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Abstract. An analogue of the classical Mecke formula for Poisson point processes
is proved for the class of space-time STIT tessellation processes. From this key
identity the Markov property of a class of associated random processes is derived.
This in turn is used to determine the distribution of the number of internal vertices
of the typical maximal tessellation segment.

1. Introduction

The last decades in stochastic geometry have seen a growing interest in models
that deal with random geometric objects evolving in time. As examples we mention
random sequential packings, see Penrose and Yukich (2002); Schreiber et al. (2007),
spatial birth and growth models like the Johnson-Mehl growth process, see Barysh-
nikov and Yukich (2005); Penrose and Yukich (2002), the construction of polygonal
Markov random fields, see Schreiber (2005, 2008, 2010), falling/dead leaf models, see
Cowan and Tsang (1994); Bordenave et al. (2006); Galerne and Gousseau (2012),
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on-line geometric random graphs such as the on-line nearest neighbour graph in
Penrose and Wade (2008); Wade (2009) or the geometric preferential attachment
graph, see Jacob and Morters (2015); Jordan (2010); Jordan and Wade (2015).
A particularly attractive class of models studied in stochastic geometry is that of
random tessellations. Also within this class, space-time models have found consi-
derable interest. In the present paper we investigate the class of STIT tessellations,
which arise as outcomes of a process of consecutive cell divisions. They have been
invented in Nagel and Weils (2005) and since their introduction they have stimu-
lated lots of research, cf. Deufs and Thile (2016); Lachiéze-Rey (2011); Martinez
(2014); Martinez and Nagel (2012, 2015, 2016); Mecke et al. (2011); Nagel and
Biehler (2015); Nagel and Weift (2008); Schreiber and Thile (2010, 2011, 2012,
2013a,b); Théle and Weifs (2010, 2013). The acronym STIT stands for the stability
of distribution under the operation of iteration (or nesting) of tessellations.

The STIT tessellation process itself is a Markov process on the space of tes-
sellations. However, there are several interesting situations in which the problem
arises whether or not some classes of associated processes also possess the Markov
property. For example, we look at the random process induced by the functional
of total surface area within a bounded window. It becomes clear that this process
does not inherit the Markov property from the STIT tessellation process, because
this functional does not contain enough information about the tessellation. For
this reason, it is an interesting task and one of the main purposes of this paper to
extract a class of processes that do inherit the Markov property. Such a Markov
property will turn out to be a crucial device in further applications. In the present
paper we will deal with the distribution of the number of internal vertices of a typi-
cal (and possibly weighted) maximal segment of a STIT tessellation. In particular,
we will derive the exact distribution of this random variable and study its moment
properties.

One of the crucial steps on our way is to prove a Mecke-type formula for STIT
tessellations. Such an identity is well known for Poisson point processes I'. It
says that the expectation of random variables of the form » . f(z,I") can be
expressed as an expectation of the integral with respect to the intensity measure of
I of the function f(z,T" +J,), where the unit-mass Dirac measure ¢, concentrated
at x has been added to T, see Chapter 4 in Last and Penrose (2017+) and also
(3.2) below. Our key result, Theorem 3.1, provides a formula for STIT tessellations
that is similar in its structure to Mecke’s equation for Poisson point processes.
We emphasize that our proof uses the global construction of STIT tessellations,
which in turn is based on a Poisson point process on an abstract state space. As
a consequence, our Mecke-type formula is based on the classical Mecke formula for
Poisson point processes.

The present paper is structured as follows. In Section 2 we set up the notation,
formally introduce STIT tessellation processes by their Markovian description and
collect those properties that are needed. The new results are presented in Section 3.
In particular, we present there our Mecke-type formula, the Markov properties
described above as well as an application to maximal segments. The final Section 4
contains all the proofs. They are technically quite involved and they crucially
depend on the ’direct’ global construction of STIT tessellations. For this reason,
we have also included a formal description of this construction together with its key
properties. Our proofs show a high degree of formalism and technical computations.
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However, this seems unavoidable and is similar to other models studied in stochastic
geometry, see, for example, the works Mecke and Muche (1995); Muche (1996, 1998)
on Poisson-Voronoi tessellations.

2. Preliminaries

2.1. Notation. Let RY be the Euclidean space of dimension d € {1,2,...}. A poly-
tope p C R? is the convex hull of a finite point set (containing at least two elements)
and the dimension of p is defined as the dimension of its affine hull. The set of all
polytopes of dimension k is denoted by 2. Moreover, we shall write &2} for the
set of all k-dimensional polytopes with their circumcenter at the origin. The spaces
P, and P are supplied with the Borel o-fields B(2;) and B(2)) induced by
the Hausdorff-distance, respectively. In our context it is convenient to speak of the
elements of &, as cells and to denote them by the letter z (for the German word

‘Zelle’). The interior and the boundary of a set B C R? are denoted by é and 0B,
respectively. Moreover, we write #(-) for the cardinality of the argument set and
1{...} for an indicator function, which takes the value 1 if the condition in brackets
is satisfied and 0 otherwise.

The Lebesgue measure on R? is denoted by £;. Moreover, for d = 1, we write
{4 and ¢_ for the Lebesgue measure on the positive and the negative real half-axes
(0,00) and (—o0,0), respectively. To simplify the notation in integrals, we write ds
instead of ¢4 (ds).

If £ is a topological space, we denote by B(E) the Borel o-field on €. If X is a
random element taking values in the measurable space [€,B(€)] we shall write Px
for its distribution, that is, the image of the probability measure of some underlying

probability space under X. By X LY we shall indicate that the -valued random
elements X and Y have the same distribution, that is Px = Py.

2.2. The hyperplane measure A. Let H denote the space of all hyperplanes in R?
and H( be the subset of hyperplanes containing the origin. Both spaces are supplied
with the usual topology of closed convergence (also called Fell topology, see Kallen-
berg, 2002, Chapter A.2, Last and Penrose, 2017+, Chapter A.3, or Schneider and
Weil, 2008) and thus they carry Borel o-fields B(Hy) and B(H), respectively.

For h € H we shall write hg € Ho for the parallel linear subspace and hg- for the
one-dimensional subspace orthogonal to it. The two closed half-spaces generated
by a hyperplane h € H \ Hg are denoted by AT and k™, respectively, where we use
the convention that h~ is the half-space that contains the origin. For a Borel set
B C R? we define

[Bl:={heH :hNnB#0}.
This implies [B] € B(H) and that Ho = [{0}].
Let Q be a probability measure on Hy and Ehé the Lebesgue measure on the
subspace hg. The translation invariant measure A is defined by the relation

A g(h) A(dh) = /H 0 /h oo +2) 4 (42)Qo) (2.1)

for all non-negative measurable functions g : H — R. Throughout this paper we
will assume that A is such that there is no line in R¢ with the property that all
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the hyperplanes in the support of A are parallel to it. This ensures that, with
probability one, all cells of the STIT tessellations considered below are bounded.

Because A([g]) € (0,00) for all polytopes ¢ € &, with k € {1,...,d}, we can
define the probability measure A, on [H,B(H)] by

A(B N [q))

AdB) ==

., BeEBH). (2.2)

2.3. Tessellations. By definition, a tessellation y of R? is a countable subset of 224
satisfying the following three properties:

(i) 21 N 2o=0 for all 21, 29 € Yy, 21 £ 29,
.o _ d
(11> Uzeyz - R )
(iii) #{z €y:2NC # 0} < oo for all compact C' C R
A ‘local’ tessellation y of a polytope W € £ is a finite collection of polytopes
contained in W that have disjoint interiors and cover W. The set of tessellations
of R% is denoted by 7 and we write Ty for the set of tessellations of a polytope
W e Z;. A natural way a local tessellation arises is via restriction to W of a global
tessellation. Formally, if y € T and W € £, we define such a restriction by

yAW ={zNW:z ey, dim(zNW) =d} € Tw,

where dim(z N W) denotes the dimension of the polytope z N .
Next, we supply 7 and Ty with suitable o-fields. For this, we recall that the
vague topology on T is the topology on 7 induced by functions of the form

TR, y— > g2),
zey

where g : #; — R is any non-negative measurable and bounded function that has
compact support, see Kallenberg (2002, Theorem A2.3). Now, we let B(7) be the
Borel o-field generated by the vague topology on 7. For W € £; and Ty let
B(Tw) be defined analogously. One can check that the restriction map y — y AW
then becomes measurable.

Iteration of tessellations. In order to define this operation formally, let y = {z; :
i € N} be a tessellation of R? and 7 = (y(?));en be a sequence of tessellations. Then
the tessellation y H ¢/, referred to as the iteration of y and ¥, is specified by

yB7:={yP Az :ieN}. (2.3)

Thus, for each i € N we restrict the tessellation ¥ to the cell z; € 3. This yields a
local tessellation of z; and the union of all these local tessellations clearly forms a
tessellation of R?. We notice that A defines a measurable operation from 7 x T

to T.

2.4. The local STIT tessellation process. The random STIT tessellation process is
denoted by Y and its state at time ¢ by Y;. Informally, the dynamics of the con-
tinuous time random local STIT tessellation process Y AW = (Y; A W)~ can be
described as follows. At time zero, the cell W of the initial tessellation {W} re-
ceives an exponentially distributed random lifetime with parameter A([W]). When
the lifetime of W runs out, a random hyperplane h € [W] is selected according to
the probability distribution Ay, given in (2.2), and splits W into the two daughter
cells WNhT and WNh~. These two daughter cells evolve independently according
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to the same rules, i.e. they receive conditionally independent (given h) exponen-
tially distributed random lifetimes with parameters A([W NA*]) and A([W N A7),
respectively, and then they are divided by random hyperplanes with laws Ayynp+
and Ayrnp-, respectively, and so on. The cells in W that arise at time ¢ form the
local STIT tessellation Y; A W.

To describe the construction formally, let W € Z; be a polytope and A be a
hyperplane measure defined in (2.1). For a tessellation y € Ty, a cell z € y and a

hyperplane h € [2] \ Ho we define the splitting operation @, j, : Tw — Tw by
@.ny) =\ {zhu{znht,2nh"}.

In other words, @, 1, (y) is the tessellation that arises from y by splitting the cell z
by means of the hyperplane h. The splitting operation is measurable and extends
to global tessellations y € T as well.

By the local STIT tessellation process (Y; AW )¢>o in W driven by the hyperplane
measure A we understand the continuous time pure jump Markov process on Ty
with initial tessellation Yo A W = W and generator

L) =" /[ (9(C20(0) g AW, v T,

zey Y17

for all non-negative measurable g : Tyy — R.

The description of the STIT tessellation process indicates that within each single
cell the first division follows the same rules as it does in the cells of a Poisson
hyperplane tessellation generated by a space-time hyperplane process (f[t)t>0 as
given in (4.1). This suggests that a Mecke-type formula can be shown for single
divisions of cells. But notice that a maximal polytope, which arises when a cell is
divided, depends on the past and (in contrast to the Poisson hyperplane process)
it has an impact on the continuation of the STIT process in the future. This is
expressed in Theorem 3.1.

2.5. The global STIT tessellation process. So far we have described the STIT tes-
sellation process locally within polytopes W € &2;. However, there exists also a
‘global’ construction of a STIT tessellation process in R?. Since this construction
is rather involved and is needed only as a technical device in our proofs, we de-
cided to postpone its description to Section 4 below. For the moment it is sufficient
to confirm that such a process exists. For this, we recall from Nagel and Weils
(2005) the following consistency property. Given two polytopes W, W' € #,; with
W' C W, the law of (Y; A W) AW’ coincides with that of Y; A W', where, recall,
for a tessellation y € 7 and a polytope W € &2;, y A W stands for the restriction
of y to W. For all ¢t > 0, this consistency property together with the consistency
theorem for random closed sets, see Schuneider and Weil (2008, Theorem 2.3.1),
yield the existence of a random tessellation Y; with the property that its restric-
tion to any W € £, has the same distribution as the previously constructed local
STIT tessellation Y; A W. The translation invariance of the hyperplane measure
A also ensures that the law of Y; is invariant under translations. One can also
show that consistency extends to the finite-dimensional distributions of the pro-
cesses Y AW = (Y, AW);~o. This way, the classical Kolmogorov extension theorem
ensures the existence of a global STIT tessellation process Y = (Y;)¢>o with the
appropriate finite-dimensional distributions.
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We will use the notation Y = (Y;);s0 for the random STIT tessellation process,
Y; for its state at time ¢ > 0. Respective realizations are denoted by y and y;. The
distribution of (Y;);>0 is written Py, and correspondingly the distributions of the
other random objects. Furthermore, for a tessellation y; denote dy; = . 0z.

The global STIT tessellation process enjoys the following fundamental properties
(proven in Nagel and Weif, 2005):

STIT scaling: The dilation tY; of Y; by factor ¢ has the same distribution as Y7,
the STIT tessellation with time parameter 1, that is,

v, 2y, forall t>0, (2.4)

where multiplication of a tessellation y € 7 with a factor ¢ stands for the transfor-
mation ty = {tz : z € y} and tz = {tz : x € z}, see Lemma 5 in Nagel and Wei
(2005).

STIT property: Stability of distribution under the operation of iteration of tes-
sellations.

Let Y = (Y;)+>0 be a STIT tessellation process driven by some hyperplane measure
A asin (2.1), and let ¥ = (Y);en be a sequence of i.i.d. copies of Y. For fixed
s > 0, we write Y, = (Ys(i))ieN. Then

2y, BY,_, foral O<s<t, (2.5)

cf. Nagel and Weifs (2005, Lemma 2). This implies in particular that Yo, 2 Y, BY,
for all ¢ > 0. The STIT property means that

V; 22(v,BY,) forall t>0.

STIT intersections: The intersection of the STIT tessellation Y; with a line L =
spanu, where u € Si_l (upper unit half-sphere) is a Poisson point process with
intensity tA([u]) (here u has to be interpreted as the line segment connecting the
origin with w).

2.6. The process of mazximal polytopes. As described above, any extant cell z in a
STIT tessellation has a random lifetime, and at the end of its lifetime, at time s
say, it is divided by a hyperplane h. Then we call (p,s) € P41 x (0,00) with
p = zNh a maximal (d — 1)-polytope, marked with its birth time s.

We emphasize that after its birth, a maximal (d — 1)-polytope can be intersected
by other maximal (d — 1)-polytopes and thus be subdivided further, independently
in both of the half-spaces generated by h, i.e., in the two cells adjacent to the
maximal polytope. But regardless of such events, it will be referred to as a birth
time marked maximal polytope, at all times after its birth.

For any ¢t > 0 we denote by M; = M(Y;) = Z(p,s)el\/f,s<t d(p,s) the point process
of all birth time marked maximal (d — 1)-polytopes of the global STIT tessellation
Y;. Thus M, is a point process on the product space &;_1 x (0,00), i.e., it is a
random variable with values in N (Z2;_1 x (0,00)), the set of locally finite counting
measures on 1 % (0,00), supplied with the Borel o-field B(N (P41 x (0,0)))
induced by the vague topology. As usual, we write (p,s) € My if M;({(p,s)}) > 0.

By M = M((Y:)t>0) we denote the random point process of birth time marked
maximal (d — 1)-polytopes pertaining to the STIT process Y = (Y});>0. Also M is
a point process on the state space Z;_1 x (0,00).
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We emphasize that, given a realization m of a birth time marked maximal poly-
tope process, one can uniquely reconstruct the trajectory y(m) = (y(m¢))t>o of a
STIT tessellation process that has m as the realization of the pertaining maximal
(d — 1)-polytope process.

We consider the k-dimensional faces of maximal (d—1)-polytopes, and we refer to
them as maximal k-polytopes, k =0, ...,d — 2. They appear as the intersection of a
sequence of d—k maximal polytopes of dimension d—1. It is important to note that
for dimensions d > 3 not all intersections of d — k maximal polytopes (even if the
intersection has dimension k) are faces of maximal polytopes. To see this, consider
e.g. three maximal (d — 1)-polytopes p1, pa, p3 such that p; NpaNp3 # 0, and po, p3
are located in different half-spaces generated by the hyperplane containing p;. In
view of this, the polytopes which generate a maximal k-polytope have to fulfill
additional conditions, which will be formalized in the proof of Proposition 3.2.

3. Results

3.1. A Mecke-type formula for STIT tessellations. For a realization m of the birth
time marked process M of maximal (d — 1)-polytopes we use the notation m ) :=
{(p,s+1): (p,s) € m}, to express a time shift by ¢ of all the birth times. Further-
more, for (p,s) € m we denote by z(p,s) € y(m) the uniquely determined cell in
the trajectory y(m) that is divided at time s by the maximal polytope p. Finally,
for a cell z € &, denote by

mAz={(pNzs): (ps)Em, pﬂg’#@},

the restriction of m to z.

We are now prepared to present the first main result of this paper, that may be
regarded as a Mecke-type formula for STIT tessellations as discussed in some detail
after its statement. We postpone the proof to Section 4 below.

Theorem 3.1. Let M be the process of birth time marked mazimal (d—1)-polytopes
of a (global) STIT tessellation process (Y)iso driven by a hyperplane measure A.
Let Ppr be the distribution of M and Py, be that of Ys at time s > 0. Then

/ Z g(m A z(p,s), z(p, s),p, s) Par(dm)
(

p,s)EM
://Z/V/g((zmh)u(mg}gs)A(zmm))u(mg?QS)A(zmh)),z,zmh,s)
P (dm®) Pas(dm @) | AL (dRh) A([2]) Py, (dys) ds (3.1)

for all non-negative measurable functions g : N(P4_1 x (0,00)) X Pg x Pgq_1 X
(0,00) = R.

Theorem 3.1 shares some similarities with the Mecke formula for Poisson point
processes. To re-phrase the latter, let I' be a Poisson point process with o-finite
intensity measure p and distribution Pr on a measurable space [£,B(E)]. Then

[ S ste et = [ [ oo+ 6 utde) Be(an) (3:2)

xey
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for all non-negative measurable functions g : £ x N'(£) — R, see Chapter 4 in Last
and Penrose (2017+). Obviously, M is not a Poisson point process, but formally,
the left-hand side of (3.1) has the same structure as the left-hand side of the Mecke
formula for Poisson point processes. Moreover, on the right-hand side of (3.1) we
see that an additional hyperplane h is introduced at time s (applying the intensity
measure A,(dh)A([z])ds), which is similar to the right-hand side of the Mecke
formula. The main differences are that in (3.1) for each cell z € y, a hyperplane is
added and moreover, after the division of a cell z by a hyperplane h, realizations
(denoted m) and m)) of independent copies of M are needed to continue the
process in time.

It is also interesting to compare our Theorem 3.1 with Theorem 3.1 in Georgii
et al. (2015), where the class of so-called branching random tessellation has been
investigated. These tessellation processes constitute a far reaching generalization
of the concept of STIT tessellation processes and allow, in particular, for the inter-
action of cells during the random cell division process as well as for marks (colours)
attached to the cells that are also allowed to influence the cell splitting mechanism.
Specialized to our context, this result says that for any fixed t > 0,

> 9((me))r<s: 2(p,5),p,5) 1{s < t} Pag, (dmy)

(p,s)Emy

:// Z l/g((yr)m,z,zmh,s) A, (dh) 1{s < t} | A([2]) Py, (dys) ds

ZEYs

(3.3)

for all non-negative measurable functions g : {795l 0 < s < t} x Py x Py x
(0,t) = R.

Here, 7(%*] stands for the class of all measurable mappings from (0,s] to T
which contain the realisations of a STIT tessellation process on the time interval
(0, s]. We notice that relation (3.3) is confined to a finite time horizon for technical
reasons. Another significant difference is that in (3.3) the functions g are allowed
to depend on the evolution that took place in the past of a given time s only (this
is reflected by the appearance of (y,)r<s). In contrast, the function g in Theorem
3.1 above can depend on a potentially infinite time horizon, including the evolution
after the birth of a particular maximal polytope. On the other hand, relation (3.3)
allows for functions that do not only depend on the tessellation within the cell
in which a maximal polytope is born, but also on its surrounding (and the colors
attached to the cells within this surrounding).

3.2. Application to maximal polytopes. For a realization m of the marked point
process M of maximal (d — 1)-polytopes and for k =0, ...,d — 1, let

((pla 51)7 ceey (pd—k> Sd—k)) € mdik

denote a tuple of maximal polytopes together with their birth times. We denote
such a tuple by (p,s, k) € m?* if and only if s; < ... < s4_1 and p = ﬂf:_fpi
is a maximal k-polytope of the STIT tessellation process. If £ < d — 1 this is a

k-dimensional face of a maximal (d — 1)-polytope. In this case we call (p,s) =
(ﬂf;lk Di, s) a maximal k-polytope of the STIT tessellation process, marked with

its birth time tuple s. Accordingly, we denote h = (hy,...hg_x) € HIF and
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h= ﬂf;lk h;. If we write (p,s, k) € m{~* we mean that (p,s,k) € m?* and that
Sqg—k < t.

In the following proposition we consider, for a fixed time parameter ¢ > 0 and
a fixed dimension & < d — 1, the set of all birth time marked maximal k-polytopes

(P, s) and the trace of the STIT tessellation on them, that is, the intersection

me M P i= (me \ {(p1,51), - (Pa—k> Sd—k)}) NP (3.4)

of p with the other maximal (d — 1)-polytopes of m;. Note that m; M p describes
the tessellation structure induced by m; in the (relative) interior of the maximal
k-polytope p.

Proposition 3.2. Fort > 0 and for all non-negative measurable functions g :
Py x (0,4)7F x B(RY) - R,

> g®.s,men B)Pos, (dmy)

(p.s,k)em{ ™"
_ od—k-1 T = [k o n _
=2 E glznh;s,znhn| U 0dy, Uy .,  Udy ., .
i=1

Zeysd—k

d—k e _
P;@g( +1)(d(g(1)’“.’g(d k 1),y+,y )

. 1{2’ n H # @} A®(dik) (dh)]P)Ys(F (dysd—k)

k

'1{0<81 < ... < Sq-k <t}d81...d8d,k.

If the function g in Proposition 3.2 depends on the birth time marked maximal
k-polytope only, then the restriction to a fixed time ¢ > 0 can be omitted, and the
result can be modified as follows.

Corollary 3.3. For all non-negative measurable functions g : 2y x (0,00)? "% — R,

S 9(B.s) Par(dm)

(p;s,k)emd—Fk

2t [ [0S genhis) (0B £ 0} ASC APy, (A, )

2€Ysy_y,

1{0 <s1 << 5d—k}d51 coodsg_k .

3.3. Densities and distributions of typical polytopes. In this section we introduce
densities of intrinsic volumes and distributions of typical weighted maximal poly-
topes. These notions as well as the auxiliary Lemma 3.4 will be used later to prove
results for maximal polytopes.

For a fixed k € {0,...,d — 1} and a fixed time ¢ > 0, let us consider the marked
point process ®; of circumcenters of maximal k-polytopes of the STIT tessellation
Y;, which we mark with the maximal (d — 1)-polytopes and their birth times and
with the ‘internal structure’ of the maximal k-polytopes induced by M;.

For a polytope g denote by ¢(q) its circumcenter and define the mapping

me — {(c(P),p — ¢(P),s,m: 11 P): (p,s, k) € m‘tj_k}. (3.5)
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By Ps, we denote the image measure of Py;, under this mapping. Next, we define

o) = / ST 1o € BYVi(q) Pa, (o) (3.6)

(z,9;8,T)Ept

for B € B(R?) with 0 < £4(B) < 0o, t > 0, k € {0,...,d — 1}, and V; is the jth
intrinsic volume, j € {0,...,k}. (Notice that the value in (3.6) does not depend on
the choice of B, see e.g. Schneider and Weil, 2008, Theorem 4.1.3).

In particular, g,(fz is the intensity of the point process of circumcenters of maximal
k-polytopes and in general, Q,(fz is the mean cumulative (or total) jth intrinsic
volume of all maximal k-polytopes per unit volume.

Campbell’s Theorem, see Schneider and Weil (2008, Theorem 3.5.3), implies that
the probability measure Pg, can be disintegrated, that is, there exists a probability

measure Q(ﬁ Br)t such that the Palm formula

/ Z g9(x,q,8,T) Py, (de:)

B (3.7)
= 0)// z,¢,8,7) Q5 g.,),.(d(g;s,T))la(dz)

holds for all non-negative measurable functions g : R%x &2, x (0, 1)4~* x B(R?) — R.
A random k-dimensional polytope of & (endowed with the tuple of its birth times
and the internal structure on it) with distribution Q(ﬁﬁﬁ) is called a typical
maximal k-polytope of the tessellation Y;.

In what follows, we also consider typical weighted maximal k- polytopes of Y,
with the intrinsic volumes V}, 0 < j < k, as weights. Their distribution Q G )

is defined by the weighted Palm formula

[V s an| / S Vi@)e(w. 4,5 T) P, (dgy)

(@98 T)€pt (3.8)
(0) (7)
o Qk t // T, 458, T Q(p B,7), t( (qa SaT))gd(dx) )

,t

,T),t

where Qp , is the marginal distribution of Qi g ., for P. Note that Q(P Byt =

Qe p.r).0
Combining (3.6) and (3.8) immediately leads to the identity

o) = o) [ Vi) Qp, (o). 3.9)

Moreover, using the scaling property (2.4) of STIT tessellations and the homo-
geneity of the intrinsic volumes, one easily checks that for ¢t > 0, k € {0,...,d — 1}
and j € {0,...,k},

ggz tdijgg)l. (3.10)

Since Pg, is the image measure of Py, under the mapping (3.5), the left-hand
side of (3.8) can be transformed accordingly. This yields the following lemma.
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Lemma 3.4. Ford > 2, k € {0,...,d — 1}, g : P, x (0,£)77F x B(R?) = R
non-negative and measurable, and t > 0,

o) [otas IO, | (@asT)
=[ X Vi®)e®) € 0.1} 9~ c()os. (me 1P) ~ c(P)) Pa, ().

(p,s k)Em;i k
(3.11)
Proposition 3.2 or Corollary 3.3 together with an integration with respect to the
time coordinates si,...,Sq_k—1 imply that ‘Ql(c)): can be represented as
Ql(jz 2d-k= 1 l{czﬂh € B}V;(zNh)
Z2€Ysy_
Sg_z_l (3.12)
®(d—k) -
Pygdik (dysdfk)A (dh)l{O < Sg—k < t} (d—k— 1)!d3d—k .

It will be useful to have a more concise representation for Q,(gj )1, which in view of

(3.10) is no restriction of generality.

Proposition 3.5. For all B € B(RY) with 0 < £4(B) < 00, k€ {0,...,d—1} and
j €{0,...,k} one has that

B ookt 1 1
=2 TR = )) B
// Z 1{c(z Nh) € B}V;(z N h) A®U@=F) (dh)Py, (dy;) -

3.4. Markov properties of typical mazximal polytopes and their birth time distribu-
tions. We are now going to apply Proposition 3.2 to prove the Markov properties
for the joint birth time distribution of the typlcal maximal k-polytope. We start
by determining the marginal distribution Qg% ) , that is, the birth time distribution
of the typical V;-weighted maximal k- polytope of Y;. Our next proposition largely
extends and uniﬁes earlier results for the special case k = d —1 and j = 0 in
Schreiber and Thile (2013a) and d = 3, k =1 and j € {0,1} in Thile et al. (2012).

Theorem 3.6. Letd > 2, k € {0,...,d —1}, j € {0,...,k} and t > 0. The

distribution Q(] of the birth times 3 = (B1,...,Ba—k) of the typical V;-weighted
mazimal k polytope has the density

k—j

(515- -0 8a) 1= (d = J)(d — kb = 1)1 242

Sy Sd_ b=

with respect to the Lebesque measure on R4™F.

L < Sk < t}

After this preparation, the following results can be shown by direct computations.
Corollary 3.7. Letd >2, k€ {0,...,d—1} and j € {0,...,k}.
(a) The marginal distribution Q(ﬁj;i),mt of the last birth time of the typical V-

weighted maximal k-polytope has the density
d—j—l

Sq— k'—)(d j) 1{0<Sd k<t}
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with respect to the Lebesgue measure on R. ‘
(b) For all sq—i < t, the conditional distribution @E‘;})l7~~-7Bd—k—1)7t|ﬁd—kzsd—k
of the birth times (B1,...,Ba—k—1) of the typical Vj-weighted mazimal k-

polytope, given Bq_y = Sq— has the density
—(d—k—
(51, s Sap-1) = (d—k— 1) s, CF V{0 <5y < ... < 54}

with respect to the Lebesgue measure on R =1 In particular, this condi-
tional distribution does not depend on j, and it is the uniform distribution
on the (d — k — 1)-simplex {(s1,...,84—k—1) € RTF1:0< s < ... <
Sq—k—1 < Sd—k}

Furthermore, the marginal distribution Q(ﬁ Ba_p),t B well as the conditional
distribution Qﬁﬂ By n=s,_, Can be calculated.

Corollary 3.8. Letd > 2, k€ {0,...,d—1}, j € {0,...,k}, g: P, x (0,t) > R
be non-negative and measurable and t > 0. Then,

/ 9(a,50-1) QR 5, (g, 5-1))

_ gd—k-1 [ (J):| -1 pd—j

Okt
/// S Vienh) - 1{e(z0h) € [0,1)%) - g((2 NB) — e(z N B), 54_)
o s(;(’z 7) )
A ( )(dh) sd k(dysd k)(d k— 1)(d— ) Q,@Jd,k,t(dsd—k)'

In particular, for almost all sq—i € (0,t) the conditional distribution Q
is given by

[itwad,, ., @
—(k—j

= otk [0 e ;d_’; /// S V(znh)

Z€Ysq_p

-1{c¢(znh) € [0,1]%} - §((zNh) — ¢(z N h)) A®<d*k>(dh)1@ysd7k (dys, )

Pt|Ba—k=54—k

for all non-negative and measurable §: P — R.

An application of the result obtained so far yields the following
conditional independence property, which can also be mterpreted as a Markov

property for STIT tessellation processes. To formulate it, let QP t1Ba s and
d—k—Sd—k

Q(ﬁ1 Bur1)t|fa_r—sq_, denote conditional distributions (as indicated by their

indexes), pertaining to QEQ ).t

Theorem 3.9. Letd >2, k€ {0,...,d—1},j€{0,...,k}, g: Ppx(0,t)F - R
be non-negative and measurable and t > 0. Then,

[oase@, ., .@en=[[ [oas
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(4) ()
QP tlBa—rk=5a—& (dq)Q(jﬁl;~<-7ﬂd—k—1)7t‘5d—k:5d—k (d<51’ T Sd*k*l))(@ﬁjd—k(dsd*k) ’

which is equivalent to the conditional independence of the typical V;-weighted maxi-
mal k-polytope P and (B, ..., Ba—r_1), given the last birth time Bq_x = Sq_r.

3.5. The number of internal vertices on maximal segments. Now we turn to an
application of the results, considering the maximal segments, i.e., the maximal 1-
polytopes of the STIT tessellation Y; with a driving measure A as in (2.1). These
segments may have internal vertices (that is, vertices that are located in the relative
interior of a segment), which arise already at the time of birth of the segment (when
d > 3) and thereafter subject to further subdivision of adjacent cells. In the planar
case, a maximal segment is always born without internal vertices. The following
theorem provides the distribution of the number of internal points of the typical
and the typical length weighted maximal segment, respectively. Formally, for ¢ > 0,

j=0,1andn =0,1,2,... we define for the typical V;-weighted maximal 1-polytope
. C )
with distribution Q(ﬁ,ﬁ,r),t

pro(n) = [ AT =0} 0, | (dla.5.T)) (313)

where the variable T stands for the ’internal structure’ as defined in (3.4).

Theorem 3.10. Let d > 2. For all n € {0,1,2,...} the probabilities p1,0(n) and
p1,1(n), respectively, do neither depend on A nor on t, and they are given by

5262 (d—284-1—Sa—2— .. —51)"
P1, 0( = d d— 2 / / / d— 1 -1 42 11) d51 . de_l
d—84-1—84-2— - —81)7”r

and

P11()

52 g2 —284-1 — 84g—2 — ... — 81"
1)(d—1)! d1 dsy...dsq 1.
=(n+1) / / / d—S4-1— S4—2 — ... — §1)"T2 o St

The fact that py o(n) and p171(n) do not depend on the time ¢ is consistent with
the scaling property (2.4) of a STIT tessellation, because the number of internal
vertices on a maximal 1-polytope does not change when the tessellation is rescaled.
Theorem 3.10 can also be used to compute the moments of the respective distribu-
tions. The following identities are readily checked by using Theorem 3.10.

Corollary 3.11. Let d > 2 and Néj), 7 =0,1, be random variables with distribu-
tions given by p1;. Then

1d2—d42 400 ifd=2

0 1
EN::(l):iﬁ and  EN =S 2 9944
d—2

Note that EN2(O) = EN?SO), while EN;O) is strictly increasing for all d > 3. In
contrast, for the mean number of internal vertices on the typical length-weighted
maximal segment we have that IENél) =1, ENil) =6, EN5(1) = 6% and ]ENél) =7
and, considered as a function of d, EN. (El) is strictly increasing for d > 5.

In the planar case d = 2, as mentioned above, the probabilities py o(n) are known
from Mecke et al. (2011); Thile (2010), whereas for d = 3 the formula for p; o(n)

ifd>3.
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has been established in Thile et al. (2012) by different methods. Our approach in
the present paper is more general and allows to deduce the corresponding formula
also for the length-weighted maximal segment as well as to deal with arbitrary space
dimensions. As a concrete example, take d = 3 and consider the length-weighted
typical maximal segment. Here, we have

63
pra(0) = 5+18ln2— " In3~ 0.173506,

657
pra(l) = 28+90l2— ="In3~0.159712,  efc.

The mean number of internal vertices is 7 in this case. The values p11(n) may be
determined from the formula in Theorem 3.10 by straightforward integration.

4. Proofs

4.1. A global construction. The main technical device in the proof of Theorem 3.1 is
a global construction developed in Mecke et al. (2008a,b, 2011) for the STIT tessel-
lation process with driving measure A. Here we summarize the essential ingredients
that are needed for our later purposes.

We start with a Poisson point process IT on the measurable space [H x (0, 00),
B(H x (0,00))] with the intensity measure A ® ¢,. Now, we define the random
process (ﬁt)t>0 of marked Poisson hyperplane processes, putting

I, :={(h,s) eTl: s<t}, t>0. (4.1)

For (h,s) € II we interpret s as the birth time of the hyperplane h and write
B(h) = s.

Our assumption on the measure A ensures that for all ¢ > 0, the Poisson hyper-
plane process I, = {h € H : (h,s) € II;} a.s. (almost surely) induces a tessellation
of R%. We denote this Poisson hyperplane tessellation by X;, and by X = (X;);~0
the corresponding random process. For any ¢t > 0 there is an a.s. uniquely de-
termined random cell Z} of the Poisson hyperplane tessellation X; that contains
the origin. The random process on &, of these zero cells is denoted by (Z?)io.
Clearly, this process is a pure jump process. Let (nx)rez be the sequence of its
jump times with the convention that 7y < 1 < ny. In Mecke et al. (2008a, Lemma
4.1) it was shown that

Uz, =r*.

kEZ

At each jump time 75 a cell Zy is chopped off from the current zero cell. The
basic idea is to start immediately within each of these new cells 7y a local STIT
tessellation process as described in Section 2.4 (with the window W replaced by
Zk). This can formally be described as follows.

Let ¥* be a Poisson point process on the measurable space

[R% x (—00,0) x N(H x (0,00)), B(R? x (—00,0) x N(H x (0,00)))]

with intensity measure £4 x £_ X Pr;, where Py is the distribution of the process II
defined above. Further, define ¥ := X* + §(9,0,11), where we suppose that the point
processes X* and II are independent. We interpret the points of ¥ as a collection
of random points in R? that are marked with priorities in (—oco,0) and a birth time
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marked hyperplane process from A (H x (0, 00)), the space of locally finite counting
measures on H x (0, 00).

The points from R x (—oo, 0] are designed to select a hyperplane process which
is then used for the division of an extant cell. Namely, given a cell z € Z; we
choose the point (X (z), R(z), ¥(z)) € ¥ such that X(z) € z and R(z) = max{r €
(—00,0] : (z,7,v¢) € B,z € z}.

In other words, X (z) is the a.s. uniquely determined point in z with the highest
priority. Note that after the first division of z this point remains a.s. the same
for one of the two daughter cells, while for the other daughter cell a new point is
selected. It is clear that if z is the zero cell we always have that (X (z), R(z), ¥(z)) =
(0,0,II). Now, if a cell z is born at time $(z) by division of its mother cell or
by separating from the current zero cell, and if (X(z), R(z),¥(2)) is chosen as
described, then the marked hyperplane (h,s) € ¥(z) is used to divide z further if
and only if h € [2] and s = min{s’ > 8(z) : (R',s') € ¥(z), b’ € [z]}. This further
division then leads to the birth time marked maximal (d — 1)-polytope (z N A, s),
ie. B(zNh) =s, and the two new daughter cells have the birth time s as well.

The construction we have described defines a random process on the space T
of tessellations. In fact, it has been shown in Mecke et al. (2008a,b, 2011) that,
restricted to a polytope W, this process coincides with the local STIT tessellation
process in W driven by the hyperplane measure A. As explained in Subsection 2.5,
the distribution of this process must then coincide with that one of the global
STIT tessellation process Y = (Y;);>0 defined by means of consistency and the
Kolmogorov extension theorem. The construction here is an explicit global con-
struction based on the Poisson point process 3, and it is the key device in the proof
of Theorem 3.1.

4.2. Proof of Theorem 3.1. We are now going to give a proof of Theorem 3.1, which
makes use of the global construction outlined in the previous section. We use the
same notation as there. Moreover, for a realization o of the Poisson point process
%, let m(o) be the uniquely determined realization of the point process of birth time
marked maximal (d — 1)-polytopes. Correspondingly, y(o) denotes the realization
of the STIT process determined by o, and y(o)s its state at time s. By z € y(o)
we mean any cell which is extant in some time interval (i.e. between its birth and
its division) in the realization y(o).

Further, for given (x,r, ) € o and (h, s) € 1, there can be either no or exactly
one cell z € y(o) such that z is divided by h at time s. For better readability we
introduce the following abbreviations for a cell z € y(o) and for a given hyperplane
h and a time s: B

L(z,0®, (2,0, ()

=1{(z,m, ) € 0"} 1{(h,s) e v} 1{x € 2,0 & 2}
-1{r = max{r’ € (—o0,0) : (2',7",¢') € 0¥, 2" € 2}}
-1{h € [z]} 1{s = min{s’ > B(z) : (W',s") €y, ' € [z]}},

1(z,0,m, (h,s))
:=1{(h,s) e 7} 1{0 € 2} 1{h € [2]} 1{s = min{s’ > B(z) : (W,s') e 7}}.
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The two notations distinguish whether z is a zero-cell or not. The terms are 1 if z
is divided by h at time s, and 0 otherwise.

At first, because m(co) and y(o) are uniquely determined by o, the transformation
formula for image measures implies that

A= Z g(m/\Z(p75)72(]9a3)7P7S)PM(dm)
(p,s)eEM
— [ 9mlo) n 20,9, 2(0.5)..5) P(do).
(p,s)em(o)

A maximal polytope of dimension d — 1 appears once a cell gets divided. Using
the rules from the global construction of the STIT tessellation, the definition of the
process ¥ as a sum of ¥* and §(g,0,1i1) and the abbreviations given above this leads
to

A=l ¥ S 1o @) (he)

z€y(o*+d¢0,0,m)) \(@:m¥)€o* (h,s)€EY

+ Z (2,0,7, (h,s)) | g(m(c™ +8(0,0,m)) A 2, 2,2 N Ay s)Pr(dm)Pg- (do™) .
(h,s)em

Applying the Mecke formula (3.2) to the Poisson point processes ¥* yields

///// Y. UE0" + Sy, (@7, 9), (hy5))

z€y(o* +6(a: ) +000,0,m)) \(h,s)€EY

+ Z Z O T, h S)) g(m(a* + 5(1,T,1Z1) + 5(0,0,7\')) A 2y Ry % N ha 3)
(h,s)em

Pr(dy)lg(dx)l— (dr)Pr(dn)Ps« (do™) .

Next, we apply the Mecke formula (3.2) again, this time with respect to ¢ and to
7, i.e. to the Poisson point process II, which has intensity measure A ® /.. This
leads to the equation

A= / / / / / (A + As] Pr(d)la(dz)l_ (dr)Pu(dm)Pse(do®)  (4.2)

with the terms A; and As given by
Al;:// 3 1(2,0" + S mpson s (076 + Ony)s ()
Z€Q(U*+5(zm«p+6(h’s))+5(0,0,7r))

) g(m(o'* + 0w, raptSeney) T 8(0,0,m)) N 2,2,20h, 5) A(dh)ds

A2 - // (27077T+5(h,s)7(ha S))

cy(o*+5(z,r, w)+5(o 0,7 45(,,4)))
. g(m(a + O(a,rp) + 5(0,0’ﬂ+5(hys))) Az, z,zNh, s) A(dh)ds.

Now, notice that the (x, r)-value of (z, 7,1+ s)) is the same as that of (z,r,1)).
Furthermore, z € y(o* + 5(m7r7¢+5(h,5)) + d(0,0,m) and the value of the indicator

and
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1(z,0" + O, +6(n. ) (z,7,% 4+ d(n,s)), (h,s)) in Ay is 1, if and only if z € y(o* +
O(a,rp) T 0(0,0,7))s and z is divided by h at time s.

If s >0, 2 € y(o)s and h € [2], then let y(o, @s . n) denote the realization of the
STIT tessellation process which until time s coincides with y(o), at time s the cell
z is divided by h, and after time s the global construction is continued based on
o. Note that the division of z by h has an impact on the construction after time s.
With this notation, it follows that

A, :// ) 1{h € [2]}

2€Y(0*+8(a,r, ) +0(0,0,7)) s
- g(m((y(o* + @) + 0(0,0,m)> Ds,2.0))) A 2, 2,20 hy s) A(dh)ds
and
A2=// > 1{h € [2]}
2€Y(0* +8(ar ) +0(0,0,m))s
cg(m((yY(o™ + Sz rp) + 0(0,0,m)s Ds,2,0))) A 2,2, 2V hy s) A(dh)ds .

Plugging this into (4.2) and applying then the Mecke formula (3.2) (reading it from
right to left) to the Poisson point processes ¥* (not to II), we conclude that

A//[// 3 S i{hel)

z€y(o*+38¢0,0,7)) s (z,r,yp)Ec*
~g(m((y(o* + 60,0,x), Ds,2,1))) A 2, 2,2 N h, s) A(dh)ds | P (dm)Ps- (do™).

Now we use once more the transformation theorem for image measures and the
fact that m and y are uniquely determined by 7 and o*. Moreover, notice that the
cell z is divided for the first time at s using the hyperplane h into two daughter
cells and that within these two daughter cells two independent STIT tessellation
processes are realized. This yields

A://///Z g((z R U A ) U A (20 B)), 22 0 hys)

- 1{h € [2]} A(dR)Pa (dm )Py (dm PPy, (dy,)ds .

Together with the definition (2.2) of the probability measure A, this finally leads
to the identity

A://Z/[//g((zﬂh)u(mg)s)/\(zﬂh"'))u(mg)s)/\(zﬁh_)),z,zﬂms)

2€Ys

P (dmM) Py (dm@) [ A, (dh)A([2]) Py, (dys) ds

and the proof of the theorem is complete. ([

4.3. Proof of Proposition 3.2. The purpose of the present subsection is to prove
Proposition 3.2. This is prepared by the following technical lemma. Let Fy_1(2)
denote the set of all facets (that is, faces of dimension d — 1) of a polytope z € 2.
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Lemma 4.1. For all non-negative measurable functions g : Py_1 — R and 0 <
$1 < 8o, we have that

/Z // 3 G(z1 Ny N 20)1{(22 N hy) € Fui(22)}

21€Ys, 22€Ysy—sy AN(21NAT)

{ht € [z1]} Py,, . (dys,—s,)A(dR1)Py, (dys,)
= [ X [anmti e APy, (@)

2E€Ysq

Proof: Assume that hiN 2?17'é 0 and 29 € ys,—s, A(21 ﬂhi’) Then zoNhy € Fy—1(22)
if and only if 25 C 21 and there is a cell z € yg,—s, A 21 such that zo = 2N hf and
29 Mhy = 2N hy # (). Hence, using Fubini’s theorem,

/Z // > G(z1 Ny N 22)1{(22 N hy) € Fu_1(22)}

Z1€Ysq ZQGySZ,Sl/\(Zlﬁhf)

{h € [1]} Py, . (dys,—s, )A(dR1)Py, (dys,)
/// 2 > aEnh)Hh € [}A(dh)
Py, ., (dYs,—s, )Py, (dys,)

= [ ¥ [atnmnn e aamey, @),

ZE€Ysq

where the last equality follows from (2.5). O

Now we prove Proposition 3.2. If (p,s) = (ﬂf;lk i, s) is a marked maximal k-

polytope generated by a (d — k)-tuple ((p1, 1), ... (Pa—r Sa—r)) = (P, s, k) € mi~*,

then we can represent it in the following way which will be used in the formulas
below. The (d—1)-polytope p; is located on a hyperplane hq with birth time s, and
at that time it divides a cell z1, i.e., p; = z1 N hy. For a STIT tessellation process,
on both cells (indicated by + and —) adjacent to p; appear independent traces
until time s and these two traces will be treated separately. Let us consider the
case that the remaining maximal polytopes ((p2,$2),...(Pd—k,Sd—k)) are located
in the cell z; Np. This cell is subdivided in the time interval (sq, s2) by {(p,s) €
me A (21 ﬂpf) 181 < 8 < s2}. Then, at time sq, one of the cells, zo C 2z ﬂpiIr is
divided by (p2, s2), and dim(p; Npa) = d — 2. In particular, this means that one of
the (d — 1)-dimensional faces of z5 is a subset of p;, and this face is divided by pa.
The maximal (d — 1)-polytope ps is located on a hyperplane he with birth time so.

This can now be continued inductively. The combination of the possible choices
in each step of the adjacent cells, indicated by + and —, leads to a factor 2¢=*~1. The
(d — k)-tuple (p,s, k) € mf‘k will be processed step by step, and after separating
(p1,s1) the remaining (d — k — 1)-tuple is denoted (p!,s!), and so on. Further,
assume p; C h; € H, i.e., the hyperplane h; supports p;.

For 0 < s <t and m a realization of M denote m(ys, = {(p,s' +5): (p,s') €
M,0 < s’ < t— s}, that is, the set of all birth time marked maximal (d — 1)-
polytopes, with a birth time shifted by s, and such that the shifted birth time is

between s and t. Furthermore, we denote p’ := ﬂ?;jk+1pi, forj=1,...d—k—2.



Mecke-type formula for STIT tessellations 709

Now,

A = Z g (ﬁa S, My M ﬁ) ]P)Mt (dmt)

d—k
(p,s,k)emy

- / Z Z g (ﬁ7 S, my M ﬁ) IP)]\/[t (dmt>
(p1,81)€M:  (P1,st)
Next, we apply Theorem 3.1, exchange the order of integration and partition the
sum into two parts. This yields

A:///// Z l Z 1{dim(z; Nh; NP*) = k}
1€ Lptsh)e(m TN T AGInAT)
g (zl NhNB' s, [(me,, oy Uml )\ {p2, .. pa-k-1}] Nz NN ﬁl)
+ Z 1{dim(z; Nhy NP*) = k}
(ptsH)e(m N TV AznRT))

g (zl NhiNPL,s, [(m(jrsht) U m(isht)) \{p2y.. s Pa—k-1}]N2z1Nh N §1> ]

Pas(dm™)Par(dm™*)1{hy € [z1]}A(dh1)1{0 < 51 < t} Py, (dys,)ds; .
In the first item in squared brackets, i.e., the case (pt,s!) € (m(i’(;;];*l) A(z1 N
h{)), decompose (p',s!) into (pz,s2) and the remaining (d — k — 2)-tuple (p?,s2).
Applying Theorem 3.1 once again, but this time to

> {.. }Pp(dm™)
(p2.s2)€(m{,, , A(zinh))
and noting that zo C 21, yields

// > 1{dim(p" Nz Nhy) = k}

(ptsh)e(mE (T T AGnRT))
9(21 mhl ﬂ§17sa
(M0 UMy ) V21 N b2, a1}l N2 NN DY)

[ X 3

22€Ysy—sq A(z1NhT) |~ (p2,s2)€(m::'s’2(i;k_2)/\(zzﬁh;))
1{dim(ﬁ2 NzaNhiN hg) = k‘}
'9(22 NhiNhy NP s,

(Mg, 0 UM, o Umits, )\ D3, Pak1 Y N 22 N ha Mo 1) 52)
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+ > 1{dim(p? N 22 N hy N hy) = k}

—(d—k—2 —
(P2.s2)e(m {1 TP A(z2nhy)

-g(szhl Nhe NP2, s,

(M) Y m?_-::s‘z,t) U mz:sz,t)) \{pss- - Pa—k—1} N 22 Mh1 Nha N Pz)]

Par(dm™)Par(dm™* T )Pas(dm™ )Py, (dys,—s,)
1{h2 € [ZQ]}A(th)].{O <851 <$s9 < t}ng .

Now, we apply this argument repeatedly to all summands and decompose (p, s)
step by step. Note that z;_, C ... C 2z, and also that the intersections like
[(m(_+317t) Um?j;z’t) U mz:__s%t)) \{p3, .-+, Pa_r_1}]N2z2aNhiNhyNP? do not depend
on the combinations of signs (which determine a part of the space) in the upper
index. Hence, Lemma 4.1 yields that A is equal to

I EY >

(a1, ,aa—k— 1)€{+ 2d—k€Ysy_y

d—k—1
g (de ﬂH7S, ( U m () Fsint) Um(Hd ) Um(+5d_k,t)> N 2q—k ﬂh)

. 1{Zd—k Nh #* @} A(dhd,k) . A(dhz)A(dhl)
Py (dm )Py (dm ™ )Pag (dm 45D L Py (dm )Py, (dys,_,)
'1{0< S1 < ...< 84—k <t}d81...d8d_k.

Now substitute mE _Z " by the corresponding STIT tessellations yt( )s =y(m &297 t)).
Furthermore, due to ‘the spatial consistency of STIT tessellations the values of the
summands do not depend on (ay,...,aq_r_1) € {+, —}¢"*~1. Noting finally, that

the first sum is running over 29~ %=1 terms leads to the identity

. g®is,mi N B)Pay, (dmy)

(p,s,k Emf k

= 2d=k= 1/ / <zﬂhszﬂhﬂ Ud - 13yt §1U6yj_8de6yt__Sdk}>

2€Ysy_ 4.

PO (d(y W, .y TED gt yT) {2 N R # 0} A®4P) (dh)

Py (dysd,k)'1{0<sl<~~~<3d—k<t}d51~~-d5d—k7

Sd—k

which completes the proof. ([l

4.4. Proof of Proposition 3.5. Using the scaling property (2.4), changing the order
of integration and substituting ys, , we obtain from (3.12) that

() — 2d—k 1

05y = 1{c(2 Nnh) € B}V;(zNh)

Z€Ysq_i

I[D &=~
Y (d—k—1)!

Sd—k

(dys, , JA®@ P (dh) 1{0 < sq4_1 < 1} dsq_p
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1{c(2nh) € B}V;(zNh)

d—k—1
(dyl)A®(d k)(dh> 1{0 < Sk < 1} ﬁdsd,k
= h) € B}V;(;;52Nh)
ZEY1
Sd k—1
IP)Yl (dyl) A®(d k) (dh) 1{0 < Sqg—k < ].} ﬁdsd,k.

We consider the two inner integrals separately. Let v, denote the mean number of
cell centroids per unit volume and let Q; denote the distribution of the typical cell
of Y7. Then an application of Campbell’s theorem, multiplication with s4_x, and
the homogeneity of the jth intrinsic volume V; yield

fd(lB //Z

zZE€Y1

éd(lB 'yl///l{c 2+ x)Nsqg_rh) € sq_ kB}sd %
Vi((z 4+ x) N s4_1h) £4(dz)Qy (dz)A®@=F) (dh) .

h) € B}Vj(5=2 Nh) Py, (dy:)A®*F) (dh)

In a next step, we use that sq_zh = h+ (sq_p — 1)zt = hy + sq_p2", which is a
— — 7J_ —
translation of h, where z+ = hnh, , hy the k-dimensional linear subspace parallel

to h and Hé_ its orthogonal complement. The image of the measure 1{dim(h) =
k} - A®@=F)(dh) (the product measure, endowed with the indicator density) under
the mapping h — h is invariant under translations. Then, according to Schneider
and Weil (2008, Theorem 4.4.1), we obtain that

. ﬁ%///l{c((z +2)NB) € 841 B) 570, Vi((= + ) N B)
Ca(dz)Qy (dz)s, G AZER) (dh)
[ ] [eranme sd_kB}s;ikvj«zw)m B)
Ca(dz)Qy (dz)s, G APR) (dh)
///1{0((,2 +2)NER) € sa_xB} V(2 +2) N B)
£4(dz)Qy (dz) A=) (dh)
= s’;: // > 1{c(znh) € B}V;(z N h)Py, (dy1)A®@=F)(dh) ,

ZEY1

1
_ Ja
o Sd_kfd(sd,kB) m

sh—d _ Y1
d—k Ed(sd,kB)

where the last equation follows from Campbell’s theorem and by replacing s4_x B
by B
Pluggmg this expression for I into the equation for Q(J ) above yields
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() — 2d—k 1

05y = “J1{c(2nh) € B}V;(zNh)
zZEY1
d—k—1
Py, (dy1)A®@®) (dh) 1{0 < s4_1 < 1} %dsd k

_ gd—k—1 1 1
(d—k—1)!(d—j) la(B)

// Z 1{c(z N'h) € B}V;(z N h)Py, (dy;)A®@=F)(dh),

zZ€Y1

where the last equation results by integration with respect to sq—g. O

4.5. Proof of Theorem 53.6. For any non-negative measurable function
g:(0,t)97% — R, Corollary 3.3 and an application of Lemma 3.4 yield

[oe1eias) = [ o108, , (da.s1)
—gd—k-1 gfjg / / Z 1{c(znh) € [0,1]%} - V;(z nh) - g(s) A®@=F)(dh)

Z2€Ysy_ 1

. 1{0 <851 << 8k < t} dsy...dsg_p_1 Pde k(dysd—k)dsdfk'

Using (2.4) and substituting ys,_, b,
in the proof of Proposition 3.5)

[ o108 as) =2 2] V/Zl{czmh 0,1]%) - Vy(= B) - g(s)

A®U=R) (dh)Py, (dy1) 1{0 < 51 < ... < Sa—k < t}dsy...dsg_p_1dsq_p

=2d—k‘1 ekt //Zl{cmh) [0,1]%} - V(2 M) A®E=R) (dh)Py, (dy: )

ZE€Y1

(similarly to the calculations

-/.../g(s)uss:i 1{0< 51 <. < Sqop < t}dsy...dsg_p—1dsg—r -

We can now use Proposition 3.5 together with the scaling relation (3.10) to evaluate

g,(j 2 This yields the desired result immediately. O

4.6. Proof of Corollary 5.8. Applying Lemma 3.4, Corollary 3.3 and Corollary 3.7
(a) yields

[ o500, @)
1
_gd—k—1 [@;(fﬂ

/// > Vi(znh)-1{c(znh) € [0,1]} - g((zNh) = e(z Nh), sa—)

Z€Ysq_p
d—k
Sd—k

d—Fk—1)!

-1

ARR) (dh)P Yoy (dys,_,.) 1{0 < sqg—g < t}dsg—k
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/// S Vi(enB) - 1e(znh) € [0,114) - g((z N B) — e(z N B), 50_1)
2€Ysy_y,
(d—k) 5;(12_” d—
® - J
A (dh) Yoy i (dysd k) (d k— 1) (d ]) t Qﬁd ks t(dsd k)
and the result follows. O

4.7. Proof of Theorem 3.9. It is sufficient to consider functions g of the form

9(,8) = 91(q) - g2(51, -+ -, Sa—k—1) - 93(8d—k) ,

where g1 : &, — R, g2 : (0,6)F*"1 — R, g3 : (0,t) = R are non-negative
measurable functions. The proposition for general g follows then by a standard
measure-theoretic procedure. As in the proof of Theorem 3.6, we have

/g(q,S)QEJP) brofuiy 1 A(@:8)
][ X @ e D E) 9 - elB).s) Fardm)

d—k
(p;s,k)emy

// S i (=N B) = ez NhY) 1e(zNB) € 0,11} V; (2 ")

Z€Ysq_y
ACER(dn)Py,  (dys,_,)
“g2(s1y- ey Sd—k—1) {0 < 51 < ... < Sg—k}dsy...dsg_k—1

'93(3d7k) 1{0 < Sqg—k < t}de,k.

Now, we apply Corollary 3.7 and Corollary 3.8 and obtain that this is equal to

/// - k_ltd j—j)ss j ()Q(thd N C )

1 50—

92(81y -y Sd—k— 1)4(d7k717) d— Q(Igh B b 1)t Ban =51
yd—j
d(s1,.. ) Sd—k—1) 93(Sd—k) Wsd i =1 Q(gjd)_k(dsd—k)

(4) (4)
/// 7,8 Qthd E=Sd_ k(dq)(@(ﬂla“-de—k’—l)vt‘Bdfk:Sd—k

d(s15+ s Sd—k— 1)Q5d (dsd—r),

which completes the proof. O

4.8. Proof of Theorem 5.10. For fixed h = (hy, ...,hq_1) € H?™! with the hy-
perplanes in general position define the line h = ﬂ?;ll h;. Because the intersec-
tion of a STIT with a line is a Poisson point process (see Nagel and Weifs, 2003),
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hn U;i;f 8yt(i_)si Uy, U 8y;_5d71} is a realization of a superposition of d in-

dependent Poisson point processes on the line h, with a law invariant under trans-
lations on this line. Due to the stationarity of STIT tessellations, the intensity of
this point process depends only on the direction of this line, which we denote by
u € 8?71, and, up to a factor b(u) > 0, it is given by the sum

d—2 d—2
a(s) = Z(t - Sz) + 2(t - Sdfl) =d-t— 28d,1 — ZSZ' .
i=1 1=1

Thus for any cell z the number of points of
d—2

zNnhn [U 3yt(i_)si Uy,  Uoy,_,,
i=1

follows a Poisson distribution with parameter Vi (zNh)-b(u) - a(s). Now, we apply
this fact together with Lemma 3.4 and Proposition 3.2 to conclude that for j = 0,1

[r#r=mal, | @e.s1)

= 8] [ X Vi) 1e®) € (0.1 (e B) = 0P, (dmi)

(p.s,1)emy™}
_ 2d72 Q1t / / Z Vi(2nh) 1{c(zNh) € [0,1]%}
2€Ysy_q

d—2
1 {# <z NhnN [U 8yt(i_)si U 3yt+_sd71 U 8y;_SMD = n}
i=1

PR (d(y™, .y Py Ty ) Py, (dys, )
{0 <81 < ... <81 <t}dsy...dsqg_q A®(‘7l_1)(dh)7

and hence

[T =nia, ) (@ 1)

242 [o0)]” / /Z Vi(zNH) He(zNE) € [0, 14}

zEysd 1

iz nhjb(w)a(s)]”

n!

—Vl(zﬂh)b(u)a(s)P (dy . 1) (4 3)
Yeqa S :

{0 <51 <...<8g.1 <thds;...dsq_1 A®@"D(dh).

For the stationary STIT tessellation Y
sional tessellation Y/ =Y.

., we consider the induced one-dimen-

Sy ..., N'h as a marked point process (centers of the

segments, marked with the lengths of the segments). Its intensity, that is, the
mean number of segment centres per unit length on h is equal to b(u) sq_1.

Denote by Q; the distribution of the length of the typical segment, which is the

exponential distribution with parameter b(u)sq—1. Then the stationarity of the
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STIT tessellation and the refined Campbell theorem for marked point processes,
see Schneider and Weil (2008, Theorem 3.5.3), imply for the inner integral that

T ;:/ > Vi(znh)1{c(znh) € [0,1)4}

Zeysdfl
Vi(z Nh)b(w)a(s)]™ v oimbiuals
Wl 7)1!( )a)]" vy ey OBy, (dys, )
:/ Z V}(z/) 1{c(2') € [0, Hd}wefwzl)b(“)“@ ]P)Y*,d—l (dy;dil)
z/Eygd71

=b(u) s4_1V1([0,1]2 N h) /xj W@"M’(“)“(S) Qi(dx)

=b(u) sq_1V1([0,1]¢Nh) / x’ Me*mb(“)a(s)b(u) sq_ie bW sa-1T qg
0 .

Integration yields
(n+1a(s)"s3_;

Vi([0.1]*Nh) (@(s) & sq_1)""2

ifj=1,

a(s)nsfl—l
(a(s) + sg—1)"*!

b(w) V4 ([0, 1% N &) ifj=0.

Now we compute the inner integral on the right-hand side of (3.12) for the special
choices B = [0,1]¢ and k = 1 in the same way:

I = / S ViznB) 1{e(znh) € 0,11} Py, (dys, )
= [ X v e py, @, )

= b(w) sa_1Vi([0,1% N ) / o9 Qy(dx)
= b(u)sa-1V1(0,1]* Nh) /Ooo 27 b(w) sq_1e~PW) $417 dg

and thus we obtain

[ Vi([0,1] Nnh) ifj=1,
P b(w)Vi([0,1]4Nh) sq_y  ifj=0.

Combining these results leads to
2d_2td_1

Tt [T R -

-
s
|

01,
' d—2 ,d
Tt [H o At o,

Plugging the inner integral I and the expression for ggjz into (4.3), yields
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p1,0(n)
52 g2 d-t—2sq-1—S4-2—...—81)"
=d(d - 2)! -l dsy...dsq
// / td dt*Sd 1—8d-2—...—s1)"! o P
and
p1,1(n)
=(n+1)(d—1)! // /ézsd dt—25d 1—Sd—2—...—s1)"
td—1 t—Sd_l—Sd_z—...—Sl)”"‘Q
d . dsd,1 .
The substitution u; := ts;, i« € {1,...,d — 1} shows that these probabilities are
independent of the time parameter ¢. [
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