spectrum of the generator is also characterized.
Moreover, the sharp Poincaré inequality is extended to the infinite-dimensional

setting, and the spectral gap of the corresponding discrete model is derived.
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1. Introduction

Let N denote the set of natural numbers. For N € Nand any o = (a1, -+ ,an+1)
€ (0,00)N¥*! the Dirichlet distribution u((lN) with parameter « is a probability
measure on the set

AN = {»T = (@h<ien € 0,10V ¢ Jzfs < 1}

with the density function

r .
p(x1, -+, oN) = (|a\1)r <(1— || )+t H el xe AW,
ngigN-i—l ) 1<i<N

where |z]1 = 3", .,y |zi| for 2 € RY. Obviously, u(aN)

bution

corresponds to the distri-

AN (de, dy) o= pi) (d2)dy -0, (dy)
on the space
vNED = {(x,y) c[0, 1N y+ |zfy = 1}.

The Dirichlet distribution and its infinite-dimensional generalization arise nat-
urally in Bayesian inference as conjugate priors for categorical distribution and
infinite non-parametric discrete distributions respectively. They also arise in pop-
ulation genetics describing the distribution of allelic frequencies (see for instance
Connor and Mosimann, 1969; Johnson, 1960; Mosimann, 1962). In particular, for
a population with N + 1 allelic types, z;(1 < i < N + 1) stands for the relative
frequency of the i-th allele among N + 1 ones.

The Dirichlet distribution possesses many nice properties. We will use the fol-

lowing partition (or aggregation) property of [L&NH) for a € (0,00)N*1. Let

(X1,...,Xn+1) have law ﬂgNH), let Ay, As, ..., Ary1 be a partition of the set

{1,2,...,N + 1}, and set
V=Y X, 8= a, j=1,...k+1

reA; reA;

Then (Y1,..., Y1) has law ﬂgﬁl) with parameters 3 := (81, ..., Bxr1) € (0,00)*+L.
We would also like to recall the neutral property of the Dirichlet distribution. For

(X1, -+, Xn) having law u((lN), we define
X,
U=X1, U= ! , 2<i<N.
1= 4 - X, —... —X,, =“='=
Then U; is a beta random variable with parameters (a;, @41 + ... + ant1) and
Ui, ...,Uyn are independent. This leads to the following representation of the ran-

dom variable with law ,u((XN):

N
(X1, Xo,..., Xn) = (UI,U2(1 ~U),....Un ] Ui)).
i=1
A well known construction of the Dirichlet distribution is through a Pdlya urn
scheme (cf. Blackwell and MacQueen, 1973). More specifically, consider an urn
containing N +1 balls of different colors labelled by 1,2, ..., N+1. The initial mass
of the i-colored ball is «;. Balls are drawn from the urn sequentially. The chance of a
particular colored ball being selected is proportional to the total mass of that colored



Poincaré Inequality for Dirichlet Distributions 363

balls inside the urn. After each selection, the ball is returned with an additional
ball of same color and mass one. The relative weight of different colored balls inside
the urn will eventually converge to a Dirichlet vector (X1, Xa,..., Xn11)-

Several diffusion processes have been proposed and studied where the stationary
distribution is the Dirichlet distribution.

Exploring the property of right neutrality, a GEM diffusion is introduced in
Feng and Wang (2007) and studied further in Feng and Wang (2016). This is
a reversible diffusion with Dirichlet distribution as the reversible measure. The
infinite-dimensional generalization of the model is also reversible and the reversible
measure is the GEM distribution (see Ewens, 2004).

The most studied diffusion model is the Wright-Fisher diffusion (see Epstein and
Mazzeo, 2010; Miclo, 2003a,b; Stannat, 2000). This is a diffusion approximation
to the Wright-Fisher Markov chain model in population genetics. The Markov
chain models the evolution of a population of individuals of finite number of dif-
ferent types. The evolution is driven by mutation (deterministic component) and
genetic drift or random sampling (random component). Each individual follows
a deterministic path of mutation. The random sampling involves the exchange of
types of any pair of individuals in the population. The involvement of every pair in
the sampling process resulted in a lot of randomness in the system. The diffusion
arises as the population size increases while the mutation and sampling rates are
scaled appropriately. It is reversible with respect to the Dirichlet distribution. Ex-
ploring the exchangeable structure embedded in the system, one is able to obtain
the Infinite-dimensional generalizations of this model including the infinitely-many-
neutral-alleles model (Ethier and Kurtz, 1981) and the Fleming-Viot process with
parent independent mutation (Fleming and Viot, 1979; Ethier and Kurtz, 1993).

In this paper, we focus on a diffusion process introduced in Jacobsen (2001,
(2.44)) (see also Bakosi and Ristorcelli, 2013), which solves the following SDE on
A

dXi(t) = {ai (1= X ()]) —an1.X; () fdt++/2(1 = [X(6)[1)Xi(8) dBy(t), 1 <i < N,
(1.1)
where B(t) := (By(t),- -+, Bn(t)) is the d-dimensional Brownian motion.

The evolution in this model also contains a deterministic component and a ran-
dom component. For N = 1, the model is the same as the Wright-Fisher diffusion.
For N > 2, the deterministic part is very similar to the mutation in the Wright-
Fisher model. But the random sampling does not involve all individual pairs.
Instead each sampling is between one individual and one fixed individual. This
clearly reduces the randomness in the system. But it will turn out that the model
possesses many features of the Wright-Fisher diffusion.

More specifically, we will show that the Markov semigroup Py associated to (1.1)

is symmetric in L2(p$Y); that is,

/ FL) gdul) :/ gL M fduN) | £ g € C2(RY) (1.2)
AN) AN)
holds for

M@ =Y (xn(1—|x|1)a,%+{an(1—|x|1)—aN+1xn}an)

1<n<N
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being the generator of P, where 0, := 2. So, (L&N),CQ(A(N))) is closable in

LQ(MSIN)) and its closure (LSXN), D(L,)) is a negative definite self-adjoint operator.
Moreover, since

LM (fg)(x) = (FLM g + gL (@) + 201 = [2)1) Y 2n{(0nf)(0ng)} (@),

n=1

(1.2) implies the integration by parts formula

N
o P00 = [ {0 k) St @n)Gr N i )
= &M (f.9), fogeC*(AM),

Therefore, (), C2(AM)) is closable in L2(u{")) whose closure (€Y, (X))
is a symmetric Dirichlet form on L? (ugN)), and it is easy to see that this Dirichlet
form is associated to the Markov semigroup Pf.

Finally, the spectral gap of L((IN) is characterized as

gap(LYN)) = inf {EM (£, )+ 1 € DEN), 1 (f) = 0,18V (%) = 1},

It is known that when N = 1 we have gap(LéN)) = aq +ag, see e.g. Stannat (2000).
So, in the following we only consider N > 2.

Let K be the set of elements of the form k := (k1, ko, ..., kv, krt1) € Z:_'H, where
re€Zy and 0 < ky < kg < -+ <k < kyy1. Define mappings K, D : K — [0,00) as
follows: Vk := (k1, ko, ..., kpr, kri1) € K,

K(k) = 2(k1 + .- kr) +ra+key1an+1,
D(k):= > C(N,k)+ > {C(N,1+1)—C(N,I)}.

1<i<r 1<I<kpy1—1,1¢{k1,k2,....kr}
Then our first result provides a complete characterization of the spectrum A for
fL,(XN), in particular, the spectral gap is given.
Theorem 1.1. Let N > 2. Then P is symmetric in LQ(u(aN)) and the spectrum
of —LgN) 18
A= {K®)DE)] : k € K},

where A[m| means that \ is an eigenvalue having multiplicity m. Consequently,

gap(L,(lN)) = apn+1, So that P converge to ,u((lN) exponentially fast in LQ(N&N)) :

H‘Pta - M(O‘N)"L2(/LEYN)) S eiaN+1t, t Z 07

and the sharp Poincaré inequality for (EéN), D(SéN))) is

W2 < 1 Mg ), feDEM), 1 (f) =o.
QON41
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Remark 1.1. (1) One may wonder if there holds stronger functional inequalities or
not, for instance, the log-Sobolev inequality, or more generally the super Poincaré
inequality introduced in Wang (2000a). When N = 1, it is easy to see that when
ay,Qp > % and o1 + a9 > %, the Bakry and Em(}lj\' (1984) criterion holds so that
the log-Sobolev inequality is valid. Indeed, Stannat (2000, Lemma 2.7) has proved

the following log-Sobolev inequality for N =1 and any oy, as > 0:
320

011/\042

u8) (f?log f2) <

/0 (1 - ) f (@2 (), f e Ci0,1).

This result was extended in Feng and Wang (2007) to the infinite-dimensional GEM

distribution on
Aoo::{xe 0, 1" 2%4}

However, for the present model the log-Sobolev inequality is unknown for N > 2.
On the other hand, since the spectrum of L((XN) is discrete due to Theorem 1.1, by

Wang (2000b, Theorem 3.1), the super Poincaré inequality
i () < rEEE ) + B f)?, 7 >0, f € DELD)

holds for some f : (0,00) — (0, 00). But in the moment we do not have any estimate
on the rate function 5. Note that the log-Sobolev inequality holds if and only if

—er~ !

B(r) in the super Poincaré inequality satisfies 8(r) < e for some constant ¢ > 0

and small r > 0, see Wang (2000a, Corollary 3.3).

(2) The operator L) we considered is a special case of the following general
operator on R” x R™ investigated in Epstein and Mazzeo (2013):

L= Za“xza + Z 75050, = +ZZ£1 max e Z cklaykyl

1<i#j<n i=1j5=1 k,l=1

where (a;;) and (c;) are symmetric matrices, V' is a vector field. Integral type
Holder /derivative estimates in both time and space variables are presented in Ep-
stein and Mazzeo (2013) for the heat kernel.

Next, we extend Theorem 1.1 to the infinite-dimensional setting. Consider the
infinite-dimensional simplex

Al®) = {:L‘G[O i |9:|1fz:c1§1}

which is equipped with the L'-metric |z — y|;. Let a € (0,00)N with |af; =
Yo o < oo, and let ao > 0 which refers to ay4; in the finite-dimensional
case as N — oo. Let

Oé(n) = (al,. R e 7 I,ZO[Z’CYOC> 0 OO)n+1 n Z 1.

i>n

Then for any n > 1,

M(()zn()xoo(dx) _/J (n (d.’lfl, 7dxn) H 50(d$1)
i=n+1
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is a probability measure on A(®). We will prove that when n — oo these measures
converges weakly to a probability measure M&Zi?m on A(®) which is the infinite-
dimensional generalization of Dirichlet distribution with parameters (o, a).

The following result extends Theorem 1.1 to the infinite-dimensional setting, for

which we introduce the class of CP-cylindrical functions for p > 1:
FCP = {A(oo) Sz = (zi)iz>1— f(z1, - ,2n): n>1,f € CP(R™)}.

Theorem 1.2. Let a € (0,00)N with |a|; < oo and let o > 0.

(1) The sequence {MEJ’(LOO tn>1 converges weakly to a probability measure uE,?‘;)w on

Al
(2) The form

5&?3)00 (f,g) = /A(OQ) {(1 - |$|1) Zxn(anf)ang}(‘r)ﬂ((xﬁ)w(dm% fag € ]:01
n=1

is closable in Lz(u&ﬁ)oo) whose closure is a symmetric Dirichlet form. The

generator (Lgﬁ)m,D(L((ff;)w)) of the Dirichlet form satisfies FC? C D(LEEZ)OO)

and
oo

Lgicc)x)m ((ﬂ) = Z (xn(l - |x|1)ar2Lf(x) + {an(l - |:L'|1) 70‘ooxn}anf(x)>a f € -7:02

n=1

(3) The generator L&f‘fﬁm has spectral gap gap(LEﬁoa)w) = (. Consequently, the
; ; X, Xoo (00)
associated Markov semigroup P, converges t0 by,

L2(uSe) -

exponentially fast in

1P = 2 oy S €71 20,

and the sharp Poincaré inequality is

1
ule) () < &89 (f, f), feFC uls) (f)=o.

[67%)

Finally, the next result shows that the diffusion process generated by L((f%)m is
the weak limit of the Lgf()xoo—diffusion process as n — 0o, where

Lg’fg‘w = Zn: { [ai<1 — zn:xl) — ozooxl} 0; + 2(1 — i:%)xﬁf}

1= 1= 1=

For any 2 € A(®) and T > 0, let P;n:,l be the distribution of the diffusion process
generated by L(o%w with initial point z(™ := (xl, ce X1, Zj>n xj). Embedding
A into A by setting z; = 0 for z € A and i > n + 1, we regard Pin% as
a probability measure on Qr := C([0,7T]; As) equipped with the uniform norm

[1€l11,00 7= supsefo, 7y [€(E)]1-

Theorem 1.3. For anyz € A and T > 0, P(”} converges weakly to a probability

Z,
measure ngf’;«) on Qp. Moreover, Pé?;) solves the martingale problem of Lgﬁ)oo : for

any f € FC?, the coordinate process X (t)(w) = w(t) and the natural filtration
Fi:=o(ws: s €[0,1]),

X)) - / L) f(X(s)ds, te[0,7]
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is a martingale under Pf;).

The spectral gap of L&N) is obtained in Section 2 by a straightforward calculation
linking the gap to the eigenvalue of a matrix. Exploring this link further, we are
able to identify the whole spectrum of L&N) and to prove Theorem 1.1 in Section 3 .
Even though the spectral gap of LSXN) can be obtained as part of the whole spectrum,
we present the separate proof in Section 2 due to its own interests. The proofs of
Theorems 1.2 and 1.3 are presented in Section 4. Finally, to better understand the
biological context of the study, we introduce in Section 5 a discrete model involving
immigration, emigration and sampling, which approximates the diffusion process
solving (1.1).

2. The spectral gap of L,(lN)

We first prove (1.2) which implies the symmetry of P in LQ(M&N)). Since smooth
functions on A®Y) are uniformly approximated by polynomials up to second order
derivatives, it suffices to consider f,g € Pu, the set of all polynomials on AN),
Let

Al = 2, (1 = [21)02 + {an(1 — |2)1) — an4120 O, 1 <n < N.
Then (1.2) follows from

/A<N>< H xfi)A((l”)( H x?i>“&N)(dx) (2.1)

1<i<N 1<i<N
i i N
o CIL )0 ( TL i)
1<i<N 1<i<N
. . r
for p;,q; € Z4,1 < i < N. Letting py4+1 = gnv41 =0 and C' = %, and
simply denote xy11 =1 — |z|1, we have
[ CIT a)ae (T st )t o)
A , ,
1<i<N 1<i<N
=C H x}?ri‘%‘"rai—l)xpn—i-ozn—lA(n)andx
(3 n « n
AN N i SN+l
_ an{(qn +a, — 1)/ H xfﬂrqﬂraﬁl)xN+1xﬁr,L+qr,L+a7ﬁ2dx
AN M i <N+l

s 1
— ON4+1 / ( H xfl'i"h"l‘al )dx}
AN)

1<i<N+1
~ CanIli<iznania Tl +pi + @)
L i<icnia (@i +pi + )

X ((qn + Qp — 1)F(QN+1 + 1)F(pn + Adn + Qp — 1)

—ayml'(an+)T(pn + g0 + an))

CT(an41+ 1) [Li<iznenir Do +pi + @)
= = — annF(pn +qnt+oan — 1)7
P i<icnia (@i +pi +a))
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where the last step is due to the identity I'(s + 1) = sI'(s), s > 0. Since the result
is symmetric in (pp, gn), it implies (2.1).

For any d € N, let P; be the space of all polynomials in P,, whose total degrees
are less than or equal to d. Let Pogq = {f € Py : ,u&N)(f) = 0}. Tt is well known
that P := Ug>1Py is dense in C} (A(N)), so that Py oo := Ug>1Po 4 is dense in

Dy == {f € DEM) : ulM (f) = 0}

under the Sobolev norm || f||1,2 := \/M&N)(fZ) + &SN)(f, -

To characterize the gap(L(N)) we decompose the spectrum of L(N)

in terms of

the degree of polynomials. Obviously, every Py 4 is an invariant space of L( ). Let
Ql 'Po71 and

Qu={f€ePoa:pl(fg)=0forallgePy 1}, d>2.

Then, by the symmetry of LSX ) in 12 (,u&N)), every Qg is an invariant space of LgN)
as well. Thus, letting 74 : Poo — Py be the orthogonal projection with respect to

the inner product in Lz(ﬂgN)), we have
LN ragf =mgLM f, d>1,f € Poo. (2.2)

Therefore, to characterize the spectrum of L&N)

Z'J((3¢]\7)|Q,i7 the restriction of LY on Q;, for every i > 1.

it suffices to consider that of

Let d > 2. To characterize the spectrum of L&N)|Qd, let

Kd:{k;:(kl,m, ez > ki=d}.

1<i<N

For any k € Kg, let 2* H1<1<N . Then

Qd{ Z et — Z cxf s c= ck)keKdG]R } (2.3)

keK, keKq4
We define the K; x Kg-matrix My by letting
do‘N+l+Z1gn§N(kn+an — Dk, if k=K,
Ma(k, k") = § (kn + an)(kn + 1), ifk'=k+e,—en,1<n#m<N,

0, otherwise,

where {e,}1<n<n is the canonical orthonormal basis on RY. We first identify
eigenvalues of L&N)|Q , with those of Mj.

Lemma 2.1. For any d > 2, X\ is an eigenvalue of —L&N)|Qd if and only if it is

an eigenvalue of My. Consequently, —LgN)|Qd > (dant1)lo,, where Ig, is the
identity operator on Qg.

Proof: (1) Let A be an eigenvalue of —L on Q. By (2.3) and (2.2), there exists
0 # ¢ € R¥¢ such that

Z ck(foN)wk — Tg— L(N) k = -\ Z ek ( AR 1xk) (2.4)
keKy keKqy
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Obviously,

Lk = 3" (2002 + 00,2
1<n<N

( Z xnxmaflkar Z xmananxk+aN+1 Z xnf)n:ck>

1<n,m<N 1<n,m<N 1<n<N

— _< Z ko (ky, — 1)ak—entem 4 Z ankpxFTentem Loy Z knxk>

n,m<N 1<n,m<N 1<n<N
_ _( E kn(kn _ 1)xk‘—€n+em + E anknxk—en'i‘em + dOéN+1$k) )
1<n,m<N 1<n,m<N

By the change of variables ¥’ := k — e,, + €,,, we obtain

E Cr E Qpkpalentem

keK, 1<n,m<N

= E Ck E apkpl—entem 4 E CL E ankna®

kEK 1<n#m<N keK, 1<n<N
’
= E E Chrten—e,, 0 (K + ey — em)(n)zF + E Cr: E ankna®
keKg1<n#m<N keKy 1<n<N
= E E o (kn + l)ckﬂn,emxk + E E ankncrzh.
keKg1<n#m<N k€K 1<n<N
Similarly,

Z Ck Z k(K — 1)zk—enten

keKy 1<n,m<N
= Z Z En(kp 4 1)Crie, —o, x% + Z Cr Z En(kn — 1)z*.
k€EKg1<n#m<N keKqy 1<n<N
Combining these together leads to
Z e L) 2k = Z Ch Z (2,02 + 6,0,) 2" — Z My(k, k). (2.5)
keEKy kEKy 1<n<N kk' €Ky
Substituting this into (2.4), we arrive at
Z (Mdc)kx’C =\ Z cpr® + Pd-1(x)
keK, keK,

for some pg_1 € Pg_1. Therefore, Myc = Ac, i.e. A is an eigenvalue of Mj.
(2) On the other hand, if \ is an eigenvalue of My, then there exists ¢ € R¥¢\ {0}
such that Myc = Ac. Let

fl@) = Z cpz® — Ty Z cpzh.
ke, keK,
It follows from Myc = Ac¢ and (2.5) that
LM f = a1 —Af
holds for some pg—1 € Pg_1. Since f € Q4 which is orthogonal to Py_1, this and
(2.2) implies
LV f =1 =7a )L f = =M1 —7a1)f = =)\
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So, A is an eigenvalue of LEXN) on Q.

(3) Finally, since eigenvalues of —LYY) are nonnegative, (2) implies that eigen-
values of My = M, — danii1lk,x K, is larger than or equal to —dan 1. On the
other hand, from the definition of M, we see that M, does not depend on apn41.
So, letting an 41 J 0 and noting that My > 0, we conclude that eigenvalues of M,
are non-negative. Therefore, eigenvalues of My are larger than or equal to dan 1.

Combining this with (1) we obtain —LgN)|Qd > (dany1)lo,- O
Proposition 2.2. For N > 2, gap(LgN)) =ani1-

Proof: By Lemma 2.1, it suffices to prove that the smallest eigenvalue of —L(()[N)|Q1
is any1. To this end, we take 6; = (0;;)1<j<n € RY(1 <i < N —1) such that
N N

D Owon =0, Y Oipbjrar =065, 1<, j<N-—L
k=1 k=1

So, {0;}¥7" is a basis of RN =1, Let

N
’LLZ(J?) = Zﬁijxj, 1 S 7 S N — 1;
7j=1

N . N
(6% ~
x) = g Tp———, @:=la); —ani1 = E Q.-
|y
k=1 k=1

We intend to prove that {u;}1<;<n is an orthogonal basis of Q1 with respect to

the inner product (f,g)&N = (N) (f9) = fam fgd,uo, , and LgN)uN = —|ajuyn
While L( Dy = —apny1u; for 1 < 4 < N — 1. Thus, the smallest eigenvalue of

_L ‘Ql Is an41-
It is easy to see that

_ D@l(ai+1) o
) () = /A(N) 2N (dz) = (ol + V(@) Jah’

I'@)(a; +2) a;(a; +1) )
(N) (2 — d = , 1<i<N-1;
)= Nal +290(@) ~ lah(ah+ 0’ =15
,LL&N)($1‘£L']‘) _ F(a)r(az + ]_)F(ij + 1) _ had] 1<i#j<N-1.

I(lali +2)T(a)T(a;)  ahi(lah +1)°
Then

N

1

mZaikakzo, 1<i<N-1;
k=1

(un) Z
|04|1 |04\1

SO, {ui}lgiSN C 9;. MOI‘GOVGT, fOI‘ 1< 7é Jj< N —1,
1
™M) = ———— E 0..0. 1 § 0..0.
pe ) (wiug) lal1(Jay +1)< ikOjron (o + 1) + ikbjiarag

1<k<N 1<k#I<N

:|oz|(|a1+1{< Z ekak) Z Ojicu + Z eikejkak}:(),

1<k<N 1<I<N 1<k<N

NSXN)( z)
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and for any 1 <i< N —1,

,u(N uzuN Z 91],“/ xjxk
1<k, j<N
1
Oijai(a; +1)+ ——— ;0
“lali(lali + 1) |oz|1+1 1<jZ<N e Ia\1(|a|1+1) 1<,;<N v

:720aak+ 2904—0
leda (ol +1) 1<k, j<N o lafi(Jali +1) |a‘1+ 1<<N v

Since {0;}Y7" is a basis of R¥~!, we have
dim span{u; : 1 <i<n—-1} =N —1=dim Q;.

In conclusion, {u;}1<;<n is an orthogonal basis of Q;.
Finally, we have

N
L,(IN)ul(x) = Z(aijH - OéN+1xj)9ij = —ON4+1Uj, 1 S 7 S N — 1,
j=1
and
N
L(QN)UN(‘W) = Z(Ozjl']\]+1 — QN+1$j ‘Ck| ZLCJ + ZO[] = —|O[‘1UN(.’E).
Jj=1
Therefore, the proof is finished. [

3. Proof of Theorem 1.1: the whole spectrum of L((]N)

For d € Z,, let H4 be the space of homogeneous polynomials of total degree d
in the variables x1, ..., zy. Denote by 74 the natural projection from P, to Hy
which only keeps the d-homogeneous part of a polynomial. Let L(N) (Ta L(N )IETS
be the restriction of the operator 7rdL§l to Hgq and —A4 denote its spectrum, seen
as a multi-set (namely with multiplicities). From the above considerations, the
spectrum A of —L(aN) is equal to Ugez, Ag, as a multi-set. We can write

= = ~(N
L) = —| LS = ana L),
where L( :Hg = Hg_1 and L : Hq — Hq are respectively the restriction to

H,4 of the operators
L= 3 (@l toud), V= 3 w0,

1<n<N 1<n<N

under the projection 4. The crucial point of the previous decomposition is that
IA/((X]\;) = dIy,. Denote by A4 the spectrum of | - \1L((XJ?2, we thus have

Ay = IN\d +dant.

Note that Ag = Ay = {0}. The next result enables to compute by iteration Ay for
all d € Z+.
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Proposition 3.1. Let a = Zfil a;. For any d € Z,, we have
Agir = (2d+ @+ Ag) U{O[C(N,d + 1) — C(N, d)]},

where {0[l]} is the multi-set with 0 repeated | times, for |l € Z, (more generally [I]
will stand for the multiplicity 1), and where C(N,d) is the dimension of H4, namely

C(N,d) = (d“;f”).

Proof: Consider \ € ]\d+1 and let ¢ € Hyy1 be an associated eigenvector (non-
zero). We have
= (N
| : |1L£¥)d)+1<p = )‘90

Since Iis\g_klcp € Hg, there are two possibilities: either A =0, or ¢ = |- |19 for some
1) € Hq such that

= (N

L)L (- ) = M. (3.1)
We consider the latter situation, since the former case leads to the multi-set
{0[C(N,d+ 1) — C(N,d)]}.

We compute at point = that

I 1) = [2h IV + L] 42 Y wdad

1<n<N
=hLv+v Y an+2 > @ (3.2)
1<n<N 1<n<N

= zh L) + (@ + 2d)p.

So, it follows from (3.1) that A — & — 2d is an eigenvalue of the operator | - |1l~/sxi),

namely belongs to Ag. Thus,
Ag1 C (2d +a + Ag) U{O[C(N.d + 1) = C(N,d)]}.

On the other hand, if \' € Ay then |-[;L")% = X9 for some 0 # ¢ € H4. Then
(3.2) implies

L)1) = - WL w + (@ + 24 = (N + a + 2d)o.

Therefore, N +a + 2d € Ad+1; that is, ]\d+1 D (2d+a+ /~\d). Then the proof is
finished. O

Proof of Theorem 1.1: The previous arguments amount to an iterative construction
of the eigenvectors: for any d € Z,, let F4 be the set of eigenvectors of | - |1L(al\;)

and Gy be the kernel of is\;) Then we have

VdeZy,  Fayr=Ga1 U(|-1Fa).

Indeed, in the above proof, functions ¢ € ﬁd+1 of the form | - |19 with ¢ € F, are
associated to eigenvalues of the form & + 2d + A, where A\ € A4. From Lemma 2.1,
we know that A > 0, so that & + 2d + A > 0 and ¢ does not belong to the kernel

of igﬂ\:)l Conversely, we have seen that all the other eigenvectors belong to the

kernel of Efﬁ)l Thus we get the following characterization of the kernel of f,g\g: it

consists exactly into the eigenvectors of ig\;) which don’t admit | - |; as a factor.
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Note that F is also the set of eigenvectors of LSQ

our initial operator L&N), we construct by iteration on d € Z, the following subsets

Fa of Pg. First we take Fo := Fo = Po. Next, if F; has been constructed, then for
any f € Faq1, there exists a unique gy € Pg such that f + gy is orthogonal to Py
in A%(p). Then we define

Farr ={f+gs: € Far}

The set of eigenvectors of L&N) is Ugez, Fa-

From Proposition 3.1, K : K — A is surjective. It is truly one-to-one, if and only
if 1, @ and a1 are independent when R is seen as a vector space over Q. Let us
call this situation generical over the choice of the parameters a = (n)1<n<n+1-
Moreover, the multiplicity of an eigenvalue A € A is given by

Z D(k)
ek

Therefore, A = {K (k)[D(k)] : k € K}. O

. To get the eigenvectors of

4. Proofs of Theorems 1.2 and 1.3

To prove the first assertion let W be the L'-Wasserstein distance induced by
plz,y) == |z — y|l1 on P(AL®), the set of all probability measures on A(>). That
is, for any u,v € P(A)),

W(p,v) = inf / |z — y|17m(dz, dy),
mEC(1,v) J Al0) x Alo0)

where C(u,v) is the set of all couplings for  and v; i.e. m € C(u,v) if and only if
it is a probability measure on A(®) x A(*) such that

m(dz x A)) = p(dz), (A x dy) = v(dy).

It is well known that the metric W is complete and induces the weak topology on
P(AC), see e.g. Chen (1992, Theorems 5.4 and 5.6). So, for the proof of Theorem

1.2 we only need to show that {,u&"gtm }n>1 is W-Cauchy sequence.

Proof of Theorem 1.2: Let L{£} denote the law of a random variable €.

(1) To prove that {ug%m tn>1 is a W-Cauchy sequence, we use the partition
property of the Dirichlet distribution mentioned in Section 1. For any n > m >

1, let (X l(n), e X7(L+)1) have law M(Tj)l). By the partition property, ﬂiﬁ:r)l)
c{(x™, - xm s xM xS,
(m) = S xm ZX_(") = c{(x™ ... x(mM)}
MQ(M) m—1 7 ) Ma(n) »“in .
Thus,

n
plm = E{(X1<">7... X ZXi(”),O,o,...)},

i=m

(n)  _ g{(Xl(”)7... L XM 0,0,--)}.

Moo,
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Then, by the definition of W and noting that |a|; < oo, we have

n

limsup sup W (u{™ am,y&",)l ) <2limsup sup Z E|XZ-(")|

m—oo0 n>m+1 m— 00 n>m+ll m+1

25 o
< limsup M =0
m—oo Qoo + ||Oé||1

Therefore, {,ug%oo }n>1 is a W-Cauchy sequence and the proof of the first assertion
is finished.
(2) It suffices to prove

el (ho) = [ (Lo, foeFc (11)
INCD)
For any f,g € FC?, there exist m € N and f,,, g, € C*(R™) such that

f(l') = fm(xl’ T 7xm)? g(l‘> = gm(ah, te 7.'17m), S A(OO)

So, by the definition of ugf()xw and using (1.3), we have

- [urmoni = [ {(-h) S aaneo a6

Since o, ()100 — ,u& a)oo weakly, and it is easy to see that

lim sup \fLawg — [Laan9l(x) =

N0 peAloo)
(1 - \95|1) f:$i(aif)(6i9) - (1 - i%) Z%’(@if)(aig)' =0,

i=1 =1

lim sup
n—oo LEEA(OO)

by letting n — oo in (4.2) we prove (4.1).
(3) Finally, as was shown in (2) that the desired Poincaré inequality follows by
applying Theorem 1.1 to ,ut(ln)

On the other hand, let

(), on A then letting n — oo. So, gap(L&ﬁ)oo) > Oloo-

u(z) = ey —ayxe, T € A,

We have
L(of’f;)ocu(x) = {041(1 —|zh) — aooxl}ag — {ag(l —lz)h) — amxg}al
= —acou(z), for z € A,
This implies gap(LgZZ)oo) < Qoo In conclusion, we have gap(Lgfﬁ)oo) = Qoo- O

Proof of Theorem 1.3: (a) For the first assertion, we only need to prove that
{P %}n>1 is a Cauchy sequence with respect to the L'-Wasserstein distance

A . .
Wr(PPyi= ne [ e )

To this end, for any n > m > 2, we construct a coupling of ngn% and PX;} as

follows.
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Firstly, let (XZ-(n) (t))1<i<n solve the following SDE with X(gn) = gz(n);

ax® (1) =[as(1 - XD @) - X (1)

+ \/2(1 —IX (@) )XM () dBi(t), 1<i<n—1;

axXEO =305 (1= XOO) - 0 XO(0)] "

+ \/2(1 — |z #)[) XS (t)dB,(t), t e [0,T),

where (B;(t)1<i<n are independent one-dimensional Brownian motions. Then Py})
is the distribution of (X ™ (¢)),c0.7-
Next, let

XM(t) = X" () for 1 <i<m—1, and X{(t) = Y X" te0,T).

j=mmn
Then X (™ (0) = 2(™) and by (4.3),

ax™ (1) = [ (1 XD - X 1)

+ \/2(1 — et )X () dBi(t), 1<i<m—1;

dX (™) (¢) :[ i a;j(1—[X™@))) - OéooXﬁmm)(t)]dt

Jj=m

/21— | (0)[) XS (1) dBo(t), 1 € [0,T],

where dB,,(t) := ﬁ PO \/Xi(") (t)dB;(t) is a one-dimensional Brownian

motion independent of (B;(t))1<j<m—1. Therefore, (X ™ (t));c(o,r) has law ng?;“)~
Now, by (4.4) and the definition of Wy, we have

Wr(P%, PUR) <E sup (X0 (1) = XM () =E sup Z XM(1). (4.5)
te[0,T] telo, T]] St

Let Z(t) = Y001 X\ (t). By (4.3) we have

j=m+1
az@ < (3 w)dtt 30 v - XOORXT (1) B,
j=m-+1 j=m+1

So,

20 Y yrt)+ Y [ Vo- xOEx e

j=14+m Jj=m+1

= Z(t), tel0,T].
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Since Z(t) > 0, Z(t) is a nonnegative submartingale. Then by Kolmogorov’s in-

equality,

P( sup Z(t) > A) §IP’< sup Z(t) > /\> <
te[0,T] te[0,T]

Since Z(t) < 1, this implies

E sup Z(t)g/\HP( sup Z()>)\) <A+

(.’I?j + Ole), A>0.
te[0,T) te[0,T]

j=m+1

Taking \ = \/Z;imﬂ(xj + o;T), and combining with (4.5), we obtain

lim sup Wr (Pé"T),Péﬂ%)) <2 lim Z (zj + oT) = 0.

Therefore, the first assertion is proved.
(b) Let f € FC?. We have f(z) = f(x1, -+ ,x,,) for some m > 1 and f €
C?(AU™). For the coordinate process X (t), define

M®™(t) = f(X(1) ~ /Ot L3 f(X(s))ds, n>m,te[0,T].

Then (Mt("))te[O,T] is a Pé?—martingale; that is, for any 0 < s < ¢t < T, and any
bounded Lipschitz continuous function g on Q7 measurable with respect to Fs,

/ MWWmewwﬁﬁzjwwW%@wmwmé?- (4.6)
Qr Qr

We intend to prove the same equality for P(O;) and

MO (1) = f(X(1)) A L&) F(X(s))ds, t € [0,T].

By an approximation argument, we may and do assume that f € C} (A(™), In this
case, M (t) is bounded and Lipschitz on Q7 uniformly in n > m and ¢ € [0, 7).
Since g is bounded and Lipschitz on Q7 as well, there exists a constant C' > 0 such
that

(M (0)g)(€) — (M) )] < ClIE ~nllioe: > m,Em € Ut € 0,7,
Therefore,

]/zwmwméﬁj/zmm@mé?ﬂ<mmﬂﬁ%é?»n>m¢eMH.
Qr Qr

Combining this with (4.6), lim, e W (P9, PL3)) = 0, limy, e M = M)

and noting that {M ™ g}, >, are uniformly bounded, we conclude that

’/ [M(OO)<) M(“)(s)]gdPéf’;)

= lim ‘/ n) M(n)( )]gdPé?;)‘

n— oo

< 20 limsup Wy (P2, PL%)) = 0.

x, T
n—oo
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Then the proof is finished. O

5. A Discrete Model

For any N > 1, M > N + 1, consider a population of M individuals of N + 1
different types. Divide the population into two groups: group I of types 1,..., N
and group II of type N 4+ 1. Focusing on group I and treat group II as outsiders or
external sources. Initially the number of type i individuals is m;,i=1,..., N + 1.
The group I evolves as follows: a type ¢ individual independent of all others will
wait for an exponential time at rate ayy1 and at the end of the waiting emigrates
to the outside becoming type N + 1; an outsider will independently wait for an
exponential time with rate o; and immigrate to group I becoming type ¢; in addition
to emigration and immigration, each couple between a type I and a type II waits
for an exponential time with rate 2 and when the clock rings, either the group
I individual moves out becoming an outsider or the group II individual moves in
becoming the type of the selected individual in group I.

Let X(t) = M~Y(My(t),...,My(t)) denote the relative frequencies of individ-
uals of different types in group I among the whole population at time t. For

€ (0,00)N*! we construct X (¢) as a multivariate Markov chain with generator

A /@
= MZ: {OzN+1$i [f(x - %) - f(x)} +a;(1— |x|1)[f(x—|— %) — f(x)}}
+M? i(l — |x\1)xi{f<x— M) +f(x+ M) - gf(x)}, fecam)

i=1

forx € Agw = {a: € —ZN |x]1 = Zil i < 1} where e; is the unit vector in the
ith direction. Letting M — oo and  — y € AW one getb .AM af(x) — L&N)f(y).

We will see that the finite Markov chain generated by AW M’a on Ag\zv) is reversible

with respect to the probability measure ug\]})a:

N
(N) - [OéN+1 M(1—|z|1) az Max;
() = il

Fara 8= i = [z ) (Mz;)!

x € Ag\]}),
=1

where [a],, = 17"y (@ + i) for a > 0 and m > 1, [a]o := 1, and

. [N 1] M=ol T [ s
7= Z M0~ el b L (ra):

(N)

is the normalization. Moreover, for N > 2 .Agépa has the same spectral gap an1
(N)
as Ly 7.

Theorem 5.1. Let N > 2. The Markov chain generated by Ag\y)a is 1rreducible and

reversible with respect to ,ug\i[vzy Moreover, Ag\]}[zl has spectral gap an 11 in L? (ﬂg\g\/l‘)
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Proof: (a) Denote v; = ¢+ for 1 <i < N. For any z,y € A%[V), let

Maziany1 + M2ai(1 — [z]), ify=2—7,1<i<N;
Qoy = ;M1 — |z|1) + M?2;(1 —|z|1), ify=2+v,1<i<N;
0, otherwise.

We have
AN f@) = Y an{f@) - f@)}, weald).

yeAf)’

Since gz, > 0 when z,y € AS@P with y = x £ for 1 <47 < N, and Agvj}[) is

connected by the edges  — = £ ;, we see that the Markov chain is irreducible.

Next, it is well known that Ag\i[vl is symmetric in L2 (MS\JJL) if and only if

N N N
:ugw,)a(m)qu,y = W,L(y)qy,z, 2,y e ALY (5.1)
To verify this condition, we only need to consider the following two situations.
(al) y = & + ~; for some 1 < ¢ < N. In this case we have M|z|; < M — 1, and

by the definition of ug\fx)a,

N
pra® MO —fol)(ei+Ma) gw
Mg\yi( ) (v + M1 —|z[) = D)(Mz; +1)  qya

(a2) y = x — ~; for some 1 < ¢ < N. In this case we have Mz; > 1, and by the
. (N)
definition of 7,

N
Hira®)  (awo + M= [2)))Me; qyy,

W () I =Tl + DM — T+ ) gy

In conclusion, (5.1) holds and thus, ASL]}]L is symmetric in LQ(MS\ZL).

(b) For any d € Z;, consider again P, the space of all polynomials (in N
variables) whose total degree is less than or equal to d. For any f € Py and
1<i< N,z f(x—v)—f(z) and x — f(z+;)— f(z) are polynomials belonging
to Pg_1, while z — f(z—v;)+ f(z+7) —2f(x) is a polynomial belonging to Py_a.
From the definition of A" M, )a, it follows that Py is preserved by A . As in Section
2, we consider for d € Z,

Qu:={f € Pan L>(uyy)) = uiyalfo) =0,vg € Pas}
(with the convention Qy = Py). Note that for d large enough, Qg4 = {0}, neverthe-

less, we still have
M M a @ Q4
dez,

and the Qg are orthogonal. Furthermore by symmetry of Ag\yl in L2 (,ugévzl) each

)

of the Qy is preserved by .A Thus it is sufficient to study the spectral decompo-

sitions of the restrictions of A M,a to the Q4. But this is exactly the same analysis
as in Section 2, because there we only used the highest monomials. Indeed, note
that for all f € Qgand 1 <i< N,

v flz -y~ fla) + 2T

, x> fl+y) — flo) -
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are polynomials belonging to Py_2, and

02 f(x
v Fle =90 + flo+ ) - 2f() - 21D
belong to P4_3, where we set P, = {0} if ¥ < 0. Thus, for any polynomial f € Qg,
the polynomials Ag\y)a f and L(aN) f have the same highest order term (i.e. the term
of degree d), so that these two operators have the same spectral gap.
O

)

e

(N

Finally, we show that ﬂg\]/}{ converges weakly to pg ) as M — .

Proposition 5.2. Under the topology on AWN) induced by | - |1, u%ﬁl converges

weakly to ,u((xN) as M — oo.

Proof: 1t suffices to prove that ug\yl(f) — u((yN)(f) for any polynomial f. We first

consider p(f) =0, ie. f € Pygq for some d > 1. Since L(O[N)|7)0‘d is bounded with

eigenvalues not larger than —an41, L&N)

g € Py q such that f = L,(@N)g. Noting that

is invertible on Py 4. So, there exists

Jim A4S — Lglle = 0, u{ (AT Lg) =0,

we obtain
im ™ A = fim ™ E® ) = i ™ (AN gy =
i fpg (O = i ug gy (Le7g)l = Tim (g 3 (Ag 2r9)] = 0.

That is, limp; o MS,VJ\)/[ (f)= ,u&N)(f) holds for any polynomial f with u(f) =0. In

general, if u(f) # 0, by letting f = f — u(f) we obtain
_n (N) (Fy — 75 (N) _
0= lm pg o (f) = lim pg 5 (f) = p(f)-

Then the proof is finished. O

Acknowledgements

The authors would like to thank an anonymous referee for helpful comments.

References

J. Bakosi and J. R. Ristorcelli. A stochastic diffusion process for the Dirichlet
distribution. Int. J. Stoch. Anal. pages Art. ID 842981, 7 (2013). MR3042549.
D. Bakry and M. Emery. Hypercontractivité de semi-groupes de diffusion. C. R.

Acad. Sci. Paris Sér. I Math. 299 (15), 775-778 (1984). MR772092.

D. Blackwell and J. B. MacQueen. Ferguson distributions via Pdlya urn schemes.
Ann. Statist. 1, 353-355 (1973). MR0362614.

M. F. Chen. From Markov chains to monequilibrium particle systems. World
Scientific Publishing Co., Inc., River Edge, NJ (1992). ISBN 981-02-0639-9.
MR1168209.

R. J. Connor and J. E. Mosimann. Concepts of independence for proportions with a
generalization of the Dirichlet distribution. J. Amer. Statist. Assoc. 64, 194-206
(1969). MR0240895.


http://www.ams.org/mathscinet-getitem?mr=MR3042549
http://www.ams.org/mathscinet-getitem?mr=MR772092
http://www.ams.org/mathscinet-getitem?mr=MR0362614
http://www.ams.org/mathscinet-getitem?mr=MR1168209
http://www.ams.org/mathscinet-getitem?mr=MR0240895

380 S. Feng, L. Miclo and F.-Y. Wang

C. L. Epstein and R. Mazzeo. Wright-Fisher diffusion in one dimension. SIAM J.
Math. Anal. 42 (2), 568-608 (2010). MR2607922.

C. L. Epstein and R. Mazzeo. Degenerate diffusion operators arising in population
biology, volume 185 of Annals of Mathematics Studies. Princeton University
Press, Princeton, NJ (2013). ISBN 978-0-691-15715-3. MR3202406.

S. N. Ethier and Thomas G. Kurtz. The infinitely-many-neutral-alleles diffusion
model. Adv. in Appl. Probab. 13 (3), 429-452 (1981). MR615945.

S. N. Ethier and Thomas G. Kurtz. Fleming-Viot processes in population genetics.
SIAM J. Control Optim. 31 (2), 345-386 (1993). MR 1205982.

W. J. Ewens. Mathematical population genetics. I, volume 27 of Interdisciplinary
Applied Mathematics. Springer-Verlag, New York, second edition (2004). ISBN
0-387-20191-2. Theoretical introduction.

S. Feng and F.-Y. Wang. A class of infinite-dimensional diffusion processes with
connection to population genetics. J. Appl. Probab. 44 (4), 938-949 (2007).
MR2382936.

S. Feng and F.-Y. Wang. Harnack inequality and applications for infinite-
dimensional GEM processes. Potential Anal. 44 (1), 137-153 (2016). MR3455213.

W. H. Fleming and M. Viot. Some measure-valued Markov processes in population
genetics theory. Indiana Univ. Math. J. 28 (5), 817-843 (1979). MR542340.

M. Jacobsen. Examples of multivariate diffusions: time-reversibility; a Cox-
Ingersoll-Ross type process (2001). Department of Theoretical Statistics, Preprint
6, University of Copenhagen.

N. L. Johnson. An approximation to the multinomial distribution: some properties
and applications. Biometrika 47, 93-102 (1960). MR0O111099.

L. Miclo. About projections of logarithmic Sobolev inequalities. In Séminaire de
Probabilités, XXXVI, volume 1801 of Lecture Notes in Math., pages 201-221.
Springer, Berlin (2003a). MR1971587.

L. Miclo. Sur 'inégalité de Sobolev logarithmique des opérateurs de Laguerre a
petit parametre. In Séminaire de Probabilités, XXX VI, volume 1801 of Lecture
Notes in Math., pages 222-229. Springer, Berlin (2003b). MR1971588.

J. E. Mosimann. On the compound multinomial distribution, the multivariate S-
distribution, and correlations among proportions. Biometrika 49, 65-82 (1962).
MR0143299.

W. Stannat. On the validity of the log-Sobolev inequality for symmetric Fleming-
Viot operators. Ann. Probab. 28 (2), 667684 (2000). MR1782270.

F.-Y. Wang. Functional inequalities for empty essential spectrum. J. Funct. Anal.
170 (1), 219-245 (2000a). MR1736202.

F.-Y. Wang. Functional inequalities, semigroup properties and spectrum esti-
mates. Infin. Dimens. Anal. Quantum Probab. Relat. Top. 3 (2), 263-295 (2000b).
MR1812701.


http://www.ams.org/mathscinet-getitem?mr=MR2607922
http://www.ams.org/mathscinet-getitem?mr=MR3202406
http://www.ams.org/mathscinet-getitem?mr=MR615945
http://www.ams.org/mathscinet-getitem?mr=MR1205982
http://www.ams.org/mathscinet-getitem?mr=MR2382936
http://www.ams.org/mathscinet-getitem?mr=MR3455213
http://www.ams.org/mathscinet-getitem?mr=MR542340
http://www.ams.org/mathscinet-getitem?mr=MR0111099
http://www.ams.org/mathscinet-getitem?mr=MR1971587
http://www.ams.org/mathscinet-getitem?mr=MR1971588
http://www.ams.org/mathscinet-getitem?mr=MR0143299
http://www.ams.org/mathscinet-getitem?mr=MR1782270
http://www.ams.org/mathscinet-getitem?mr=MR1736202
http://www.ams.org/mathscinet-getitem?mr=MR1812701

	1. Introduction
	2. The spectral gap of LalphaN
	3. Proof of Theorem 1.1: the whole spectrum of LalphaN
	4. Proofs of Theorems 1.2 and 1.3
	5.  A Discrete Model
	Acknowledgements
	References

