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Abstract. Sabot and Zeng have discovered two martingales, one of which played
a key role in their investigation of the vertex-reinforced jump process. Starting
from the related supersymmetric hyperbolic sigma model, we give an alternative
derivation of these two martingales. They turn out to be the first two instances in
an infinite hierarchy of martingales, derived from a generating function.

1. Introduction

Sabot, Tarres, and Zeng (Sabot et al., 2017+) proved that the vertex-reinforced
jump process can be related to a certain random Schrédinger operator. A conve-
nient way to characterize the corresponding random environment (3 is its Laplace
transform, investigated in Sabot et al. (2017+) using a matrix decomposition from
linear algebra.

Subsequently, Sabot and Zeng (2015) have discovered that a certain field (™ as-
sociated to the random Schrédinger operator, on increasing finite pieces (with wired
boundary conditions) of an infinite graph exhibits a martingale property. This turns
out to be the crucial ingredient to prove, among other things, a characterization
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of the recurrence and transience behavior of the vertex-reinforced jump process on
an arbitrary locally finite graph and, in a certain parameter regime, a functional
central limit theorem for this process on Z¢ with d > 3. Ergodicity with respect
to spatial translations of the limit of the mentioned martingale is also one of the
key ingredients for Sabot and Zeng’s proof of recurrence of linearly edge-reinforced
random walk on Z? with arbitrary constant initial weights.

Sabot and Zeng have also described the (discrete) quadratic variation of the men-
tioned martingale in terms of a second martingale involving the Green’s function
of the random Schrédinger operator.

In the present paper, we show that these two martingales are the first two in-
stances of an infinite hierarchy of martingales, described in Corollary 2.7 below. The
infinite hierarchy is obtained by expanding a martingale consisting of generating
functions; cf. Theorem 2.6.

Our starting point is the supersymmetric hyperbolic sigma model H2/?, invented
by Zirnbauer (1991) and investigated by Disertori, Spencer, and Zirnbauer in Dis-
ertori et al. (2010). Sabot and Tarres (2015) showed that this model is related to
the mixing measures for both vertex-reinforced jump process and edge-reinforced
random walk. Key ingredients in our analysis are the symmetries of H2/? and a
local scaling transformation.

Overview of this article. In Section 2, Zirnbauer’s H?/? model is defined formally
and the main results are stated.

In Section 3.1 we introduce the mentioned local scaling transformation of the
random field (e¥,s), described by H??. In Theorem 3.1 we describe the Radon-
Nikodym derivative of the distribution of the transformed field with respect to the
original random field. It allows us also to give a short alternative proof of the
Laplace transform of 8 from Sabot et al. (2017+); cf. Corollary 3.2 below. Taking
H?2 as a starting point, the measurability argument required to show the various
martingale properties is a little easier than in the random Schrodinger operator
approach. This is why we include the argument in Section 3.2.

In Section 4, using Theorem 3.1 and the fact E[e**] = 1 known from Disertori
et al. (2010), we give a short alternative proof for the first martingale from Sabot and
Zeng (2015); cf. Theorem 2.5 below. In addition to the local scaling transformation,
our proofs in Sections 4 and 6 of the martingale properties use a Kolmogorov
consistency discovered by Sabot and Zeng (2015) for the random environment £.

In Section 5, we first review the symmetries of H2? that we need for our proof.
These include ordinary Euclidean rotations and a Q-supersymmetry introduced in
Disertori et al. (2010). Using these (super-)symmetries, we derive Ward identities
for certain harmonic functions; see Lemma 5.2. The proof of this lemma is based
on two main ingredients. First, the mean value theorem for harmonic functions
localizes the average over a circle at its center. Second, a technique from Disertori
et al. (2010) localizes the expectation of Q-supersymmetric functions at the zero
field configuration.

In Section 6, a combination of these Ward identities with the local scaling trans-
formation from Section 3.1 yields a generating martingale. An infinite sequence of
martingales is then produced by Taylor expansion.

In Section 7, we use Theorem 2.1, which is also a basic ingredient for the gener-
ating martingale, to prove a formula discovered by Letac (2014).
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Finally, in the appendix we explain some geometric background and analyze
the precise assumptions for the supersymmetric transformation formula between
horospherical and cartesian coordinates to hold.

2. Definitions and main results

2.1. Finite graph. Let G = (V,E) be a finite, undirected, connected graph with
vertex set V and edge set E. The graph is assumed to have no self-loops. We fix
a reference vertex § € V and abbreviate V := V \ {(5} We assign positive weights
Wi; = Wj; > 0 to every undirected edge (i ~ j) € E and set Wy; = 0 for i £ j. In
particular, W;; = 0. Let

UV Z:{’LL = (U'L)lEV S RV DUy = 0}, (21)
QV ::UV X UV

={(u = (i);cp,5 = (81);e7) € RY xRV : us = 0,55 = 0}. (2.2)

For u € Uy, we define the (negative) discrete Laplacian AW (u) € RV*V associated
to the weights W, e%t% by

W —W,;jetit for i # 7,
Aiy(w) = { Zkev ieviter for ¢ = j. (2:3)
Let AY,,(u) denote the submatrix of A" (u) obtained by deleting the -th row and
column, and 7 the set of spanning trees of G.
The H22 model on G is given by a probability measure u"V on Qy. Following
Disertori et al. (2010) and Disertori and Spencer (2010), it can be written in the
two following equivalent ways:

W (du ds)
_ —W,j[cosh(u;—u;)+ 24 (s;—s;)%e ituy wituj —u; du;ds;
= I « ; IS IT wigen T 2
(i~j)EE TET (i~jg)ET ieV
! du;ds;
= e‘%s AW (u)s det A“//Vv(u) H e—Wij[COSh(Uj,_u]‘)—l] H e i u27T5 (2.4)

(i~j)EE eV
with du; and ds; denoting the Lebesgue measure on R. Recall that ss = 0; hence
we need only the submatrix AV, to evaluate the quadratic form s*AWs. Because

the graph G is connected, this quadratic form with the constraint ss = 0 is positive
definite. In particular, the matrix AVV is invertible.

We define the Green’s function G = GV = GV'W : Uy — RV >V by

5 e (Ayv(u)_l)ije“j fori,j €V,
Gij(u) = { 0 fori=4¢ or j=04. (2.5)

Note that this definition is equivalent to the representation of G given in formula
(4.4) in Sabot and Zeng (2015). Furthermore, we introduce the random vector

BYW (u) = (8" (u))icv by
ﬂf’%)% > Wigew . (2.6)

JEV: jri
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When there is no risk of confusion we use the notation 3, 3V, or % (according to
which dependence we want to stress) instead of V-

We denote by E,w the expectation with respect to u" and by (a,b) = >, aib;
the Euclidean scalar product, where I = V or I = V depending on the context.
We will also need the following space:

Avi={A=(A\);ep € (—1,00)" : A; =0} (2.7)

For A € Ay, we denote by Ay its restriction to V. Real functions of A, like /1 + A,
are understood componentwise. We abbreviate ey, = ("),

The main result of this section is the following generalization of the Laplace
transform of 8 = (8;)iev -

Theorem 2.1. For all § € (—00,0]V and all X\ € Ay, one has
E,w |:€<07e1‘f/>—%<9,@(u)9>e—(>\v,,@(u)):| _ £W()\)e<9,\/l+/\>7 (2.8)
where

L’:W()\) — H erj(l*\/l#’)\i\/lJr)\j) H

(i~j)EE icV

1
NEE (2.9)

The proof is done in Section 6. For § = 0 equation (2.8) gives indeed the
Laplace transform £" (\) of 3. This special case appeared first in Proposition 1
of Sabot et al. (2017+) in the context of a random Schrédinger operator approach.
The equivalence of this approach to H?? is shown in Corollary 2 of Sabot et al.
(2017+). In particular the joint distribution of the 3;’s is a marginal of their v":!.
Using a local scaling transformation, we will give an alternative derivation of the
Laplace transform £" (\) in Corollary 3.2.

For any vector b = (b;);cy € RV, we define

(Hp)ij = 2b;i0y; — Wyj, d,j€V. (2.10)
In particular,
(Hﬁ(u))lj = 2Bz(u)5m — Wij = efuiAZJV(u)e*“j, Z,j S ‘/, (211)

where the last equality follows from the definition (2.6) of 8 and (2.3) of AW Since
AV, is positive definite, the matrix H 3(u) 18 invertible. Hence,

Hyiy = Gy (u) (2.12)

is the restriction of GV"W (u), defined in (2.5), to V x V.
The following result is a consequence of Theorem 2.1."

IXiaolin Zeng has told us that Gérard Letac has proved formula (2.13) with an inductive
approach using linear algebraic methods. Unfortunately, this proof is not published. We were
wondering whether Theorem 2.1 is related to Letac’s formula. Xiaolin Zeng and Christophe Sabot
have answered this question in the affirmative. Christophe Sabot (private communication) showed
that Theorem 2.1 can be derived from Letac’s formula. Here, we go in the opposite direction and
deduce Letac’s formula from Theorem 2.1. After the first version of this paper was written, Pierre
Tarres sent us a copy of Letac’s manuscript (Letac, 2014).
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Corollary 2.2 (Letac’s formula, Theorem 2.1 in Letac, 2014). For all ¢,0 €
(0,00)V, one has

_1 —1 V|
3 ((6.Hy0)+(0,H, '0)) —(6,0)
{beRV :H},>0} det Hy, 2 [ |i€V o

where the notation Hy > 0 means that Hy is positive definite.

To construct the martingale hierarchy, we will need to write u as a function of 3,
i.e. to invert the relation (2.6). This is formalized in the following lemma. Recall

that 8Y = (8} )iev-

Lemma 2.3 (Measurability, Sabot, Tarres, and Zeng in Sabot et al., 2017+).

We introduce a measurable function f“ﬁv ‘RY 5 RY as follows. Given b € RV such
that Hy is invertible, we set

f“;v(b)5 =0 and f“;V(b)Z = log

Z(Hbl)ijwj(;} forieV. (2.14)

jev
In all other cases, we set f‘KV(b) = 0. In particular, we have

(ui)icv = FVV (BY). (2.15)
Consequently, the random vector (u;);cy s measurable with respect to the o-field

a(BY).

Given the equivalence of H?/? and a random Schrédinger description mentioned
above, this lemma follows from Proposition 2 in Sabot et al. (2017+). However,
since our starting point is H2? rather than random Schrodinger operators, we
include the proof in Section 3.2 below.

2.2. Infinite graph. Let Goo = (Vio, Eo) be an infinite locally finite connected
undirected graph without direct loops. We approximate G, by finite subgraphs
Gn = (Vp, Ep,) such that V,, 1 Vo and E,, = {(i ~ j) € Ew : 4,j € V,}. Given n,
we obtain a new finite graph G,, = (f/n7 E,) from Go by collapsing all vertices in
Voo \ Vi to a single vertex §,. Thus, v, =V, U {6n} and

E,=E,U{(i~0d,):i€V,and 3j € Voo \ V;, such that (i ~ j) € Ex}. (2.16)

In other words, G, is obtained from G, introducing wired boundary conditions. As
in Section 2.1, we assign positive weights W;; = W;; > 0 to every undirected edge
(1 ~ j) € Es and we set W;; = 0 for i ¢ j. For i,j € V,,, we define the weight
Wi(jn) = W](l" ) as follows:

WY =Wy ifi€V, and j € Vi, (2.17)
Wi =wi" = 3" Wy forieV,, and W =0. (2.18)
JE€EVoo\Vy

In particular, Wi(jn) > 0 if and only if (i ~ j) € E,.
Let pV denote the H?2-measure defined in (2.4) for the graph G, and edge

weights Wi(f). The following observation was made by Sabot and Zeng (2015). To
make the presentation self-contained, we will repeat their argument in Section 4.
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Lemma 2.4. (Kolmogorov consistency, Sabot and Zeng, 2015) For n € N,
the Laplace transform LYV (\) = E,w [e_<>“’"’ﬁvn>] of BY» = (B:)iev, satisfies the
consistency relation
LY (N =Ly, (2.19)
for all X € Ay, ., with \; =0 for all i € Vn+1 \ Vp.. In particular, the law of BV~
with respect to uYV agrees with the law of BY»+1|y, with respect to /Lm_l.
Consequently, as worked out in Sabot and Zeng (2015), Kolmogorov’s exten-

sion theorem yields the existence of a coupling (B;)icv,, on a probability space
(Qoos Foo, #2Y) such that for any n € N the laws of the random vectors

B™ = (8, : Qoo = R)sev, (2.20)

with respect to p%¥ and gV : Qy,, — RY» with respect to u}¥ coincide; recall the
definition (2.2) of Qy;,. Following Sabot and Zeng (2015), we define the o-field

Fn=0(B™) C Fs. (2.21)
Using the function f}¥ from Lemma 2.3, we define
" = (" )er, = 1 (B™). (2.22)

In particular, for all n, the law of u(™) with respect to u¥¥ coincides with the law
of u = (ui);cy, with respect to w1V, We also define

uf =uf” =0 forie Vi \ Vi (2.23)
In Section 4, we present an alternative short proof of the following first martingale
from Proposition 9 in Sabot and Zeng (2015).

Theorem 2.5 (Martingale ¥, Sabot and Zeng, 2015). For any k € V., the process

n) ‘ ‘ . )
(e“gc JneN is a martingale with respect to the filtration (Fp)nen:

|fn} —enw”, VEke Vi (2.24)

This martingale will now be generalized. Recall the definition (2.5) of the Green’s
function G. We denote by G(™ = GV (u(™) the Green’s function (on the graph G,,)
obtained by replacing u by u(™. Let (—o0, 0](V>) denote the set of all § € (—oo, 0]V~
having only finitely many non-zero entries. For these 6 and n € N, we define
o) ¢ (—oo,O]V(n) by

0" =6, forieV, and 0= 3 0. (2.25)
JE€EVe\Vn
Theorem 2.6 (Generating martingale). For all § € (—oo,0](V>),

9 ™\ _1(p(m) At g(n)
MM (9) = e< > d >, neN, (2.26)

is a martingale with respect to the filtration (Fp)nen defined in (2.21).

The martingale M (f) is the generating function for an infinite hierarchy of
martingales. The first two martingales (2.27) and (2.28) in this hierarchy are the
martingales discovered by Sabot and Zeng; see Proposition 9 in Sabot and Zeng
(2015).

In the following, we use the notation G,(C?) = él(,?) =0fork € Ve \ Vi, | € V.
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Corollary 2.7 (Hierarchy of martingales). For any j, k,l € Vi,
M =", nen, (2.27)
MW — e G e N, and (2.28)

(m) 4, () 4, () (n) A (n) A (n)
M)y = e e TG e GR —TER) e, (229)

are martingales with respect to the filtration (Fp)nen. More generally, for any
m €N and any i1, ...,0m € Voo,

n uwl™ A(n
IS SN SRS | ) (AT
1C{1,mm} TEPS(T) ke{lm\I {ki}ez

|I| even

(2.30)

are martingales with respect to the same filtration, where Py(I) denotes the set of
all partitions of I in sets of size 2.

(n)
Note that the case I = () corresponds to Pa(I) = {0} and the term ], "

in the right-hand side of (2.30).

3. Some tools

3.1. Local scaling transformation. Fix A € Ay,. We define the local shift
Sx: Qv = Qy, (4,s) = (u,s) with u; =4; +log/14+ \; foralli e V. (3.1)

In particular, Sy leaves the s-variables unchanged and us = us = 0. We also
introduce the rescaled weights

W =W5 =1+ /14 NW;;. (3.2)
The following theorem describes a key property of the local scaling transformation

Sx. Note that similar computations appear also in the proof of Theorem 2(ii) on
page 2365 in Sabot and Tarres (2015).

Theorem 3.1 (Measure transformation). For all A € Ay, the image of ywx with
respect to the transformation Sy is given by

S,\uwA (duds) = H eWi—Wis . H V14 A e~ Xif" () p"V (du ds) (3.3)

(i~§)EE JEV
= H eWiis (VIFAi /142 -1) H T+ ) e N8 (W) 1V (du ds).
(i~§)EE JeV

Remark. Note that (3.3) gives the general formula for Syu"V':

py

’ 1 L W)\/ u 4
Sy (duds) = H eWi=Wi H —e!tN b | ),uWA (duds), (3.4)
(i~i)eE jev /1 + A
where A7 = —X;/(1 4+ A;) so that \/1+A;,/1+ A =1 and the weights satisfy
W =Wy /(VTHX/T+N).
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Proof of Theorem 5.1: Using the definition (2.4) of u"V', we find
W (divds)
= e—%StAWA(ﬂ)S detA{//V‘j(ﬂ) H e—W}j[COSh(ﬁi—ﬁj) 1] He P duzdsz (3.5)
(i~j)EE iev

Fix (u,s) € Qy and set (@,s) = Sy ' (u,s) = ((u; — log VI + Ai)icir8) € Qv as in
(3.1). From Wpe® % = W;;e"+" for i,j € V one has AV (@) = AV (u) and
hence

e~ 35 A @5 et AW (@) = e~ 45" A (W det AW, (u). (3.6)
Again for 4, j € V, we calculate
W cosh(ii; — i) = 2Wig /T4 Nin/T+ X, (€% =)
= LW VT + AT+ (ﬁ v g [ euj_ui)
= LW (14 A)e™ ™ 4 (L4 A)ets )
= Wij cosh(u; — u;) + 5Wij (Aje" ™" + e ™). (3.7)

Summing this over all edges ¢ ~ j and using W;; = 0 for i ¢ j, we get

Z W) cosh(ai; — i)

(i~j)EE

Z Wi; cosh(u; — u;) + 4 Z Wi (A€~ + Aets )
(i) €B (i~jf)EE

Z W;; cosh(u )+ 3 Z by Z et
(i~j)EE v v

w

= 37 Wiycosh(u —uy) + 308 @) 59

(ZN])EE jev

where in the last line we used As = 0. Therefore,

H e_W% [cosh(@; —a5)—1]

(i~j)€E
— H GW’:} Wi H e*W—;j[cosh(uifuj)fl} H e—)\le]W(u). (39)
(i~j)EE (i~j)EE JjEV

Finally,
[He®=1]e™=1] vitre™, (3.10)
Jjev jev jev

where we extended the product [ jev to 11 jep using u5 = 0. Substituting formulas

(3.6), (3.9), and (3.10) into (3.5), claim (3.3) follows. O

The following corollary gives a short alternative derivation of the Laplace trans-
form of the random vector (;);cv. It is a special case of Theorem 2.1 and also one
of the ingredients for the proof of this theorem.
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Corollary 3.2 (Laplace transform of 3, Sabot, Tarrés, and Zeng in Sabot et al.,
2017+).

The function LY, defined in formula (2.9), is the Laplace transform of the random
vector 8= (58)iev:

w le=OvB)] = W) = Wij (1—v/TTh/112;) 1
E, {e ] LY (N) H e Zel_‘[/ Dy (3.11)

(i~j)€E
for all X € Ay .

Proof: Integrating both sides of (3.3) over Qy, the claim follows from the fact that
the image measure S A,uWA is a probability measure on Qy . O

The following corollary contains the previous one as special case g = 1:
Corollary 3.3. For any random variable g : Qy — R and any A € Ay, one has
E,w [ge*@v’@} = LY (VE . [g0 53] (3.12)
in the sense that the left-hand side exists if and only if the right-hand side exists.

Proof: Using Corollary 3.2, we rewrite claim (3.3) of Theorem 3.1 in the form

_ d(Syu™")
Av,B8) _ pW
This yields the claim as follows:
B (S’
Eyw [ge™ V0] =LY (\E,w LG dfw )]
=LY (NEg, w9 = LY (VE wrg 0 Sl (3.14)
O

Ezample 3.4. Taking g(u, s) = e"* for any k € V, this corollary gives

E,w e“’“e_<’\"’5(“)>] = LY VI + M. (3.15)
Indeed, using
9(Sa(u, ) = emw 108 VIR _ /TG o, (3.16)

formula (3.12) reduces to formula (3.15) as follows

E,w e“ke*@vﬁ(“”] =LYV +ME wr[e] = LY M)V + M. (3.17)

The last equality follows from formula (B.3) in Appendix B of Disertori et al. (2010),
which shows ]EHWA [e"*] = 1. It is also a consequence of Corollary 5.3 below; cf.

formula (5.26).
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3.2. Measurability.

Proof of Lemma 2.3: Since us = 0 we only need to consider (u;);cy. Given u € RY
with ug = 0, the definition (2.6) of 8; = S;(u) can be reorganized as

2Bie" = Wije"s = Ws. (3.18)
JjeEV
Recall from (211), (Hﬂ(u))lj = Qﬁz(u)&j — Wij = €_uiA¥JV(U)€_u-7 for all i,] € |4
and Hg is invertible. Using the notations e}, = (e"¢);cv and Wys = (Wis)iev,
equation (3.18) above becomes Hgel, = Wy 5 or equivalently for i € V
e = (Hy'Wyg); = /v (#s, (3.19)

Thus, €% is o(8Y)-measurable. The claim follows. O

Remark. In our setup, starting with H22, it is a priori clear that ey, has positive
entries. As a consequence, log(H g "Wy s) is well-defined. In contrast to this, Sabot
and Zeng (2015) starts with the distribution of the 8’s. There, additional arguments
are needed to insure that this log is indeed well-defined.

4. First martingale

Proof of Lemma 2./ — Kolmogorov consistency: Using Corollary 3.2, we can calcu-
late both Laplace transforms:

£n+1(/\) _ H W A=VIFX/THN) H (4.1)
(z~j)€En+1 1€Vht1
L«?VLV(/\) — H eW1<J">(1 VIHXi\/14X)) H (4.2)

(i~j)€En i€V, Y 1+ )\

Since A\; = 0 for all i € V,, 41 \ Vj,, the last product in (4.1) agrees with the last
product in (4.2). It remains to consider the product over edges. Let (i ~ j) € Epny1.
We distinguish several cases.

Case 1: i € V,, and j € V,,. Then (i ~ j) € E,, and Wi(j"H) =Wy = Wi(;l). Thus
the contribution of this edge is the same in (4.1) and (4.2).

Case 2: i € Voyr \ Vo and j € Vo1 \ Vi Then WV (1 — VI N /T+A5) =0
because A; = A; = 0. Furthermore, (i ~ j) & E,. Thus, i ~ j does not contribute.
Case 3: i € V,, and j € Vy4q \ V.. For a fixed i € V,,, we calculate

Z Wi(jn—i_l)(l—\/l—f—)\“/l—F)\j)

jEVn+1~\Vn:
(i~j)EEn+1
n+1
- [Wi((;nH) + Y Wy la-V1+ )
JEVn4+1\Va

[ > W”] —VIHX) =W =1+ N). (4.3)

JEVoo\Vn

This is the contribution of the edge (i ~ 8,) € E, to (4.2).
Thus the products in (4.1) and (4.2) agree and the claim is proved. O
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Proof of Theorem 2.5 — Martingale e*: Given n € N, it suffices to consider k €
V341, since otherwise ufﬁm_l) = u,i") = 0 and (2.24) is trivially satisfied. Note that
u,(:') = “z(SZ) =0 for k € V,,41 \ V,,. By its definition (2.22), ué") is F,-measurable.
It remains to prove

(n+1)

Euy [+ 9(8™)] = By [+ 9(8™)] (44)

for any measurable function g : RV» — [0, 00). For any given ¢ € R, the uniqueness

theorem for Laplace transforms allows us to restrict the claim to test functions
9(B™) = Tey, e B with A; > ¢ for all j € V,

B[t [[ ][ e8] 69
JEV, JEVn

as long as all these expectations are finite. As explained below formula (2.22), the
law of u(™ with respect to u?¥ coincides with the law of u = (u;);cy, With respect
to uYV. In analogy to (2.23), we define v’ : Qy,, — RVn+1 by

;. Uk ifke Va,
U = { us, =0, ifk € Vs \ Vi (4.6)
Then, claim (4.5) is equivalent to
Vn
EH:?/H [e“’“ H e~ b, H(“)} E w{ u H e NP “)} (4.7)
JEVR JEV,
For ¢ = —1, Corollary 3.3 and Example 3.4 imply that these expectations are finite;

hence the same is true for the expectations in (4.5).
Set A; =0 for all ¢ € V11 \ V,,. Using Example 3.4 and Lemma 2.4, we obtain
the claim (4.7) in both cases, k € V,, or k € V,,41 \ V,,, as follows:

. gV nt1 3 .p¥Vn+1
Eyp [ 10— o T o700
n n
je‘/n jevn+1

=LV VI + A =LY (N \/l—l—)\k—Ew[“kHe 2B ’0] (4.8)

JEVL

(]

5. Using (super-)symmetries of the model

Let G = (V,E) be a finite graph as described at the beginning of Section 2.
Disertori, Spencer, and Zirnbauer in Disertori et al. (2010) use an alternative repre-
sentation in terms of Grassmann variables of the H?? measure ;" defined in (2.4).
It has the advantage of making the internal symmetries and supersymmetries of
the model visible. Since we are using these symmetries in the remainder, we briefly
review this alternative representation; cf. Section 2.2 of Disertori et al. (2010). Let
Ei, i, 1 € V, be independent Grassmann variables, and let @6 = 0 = 5. Motivated

by @12 =12 = 0, a smooth superfunction f(u, s,,) is defined to be a polynomial
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in the Grassmann variables
Flu,s,0,9) = Y fra(u, s)y, (5.1)
1,JCV
where the coefficients f;; are smooth functions of 4 and s and we abbreviate
Y= H@i, Yy = H Vj; (5.2)
i€l jeJ
the products are understood with respect to some fixed arbitrary ordering of the
vertex set V. Since each ¢, or ¢; appears with degree at most one, [];cy %_8¢i f

is a smooth function of u and s only.
The measure 4"V can be represented as follows

W (duds) H e duzdsz& awl (5.3)
=%
with the action
S:S(uasaaﬂ ¢) (54)
—_ Z Wi; [cosh(u; —uj) — 1+ [L(si — 8;)% + (¥; — ;) (i — )] e ] .

(i~j)EE

Note that 5 = eS(ws:%%) is a smooth function. Therefore, using the above argu-
ment, [,y %_8¢i eS is a function of u and s only. Thus, x" is the marginal of
the superintegration form

Eplf]= [ Dn s = [ TLe®505 00 (e flusv)) (59

eV

obtained by integrating the Grassmann variables out. This superexpectation is
defined whenever [, e~ %z Dy, (€5 f(u, s,1b,1b)) is an integrable function.

The internal (super-)symmetries of D'V are most easily seen in cartesian coor-

dinates = (24);c55 ¥ = Wi)sev> 2 = (2i) ;e € = (&)iep, and n = (1s),c defined
by

1., — _
x; = sinhu; — (2512 + wiwi) e,y =sie", =e"py, ni=e"y, (5.6)

1 _
z; = \/1 + 2?2 + y2 + 2&;m; = coshu; + (25’? + @biwi) evi. (5.7)

In particular, zs = ys = & = ns = 0 and zs = 1. A geometrical intuition of
these coordinates is given in the appendix. As described in sections 2.1 and 2.2 of
Disertori et al. (2010), the image DulY . of D™ under this supertransformation is
given by formulas (2.5) and (2.6) of that paper:

D/JXZrt = (H o e, Op, © Zz) eSea (5.8)

i€V

with the transformed action Scart = Scart(,y,&,n) given by

Scart = — Z Wii (=1 — iy — yay; + zizj — Eny + nikj)- (5.9)
(i~j)EE
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In (5.8), the symbol o means that the partial derivatives O¢,0;, act not only on Zi
and eS| but also on the test function as follows:

Eny, 1] = [ Dublad (5.10)
dxidyi 1 - .
eV iev 7

To make the superintegration transformation from Du'V . to Du" precise, let
A(&,m) be the Grassmann algebra generated by the family of Grassmann variables
&,mi, 1 € V. Let Squsy (v, &, 1) denote the space of superfunctions of the form

fcart . QV — A(ga 77)
(xay> — fCart<x7y7§7n) = ZI,JQV fIJ(I,y)fana

where the coefficients f;; are Schwartz functions and the products &; and 1y of
Grassmann variables are defined in analogy to (5.2) as follows

a=Tl& w=1In (5.12)

i€l jeJ

(5.11)

After doing the change of coordinates given in (5.6), we obtain the test function in
horospherical coordinates fuor : Qv — A(1), ),
(U, 5) Hfhor(ua S, @a w)
:fcart (JT(U,, S, @a ¢)a Z/(Ua S, aa ¢)a f(u7 5757 w)7 7’](“, S, J’ ¢)) . (513)
Then we have the following superintegration transformation formula. It is proved

in the appendix.

Lemma 5.1. For any superfunction fea(z,y,&,n) with the property eSear feo. €
Seusy (v, €, 1), we have

]EDMXZn [fcart] = EDMW [fhor]~ (514)
In the following we will use only test superfunctions f = fca,t Which satisfy the
assumption of this lemma.
Rotational symmetry. It is obvious that Du' . is invariant with respect to
rotations in the zy-plane, (x,y,&,n) — (z%,y*, &, n) with
% =zcosa—ysina, y*=axsina+ycosa, foraecR. (5.15)
In horospherical coordinates u, s, 1,1 this symmetry is not so easy to describe and
somehow hidden.

Q-supersymmetry. In Disertori et al. (2010), the invariance of the H?2-model
with respect to the supersymmetry operator

Q= (#i0y, — yiOe, +&s, +1i0y,) (5.16)
%
played a key role. From Proposition 2 in Appendix C of Disertori et al. (2010)

we know that for any smooth superfunction f = f(z,y,{,n) with @Qf = 0 and
esca”f S Ssusy(QVafan)v one has

Ep, [f] = €3 f(0) = f(0), (5.17)
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where o denotes the zero-field configuration x = y = 0, £ = n = 0. In particular,
the assumption Qf = 0 is satisfied for smooth superfunctions of the form f = f(z)
because of Qz; = 0 for all 7 € V.

These (super-)symmetries play the key role in the proof of the following lemma.

Lemma 5.2 (Ward identities). Let f : R? — C be a harmonic function and § € RY.
If ({0, + 2), (0, y))eSeart € Squsy(Qv,&,m), then the following identity holds

EDuf‘én[f(<05‘T+Z>7<97y>)] = f(<071>a0)7 (518)
where (0,1) stands for Y, 6;.
Note that the extension of f to a superfunction is used in the expectation because

z defined in (5.7) involves Grassmann variables. This extension is denoted by the
same symbol f.

Proof: By rotational symmetry of the model H2? in the zy-plane, using the nota-
tion (5.15), we have

Epuw, [f(0,2+2),(0,9)] = Ep,w [f((0,2% + 2),(0,4%))] (5.19)

for any @ € R. Taking the average over o € [0,27] and using the mean value
theorem for the harmonic function f yields

B, /(02 +2).0.0)] = 3= [ Epu (8,27 + 2}, (6,5%)] da
~Bou, |5 [ S0 42, 0.0%) do| =Ep, 10,500, (520

Since f((6,z),0) is a smooth superfunction of z, we have the supersymmetry
Qf((8,2),0) =0. (5.21)

The assumption f({0,z + 2), (0, y))eSt € Squsy (Qv, €, n) implies that we can ap-
ply Proposition 2 from Appendix C of Disertori et al. (2010), cited in (5.17), to the
averaged superfunction f((6,z),0). It yields

EDul"ért [f((0,2),0)] = f((6,1),0). (5.22)
(I

Corollary 5.3 (Ward identity for exp). For all § € (—o0, 0]‘7, one has
E,w[effe (i) = 6.1 (5.23)

using the abbreviation e*(1 +is) = (e" (1 +1s;)),cp-
Proof: By Lemma B.1 in the appendix, eSeart € Seusy (2v,€,m). Note that all
coefficients in the expansion (5.11) of ellz+24w) together with all their deriva-

tives of any order in x and y, are of the form p - el0at='+iv) ity o — (2} =

V1+ai4+y?);cp. where p: Qpy — R are algebraic functions of # and y, nowhere

singular. Moreover, for any 8 € (—oo, O]f/, the term e{®*+2'+1%) is bounded. There-
fore, eScartelfotztiy) o Ssusy (v, &, 1), as well. Thus, we can apply Lemma 5.1 as
follows:

E,w [6<9’eu,(1+is))] _ ED;LZZM [6(0,x+z+iy)}7 (524)

i
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since from (5.6) and (5.7), we know x; 4+ z; = e" and y; = s;e*. We apply now
Lemma 5.2 to the holomorphic (and hence harmonic) function f = exp : R? = C —
C, f(z,y) = e*t%. We obtain

baatatiy)] — o(6,1) (5.25)

)

EDH(‘-,Zrt [6<

which proves the claim (5.23). O

Remark. As a consequence of Corollary 5.3, we obtain for all vertices k,l,m € Vv,

E, we"] =1, (5.26)
EMW [euk+ul(1 — sksl)] =1, (5.27)
E,w [etrtuatum (1 — g38) — S8 — 515m)] = 1. (5.28)

More generally, for any m € N and any i1,... i, € V,

e Uiy Z (71)|I|/2 H Szk‘| —1. (5.29)

IC{1,...,m}: kel
|I| even

E,w

Indeed, given m € N and ¢1,...,i,, € f/n, we take the left derivative &gil ... 0, ~at
0 =0 of (5.23) to get

=1. (5.30)

£y [Tt
k=1

Note that the hypothesis 6; < 0 allows us to interchange expectations and partial
derivatives. Expanding the product and taking the real part of this equation gives
formula (5.29). The cases m = 1,2,3 of this formula may be written in the form
(5.26), (5.27), and (5.28), respectively.

Using us = ss = 0, note that the (m + 1)-st instance of formula (5.29) contains
the m-th instance as special case i, 11 = 9.

6. A hierarchy of martingales

For a finite graph G = (V,E) with § € V, recall the definitions (2.3) of the
matrix A" and (2.5) of the Green’s function G. We remind that the Gaussian part
in the measure " defined in (2.4) can be rewritten as

H e~ 3Wij(si—sj)?e"i i _ —3s'AW (u)s (6.1)
(i~j)eE
Therefore, we have the following representations of the Green’s function as condi-
tional expectation:

Gij =E,wlsisje" ™ u] p-as., foralli,je v, (6.2)
e 3(0:60) = E,w [0y pW-oas., for any 6 € RY. (6.3)

Note that s;s;e% % € LP(Qy, V) implies Gy; € LP(Qy, u™V') for all p € [1, 00).
To prove Theorem 2.6, we need some preliminaries. Since the martingale M,,(6)

in that theorem involves the Green’s function and we use the preceding represen-
tation as a conditional expectation, we need the following variant of Corollary 3.3.
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Lemma 6.1. For any random variable g : Qy — R and any A € Ay, one has
E,w [E wlglu)e= XA | = LW (VE s g o )] (6.4)
in the sense that the left-hand side exists if and only if the right-hand side exists.

Proof: This follows immediately from Corollary 3.3 because g is a function of w,
but not of s. O

From this lemma we get immediately the proof of Theorem 2.1.
Proof of Theorem 2.1: Using the conditional Laplace transform (6.3) and the fact

that § is a function of u only, we can rewrite the claim with the function gg(u, s) =
elfe"(1419)) a5 follows:

By [Byw [golu] OV 2] = £ (1)el0/T5%). (6.5)

We apply Lemma 6.1 to the left-hand side. Observe that

go(Sa(u, 5)) =e(PVIFXHD) — g i, 5). (6.6)
Since E wa[gp,15x] = e{0-VIFX) by Corollary 5.3, the claim follows. O

With these tools we can now prove the main result of this section.

Proof of Theorem 2.0 — Genemtmg martingale: The proof follows the same lines as
the proof of Theorem 2.5. Recall that G™ is a function of u(™. Consequently, by
Lemma 2.3, G(™ and hence M) (@) are F,-measurable. To prove the martingale
property, it suffices to show

EHW[ n+1 Jg e_)‘ ﬂJ} = [ (n)(e) jgn 6_/\”3]} (6‘7)

for all A; > —1, i € V,,. Recall that by the construction in Section 2.2 the law of
B with respect to u¥ coincides with the law of 3Y» with respect to u'V. Hence,
we rewrite the claim (6.7) in the form

EMYYH[ (n+1)( H oMb "“(u} — B, [M<n)(9) H ewﬁ_ﬁ(u)}, (6.8)

JEVn JEVn

with the following variant of M () (8)
M™(9): Qy. - R, MM (@) =0 e)=3{0".C" (o), (6.9)

Compare (6.8) with the similar claim (4.7). Set A; = 0 for i € V,41 \ V,,. Using
Theorem 2.1, claim (6.8) is equivalent to

LY (Nl = g (3) (07 VIR, (6.10)
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By Lemma 2.1, one has LV, () = LIV (X). We calculate the remaining factors
using the definition (2.25) of 8@, i € {n,n +1}:

<9<ﬂ > S ovit a6 =30/Trn+ > 6, (6.11)

1€V, i€V, JE€EVae\Vi
(B VTTX) = 3 eIt n+ 3 4 =(60VITR),  (612)
1€Vt JE€Veo\Vit1

where in the last step we use \; = 0 for i € ‘7n+1 \ Vi.. Thus, equality (6.10) holds
and the martingale property is shown. O

Proof of Corollary 2.7 — Hierarchy of martingales: The random variable Mi(n?

1y--05bm
is F,-measurable as a function of u(® and G(™. The martingale property for
Mz(:.)..,'m is obtained by expanding the corresponding property for M) (6) from
Theorem 2.6 around § = 0, as follows. We rewrite the martingale property for

M) () in the following form:
Epy [MOHD(0)14(8™)| = By [M™(0)14(8") (6.13)

for any A € BRY™), n € N, 6 € (—o0,0](Y>), using the notation B = (B)icv,
again. We take m (left) partial derivatives of this equation with respect to 6; note
that the hypothesis 8; < 0 and the fact that all moments of G™ are finite allow us
to interchange expectations and partial derivatives. This yields

Eyy [0, -0,

im

MODOLAB™)] = B |00, - 00, MO OL1B™)]

7

(6.14)
We use the well-known Isserlis-Wick-formula for I C {1,...,m} in the form
(Tow, e el = 3 I o o
i€l 9=0 LZeP2(I){k,l}eT

The sum on the right-hand side is empty for sets I with odd cardinality. Taking the
iterated derivative of M, () as defined in (2.26), using the Leibniz rule and (6.15),
we get

D, .- D, M™(6) \H (6.16)
_ Z Zke{l ..... mi\T U 1k (Ha@ >€ %g(n)7é(n)9(n)> _ i(ln) o
Ig{17"')m} el =0
|I] even

Inserting this and the corresponding identity for M("+1) (@) into (6.14) yields the

martingale property for Ml(ln) n € N, in the form

727-"/7

E,w {M("H) 14 (,3“”)} E,w [MW , (ﬁ<">)]. (6.17)

s, 115--5tm

(]
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7. Proof of Letac’s formula

7.1. A special case. We consider first the simpler case ¢ = 1, i.e. ¢; = 1 for all
1 € V. We will see later that the general case follows by a scaling argument.

It is shown in Theorem 1 in Sabot et al. (2017+) that the following is a probability
measure on RY:

V]

2\ 2 1
—(1,8) Wij
v(dp) = v (dB) = 1,50y < > e | Il e T dg.  (7.1)
(i~j)ER

Using the measure v, we obtain the relation

4

o\ T o3 ((LE ) +(0,H,6))
L:= () / db
™ {bERV :H, >0} det Hy

—E, {ﬂw 3((LHs D+ (0.H; 9>>} I <" =E [e-%@ﬂﬁl”], (7.2)

(i~j)€E

where, in the last equality, we have used

(LB —5(LHsl) = Y Wy=35> Wy— Y Wy=0 (7.3)

(i~j)EE i,jeEV (i~j)EE

The problem then reduces to evaluate E, [e” 2 <9 Hy 9>]

Step 1. Let law, () denote the law of § = (5;);cv with respect to v. In Corollary 2
of Sabot et al. (2017+), Sabot, Tarrés, and Zeng express law, (5) using § defined in
analogy to (2.6) and an additional independent gamma distributed random variable,
associated to a special vertex inside V.

In contrast to this, here we consider again the enlarged vertex set V =V U {8}
and the H??> measure ,uW defined in (2.4), on the enlarged graph (V, E). We may
assume the vertex § € V \ V is connected to a single vertex £ € V,

This is done in three steps.

E=FEU{{~¢}, E=E\{{~5} (7.4)
We will prove below the following relation.

Lemma 7.1. We have
L=E, {e 2(0H; lﬂ — lim E,w {e 2(0Hy 19>], (7.5)
where Wys is the (positive) weight associated to the edge ¢ ~ §.

Step 2. To construct the analog of the additional gamma variable in Sabot et al.
(2017+), we select now as special vertex in V' the unique vertex ¢ connected to 0.
Let us consider the reduced graph consisting of the vertex set V° =V \ {{} and
edge set E° = E\ {(i ~ ¢) : i € V}. In the same way, let W° € RV*V be the
reduced weight matrix given by W = W;; fori,j e V.
With respect to the smaller graph g= (V E), the objects V°, E°, ¢,V E, W°,
and Uy play the same role as V., E, 8, V, E, W, and Uy, with respect to the larger
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original graph G = (f/, E) In particular, we have the following analog of (2.5):
GV Uye — RVXV

Gy @) = { et (AVoyo (@) )ige™ 0,5 € V°,

gl 0 i=Lorj=0{. (7.6)

Recall that Hﬂ_(i) = é’gy(u) by (2.12). To relate Uy and Uy. we define the shift
~ Uy —> Uvo, U U= (ﬂz = U; — Ug)iev. (7.7)
Then we have the following relation between G’“ﬁ“;v (u) and GV°W° (@).

Lemma 7.2. The matrices G'“j‘l;v(u) and GV W (@) satisfy the following relation
AV, W _ e J AVO WO~ o
G (u) = pr=n + Gy (@) foralli,jeV. (7.8)
This relation is an analog to the second formula in Proposition 8 of Sabot and
Zeng (2015). The proof is given below.

Step 3. Using (7.8), we get
<9,Hg19> - <9,éwV(u)9> - <0,GV°’W° (a)9> +
Inserting this in (7.5), we obtain

L= lim E,w 67%<9’H510> = lim E,w e_%<9’évo’wo(ﬂ)9>_§;§a (0.e7)°
Weslo™
I oo

In the following, we denote the H??-measure u', defined in (2.4), by ugv’g, in

Ue

Wes

(6,¢")?. (7.9)

Lig.avewe v a\2
= Jim B [6-2<9,Gv w (u)9>]E#W [ezW; (0,e7)
5

order to stress the dependence on the graph G and the reference point 4, which
satisfies us = 0. The conditional expectation is described in the following lemma.

Lemma 7.3. Let u € Uyo be defined as in (7.7). We have
a] — Woe—/WZ+(0.e7)? (7.11)

UL a\2
E weo |e ?Wis (0.e7)
B’

The proof uses independence of @ and u, with respect to M};V,g' It is given below.
Now, inserting (7.11) into (7.10), we obtain

_L/pave.we . a2
L=1m E ,¢ |e 2(0:6 (u)9>ew“* Wiet(0,e™)
WieslO Hs

1 ~1/0 o, @
“E . {62<9,cv W (@)0)— (6. q ' (712)
Hs '

The measure ugv,g”’ on the bigger weighted graph (Q , W) with reference point 4, is
related to the measure ,uzvo’g on the smaller weighted graph (G, W°) with reference
point £ as follows. The ugv’g—law of & = (t; = u; —up)icv, with u € Uy, equals the
ugvo’g—law of u = (u;)icv € Uyo. Hence, applying (2.8) from Theorem 2.1 with —6
and A = 0, we get

1 - o, o _ eu o
L=E,wes 2 (0ETT T @O) =0 | pwe gy -00) =00 (713)
14
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This proves formula (2.13) in the special case ¢ = 1.
Finally, we give the proof of Lemmas 7.1-7.3.

Proof of Lemma 7.1: By Proposition 1 of Sabot et al. (2017+), the Laplace trans-
form of 8 = (6;);ev with respect to v is given by

1
E, B — H eWijﬂ*\/ﬁ\/ﬁ) - (7.14)
=] =

for A € (=1,00)". Comparing with formula (2.9) from Theorem 2.1, we find for
these A

(i~j)€E

E, [e—u,m} =E,w [e—u@} o~ Wes (1—V/TFXE) (7.15)

with the H?? measure " defined in (2.4). To see this, one may extend A by the
additional value Ay = 0.

Both sides of (7.15) are complex analytic functions of A € ((—1,00) +4R)Y. The
square root is understood as its principal branch, i.e. Vr2e2iv = rei¥ for r > 0,
—7 < ¢ < 7. Although equation (7.15) was derived for real A € (—1,00)" only, the
identity theorem for holomorphic functions implies that it holds also for complex
A € ((—1,00) +iR)". The identity (7.15) holds for any value Wys > 0. Hence, for
all X € ((—1,00) +iR)", one has

E, [e*w} = lim E,w [e*“@} : (7.16)

Wesl0
where in the last limit W;; is kept fixed unless {7, j} = {¢,d}. In particular, taking
imaginary A € (iR)Y, equation (7.16) shows a pointwise convergence of Fourier
transforms. We conclude that law,w () converges weakly to law, (3) as Wys | 0.

Since Hy is positive definite, (0, H'0) > 0. Note that 1z, -0y exp(~ 5 (6, H;'0))

is a bounded function of 8 € RV and its set of discontinuities has v-measure 0. Con-
sequently, using weak convergence, the result follows. ]

Proof of Lemma 7.2: We write H, g’V rather than Hj, because we are working with
varying weights W. Remember that G“;“;V (u) = (Hg[‘//(u))_l. By using the partition
V =V° U {{}, we can write

W ¢ (4%

H[@v(u) = <WVO[ M ) 3 (717)
where M := (Hg[‘//(u))vovo. Since J is not directly connected to any vertex in
Ve, we have 8W° (1) = Y (u)yo. Hence (H/g‘(,i @)veve = (HV () veve, and we
conclude

GV () =M. (7.18)

We can write (H}f‘/,(u))’l

A o\ b1 —b-1CcB! (7.19)
D B) ~\-B7'Db"! B-'4+B-'Db'CB') '

using the following block-matrix inversion formula
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with b = A — CB~'D, which holds if B and b are invertible. In our case b =
2B¢(u) — Weye M~ Wyroy is a scalar and

2B,(u) = Wese ™™ + > Wije™ = Wyse ™ + Weyoelso (7.20)
jeve

with el, = (e%);cve. Hence
(HY,, )1 1 1 Wove M1 n 0 0
BY (u) - M_1WV°€ M_IWVogWgVOM_l 0 ]\4_1

b
1 1 1 b e e
- (M—1WV04> <M_1WW) LGV (@), (7.21)

Now recall that, by (3.19), we have H,B () €V = Wysyg, for all w € Uy. Applying

the same identity to the smaller graph (V, E) with reference point ¢ we obtain
HV‘(’u)eVo = Wyoyp, for all @@ € Uy-. We obtain

_ . 1
MW = e (M_lwvoé) -

Furthermore, b = Wyse "¢ and (7.21) yields the claim written in matrix form:

(7.22)

s
<\t

Gy (u) = el g (V)" + G (@), (7.23)

]

Proof of Lemma 7.3: Let I denote the graph consisting only of the two vertices ¢
and § and the edge ¢ ~ § with weight Wys connecting them Using Lemma A.1

W, .
5L coincide

of Disertori et al. (2016), the laws of u, with respect to ju; W9 and Mg
and the gradient variables % are independent of u, with respect to u; g. Thus,

abbreviating C(u) = <9,eﬂ>2 /(2Wys), we get

B e [ W07

\2 N
1]:| = EH(‘;V'@ |:€—cc e:|

In order to compute the last expectation, we exchange the role of § and ¢ using ¢ as
new reference point. The ,uW”’F law of uy — us has the Radon-Nikodym derivative

_cett
c=C(u) N E“:S/V“ : |:€ :|

e=C(a)
(7.24)

e" % with respect to the ;LZV“’F—IaW of the same function uy, — ug. To see this,
note that ¢t = uy — us has distribution

‘gf‘fr&e*Wﬂs(COSht De™ th (7.25)

W .
' Hence, for any ¢ > 0, we obtain

with respect to
e e R e C

_ —_ceteTus —ce s
:EHW“,F [6“5 uee ce :| = E“WM,F {6"56 ce :| . (726)
¢ 2
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Note that for the weighted graph (I', Wy;) with reference £, we have 85 = ;% =
%Wg(;e_“f?. Thus, abbreviating As = 2¢/Wys, we obtain from formula (3.15) in
Example 3.4

]E#Xvw,r {6“56756_%] :Euzvu,r [e“‘se*)‘wé]
=LV (As)\V/1+ A5 = eWes(1=VI+2s). (7.27)

in the last equality we used (3.11) to calculate £ ()\5). Summarizing, this shows

ey (0.7) 'EL] =V [1_V 1+ZC(Q)W¢’;1] = Wes—V/Wis+(0,e™)? (7.28)

E we |e 27
Ms '
[l

7.2. General case. We deduce the general case of (2.13) from the special case ¢ = 1
using a scaling argument. In this part of the proof, we write again H}V rather than
Hy. Let ¢,0 € (0,00)Y. We consider the change of variables b} = ¢2b; for alli € V'
and the rescaled weights W}, = ¢;W;;¢;. Denoting by diag¢ € RV*V the diagonal
matrix with diagonal entries ¢;, i € V, we have for i,7 € V and b € RV

(diag ¢ H)" diag ¢)ij = 26:bid;0;; — diWijh; = 26,655 — Wi = (HYY )ij.  (7.29)
Thus, diaquHg’V diag ¢ = Hg/,Vl. From this, we deduce

1 _ ey ¢

Vdet B fdet HYY'
Furthermore, H}V > 0 if and only if H, W' 0. Changing variables from b to b’ we
get the Jacobi determinant |db/db'| = ([],cy ¢:) 2. Abbreviating 6¢ = (6;¢;)icv,

we conclude

(HY)~! = diag ¢ (H)Y' )" diag¢ and (7.30)

o~ 3 (o 8) (0.1 0))

/ db (7.31)
{beRV:HYV >0} /det HbW
/ ) |
{b'eRV:H)Y" >0} det H)Y' Tl;cv ¢ 2 [Liev ¢

where we used (2.13) for the special case ¢ = 1 treated in Section 7.1 above. Since
(1,60) = (¢,0) the claim (2.13) follows.

Appendix A. Geometric intuition.

The supersymmetric hyperbolic nonlinear sigma model lives over a supermanifold
H?? extending the hyperboloid

H? = {v=(a,b,c) eR*: ¢>0, (v,v), = —1}, (A1)
where the hyperbolic inner product (-,-), is defined by
(v,0), = ad + bb — cé (A.2)

for v = (a,b,¢), o = (a,b,&) € R3. The restriction of (-, -),, to the tangential spaces
of H? is positive definite although the hyperbolic inner product itself is indefinite.
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Consequently, this restriction gives a Riemannian metric on H2. The corresponding
geodesic distance is called hyperbolic distance and is given by

dp (v, ) = arcosh(— (v,?),) = arcosh <1 + % (v—"1,v— @>h> (A.3)

for v,0 € H?. The right-hand side is well-defined because of (v,7), < —1. The
hyperbolic distance dj, is a metric on H2. In particular, d; satisfies the triangle
inequality. The supersymmetric extension H?'? is obtained by replacing v € H? by
v = (2,y, 2,£,n) with even elements x, y, z and odd elements £, 7 and the hyperbolic
inner product by

(0,9),, = 2 + Yy — 22 + €7 — & (A4)

Note that the constraint (v, v) , = —1 implies 22 = 1+ 2% + y* + 2¢n; cf. formula
(5.7). In horospherical coordinates H? is parametrized by
H? = {(a(u, s),b(u, s),c(u,s)) : u,s € R}, with

1 1
a(u,s) = sinhu — 5826u, b(u,s) = se¥, c(u,s) = coshu + ~s%e*. (A.5)

Therefore equation (5.6) yields a supersymmetric extension of these horospherical
coordinates. The action Scay defined in (5.9) can be now written as

Scart = 75 Z ) ij <Uj — Vg,V — Z ij 1 + 'Ujavk>sh)
(i~k)EE (j~k)EE
(A.6)

Appendix B. Some useful results.
Lemma B.1. The superfunction Seare fulfills €5 € Squsy (v, €, 7).

Proof: For any superfunction feart(z,y,&,n) we define its body as the first term in
the expansion (5.11): body(feart) = fop : Qv — C. Note that all coefficients in the
expansion (5.11) of eSeart | together with all their derivatives of any order in z and
y, are of the form p-ePod(Seart) where p : Qy — R are algebraic functions of  and
y, nowhere singular. Therefore, it is enough to show that for all (z,y) € Qv

= Doy (Set)(2:9) = 5ol max [z, 0) | = (V) (B.1)

holds with a constant c(W) >0and r = r(g~ , p) being the maximum of all graph
distances in G from vertices i € V' to the reference vertex p. Observe that
1
— body(Seart) (. 4) = 5 Y Wik (v; — ve, 05 — vg),,

2 .
(j~k)EE

= Z Wij(—l — <Ui,11j>h) = Z ij(COShdh(Uj,Uk) — 1), (BQ)
(i~j)EE (J~k)EE

where v; = (2;,y;, 21) and 2} = /1 + 27 + y? = body(z;) for i € V.
Let o = (0,0,1) € H2 Tn partlcular v, = 0. Given a vertex i € V, we take a

path 7 = (ig = p,i1,...,in = i) in G from p to ¢ with length n < r, where r is the
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maximum graph distance defined below equation (B.1). By the triangle inequality
for dj,, we know

dp (v, 0) < Z dn(vi,,_,,vi,) < rmax{dy(vj,v): (j ~k) € E}. (B.3)
m=1

Using the fact cosh(ra) < (2cosha)” for a > 0 and the definition (A.3) of the
hyperbolic distance dj (v, ?), we can write

(i, y:) | <2 = — (vi, 0),, = coshdn(vi, 0)

< max _cosh(rdp(vj,vg)) < (2 max coshdh(vj,vk)> . (B.4)
(j~k)EE (j~k)EE

Taking the r-th root and the maximum over i yields

1
max _coshdp(vj,vi) > = max ||(xl,yl)||l. (B.5)
(j~k)EE 2 iev

Inserting these in body(Scart), cf. (B.2), we obtain

—body(Secart) >c(W) < max _coshdy (v, vg) — 1)

(j~k)EE
1 1
25e(W)max |[(zi, y:) |7 — (W) (B.6)
eV
with the constant ¢(W) = min;_; ez Wjr > 0. This concludes the proof. O

Proof of Lemma 5.1: We factorize the supertransformation in (5.6) from the carte-
sian coordinates (,y, &,n) to horospherical coordinates (u, s,, 1) in a composition
of four supertransformations as follows.

(1) The first step consists of the substitution & = él x; + 2L, i = Min/x + 2,
where we define 2] = 2/(z,y) = /1 + 2?2 + y2.

Recall z;(z,y,&,n) = \/1 + 2?2 + y2 + 2&;m;. We set

Filz,y,€,77) = (eswrtfcm H %) ( <x“yz,§~l\/:cz + 2, /T + Z;)zev) (B.7)

JEV

Note that when eSeart fo..i € Squsy(Qv, &, 77) then f; € SSUlsy(QV,f~ 7). Moreover,

since 52 =0= 7]1, we have {Z\/xl +z = §“/xl + z; and 7;\/x; + 2, = v + 2.

In the new coordinates, z; becomes

2= 1+ a2 4+ g2 + 2 + 2D (B3)

Under the first coordinate change, the Grassmann derivatives in DulY . (5.8) are
transformed as [[;cy 9¢,0n; = [L ey = +z 74770z, 05, - Hence,

]ED;L(‘:Krt [fcart] = / ( dzéiyj aéjaﬁg) (fl(w,y,f, ﬁ) H ﬁ) (B.g)

Qv ey jev
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Observe that in the original coordinates, z; = z; + Z%éjnj7 zi&im; = zé-fjnj, and

z;-éjﬁj = 2;€;7;. Using these identities, we obtain

zj(w; +2j) =2 (xj +zj - z%afj’?j) = zj(x; + 2;) = §nj

=(xj + 2) (25 — &ilj)- (B.10)
We abbreviate
~ ~ 1
Fl(may7£7n) :fl(xay,gan) H xj‘i‘zl- (Bll)
JEV - J

) ) 1
= (escartfcart) ((xla Yis fi \/131' + Zl/" nz\/xz - Zg)ieV) H

jev (@5 +25)(z — &ilj)

Summarizing, we rewrite (B.9) as follows:

_ drjdy; , . F -
EDHW [fcart] = /{;V (H o afjanj)Fl(xay7£7n)' (B12)

cart
JEV

(2) The next transformation will substitute real variables by even elements in a
Grassmann algebra. This can be explained as the following automorphism f —
g = f‘a::iféﬁ of the space of superfunctions Sgsy (2v/,&,7):

g('ivyag7 ’f]) = f((jjz - giﬁi)iEVa y7ga 77]) = Z D%f(i‘vy7£7 'F])(_gﬁ)a

ae{0,1}V
= f@y.&n+ Y Dif(@y,&n(—E&n° (B.13)
ae{%}v

The fundamental theorem of calculus yields

dz;dy; s duydy; 5. . .
/QV (jg/ éﬂ- J@gjam)g(ﬂ?,l/,fa??) - /QV (Jg/ Tyagjanj)f(x,y,f,n).
(B.14)

Note that this formula contains no boundary terms because all coefficients of f and
g are Schwartz functions. Using this automorphism, we define

FQ(‘%vyvév ﬁ) = -Fl(':z - gﬁvyvév ﬁ) € SSUSy(Qvav 77) (B15)

In the new coordinates, with the abbreviation z, = /1 + &7 + y2, the variable z;
becomes

Zilymz g7 = \/1 + &2 4 y? + 23167 (B.16)
Then, equation (B.12) becomes
di]‘d j ~ s o~
EDH;’Z” [fcart] = / Tyaéjaﬁj)FQ(xvya£7n) (B17)
Qv " jev

(3) Setting now Z; = sinhu; — %e“isf, y; = s;e", we define

Fy(u,s,&,7) = F2( (sinhui — Levis?, sie“i,é,ﬁo V) (B.18)
ic
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In the new coordinates, z; becomes
z; = coshu; + 5 levis? + gzﬁl (B.19)

The Jacobian of the third transformation is given by

8(‘%, y) cosh u; — %eui 52 —s5;e% N
- ; ! ; et cosh u; + 5€"'s

8(u, s) zel_\If s;et el 16]._.‘[/ )
=[] (z _ éiﬁi) , (B.20)

eV
Thus with z; as in (B.19), equation (B.17) becomes
]EDHXZ” [fcart]

:/Q ( d“ﬂdsfa 0777) <F3 u,s,&,7) H et (ZZ —&ﬁi)) . (B.21)

jev eV

(4) Finally, we set & = e%%, fi; = e2q); for i € V. In the new coordinates, z;
becomes

z; = coshu; + 3 1 “75 + eYihn);. (B.22)
We have 8§~j = e_%%_, 05, = e_%&m. Hence, the fourth transformation yields
1190, = 1] e 05 04, (B.23)
JEV JjEV

Observe that the term x; + z; from (B.11) is transformed under the coordinate
changes as follows:

T+ 25 =T — Ejﬁj + z; = sinhu; — %e“fsjz- — gjf}j + coshu; + %6“1'5? + éjﬁj
=sinhu; + coshu; = €. (B.24)

The composition of the above four coordinate changes gives indeed the supertrans-
formation in (5.6). Inserting all these results in (B.21), we conclude

d d

(6 Cartfcart) (I(uv 5 1/17 1/’)7 y(ua S, Ja qu)a 6(“‘7 57@7 1/})7 U(Ua S, Ev ’l/)))
—Ep,w [fuor]- (B.25)
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