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Abstract. We establish a recurrence criterion for a model of inhomogeneous ran-
dom walk in Z%t! in environment stratified by parallel affine hyperplanes. The
asymptotics of the random walk is governed by some notion of directional flux
variance, describing the dispersive power of some associated average flow. Some
examples are presented, as well as a geometric interpretation of the criterion, in
relation with the level lines of some diffusion picture.

1. Introduction

An important problem in the study of the asymptotical behaviour of Markov
chains on a lattice concerns the recurrence/transience of random walks in an het-
erogeneous environment. We focus in this article on the case where the transition
laws depend on a single coordinate, extending some former work (Brémont, 2016).
Examples of planar random walks of this type, in environment with oriented hor-
izontal lines, were first proposed by Campanino and Petritis (2003) in 2003, as
simplified probabilistic versions of PDE transport models in stratified porous me-
dia by Matheron and De Marsily (1980).

Let us detail the model. We consider a Markov chain (S,)n>0 in Z% x Z, with
d > 1, starting at 0. We write S, = (S},592) € Z% x Z. Quantities relative
to the second coordinate are said “vertical”. The family of transitions laws is
assumed to be stratified with respect to the affine hyperplanes (Z¢ x {n}),ez,
without hypothesis on the relative dependence between distinct levels. For the
whole text, we fix Euclidean Norms and denote scalar product by a dot. Vectors
are written in columns and A? is the transpose of the matrix A.

For each vertical n € Z, assume to be given reals p,, q,, 7, with p, +q, +7r, =1
and a probability measure p,, with support in Z¢. We suppose satisfied the following
conditions:

Received by the editors March 15th, 2017; accepted August 6th, 2017.

2010 Mathematics Subject Classification. 60J10, 60K20.

Key words and phrases. Markov chain, recurrence criterion, continued fraction, anisotropic
pseudosphere.

751


http://alea.impa.br/english/index_v14.htm
https://doi.org/10.30757/ALEA.v14-36

752 J. Brémont

Hypotheses 1.1. For some § > 0 and alln € Z:

1) min{pp, gn, o} 26,
2) Yreza kI pn (k) <1/,
3) the eigenvalues of the real symmetric matriz Y, cya kk* pn (k) are > 6.

The last condition can be equivalently rewritten as:

S (k) (k) = 3%, t € RY.

kezd

In particular the subgroup of (Z¢, +) generated by supp(j,) is d-dimensional. The
transition laws are then defined, for all (m,n) € Z% x Z and k € Z4, by:

IED(m,n),(m,n+1) = Pn, IED(m,n),(m,nfl) = (Qn, IP)(m,n),(7n+k:,n) = rn/f"n(k)

(m+k,n)

The model of Campanino and Petritis (2003) corresponds to taking d = 1, with
Pn = qn =p € (0,1) and u,, = J.,, fixing some sequence (g, )nez of +1 modeling
the orientation of the horizontal lines. Campanino and Petritis show the recurrence
of the random walk when ¢, = (—1)" and its transience for €, = 1,50 — Lp<o
or when the (e,) are typical realizations of i.i.d. random variables with law (§; +
0_1)/2. Staying close to this setting, several variations, extensions and second
order questions were subsequently considered by different authors; see for example
Campanino and Petritis (2014) for a review. For the model introduced above in
the case d = 1, under the local vertical symmetries p, = ¢., n € Z, a complete
characterization of the qualitative asymptotics of the random walk was recently
given in Brémont (2016). A corollary of the study is that in this family of random
walks, simple planar random walk, hardly recurrent, is the most recurrent one. This
explains the prevalence of transience results in the litterature on the Campanino-
Petritis model. For example, a growth condition larger than logn on e +---+ ¢,
is sufficient to ensure transience.

Pushing to some natural limit the method used in Brémont (2016), we establish
in the present article a recurrence criterion for the model described above. This
furnishes a large class of recurrent random walks in Z? and Z?. The mechanism
governing the asymptotical behaviour of the random walk incidentally reveals some
familiarity with classical Electromagnetism, involving notions such as flux varia-
tions. The latter represent the dispersive properties of some horizontal average
flow associated with the random walk. Variations are measured in a probabilis-
tic way, via empirical variances. We finally present some examples and provide
a geometrical interpretation of the recurrence criterion, leading to considering the
volume of some kind of anisotropic pseudosphere when d = 2.

2. Statement of the result

Let us fix some notations for the sequel.
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Definition 2.1.
1) For n € Z, let my, = 3, cya kit (k) be the expectation of p,.

2) For n € Z, set:

!
/ Dn / Gn 4 _ qn 1
pziqzia:—:—andb:—=1+a.
" et a Y patan P, b " "
3) Set:
ai - Qn, n>1,
Pn = 1 n =4y,

(1ansr) -+ (La_1)(L/ag) <1,

4) For n > 0, let:

vy (n) = Z pr and v_(n) = ag Z Pk-

0<k<n —n—1<k<—1

We denote by 6 the “left shift” on indices. Given a function f =

F((pi Gis iy pi)iez), we write 0f for f((piv1,qit1,7iv1, fiv1)iez). In particular we
have the cocycle relation:

V(nv k) € Z2, Pn+k = pngnpk

For two functions f(z) and g(z), we shall write f =< g if there exists an absolute
constant C' > 0 to that for all z, (1/C)f(z) < g(z) < Cf(x).

We next define the reciprocal function of a non-negative non-decreasing function
defined on the set of integers N = {0,1,--- }.

Definition 2.2. Let f : N — R U {400} be non-decreasing. For x € Ry, let
f~1(x) =sup{n € N | f(n) < z}, with the convention that sup @ = 0 and supN =
+00.

The analysis developed below runs as follows. Due to the stratification of the en-
vironment, when restricting the random walk to its vertical movements, the vertical
coordinate is a Markov chain. This is a very special situation for a multidimensional
inhomogeneous Markov chain. The treatment of the recurrence/transience of the
vertical coordinate is standard and we rapidly focus on the case when the vertical
component is recurrent. In this case and when d = 1, the only possible direction
of escape is the horizontal one. We consider the sequence of return times on the
horizontal axis, which is an 4.7.d. random walk with heavy-tailed jump. Informally,
considering this sub-random walk appears to be equivalent to considering the prop-
erties of the flux of some horizontal flow. When d > 1, this flow lies in Z¢ and can
be desintegrated in directional fluxes.

Let us now introduce some definitions concerning the variations of directional
fluxes. These may be considered as directional macrodispersion coefficients. Re-
lated longitudinal macrodispersion coefficients already appear since a long time in
Physics, see for example in Matheron and De Marsily (1980), when d = 1.

Definition 2.3.

1) Let ST' = {x € R? | ||z|| = 1, 1 > 0} be a half unit Euclidean sphere of R
It is a compact space. We naturally write du for standard Lebesgue measure on
Sa-t.
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2) Define for n > 0 the structure function, depending only on the vertical:
1/2

Dyr(n)=1|n Z L

—o~ my<k<os () O F

3) For u € Sffl and m > 0, n > 0, introduce:

1/2

l
®y(—m,n) = Z PP p2 2 (Z S ) € [0, +o0].

—v=! (m)<k<I<vI'(n) B

For n > 0, set ®,(n) = ®,(—n,n) and @, (n) = /P2(—n,0) + ®2(0,n).

The essential aim of the article is to prove the following result.

Theorem 2.4. The random walk is recurrent if and only if:

-1 2
S [ GO
n>1 5171 (I)uv""(n)

The meaning of the criterion will be clarified in the last section. For each fixed
u € Sffl the general term appearing above is related to a diffusion property of the
level lines of the map (m,n) — ®,(—m,n), with m > 0, n > 0. When d = 2,
the global integral is essentially the volume in R?® of an object looking like some
two-sided top.

We shall deduce the following consequences, making the recurrence criterion
easier to use in many classical situations.

Proposition 2.5.
1) A sufficient condition for transience is:

Z/Sdl ddu<—|—oo

The latter is satisfied when Y. o (®sir(n))~¢ < +00. There is thus transience
when: B

i)d> 3.
i) d =2 and Oy, (n) > /n'(logn)/2te. This is true if pp = qn, n € Z.
iii) d =1 and ®g,.(n) > n(logn)t+e.

2) When m,, =0 for all n € Z, the random walk is transient if and only if:

D (@atr(n)) " < +o0.

n>1

3) (Antisymmetry). When (p—n,q—n,T—n,M—pn) = (Gn,DnsTn, —My,), for n >0 (in
particular mg = 0 and pg = qo ), the random walk is transient if and only if:

Z/d «(0,m)) 4 du < +00.
Sl
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Remark 2.6. The vertical coordinate (restricting to vertical movements) is the
Markov chain on Z with jump probabilities Py, 41 = p), and P, ,_1 = ¢,,. For
an observer at 0 of this one-dimensional random walk, the quantity p,, can be con-
sidered as the level of the sea at site n € Z. The global effort for going from 0 to n
is somehow measured by v (n). This is some kind of asymmetric distance between
0 and n. The point vj_l(n) is somehow the point at distance n from 0 for some new
metric. It is classical (we reprove it below) that this random walk is recurrent if
and only if vy (n) — 400 and v_(n) = 400, as n — +00, meaning that the effort
for going either North or South is infinite. This may also be seen classically by the
fact that this one-dimensional random walk is reversible; for example the quantity
v4(n) is the effective resistance from 0 to n. More important, 1/p,, is reminiscent
of some invariant measure. We shall interpret it as a conductivity, acting multi-
plicatively. When p,, is small then 1/p, is large. The quantity rsms.u/(psps) in
®,,(—m,n) then essentially corresponds to what flows in the horizontal direction u
at the vertical s € Z. The main contributions in ®,(—m,n) correspond to deep
valleys: k and [ with large pp and p; and some u € [k,[] with small p,.

Remark 2.7. We shall discuss in section 7 the case when ), (1/p,) < +o00. The
random walk is then pushed very strongly towards the horizontal subspace Z® and
the vertical component (restricted to vertical jumps) is positive recurrent. As we
shall see, when d = 1, the recurrence/transience is decided by the value of a single
number.

Remark 2.8. In the present setting, (v4(n))n>0 and (v—(n)),>o can be bounded.
In the first case, with our convention, this implies that v;l(n) = +oo for n large
enough. As for k = [, the term ppp;(1/p% +1/p?) has order at least one, ®,(n) and
®, 1+ (n) are equal to +oo for n large enough, uniformly in v € Siﬁl. The same is
true for ®..(n), since pp — 0, as k — +oo, in this case. We come back on this
later.

Remark 2.9. When m,, =0 for all n € Z, then ®,(n) and &, 4+(n) do not depend
on u € Si_l and essentially equal ®,.(n), which can be considered as a structure
function independent of what may flow horizontally. In the general case, both
@, (n) and @, 4 (n) are always larger than ®g.(n).

Remark 2.10. Using the classical formula for the variance of a random variable Z,
Var(Z) = E((Z — Z")?)/2, where Z' is independent of Z and with the same law,
we observe that:

2

! X
Z PkPl (Z rsms.u> = n?Var (Z Tsms'u> ,
(n)

0<k<i<vT!(n s—k DPsPs = DsPs

when (rgms.u/(psps))s is considered as a fized sequence and X is a random integer
in [O,v;l(n)], with density proportional to pg. The same is true for the second
part of ®2(n) in [~v='(n),v}'(n)], when using cocycles notations (that we haven’t
introduced).

Plan of the article. In section 3, we develop preliminaries about a special type
of complex continued fractions that will be central in this text. We next discuss
the asymptotics of the vertical component. In section 4, reducing the analysis
to the case when the vertical component is recurrent, we focus on the sequence



756 J. Brémont

of return times on Z?. This leads to considering some i.i.d. heavy-tailed random
walk. For such a random walk a recurrence is available, the strong Chung-Fuchs
recurrence criterion. This requires the estimation of the behaviour at the origin of
some characteristic function. A preliminary analysis is started at the end of section
4, where this characteristic function is naturally developed in continued fraction.
Detailed computations are completed in section 5. In section 6, with all ingredients
in hand we make the proof of theorem 2.4 and proposition 2.5. In section 7, we
detail concrete examples, discuss some variations in the hypotheses and present a
geometrical interpretation of the recurrence criterion.

3. Preliminaries

3.1. Sleszynski-Pringsheim continued fractions. In the sequel, a general formal fi-
nite continued fraction is written as follows:

(crsdy): (cnda); -+ : (nrdn)] = =

c
dy + 2

dy + ———

Cn
We shall consider in this article SP-continued fractions (for Sleszynski-
Pringsheim, cf Beardon and Lorentzen, 2001). Finite SP-continued fractions cor-
respond to finitely many applications to some zy € C with |z| < 1 of maps of the
form z — ¢/(d+ z), with complex numbers ¢ # 0 and d so that |¢|+1 < |d|, hence
preserving the unit disk. Finite SP-continued are therefore well defined. Infinite

SP-continued fractions, written as:

C1
[(c1,dr); (e2,d2); -] = ———,
dy + 072
1 do + - --
also  converge. This is the Sleszynski-Pringsheim theorem  (see

Lorentzen and Waadeland, 1992), essentially reproved below.
Let us recall some classical facts from the theory of continued fractions. Formally,
for all n > 0, any finite continued fraction can be reduced as:

Ap

[(c1,d1); (ea,da); -+ 5 (Cnydn)] = B,

The (A,) and (B,,) satisfy the same recursive relation, with different initial data:

An == dnAnfl + CnAn,Q, n Z 1, with A*l = 1, AO = 0,

(3.1)
Bn = dan_l + Can_Q, n Z 1, with B_1 = 0, BO =1.
We shall require the following classical determinant. For n > 1:
Aan—l - An—an == (—1)n+101 o Cp. (32)

This is a consequence of the relation A,B,_1 — Ap,_1B, = (—¢u)(Ap—1Bn—2 —
Ap—2B,_1), for n > 1, and the initial data of (A4,) and (B,). This furnishes a
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representation as a series:

. . . 7 A, _ n Ay Ay _ n (71)k+101 ce L
(e e oo s enn] = = 32 (G = ) = 3 gt
(3.3)
A particular class of SP-continued fractions will appear frequently in the text.
We state a general lemma to which we shall often refer to.

Lemma 3.1. Assume that vy(n) — 400, as n — +oo.

(1) Let sequences of complex numbers (Vn)n>1 and (V) )n>1 be such that 0 <
[vnl < 1, |1 < 1. Then the following is a well-defined SP-continued
fraction:

[(a1,b1/71); (=az,b2/72); -+ 5 (—=@n—1,0n—1/Vn—1); (=an, bn /7 — )]

As n — +00, it converges to the infinite SP-continued fraction:

[(a1,01/71); (—az,ba/v2); -+ 5 (—@n, bn/Vn); -+ ).
Moreover, the latter is the limit of A, /B, as n — +00, where:
by,
Ap=—An1—anAn_2, n2>2, with Ay =1, Ag =0, A1 = ay,

n

bn ,
B,=—B,_1—apBn_2, n>2, with B_.y =0, By=1, By =b1/m.

Tn
(3.4)
(2) Let vy(—1) =0. Then the solutions (By,) of (3.4) check:

|Bn| = |Bn-1] > an(|Bn-1| = |Bn—2|), n > 1.

As a result:
|Bn| > vi(n), n > —1.

If the 0 < v, <1 are reals, then B, > B,_1 > --- > B_1 = 0. When
Yo =1, n > 1, then:

B, =v4(n), n>—-1and A, =vi(n)—1, n>0

(3) In (3.4), the map n— |By|/vy(n), n > 0, is non-decreasing. Also:

11_,_(71) 1
< , forn > 0.
2 \BkBk 1518 =B

Proof: As a preliminary remark, observe that the solutions (By) of the second
recursive relation in (3.4) check |By,| > by |Bp—1| — an|Bn—2|, n > 1. Hence:

‘Bn| - |Bn—1‘ 2 an(|Bn—1| - ‘Bn—Q‘)v n Z 1.

Tterating, we get |B,| — |Bn—1| > pn. Thus |B,| > vy (n), for all n > —1.

In point 1., the finite SP-continued fraction is well-defined because a, # 0,
|bk/vk| — ar > b —ax = 1 and |v],| < 1 for the last term. From the system (3.1),
the system (3.4) is verified. Then via (3.3), using that the k" determinant is py:

Pn

[(alab1/71)§(_a27b2/72)5'" ;(_an’bn/vn_ n ZBkBk . B B (3'5)
n—1Pn
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where B,, = (bn/vn — V})Br—-1 — anBp—2. We get:
|én| > (bn - 1)|Bn—1| - an|Bn—2| > an(|Bn—1| - |Bn—2|) > UpPp—1 = Pn-

In (3.5), observe first that the first term in the right-hand side is absolutely con-
vergent. Indeed, using that |By| > v (k):

_PE Pk L S
Z|BkBk71|S,§v+<k>v+<k—1> Z(w—l) v+<k>> .

k>1

As |B,_1| > vy (n—1) = 4o and | B| > p,, the second term in the right-hand side
in (3.5) converges to 0, so the right-hand side converges to >, -, px/(ByBr-1).
To complete point 2., suppose that the 0 < 7, <1 are real. We have:

(1 - ’Yn)bn

n

B, —B, 1= Bn-1+ an(anl - Bn72)7 n 2> 2.

The condition “B,, > B,,_1 > 0” is then transmitted recursively. If =, = 1, then
B, — Bn—1 = an(Bn-1 — Bn—2), giving B, — B,—1 = p, and thus B, = vy(n),
n > 0. Similarly:

An - Anfl = an(Anfl - An72) = =ap - a2(A1 - AO) = Pn-
As Ay =0, we obtain A, =vy(n)—1,n>0.

Concerning point 3., we first show that n — |B,|/v4+(n), n > 0, is non-
decreasing. We will require it in the equivalent form |B,|/(|Bn+1| — |Bnl) <
ve(n)/(ve(n+1) —vy(n)). Write:

v (n)[Bna| — 04 (n 4 1)[Bn| 2 04 (1) (bnt1|Bn| = ang1|Ba-1]) — vi(n + 1) Byl
> ant1 (v (n = 1)|Bp| — vy (n)|Bp-1l)
2+ 2 pay1 (|Bolvg (=1) = v4.(0)| B-1]) = 0.

For the last inequalities, using the previous results, for n > 0:

> mai = o (m )
“ | B Bj—1| |Br—1|  |Bk|/ |Bx| — |Br-1]

k>n

Z ( 1 _ 1> 1
2P \[Beal ~ Bil) ax - ans2([Busi| — [Bal)

< Pn+1 1 1
T Bugal = Bl Bl Byl
| n+1 nl s k—1 k

vr(ntl)—vi(n) 1 wvi(n)
- |Bn+1| - |Bn| |Bn‘ - |Bn‘2

This completes the proof of the lemma. ([l

3.2. Behavior of the vertical component. Let us first focus on the vertical compo-
nent of the random walk. As already mentioned, when restricting the random walk
to the subsequence of its vertical movements, the vertical component is a Markov
Chain on Z with transition probabilities Py, ,—1 = ¢}, and Py, 11 = pl,, n € Z. The
question of its recurrence/transience is classical in the study of birth and death
processes.
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Lemma 3.2. Let the Markov chain on Z with transition probabilities Py, 5,41 = v,
and P n_1 = q),, n € Z. Then it is recurrent if and only if v4(n) — +o0o and
v_(n) = 400, as n — +oo.

Proof: Fix N > 1 and let f(k) = Py(exit [0, N] on the left side), 0 < k < N. By
the Markov property, k — f(k) is harmonic, so for 1 <k < N — 1:

f(k) =prf(k+1) + g f(k = 1).

Let g(k) = f(k) — f(k—1),1 < k < N. We obtain g(k) = (pr/qx)g(k + 1) and
therefore g(k) = pr_19(1), 1 <k < N. As a result:

N
~1=g(k) = ~Pi(exit [0, N] at N) Y pur.
— 1<k<N

Hence Py (reach 0) = 1 < limy, 4 o0 v+ (n) = +00. In the same way P_;(reach 0) =
1 < limy,— 400 v—(n) = +00. This furnishes the desired result. O

We shall use the previous criterion in a reformulation using trees. We say that a
random variable X has the geometrical law G(p), 0 < p < 1, if P(X = n) = p"(1—p),
n > 0.

Lemma 3.3. Let (Z]),>1 be the Galton-Watson tree with Z;" = 1 and such that
the law of the number of children at level n + 1 of an individual at level n > 1 is
G(p.,), independently. Then this tree is finite almost-surely if and only if vy (n) —
+o00, as n — 400.

Proof: Since {Z;} = 0} C {Z,},; = 0}, the almost-sure finiteness is equivalent to
P(Z}F =0) — 1, as n — +o0. Fix 0 < s < 1 and note that:

E(s%%) — s < P(ZF = 0) < E(s%").
Taking n > 2, the construction of the Galton-Watson tree implies that:

zZr Zr
(o) =12t )] <[ ).
1—spl_4 bp_1—5
Iterating the procedure, i.e. using a,—1/(bn—1 — s) in place of s, we obtain the
following SP-continued fraction:

E (SZJ) = [(a1,b1); (—a2,b2); -+ 5 (—an—2,bn—2); (—an-1,bn—1 — )] .

This corresponds to 7, = 1 and v/, = s in the first point of lemma 3.1. Lemma 3.1,
relation (3.5), and the computation of the partial quotients now furnish:

EG@):UAnfmfl N
vy(n—2) vp(n—1)Bp-1

with B, _1 = (bp_1 — 8)v4(n —2) — an_1v4 (n — 3). Observe that both:
Bn 1> pp_1and B,_1 > (1 —s)vy(n—2).

=E

- If vy (n) — +o0, then E(SZTT) — 1 uniformly in 0 < s < 1, so P(Z,;F =0) — 1.
-Ifvy(n) =notoo b € (0,+00), then first p, — 0. Also for fixed 0 < s < 1 we
have liminf, B,_; > (1 — s)b > 0, so that E(s%) tends to (b — 1)/b < 1, giving
lim,, P(ZF = 0) = (b—1)/b < 1. O
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Remark 3.4. Symmetrically for the Southern direction of the vertical component,
one introduces, with decreasing indices n < —1, the Galton-Watson tree (Z,, )n<—1
with Z~, = 1 such that, independently, the law of the number of children at level
n—1 of an individual at level n is G(¢/,). In the same way, the tree is almost-surely
finite if and only if limg_, 4 oo v— (k) = +00.

4. An i.i.d. random walk in Z<

4.1. Reduction of the problem. As a first step, we reduce the analysis to the case
when the vertical component is recurrent. Indeed, the transience of the vertical
component implies the transience of the random walk. From the previous sec-
tion the transience of the vertical component is equivalent to the finiteness of
limy, s 00 4 (n) or lim,, 1 oo v_(n). Suppose for example that v (n) is bounded in
400. With our convention, vjrl(n) = +oo for n large enough. Thus, for n large
enough, uniformly in u € 5171:

o0
2
®%(0,n) > pf (2> = fo0.
k=0 Pk
Hence, ®;1(n) and @;yﬂ_(n) are bounded, uniformly in u and n. As a result the
sum appearing in theorem 2.4 is less than ) -, n 14 x C < 400, as d > 1.

We now assume for the rest of the article that the vertical component is recur-
rent. Equivalently, lim,, v+ (n) = +oo. This allows to introduce the following
random times 0 =09 < 19 < 01 < 71 < ---, where, for k£ > 0:

e = min{n > oy | S2 # 0}, opy1 = min{n > 75, | S2 = 0}.

Define the Z%displacement:

D, =5, -5,

On—1"

The key point, consequence of the fact that the environment is invariant under
Z%-translations, is just that the (D, ),>1 are globally independent and identically
distributed. The following lemma is essentially taken from Campanino and Petritis
(2003).

Lemma 4.1. Let Ty = 0 and T, = D1+ ---+ D,, n > 1. The random walk

(Sn)n>0 is recurrent in Z if and only if (T,,)n>0 is recurrent in Z<.

Proof: If (T},)n>0 is recurrent in Z?, then (S,) is recurrent in Z*!, as S, =
(T,,0). When (T,,) is transient, the standard properties of the Green function and
the invariance of the environment under Z?translations give:

3C, Yz ez4, Y P(T,==) < C. (4.1)

n>1

Let ' ~ G(ro) and & ~ po, for k > 1, so that ((§x)k>1,1") are globally independent
and also independent from the sequence (7},). Remark that (S}) te[on,m) and (Ty +
Z1§mgl &m)o<i<r have the same law. Define the real random variable:

H= > |i&
1<k<T
Observe that S,, can be 0 only for n in some [0k, 7). Now:
P(3n € [ok, k), Sn=0) <P(H > ||Tk]]).
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This provides, making use of (4.1):

> PEn € [0k, 7),Sn =0) <> PH>Til) < > > P(Ty, = 2)P (H > ||z]))
E>1 k>1 €74 k>1
<C Y P(H>|z|) < C'E(HY),
T €LY
for another constant C’. We will show that the last term is finite. By the Borel-
Cantelli lemma, this will imply that (.S,) is transient. We have:

d
st) = o =g (37 1) | <00 S ntz( 3 tar)
n>0 1<k<n n>0 1<k<n
n,d d
< (1—=ro) Y rgn E(|&]?) < oo,
n>0

using hypothesis 1.1 on the moments of pg. This completes the proof of the lemma.

O

The previous lemma reduces the problem of the recurrence of (S,) to that of
(T},). We have gained one dimension and the fact that T,, = Dy + - -+ + D,,, where
(D) are i.i.d.. The counterpart is that the law of D; is complicated and heavy-
tailed. Set:

D = D; and xp(t) = E('*P), t € R4

The following theorem gives an analytical recurrence criterion for any 4.7.d. random
walk in Z<¢, without moment conditions. It is named the strong form of the Chung-
Fuchs recurrence criterion. For a proof, see Spitzer (1976). Recall that Si_l denotes
the half unit sphere. We write By(0,7) for the ball of center 0 and radius n > 0 in
R4

Theorem 4.2. Let (X,)n>1 be i.i.d Z%-valued random wvariables such that the
subgroup of (Z,+) generated by the support of the law of X1 is Z¢. Let S, =
X144+ Xn, n>1, and x(t) = E(e'**1), t € RY. Then the random walk (Sn)n>0
is transient if and only if for some n > 0:

/Bd(o,n) fie (1—1X($)> (b < oo (4.2)

We shall apply the previous result to (7). Notice that from our assumptions,
we only have that the subgroup Gp of (Z4,+) generated by the support of the
law of D is d-dimensional. The random walk (7},) lives in Gp. As Gp admits a
basis over Z, a reparametrization of Gp corresponds to making an injective linear
change of variables in the integral in (4.2), with x replaced by xp. The properties
of dominated variations shown in lemma 6.2 below imply that we can assume that
Gp = Z% from the beginning and this is what we do in the sequel.

The only singularity of 1/(1—xp) in R?/Z% is now 0. The symmetry coming from
conjugation inside the real part in (4.2) implies that we can restrict the integral to
the half unit ball {z | 0 < ||z|| <5, x/|z| € SI'}. Forgetting the multiplicative
constant coming from the change of variables in polar coordinates, we decompose
the integral in (4.2) in the form:

1
[ (e Vewn
(u,t) €S9~ x]0,1] 1 — xp(ut)
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Fixing 0 < 1 < 1/2 small enough, we take u € Sf‘lfl and 0 <t <.

4.2. Local time and contour of a Galton-Watson tree. For u € 5171 we shall study
the behavior as t — 07 of t — xp(ut). We require a description of D. In this
direction, in order to detail the vertical component (Sﬁ)nzo of the random walk
restricted to vertical jumps, introduce as in section 3.2 the one-dimensional Markov
chain (Y,,)n>0 on Z with Yy = 0 and P, ,,—1 = q),, Ppny1 = pl,, for n € Z. Let also
o =min{k > 1| Y, = 0} be the return time to 0 of this random walk.

Grouping in packets the successive Z?-steps of the random walk, we observe that
D can be decomposed as:

D:Uz_: (i gﬁ,’?). (4.4)
k=0 \m=1

Conditionally on the (Y7);>0, the ((fr(r]f))m21,k20,(f‘k)kzo) are independent, with
) py, and T'y ~ (G(ry,)), for all k > 0. The level of complexity of the model
of random walk under study is somehow condensed in the last formula.

Definition 4.3. Introduce for n € Z the characteristic function:

r
on(ut) =E (exp <itu. Z §m>> ,ue ST teR, (4.5)
m=1

with random variables T' ~ G(r,,) and &, ~ un, for m > 1, being all independent.

Conditioning on the (Y});>¢ in (4.4), we obtain the equality:

o—1 o—1
xp(ut) =E (H P (ut)> = @o(ut)E (H v, (ut)> .
k=0 k=1

Observe that the only remaining alea is that of the (Y;);>¢. Introduce the condi-
tional expectations:

E*()=E(|Yi=1) and E=(.) =E(. | ¥; = —1).

We set x5 (ut) = E* (HZ;; Vv, (ut)) This leads to:

xp(ut) = @o(ut)(poxh(ut) + ghxp(ut)). (4.6)

We restrict the analysis to x7,, the case of Y, being symmetric. Introducing the
local times N,, = #{1 <k <o—1, Yy =n},n > 1, of (Y}) on a positive excursion,
we obtain:

xb(ut) =B ] (pn(ut)™

n>1

The alea is now transferred on the (NV,),>1. To describe these local times, one clas-
sically introduces (cf Le Gall, 2005 for instance) the Galton-Watson tree (Z,7),>1
with ZfL = 1 and such that, independently, the law of the number of children at
level n+ 1 of an individual at level n is G(p},). This tree, introduced in section 3.2,
is almost-surely finite, from the hypothesis lim,, o v4(n) = +00.
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N

3
<

2
//;

We next make the contour process of the tree, starting from the root and turning
clockwise. This is the left-hand side of the picture. We associate to each ascend-
ing/descending movement a +1/ — 1 step. This gives the picture on the right-hand
side, where we recover a positive excursion of the random walk (Y;) in the time
interval [1,0 — 1]. It is a simple observation that the total number of visits of the
random walk at level n > 1is N,, = Z;F + Z;7, ;. This furnishes:

[T (@ntut)™ = T (enlut)) 22500 = oy (ut) ] lon (ut) g (ut)) 7.

n>1 n>1 n>1

Finally we obtain the following formula for x 7, (ut):

X (ut) = o1 (B | [ [on(ut) g (ut)Zi

n>1

4.3. Development of Xj:r) in SP-continued fraction. We now see that XB can be
naturally expressed as a SP-continued fraction. For V > 1, introduce the truncated
version:

N
X (ut) = 1 (ut) B (H [‘Pn(Ut)“PnJrl(wt)}ZI“) ' (4.7)

n=1

Observe that XD’N converges pointwise to Xg, by dominated convergence inside
the expectation.

We now use the classical description of the Galton-Watson tree (Z;1),>1. Let
(Rk,n)n>1,k>1 be independent random variables such that Ry ,, ~ G(p),). Then we

have:
z¥
Zr =1,z = ZR;W, n> 1.
k=1

Recall that the generating function of G(pl,) is s — ¢}, /(1 — pl,s) = an/(bn — ),
0 < s < 1. Conditioning in the middle step below, this allows to write:

N-1
x5 (ut) = o1 (ut) EY (H [P (ut) g1 ()] 2 (@N(Ut)SON+1(Ut))Z;+1>

n=1

N-1 o
= @1 (ut)E" (H [pr (tt) pr g (ut)) 7 ( 0 >Z >

by — on(ut)pn1(ut)

_ 2t
= ¢1(ut)ET (H [‘Pn(“t)sﬁnﬂ(ut)]ziﬂ ( anpn—1(ut)pn (ut) )) >

by — N (ut)pny1(ut

n=1
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a -

Iterating the procedure, replacing ¢ xpn+1 of the first line by M, we
bN — oNPN+1
obtain:
N Y101
o=
P1p20a2
b1 —
PN-1PNOAN

by oo — N IENTN
by — oNONt1

Notice that the ¢,, are close to 1, hence not 0, uniformly in n and v € Si‘l for small
t. This follows from hypothesis 1.1, giving a second order expansion of oy (ut) with
uniform remainder term (see the beginning of the next section for more details).
Dividing above by 1, -+, N at each successive level, we get:

XH N (ut) = [(a1,b1/p1 (ut)); (—as, ba/wa(ut)); -+ ; (—an, by /o (ut) — n 1 (ut))].
From the pointwise convergence of y D’N and lemma 3.1, we conclude that:

Xp(ut) = [(a1,b1/@1(ut)); (—az, ba/wa(ut)); - ; (—an, by/on(ut)) - --].

Naturally, a similar expression is true for x(ut). We may observe that we have in
fact established something slightly stronger:

Lemma 4.4. Let (y,)n>1 be a sequence of complex numbers with 0 < |v,| < 1,
n>1. Then:

o—1
4
E* H vy, = ET H e
k=1 n>1

= [(a1,b1/71); (=az2,b2/72); -+ ; (=@, bn/yn); -+ |-
This is shown by simply replacing (¢, (ut))n>1 by (Yn)n>1 in the previous proof.

4.4. Another reduction. Let fin(ut) = 3, cpa € Fpy(k), u € S971 t € R. From
(4.5), we obtain:
on(ut) = (1 —rp)/(1 = rpfin(ut)).
As a result, we have the following expansion:
1 r

— =1+ itum,—2— + O(t?),

on (ut) rtum 1—7‘n+ (5
with O uniform in n and u € Sj__l.
Definition 4.5.
1) For n € Z, let 1, = rpymy, /pp.
2)Forne€Z,ue Sjl__l and ¢t € R small enough (uniformly in n and u, by hypothesis
1.1), set:

1 , p .
o) =1+ ztu.nnﬁ =1+ itu.n,/by.

Our aim is to replace below the ¢, (ut) by the v, (ut) in the recursive relation
(3.4) satisfied by the denominators (B,,) of the partial quotients of the SP-continued
fraction expansion of X}, (ut).

Lemma 4.6. Let ¢ = 63/4 > 0 (where § comes from hypothesis 1.1). For small
t > 0, uniformly in n and u € Si_l, we have the inequality:

o (ut)] <1 —ct®. (4.8)
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Proof: Let Man(u) = Y, cpa(ku)?un(k), mp(u) = mpu and Varp(u) =
My (u) — (my,(u))?. A computation gives:
2, 3
lon(ut)] =1— gm(ﬂ/fz,n(u) —rnVary(u)) + O(t°),
with O uniform in n and « € S4~!, due to the uniformly bounded third moment of
pin. Using the hypotheses, we have 6% < §Ms ,(u) < Ma ,,(u) — r,Var, (u). Hence:
263 263
[on(ut)] <1 - —=+0(*) <1 - ——,
2 4
for ¢ small enough, uniformly in n and u € S’iﬁl. (]

Let us now introduce some definitions.

Definition 4.7.
1) Introduce for n > 0:

wem) = S (Up) andw_(n) = (Lag) S (1pw).
0<k<n —n—1<k<—1
2) Let Fy(n) = (nwy ovi'(n))/2, n > 0.
3) Let R¥(t) = 1 — E*((1—2)7~1) and f* (ut) = E([[7} o, (ut).
The main result of this section is the following.
Lemma 4.8.
1) For C > 1 and large enough x > 0: F'(Cx) < 2C?F; ' ().
2) There exists a > 1 so that for small t > 0:
1

~SRYOFI(1/1) <o

3) There exist constants C1 > 0,Co > 0 so that for small t > 0, uniformly in
ue St

1= |xp(ut)] > CLR*(t) and |xp(ut) — f*(ut)| < C2R™(2).

Proof: 1) Note that F(n) — +oo, as n — 400 and that n — F?(n)/n is non-

decreasing. Let C > 1 and z > 0. Set n = F;l(:c) and suppose that n > 1. By
definition, F (n) <z < Fy(n+ 1). Similarly, let n + p = F_'(Cz). Then:

—1 2 2,2

F? (Cm)_n+p<2n+p<2F+(n+p) C*x

— <2
Fl(2) n ~ n+l7 TFn+1) "7 a?

=202

This completes the proof of the assertion.
As a preliminary remark for what follows, set now, for n > 1, ©,.(n) =
(X cpcren(pi/pr)) /2. Let ¢ > 0 be such that for all k > 1:

wy (k) <e > (1/p), vi(k+1) < cvy(k) and Oy (k+1) < O (k).
1<u<k
We claim that there exists C' > 1 so that for all > 0 large enough:
(1/C)vy 007 (z) < F ' (z) < Cvy 0O ().
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For z > 0, let n = ©;'(z), so that ©4(n) <z < ©,(n + 1). We have, using that
n = v;'(v4(n)) and denoting the by [y] the smallest integer > y:

2

T <@m<um Y (/)

02
0<i<n
< cvy (nwy (n) < efos (n)]ws o o7 ([o(n)]) = cF2([vy (n)]):

As a result, for large n, vy(n) > [vi(n)]/2 > F ' (zc™/2)/2 > KF'(x), by

the first point. On the other hand, let m = v'(vy(n)/2). We have vy (m) <
v1(n)/2 < vy(m+1). This gives:

>0 > Y (/) Y,

1<k<m m<i<n
> Ly (m)(ws (n) — w4 (m)) > ~F2 (|0 (0)/2)),

introducing the integer part |y|. To conclude, for n large enough, vy(n) <
3lvy(n)/2) < 3F N (zc'/?) < K'F['(z), by the first point.

2) Let us turn to the evaluation of RT(¢). Using lemmas 4.4 and 3.1 we have:

EX((1 -7 = lim_ ﬂn B> o

where 3_1 =0, 8y =1, 81 = bl/(1*t2) and 3, = (bn/(lfﬂ))ﬁn—lfanﬁn—m n > 2.
We omit the dependence in t. The (a,,) satisfy the same recursive relation with
this time a—1 = 1, ag = 0 and a7 = a;. First of all, as O (n) — 400, as n — 400,
and there is a constant C' > 0 so that for alln > 1, ©,(n) < O4(n+1) < CO4(n),
we deduce that for any constant ¢ > 0 (chosen later), there exists a constant ¢’ > 0
so that for small enough ¢ > 0 there is an integer N(¢) so that:

l

;s@% (1) <

c
t72.
This next furnishes, using lemma 3.1:

- ()

(4.9)

1
< .

ngv:t) Bt )ﬂn 1(t) = By
We shall show that there exists a constant € > 0 so that 1+¢& < By (t) —ane) (t) <
1/e and next that vy (N(t)) < Bn)(t) < vy (N(t))/e. These two properties imply
that R*(t) has exact order 1/v4 (N (t)) and so 1/F;*(1/t), by the first point.

We have b, /(1 — t2) = b, + t2c,(t), with (1/a) < ¢,(t) < a, for some constant
o > 0. Next:

(ﬁfn1> _ (bn +t12cn(t) gn) (bl +t1201(t) 5”) (3) a0

Introduce now C,, = <b1" _g"), B = <(1) 8) Since (3,(0) = vy (n) and for

k,1 > 0 we have (e1,Cly;- - Cryre1) = 6Fv, (1), when developing the product we



Markov chains in a stratified environment 767

obtain for n > 0:

Bn =
+Zt2T Z Cky t) -Ckr(t)<61,cn--~Ckr+1B--~BCk171"'01€1>
r=1 1<k <-<kp<n
—&-Zt% D> k() ek, (8){er,Cr - Cr,gren) -+ (e1, Chy 1 -+ - Chen)
r=1 1<ki <-<kp<n
= vy (n)

373 (eny e ) (Evg (ks — D010y (ky — by — 1) 0¥ 0 (n— k).

r=1 1<ki1<---<k,.<n

Idem, since a,(0) = v4(n) — 1 and «,, = a108,_1, for n > 0, as follows from the
recursive relation:

ap =v4(n)—1

FDE 3 (e ) (O (= 1) = D0 (ks — ky = 1) 850 (0 — k).
r=1 2<ki1<---<k.<n

This furnishes:

Bn—an=1+ Zt% Z (Cky - 'Ckr)(t)9k1v+(k2 —ky—1)-- 9kr”+(” — k).
r=1 1<k;1<---<k.<n

by the above, 8, — a,, > 1+ t?07% (n)/a, because:

Z Gkv+ n—=k @+( )

1<k<n

As aresult, the equality for 8, gives 8, < vy (n)(1+3, ., <, @t* (07 (n))"). Also,

According to the previous discussion, we simply choose 0 < ¢ < «/2 to get the
desired result.

3) We have xf,(ut) = E*([I7Z; ¢v, (ut)). By (4.8), [x}(ut)| <E*((1—ct?)7!) =
1 — R*™(y/ct). This gives the first inequality, as the first point of the lemma says
that R*(\/ct) < CR*(t), for some constant C' depending on c. Concerning the
second inequality:

I (ut) — f+(ut)] = |E* ( Tov (ut>> g (f[ - (uw)’
k=1 k=1
= |E* (i 1:[ vy, (ut) (py;, (ut) — Py, (ut)) H Yy, (ut) ))‘
2L

1 \l=1 I=k+1

1 o—1
oy (ut)|[oy, (ut) — ¢y, (ut)] ] Ivv, (Ut)|>>~

l=k+1

IN
=
+
~~
ES q
i Lo
— —_
\/ —
W- ol
—

_Q

Using now that for some

and small enough ¢t > 0, uniformly in n and
u € Si_l, |on (ut) — i, (ut)| <

Ct?, as well as |¢, (ut)] < 1 —ct? and |9, (ut)] < 1,
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we get for small ¢t > 0:

o—1
XD (ut) = fT(ut)| < CPET (Z(l - ct2>’“‘1>

k=1
1—(1—ct?)° ! C
et (120 O pv ey,
ct? c
The conclusion now comes from the first point of the lemma. ([l

5. Precise analysis of some convergents
A summary of the previous section is that as t — 07, uniformly in u € Si‘lz
Xp(ut) = f*(ut) + O(R* (1)),

with fT(ut) = limy,_ oo An(ut)/Bp(ut), where now:

A (e S G e [ R

together with A, (ut) = a10B,,—1(ut), n > 0. The aim of the present section is to
study in detail (A, (ut)) and (B, (ut)). Let us introduce the following definitions.

Definition 5.1. Let u € Si_l. For k € Z, let 0 = ni.u. For k <1 in Z, set:
Ri(u)= > n*(pi/pr) and Tj(u) = (Rj(w))*pr—1/p1.
k<r<l
These quantities depend only in the data in [k,{]. For 0 < r < n, introduce also:
Al (u) = Z lel (u)RZerl(u) T R§:71+1(u),
1<ki<--<kn.<n

with the convention that Af(u) =1 and A”(u) =01if r > n or r < 0.

We first proceed exactly as in the proof of the second point of lemma 4.8. Fixing
u € Sff__l, we develop (5.1) and obtain for n > 0:

By (ut) = v (n)

F30ir S g v (k= D0 vy (ks — ky — 1) 05 (0 — k),
r=1 1<k <--<kn<n

Ap(ut) =ve(n)—1

30 S g (g (k= 1) = DO 0y (ke — ey — 1) 050 (0 — k).
r=1 2<k1 <<k, <n
We therefore deduce the equality:

Bulut)=An(ut) = 143 2(=it)” D2 ni - onf 650y (b=l —1) 650, (n—k).
r=1

1<k < <kr<n
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Let us consider the last sum. We first fix ko, --- , k. and write:
Pl

DA RS VEED DI D Dl

1<ki<ks 1<ki <ks k1 <l<ks Pks

=3 > =Y Rl

: -
1<i<ks1<ki<t PR 152k,

Successively iterate this manipulation for ks,--- , k. in the formula for B, (ut) —
A, (ut). Then:

B,(ut) — A (ut) = 14> (=it)" > RE (w)RP, (w) - REr ., (u)
r=1 1<k < <kr.<n

n

S (—it) A ().

r=0
Similarly, using as first step that >, . ¢ v+ (k1 — Dok, (ky — by — 1) =
2 0<s<i<ks ps Ry 1(u):
N k ko
Bp(ut) = wvy(n)+ Z(_Zt) Z pklef+1(u) T eriﬁ(u)
r=1

0<k1 <"'<k7¢+1 <n

n

SOty S o0 A (),

r=0 0<k<n

Proposition 5.2. Set 250 = 2 if k # 1 and 1 if k = 1. We have the following
exact computations:
(1) |Bn(ut) — Ay (ut)|? = S0 t*" K (n), with:
K(n) = > Ty () -+ T (u)pi, -1 2 (- (09)),
1<l <ko<lo<---<kr<lp<krt1<n+1
where Hy((k;),(1;)) =#{1<i<r |l +1 <k}
(2) |Bn(ut)]* =31 t*"L¥(n), with:

Lin)= > pep2®PO K (n—1).
0<k<l<n
(3) Re((By, — An)By)(ut) = Y"_ 2" MY (n), with:
Min) = S K0 — ),
0<k<n
(4) Im(A,(ut)B,(ut)) = S "Z0 12 LN (n), with:
Nin)= Y Ri2®Dp 0 K (n—1).
1<k<i<n
When r >mn orr <0, set K¥(n) = L¥(n) = M*(n) =0. Idem N¥*(n) =0,r >n
orr < 0.

Proof: In the following, we suppress the dependence in u of R, T}, K,.(n), L.(n),
M, (n), N.(n) and A" to slightly lighten the notations.
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L. Since By (ut) — Ap(ut) = > o<, (—it)" AL, this gives:

| B (ut) — A, (ut)|* = (Bp(ut) — Ay, (ut)) (B, (ut) — A, (ut))

2r n n -\ T 7 —
Y Y AL ALy,

r=0 p=—r
using the conventions for A concerning the value of r with respect to n. Hence
|Bp(ut) — Ay (ut))? = >0 t?" K, (n), with Ko(n) =1 and:

T

Kp(n)= Y (=1)PA7 AT r>1.
p=—r

We will show that the following recursive relations are verified:

Ki(n) = Y T2, (5.2)
1<k<I<n

K.(n) = Z TFp0' K,y (n — l)2(k’l), for r > 2. (5.3)
1<k<I<n

This then gives the announced formula.
For the initial relation:

2
Ki(n) = (A1) =285 = (Y RY) -2 Y RiRL,
1<k<n 1<k<i<n
Yo (RD*+2 Y RE(RI - Riy).

1<k<n 1<k<i<n
Observing that RY(R} — R}, ) = (RY)*(pi/pr) = T{ pr, this proves (5.2).

Let us now turn to the proof of (5.3). Taking first general p > 1 and ¢ > 1, we
write:

naAn kp k! k;
ApAY = Z (R’fl "'Rkp,1+1)(R11 "'Rk;,lﬂ)'

1<k <-<kp<n
1<k} <---<ky<n

Distinguishing the cases k1 = kf, k1 < k} and k7 < k1, we decompose:

APAT = " (RY)POFARFORARF

1<k<n
k1 k2 kp k1 Pk k) ks k:z
+ E : Rl (Rk1+1"'Rkp_1+1)(R1 Ok +Rk1+1)(Rki+1"'Rk;71+1)
1<k < <kp<n 1

k1 <kj<--<ki<n

kll Pk k1 ko kp kll q
+ E (Rl P +Rk;+1)(Rk1+1"'Rkp_1+1)(R1 "'ka 1+1)~
1<k} <--<kj<n 1
ki <ki<--<kp,<n

Regrouping terms, this is rewritten as:

N YO 01 Rl NG NN O LN S N R
1<k<n k<i<n Pk k<I<n Pk
+ > RE[OFARTRORATTR 4 R AR TROR AT ]
1<k<n
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Taking r > 2, insert the latter in K, (n) = Z (=1)PAL AT, +2(=1)"AZ,

T+p
—r+1<p<r—1
and get:
K(n)= Y (RD)* > (-1P
1<k<n —r+1<p<r—1
k An—k l k An—k L Aan—l1
CEND SR ICEIN SV ICE R SR ORI
k<I<n k<l<n

+2(-1)"A5, +2 Y RE [ Y (—uretArh 6 ArCY
1<k<n —r+1<p<r—1

The last line is 237, o, BRI 1< per(—1)7 OkAf_H’f LOFATZ k] Each bracketed
sum is 0, as can be seen for instance when doing the change of variable p ——
—p—+ 1. Separating now the term with k£ = [ in the first sum above and recognizing
0" K,_1(n — k), we obtain:

K.(n) =Y (R})? |0FK,_, k)+2 ) (—0PorArcE > etArT) 1 o

1<k<n —r+1<p<r—1 k<i<n

Setting m =n—k and Z,(m) =>__ . o .(=1)PATL, > 1o GlA;n:plpl, we there-
fore have:

Ke(n)= > (RY)?[0FK, 1(n—k)+20"Z, 1(n—Fk)].
1<k<n

We shall show that:

= > O"K.(m—k)pr, r>1. (5.4)

1<k<m

To complete the proof of (5.3), we simply apply this to Z,_1(n — k) in the previous
equality. First of all, with 0 <p <r—1:

m I Am— k1 krip lo lr pt+1
Arkp Z A, ,,pz Z Ry "'er+p71+1Rz1+1 Ry, _p+1Pl
1<Ii<m 1<k1<---<kpyp<m
1<l <le<-<lp—pt1<m
_ E k1 pka krip l2 r—p+1
- Rl Rk1+l o 'Rk'r'+p71+1Rll+1 le p+1pll

1<k1<---<kpyp<m
ki<hi<-<lp_pr1<m

E 11 Pk ko krtp lo lr—p+1

+ (R L, +Rl1+1>Rk1+1 ..er+p71+1Rll+l ..R'r‘ p+1pl1
1§11<~~-<lr,p+1§m
1 <k1<--<kpgp<m
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Written in a more concise way:

T+p Z 0'A

1<i<m

k | gk Amm—k
ZRleAle

1<k<m

—1
ppl

k<I<m

+ ) FATFORAT F .

1<k<m

This allows to write:

Zr(m) = (~

1<i<m

DD DI

1<k<m —r+1<p<r—1

+Y R Y (-1

1<k<m —r+1<p<r-—1

ekAm k

r+p—

107

k<I<m

Recognizing some 6% K,.(m — k), we get:

Z(m)

+

>, B

1<k<m

>, B

1<k<m

+

Consequently:

= 2 0K

1<k<m

m

(1 [ag S -

1<I<m

>

—r+1<p<r—

>

—r42<p<r

k)pr + (

1<i<m

(=1n”

1

(_1):D+1

1T A27‘ Z pL—

Yo+ Y 0AnTp

1<i<m

LPOFATFORAT R p

o+ OF AT

k Am—~k
0Ar+p1

akAm k

r+p—1

1<i<m

k<l<m

k<i<m

1<k<m

Z 0'AT g

k<I<m

> oetar

k<l<m

1<i<m

DD RY(OFALTE Y et Y 0'ALT

1<k<m

+ Y ORP D (-1

1<k<m —r+1<p<lr

k<i<m

k Am—k
NG

DI

k<i<m

The last line is Z1gkgm Rllf[zfrJrlgpgr(
reason as before, the sums inside each brackets are 0. Therefore it finally remains

k<i<m

A:ﬂ,—plpl _ HkAm k

)pokAm klakAm k

r+p

r+p—1
k<l<m

Z 01Am Lo 4+ akA;n_—pk Z olArer 01

Z elAm l

r+p—

D OATT |+ Y 0K (m -

> 0 An

1P1

k)pi

> 0 AT ol

px]. For the same
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to show that the sum of the second and third terms is also 0, in other words that:

A Y - X fap

1<i<m 1<i<m
— > RF[0FAnTE SN p+ > 0AnTip | =o.
1<k<m k<l<m k<l<m
Equivalently:
S Reapt Y a- Y #apa- X B Y dapti-
1<k<m 1<k<l 1<i<m 1<k<m  k<I<m

In the last term, replace RY by (R — Rl ,,)pk/pi. It remains to show that:

Do 0ART e Y RIEFATTE Y

1<i<m 1<k<m 1<I<k
L gl Am—1 Il
- E Ry0°Ag, " pr + E Rj 10 A5 " o1 = 0.
1<k<I<m 1<k<i<m

As this is true, this completes the proof of this first point.

2. Let us define A" = > 0<k<n prOF A"F so that B, (ut) = > o<r<n(—1t) "A”. As
for | B, (ut) — An(ut)|2 in the first point, we have:
| By, (ut)| Z t*"L,(n), where L,(n) = Z (— )pAfLrpA;Lp
0<r<n —r<p<r
In order to compute L,(n), notice first that:
A:’lerA?*p = Z Pl ekAfﬂlf Z o' lp + akA:}:zlf Z o' Arﬂnpl
0<k<n k<I<n k<l<n

Replacing in L, (n), this allows to write, using the expressions of K,.(n) and Z,.(n)
given in (5.4):

Le(n)= Y pe Y. (=1 [0FA7E PO AT+ R AR p0' A
0<k<n —r<p<lr k<I<n k<l<n
= > ()0 K (n—k)+2 > (pr)?0"Ze(n— k) (5.5)
0<k<n 0<k<n

= Z ok | prf K (n — k) +2 Z o0 K. (n—1)

0<k<n k<i<n
= Z pkﬁkKr(n—k) Z 2(l’k)pl.
0<k<n 0<i<k

This completes the proof of this point.
3. Directly, we obtain:

(Bn — A)(ut)Bp(ut) = D (=it)"Ar > (i) Al (5.6)

0<r<n 0<r’'<n
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When developing and taking the real part, only terms with r + r’ even intervene.
This gives:

Re((By — An)Bp)(ut) = > 27 | Y (=) P PAT AL

0<r<n —r<p<r
. 2r
= g t*" M, (n)
0<r<n

with this time:
Min) = 3 (-1pan,An

—r<p<r
Since A = A™ + D i<k<n prfF ATF using K,.(n) and the value of Z,.(n) in (5.4),

we have:

M.(n) = Ky(n)+ Z.(n)= Z pr0 K, (n — k).
0<k<n

This ends the proof of this point.

4. In the same way as for 3., when taking the imaginary part in (5.6), only terms
with 7 4+ 7’ odd come into play. Consequently:

— 1
m(AnB)(ut) = == Y #HLNY ()AL AT
0<r<n-—1 —r—1<p<r
— Z t*r 1N, (n),
0<r<n-—1

with this time:
Nr(”) = Z (_1)pA:L+p+1A?7p

—r1<p<r
Using again that A? = > 0<k<n prOF AT we get:
k an—k
Z Z (=DPAL 0" A
0<k<n —r—1<p<r

Notice that the term corresponding to kK = 0 equals 0, for symmetry reasons as
before. It remains:

Ne(n) = (1)) 0" AL e+ >0 RUDY D (—DPOATL ST 0FAT
1<k<n 1<i<n —r<p<lr I<k<n
+ > > (R ATk Y RIOAT
1<k<n —r<p<r k<I<n
= Z RYpr0 K, .(n — k Z Ripi0' Z,(n —1) + O.(n), (5.7)
1<k<n 1<I<n

where we introduce:

Op(n) = (1) 37 0FAL Fpet D D (POAI o Y RUGATL

1<k<n 1<k<n —r<p<r k<l<n
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To compute O, (n), in the last sum decompose R} = R{(pi/pr)+ R}, . As a result:

Or(n) = > Ry D (—DPOFATZF N 0AY

1<k<n —r<p<r k<l<n
r+1 k p k An—kpk
+ Z 08 AL+ Z Z NNy
1<k<n 1<k<n —r<p<r
_ kpk § ppk An—kpk
- Z R 0"z n - pk? + Z ( ) ¢ A 9 Ar+p+1pk
1<k<n 1<k<n —r<p<r-—1

One more time, the last term is 0. Together with (5.7) and (5.4) we obtain:
Ne(n) = Y peRY(O¥ K (n—k)+20"Z,(n = Y RI'K.(n—1)p2"D.
1<k<n 1<k<I<n

This gives the announced formula and concludes the proof of the proposition.
O

6. Proof of the theorem

6.1. Definitions; dominated variation. We next introduce some definitions concern-
ing directional fluxes and their variations.

Definition 6.1.

1) For m > 0, n > 0, define F(—m,n) = (nwy ovi'(n)+mw_ ovjl(m))l/Q.
Staying coherent with the previous definition of Fy, set:
F(n) = F(_nvn)v F+(TL) = F(Ovn)a F,(n) = F(_nvo)
2) For u € Si_l, m >0, n >0, let:
1/2
Gu(—m,n) = | F2(—=m,n) + > T} (u)
—vZ ! (m)<k<I<vi'(n)
Introduce for n > 0:
1/2
Gu(n) = Gu(—n,n) and Gy, (n) = | F*(—n,n) + T! (u)

—vZ 1 (m)<k<I<v} ! (n), k>0

A central point for what follows, is that the inverse functions n — G;L (n) and
n — G,(n) check a dominated variation property at infinity. This notion has
been introduced by Feller in 1969. A non-decreasing map f : Ry — R, verifies
dominated variation if:

JK >0, Vx>0, f(2z) < K f(z).

By iteration, for any C' > 1, then Va > 0, f(Cz) < K'f(x), for some constant K’.
Notice that dominated variation holds for F;l and F~', as shown in the first point
of lemma 4.8.

Lemma 6.2.
1. Foranyx >1 and K > 1:

FY(Kz) <2K*F!(x).
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2. There exists a constant C(6) > 0, so that for any u € Sffl, any x > 1 and
K>1:
2K? K?

-1 (Kg) < Z—qg! Y Kz) < —G(2).
Proof: 1. We have F?(n) = n (wy(n) o vy (n) + w_(n)ov_'(n)). For x > 1, let
n=F~Y(z),ie F(n )<a?<F(n 1). This implies that:

F(KX(n+1)) > KF(n+1) > Ka.

Hence F~1(Kz) < K%(n+1) < 2K2n = 2K2F~(x).
2. Let ¢f(u) = le:k n%/ps, with ¢k (u) =0 if k > I. Set:

)= Y Thw = D> peoulGiga(w)®.

1<k<I<n 0<k<I<n
We first claim that:
2
Kut(n) _ Kus(n—1) Pn n
’ =— + Pr Gl ()
v4+(n) vi(n=1)  vp(n)vp(n—1) Og;n w

In particular, this shows that n — 5, 1 (n)/v4(n) is non-decreasing. Indeed:

fur(n) = D pep(Gha )+ Y praulCly (w)?

0<k<i<n 0<k<i<n
-2 Z PG 1 (W) (u).
0<k<i<n

This is rewritten as:

Fur() = Y (G )? D et Y ala @) Y

0<k<n k<i<n 1<i<n 0<k<l
2
- Z PrCi(u) |+ Z (Pk)Z(CI?Jrl(U))?
0<k<n 0<k<n

In other words, using that ¢, ;(u) = 0:

Fu() =va(n) Y (Gl (@)® = [ D ol (w)

0<k<n 0<k<n

Next, directly from the definition of £, 1 (n), and then using the previous equality:

Rt () = B (= 1) = pn > prlCly (u))?

e () (Sogicn P11 ()
= p,n .
v4(n)

Observe that this is equivalent to the desired claim.
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We next use that for all n > 0, §
(2/8)v4(n). As a result vy ovy'(n) <
and K > 1:

nt1/pn < 1/6, giving vi(n + 1

< p )
n < (2/8)vs ovi'(n). Hence for z >

<
1

-1
— _ vypov, (Kz) _ 6K _
K 007 (KZ) > Ky ov_s_l(:c)%l > — Ky 4 0v; (2).
vy ovl (x) 2

A similar property is verified for some symmetrically defined function «, _ o vt

Notice that:
G2, (n) = F>(n) + Kot 007 (n) + iy 007" ().

Remark that G, 1 (n) — +00, as n — +00. We showed in point one that F?(Kz) >
K F?(x). Putting everything together, we obtain that for x > 1 and K > 1:

Gt (K2) = /(0K /2) G ().
We conclude as in point one. Let next x > 1, n = G;ﬂ_(x) and K > 1. From the
relation G, +(n) <z < Gy 4(n+ 1), we deduce:

Gu+((2K?/8)(n+1)) > KGy 1+ (n+1) > Kz.
Consequently G} (Kz) < ((2K?)/6)G. Y ().

It finally remains to show the same result for G,. This way, let k,(—m,n) =
> m<k<i<n T} (u), for m > 1, n > 1. Then, the computation on #, 4 shows that:
Ky (—m,n) Koy (—m,n)
n— and m —
(v—(m)/ao) + vy(n) (v—(m)/ao) + vy(n)

are non-decreasing. This furnishes that for some constant C'(6) > 0:

(o (K)o (K2) 2 SO om0, 07 @),

As G%(n) = F%(n) + kyu(—vZ"(n),v;"(n)), we conclude once again as before. This

ends the proof of the lemma. O

Remark 6.3. As a consequence of the previous lemma, we can work with functions
verifying dominated variation up to multiplicative positive constants, outside the
function or in the argument. This will appear clearly. This will for example allow
to use frequently that, when f = g + h, all positive, non-decreasing and tending to
400 that for x > 0:

f(a) < max{g(x), h(z)}, f~'(z) = min{g~" (x),h ™ (2)}, etc.
6.2. Order of Re(1 — xp(ut)). With u € Si_l and small ¢ > 0, recall from relation
(4.6) the decomposition:
xp(ut) = po(ut) (poxh (ut) + goxp (ut)).
Also from lemma 4.8 we have that:
Xp(ut) = f*(ut) + O(R™ (1)) and xp(ut) = f~(ut) + O(R™ (1)),

where the O( ) are uniform in w € S¢~'. The terms R*(t) and R~ (t) have respective
orders 1/F{'(1/t) and 1/F~'(1/t), by lemma 4.8.

Definition 6.4. Let R(t) = R (t) + R~ (t).

The main preliminary result for estimating Re(1 — xp(ut)) is as follows.
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Lemma 6.5.
1. We have xp(ut) = po(ut)(pof* (ut) + qof ~ (ut)) + O(R(t))-
2. We have t2 = O(R™(t)) and t* = O(R™(t)).
3. We have tIm(1 — fT(ut)) = O(R™(t)) and tIm(1 — f~(ut)) = O(R™(t)).
4. We have xp(ut) = (14 itmg.ure/(1 —10))(ppf+ (ut) + g4 f ~ (ut)) + O(R(t)) and
Re(1 — xp)(ut) = poRe(1 — f*(ut)) + qoRe(1 — f~(ut)) + O(R(t)).  (6.1)
5. There is a constant ¢ > 0 so that for small t > 0, uniformly in u € Si_l:
Re(1 — xp(ut)) > cR(t).

Proof:
1. This follows from x p (ut) = @ (ut)(Phx 5 (ut)+ghxp(ut)) and x5 (ut) = f+(ut)+
O(R*:(t)).

2. As F2(n) = nw; o v} '(n), for some constant ¢ > 0, we get Fi(n?) > cn.
As a result, F'(1/t) < ¢//t?, t > 0, for another constant ¢’ > 0. Thus ¢? =
O(1/F;'(1/t)) = O(R+(t)), using finally lemma 4.8. This gives the first property.
The other one is proved in the same way.

3. We make use of proposition 5.2 and lemma 3.1. Take any integer n > 1. Since
fH(ut) = Ay (ut)/By(ut) +O(1/vy(n)) (where O( ) is independent on u and t), we
have:

tf* ) = DS o104 )

Do<r<n_1 o TIN(n)
= OZS:S 1t2TLu(n) +0(1/v4(n)).
0<r<n r

Now, observe that:

Lt (n) = Z pr0* K¥(n — k)20F o, > Z prvy (k)" K(n — k) and
0<I<k<n 1<k<n

u
N () = SRR (= D2 = 3T ST g2 I ().

1<k<i<n 1<k<n |1<s<i<k "%
As the n¥ are uniformly bounded by some C/2, as n and u € Sflfl vary, we get:
INM(n)] < Cwy(n) Y vi(k)prb K (n — k) < Cwy (n)Li(n).
1<k<n
We finally obtain:
[T/ (ut))] < twy () + O(1 /vy (n)).

Let n' = F'(1/t) and n = v} ' (n). By definition of Fy, we have n'w, (n) < 1/#2.
We obtain |Im(f* (ut))| < 1/(tn’) + O(1/n’). This is the desired result. The case
of t|Im(f~ (ut))| is similar.

4. Write o (ut) = 1+ itmg.urg/(1 — ro) + O(t?), with O( ) uniform in u € S¢*.
Using the second point of the lemma, we get:

itmg.ur,
voto) = (14 o

IO ) )+ g () + O(R(D),
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with again an error term uniform in u € Sffl. Therefore:

1 — xp(ut) = py(1 — f(ut)) + g4 (1 — £~ (ut))
— P (o () + db S~ (ut) + O(R(D))

Taking the real part:
Re(1—xp(ut)) = phRe(l— f"(ut)) + qoRe(l — £~ (ut))

hlni'wo (poTm(f* (ut)) + goIm(f~ (ut))) + O(R(t)).

The third point of the lemma then gives (6.1).

5. By lemma 4.8, for a constant ¢; > 0 independent on u € Sf‘ﬁ*l, we have for small
t >0, 1—|x5(ut)| > e;R*(ut). Idem, for some cg > 0, we get 1 — |xp(ut)| >
2R~ (ut). As xp(ut) = go(ut)(phxp(ut) + goxp(ut)) and |go(ut)| < 1:
Re(1 —xp(ut)) > 1 - |xp(ut)] = 1—I|poxp(ut) +goxp(ut)|

> po(1 = Ixput)]) +ao(1 = [xp(ut)])

> ephRE (1) + cad)R™ (1) > cR(1),
for some constant ¢ > 0. This completes the proof of the lemma.

d

Remark 6.6. It may be noticed that in the flat case treated in Brémont (2016)
one always had t = O(R™(¢)). This is not true anymore here. For example if
Y1 (1/pk) < oo, then F(n) has order \/n’, so that RT(t) has order ¢2, as t — 0.

The main result of this section is the following one.

Proposition 6.7. There is a constant C > 1 so that for t > 0 small enough,
uniformly in u € Siﬁl:
1

c < G L (1/t)Re(1 — xp(ut)) < C.

Proof: Westill fix u € S¢' and ¢ > 0. Recall that f*(ut) = lirf Ay (ut)/ By, (ut),
n—-+00

where (B, (ut)) and (A, (ut)) check relation (5.1) with A, (ut) = a10B,_1(ut) and
satisfy proposition 5.2.
Fixing some n > 1, we use proposition 5.2 and lemma 3.1:

Re(1 — f*(ut))

Re(1 — A, (ut)/ By (ut)) (Z By (ut) Bk 1( ut))
Re((By (ut) — An(ut)) By (ut)) 1

INA
+

| B, (ut)]? vy (n)

V() + X<y VMY (0 1 1

) Tigren M) | 1 2y e
’U+(n) +Zr:1t Lr(n) v+(n) Ut TL) 1<r<n

By the formula for M"(n) and K*(n) given in proposition 5.2, we have the inequal-
ities M'(n) < (X <p<icn Tt (u)) 2" vy (n), for r > 1. Hence:

M (vt (n)) <n2"GE L (n).
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As a result, for some constant C' > 0 independent on u and any n > 1:

Re(l— /) <& {1e Y @Ry m)

n —1
1<r<vi"(n)

Choose n = n,(t) = G;’i(l/(%)). In particular G}, | (n) < 1/(4t?). We arrive at:

_ ot ¢ - 20 _ 2C c
Re(lL—7*wt) < T\ 1+ 327 | <50 = ool < Gt

for some constant C’ independent on w, using lemma 6.2. Idem, Re(1 — f~(ut)) <
C”/G’;ﬂ_(l/t) Now, by (6.1) and using that:

R*(t) = O(1/F£'(1/1) = O(1/G, L (1/1)),

we obtain the right-hand side inequality of the proposition.

Consider next the other direction. Starting in the same way, for any n > 1, via
proposition 5.2 and lemma 3.1 (third point):

Re(l — fT(ut)) = Re(l — A,(ut)/B,(ut)) <Z By (ut) Bk 1( ut))

Re((Bn(ut) — An(ut)) By (ut))  vi(n)

= B (ut)]? B (ub)?

B v4(n) + X1 <ren t*" M (n) _vy(n)

- B (ul) (B (ul)?
Z1§r§n tQT'M;L(n)

v+ (n)? + 31 << 77 L1 (R)

By proposition 5.2:

Z pkﬂkKﬁ‘(n — k) and L} (n) = Z 2(l’k)plpk0kK}f(n — k).

0<k<n 0<I<k<n
Therefore we have L¥(n) < 2vy(n)M¥(n). Hence, using in the last step below that
x +— x/(1 4 2z) is increasing (x > 0):
1 —<n t2TM,§‘ n) /vy (n

et — £ty > L Zrsrza I E)/vs (o)
vy (n) 14230 ccpy Mt (n) /v (n)
1 M) /os(n)

(n) 14 22M{'(n) /v (n)’

As a result, for some constant ¢ > 0 independent on u and all n > 1:

¢ ct®Mvit(n)/n
Re(1 — f*(ut)) > El—}—ZCtQM“JE Y(n))/n’

Ut

Let iy +(m) = 3 cpcrem Th(w). Assume first that limy, oo fy 4+ (M) = +oo.

Note, using proposition 5.2, that:

S pkus(m)so MY ) > Y pku (m).

—1
1<m<n 1<m<v " (n)
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Let ¢o > 2 be such that for all n, v4(n+1) < cov4(n). Notice that Squesifl{“vHro
v ' (1)} is evidently finite, so (ki 4+ ov ")~ (1/¢2) > 1 for ¢ small enough, uniformly
inu e Sf‘ﬁ*l.
For small ¢, set my(t) = (ku+ o v7')71(1/t?) > 1 and next choose n,(t) =

c3(my(t) +1). Let s = v (my(t) + 1) and s’ = v ' (n,(t)). This gives:

v1(8) <my(t) +1 <vi(s+1) < cpvi(s) and

0 () < Blmalt) + 1) < vi (s +1) < couy ().
As a result, c2(m,(t) + 1) > vy(s") —vi(s) > co(my(t) + 1) — (my(t) +1) >
(co — 1)(my(t) +1). Also my(t) +1 > vi(s) > (mu(t) + 1)/co. This furnishes the
inequalities:

M2 (00(1))) _ Sacinen Prtis(m)
ny(t) B nu(t)

> Ku&(S)W > t—z with o = (co — 1)/c2.

Consequently, with o/ = (c?a)/(2¢3(1 + 2ca)):

c co o

Re(l _ f+(ut)) > nu(t) 14 2ca = (F‘:’U,,Jr ov;l)fl(l/t2).

If now m +—— Ky +(m) is bounded, the previous inequality is valid as long as
(Kut+ o vy ")7"H(1/t?) is defined. For smaller ¢, (k, 4+ o v} ') " (1/t?) = +oo and the
previous lower-bound becomes trivial.

In the same way, with r, —(m) =3, ., T (u), we have:

Re(1 - (ut)) > o /(ky - 0 v=") " (1/£2).

To prove a lower bound, we use (6.1), giving for some constant ¢ > 0 independent
on u:

Re(l — xp(ut)) > pyRe(1 — [*(ut) + ghRe(1 — f~(ut)) — es/F~1(1/1).  (6.3)

Recall that GZ, | = F? + Ky 4 © v;' + Ky~ ov”'. Then, for some constant 3 > 0
independent on u and ¢, we have:

_ Gux (/1) <1
~ wind P14, (R, 0 03 ) THA/A), (K- 0 ML)y

-
Fix t > 0 and suppose for example that (i, ovy')~ (1/t2) < (Ko, —ov=H) 711 /12).
This leads to the following discussion:

fhlf (1/F=1(1/t)) < ppRe(1 — [T (ut))/(2c3) and F~H(1/t) > (ku,4 0 03") 7 (1/82),
then:

Re(1 — xp(ut)) > (pp/2)Re(l — f*(ut)) >

ppa’ /2 S Bppa /2
(Fut o0y )=H(1/12) = GLL (/1)

IE (1/FY(1/8) < phRe(l — £+ (ut))/(2es) and F1(1/1) < (kuy 0 v3")~1(1/2),
then, by lemma 6.5 and proposition 4.8, for absolute constants ¢ > 0 and ¢’ > 0:

Re(1 — xp(ut)) > cR(ut) > ¢ [F~H(1/t) > B /G, L (1/1).
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~IE (/G5 (1/1) > phRe(l = fH(ut))/(2¢3), then F~(1/t) < (2¢3/(pha)) (Fu,+ ©
v;")7H(1/t?). We obtain the inequality:
p < 1
G, L(1/t) = F7H(1/t)min{pha’/(2c3), 1}

We conclude as in the previous case, via Re(1 — xp(ut)) > cR(ut) > ¢/ /F~(1/t).
This completes the proof of the proposition.
(I

6.3. Preliminaries for estimating |1 — xp(ut)|. We shall prove a similar result for
|1 — xp(ut)|, but the details are a little more delicate. We still fix u € S¢ ' and
t>0.

We use proposition 5.2 concerning fT and its symmetric analogue for f~. To
precise the dependency with respect to f+ or f~, we put a superscript (+ or —)
on A, B,, etc. For example:

Sty = lim Af(ut) /B (ut),

Keeping the same sets of summation, the expressions corresponding to K~ (n),
L%~ (n), etc, are deduced from K**(n), L»*(n) by replacing in proposition 5.2
all (g, pr) by (p—k,q—k). Any p becomes p_r_1qo/po. A very important point is
that T} (u) is simply transformed into 77/ (u).

Let us begin with a formal computation on reversed continued fractions.

Lemma 6.8. Let n > 1 and consider the formal reduced continued fraction:

Uy,
v [(—c1,di); (—c2,da); -+ 5 (=cn, dn)].
Consider the reduced reversed continued fraction:
Un
7 =[(=1/en,dn/cn); (=1/cn—1,dn-1/cn-1); -+ ; (=1/c1,d1/e1)].

Then we have the relation V,, = ¢ -+ cnvn,

Proof: Rereading if necessary section 3.1, we have:

dn —tn d -
Vn:<el7<1 g)(ll ()Cl>el>'

Transposing and next conjugating the matrices with diag(1l, —1), which preserve
the first vector e; of the canonical basis:

N e B O I
e (B) ()
S (T 0 B T P

Hence V,, = ¢ --- chn. This proves the lemma. U
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Let us start from relation (4.6):

X (ut) = po(ut)(poxp (ut) + aoxp (ut)) = (o(ut)/bo) (xp (ut) + aoxp(ut)).

This gives, using lemmas 4.8 and 6.5 and taking ¢ > 0 small, independently on u:

xp(ut) — 1= %:t)(xg(ut) + aoxp(ut) — bo/po(ut))
- wol)(:t) (f*(ut) + aof~ (ut) — bo/ebo(ut)) + O(R(L))
_ polut) (A} (ut) A= (ut)
by (B,T (ut) o Bin (ut) - bO/wO(Ut)>
polul) (§~ e g dipker
. bo (lgz Bl-ci_ (Ut)B}:;1(Ut) i ];1 Bk_ (ut)Bk_l(ut)> + O(R(t))v

with O( ) uniform in « and arbitrary n > 1, m > 1. As a result:
xp(ut) —1

_ po(ut) (

bo Byt (ut) By, (ut)

~ (bo/tbout)) By (ut) By, (ut) ) +

A (ut) By, (ut) + ag A, (ut) B, (ut)
o (ut)
bo

with some error term |R_, ,(ut)| < (vi(n)/| B, (ut)|?) 4+ ao(v—(m)/|B;, (ut)|?), by
lemma 3.1, and also O( ) uniform in u € S

R_pn(ut) + O(R(1)), (6.4)

Lemma 6.9. Let n > 1, m > 1 and consider the following reduced continued
fraction:

Amni(ut)

Biin1(ut)
= [(—a_m, b—m/¢—m(Ut))§ (_a—m+1a b—m+1/¢—m+1(uﬂ)§ R (_an: bn/wn(Ut))]

Then we have the following expression:

Bini(ut) =
— a1 amm (A7 (ut) By, (ut) + ag Ay, (ut) B (ut) — (bo/vho(ut)) B,y (ut) By, (ut)).

Proof: Fix m > 1. We now observe that the two functions:
n+— —Bppng1(ut)/(a_1 - a_y,) and
n— Al (ut) By, (ut) + ag Ay, (ut) B, (ut) — (bo/vo(ut)) B,y (ut) By, (ut)

check the same recursive relation X,, = (b, /¥ (ut))Xp—1 —anX,—o, forn > 1. We
just verify that they coincide for the values n =0 and n = 1.
First of all, By, (ut)/(a—1 - -a—_,,) = B, (ut) and:

A (ut) = (1/a-1)0™ By, _y(ut) = By-1(ut)/(a-1 -+ am),

by lemma 6.8. For n = 0 we have —By,41(ut)/(a—1 - a_n) and apA,, (ut) —
(bo /o (ut))B,, (ut). Since one has:

By (ut) = (bo/to(ut)) B (ut) — agB—1 (ut),
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this gives the result for n = 0. Concerning n = 1, we have:
- by

Bi2(ut) = WBmH(Ut) — a1 B, (ut)
b b - b .
= <¢1(Lt) 7/10(2tt) - al) By, (ut) — o] (Lt) ag B —1(ut).

This has to be compared with a1B,, (ut) + ao(by/¢1(ut))A,, (ut)
—(bo /o (ut))(by /11 (ut))B,, (ut). As this is equal, the conclusion of the lemma
now follows. O

As a consequence of this lemma, we obtain:

xo(ut) — 1= — “Dob(;‘“ <mem++(““ - R_m,n<ut>> +O(R(1). (6.5)

Byt (ut) By (ut)

It now follows from proposition 5.2 that:

n

B (ut)]? =Y 2Ly (n),

r=0
with Hr((kl), (ZJ)) = #{0 <i:1<r | Li+1< ki—i—l} and:
L (n) = > pTE () T (), 127 (0D,

0<lp<k1 <l < <kr<lp<krp1<n+1

As a result, setting W_,, ,,(ut) = aop_m_13m+n+1(ut), we have:

‘me’n(Ut)P = Z tQTUr(“)7
0<r<n+m+1
with H,.((k:), (i) = #{0 <i <7 [ i +1 < k;j11} and:
Ur(u) = agp? Z 07" prgrma Tyt (w) - Ty ()0~

—m—1<lg<hy <l <<k <Ly <kgpr<n-+1
Hs((ki),(l:
X Dk y—14mt12 (ki) (1))
After a cocycle simplification we arrive at:
_ 2 1 ls H((ki),(l;
Uy (u) = a3 ) p1TE (W) - T (1) iy 220D (6.6
7m71§l0<k1§l1<"-<}€5Sls<ks+1§’n+1

6.4. Order of |1 — xp(ut)|. Our aim in this section is to show the following result.

Proposition 6.10. There is a constant C > 1 so that for t > 0 small enough,
uniformly in u € Si_l:

1
G <GS/ xp(ut)] < C.
Proof: Let us start from (6.5). Set:
W_pn.n(ut)
Flut) = ——~——— — R_p n(ut).
(ut) Bt (ut) B (ut) n(ut)

Recall that F(ut) is independent from m > 1 and n > 1, see (6.5). We then have:
xp(ut) =1 = =(po(ut)/bo) F(ut) + O(R(t)),
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where the last term is uniform in v € Siﬁl. The integers m > 1, n > 1 are arbitrary
for the moment. Using the upper-bound on R_,, ,(ut) recalled in the last section,
consequence of lemma 3.1, we get:

(W (ut)]| vy (n) v_(m)

D B ) 1B ut)] ~ B () Bt
| (B (ut)| (B (ut)
= 1B ()| Bon(ut) ('W‘m’"(“t)' — e () R ] ~ - (m)wmm) '

Recall that W2, (ut) = Y0 cpimyr t27Ur(u), with Us(u) given by (6.6). In

particular:

2

U =ad | S | = (o (m)+ape ()

—m—1<I<n
Introduce Z2,, ,, (t) such that:
(Womn(ut)|* = (@3] By (ut)[* + | B, (ut)]?) = 2a0v4 (n)v—(m) = 22, ,, (ut).

Then 22, (ut) = 371 < cpimyr t°Va(u), where:

Vs(u) = a(2J E : ploTlﬁi (u) e T}iz (u)pks+1—12HS((kl)7(li))' (67)
—m—1<lo<ky <ly <-<ks<ls<ksp1<n+1
l0<0<ks+1

Observe now that:

(i BR8N B

|Br (ut))| | B (ut)]
_ | By (ut)|? | Bif (ut)|”
= vy (n)m + adv? (m)m + 2agv4 (n)v—(m)
< B, (ut)* + a2 | B;f (ut)|* + 2agv (n)v_(m)
< W)= 22, (ut) < (W) 2 (6.8)
This allows to write:
. ! o Bl B ()
F )] > i (W)= o) 20D — oo (o) 22 )
t F(ut 2
Wm0 (o0 58+ )
- 2\W i (ut)|| Bif (ut)|| B (ut) |
Z2 , n(ut)
(6.9)

_Z\W—mn(ut)||3+(ut)llB (ut)|

We now give upper-bounds on |W_,, ,(ut)| and |B;} (ut)||B,,(ut)|. Observe first
that L» " (n) < V,.(u)ve(n)/(agv—(m)), for r > 1, so that:

Fub) 12 — 1o (n)2 vy (n)
‘Bn( t)| +( ) < aov,(m)'
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Similarly, | B, (ut)|* —v_(m)* < Z2,, . (ut)v_(m)/(agv4(n)). We obtain:

W (ut)|*

= (v-(m)+aovy.(n)*+ad (1B (ut)* = vy (n)?)+(| By, (ut) P —v_(m)*) + 22, . (ut)
< (v-(m) + agu4 (n))* + (agv4-(n) /v—(m) + v—(m)/(agv4(n)) + 1) 22 ,, . (ut)

< (0-m) + v ) |14 22, ()] (6.10)

In the same way:

| By (ut)|?| By (ut)

vy (n)?v_(m)? | 1+ Z t2r Z) 1+ Z tQTi(n

2
m
1<r<n 1<r<m )

o_(m)? 1+ Y e Z LH = (m)

m)
1<s<m+n 0<r<s

Il

<
+
—~
2

Notice that 3 7.,<, Ly (n) Ly (m) < Vs(u)vy(n)v—(m)/ao. Therefore:

22, n(ut)
B (ut)|?|B,, (ut)* < 20 (m)? [ 14+ —Zomn )
‘ n(u )| ‘ m(u )| _U+(TL) v (m) + a0v+( )v,(m)
Inserting these two upper-bounds in (6.9) and using in the last step that the function
x +— x/(1 4 x) is increasing, we obtain:

1 szn apv v_(m
o) > 1 00)/ (a0 ()0 )
2(v—(m)/ao + vy (n)) 14+ 22, ,(ut)/(agvy (n)v—(m))
1 t2Va (u)/(agv4 (n)v—(m))
2(v—(m)/ao + vy (n)) 1+ 2V (u)/ (agvy (n)v—(m))
Let us now focus on Vi(u) that we write Vi(u) = V,1(—m,n). Set k,(r,s) =
> r<n<i<s Th(u), for r <'s. We assume first that Y>>, ;o o Th(u) = 400. We
obtain: -
Vaa(=m,n) = af ) pra Tt () pry—1 2711 (F-())
—m—1<lo<ki <l <kg <n+1
lo<0<ks

2
> aj E Plo—1Pks ku(lo, k2).
—m<lp<0<ka<n

We next have the existence of a constant ¢ > 0 independent on u € Sjlfl so that
for all n > 1:

¢ (ct?/n?)Vua(=v=" (n), v} (n))
[ F(ut)] = 2 2) 7 :
n 1+ (et /n2)Via (—v=" (n), v3 (n))
Let ¢y > 2 be such that for all n > 0, v (n+1) < cov4(n) and v (n+1) < cov—(n).
Taking ¢t > 0, set m,(t) = ru(—vZ'(), 07 ())THL/E). As
supvesifl{mu(—vil(lhUjrl(l))} is clearly ﬁnlte we have my(t) > 1 for small

enough ¢, uniformly in uw € ST'. Choose next n,(t) = c3(my(t) +1). Let
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r= v (my(t) + 1), s = o= (my(t) + 1) and 7' = v (n, (1)), ' = v (nu(t)).
This gives:

v (r) <my(t) +1 <vp(r+1) < covy(r) and
0 () < Ama() +1) < v (7 +1) < cou ().

As aresult, ¢§(my(t)+1) > v (r') —vp(r) > (co—1)(my(t) +1) and (my(t)+1) >
v (r) > (my(t) + 1)/co. In the same way, we have:

v_(8) <myu(t)+1<v_(s+1) <cov_(s) and
v_(s") < A(my(t) +1) < vy (s’ +1) < covy(s)).

Also, 3(my(t) +1) > v_(s") —v_(5) > (co — 1)(my(t) + 1) and (m,(t) + 1) >
v—(8) = (mu(t) +1)/co

We obtain:
V(=0 (nu(t)), 07 (nu(t))) N a22r<l§r’,s<k§s’ P—k—1p1ku(—F,1)
M (1)2 = 4o (D)2
> agku(—s,T) (v () — U+(:L)u)((t1)}2_(s ) —v_(s))
L ol Dm0 417 o
- t2n,,(t)? 2

where o = ag(co — 1)?/c2. At this point, the conclusion is that there is a constant
¢’ > 0 so that for small enough ¢ > 0, uniformly in u € S’jir*l:

c/

R (=021 (), 03 ()T (1/2)

When > 4o 1 ,i is  bounded, the inequality is verified, as

[ F(ut)] =

ko (v (), v () TH(1/?) = +oo, for small enough ¢ > 0. The previous lower-
bound is then obvious in that case.

In order to draw the conclusion, recall that G2 (n) = F2(n)+k,(—v="(n),v;'(n))
and 1—xp(ut) = (po(ut)/bo)F (ut)+O(R(t)), with O( ) uniform in u € Sd 1. Also,
by lemma 6.5:

11— xp(ut)] = Re(l = xp(ut)) = c1 R(ut),
for some absolute constant ¢; > 0. Similarly, for constants c; > 0 and c3 > 0,
we have the inequalities ¢ < R(t)F~1(1/t) < ¢3. Then, for constants 8 > 0 and
¢4 > 0 independent on u € Si_l, for small ¢ > 0:

g G;'(1/1)
= min{FL (10, mu (021 (), 05 () (1))

and:
c c4C3

= 2ok (—vZt (), 03 ()N (1/2) P/
Fixing t > 0, we then have the following discussion:
— If ) 2bora(—vT(), v_‘_l(.))*l(l/tz)) > 2c3cq/FH(1/t)  and
fu(—v= ()07 () THA/R) S FH (/)

d > dp
Aok (—vZt (), v () TL(L/E2) T AboGyt(1/t)

11— yo(ut) > 2—20|f<ut>\ caR(1) >

1= xp(ut)] >
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- I/ (2boku(—vZ (), v () TH(L/E)) > 2c3cy/F71(1/t)  and
Ra(=020 (), 03 ()T (1/87) > FTH(A/t):
1= xp(ut)| > cre2 /™ (1/t) > creaB/ G (1/1).
—1If ¢ /(2boru (—vZ" (1), 01" () 7H(1/t?)) < 2c3c4/F~1(1/t), then for some absolute
constant c5 > 0 (independent on ), 1/F~(1/t) > ¢5/G,(1/t). Then, as above:
|1 — xp(ut)] > crca/ F7H1/t) > creacs Gyt (1/).

This completes the proof of the lower bound. We next turn to the proof of the
upper-bound. Let us start from the following inequality, for any m > 1, n > 1,
using lemma 3.1:

IN

1= xp(ut)| < 5| (ut) + O(R()

(Wem,n(ut)] vy (1) aov—(m)
~ bol B (ut)|[Bm(ut)] B (ut)? | B (ut)|?

with O( ') uniform in u € S47. Observe that from the second line in (6.9):

va(n) |, agv_(m) _ 1 ( () | B D) Mw(m)B:(utn)

+O(R(1)),

B (ut)? | B (ut)|? ~ |Bif (ut)|| By (ut)| | Bif (ut)] | B (ut))|
[W_in.n (ut)]
= IBi (ut)]| B (ut)]
Since R(t) = O(1/F~1(1/t)) = O(1/G;*(1/t)), uniformly on u € S, there exists
some absolute constant C' > 0 such that for small ¢ > 0 and all m > 1 and n > 1:
(W .n (ut)| ¢
| Bt (ut)|| B (ut)| G (1/t)

From (6.10) and lemma 3.1, we have:

Womn(ut)]_ (0=0) + 00 ()14 22, at) (o0 () ()
| Bit (ut)|| B (ut)] ~ vy (n)o—(m) ’
Let us recall that Z2,, . (ut) = 3 o <y 2°Vs(u), where Vi(u) is given by re-
lation (6.7), so checks V(u) < agv_(m)vy(n)k,(—m,n)?, still setting k., (—m,n) =
> m<k<i<n T!(u). As a result, for another constant C' > 0 independent on
u € Sjl__l, small t > 0 and any n > 1:

|1 —xp(ut)] <

1= xp(ut)| <
C _ _ ‘ C
S E 1 + B Z B tQS(Hu(*v—l(n)av—i—l(n)))s + G;l(l/t)
1<s<v " (n)+vi (n)+1
C ‘ C
<=1 12528 .
=a 0t 2 )+ e= T

\ 1<s<u=t (n) o5 (n)+1

Choose n = G, }(1/2t). In particular, G,,(n) < 1/(2t). This gives:

C’ c
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By lemma 6.2, there is a constant C’ independent on u € Sifl so that for small
t>0:
O/
| < ————.
Gu (1/t)
This concludes the proof of the proposition. |

1= xp(ut)

6.5. Conclusion. Let us now prove theorem 2.4. Recall that we use the notation
= to denote the fact that two quantities are equal up to absolute multiplicative
positive constants.

First of all, for n > 1:

Z PkpL (pli + 12> = Z Pk Z 1/pk

—v_t(n)<k<I<ot(n) Pl —vH(n)<k<vi'(n)  —vTt(n)<k<vi'(n)

= F?(n).

From this it is immediate to deduce that ®4,.(n) < F(n). In a similar way, one
obtains Gy 4 (n) < @, 1 (n) and G, (n) < ®,(n).

By propositions 6.7, 6.10 and theorem 4.2, writing the integral as in (4.3) and
using the fact that Re(1/(1—z)) = Re(1 —2)/|1 — 2|2, the random walk is recurrent
if and only if:

(@ (U0 s gy

- +00, for some 7 > 0. (6.11)
/(u,t)esilx(o,n) ‘I)u,{‘,-(l/t)

Let ng be such that 1/ng < n. Uniformly in u € Si‘l, on each interval [1/(n +
1),1/n], n > ng:

(@5 (/07 0y _ @F' 0 i

5 (1/1) ¢, 5 (n)
by lemma 6.2. Cutting (0,n) in the contiguous intervals [1/(n + 1),1/n], n > ny,
each one of length of order 1/n?, the condition is equivalent to the one given in the

statement of theorem 2.4.
Concerning proposition 2.5, we first show the following lemma:

Lemma 6.11. When there exists C' > 0 so that for allm > 1 and all u € S_‘,i__l,
®,(n) < C®, 4 (n), the random walk is recurrent if and only if:

3 SRCRIEIRIERS

n>1

Proof: By lemma 6.2, &7 =< <I>;1+, uniformly in u € Si_l. From (6.11), the
criterion for recurrence can be written in the reduced form:

/ @, 1/t dudt = +oo. (6.12)
stx0m)

Let ng be so that ¢str-(ng) > 1/1. Recall that for all u € Siﬁl, D, 1 (n) > Dy (n).
Since ®,, 4 (ng) is clearly bounded in u € Si_l, using also lemma 6.2, the divergence
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of the previous integral is equivalent to that of:

Yeur(m) i
> /SLH/1 o, (1/6)t ! dtdu
+

el /B4 (nt1)

1/<DU,+(")
= E n/ / t4=1 dtdu
gd—1
n>ng —+

1/@u,+(n+1)

- /s P (e~ Fomrr)

N
1 1
= lim - du,
/511 N HZ:,M ((@u,+<n>>d (@ur(N + 1)>d>

using an Abel transform. Now if [ga-1 3, <1 (®u4(n)) %du < 400, then the pre-
¢ >

vious integral is finite. If it is infinite, then applying Fatou’s lemma (as N — +00),
the integral is also infinite. O

Concerning proposition 2.5, we always have ®; ! < @;,IJF, so a sufficient condition
for showing the finiteness of the integral in (6.11) is to show that of (6.12). As
proved above, this is also equivalent to the finiteness of the integral appearing in
the statement of lemma 6.11.

Another sufficient condition comes from the remark that ®, 1 > ®,, indepen-
dent of w in the compact set Si‘l. This gives the sufficient conditions stated for
transience in the proposition, using that ®g..(n) always has at least order y/n’ for
the case d > 3. When d = 2 and p,, = 1, for all n € Z, then ®,.(n) has order n.

When m,, =0 for all n € Z, then &, = ®, ; = @4, and we can apply lemma
6.11. In the antisymmetric case, observe that:

2(n) = 2, (n)+ > T (u)

—vZ 1 (n)<k<0<I<v (n)

max(k,l
o7 (n)+2 Z Tmin(gc,l))-ﬁ-l(u) <497 L (n).
0<k,I1<v*(n)

We can next apply lemma 6.11, using finally that ®,,(0,n) < &, 1 (0) < 29,(0,n).
This completes the proof of the proposition.

7. Examples and remarks; interpretation of the criterion

7.1. Flat case (p, =1, n € Z). For simple random walk in Z4*+1, we can apply the
second point of proposition 2.5, as m,, = 0 for all n € Z. Then ®,.(n) < n and the
random walk is recurrent if and only if ) -, n~% = 400, hence d = 1, as expected.
Let us now complement with a remark the study made in Brémont (2016) for
the Campanino-Petritis model when the orientations (e, )ncz are quasi-periodic.

Proposition 7.1. Let d =1 and for n € Z, pp, = o = v = 1/3 and p, = o,
where €, = 1jg,1/2)(na) — 1j1/21)(na), where na is taken modulo 1. Then for
almost-every a, the random walk is recurrent.
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Proof: Recurrence is shown in Brémont (2016), proposition 1.5, for any irrational
« having a continued fraction expansion [aj, as, - - -] verifying:

= +-00.

Z log(1 + ay,)

a a
n>1 1+ + n

In fact, >, 1/(a1 +--- + a,) = 400 already for almost-every . This is an old
theorem of Khintchine (1935), consequence of the classical result that (ay 4 - - - +
ay)/(nlogn) converges in probability to 1/log2. The latter follows from a weak
form of the exponential mixing for the Gauss map.

O

7.2. General case. Let us begin with a simple example.

Proposition 7.2. Let d = 1. Let § > 0 with for alln € Z, § < p, < 1/2 — 6.
Set g, = 1/2 — pp, rn = 1/2 and p, = (61 + 6-1)/2. Suppose that p, < |n|**t, as

n — oo, for constants a4+ € R.
Pn
1/4 (m,n) 1/4
In

In this case, both coordinates are recurrent if and only if min{a_,a;} > —1. The
random walk is recurrent if and only if min{a_, a4} > 0.

Proof: The first coordinate is always recurrent. We have vy (n) =< n'T%+ or logn
if ay = —1, idem for v_(n). The vertical coordinate is recurrent if and only if
ve(n) — +o00, ie ax > —1. Next, by the second point of proposition 2.5, the
random walk is recurrent if and only if >~ - (1/®gr(n)) = +oo0. Let ay > —1,
different from 41. We have vy (n) < n'*%+ and wy (n) < n'~%+. Hence, ®%,.(n) <
plt-a)/(tey) 4 pl+(-a)/(+e-)  Diyergence holds for ayx > 0. The cases

when a4 are +1 or —1 are treated in the same way. ]
Let us now turn towards an antisymmetric situation.

Proposition 7.3. Consider the antisymmetric case of proposition 2.5, point 3).
Suppose that m,, = ¢ # 0, forn > 1, and that p, < n®, as n — +oo > 0, where
a €R. Then:

— When d = 1, the random walk is recurrent if and only if a > 1.
— When d = 2, the random walk is recurrent if and only if a > 3.

Remark 7.4. When d = 1 and in the particular antisymmetric case when u,, = 1,
f—n = 0_1, for n > 1, and pg = 1/2(61 + d_1), notice that horizontal steps are
restricted to +1 in the Northern part and to —1 in the Southern part. Conse-
quently the random walk can be either recurrent or transient, but necessarily its
trajectory makes some spirals. In the flat case (giving o = 0), the random walk is
transient. This confirms the remark made in Campanino and Petritis (2004) that
these parameters lie deeply within the transience regime.

Proof: If & < —1, the random walk is transient, as (v4(n)) is bounded. If o = —1,
then wy (n) < n? and vy (n) < Inn. As a result, ®2,,.(n) > ne", for some ¢ > 0,
giving transience, by proposition 2.5.



792 J. Brémont

— Supposing —1 < a < 1, we show transience. First of all, w, (n) < n'~% and

vi(n) < ntte.
y 2
/ %y (/ ¢ dt) dxdy
1<z<y<n x

Z PEPL Z 1/ps
ny 2
= n20‘+2/ xy® (/ t dt) dxdy
1/n<z<y<1 n

1<k<I<n k<s<l
y 2
n4/ %y (/ te dt) dxdy = n*.
1/n<z<y<1 x

As a result ®2(0,n) < nlt1-e)/(+a) 4 (cq)2nt/ (042 giving:
B, (0,n) < n/0F) 4 ey n?/(Fe),
When d = 1, we have |c.u| = |¢|, s0 ®,(0,n) < n?/ 1+ When d > 2, (®,(0,n))¢ >

Cn%/(14®)  The exponents are > 1 in each case. The random walk is transient, by
proposition 2.5.

— Let now a > 1. Then w4 (n) < 1, vy (n) < n!T. If d = 1, then ®2(0,n) <
C(n+(c,u)?n?), so ®,(0,n) = O(n) uniformly in u, so the random walk is recurrent,
by proposition 2.5. When d = 2, consider first the expression:

([ ) o ([ o) e ([ [
([ () ([ o)

since the integration coefficients are equal for each term on the right. When 1 < a <
3, this term is equivalent to 1/[(a+1)(3—a)]—1/4 = (a—1)?/[(a+1)(3—a)] # 0
times n*. As a result:

y 2
®2(0,n) < n+ (c.u)2/ xy” (/ ¢ dt) dxdy
1<z<y<nl/(1+a) T
=n+ (cu)’n?/ 1+,

X

X

In order to show transience, by proposition 2.5, we need to control the following

quantity:
Z/uesl D2(0,n) = Z/ n+02n4/(1+a 0.

n>1
Simply set § = n'/272/0+) g wwhere 1/2 — 2/(1 + a) < 0. It remains:

1 (7 /2)n3/ () =1/2 1 1
~ o 1/2=2/(14a) - - -
Z n' /0 1+ 22 dz =< Z i2+2/(ta) < +00,

n>1 n>1
as 1/2+2/(14+a) = (5+a)/(2+2a) > 1. If a = 3, then ®2(0,n) < n+(c.u)*nlnn <
Cnlnn, uniformly in u. When o > 3, ®2(0,n) < n + (c.u)*n < Cn, uniformly in
u. In any case 2121(1/@% (0,m)) = +o0, giving recurrence.
— If finally a = 1, then wy(n) < Inn, vy(n) < n2. When d = 1, ®2(0,n) <
C(nlnn +n?(lnn)?), giving ®,(0,n) = O(nlnn), uniformly in u, and the random
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walk is recurrent. When d = 2:
®2(0,n) > K(nlnn + (c.u)*n?), for some K > 0.

In order to show transience, we just need to prove the finiteness of:

(w/2)y/n/Inn dx
v (L .
Z/ nlnn+92n2 nlnn/ (Inn)/n < oo

14 2
n>1 1tz
This completes the proof of the pr0p051t10n. (I

7.3. The half-pipe. Contrary to the flat case (p, = gn, n € Z), one can somehow
“suppress” the vertical dimension for some values of the parameters, indeed when
> nez(l/pn) < +o0o. In this case the environment strongly pushes towards 7% and
the vertical component is positive recurrent (this is a kind of random walk in a
half-pipe when d = 1). The random walk is then “essentially” d-dimensional. This
explains the critical values of d appearing in proposition 2.5 and that the random
walk, in Z%*!, can be recurrent when d = 2.

Proposition 7.5. Suppose that ), ., 1/p, < +o0o. In this situation:

- If Z [nlln # 0, then the random walk is transient.

nez PnPn

TnMn

7Ifd—1andzpp

neZ

=0, then the random walk is recurrent.

Remark 7.6. Let ) _,(1/p,) < +oc and suppose for example that the (m,)nez
are a typical realization of some independent uniformly bounded random variables,
at least one having a density. Then, almost-surely, the associated random walk
is transient. Indeed, the random variable w +—— 3, (rnmy,(w))/(Pnpn) has a
density, so equals 0 with zero probability.

-

Proof of the proposition 7.5: One can use the recurrence criterion that we have es-
tablished, but in this situation we fall in a classical context. Indeed, by lemma 4.1,
the random walk is recurrent if and only if (T,) is recurrent with T,, = Dy +- - +Dn,
where the (Dy) are i.i.d. with the same law as D, where D is given in (4.4).
The point is that o is integrable, thus also D. Hence E(D) # 0 implies tran-
sience because there is a LLN with non-zero speed for (7,). When d = 1 and
E(D) = 0, it is classical that (T3,) is then recurrent (when d = 2 the situation
is more comphcated). We leave to the reader the computation, using trees, that

]E(D) = Znez(rnmn)/(pnpn)' U

Remark 7.7. When ) _,1/p, < 400, modifying (preserving the Z-invariance)
the environment on a single line can change the asymptotics of the random walk
(a single m,, can make ), 7,my/(pnpn) equal O or not). This is not true if
> nez 1/pn = +00. As discussed in the introduction of Brémont (2016), in the flat
case p, = QGn, N € Z, changing the environment on a single horizontal line did not
modify the asymptotics.

7.4. Non-uniform non-elliptic environment on a single line. Taking d = 1, let us
briefly discuss what happens when the medium is Z-invariant (satisfying hypotheses
1.1), except on one line, where ellipticity is also broken. Consider the following
example.
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Proposition 7.8. Take at (m,n), with n # 0: p, = ¢, = r, = 1/3, with p, =
6—sign(n)' At (m,0), with m >0, let p=1. At (m,0), with m <0, let ¢ = 1.

Then this random walk is recurrent.

Remark 7.9. If the environment on the horizontal line y = 0 is taken for example
to be the same as the one of a Northern line, then the random walk in transient.
This was proved originally in Campanino and Petritis (2003). This can be seen
directly here, as ®1(0,n) =< n?. This gives >, 1/®;(0,n) < +oo and the random
walk is transient by proposition 2.5.

Proof of the proposition 7.5: Consider the sequence of returns on the axis y = 0.
This is a Markov chain. On {0,1,2,---}, this walk jumps with —X, where X =
Y iepco_1 Tk and P(I'y = m) = (2/3)(1/3)™, m > 0. The (I'y) are independent
and ¢ is independent of (T'x) and has the law of min{k > 1, Sy = 0}, where (Sj)
is simple random walk on Z starting at 0 (with i.i.d. jumps with law (61 +d_1)/2).
On {-1,-2,---} one jumps with X instead of —X.

It is sufficient to restrict this random walk to the subsequence of non-zero jumps.
This means replacing the law of X by £(X | X > 0) = u. This is an example of
oscillating random walk on Z in the sense of Kemperman (1974). By theorem 4.8
of Kemperman (1974), this random walk is recurrent if and only if for some & > 0:

/061—;1(9)|—2 df = +oo. (7.1)

Let us examine /i near the origin. Let pg = P(X = 0) and x(0) = 2/(3 — €%) be
the characteristic function of I'y. Then:
E(e1x50) _ E(€”Y) —po _ E(x(0)""") — po

1(0) = = —
(o) 1—1po 1—po 1—po

Recall that E(s”) =1 —+/1 — s2, for real —1 < s < 1. This extends analytically to
|z| < 1, using the principal determination of the square root in the complex plane.

This gives:
3(6) = X(0)"1(1 = /1 —x(0)*) — po
L —po
Let & > 0. At the first order, x(0) = 1 +i6/2 + O(6?). Thus /1 — x(0)2 =
VO'e= /41 + O(6)). Consequently:
\/5‘671'77/4

pO) =1 = T — +00)

This ensures that (7.1) is satisfied.
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7.5. Geometrical interpretation of the criterion. Let us first fix d = 1. We implicitly
use lemma 6.2. Setting ® = ®; and & = &, 1, as S = {1}, we shall interpret
geometrically as a surface in R? the integral involved in theorem 2.4:

(@110
I o (72

In R3, consider the canonical basis (ej,es,e3), corresponding to coordinates
(X,Y,Z). We look at the intervals on the Y-axis containing the point 0, ie all
[—a,b], with @ > 0 and b > 0. We first parametrize points in the half plane
{X =0, Z > 0} with polar coordinates (p, ) such that p > 0 and 0 < a < 7 in the
following way:

A

1/®(—psin(a/2), pcos(a/2))

\
\

/ B - pela \‘\
- bt \X Y
—psin(a/2) X pcos(a/2)

To each p > 0 and 0 < a < 7w we associate the interval [—psin(«w/2), p cos(a/2)]
containing 0 on the Y-axis. We next plug at pe’® in the X-direction the value
1/®(—psin(a/2), pcos(a/2)) (i.e. we take the point pe'® + e;/®(—psin(a/2),
peos(/2))).

This gives a surface above the plane (Y, Z) in the half space X > 0. We now cut
it with the planes X = ¢, for t > 0, giving some level line L; in the plane X = t.
Set @, (n) = ®(0,n) and &, = ®(—n,0). Fixing ¢t > 0, the point on L; with
zero Y -coordinate has up to constants (¢,0, ®~1(1/t)) as components. Similarly the
extremities of L; have components (¢, —®; ' (1/t),0) and (¢, ®; (1/t),0). Drawing
several level lines for some values of t > 0, the picture is as follows.

More transient

7L (1/1)

More recurrent
Z

§

Y Y

N\

In each plane X = ¢, for t > 0, we then make some sort of stereographic projections:
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|=eay

‘ o X=t

2 T Y
)2 o (@ '/’ _
*‘Dil,(l/t) Z(t) = *(ﬁ,;lf 1/2; 24 () = 7L (1/t) ¢’+£r(1/t)

Back to the plane (X,Y), we draw the graphs {(¢,2+(¢)) | 0 < ¢t < 1} and
{(t,2-(t)) | 0 < t < 1} and obtain the following picture:

NONNNN DY

NN NN

The hatched area above has the same order as (7.2), since the integral can be
decomposed into two parts, using the observation that:

L1
iy R — -1
o5 CES

When d = 2, we draw for all u € Si the same picture in the plane (u,e3),
replacing e; by u and e by e3, using the quantities relative to ®,(—a, b). Rotating
with respect to w in the half-circle S_}_ (we have just drawn below the hatched
surfaces corresponding to two vectors u and v), one gets a three-dimensional object
naively looking like some half anisotropic pseudosphere. Its volume equals, up to
multiplicative constants, the integral appearing in theorem 2.4.
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Remark 7.10. When the random walk goes “frankly” in some direction v € S?,
then for all v € S}r not orthogonal to u, some pinching effect occurs towards the
horizontal plane in the hatched surface in direction v, making its area (and thus
the global volume) smaller.

7.6. Concluding remarks. Examples more substantial than the ones presented here
deserve a specific study. A better understanding of the geometry underlying the
recurrence criterion would certainly be helpful. It would be interesting for instance
to consider the case when the (pn,Gn,n, my) are a typical realization of an i.i.d.
process with m,, independent of (p,,q,) and E(log(p,/g,)) = 0. Examples of a
quasi-periodic nature would also be desirable, for example when log p,, is an ergodic
sum over an irrational rotation on the circle of a centered function.

In another direction, one can think about the analogous model in Z x Z? with a Z-
invariant environment. Restricting to vertical movements, the vertical component
is now a random walk in Z2. When the latter is simple random walk in Z2, one
may observe that there is not much room for recurrence. Indeed, if the horizontal
jump at (m,n) € Z x Z? is €,, where the ¢, are +1, as in the Campanino-Petritis
model, rough estimates furnish that for any sequence (g,,),czz the random walk is
transient. When the vertical component is a more general recurrent random walk,
this may become very difficult. The main problem concerns the distribution of the
local time during an excursion of this random walk. There is no tree-structure
behind, as in the one-dimensional case, but a complicated graph with loops.

Related to the latter question, a first step seems to be the model in the plane,
where:

]P)(m,n),(m,nil) = 1/4a P(m,n),(mil,n) =P+ (mv n)/Qa

with py(m,n) + p_(m,n) = 1. The vertical component is recurrent and the sub-
sequence of return times on the horizontal axis is a one-dimensional random walk
with unbounded jumps. Very few results are known on such a random walk. They
suppose a random environment and an integrable jump (Andjel, 1988), which is
not the case here.

Acknowledgments. We wish to thank for useful discussions Alexis Devulder, Jacques
Printems and Jon Aaronson.
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