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Abstract. We observe n independent p—dimensional Gaussian vectors with miss-
ing coordinates, that is each value (which is assumed standardized) is observed
with probability a > 0. We investigate the problem of minimax nonparametric
testing that the high-dimensional covariance matrix 3 of the underlying Gaussian
distribution is the identity matrix, using these partially observed vectors. Here, n
and p tend to infinity and a > 0 tends to 0, asymptotically.

We assume that ¥ belongs to a Sobolev-type ellipsoid with parameter a > 0.
When « is known, we give asymptotically minimax consistent test procedure and
find the minimax separation rates ¢, , = (QQnﬁ)_ﬁ, under some additional
constraints on n, p and a. We show that, in the particular case of Toeplitz covari-
ance matrices, the minimax separation rates are faster, én’p = (a2np)_$(}rl. We
note how the ”missingness” parameter a deteriorates the rates with respect to the
case of fully observed vectors (a = 1).

We also propose adaptive test procedures, that is free of the parameter « in
some interval, and show that the loss of rate is (Inln(a?n,/p))®/ 4oV in general,
and (Inln(a?np))®/ e+ for Toeplitz covariance matrices, respectively.

1. Introduction

Recently, problems related to high-dimensional data became more popular. In
particular, in many areas such as genetics, meteorology and others, the generated
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data sets are high-dimensional and incomplete, in the sense that they contain miss-
ing values. In this paper we investigate the problem of testing large covariance
matrices from a sample of partially observed vectors.

Let X4,...,X,, be n independent and identically distributed p-vectors follow-
ing a multivariate normal distribution N,(0,X), where ¥ = [0y;]1<i j<p is the
normalized covariance matrix, with o; = 1, for all # = 1 to p. Let us denote
X = (Xpaseooy Xpp) ! forall k=1,...,n. Let {ex  }1<r<n,1<j<p be a sequence
of i.i.d. Bernoulli random variables with parameter a € (0,1], B(a), and indepen-
dent from X1,...,X,. We observe n i.i.d. random vectors Y7,...,Y,, such that

Yk. = (5k,1 ~Xk,1,. <5 Ekp Xk7p)T for all k = 1, ...

Each component of the vector Yy is observed with probability equal to a and this is
the context of missing observations. We denote by F, 5; the probability distribution
of the random vector Y3, when X ~ N,(0,X) and e ; ~ B(a). We also denote by
E. s and Var, 5, the expected value and the variance associated to P, 5. Given the
partially observed vectors Y7,...,Y,, we want to test the null hypothesis

Hy:¥=1 (1.1)
against a composite alternative hypothesis
Hy 3 € Q(G(a), ¢) (1.2)
where oo > 1/2 and G(«) is either
Fla) = {¥ >0, symmetric;

1
lim — E J?j\ifj\za§1andaii:1foralllgi§p
p—)oop < ‘
1<i<j<p

in the general case or

T(a) = {¥ > 0, symmetric, ¥ is Toeplitz ;ZU?]'Q“ <1and oy =1}
j=1
for the case of Toeplitz matrices. Note that the assumption that second order mo-
ments of a stationary series (which is the case for the Toeplitz covariance matrices)
exist implies that the associated spectral density is a continuous function. The
coeflicients oy, are Fourier coefficients of the spectral density in this case and it is
therefore natural to consider Sobolev type ellipsoids with smoothness parameter
a > 1/2. Thus, we define the following /5 ellipsoids with ¢5 balls removed:

Q(F(a),p) = {E € F(a) such that ! Z aizj > @2} (1.3)
Prcicer
and
Q(T (), ) = {E € T(«) such that ZO‘JQ« > @2}. (1.4)
Jj=1

Typically, the test procedures depend on the parameter « and it is therefore useful

to construct a test procedure that is adaptive to « in some interval. Here we propose

minimax and adaptive procedures for testing in the context of missing observations.
From now on, we assume that

©—=0 and p-e’/* = . (1.5)
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Let us note that in the case of Toeplitz covariance matrices where o; ; = 7);_; we
have

—1
1 2 p—Fk_» 2 15 k.l oa—1~2 2 L
— os .= o Z(p - - k*)a g ZQO 1_ bl
p, = p " p; G 20 )

leading to the fact that %HZ—IHQF is equivalent to Y ¥ _, 7 as p — oo under assump-
tion (1.5). This choice makes the rates easier to compare and discuss heuristically.

The problem of estimating a covariance matrix of partially observed vectors was
investigated several times in the literature. The simplest method to deal with
missing data is to ignore the missing values and restrict the study to a subset
of fully observed variables. This method is not always reliable mainly when the
number of missing values is relatively high. Hence, in order to treat this problem,
methods based on filling in the missing values were developed, in particular the
Expectation-Maximization(EM) algorithm see Schneider (2001). Recently, Lounici
(2014) proposed an estimating procedure that does not need imputation of the
missing values. Instead, the setup with missing values is treated as an inverse
problem. We will also follow this approach for the test problem.

The problem of testing large covariance matrices was considered only in the
case of complete data. Out of the large amount of results in the literature on this
latter problem, we mention only the most related papers where procedures to test
the null hypothesis Hy in (1.1) are derived. We refer to Bai et al. (2009) , Jiang
et al. (2012) and Wang et al. (2013), where test procedures based on the likelihood
ratio are proposed, and to Ledoit and Wolf (2002), Srivastava (2005), Chen et al.
(2010) and Cai and Ma (2013), where test statistics based on the quadratic loss
function tr(X—1)? are used. Note that in Butucea and Zgheib (2016a) and Butucea
and Zgheib (2016b) asymptotically consistent test procedures were given in order
to test (1.1) against (1.2), when the covariance matrices belongs to (1.3) and to
(1.4), respectively. They describe the minimax and sharp minimax separation rates.
Here, we give the minimax separation rates when assuming that we have partially
observed vectors. We describe how the ”missingness” parameter a deteriorates the
minimax rates in this context. Moreover we develop consistent test procedures free
of the class parameter «, via an aggregation procedure of tests.

Missing observations appeared recently in random matrix theory, see Jurczak
and Rohde (2015). They show that the sequence of the spectral measures of sample
covariance matrices with missing observations converge weakly to a sequence of non
random measures. Also they studied the limits of the extremes eigenvalues in the
same context.

In this paper, we describe the minimax separation rate for testing H, given
in (1.1) against the composite alternative H; in (1.2), when the data contains
missing values. A test procedure A is defined as any measurable function of the
observations Y7,...,Y, taking values in {0,1} (we do not consider randomized
procedures taking values within the set [0,1]). For a test procedure A, we define the
type I error probability by n(A) = Pr(A = 1), the maximal type II error probability

by B(A,Q(G(a),p)) = sup  Px(A =0) and the total error probability by
TeQ(G(a)p)

(A, Q(G(a), 9)) = n(A) + B(A, Q(G(a), ).
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Moreover, we define the minimax total error probability over the class Q(G(«), )
by
v =y (A, QG(a), ¢))

where the infimum is taken over all possible test procedures. We define the min-
imax separation rate @,. On the one hand, we construct a test procedure A and
derive the conditions on ¢ for which v(A, Q(a, ¢)) — 0. The test A will be called
asymptotically minimax consistent. On the other hand we give the conditions on
¢ for which v — 1. The previous conditions together allow us to determine the
minimax separations rate ¢, such that there exists the test A with
TAQ(G(a),9) =0 if = = oo,
«
and

v =mfy(A,Q(G(a),¢) =1 if @i — 0.

(6%

In other words, when ¢ >> @, there exists an asymptotically minimax consis-
tent test procedure and when ¢ << @,, there is no asymptotically consistent test
procedure which can distinguish between the null and the alternative hypothesis.

We also consider the problem of adaptation with respect to the parameter a.
To treat this problem we first assume that o € A, for A an interval, and define a
larger class of matrices under the alternative than (1.2). The testing problem we
are interested in now, is to test Hp in (1.1) against

H: Y € aLeJAQ(f(a)ycqpoz),

where o = ppnp/Pa, and @, is the minimax separation rate of testing Hy given in
(1.1) against H; in (1.2) for a known «. Our aim is to construct a test procedure
A,q and to find the loss py, , such that for a large enough constant C > 0:

V(Baa; Y Q(F(a),Cta)) = 0.

In this case we say that A4 is an asymptotically adaptive consistent test procedure.

The paper is structured as follows: in section 2 we solve the case of general
covariance matrices in F(«) and in section 3 the particular case of Toeplitz covari-
ance matrices in 7 («). In section 2.1, we study the test problem with alternative
hypothesis Q(F(a),¢). We construct an asymptotically minimax consistent test
procedure based on the data with missing observations and show that the minimax
separation rate is

Bal(F) = (a®ny/p) 5.

In section 2.2, we propose a test procedure adaptive to the unknown parameter
«. In section 3, we study the problem with alternative hypothesis Q(7 («), ¢) and
derive analogous results. The minimax separation rate is

ba (T) = (aan)*%i1 )

We can view the vectors X} in this case as a sample of size p from a stationary
Gaussian process. However, due to the missing data, this is not true anymore for
vectors Yy. Recall the assumption (1.5) that p - ©* — 400. When applied to
Pa(F) and to Pa (T), this assumption will restrict the range of parameters n, p and
a where our results hold.

Minimax and adaptive rates of testing are faster by a factor ,/p over classes
T (a) than over the classes F(«), fact that was already known in the case a = 1.
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Moreover, note that the rates decrease faster to 0 as p is large. Indeed, the larger
are the vectors, more information they bring on the covariance matrix, thus p is
not a nuisance parameter.

The adaptive procedure attains the rates (\/Inln(a2n,/p)/(a’n,/p))?*/4a+1)
over F and (y/Inln(a2np)/(a?np))?*/“4e+1) over T, respectively. However, the
parameter a describing the probability of observing a coordinate appears similarly
in both cases. It actually deteriorates the rates with respect to the case a = 1 of
fully observed data. Proofs are given in section 4.

For the rest of the paper asymptotic values will be taken when n — 400, p —
400 and a is either fix or tends to 0 under further constraints.

2. Test for covariance matrices

We want to test from the data with missing coordinates Y7,...,Y, the null
hypothesis (1.1) against the alternative (1.2) that we recall here:

Hi :Y e Q(f(a)ﬂo)

where Q(F(a), ¢) is given in (1.3). This testing problem is treated in Butucea and
Zgheib (2016a), for the case of fully observed data, which correspond to a = 1 in
our case. For the sake of clarity, let us recall that in Butucea and Zgheib (2016a),
the following weighted U-statistic was studied

~

1 *

Dyyp = nin—1)p Z Z w5 X i X, j X1,i X1 5.

1<k#I1<n 1<i<j<p

l[i—jl<m

The test based on ﬁn,p was shown to achieve minimax and sharp minimax sep-
aration rates, i.e. asymptotic equivalents of the type II error and the total error
probabilities are also given when ¢ =< ¢,. The weights {w;-*j}lgiqu depend on
the parameter a and are given by

* A |Z — .7| 2a
%‘:m(l‘( 7))
2 +
where T = |Cp() ¢~ = |, A = C\(«) L% and b(p) = C2 ()@t 2a with Cp(a),
Cx(a) and C(a) are some explicit constants that depend on a. These parameters
are obtained in Butucea and Zgheib (2016a) under the assumptions: ¢ — 0 and
ppt/® — 400, as solutions of an optimization problem.
In the next section we introduce a simpler U-statistic for the case of partially ob-
served vectors and give the asymptotic minimax separation rates, then we aggregate
these tests in order to construct a procedure free of the parameter .

2.1. Test procedure and minimax separation rate. Let us introduce the asymptot-
ically minimax consistent test procedure. In the theory of nonparametric tests
developed since Ermakov (1988) and Ingster (1993) it is known that optimal test
statistics are obtained from estimators of the functional measuring the separation
between the null and the alternative set of hypotheses. In our case, the functional
is given by %HZ —1I|% = %Zl<i<j<p 07;. We introduce now a U-statistic with
simpler form than ﬁn,p defined above. For an integer m € N large enough, such
that it verifies

D <m® - < K2 for some constants D > 1 and K > 0, (2.1)
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we define the following test statistic

1 1
. YooY VY (2:2)
n(n—1)p om 1<k#l<n 1<i<j<p

li—jl<m

D”;P;m =

Note that, as in Butucea and Zgheib (2016a) we only use m diagonals of the sample
covariance matrix YY T, but the weights are constant and equal to 1 / Vom. Indeed,
in Butucea and Zgheib (2016a) authors focused on sharp separation rates that were
attained by 7371717. The test statistic ﬁw, with X’s replaced by Y’s would provide
minimax and adaptive separation rates in the setup of missing observations, but the
sharp constants would be hard to establish in this context (in particular the lower
bounds). Instead, we introduce a less cumbersome test statistic ﬁn,p,m and prove
that it attains the minimax separation rates. The same test statistic will be used
for building an adaptive test procedure (free of the parameter «) in a convenient
way.

Proposition 2.1. Under the null hypothesis, the test statistic ﬁn,p,m in (2.2) is a
centered random variable with variance Var, 1(Dy p.m) = a*/(n(n—1)p). Moreover,

~

nf “Dppm = N(0,1)  under Pr- probability

Under the alternative hypothesis, for all ¥ € F(a) with a > 1/2,

~ a?

T T}
]Ea > In,p,m
’ ( ) p -V 2m

2 2

2 ~ p—
D, o and VarxDupm)= o + o

1<i<j<p
li—j|<m

where, for m — 400 such that m/p — 0 and that (2.1) holds,
Ty < pra’(1+0(1) +p-Eas(Dnpm) - Oa*my/m),
T2 S D Ea,Z(ﬁn,p,m) . O(a2\/a)
0%/ (EYS (Dnpm)O(a*m**) 4 Ea (D pom) - ola?) ).
Proof of Proposition 2.1: The proof follows the same steps as the proof of Propo-

sition 1 of Butucea and Zgheib (2016a). We use repeatedly the independence of
(ek,i)k,; and (X%, )r and obvious properties of the Bernoulli random variables. [

Now, we propose the following test procedure

~

Ay =An ) =1(Dppm>t), t>0 (2.3)
where ﬁn,p,m is the test statistic defined in (2.2).

Theorem 2.2. Upper bound: let m — +oo such that m/p — 0 and that (2.1)
holds. If a > 1/2 and if

o —0 and CLQTL\/};QOQJ'_ﬁ — +00

the test procedure defined in (2.3) with t < c - aﬁp“i for some constant ¢ <
K(1- D_Q)/\/i and with ny/pt/a* — +o0, is asymptotically minimaz consistent,
that is

V(A (t), Q(F (@), ¢)) — 0.
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Lower bound: if a > 1/2 and if
a’n — 400, p=o(l)-(a®*n)** ' and a2n\/}3<p2+ﬁ -0

then
v =ity (A, Q(F(a). p)) — 1

Proof of Theorem 2.2: The proof is given in section 4. O

From the previous theorem we deduce that the minimax separation rate is given
by:

2a
= ()
Thus the separation @, obtained for the observations with missing values is slower
by the a? factor than the separation rate obtained in the case of fully observed
vectors.
Note that the conditions on ¢, the threshold of A,,(¢t) in (2.3), are compat-
ible. Indeed, a2/(n\/ﬁ) < ¢ a*@?TV/ (29 s equivalent to our assumption that
a’n\/p @21/ (20 5 0.

2.2. Adaptation. In this section we construct an asymptotically adaptive consistent
test procedure Ayq free of the parameter o € A := [, 7}, ] C]1/2,+o0], with
ay, , — oo and a;, o(1) In(a®n+/p), to test Hy given in (1.1) against the large

, np
alternative 1
. . 2 2
H:X € U {.F(O() ) 520'1']' > (Cq)a) }7
acA 1<J
where C > 0 is some constant and
Fress
Inln(a?n./p)
b= —F———
a’n./p

For each a € [, a;, ], there exists [ € N* such that

2 In(an\/p)

21 < (@) % < 2, it suffices to take | ~ 2o+ n(2)

Let L., L* € N* be defined by
2 2
L* = — )1 2 d L*¥ = 1 2 )
((404;271) +1) 1n2) n(enyp) an ((4(1* +1) 1n2) n(a’nyp)

We see that L, and L* tend to infinity. We define the adaptive test procedure as
follows

Aad = L*Iglang* 1(Dn,p,2l > tl)) (24)

where D,, , i is the test statistic defined in (2.2), with m replaced by 2.

Theorem 2.3. The test procedure A,q defined in (2.4), with t;, = a

verifies :
Type I error probability : n(Ayq) — 0, for C* > 4.
Type II error probability : if

a®ny/p — 400,25 /p = 0, In(a®*ny/p)/n — 0 and C* > 1+ 4VC*
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we get

B(Aad, aLEJAQ(]:(a),CfI)a) — 0.

Note that the condition 2L*/p — 0 is equivalent to a?n < p?®-.

Proof of Theorem 2.3: The proof of this theorem is similar the the proof of the
Theorem 3.4 which is given in section 4. (]

3. Toeplitz covariance matrices

In this section we assume that the covariance matrix ¥ is Toeplitz. In this case,
we are interested to test (1.1) against the following alternative

H : X e Q(T(a),¢) (3.1)

where Q(T («), ) is defined in (1.4) for ¢ instead of ¢. This testing problem
is treated in Butucea and Zgheib (2016b), for the particular case a = 1, where a
weighted U-statistic ./Zl\nyp of order 2 is used to construct an asymptotically consistent
test procedure that achieve the sharp separation rates. Similarly to the previous
setup, we construct here a simpler test statistic with constant weights and prove
that the associated test procedure has rate optimality.

3.1. Test procedure and separation rates. Take m € N such that m — 400 and m
verifies (2.1) for ¢ instead of ¢, we define the following test statistic:

-~ 1
An7p7m - n(ni 1)(p7m 2 \/— Z Z Z Yk: zlyk i1— ]le 12Y2 i2—j

1<k#I<n j=1 m+1<i1,ia<p
(3.2)

The main difference between the two test statistic ﬁmpm and .,Zl\n,p}m is that in this
latter we take into consideration the fact that, we have repeated information on the
same diagonal elements.

Now, we give bounds on the moments of this test statistic :

Proposition 3.1. Under the null hypothesis le\n,p,m s a centered random variable
whose variance is Vary 1(Anpm) = a*/(n(n — 1)(p — m)?). Moreover, we have
that (n(p —m)/a?) - Appm/ — N(0,1). Under the alternative hypothesis, for all

YeT(w),
Eo s (Anpm) = (a*/V2m) Zo

. Li3! e
and VGTG,E(-An,p, ) (n _ ]_)(p m) + n(p - m)Q’

where
Ry < (p=m)® {a*(1+0(1) + Ex(Anpm) - (O(a’m) + O(a’m®/>72%))
+ E (A n,p, m) : O(mQ)}
Ry < (p—m)-{a® 'Ez(vzl\n,p,m)ﬂ(l)
+ B3 (Anpm) - (O(a-mM*) + 0(a®m®/*=)) + BL(Ap pm) - O(m)}.
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It is easy to show that, since m verifies (2.1), we have for all ¥ € T («)
Ea,2<~/z{n,p,m) 2 a4B : ¢2+ﬁ
where B is given in (4.1).
To test (1.1) against (3.1), we define the following test procedure based on the
statistic defined in (3.2) :
AT = AT () = 1(Appm >t), t>0. (3.3)

Theorem 3.2. Upper bound: let m — 400, such that m/p — 0 and that (2.1)
holds. If « > 1/4 and if

¢ — 0 and a2np¢>2+i — +00

the test procedure defined in (2.3) with t < k - a4¢2+ﬁ for some constant k < B
such that npt/a® — +oo is consistent, that is v(AL (t), Q(T (), ¢)) — 0.
Lower bound: if a > 1/2 and if
a’np — +o0  and aan¢2+ﬁ —0
then
v =fy(A, Q(T(a),9)) = 1.

The main consequence of Theorem 3.2 is that the separation rate is given as

follows :
¢= (a%p) i

Proof of Theorem 5.2: The proof follows the same steps as the proof of Theorem
2.2, we therefore omit it. The most significant difference is that in order to show
the lower bound in this case, we consider a sub-class of Toeplitz matrices:

Qr = {EU : [EU]ij = ]l(izj) + u\i—j\o—]l(|1<|i—j|<T) forall1<i,j<p, Uce€ U},
where o and T are defined in (4.2) and where
U= {U [U‘Z j‘]1<‘1 jl<p—1 LUy = 0 Vi and U|Z 7l +1- ]l(|l jl<T), for i 75]}

Indeed, the signs are randomized but constant on each diagonal. We re-write the
terms of L,, ,, taking into consideration the fact that the matrices are Toeplitz see,
for example, the proof of lower bound in Butucea and Zgheib (2016b). O

Remark 3.3. Remark that the conditions on m imply that m is of order of d)*% in
the case of Toeplitz covariance matrices and of order of 4,0_% in the case of general
covariance matrices.

3.2. Adaptation. In this section, it is always assumed that the covariance matrices
are Toeplitz. Our goal is to construct a consistent test procedure independent
of the parameter a € A := [ou, 0}, ] C]1/4,+00], such that «;, , — +oo and
oy, , = o(1)In(a®np), to test Hy given in (1.1) against the large alternative

H:ve |J{T Z > (Cya)?}, (3.4)

a€cA j=1
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where C > 0 is some constant and

2
Inln(anp) \ "
’@[Ja = ( 7( )> .

a?np

First, see that Vo € [ax, aj, ], 31 € N* such that

2_1n(a?n
21 < (wa)_i < 2!, it suffices to take [ ~ 4‘”1111(;) r)
Let L., L* € N* be defined by
2 2
L*:(—)l 2 d L*:(i)l 2
(4aj, , +1)In2 n(anp) an (4o +1)In2 n(a"np)

We aggregate tests for all given values of [ from L, to L* giving the following test
procedure free of the parameter a:

Aga = L*rglang* ]I(An’p’y > tl), (3.5)

where A,, ,, o1 is the test statistic defined in (3.2), with m replaced by 2!

5 VC*Inl

Theorem 3.4. The test procedure A.q defined in (3.5), with t; = a W,
n(p —

verifies :
Type I error probability : n(Aqq) — 0, for C* > 4.
Type II error probability : if

a’np — +00,25 /p = 0, In(a®np)/n — 0 and C2 > 1 +4VC*
we get
B(Aud, OZLEJAQ(T(oz), Cto) — 0.
Proof of Theorem 5.4: The proof is given in section 4. O

Remark that the condition 2% /p gives that a?n < p2**~= and In(a?np)/n — 0
implies that a’np < e™. Together, these conditions are mild as they give a’np <
min{p2®-+2 e},

4. Proofs

Proof of Theorem 2.2: Upper bound We use the asymptotic normality of ﬁw,m
to show that, the type I error probability

W(Am(t)) - Pa,I(Am(t) = 1) = Pa,I(ﬁn,p,m > t) = (I)( - n;/gat) + 0(1) = 0(1)

as soon as n./pt/ a? — +00. In order to control the maximal type II error proba-
bility, we use the Markov inequality to get that for all ¥ in Q(F (), ¢):

~

P, 5(An(t) =0) =Py s(Dppm < t)
Pa,E (‘ﬁn,p,m - ]Ea,E(ﬁn,p,m” < Ea,E(ﬁn,p,m) - t)

~

Vara,E(Dn,p,m) _ T1 + (n — 1)T2

IN

g )

(Eas:(Dnpim) —1)2  n(n — 1)p2(Eq,5 (D pm) — 1)
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for t properly chosen. In order to bound the previous quantity uniformly in ¥ over
Q(F(a), ) we need to control

4
~ a
inf  E.n(D, inf o
£e@iB oy ) EarE (Prpm) = SEQ(F(a)e) p - w/471<Z;<p
il <m

For all ¥ € Q(F(«a), ), we have

BsBun) = U T A= 3 A T )

1<i<j<p 1<i<j<p 1<i<j<p
li—jl<m li—jl=m
a 1 li —j]% a*y 1
) )
o ¥ p; m2a J om m2ep?
We use (2.1) to get that, for all ¥ € Q(F(«), )
~ a4K 1 1 1
Ea Dn m > cp?taa (1 - 7) = 4B cp*tas 4.1
,E( D5 ) = \/§ P2 D2 a PRy, ( )

where B = K(1 — D~2)/+/2. Therefore, take ¢t < ¢ - a*p**2s for ¢ < B and use
(4.1) to obtain that
T < 1+0(1)
n(n — 1)p2(]Ea_,g(13n7p7m) —8)2 T atn(n—1)pp*ta (B —c)?
2. 0(my/m)

a*n(n — 1)pp**tae (1 —¢/B)?
if a*n(n — 1)pp*t1/* - 400 and for all @ > 1/2. Indeed, a? - my/mp?T1/ () <
a2p?" % = o(1). Similarly we show that under the previous conditions the term
Ty /np?(Eq 5 (Dapm) — t)? tends to 0.

Lower bound To show the lower bound we first restrict the class Q(F(«), L)
to the class

=o(1),

Q = {3v : [Buliyj = L=y +usjolicjimji<r) forall 1 <i,j <p, UeclU},
where
c=ptm, Txga, (4.2)
and

U= {U = [uij]lgi,jgp LU = 07Vz and uij = uji =41 ]l(|i—j|<T)v for ¢ # ]},

Denote by e = (¢x.1,-.-,6kyp) | the random vector with i.i.d. entries 1 ; ~ B(a )
forall 1 < k < n. Moreover denote by P. and by F:, the distributions of ¢ =
(e1,...,en) and of e, respectively. Recall that the observations Yy, --- Y, verify
Y. = e % Xj, for all 1 < k < n, where * designate the Schur product.

Under the null hypothesis X;,...,X, ik N(0,1I), thus the conditional ran-
dom vectors Yj|ek, are independent Gaussian vectors such that, for all 1 < k <
n, Yiler ~ N(0,1 * (ek) )). We denote respectively by P; and by PI(E) the dis-
tributions of (Y1,...,Y,) and of (Y1,...,Y,)|(e1,...,&n) under the null hypoth-
esis. Under the alternative hypothesis, for Xi,...,X,, ~ N(0,Xy), we get that
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the conditional random vectors Yy|ej are independent Gaussian vectors such that
Yiler ~ N (0,3 * (exe) ) for all 1 < k < n, where

g fori=j
(EU*(E]C&‘;—))Z‘]‘ = § €ik€jk - O ifl< |’L—j| <T
0 otherwise.

We denote by Py = Py, and P(e) P(EU) the distributions of (Y7, ...,Y,,) and of the
conditional distribution (Y7,...,Y,)|(e1,...,&n) respectively, when X, ., X, ~
N(0,%y).

We define the average distribution over @) by

1
Pr = op(T—1)/2 Z Py.
Ueu

It is known (see Ingster and Suslina, 2003) that the minimax total error probability
satisfies

1
721—§||PI—P7rH1

In order to prove that v+ — 1, we bound from above the L; distance by the
Kullback-Leibler divergence (see Tsybakov, 2009)

1

P
|Pr = Pell} < 5 K(Pr, Pr),  where K(Pr, Pr) = Ey log‘( I)

dP,

Therefore, to complete the proof, it is sufficient to show that K(Pr, Pr) — 0. In
order to prove this we use the conditional likelihoods as follows:

d(P. @ P©® ap©
K(P;,P;) = Ejlog (%) E. E(E)l ( )
d(P. ® P\ dp

Let e(w) be a realization of e, we denote by Sy € {1,...,p} the support of e (w)
that is e (w) = 1 if and only if ¢ € Sk. Also we denote by dr = Card(Sk),
Zf]’“(w) the positive matrix € R% ¥ defined as the sub-matrix of Xy obtained by
removing all the i-th rows and columns corresponding to i ¢ Sy and X, (,,) the sub

vector of X}, of dimension dj in which we retain the coordinate with indices in Sj.
Thus,

(e(w))
(e(w)) dpP;
L((Ylav )|5( )) ]E 1 (dP(E(w)) (Y177Y’I’L)>
EF ™) (—ngU exp( § ( (5N~ L) Xep )

+logdet (X Ek(w)))))

Therefore we have

E. (L((Yl, L Yn)|g))
zn: (X250 — L)X, + log det(E?))))
=1

[\D\H

= EEIEP (—log]EU exp ( -
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Denote by
1 n
Loy = logEuexp (=53 (XL(EH) ™ = L) Xe, +logdet(Z})))
k=1
We define Aff = X — I°%, for all U € U and any realization of e, we have
tr(AsF) = 0 and [|AZF|| = O(p'~2«) which is o(1), as soon as ¢ — 0 and a > 1/2.
In fact, by the Gershgorin’s theorem we have
_a
|AFF] < max Z [(AFF)ij] < max Z luijo| < 2T -0 = O(p'~2e).
JGSk JESK
JAi 1<|i—j|<T

For all z € [-3, +1] we have the following inequalities

1
r—xl4xd -2t < —( —1) < x—x242
1+

2 a3 2?2 23 2t

—a:—i-?—g < —log(1+x) < x4+ = - =+ —.

By applying these inequalities to the eigenvalues of A7} we get
A — (AP + (A — 2AF)* < —(S5)7 — I%) < AF — (AF) + (A7)’
1 1 - 1 1
5tr(Aff)2 — gtr(Af})‘3 < —logdet(X5F) < 5tr(Afj’c) - —t (ATF)? + 2tr(AEk)
for ¢ small enough such that ||A7F|| < 1/2. Thus we can bound L,,,

Ly, <Lnp< L, .p Where

L,, = logEy exp( ZXT A — (M) + (AD)? — 2(A)H X,

4= Z( r(AF)? — %tr(Ai}“)g)), and

_ 1
no = logEuexp (5 Y XT(AF - (AF)? + (AH))X,,
k=1
1 & 1 AV 1 €13 } €r\4
= (Qtr(AU) SIr(AF) 4 Str(AT) ))

o

=1

Now we develop the terms of L, ,

tT(A?]’“)Q = 25° E €k,iC€k,js
1<j
1<|i— j|<T
€r\3 3 E
t’I“(AUk) = 3!0‘ ’u“‘lui1i2ui2i€k7¢€k,il€k7i2.

RS
1<|i—iy|,]i1 —i2|,|i2a—i|<T
and
Ek 4 J—
tr(Ay)" = o E Wiy Uiy o Uinis Wigi€k i€k, i1 €k, inCk,is

1,11,%2,13
1<li=ia],...,|is—i[<T
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4 4
= o0 E €k,i€k,i; T 20 E €k,i€k,i1 Ek,is
1<]i—i1|<T 1,801,012
1<|i—i1‘,‘i1—i2|<T
4
+ 4l g Wiy Wiy i Wigiz Wigi€k,i€k iy Ek,iaCk,iz
1<t <12<13

1<‘i7i1|,...,|i37i‘<T

Moreover, we have (recall that u7; = 1 and €7; = e;5)

n
E XTAEkX = 20- E uijg Ek,ifk,ij,iXk,j
i<j k=1
1<|i—j|<T
n
XT (A%F)? = o? X., . X
Xey = 0 €k,i< €k, j Wiy Uiy j€k,i€k,i1 €k, 5
k=1 1,5 3

21
1<]iq—il,|i1—j|<T

_ 2 E E E
- Ek i Ek,iek,’il

i1
1<|iy—i|<T

n
2
+ 20 E :E :XskiXEkJ E Wiiy Uiy j€k,i€k,i1 €k, 5

k=1 1i<j 71
1<|i1—il,]i1—3|<T

and

T €
EX Ak X,
3
= 9 ZZXszsk,j Z Wiy Uiyip Winj€k,i€k,i1 Ek,in€k,j

k=1 4,7 21,12
1<|i—i1|,|i1—i2],|i2—5|<T

3
= 20 E E Xa;“ g Uisy Uiy i0Uini€k,i€k,iy €k in

11 <tz
1<|i—i1‘,‘i1 —i2|,|i2—i|<T

n
3 3
+ 20 § E Xsk,iXsk,j<u¢j€k,i5k,j+2 E: Uz‘jfk,ﬁmﬁk,j)

k=1 i<j i
1<|i—j|<T 1< iy —i|<T
n
3
+ 20 E E XEMXE,W. g Uiy UiyioWinj€k,i€k,i1Ek,ia€k,j
k=11<j VEAE Y )

1<‘i—i1|7‘i1—i2‘,|i2—j|<T
In consequence, L, , can be written as follows:

L

n,p

n
= logEU exp{ Z uijz5k,i5k,jxk,iXk,j (J+03(1+2 Z 5k,i1)>
i<j k=1 i1
1<|i—j|<T 1<|i;—i|<T
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n
2
- E Wiy Uiy j E Xey i Xey ;€k,i€k,i €k, O

01,9 k=1
1<]
1<]in—=i|,lia =4 |<T

n

3 2
+ g Wiy Wiy ip Wini E €k,iCk,i1 €k in 0 <3X5k,i - 1)
1<y <12 k=1
1<‘i—’i1|,‘i1—i2|,|i2—i‘<T
n
3
+ § Uiy Wiy iy Uinj E Xy i Xey 1€k, ik,i Eh,inCh,j O
1y,81,12,] k=1
i<y
- JFRFnF
1<|i—iy|,]i1—1t2|,|ia—7|<T
n
4
+ 6 g uiiluiliguiziguigig €k,i€k,i1 Ek,ioChiiz O }
1<11<12<13 k=1
1<]i—i1|,....|is—4|<T
n n
0'2 0'2 2
T > E:Ek,sz,j—? > > X2 enichin
i<j k=1 i<iy k=1
1<|i—j|<T 1<|iy—i|<T
n n
0'4 0'4
+ T E E sk,iak,ilJr? E g €k,i€k,i1 €k iy
2,11 k=1 1,11,%2 k=1
1<|i—t1|<T 1<]i—51]yeens|in—i|<T

We have that {u;;}1<i<j<p is a sequence of i.i.d Rademacher random variables.

Note that sequences composed of finite products of i.i.d Rademacher random vari-

ables, for example the sequences {w; U b1<igr2i<p and {UiplpsUsj F<itrs£s#i<p,
j i<j

1<j
form sequences of i.i.d Rademacher random variables. Moreover they are mutually
independent and independent from the initial sequence {u;j}icj. Now we explicit
in Ly, the expected value with respect to the i.i.d Rademacher random variables

and get

n
7 3
L,, = E log cosh ( E €k,i€k,j Xk,iXk,j (U +o°(1+2 E Ek’il)))
i<j k=1 i1
1<|i—j|<T 1<|i;—i|<T
2 n n
o
2 2
t 5 E E Ek,i€k,j — O E E X2, (€k,iChiiy
i<j k=1 i<is k=1
1<|i—j|<T 1<|iy—i|<T
n
2
+ g logcosh( E Xey i Xep ;€k,i€k,i1Ekj O )
1,81, k=1
i<j
1<|iz —il,|i1 —jI<T
n
+ E log cosh (303 E ng’iekﬂ-ak,ilek,i? — 03>
1<11 <19 k=1

1<|i—iy1|,|31—12],|i2—i|<T
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3
+ E 10gcosh< E i Ek’jEk’iSk’ilEk’Q&k’j o )

1,11,12,]
i<j
JFiFiaF
1<|i—iq|,|i1—ia|,|iz—j|<T
n
+ Z log cosh (6 Z €k,i€k,i1 Ek,ioChk,is a4>
1<11<19<13 k=1
1<|i—i1|,...,|is—4|<T
ot - ot &
+ T Z Zamsk,z’l + 5 Z ZEk,iEk,ilgk,izo
1,41 k=1 1,81,12 k=1
1<|i—iy|<T 1<|i—i1],...,|ia—4|<T
x? ozt z?
We use the inequality 71 < log cosh(z) < el for all z € R. Thus,
n
Lyp1 = Z log cosh (Zak’isk,ij,iXk,j (J + 03(1 + 2 Z Ek’il)))
1<j k=1 11
1<]i— ]\<T 1<|i1—i|<T
2
o
+? Z Z €k,i€k,j — 02 Z Z X Ek i€k,iq
i<j 1<i1
1<]i— ]|<T 1<|i;— z|<T
1 " 3 2
< 3 Z (Z*Ek,ﬁk,ij,iXk,j (0 +o°(1+ 2T)>
1<J k=1
1<|i— ]|<T
o? "
2
+ > Z Zsk’igk’j —0 Z ZX 1Ek,i€k iy -
1<J k= 1<ty
1<|i— ]\<T 1<]i1— z\<T
Therefore,
EEEP (Z’n,pJ)
na® 3 2 o’ 2 2 2
< - Z <a+a(1+2T)> —i-? Z na* — o Z na
1<J 1<J 1<t
1<]i— j|<T 1<|i— j|<T 1<|iy—i|<T
_ e 204(1 + 2T) + 0%(1 + 272
1<J
1<]i— ]|<T

= O(na®pT?0*) + O(na*pT3c®) = O(a*npy*) + O(a*npe®)
= O((a?n)F55p=T) = o(1),

as soon as p = o(1)(a?n)**~1. Similarly, we show that
BBy (Lnpa )
1 - 4
> 75 EEE(IE) Z (ZEk,iEk,ij,iXk,j (0’ + 0’3(1 +2 Z 5k,i))> + 0(1)

i<j k=1 i1
1<|i—j|<T 1<|iy—i|<T



Adaptive test for large covariance matrices 573

_an ) 3 4
= —TEM(XE X)) ; (0+0(1+2T)) +o(1)
1<|i—j|<T
_ a1 g x2 x2 Ee) (x2 x2 351 121"
12 7 (XX HE (X5, X5 ) Z o+o(1+2T)) .
1<j
1<]i— J\<T

See that the first term was already bounded from above in the previous display and

that

a*n(n—1) 4
S e X OB (X33 Y (o +0*(+21))

1<g
1<|i—j|<T
< O(a*n?)- (pTa4 + pT2%6° + pT30® + pTio' + pT5012)
= Oa'n’pe™™ =) = o(1),
as soon as a*n?pp*ts — 0 and a > 1/2. We deduce that E. IE( (Ln p,1> > o(1).

As consequence EEIEI (Lnypyl) = 0(1). Now we treat the second term of Ly, ,:

n
7 . . 2
Lyppo = E 1ogcosh( E Xey: Xey, €k i€k,is€k,j O )
1,41,] k=1
i<j
1<ty —il,Ji1—5|<T

n 2
2
E ( E ka,iXEk,_j€k7i€kai1€k7j o ) .

<
1,11,] k=1
1<j
1<|iy—il,|i1—7|<T
So,
E.EF (L < E.EP 5 § 2}’
ety n,p,2 = ey €k,i Ek j€k,i€ki1€k,j O
4,11,
i<j
1<liy—il,|i1—4|<T
1
= g nalo* < a®*npTo* = O(a®npp*t=) = o(1).

b1,
1<)
1<|i1—il,]i1—3|<T
Using the bound from below of log cosh inequality, we show that E.E{ (in,p,g) is
bounded from below by a quantity that tends to zero. Therefore we get
EE}” (Lupz2) = of1).

In a similar way we show that the expected value of the remaining terms with
log cosh in L,, ,, tend to 0. Finally we have

4 n 4 n
EEEP (CTZ Z Zf':k,ifk,il + % Z Zsk,igk,hsk,ig)
=1

2,11 k=1 2,11,12
1<|i—i1|<T 1<|i—i1|,...,|i2—1|<T

= O(a®c*pTn) + O(a®o*pT?n) = O(aznp<p4+c%) + O(a®npp*) = o(1),
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under the previous conditions. Consequently, if a4n2pg04+é = o(l) and if p =
o(1)(a?n)**~1, then

EEY (= Loy) = ofl).

To achieve the proof, we show in a similar way that EEE(IE) ( — Ln’p) =o(l). O

Proof of Theorem 3./: To control the type I error probability, we derive an in-
equality of Berry-Essen type for A, , . For any fixed [ in N* we denote by
Vpp = Varg, (A, p o), which gives vy, ,; ~ a*/(n?(p — 2')?) by Proposition 3.1.
Next, we rewrite A,, , o as follows :

Appa = Y H(Y;Y)
1<k<t<n

where,

V2
Tl( 1)(p 2l \/72 Z Yk ’LlYk i1 jYYZ zzw ig—j-

J=1 2141<44,i2<p

H(Yy,Ye) =

For 2 < k,h < n, define
h

WZ_: (Y, Yy), and Sh:ZZk.
n,p,l

(=1 k=2

Remark that {Sh }n>2 is a centered martingale with respect to the filtration {F, }p>2
where F}, is the o-field generated by the random vectors {X7,..., X, }. Note that
App2t = /Unpi - Sn and let V2 = Y ors Eo1(Z2)Fi-1). We fix 0 < < 1 and
define

n*Z]E Zk 2+25+E I‘VQ 1|1+5.

We use the Skorokhod representatmn and Lemma 3.3 in Hall and Heyde (1980) to
obtain that, for any 0 < € < 1/2 and any = € R, there exists a positive constant C
depending only on ¢ such that

Pt (A p < ) — @(\/Uim) _

Pl ) o)

v ) +C 7170,

IN

16¢'/2 exp ( —

Un,p,l
Then using that 1 — ®(u) < (1/u) exp(—u?/2) for all u > 0, we obtain

T
16¢'/2 (—

Un,p,l))+ e/ 7 exp
2

1 €T
I 1651/2) ex ( _ ) L O (43
(x/vvn,p,l P 4vpp,1 43)

2

Poi(Ayp >0) < (1-0( )+ Ceet o,

Un,p,l

Choose § = 1, then

ZEal +EaI|V2—1|2
k=2
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We can show that

- 1 1 1
4_ 1 2_q12_pft Ea
I;Ea,,(zk) _o(n) and E, V2 — 1| o(n) +0(2l) (4.4)
VC*1Inl
Take t; = a27n, we use (4.3) and (4.4) to bound from above the type I error

n(p—2')
probability:

Pa,I(Aad = 1)

= Pos(BeENL.SI<SL Ay >t) < Y Par(Agpo >t)
L,.<I<L*

a tf y, 001 1
< 5 (<n<p—2l>tz woe e (- )+ 0 (¢ y))
- z; (\/C*THGSW) exp (= =) o= E(Q;: 2
L)y o L 4 Q02
: lEZL* (W 162 2>l o +O(1)n52 + 2 =o(1),

for C* > 4 and since L, and L* both tend to infinity, such that In(a*n./p)/n tends
to 0.

Now, we control the type II error probability. Assume that ¥ € T («) and that
o is such that there exists Iy € {L,, ..., L*} such that 20071 < (1)~ = < 2, thus

Ea (D, poi0) BT 210( Z 2 Y U?>
2'o<j<p
a4 j2a N a4
- W(C% - Z GogEct) 2 Wa)tt e (e 1),

We assumed that a?np(i 2+ 2o = +/Inln(a?np). Moreover, we have
a?V/C*In L* < a1/C* Inln(a2np)
n(p—2%) = n(p—20)
Thus, we have Eq5(A, po0) — i, > a*(¥a)?T/ 9 (C? — 1 — 4V/C*)/2 by owr
assumption that C2 > 1 4+ 4v/C*. Therefore we get
Pos(Aaa=0) = Pus(Vl€{Li,...,L"}; A, por <t1) < Pos(A, poto <)

< Pax(|Anpao = Eaxs(A, pao)l > Eax(Ay, pan) = t)-
Now, we use Markov inequality and get :
< Var, (A, , 20)
T (Ban(Anp ) — 1)

Ry +(n—1)(p—29)2R,
n(n —1)(p — 200)4(Eq,5 (A, pato) = i)

First, we bound from above the first term of (4.5), using Proposition 3.1

"
n(n—1)(p —20)*(Ea,n (A, p20) — t,)?

ty, < < 2V/C*at (a)?t e,

Pa,Z(Aad = 0)

(4.5)

Sl =
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a1+ 0(1) + Ex(A, ,an0) - (0(a®V200) + O(a®(20)3/272))
a n(n—1)(p —20)2(Eqx (A, p o) — t,)?
. B3 (A, 0) - O(m?a)
n(n —1)(p —20)2(Eqx (A, p o) — t,)?
We decompose S; as sum of three terms: the first one
a*(1+o(1))

S11 = n(n _ 1)(]7 — QZO)Q(EG,E(An,p,2LO) - tlo)2
. a*(14o(1)) .
n(n = 1)(p - 20)%a ()5 (€ — 1 - 4VC7)
1

ot Yo, b+ 100
InTn(aZnp) o(1), as soon as a“np — 400

Now we show that the second term of S; also tends to 0. Recall that 20 =< (¢,) =,

therefore

o=

S = O(a?2!0) 4+ O(a3(200)3/2-22)
M2 an—1)(p— 200)2E, 5 (A, p.oto ) (L — t1y/Ea s (Ap poto))?

(O(a2 210) 4 O(a3(2l0)3/2—2a))

<
n(n—1)(p — 2l0)2Ea,2(~An,p,2lo)(1 - 212\51)
_ O(Qlo) + O(a(210)3/2—2a)
i~ 1o — 2022 (g, )7+ (1 - VY’
o O (o) £ O o)

In In(a2np)

Since 20- (1) 5 < (1h0)? 5 = o(1) and (210)/272%. (235 = (o)~ ¥ = o(1)
for all & > 1/4. Finally,

E%(*’zl\n,p,QlU) . O((2ZO)2)

S =
VT (e = 1)(p = 20)2 (e n( A ) — )2
0((2")?)
22 ().
n(n —1)p? o(1)
Now, we bound from above the second term of (4.5).
Ry
S2 = 10)2 2
n(p —2 0) (EG,E(An,p,ZZO) - tlo)
a? - Es (A, p20) - o(1) E3(A, p.20) - O(20)

n(p - 2l0)(Ea’Z(An,p,2l0) - tlo)2 n(p - 2l0>(Ea,E('An,p,2[0) - tlo)Q

E;/Q(A\n,pgzo) - (O(a - (2lo)1/4) + O(a2(210)3/4—o¢)).

+
n(p - 2l0)(Ea72(An,p,2l0) - tlo)2
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We bound from above each term of S5. For the first term,

6. o _ @ Es(hya)o®) o(1)
’ n(p —20)(Ea,2 (A, poi0) = t,)% ~ n(p — 20)a2(1hy )2t 2e
Inln(a?np)

For the second term we have,

E2 (A, , 51 - O(200 O(2l
Sao = IE( p20) O2Y) 5 < ( )20(1)
n(p -2 0)(EG,E(‘An,p,2ZO) - tlo) np

Finally for the last term,

]E:;/Q(/Zn,p72l0) - (O(a - (210)1/4) + O(a2(2l0)3/4*a))

S =
> n(p — 200)(Eax (A poto) — )2
< O((2l°)1/4) +O(a- (2l0)3/4—a)
B n(p — ZlO)aQ/Jéfﬁ
0@ O @y
— =0 5
n(p — 2'0) (Inln(a®np))s InIn(a?np)
as a2 . w1+ﬁ . (2lo)3/4—a - Zbi*ﬁ _ 0(1). 0
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