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Abstract. We obtain strong consistency and asymptotic normality of a least
squares estimator of the drift coefficient for complex-valued Ornstein-Uhlenbeck
processes disturbed by fractional noise, extending the result of Hu and Nualart
(2010) to a special 2-dimensions. The strategy is to exploit the Garsia-Rodemich-
Rumsey inequality and complex fourth moment theorems. The main ingredients of
this paper are the sample path regularity of a multiple Wiener-1t6 integral and two
equivalent conditions of complex fourth moment theorems in terms of the contrac-
tions of integral kernels and complex Malliavin derivatives.

1. Introduction

To model the Chandler wobble, or variation of latitude conerning with the ro-
tation of the earth, M. Araté, A. N. Kolmogorov and Y. G. Sinai (see also Arato,
1982) proposed in the paper Araté et al. (1962) the following stochastic linear
equation
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where Z, = X;(t) +1X2(¢) is a complex-valued process, v = A —iw, A > 0, a > 0
and ¢; is a complex Brownian motion. It is also suggested in Aratd (1982) that
the Brownian motion in (1.1) may be replaced by other processes. In this paper
we consider the statistical estimator of v when the complex Brownian motion ¢

1 -2
in (1.1) is replaced by a complex fractional Brownian motion ; = 5, :;%Bt , where
(B}, B?) is a two dimensional fractional Brownian motion with H € [3,3). [We

shall fix the Hurst parameter and then omit the explicit dependence of the process
on the Hurst parameter.] From now on we assume that ¢ is a complex fractional
Brownian motion of Hurst parameter H € (1/2,3/4).

To compare with the work in u and Nualart (2010), we write (1.1) as

dXi(t)| _ [-A —w| [X1(2) a dB}

{ng(t) =l oA @Yy aB2] (1.2)
Thus (1.1) can be considered as a particular two dimensional Langevin equation
driven by fractional Brownian motions. However, we find it is more convenient to
use the complex valued equation (1.1).

Motivated by the work of Hu and Nualart (2010), we also consider a least squares
estimator for . To this end, we intuitively rewrite (1.1) as

Zi+vZy =+aG, 0<t<T.

. 2
We minimize fOT Zy +vZ| dt to obtain a least squares estimator of v as follows.

T —
’3/T:— fo thZt _ f fO thCt

(1.3)
s ZPdt [z at

The main results of the present paper are the strong consistency and the asymp-
totic normality of the estimator 47 which we state as follows.

Theorem 1.1. Let H € [3,3).

(i) The least squares estimator A is strongly consistent. Namely, 47 converges
to v almost surely as T — oo.
(ii) VT (47 — ) is asymptotically normal. Namely,

aw 1
VTr — )" N (0, 5paC) asT oo, (1.4)
2
where C = {U te Qb } with
b o°—c
2 1-2H
o2 = 72/ dzdy (zy) —
(2 —2H)? Jjg,00) (z+y)(z+3)(y+7)
I'2(2H —1) 2 1 1
+ 22 (‘7|4H—2 + 74H72 + ,74H72) (15)
. 2 (zy)! =221 1 1
+ib = 7/ + dady. 1.6
et [(2=2H)? Jjg00)2 (y+7)? [a:+y a:+fy} rey (1.6)
r2H-1); 1 1
d = 5 (72’“ ¥ 72H71)~ (1.7)
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In the special case when H = %, we have
A
VTr =) " N (0, -1ds), (1.8)

where Idy is a 2 x 2 identity matrix.

Remark 1.2. An important new feature for the case of fractional Ornstein-
Uhlenbeck process (H € (1/2,3/4)) is that the limiting distribution is no longer
independent Gaussian as in the case of Brownian motion case (H = 1/2). We will
discuss exclusively the case H # 1/2 since the case H = 1/2 is easy.

A  minor difference between the case of one dimensional fractional
Ornstein-Uhlenbeck process considered in Hu and Nualart (2010) and our complex

case is that in our least squares estimator 4 defined by (1.3), we have fOT 2,47,

in the numerator, while in Hu and Nualart (2010) it is fo X:dX;. However, this
minor difference causes a big unpleasant trouble. By using It6 formula the latter
is expressed as X2 plus another manageable term. This is critical in the proof of
the strong consistency of the estimator since it allows us to use a famous theorem
of Pickands in Hu and Nualart (2010). However, we cannot no longer apply the Ito
formula to fo Z,dZ, to obtain a similar identity. To get around this difficulty we
shall use another famous result, the Garsia-Rodemich-Rumsey inequality, see e.g.
Hu (2017, Theorem 2.1).

To show the asymptotic normality, we may use a multi-dimensional fourth mo-
ment theorem. However, we develop a complex version of the fourth moment
theorem which is easier to use in our case. To state the theorem we denote
oy = H2H —1) and ¢(s,t) = ag |s — t|*’ 7 and define the Hilbert space

—E—UUH&%RVQ—/ /,f (t)p(s,t)dsdt < o0} (1.9)
Now the theorem is stated as follows.

Theorem 1.3 (Fourth Moment Theorems). Let {Fy, = I, »(fx)} with fr, € HS™
538” be a sequence of (m,n)-th complex Wiener-Ité multiple integrals (see the next
section for a discussion), with m and n fixred and m +n > 2. Suppose that as
k — oo, E[|Fi]’] = o2 and E[F?] — ¢+ ib, where || is the absolute value (or
modulus) of a complex number and ¢,b € R. Then the following statements are
equivalent:

(i) The sequence (Re Fy, Im Fy) converges in law to a bivariate normal distri-

bution with covariance matriz C = % {U te Qb },
b o —c
(ii) E[|Fx|"] = &+ b2 + 20%.
(ili) [lfx @i frllgeca-i-n — 0 and [|fe®ijhellgoea-i-m — 0 for any 0 <
i+j <1—1 wherel =m+n and hy, is the kernel of Fy, i.e., Fy = I, m(hg).
(iv) ||fk®z,]fk||ﬁ®(2(z4ﬂ)) — 0 and ka®l,]hk‘||y)®(2(l—7,—j)) — 0 for any 0 <
i+j<l-—1.
(v) HDFkH%, DF’“||52§ and (DFy,, DEL) g converge to a constant in L*(Q) as k
tends to infinity, where D is the compler Malliavin derivatives. That is to
say, Var(||DF||%) — 0, Var(|DFy|2) — 0 and Var((DFy, DFy)5) — 0

s
as k tends to infinity.
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Remark 1.4.

1) If m = n and E[F}?] = 0 or if m # n, then C = O;Idg. That is to say,
the limit is a complex Gaussian variable CN'(0,02). Theorem 7 of Nualart
and Ortiz-Latorre (2008) is concerning multi-dimensional fourth moment
theorems, but it requires C = %Id. Thus, our results are more general.

2) We shall give a different and simpler proof of the theorem in next section.
The equivalence (i) < (ii) is shown by an indirect method in Chen and Liu
(2017) and by Stein’s method in Campese (2015). In this paper, we show
that (i) = (ii) = (iii)) = (iv) = (v) = (i) directly. We make use of (iii)
to show the asymptotic normality which is simpler than to use (v) as in
previous work of Hu and Nualart (2010). In addition, similar to the real-
valued case, see e.g. Hu (2017, p169), one can show (iv) = (iii) directly,
see Chen and Jiang (2017).

2. Preliminaries: complex multiple Wiener-1t6 integrals

Denote by (By, t > 0) a fBm of Hurst parameter H € (1/2,3/4). Then a
Gaussian isonormal process associated with ) is given by Wiener integrals with
respect to a fBm for any deterministic kernel € $) (where $ is defined by (1.9)):

B(f) = / ¥ H(s)dB., Vf e, (2.1)

Let B(-) be an independent copy of the fractional Brownian motion B(-). Follow-
ing the same idea of Chen and Liu (2017), we define complex Gaussian isonormal
processes and complex multiple Wiener-It6 integrals with respect to fBm as follows.
For any f = f1 +ifs with f1, fo € $, define that

Oc:={fi+tife: fi,f2 €9}, (fi+ife, i +ifo)se = (f1,f1)s + (f2.[2)s,
(2.2)

B(f) = B(f1) +1B(f2), ¢(f) = —%[B(f) +iB(f)]. (2.3)

V2
Then ( is called a complex isonormal Gaussian process over f)c, which is a centered
complex Gaussian family satisfying

]E[<(h)2] =0, E[C(g)((h)] = <g7 h>-"Jc7 Vg,h € Hc.

From now on, without ambiguity, we still denote $Hc by .

Definition 2.1 (Complex multiple Wiener-It6 integrals). For a fixed (p, q), suppose
that g € HOP? @ H®, we call I, 4,(g) the complex multiple Wiener-It6 integral of g
with respect to ¢, see Chen and Liu (2017). And if f € H®®+9) then we define

Ly o(f) = Ipa(f), (2.4)

where f is the symmetrization of f in the sense of Ito (1952):

1
f(th s 7tp+q) = }qu ZZf(tﬂ(l)a s 7t7r(p)7ta(1)a s 7t0(q))7 (25)

where 7 and o run over all permutations of (1,...,p) and (p+1,...,p+ q) respec-
tively.
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It is easy to see that I, ,(f) = I, ,(f) and

ELyo(f) Iy (9)] = 0ppr0q.qP'q!(f,3), (Itd’s isometry) (2.6)

where the Kronecker delta d, , is 1 when p’ is equal to p, and is 0 otherwise, and
(-,-) is the inner product on H®P+9)  As a consequence,

El|Lyo(1)) = ! | 7] <ot 7%, (16s isometry). (27)

The proof of Theorem 1.3 proceeds through several propositions and lemmas.
Firstly, we define the contraction of (7, j) indices of two symmetric functions.

Definition 2.2. For two symmetric functions f € $HOPr ® HOU g € HOP2 ©Q HO®
and i < p1 A qa, 7 < ¢1 A pa, the contraction of (7, j) index is defined as (see Chen,
2014)

F @i g(te, s tpiapy—iji 8155 8q14as—i)

= ” dﬁdu’qb(ul,u&) . ..¢(ui,u;)f(t1, ce ,tpl_i,ul, ceey U381y Sqp—55U1 - ,Uj)
R+

X g(tp1—i+17 s 7tp—lvv/17 s 7U;;SQ1—j+17 .- '7Sq—lau/13 s 7u;)

x ¢(v1,0]) ... p(v;, v})dudv’,

Wherel:i—’_j’p:pl +p27q:(Z1+Q27 U= (u17"' 7“4)717/ = (u/17 ,U;) and
7= (vi,,05), v = (v],-- ,05).

By convention, f ®q0g = f ® g denotes the tensor product of f and g. We write
f ®p7qg for the symmetrization of f ®,, g. In what follows, we use the convention
f®ijg=0ifi>p Agyorj>qiApa.

Our next result is a technical lemma.

Lemma 2.3. Suppose that F = I,,, ,,(f) with f € $O"RHO™ and that F = I m(h).
Then

E(|F|"] - 2(B[|F[*])* - [E[F?]|?
2 2 -1
= Z (T) (?) (m!n!)2 Hf Qi j f||523®(2<z_i—j)) + Z((l - T‘)!)Z ||1/JT||_3'J®(2(17)"))
0<i+j<l =
(2.8)
- Z <m> (n> (n> (m)( !n!)Q | f ®i,; h||525®<2(zfi+j>> (2.9)
o<itg<t N/ NV/NIS NI
-1
+ 3 @m =) — ) lg [ hesan
r=1

where | = m +n and

U=y i!j!(?f(?)zf@i,jh, (2.10)

116111 LV
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Proof: Applying Lemma 4.1 of Chen (2014) to G = F, we obtain that

E(|FI'] - (EIF)” (2.12)
2 2 !
B Z <T) (?) (m!n!)2 ”f ©i.j f”;’@@(l*i*j)) + Z ((l - T)!)Q ||w7'|‘52’_)®(2(l—7‘)) .
i+35>0 =

We calculate the term ¥ = f @y, h:

f @mnh = / ditdu dvdv’ (uy, ul) . . . ¢(tm, ul, )p(v1,0}) . .. d(vn, V)
Rt

X U1y ooy U V1, ey ) R(VY, vl U, )
-~ 2 1 2
= 1 Potmen = —=E(FP, (213)

where the last equality is from Ito’s isometry (2.7). Next, we calculate the term
f ®@man [ in Eq.(2.12) according to whether m = n or not. We consider the case
m # n first. Without loss of generality we can take m > n. By Definition 2.2 we
have that if ¢ > n or j > n then f ®;; f = 0. Therefore, if m # n then

f ©mn [=0=E[F?, (2.14)

where the last equality is 1t0’s isometry (2.6). If m = n, similarly to show (2.13),
we obtain that

1
(m1)?
Substituting (2.15) or (2.14) according to whether m = n or not, and (2.13), into
(2.12), we obtain (2.8). Applying Lemma 4.1 of Chen (2014) to G = F, we can
show (2.9) similarly. O

f ®mm f={f, h)gomin = E[F?]. (2.15)

Remark 2.4. Both (2.8) and (2.9) are from the product formula and are analogous
to (5.2.6) of Nourdin and Peccati (2012). One can also obtain another expansion
of the moment analogous to (5.2.5) of Nourdin and Peccati (2012) if the complex
Ornstein-Uhlenbeck operator is explored, see Chen and Jiang (2017).

Notation 1. Suppose that f(i™,5") € HO™ ® H©". Denote
a5 = FE s, E ) = fE ). (206)
Clearly, f,(t"1,5") € HO" 1 @ HO" and fU(i™, 57 1) € HO™ @ HO 1.

Definition 2.5 (Complex Malliavin Derivatives). Let S denote the set of all ran-
dom variables of the form

where f € C2°(C™) and ¢; € 9,i = 1,2,--- ,m. Let F' € S be given by (2.17).
The complex Malliavin derivative of F' is the element of L?(£2,$) defined by:

DF =3 9:f(¢"(p1).- . ¢ (om))ei, (2.18)
i=1

DF = Zéif(CH(@l)""7CH(90m))@ia (219)
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where 0; f = %f(zl7 cesZm), Oif = %f(zl7 ..., Zm) are the Wirtinger deriva-
J J

tives, see e.g. Campese (2015).

Proposition 2.6. Suppose that [ =m + n and

m 2 n 2
(Z> (;) iljlf®; jh, (2.20)

[ ? n 2.. =
Z) (]) Z'j'h®]ﬂf, (221)

- S s

|
(]

r

&

Il
<
7N
—~

2.22)

then we have that

-1

Var(| DI n(£)5) = [0 =)0 0l (2.23)
r=1
-1

Var([| DI n(£)])5) = D10 = )P & o (2.24)
r=1
-1

Var((DLm,n(f)s DIma(f)n) = Y (2m =)0 = ) [velgeca—r, - (2.25)

r=1

Proof: We need only to show (2.23) since the other two are similar. Denote I’ =
m+n— 1.

Step 1: Using product formula. By Theorem 12(D) of 1t6 (1952) and the product
formula of complex Wiener-It6 multiple integrals (Theorem 3.2 of Chen, 2014), we
have that

% 1D (L ()13
= s @)

:/ dUdvqs(uvU)Im—l,n(fu(t_m*%gn))Im—l,n(fv(t_‘milagn))
[0,00)2

m—1 n 2 2

m—1 n\ ..
-2y (") ()
i=0 j=0 v J

x/[ dudvg(u, v) Iy —i—jp—ij (fu( 71, 8") @5 RO (", 5™ 7)
0,00)2

— —

where h¥ (1", 5™~ 1) = f, (81, ") = (51, v,t") and
(R 1) 00y B2 ) @ 0,5, 0) (2.26)
= / dfmdﬂlqs(xlaxll) ce ¢((E“ x;)fu(ﬁn_l_ia "fia gn_jvgj)
[0,00)7""']‘

77

_ i ~j o,
X fo(Sn—jatyosSU—jois® Sty tr—igy y" )oY, yh) - - 0y, y) Ay dy” .
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Then we obtain that

m2 D (Lm,n( ||,~j Z/o - dudvo(u, v) Iy —py—r(gr(u,v)). (2.27)
where
m—1\?/n\?
gr(w,0) = Y ( , ) <> gl (F T E @, R (T, . (2.28)
=k N J
Taking expectation to Eq.(2.27), we have that

SEID U (PIZ) = [ dudvs(u,v)ge (u,0)

[0,00)2

=(m— 1)!n!/ dudve(u, v) fu m—1,n h°
[0,00)?

= (m = Dl |1 s - (2.29)
Step 2: Calculating variance. It follows from Fubini’s theorem and It6’s isometry

that we have:

LB (D)) (2.30)

= Z/ dudvdu’dv’¢(u, v)d(u', ") [(1 = 7)1 (gr (u, v), gr (0, V) o2 -y -
0,00)4
It is easy to check that
/ dudvdu'dv’¢(u, v)p(u', v") (fu®i 7", fu’®i,jhv/>f,®2(l/*k)
[0,00)%

- . - 2
= (f®it1,5h, [®it1,5h) geew—n = || F@it1,5h| goew - »
which implies that
l/

B[ D (Fnn (D) [5] = 32U = 1) (Grs Go) g,

r=0
where
m—1\"/n\>
Gr= Y < . ) ( ) gL E™, 8 @i gh(E, 5™). (2.31)
iti=k J
Especially, for the term with & = I’, we have that
|Gul* = [(m = D)l [f @ b

4 1 27)2
= [t~ D i = (S BID. (G (MIE])
Substituting the above equality displayed into (2.30), we have that
-1
Var (| DI o (£)I5) = m* > _[(V Gy, Gy gonar -y
r’'=0
1
(L= ||77r||;,®<2<z ) (let I=0"+1,r=1"+1),
1

l

T
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where 7, = m2G,, which implies the desired expressions (2.20) and (2.23).
(I

Proof of Theorem 1.5. Since (1)=-(ii) is well known, we need only to show the
following implications:

(i) = (iii) = (iv) = (v) = (i).
[(il)= (iii) ] Condition (ii) implies that as k — oo,
E[|F:["] - 2E[F:))? - [E[E2)|” = 0, (2.32)

which implies that Condition (iii) holds by (2.8)-(2.9), (see Lemma 2.3).
[(ili)=(iv)] The inequality (5.2) of Ito (1952) implies that when Condition (iii)

holds, we have that as k — oo,

ka@i,jkag@(z(z—i—j)) -0, ’fk@i,jhkug@z(l—i—j» = Hhk@i,jfkuﬁ@(z(z—i—j)) — 0.

[(iv)=(v)] It follows from Minkowski’s inequality and Proposition 2.6 that as
k — oo,

k=0, ¢k o, vk =0, r=1,...,1—1,

where ¥, ¢F V¥ are given as Equations (2.20)-(2.22). By (2.23)-(2.25), we obtain
that Condition (iv) holds.
[(v)=(i)] We follow the idea of Nualart and Ortiz-Latorre (2008, Theorem 4),

i.e. we combine Malliavin calculus and partial differential equations. Let
Then we have that

{ 0P _ %E[Fk % ei(EFk+sz)/2]7

dou _ 1 [F}, x dGP+1/2] (2.33)

By the assumption E[|F|*] — o2, {F},} are tight. Now suppose that the sub-
sequence {F,, } converges to G in law. Without ambiguity, we still denote {F,, }
by {F}}. By the hypercontractivity inequality of complex multiple Wiener-It6 in-
tegrals, see e.g. Chen (2014), {|Fx|"} is uniformly integrable and thus E[|G|"] =
limg s oo E[|Fy|"] for all > 1, see e.g. Billingsley (1968, Theorem 5.4). Therefore,
the characteristic function ¢(z) = E[ez(*¢+#%)] has continuous partial derivatives
of any order.

It is not difficult to see that

]E[Fk . ei(zFHsz)/z] _ lE[m % ei(EFk+zF_‘k)/2]
m

1 o _
— EE[<D(61(ZF)C+ZF)€)/2)7 DFk>f)]

1 L - _
= —E[(CFt2FI/2(:DEy + 2DEy), DFy)s)
m

Clearly, for any z € C, el(ZFst2F)/2 _ (i(2G+2G)/2 iy [2(Q)). Thus, Condition (iv)
implies that as k — oo,

E[(e!GTet2F0/2(:DFy, + 2DFy), DFy)s)
— (2 lim E[|DF||3] + 2 lim E(DF, DF)g))e(2), VzeC,
k— o0 k—o00
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since the scalar product in the Hilbert space L?(Q2) depends continuously on its
factors. It follows from (2.29) and

(DI n(7): DLun(F)s) = Sonml(m = D S .
that

. 27 . 27 2
lim B[|DF, 3] = m lim B[|F|3] = mo®,

lim E[(DFy DFy)s] = M, lim E[F?]
k—o0 k—o0

=m(c—1b)0m n-

Therefore, it follows from (2.33) that for any z € C,

g—f =[20% + 2 (c — ib)dpm.n]e(2). (2.34)
In the same way,

% = [z (c+ib)0mn + 2020 (2). (2.35)
Clearly, ¢(0) = 1. Therefore, G is a bivariate normal distribution with covariance
matrix C = % 02;_ ¢ ng_ c} . Prokhorov’s theorem implies that {F}} converges
to a bivariate normal distribution with the desired covariance matrix C. U

3. Asymptotic consistency and normality

We need several propositions and lemmas before the proof of Theorem 1.1. The
following lemma’s proof is easy.

Lemma 3.1. For any H € (3,1), we have that

/ e 7= gy — PP 2 duyduy = d, (3.1)
where d is defined by (1.7).
Proposition 3.2. Let Z be the solution to (1.1). As T'— oo, we have that

1 /7
— Zy 24t — acpgd, a.s. 3.2
T

0

Proof: Denote Y; = \/Efioo e~ 7(t=9)d(,. Tt is easy to see that Y is centered com-
plex Gaussian process. [t0’s isometry implies that for any ¢t € R, s > 0,

E[Y;+.Y;] = aHa/ dvl/ dvge  Y(V1T8) =702 vy — 112|2H_2 =E[Y,Yo]. (3.3)
—s 0

Thus Y; is stationary. It is easy to check that as s — oo, E[Y;Yy] — 0 with the same
order as |s|2H*27 which implies that {Y;} is ergodic, see e.g. Dym and McKean

(1976, p. 78).
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Then we have that

t
Zi=e "Zy+a / e~ 7=9)qc,

=e M7y + f/ —e th/ e7%d(¢,
=Y +e vt (Z()*Yb)
The ergodicity and Cauchy-Schwarz inequality imply that as T' — oo,

e e - oL
T/ \ZtIQde/ [ IYel? = 2R(e " (Zo = Yo)Va) + e 2y — Yol |t
0 0

— lim E[|Yr|’] = aond, a.s.
T—o0
where the last equality is from Eq. (3.3) and Lemma 3.1. O
Denote
Yu(r,s) = e 7o icrery and Xy = I 1 (1he(r, 8)). (3.4)

Lemma 3.3. As n — oo, the sequence {fn = %Xn} converges to zero almost
surely.

Proof: Denote Fr = fXT Lemma 3.5 implies that sup,, E[|F,,|*] < co. From the

hypercontractivity of multiple Wiener-Ito integrals, we see that sup,, E[|F,,|*] < oo
For any fixed € > 0, it follows from Chebyshev’s inequality that

P(lea] > ) = P(IF] > Vi) < 5 R,

The Borel-Cantelli lemma implies that {{n} converges to zero almost surely. O

BRI <

Proposition 3.4. For any real number p > 2 and integer n > 1,

n+1 n+1 X
/ / | — Mdet (3.5)

is finite. Moreover, for any real numbers p > 2, q > 1 and integer n > 1,
|Xs, — Xi,| < Ry gn®/P, Vi, ts € [n,n + 1], (3.6)
where R, ; is a random constant independent of n.

Proof: For any n <t; <ty <n+ 1, Itd’s isometry implies that

_ 2
B Xs, = X '] = [0 () = ¥ (8) [on = €77 cosrsrar |,

—¥(r1—s1)—y(ra2—s
:/ / e V(r1i—s1)=7(r2 2)¢(7'1,r2)¢)(31,sz)dsldSerldrz
t1<851<r1<to Jt1<so<ro<to

< / / G(r1,72) (51, s2)dsidsadridry = (t2 — t1)*H
t1<51<r1<ts Jt1<s9<ro<to
The hypercontractivity of multiple Wiener-It6 integrals implies that for any p > 2
and any n <ty <ts <mn+1,
]E[|Xt2 - th ‘p] < (p - 1)pE[|Xt2 - th |2]g
< (p—1)P(ty —t;)%PH.
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Take ¥(z) = 2P and p(x) = 2. The above inequality yields

_ /nH/ |X|tt_ |)|)dsdt} < (p—1). (3.7)

For any ¢ > 1, we have

OB

This implies that

‘ sy

o0
E p.q for some random constant R, .

Or we have
B, < R, n? for all positive number ¢ > 1 and integer n > 1. (3.8)

An application of the Garsia-Rodemich-Rumsey inequality, see e.g. Hu (2017, The-
orem 2.1)), implies that

| X — X,| < 8/Olt5| \1/*1(452");)’(u)du = 16H(§§z; it — 2% < c,,B,% :
This combined with (3.8) proves the proposition. O
Denote
he(r,s) = e Y10y (3.9)

Lemma 3.5. Let H € (%, %) Then the following integrals are absolutely convergent

lim — / Gr(ty, s1)Yr(ta, s2)d(t1, t2)d(s1, s2)dtrdtadsidsy = o
T—o0 CYH [0,T]

1 —_— .
lim —— / Yr(ty, s1)hr(tz, s2)P(t1, t2)B(s1, s2)dt1dtadsidsy = ¢ +ib,
T— o0 aHT [0,T

where a® and c,b are defined by (1.5) and (1.6).

Proof: We only evaluate the first integral since the other one is similar. We divide
the domain {0 < s; <t; < T,0 < 89 <ty < T} into six disjoint regions according
to the distinct orders of sy,tq, s, ta:

A = {0<s3<ty<s1 <t <T}, Ny ={0<s1<t1 <9<ty <T}
Ay = {0<5 <5<t <t <T}, Ay ={0<sy <5y <ty <t <T},
As; = {0<s51<sp<tp <ty <T}, Ag={0<sy <51 <t <t <T}.

We also denote I; = 7 [\ ¥r(ty, s1)dr(ta, s2)¢(t1, t2)(s1, s2)dtrdtadsidss, @ =
1,---,6.
Firstly, we consider I;. It follows from L’Hospital rule that

T S1 t2
lim Il = lim dsl/ dtg/ ng@i’iy(Tisl)eifﬂwisr‘))QZS(T,tQ)d)(Sl,82).
T—o0 T—o0 0 0 0
(3.10)
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Making substitution a = ts — s9, b =81 — ta, c =T — s1, we have that as T — oo

lim I = a% lim dadbdee™ e ™[(b + ¢)(a + b))

T—s00 T—00 J4,b,c>0,a+b+c<T

_ a%{/ dadbdceifycei’m[(b + c)(a 4 b)]2H72. (311)
[0,00)3

The above integral is absolutely convergent when H € (%, %) In fact, since

(b+c)(a+b) > acli1(b) + b1 00)(b),

we have that
’/ dadbdce 7™ [(b + ¢)(a + b)]?H 2
[0,00)3

S/ dadbdce e e P41 )+ (ac)* 215 1 (b)]
[0,00)3

B 1 I'(2H —1),2
_(3—4H))\2+( N2H-1 )

Substituting the equality of Gamma function fooo e~ TPyl = % with o >
0, ®B > 0 into (3.11), we have that

/[0 . dadbdce 7™ [(b + ¢)(a + b)]*H 2

1 —5c,—va ,—z(b+c) . 1-2H  —y(a+b), 1-2H
= m /[;)Ocos dadbdcdxdy e v e v e ( )x e y( )y
1 / (zy)'—2H
= T5 _om\2 dady — . 3.12
(2 —=2H)? Jig,00)2 (z+y)(z+73)(y+7) ( )

It is easy to see that I = I;. In a similar way as for I, we have

oy ?(2H - 1)

lim Iy = lim [;=-2— """~/ 1
Al = L= (3.13)
a?T?(2H — 1)
li = — 14
Al DT (314
2 72
. _ayl (2H - 1)
Ande = ToyamE (3.15)
Finally, by adding (3.12)-(3.15) together, we get (1.5). O

Lemma 3.6. Let i, hy be as in (3.4) and (3.9) respectively. As T — oo, we have
that:

1 1 1 1 .
T"/}T ®o,1 %1 — 0, TwT ®1,0%T — 0, T¢T®O,lhT — 0, T¢T®1,0hT — 0, in H%2.
(3.16)
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Proof: When 0 <t < s < T, we have that

1 ¢ T - . _
? |1/)T ®o0,1 1/JT(t, s)| — duy / dme—w(t—ul)e—'y(m—s) |u1 o u2|2H 2
H 0 s

t T
/ dU1/ du267>\(t7u1)67>\(u275) lug — u1|2H72

1
(s — £)2H- 2/ dul/ dupe M=) A 02 < S (s — )22 (3.17)

IN

IN

When s < t, we have that

t
/dul/ dU2€ A(t—u1) 7)\(uz s) ‘U —U1‘2H 2

/dul/ duz—i—/dul/ du2+/ dul/ duz —A(t—u1)

A(uz—s) |U2 u1|2H 2 I ( +I2( +I3 )

For the first term, we have that

s T—uy
L(T) = e_’\(t_s)/ dul/ dze= 222
0 S—uq

T SA(T—z)
—A(t—s) dze—)\zZQH—Q / duy
0

0 V(s—z)
T
< e MEms) / dze 221 72[5 — (5 — 2)]
- 0
s T (2H _
< e At=9) )(\ZH) SC)\,H‘t—S|2H 27

where cy g is a constant independent of 7. For the second term, we have that

t U
I,(T) = Qe*/\(tfs)/ dul/ duzeA(“lfuz)(ul — up)?H 2

—A(t— s)/ d’LL1/ dze)\zZZH—Q

— 9~ Mt s)/ dze y2H— Q(t—s—z)gcx,H ‘t_5|2H—27
0

where ¢y g is a constant independent of 7" and the last inequality is by means of
L’Hospital rule. In fact, when H € (%, 1), then we have that

i Jy dze? 2?72 (- 2) 1
im = =.
e ohe g 2H—2 22
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For the third term, we have that
t T—uq
I;(T) = e~ At=s) / duy / dze 7 2H—2
S t—uy
T

tA(T—z)
:ef)\(tfs)/ dze”\zzszz/ duy
0

sV(t—z)
t—s
< 67)\(157.9)/ dzef)\zZQH72[t _ (t _ Z)]
0
I'(2H _
< e—A(t—s)% <enmlt— S|2H 2 )

where ¢y g is a constant independent of 7. Thus, we have that

t T
o (tun) — (10— 2H-2 2H -2
/ dul/ duge TE—11) =7 (u2—s) |ug — ug| )
0 s

<camlt— sl (3.18)

This inequality together with the inequality (3.17) implies that

2 2 2
agCx\.H

1 2
|Forson| |, < a2 1ot
a?.c?
= HT;’H/ dtidtadsidsa¢(t1, s1)9(t2, s2)@(t1, t2)9(s1, 52).
[0, 774

As T — oo, I’Hospital rule and the symmetric property of the above integrand
imply that when H € (3, 3),

2

1
li —
Am H T¢T ®o0,1 YT o

2 2
20zHc)\7H

/[ ] dtadsidsa (T, s1)d(ta, s2)d(T, t2)P(s1, 52)
0,73

2
= Tlglclm “T6—SH /[0’1]3 dtadsids2(1, s1)9(ta, 52)P(1,t2)P(s1, 52)

Finally, it is easy to obtain that 117 ®1 097 = fr ®o,1 fr. Thus %'l/)T ®1,0¢T — 0
also holds as T' — oo. In addition, it follows from Lemma 5.4 of web-only Appendix
of Hu and Nualart (2010) that both %¢T®1,0hT — 0 and %’(/JT®071 hr — 0hold. O

Proof of Theorem 1.1. Without loss of generality, we can suppose that Zy; = 0. By
(1.3), we obtain that

1
TXT

Ar—vy = Va—EF———. (3.19)
L1z at

By Proposition 3.2, we need only to show %XT converges to zero almost surely as
T — oo. Clearly, we have that

1 1 n 1
— < = - X+ =—1X,]|. 2
TXT T|XT | Tn| | (3.20)
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where n = [T] is the biggest integer less than or equal to a real number T. Using
Lemma 3.3 and since n/T is bounded, we see that the second term in (3.20) goes
to 0 almost surely as T — co.

By Proposition 3.4, we see that the first term in (3.20) is bounded by %Rp,qnq/p
for any p > 2 and ¢ > 1. Choosing ¢ < p we see that the first term in (3.20) goes
to 0 as T'— oo. This completes the proof of the first part of Theorem 1.1.

Now we turn to the proof of the second part. Denote Fr = ﬁXT. Clearly,

_ 1 _ 1
Fr=— e V91 A6 dl = —=1I1 1 (hr(r, s)). 3.21
"= T o (r<s3d¢d¢ 7T 1,1(hr(r,s)) (3.21)

From Theorem 1.3, Lemma 3.5 and Lemma 3.6, we see
2
Fr converges in law to ¢ ~ N(0, Z£C),

where C as in Theorem 1.1. We write Equation (3.19) as

. Fr
VT (T —7) = \/ngiz'
T Jo 12" dt
Therefore, it follows from the above fact, Proposition 3.2, and Slutsky’s theorem
that v/T(§7—~) converges in distribution to bivariate Gaussian law A(0, 52-C). O
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