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Fractional Fick’s law for the boundary driven
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Abstract. A fractional Fick’s law and fractional hydrostatics for the one dimen-
sional exclusion process with long jumps in contact with infinite reservoirs at dif-
ferent densities on the left and on the right are derived.

1. Introduction

The exclusion process is known as the “Ising model” of non-equilibrium statistical
mechanics and since its introduction in the 70’s in biophysics by MacDonald et al.
(MacDonald et al., 1968; MacDonald and Gibbs, 1969) and in probability by Spitzer
Spitzer (1970), a lot of papers in the mathematical physics literature focused on
it because it captures the main features of more realistic diffusive systems driven
out of equilibrium (Liggett, 1985, 1999; Spohn, 1991). The exclusion process is an
interacting particle system consisting of a collection of continuous-time dependent
random walks moving on the lattice Z: A particle at x waits an exponential time
and then chooses to jump to x + y with probability p(y). If, however, x + y is
already occupied, the jump is suppressed and the clock is reset. In this paper we are
interested in the case where p(-) has a long tail, proportional to |-|~(+7) for v > 1.
Curiously it is only very recently that the investigation of the exclusion process
with long jumps started (Bernardin et al., 2016b; Jara, 2015, 2009; Gongalves and
Jara, 2015; Sethuraman, 2016; Szavits-Nossan and Uzelac, 2008).

Our motivation for this study is threefold. First, due to the intense activity de-
veloped around the exclusion process since its introduction almost fifty years ago,
it is very natural to investigate on the differences and the similarities between the
finite jumps exclusion process and the long jumps exclusion process. Our second
motivation is related to the field of anomalous diffusion in one dimensional chains
of oscillators (Dhar, 2008; Lepri et al., 2003; Spohn, 2014). Recent studies sug-
gest that the macroscopic behavior of some chains of oscillators (with short range
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interactions) displaying anomalous diffusion should be similar to the macroscopic
behavior of the symmetric exclusion process with long jumps. In order to motivate
this claim, let us observe that the equilibrium fluctuations of a harmonic chain with
energy-momentum conservative noise and of the long jumps exclusion process with
exponent v = 3/2 are the same (Jara, 2015, 2009; Bernardin et al., 2016a, 2015;
Jara et al., 2015). See also Remark 2.3 of this paper for a second example. These
similarities can be roughly understood by the fact that in 1d chains of oscillators,
the energy carriers, the phonons, do not behave like interacting Brownian parti-
cles but like interacting Lévy walks (Dhar et al., 2013; Dhar and Saito, 2013 and
Zaburdaev et al.,; 2015 for a review on Lévy walks). Therefore, we believe that
the symmetric exclusion process with long jumps could play the role of a simple
effective model to investigate properties of superdiffusive chains of oscillators. Our
third motivation, which is related to the second but has also its own interest, is to
develop a macroscopic fluctuation theory for superdiffusive systems (e.g. exclusion
process with long jumps) as it has been done during the last decade by Bertini
et al. (2015) for diffusive systems. The key idea behind the macroscopic fluctuation
theory is that the non-equilibrium free energy of a particular given system depends
only on its macroscopic behavior and not on its microscopic details. Therefore, two
models macroscopically identical shall have the same non-equilibrium free energie.
As explained above our hope is that some superdiffusive chains of oscillators and
exclusion processes with long jumps have the same macroscopic behavior and hence
the same non-equilibrium free energy.

In this paper we consider the symmetric exclusion process with long jumps in
contact with two reservoirs with different densities at the boundaries. We show that
in the non-equilibrium stationary state the average density current scales with the
length N of the system as N~%, 0 < § < 1. We also show that the stationary density
profile is described by the stationary solution of a fractional diffusion equation with
Dirichlet boundary conditions. Observe that in a diffusive regime, § = 1 and that
the stationary profile is the stationary solution of a usual diffusion equation with
Dirichlet boundary conditions. Similar conclusions to ours, as well as extensions
to the asymmetric case, have been obtained in a non-rigorous physics paper by
Szavits-Nossan and Uzelac (2008). As a final remark of this introduction let us
observe that in our paper, as well as in Szavits-Nossan and Uzelac (2008), the
reservoirs are described by infinite reservoirs. This has the advantage to avoid a
truncation of the long range transition probability p(-). However other reservoirs
descriptions are possible but we conjecture that they could have a quantitative
effect on the form of the stationary profile. Indeed, since the fractional Laplacian is
a non-local operator, the fractional Laplacian with Dirichlet boundary conditions
can be interpreted in several ways giving rise to different stationary solutions. The
(microscopic) description used for the reservoirs fix the (macroscopic) interpretation
of the fractional Laplacian with Dirichlet boundary conditions. In our case it is the
so called “restricted fractional Laplacian” which appears. This sensitivity to the
form of the reservoirs is due to the presence of long jumps and does not appear
for the exclusion process with short jumps. This sensitivity has also been observed
in models of (non interacting) Lévy walks and in the context of 1d superdiffusive
chains of oscillators (Lepri and Politi, 2011).

The paper is organized as follows. In Section 2 we describe precisely the model
studied and the results obtained. In Section 3 we recall basic facts on the fractional
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Laplacian and explain what we mean by stationary solution of a fractional diffusion
equation with Dirichlet boundary conditions. Section 4 is devoted to the proofs of
the results with some technical lemmata postponed to the Appendix.

2. Model and Results

We consider a symmetric long jumps exclusion process on Ay = {1,..., N — 1},
N > 2, in contact with two reservoirs at density « € (0,1) on the left and density
B € (0,1) on the right. Let p(-) be a probability function on Z which takes the form

C

where 2 > v > 1 and ¢, > 0 is a normalization factor. If v > 2 the boundary driven
long jumps symmetric exclusion process has mutatis mutandis the same behavior
as the usual boundary driven finite jumps exclusion process '. The configuration
space of the process is Qy = {0,1}*~ and a typical configuration 7 is denoted
as a sequence (7).), indexed by z € An. The generator of the boundary driven
symmetric long jumps exclusion process {n(t) ; t > 0} is defined by

Ly =LY%+ Ly + LYy (2.1)

where for any f: Qny — R

(L3N = D ple—y)n.(1—m)f (™) — f(n)]

T,YEAN

=2 > pla -l — £

oy€AN (2.2)
LxHm = > ple—yh(d—B)+ 1 —n)Blf ") = fn)],

z€AN,Y>N

(LyHm) = > ple—y)na(l—a)+ (1 —n)allf(n") — f(n)]-

z€AN,y<0

Here the configurations n* and n*Y are defined by

UPD z#x7y’
(nx) _ {T}Z? Z#x?
i z

W), = , 2=,
(™) Ny 11, 2=z
Ny 2 =Y

Sometimes it will be useful to consider a configuration n € Qy as a configuration
on {0,1,a, 3} by extending n by setting 7, = o for # <0 and 1, = 3 for z > N.
Observe that the reservoirs add and remove particles on all the sites of the lattice
AN, and not only at the boundaries, but with rates which decrease as the distance
from the corresponding reservoir increases. The same kind of reservoirs is used in
Szavits-Nossan and Uzelac (2008).

IFor ~v = 2 the diffusive scaling has to be replaced by a diffusive scaling with some logarithmic
corrections but the system behaves macroscopically in a diffusive way (Jara, 2015, Appendix A).
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The bulk dynamics (i.e. without the presence of the reservoirs) conserves the
number of particles. Let W,, z =1,..., N, be defined by

We= > > pz=9ny—n] +B-a) Y p(z—y).
y<z—1z>x y<0
z>N

(2.3)

In this formula, as explained above, we adopted the convention 1, = « for z < 0
and 1, = 8 for z > N. It can be checked that since v > 1, these quantities are well
defined. Observe that the quantity W, is equal to

W, = . > » p(z =)y (1 =nz) = 1=(1 = ny)]

+ Y DY ope-we-—n)— > D plr—y)B-m).

z<z<N-1y<0 1<y<z—12z>N

It corresponds to the rate of particles jumping in the bulk by crossing « — 1/2 from
the left to the right minus the rate of particles jumping in the bulk by crossing
x —1/2 from the right to the left (first sum) plus the rate of particles coming from
the left reservoir by crossing £ —1/2 (second sum) minus the rate of particles coming
from the right reservoir by crossing  — 1/2 (third sum). Then for any « € Ay we
have the following microscopic continuity equation

Lyn, = —-VW, := —(Wyq1 — Wo). (2.4)

Remark 2.1. Observe that for each x € Ay, the current due to the bulk dynam-
ics 3 y<o1 2 252 P(2 — Y)[ny — n:] can be written as a sum of discrete gradients
>k 0 (k) (k41— mi). Therefore, it belongs to the class of so-called “gradient mod-
els” (see Kipnis and Landim, 1999 for more explanations). However the function
a(+) is not exponentially localized around x so that the model is quite different
from a standard “gradient model”.

Let us denote by pn the unique invariant measure of {n(t) ; t > 0}. fa=8=p
then py is equal to the Bernoulli product measure with density p. It is denoted
by v,. The expectation of a function f with respect to uy (resp. v,) is denoted

by (f)n (resp. (f),) or un(f) (vesp. v,(f)). For any p € (0,1) the density of uy
with respect to v, is denoted by fw,.

Let p be the unique weak solution (see Section 3 for a precise definition ) of the
stationary fractional heat equation with Dirichlet boundary conditions

(=A)2p(q) =0, q€(0,1),
p(0) = «, (2.5)
A1) = 5.

We have that (see Bogdan and Byczkowski, 1999)

WeOy do= [ awPG-tu-Ha o)

a if y<O0,

gly) =98 if y>1,
0 otherwise,
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and the Poisson kernel P.(- —8,- — ), r > 0,0 € R, is defined by

"2 _ (g—9)271°2
Pr(q797y70>:0’y |:(y_g;2_7),,2:| |q7y|717
for |g — 0] < r,|y — 0] > r and equal to 0 elsewhere. Here C, is a normalization
constant equal to C., = I'(1/2)7~3/2sin(77y/2). It can be shown that the function
p is smooth in the bulk but only /2-Holder at the boundaries.
Our first result is the hydrostatic behavior for the boundary driven exclusion
process with long jumps, stated in the following theorem.

Theorem 2.2. Let v € (1,2). For any continuous function H : [0,1] — R we have

that
| N2

N N 2 AR /f{
in probability under up.

Remark 2.3. In Basile et al. (2015) and Lepri et al. (2009), a harmonic chain with
energy-momentum conservative noise in contact with thermal baths at different
temperatures is considered and it is shown that the temperature profile is given
by the solution of a fractional heat equation with Dirichlet boundary conditions.
In these papers the baths are of Langevin type and the fractional Laplacian which
appears is not the “restricted fractional Laplacian” like in our work but some “spec-
tral fractional Laplacian”. We conjecture that if Langevin baths are replaced by
infinite thermal baths then the macroscopic behavior is described by the “restricted
fractional Laplacian”.

Our second result is the following “fractional Fick’s law”.
Theorem 2.4. Let vy € (1,2) then the followmg fractional Fick’s law holds *

i - ﬁ(z) Cy a
]\;EHOON W) N_C'y/ / dz G-y + 'y('y—l)\ﬂ )  (2.7)

where p: R — [0,1] is the unique solution of (2.5) and x is arbitrary in (0,1).

Observe that the current is a non-local function of the density.

Remark 2.5. The results obtained in this paper could probably be generalized to
the case where p(-) is such that p(z) ~ L(2)|z|"0*7) as z — 400 for some slowly
varying function L. Moreover, the model can be defined in higher dimensions and
we expect similar results. However the proofs could be much more technical.

3. Weak solution of the stationary fractional heat equation with Dirich-
let boundary conditions

The fractional Laplacian (—A)Y/2 of exponent /2 is defined on the set of func-

tions H : R — R such that
> |H(q)
=LA (31)

2The RHS of (2.7) does not depend on z. It can be proved by taking the derivative w.r.t. = of
the RHS of (2.7) and showing it vanishes thanks to (2.5).
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by
o H(q) - H

(—A)7/2H (q) = ¢y Ehg(l)/_oo 1y—g|>c M
provided the limit exists (which is the case if H is differentiable such that H' is
B-Holder for some 8 > v — 1 and satisfies (3.1), e.g. if H is in the Schwartz space).
Up to a multiplicative constant, —(—A)Y/? is the generator of a y-Lévy stable
process. The fractional Laplacian can also be defined in an equivalent way as a
pseudo-differential operator of symbol [£|” (up to a multiplicative constant).

We are interested in the boundary problem (2.5) which has to be suitably inter-
preted since the fractional Laplacian is not a local operator. The correct interpre-
tation of (2.5) which appears in this paper is that p is the restriction to [0,1] of a
function u : R — R such that

(7A)’Y/2 U(Q) = 07 q S (07 1)7
u(g) =a, ¢=<0, (3.3)
u(g) =6, q>1.

In the PDE’s literature this interpretation corresponds to the so-called “restricted
fractional Laplacian”. Another popular interpretation of the fractional Laplacian
with Dirichlet boundary conditions is the “spectral fractional Laplacian” (Vazquez,
2014). The interpretation appearing in Basile et al. (2015) is a third one.

(3.2)

Let the functions r* : (0,1) — (0,00) be defined by
(@)=, g =y T (1) (34)
The operator L is defined by its action on functions H € C?([0, 1]), the space of C?
functions with compact suport included in (0, 1), by

Vg e (0,1), (LH)(q)=—(—A)"2H (q)+r (@)H(q) +r () H(q).  (3.5)

Definition 3.1. We say that a continuous function p : [0,1] — [0,1] is a weak
solution of (2.5) if p(0) = «, p(1) = B and for any smooth function H € C2([0, 1])
we have that

—(p, (=A)Y"H) + (ar™ + prt, H) =0

where (-,-) denotes the usual scalar product in L2([0, 1]).
Proposition 3.2. There exists a unique weak solution to (2.5). It is given by (2.6).

Proof: The existence of a continuous (explicit) solution given by (2.6) and satisfying
(3.3) is a well known fact (see e.g. Bogdan and Byczkowski, 1999). Let us denote
it by p and let us show it is also a weak solution. For any H € C2([0,1]) we have

<,0,LH>+<O[*,O,HT‘7>+<ﬂ*p,HT‘+>
= _<p7 (_A)7/2H> + <a7 HT—> + <67 H'F+>

-/ " pla)(~A)2H(q) da

— 00

(3.6)

To prove the last equality we first recall that H vanishes outside of (0,1), p(y) = «
for y <0, p(y) =B for y > 1 and

0 +oo
r(q) = C“// lg—y|™' 7y, r(q) =cw/1 lg—y| ' dy.
o0
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It follows that

(a, Hr™) = acy /OlH(CI) (/_OOO |q_2|1ﬂdy>dq

H(q _ dy |dq = ’ ‘X’iH() dq)d
_O‘CW/ / lg — y[F y) q—cv/_oca(/_oom Y[+ Q)y

=, [ ([ O Ty = [ ) -0

and similarly for (3, Hr*). Then the last line of (3.6) follows by adding together

the three terms of the second line of (3.6). Since (—A)7/? is a symmetric operator
in L2(R) we have

/ " p(g)(— A H(g) dg = / H(q)(~A)"p(g) dg

/H A)"2p(q) dg = 0.

Let us now turn to the uniqueness part. Let p; and ps be two weak solutions. We
extend them continuously to R by p1(y) = p2(y) = aif y < 0and p1(y) = p2(y) =5
if y > 1. By linearity we have that for any H € C2([0, 1])

(p1 — p2s (—A)W/2H> =0.
Since p; — p2 = 0 outside (0,1), (-,-) may be replaced by the scalar product in
L%(R). By using Theorem 3.12 in Bogdan and Byczkowski (1999), there exists a

7/2-harmonic * (continuous) function u, such that u = p; — ps a.e. Since p; = ps
outside of (0,1), we can deduce that p; = ps everywhere. ]

For any continuous function F : [0,1] — R we denote by LxF the continuous
function on [0, 1] obtained as the linear interpolation of the function defined by

(LNyF)(0) = (LyF)(1) =0 and
Vo e Ay, (LnF)(E)= > ply—=) [F(%) - F(%)].

yEAN

We introduce also the two linear interpolation functions r% : [0,1] — R such

that for z € An
NE) =D pw), v = Y p(y) (3.7)
y>z y<z—N

and

rv(0) =rR(g), () = (T,

Let finally Ky the operator defined by

_ - +
]CN—['N_TN_TN

which, for functions F' with compact support in [0 1], satisfies

(KnF) (%) => ply—=) [F(¥) - F(£)].

yEL

3A function u : (0,1) — R is /2-harmonic in (0, 1) if for any open set U with closure included
in (0,1) and any = € U, u(z) = Ex(u(Xr,)) where (X¢); is a v/2-stable Lévy process and 7y is
its exit time from U.
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Lemma 3.3. Let H be a smooth function with compact support included in [a,1—a]
where a € (0,1). Then we have the following uniform convergence on [a,1 — a]

lim N7ry(q) = c77_1q_’7 =r"(q),

N—o00
Jlim N7rfi(q) = ey (1 —9) 7 =T (g), (3.8)
Jim NY(CwH) (@) = = [(-A)H] (q).

Proof: This Lemma establishes uniform convergence of Riemann sums to corre-
sponding integrals. But since the uniformity statement requires a bit of technical
work it is postponed to Appendix B. ([l

Remark 3.4. The two first items of the previous lemma are in fact valid for v €
(0,2). See the proof in Appendix B.

4. Proofs

The first step consists to obtain a sharp upper bound on the average current
in the non-equilibrium stationary state (see Lemma 4.1). This bound will be used
to derive an estimate of the entropy production (Lemma 4.2) which is the key
estimate to obtain by a coarse graining argument and entropy bounds that the
empirical density at each extremity of Ay is given by « and 8 (Corollary 4.4). To
identify the form of the stationary profile in the bulk, we use a method introduced in
Kipnis et al. (1995) for boundary driven diffusive systems (Lemma 4.6). Fractional
Fick’s law is then derived.

4.1. Entropy production bounds.

Lemma 4.1. Let v € (1,2). There exists a constant C > 0 such that for any
N>2

(Wi)xy < CN'™.

Proof: By stationarity we have that for any € Ay, (Wi)ny = (W) n. It follows
that

1

Wil = 51 30 Wb = 501 0z~ )0 — (w1000 2)
r=1 y<z (41)
FE-0) Y 0z )
BN
where

O(y,z) =Card{x e An; y+1 <z <z}
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Considering the different positions of y, z in Ay, we get
N-1

(Wi)n = ﬁ zla— ()N D plz )
z=1 y<0
1 N-—1
+ 3 (N —1—y)[{n,)n — ] ;Vp«z ~y) @)
b 3 bz ) - )y — (]
Z,ZéiN
=)+ 1)+ (I1]).
We have that
(1 — O(N'=7)

z=1 y>z
since » -, -, p(y) = O(277) as z — co. A similar upper bound is valid for (I1). For
the last term we observe that
N—-2N-1-y

(I =~ > kp(B)[(y+1) v — () -

y=1 k=1

Now, using Fubini Theorem we get

1 N-2 N-1-Fk
(IH)Z—mZkP Z (My+r)N — (My)N]-
k=1 y=1

Observe that for any sequence (f(z)), and any n, k > 1 we have

n k

Sf@+k) = f@)] =Y [f(n+1+k—=)— f(z)].

x=1 r=1

It follows that

M=

N-—-2
(1) = 57 3 kp(k) S lfm ) — ()]
k=1

1

<
I

so that

N—
(1)) < Z O(N').

(]

A simple consequence of this Lemma is the following bound on the Dirichlet
forms of the stationary state.

Lemma 4.2. Let p € (0,1). There exists a constant C := C(p,a, ) > 0 such that
for any N > 2

¥ p(y—$)<[\/fw,p(77”’y)—\/fzv,p(n)r> <2

z,YyEAN
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> Zp(y—x><[¢fN,a<nz>— ¢fN,a<n>]2> <

zeAnN y<0 a

> Zp(y—$)<[\/fzv,,8(77w)—\/fN7ﬂ(77)r> < o
B

zEAN Yy=>N

Proof: To simplify the notation we denote fx,, by fy. By definition of stationary
state we have:

0= (fvLnlogfn),
= (fnLY log fn), + (fnLivlog fn), + (fn Ly 1og fa) -

We first obtain an upper bound for the second and the third term on the right hand
side of the previous equality. For any R > 0, the second term is equal to

> vl —y){(fn(m)ne(1 = B) [log f (") —log fn (n)]),

(4.3)

TEAN
y>N
+ ) ()(1 — 1) [log fn (n") — log fa ()],
rEAN
y>N
- v (1 - 8 |10g B0
= 3 y)<fzv(n)m(1 9 s ")) o
y>N
B fn(n")
2wl < =3 o ngNm)Dp
y>N
~logR > p( () (=(1 = B) = (1 = 12)B)), -
rEAN
y>N

Now by the change of variable w = 1* we have that (4.4) is equal to

-3 p(x—y)<fN(wI)(1_“’z)(1_B) [log féj;sz);))] <1ff°>>p

m%ﬁg
3 o SN0
+1§N < (1 —n.)8 [l ngN(n)Dp
y>N
—logR ) p (1) (:(1 = B) — (1 = n2)8)),, -
ZEA&V
B 1-p

and using (z — y)log(y/z) < 0, we have that the

Now, choosing R = ——
. 1=B
last expression is equal to

» 55 < (1= wy) (Rfy(w) = fn(w")) {k’g z?ff%ﬂ >p

r€EAN
y>N
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—log R Y plz—y) (fn(n) (n(1=B) — (1 =m.)B)),

TEAN

y=2N
< g ({25 120) 3 vl = (vta) (n = ),
y>N

We proved therefore that

(fxLi log fx), < —log (fﬂl—ﬁ W)y -

Similar computations give that

(fvLiylog fx), < —log (1 ;af) (W) y -
By Lemma 4.1, we get that there exists a constant C’ > 0 such that
(fnLiylog fn), < C'N'™7,
(fnLivlog fn), < C'N'77.
Therefore, by (4.3), we have that
—(fnLYlog fa), < ON'7.
Now, using the simple inequality a(logb — loga) < 2v/a(v/b — \/a), we obtain that

~(VINL& N Fn)p < ON'TY.

This gives the first inequality in Lemma 4.2 since the left hand side of the previous
inequality is equal to the left hand side of the first inequality of Lemma 4.2 because
LY is reversible with respect to v, for any p. Choosing now p = «, and using again
the simple inequality a(logb — loga) < 2y/a(vb — v/a), we have that

_<\/ fN,a L?\f \V4 fN,a>a S C’Nl—ﬂ’.

Since LY is reversible with respect to v, we have that

- <\/EL§V\/ fN,Ot>a
2
=% > > ply—a) <[nx(1—a)+(1 — )0 {\/fw,a(nw)— \/fN’a(n)} > :

zeAn y<O0

Since a A 1 —a < 1,(1 — @) + (1 — 1), the term above is bigger or equal to a
constant times the left hand side of the second inequality of Lemma 4.2. The third
inequality of Lemma 4.2 is obtained similarly by choosing p = 3. (]

4.2. Proof of Theorem 2.2. Let /\/l;, d = 1,2, be the space of positive measures
on [0,1]% with total mass bounded by 1 equipped with the weak topology. For any
n € QN the empirical measures 7V (n) € M (resp. #V(n) € M7 ) is defined by

] N2
aNn) = N1 Z N0z /N (4.5)
=1
resp.
» 1 N-1
T (n) = m Z NaMy0(2/N,y/N) (4.6)

z,y=1
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where 6, (resp. d(u.) is the Dirac mass on u € [0,1] (resp. (u,v) € [0,1]%). Let
PN be the law on M x M3 induced by (7V,#V) : QN — M} x MJ when QN
is equipped with the non-equilibrium stationary state py. To simplify notations,
we denote 7V (n) (resp. #¥(n)) by 7V (resp. #V) and the action of 7 € M on a
continuous function H : [0,1]¢ — R by (r, H) = f[O,l]d H(u)m(du).

The sequence (PV)y>o is tight on M x M3 . This is obvious since it is a
family of probabilities over the compact set M x M3 . Our goal is to prove that
every limit point P* of this sequence is concentrated on the set of measures (m, )
of M{ x M3 such that 7 (resp. 7) is absolutely continuous with respect to the
Lebesgue measure on [0, 1] (resp. [0,1]?) and with a density p(u) (resp. p(u)p(v))
where p is a weak solution of (2.5).

Lemma 4.3. Let P* be a limit point of the sequence (PV)x. Then P* is concen-
trated on measures (w,7) such that w (resp. 7) is absolutely continuous with respect
to Lebesgue measure on [0,1] (resp. [0,1)2). The density p of m is a continuous
function on [0,1] and the density of 7t is equal to p@ p : (z,y) € [0,1]2 = p(x)p(y).

Proof: See Appendix C. O
With some abuse of notation we denote by (PV )y a fixed subsequence converging
to a limit point P*. A generic element of M x M7 is denoted by (7, #) with the

convention that m and # = m ® m denotes the probability measure as well as its
density with respect to the Lebesgue measure.

Proposition 4.4. We have that P* almost surely 7(0) = o and w(1) = 5.

Proof: For small ¢ > 0 and small X € R, let B be the box B := {[N¢],...,N — 1}
in Ay and let w be the function defined by

u = eAZm’GB N

We recall that the action of the generator L% on a function f : Qy — R can be
rewritten as

(LHm) =D ry(£) 01— a) + A —n)a] [f(r7) = f(n)]

zEAN

where 1y (%) = 22,5, p(y). An elementary computation shows that

—_——= [(e)‘ —1)—2(1 — a)(cosh A — 1)] Z r&(%)(nz —a)
2€B (4.7)

—2a(l —a)(cosh A — 1) Z ry ().
z€B
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Multiplying (4.7) by fn.a, integrating w.r.t. v, and using the variational formula
of the Dirichlet form we deduce that

[(eA —1) —2(1 — a)(cosh A — 1)] Z 7’1}(%)(<77Z>N —a)

z€EB
< > ry(%) <|:\/fN,a(nz) - \/fN,a(n)] >
zEAN «@ (48)
+2a(1 — a)(cosh A — 1) Z v (%)
zEB
<CON'" +20(1 — a)(cosh A = 1) > ry (%)
z€B

where the last inequality is a consequence of Lemma 4.2. Observe that for A — 0,
the term (e* — 1) — 2(1 — a)(cosh A — 1) is equivalent to A and has therefore the
sign of \ for sufficiently small A. The term cosh A — 1 is of order A\2. Assume first
that A > 0 is small. Then there exists a constant C' > 0 independent of A\,e and IV
such that

i (= o N Ly () v (%)) = N7 3w (R) (nedw — )

zEB
C B ) (4.9)
< S HOANT YN (R)
z€B
By Lemma 3.3 we have that for some constant C > 0
1
N N (3)£C [ adg =0 (4.10)
zEB €
Therefore we conclude that
limsupe” ' limsup uy ((mn — o, 11y (Z) Ny (£))) < 0. (4.11)
e—0 N—o0
Similarly, by considering small A < 0, we deduce that
o 1. . z —1(z
hgn_gglfs"* lﬂlglofuN ((ry —a, 1 (F)N 7y (%)) = 0. (4.12)
By using Lemma 3.3 we deduce that P* a.s. we have
1 _
lim &7~ / LG (4.13)
e—0 c q'y

But since by Lemma 4.3 7 is a continuous function on [0, 1], if 7(0) # «, we have
that

1
— 0) —
lim 6”*1/ 771-((1)7 oqu = 7“ )~ #0
e—0 . q v—1

and we get a contradiction. We deduce thus that 7(0) = a. Similarly 7(1) = 8. O
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Remark 4.5. The usual proof for driven diffusive systems of this proposition is
quite different and based on the so-called two-blocks estimate (Eyink et al., 1990,
Kipnis et al., 1994). Tt turns out that in the context of exclusion process with long
jumps this approach does not work since the control of the entropy production is
not sufficient to cancel the heavy tails of p, even by using the arguments of Jara
(2015).

Lemma 4.6. Let p be the unique weak solution of (2.5). For any F,G in C°([0,1])
we have

/[0 ” [G(u)((—A)v/QF)(U) + F(v)((—A)W/QG)(u)} I(u,v)dudv =0  (4.14)

where
I(u,v) = E [(7(u) — p(u)) (7 (v) — p(v))] - (4.15)
Proof: We have that

Ln( ) = o 3 S (&l — 2)(ny — 1)

TEAN YEZ

= (N KnF) + 5 S (PG + v O (FrR)(E)

TEAN TEAN

(4.16)

where
KnF =LNF — Fry — Fri;.

We then multiply (4.16) by N7 and take the expectation with respect to pn
on both sides, the left hand side being then equal to 0 by stationarity. By using
Lemma 3.3 and weak convergence we conclude that

E* {/01 {LF —r=F —r"F} (2) w(m)dx} + /01 {ar=F + gr*F} (z) dz = 0.

We compute now Ly ((#V,.J)) where J : [0,1]> — R is a smooth test function
with compact support strictly included in [0,1]? and which is identically equal
to 0 on the diagonal. Consider a small § > 0 and take a smooth even function
Hs : R — [0,1] which is equal to 0 on [—4, ] and equal to 1 outside of [—26, 24].
Let then J5(u,v) = F(u)G(v)Hs(v — u), (u,v) € [0,1]2.

For u € [0,1] we denote by Fj,,Gs ., the functions given by

Fs5,(v) =F(v)Hs(v—u), Gsu(v)=Gv)Hs(v—u).
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By using Lemma A.1 we get that

) 1 .
L((&, J5) = =7 2 meF ()™ KnGooyne)
rEAN

+ ﬁ an(%) N—1 Z 5@/]\[(%)7’]\7(%)
TEAN yEAN
+i > nF(F) ! > Gsan(H)Irk($)
N-1 TEANSY N 1 a/N\NITNN
TEAN yEAN
1 ) N
TIN-1)2 Y ply—a)(ny =) Ts(F %),

T,YEAN

Since J5(u,v) is equal to 0 for |u — v| < §, we have that

N7pn ((N—ll)2 > p(y—w)(ny—m)QJa(ﬁ}é)) =O(NTY).

T, YEAN

We multiply (4.17) by N7 and take the expectation with respect to ux on both
sides, the left hand side being then equal to 0 by stationarity. By using Lemma 3.3
and weak convergence we conclude that

—E* / {G(u)((_A)WFg,u)(v) + F(U)((—A)7/2G57U)(u)}W(u)ﬂ(@)dudu]
[0,1]2

+E* / {G(u) ar™(v)F5.(v) + G(u)Brt(v)Fsu(v)} W(u)dudv]
[0,1]

+E* /[0 ” {F(u) ar=(v)Gsu(v) + F(u)Brt(v)Gsu(v)} w(u)dudv} =0.

We can take the limit § — 0 and since Hs converges to the function identically
equal to 1, we get

_E V {G(u)((—A)w/zF)(v) + F(v)((A)WG)(U)}w(u)w(v)dudu]
0,12

+ E*

/[O I {G(w) ar~(v)F(v) + G(u) Brt(v)F(v)} ﬂ'(u)dudv]
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+ E*

/ {F(u)ar=(v)G(v) + F(u) Brt(v)G(v)} w(u)dudv| = 0.
[0,1]2
We have also proved that for any smooth compactly supported function H

—E* 1((—A)”/2H)(u)7r(u)du + 1{ar—H+ BriH} (u) du = 0.
J [«

Let p be the unique weak solution of (2.5). Then we have

1 1
- [ (ayrm i+ [ {ar i+ st H ) du=o
0 0
It follows that
/[0 ” [G(u)((fA)V/zp)(v) + F(v)((—A)7/2G)(u)} I(u,v)dudv = 0.  (4.18)
(]

Since P* almost surely 7(0) = p(0) = o and 7(1) = p(1) = 8 and that 7, p are
continuous functions, by extending then to R by n(z) = p(z) = o if z < 0 and
m(x) = p(z) = B if x > 1, we get that for any F,G in C2°([0,1]?),

/]Rz [G(u)((—A)W/QF)(v) + F(0)((=A)2G)(u) | I(u,v)dudv = 0 (4.19)

By using Theorem 3.12 in Bogdan and Byczkowski (1999) we deduce that I is a.s.
constant with respect to Lebesgue measure on [0, 1]2. Since by Proposition 4.4, we
have I(0,0) = I(1,1) = 0, we deduce that I is identically equal to 0. Thus P*
almost surely m = p.

We have proved

Proposition 4.7. The sequence (PY)x converges in law to the delta measure con-
centrated on

(p(z)dz, p(x)p(y)dady)

where p is the unique weak solution of (2.5).

Theorem 2.2 is a trivial consequence of this proposition.

4.3. Proof of Fick’s law. Let us define for z € Ay
=Y wly), Fh(F)=— > wly)
y>z y<z—N

which are, up to a multiplicative constant, defined as rﬁ with v replaced by y—1 €
(0,1). Recalling (4.2) we see that

N7 W)y = pw (7 on) ) + N7 1oy
where ¢y : (0,1) = R defined by
NF) =N Eplz—y)+ N DY [1—%— %] ply—2)

y<0 y>N

FNY S ply—2)(5E) - N> ply - 2)(5FY)

y>z y<z
yEAN YEAN
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—ENTY(F) + (1= % = F)NR(F) N D7 ply — 2)(52)
YyEAN
= %Ny (F) + (1= % = F)N L (F) + NN (%) - N (F)

is a discrete approximation of the function ¢ : (0,1) — R given by

Cy 1 1—
- _ 7 f1- v _ gl
¢(q) 7(177){( q) a7}
and
o N1 g -l
9N=N_IZZZP(Z—3/)—ﬁ N-=1-y)p(z—y).
z=1 y<0 y=1z>N

It is easy to compute the limit of NY~10y by writing it as a Riemann sum:

N 1 Z
v—1 = N
A N7y = acy fim Z|i_i|1+7
z=1y<0 | N N
N 1= 1-L-x
— fey, lim — ( N lN)
N5oco N — 1N?2 12— & +
=1z>N [N~ N
Lo 1, oo
:OZny/ (/ |z_y2|l1+w>2dz_667/</ %ﬁ) (1_y)dy
0 —o0 0 1
_ cy(a—B)
V(2 =7)
Let us now compute the limit of ,uN(<7rN,<pN>> = ¥ Zz 1 cpN( )N

Observe that the function ¢ is singular at ¢ = 0 and q = 1 but that it is in-
tegrable on [0,1]. Lemma 3.3 and Remark 3.4 imply that for any a € (0,1),
limpy oo |on([Ng]/N) — ©(¢)| = 0 uniformly in ¢ € [a,1 — a]. Therefore we fix
some small a € (0,1) and we split the sum in three sums, one over z < alN, one
over aN < z < (1 —a)N and the last one over z > (1 —a)N. By using the estimate
(B.1) for ry and similar ones for r}, f]j\[, it is easy to get that

()| = (@) -5
so that (use (n,)ny <1)

N1 > en(F)m)n| < e’ + (1 —a)* T
z<alN
z>(1l—a)N

for some constants C, C’ > 0 independent of N. By using the uniform convergence
of o to ¢ over [a,1 — a] we get that

Jn o Y e = [ elasod

aN<z<(1—a)N

Thus sending first N — oo and then a — 0 we conclude that

N—o0

1
lim oy (0, on)) = / P(@)e(a)dq.
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Then Theorem 2.4 follows by simple integral computations and using the fact
that p is the stationary solution of the fractional diffusion equation with Dirichlet
boundary conditions.
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Appendix A. Computations involving the generator

Lemma A.1. For any j # k € Ay, we have
L (nyne) = i Lk + ne Ly — p(k = 5) (e — ;)%
Ly (njme) = 1 Ly + nie L. (A1)
L (nym) = n; Ly + e Liyn; -

Proof: By definition of LY, we have that

1

Ly (ym) = 5 D> ply—=) ["n;" — nyme]
z,yEAN
1 T T
=5 > =) [0 = myme) + 070 — njme)+

z,yEAN
070 =17 e — 1 15 + 05k

1
= n; Ly + meLiym; + 5 > ply—=) 17 —n] i — m]
z,yEAN

= n; Lk + meL{n; — p(k — §)(mk — n;)>.

In order to prove the second expression, note that [nf — 77]-] [t —me] = 0, for all
x € Z, thus by definition of L%, we have

Lytime) = Y py—2) (1= B) + (1= na)B] [(mjme)” — njmi]
z€AN,Y>N

= n; Lyni + neLyn;+

+ > ply—a) (1= B)+ (L —na)B] [nf — n,] [ — mi]
rzEAN,y>N

= n;Lyne + e Lyn;.

The proof of the third expression is analogous. (|
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Appendix B. Proof of Lemma 3.3

Let us prove the first item, the second one being similar. It is sufficient to prove
it for ¢ in the form z/N, z > aN. We have, by performing an integration by parts,
that

o0

NTry(£)=r (%) =N"> ply —67/ g " ldg
y>z /N

(y+1)/N

-, [}V(%)“ [ el
> y/N

Therefore we have that
Vs ) - (%)
which is of order O(N~1!) since z/N > a.

For the last claim it is sufficient to prove it for ¢ = 2/N. By using the symmetry
of p we can rewrite

(KnH)(£) = Zp

We split the sum over z € Z into a sum over z > 1 and over z < —1 (recall
that p(0) = 0) and we treat separately the convergence of these two sums. Since
the study is the same we consider only the sum over z > 1. Then, by a discrete
integration by parts, we have

<c N7 ' (z/N)"7! (B.1)

(%

2) - 2H(%)] -

N’sz :1:+z —&—H(IXIZ)—ZH(%)]
z>1
= V{05 () = 02 (FH} + N () 02 ()

where
0., (v) = H(u+v) + H(u —v) — 2H (u).
By a second order Taylor expansion of H, which is uniform over = since H has
compact support, we see that since v < 2,
; V(L z (L) =
ym Nry() 02 (5) =0

uniformly over x. Our aim is now to replace in the remaining sum the term
N7ry(%) by r7(%). Recall that we have seen in the proof of the first item that
for any a € (0,1) there exists a constant C, > 0 such that

NP (%) = (F) < CaN T
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We rewrite the sum
oo

> NG =) {02 () - 02 (5

z=2

H)

as the sum over 2 < z < aN and the sum over z > aN. In fact the sum over z > alN
is equal to the sum over 3N > z > aN since for z > 3N, Oz (5) — Gg(zg,l) =0.
N N

Moreover, we have that |0% (%) — 0%('7,1” = O(N~!) uniformly in z and 2. The

sum over 3N > z > aN is thus bounded from above by C’ /N for some positive
constant C! (going to co as a goes to 0). Since 6,(v) < Cv? for some positive
constant uniformly in u, by using the estimate (B.1) obtained in the proof of the
first item, we have also that

[aN]

> (V) - (7)) {1z -0z
[aN]

< O Y GGPNT /)T < Ot

for constants C’, C"" which do not depend on a and x. In conclusion, the replacement

of the term N7ry (%) by r~ (%) costs C"a*~7 + C),/N. Therefore, by sending

N — oo and then a — 0, we are reduced to estimate

1 o
Zr {020 - 02 (51} = LG ) + en(o)

By a second Taylor expansion, and using that v < 2, it is easy to see that

hm sup len(x)] =0.
O xeAn
To conclude we observe that there exists C' > 0 such that |+~ (¢q)6.,(¢)—r"(¢")0.,(¢')]
< Clg—4¢'|(gN¢q)~7, uniformly in w. This is because 6/,(0) = 0. It follows that for
some positive constant C' > 0, we have

z=2 /N N
0o z+1
N z / z — !/
=13 [ (3002 (3) — (@0 (0)dg
=27 N N
<ONTEY s
z=2

where the last term goes to 0 as IV goes to oco.

Appendix C. Proof of Lemma 4.3

The fact that P* is concentrated on absolutely continuous measures is obvious
since for any continuous function H : [0, 1] — R we have

|z, H)| < Z|Hx/N
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and similarly for #%V. Since for any continuous function H, the functional 7 €
M; — (m, H) is continuous, by weak convergence, we have that P* is concentrated
on measures (7, 7) such that for any continuous function H, H

(i, H)| < /[01]|H<u>|du7 (4, 1)) < / V()| dud

[0,1]
which implies that such a m and 7 are absolutely continuous with respect to the
Lebesgue measure. The densities are denoted by 7 and #. Since #%V is a product
measure whose marginals are given by 7V, by weak convergence, we have that
#(u,v) = 7(u)m(v) for any (u,v) € [0, 1]%

To prove that 7 is continuous we adapt the proof of Kipnis et al. (1995) Proposi-
tion A.1.1. Let 1/[1)\(’.) be the Bernoulli product measure on 2 with marginals given
by

N x
Vp(.){ﬁx =1} =p (N) ) (C.1)
where p : [0,1] — [0,1] is a smooth function such that o < p(q) < g, for all
q € [0,1], and p(0) = @ and p(1) = S.

Let € > 0 be a small real number. Let F' € C°([0,1]?) be a smooth test func-
tion and denote by (7(t));>0 the boundary driven symmetric long-range exclusion
process with generator N7 Ly. By stationarity of py and the entropy inequality
we have

uzv(N”l > F(ﬁ%)p@@(%m))

z,yEAN
|[z—y|>eN
1
Ew</ at NN F(ﬁ,%)p(yx)(ny(t)nx(t))>
0 z,yEAN
|z—y|>eN
1 1
< _ 2l z Y _ —
<Cot loi By (oo [V [ @t 3 PG Rl — a0~ na(0)])
z,yEAN
|[z—y|>eN

where Cj is a constant resulting from the bound * of the relative entropy of px
with respect to Vé\([. .
By Feynman-Kac’s formula the last expression is bounded by
AN

~ T Co

where the eigenvalue Ay is given by the variational formula

Av =sup{ NT > F(&, £)ply — 2) {0y — na) f(0))

i N (C2)
+N’Y<LN\/?’\/‘?>UN }
p(+)

4The fact that the relative entropy of pn with respect to Vé\b is bounded above by CoN with

Cp < oo independent of N can be proved easily since {0, 1} is compact.
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and the supremum is taken over all the densities f on Q5 with respect to V;\é_). Let
F® be the antisymmetric (resp. symmetric) part of F, i.e.

2 a 1 ] 1
Y(u,v) € [0,1]2, Fo(u,v) = 5[F(u,v) - F(v,u)}, F*(u,0) = 5[ Flu,0) + F(v,u)]
Observe that F*(u,u) = 0 and that F = F® 4+ F*. We can rewrite

Y F(& Ity —2)((ny = ne) f(n)y

p(+)

(C.3)

as

= (I)+ 1)

. dv iy (™)
Ty p(-)
where 60%Y(n) = a

density and |n,| < 1, we have that (I) is bounded above by

> IF%%>|p<y—x>\/<[\/f<nw>—\/f<n>12> :

N
Tz, yEAN Vo)
lz—y|>eN

. By Cauchy-Schwarz inequality, the fact that f is a

Since p(-) is Lipshitz we have that sup, cq, [0%Y(n) — 1| = O(%) Therefore, by

using the elementary inequality |ab|] < % + %172, and the fact that f is a density,
we have that (II) is bounded above by a constant (independent of N, e, F') times

= el (e % soma(55)




Fractional Fick’s law 495

Observe that

1
z Y |l=y
SUp SUD —7 g ¥ — % 77 <0
>0 N>1
z,yEAN
lz—y|>eN

since 1 — v > —1.

By using (C.2), Lemma C.1, Cauchy-Schwarz inequality and the previous upper
bound for (C.3) it follows that there exist constants C’,C”, C"'| K (independent of
e>0, N >1and F € C([0,1]?)) such that

> py-w) <|Fa<;e, )l ¢ (W) = VImP) |

A
N o Nt sup

N f z,yEAN p(-)
|z—y|>eN
2
o) : ¢’ (% %))
/ Wi
p(+) z,yEAN N N
|z—y|>eN
< O”/ 1 C.Y Fa - y 2 K
<Cm W[ (%, %) + K.
rAyeAy 'N N

We have proved that

N (N”l Y FGFely — ), — m)) = =2¢, " ({x", gn))
T,yEAN
|[z—y|>eN

C Cy " 2
< N2 Z | & — & |1+ [Fa<ﬁ’%)] + K.
zyeAy N N
lz—y|>eN

Here gy is the function defined by

F“(u,i)

Yu € [0,1], — N7

uel0,1], gn(u - N yeZAN |u—%|1+7
| % —ule

and is a discretization of the smooth function g defined by

F(u,y)
Vu € [0,1], g(u) = /ye[o 1, Wdy

ly—u|>e

Let Q. = {(u,v) € [0,1)%; |u —v| > e}.Observe first that for symmetry reasons we
have that for any integrable function m,

/0 w(u)g(u)du = // Iu a Uffia(“ ) .

We take the limit N — oo. We conclude that there exist constants C,C’ > 0
independent of F' € C2°([0,1]?) and & > 0 such that

(u))F*(u,v) [F(u,v)]
o | ], SR - o ] S i

<(C'. (C5)
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It is easy to see that the supremum over F' can be inserted in the expectation (see
Lemma 7.5 in Kipnis et al., 1994) so that

sup{// U_Ufffj(“” dudv —C// Zil;'fﬂdd}]<0’.

(C.6)
By writing F' = F® + F'*, and observing that the function (u,v) € [0,1]?> = 7(v) —
m(u) is antisymmetric, we have that

Jf e o et i,

*

. s a . . : a+b a?4b?
Moreover, by using the definition of F* and using the inequality (2£2)? < 2=2-,
it is easy to see that
L CL)) < " dud
// e duds // u—v|1+“f ud.
It follows that
E* |su (W) F(u,v) - C ] <
p \u7v|1+7 |ufv|1+ -
(c.7)

Consider the Hilbert space .2([0, 1]?, du. ) where p. is the measure whose density
with respect to Lebesgue measure is

(u,v) € [0, 1]2 = Ljy—y)>e U — v|_(1+7).

By letting
I: (u,v) €[0,1)* = 7(v) — 7(u)

the previous formula implies that

E* l / /[071]2 T2 (u, v) dyse (u, )

Letting € — 0, by the monotone convergence theorem, we conclude that

U))Qd p
//[01 |U*U\1+7 e

is finite P* a.s.. It follows from Theorem 8.2 of Di Nezza et al. (2012) that P*
3 —1_Holder. This concludes the proof of Lemma 4.3.

<4cc.

almost surely m is

Lemma C.1. Let f be a density with respect to the product measure ué\é_) defined
by (C.1). Then, there exist constants Co g, Cy, 5 such that

Ca,
Ny—1

Co ,
(Lnvf, \/JT%;\(_) < —C}, sDn(f) + W —Cy, DX (f) +
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where Dy (f) = D (f) + D& (f) + D (f) with

D= >, p(y—w)<[\/f(77””y) F>

Tz, yEAN P()
Dh(D= 30 ol +all =) (V) - VF0P),,
rzeAN,y<0 )
Di(f= 3= ply=oln( -8 +60—n)] (VI - VIwT), ,
zEAN,Yy>N )

Proof: In the proof C and C' are constants depending on « and 8 and p(-) whose
value can change from line to line. We are going to show that

C
IV APy < =C'DR() + =

(EAVT ATy, < ~CD() + 5oy (©)

c
(LNVFAN Doy, < =C'D(H) + 555

We have that

L?fo Aé :7 Z (xfy)<L2,y\/f7\/?>ué\g)

where (LY ,/f, /Py —/ (2 = y) |[VI0) = /T VT . Thus,
recalling that 67%(n) = d;;; Z(;Z > we obtain the following
W NFN P on = 5 [p=) [VIG) - Vi Vi
= 5 [ =) [VIw) - VE] Vo)
g [oto=o) [VF] 1= m)an,m)
= 5 [ oo [VIGm - Vi) o

g [y [V - o) an o)

Thus we have that
(IVE VL, < D)
by X we—) [ VI - e ank o

z,yeEAN
The second term on the right hand side of the last expression is equal to
1 2
g Zawern J Pz =) { f(nzy)] [1— ()] dvly | (n)

b Sagenn 2@ —0) [VI] 167 — 1 o),
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so using that for any € > 0, ab < 622“2 + % and writing [\/f(nxy)P — [\/f(n)]2 =
(V=) =/ F)][V/f(7) +/f(n)] the last expression is absolutely bounded by

¢ Y pla-y) / (VTG - V@] v,

T,yEAN

+ Ce? ) p / [\/ )+ f(n) ] A Q) ANO)
z,yEAN
1

210 —2 A7 —2

Ce"Dy(f) +Ce™°N Z EET=
yF#rEAN

Ce*D%(f) + Ce 2N+
We choose then e > 0 sufficiently small to have C” = 1/4 — Ce? > 0. Then the first
inequality in (C.8) follows.

Now we prove only the second inequality in (C.8) since the third one can be
proved similarly. We have that

<L§VV[?7\/?>yﬁ» = j{: p(x'_30<Li\/};\/?>uﬁ)

IN

IN

y<0,
T€EAN
where (L‘}f\f = [I%(n {\/f(nx)—\/ }\/f 5(n) and % =
avlV
[Mz(1 — @)+ (1 —n,)a). Thus, denoting 6*(n) = p](\})(n we obtain the following
vy ()
2
VTN Ty, = = [ 120 [V - VT o

+ %/{\/W]Q[Ii(n)—Ii(nw)m(n)]dv;{.)(n)'

Performing a change of variables we have that the second term on the right hand
side of the last expression can be written as

1 [ VI 1z - 1zl v (o)
- 3 [ VI e - e an o)

- 1/ ([vam) - | f<n>]2> T2(0) — T2 06" () . ().

E(L

Using again the inequality ab <
bounded by

ce* [z ([VFor)] - | f<n>})2duzf<.)<n>
e [ s - roreol (V] + [VEm)]) ad
< o [ o ([Viwn)] - [Vi]) a,o

2, e > 0, the integral above is absolutely




Fractional Fick’s law 499

L o20e? / I;(n) (12 (n) — I2(n™)6" ) (F (™) + F(m)) dv ().

Now, by the smoothness of p and the fact that p(0) = o we have that

1 2 132
—— [IZ(n) — IZ(n")0" <(C—.
20 [a(n) = Ia(n®)0*n)]” < C 5
Thus, by using the fact that f is a density and that 6, is uniformly bounded, and
by choosing ¢ > 0 sufficiently small, we get

C x?
4 'L
(LNNF A By, < —C'DR(H)+ 2 > EESTE
zye_A;V
< —C'D(f) + O(N'Y)
which proves the second inequality in (C.8). O
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