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1. Introduction

In this article, we study the stochastic wave equation with multiplicative noise:

2 .
%(t,x) = Au(t,z) +ult,z)W(t,z), t>0,2cR?

w0,z) = 1, zeR? (1.1)
ou d
S0.2) = 0, acR

This problem is also known in the literature as the Hyperbolic Anderson Model,
by analogy with the Parabolic Anderson Model in which the wave operator is re-
placed by the heat operator. We assume that the noise W is Gaussian with covari-
ance structure specified by two locally integrable non-negative definitive functions
v : R — [0,00] in time and f : R? — [0,00] in space. Since the noise is not a
martingale in time, the stochastic integral with respect to W cannot be defined in
the It6 sense. To define the concept of solution we use the divergence operator from
Malliavin calculus. We refer the reader to Section 2 below for the precise definitions
of the noise and the solution.

The Parabolic Anderson Model with the same noise W as in the present article
has been studied extensively in the recent years. These investigations culminated
with the recent impressive article Hu et al. (2015b), in which the authors have
obtained a Feynman-Kac formula for the moments of the solution (for general
covariance kernels v and f), as well as exponential bounds for these moments (under
some quantitative conditions on v and f). The exact asymptotics for these moments
were obtained in Chen et al. (2015). These extend some earlier results of Hu and
Nualart (2009) and Hu et al. (2011), in the case when the noise W was fractional
in space and time with index H > 1/2 in time, and indices Hy,...,Hg > 1/2 in
space.

These investigations originate in the seminal article Dawson and Salehi (1980)
which studied the Parabolic Anderson Model with spatially homogenous Gaussian
noise which was white in time. These authors were among the first who showed that
for an equation with multiplicative noise, the (mild) solution has an explicit chaos
expansion (i.e. it can be written as a series of a multiple integrals with respect to
the noise), and the solution exists if and only if this series converges in L?(Q2). Note
that in Dawson and Salehi (1980) it is assumed that f(z) = [, e u(d€) for a
finite measure . In this case, the noise is a bona-fide function in the space variable
x, whereas in the present article, the noise is a generalized function in . (More
precisely, if the spectral measure p is finite, the noise Wi(y) := W (1 q¢) can be
identified with a stationary random field {V;(x)},ega via: Wi(@) = [ra @(x)V(2x)dzx
for all p € S(RY).)

In contrast with its parabolic counterpart, the Hyperbolic Anderson Model with
noise W as above has received less attention in the literature. But there is a
large amount of literature dedicated to the stochastic wave equation with spatially-
homogeneous Gaussian noise which is white in time and has spectral covariance
measure 4 in space. (The covariance kernel f is the Fourier transform of p.) We
describe briefly the most important contributions in this area. In the landmark ar-
ticle Dalang (1999), Robert Dalang introduced an Ito-type stochastic integral with
respect to this noise (building upon the theory of martingale measures developed in
Walsh (1986)), and proved that the solution of the stochastic wave equation with
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this type of noise (and possibly a Lipschitz non-linear term o(u) multiplying the
noise) exists in any dimension d = 1,2, 3, provided that the measure p satisfies
what is now called Dalang’s condition:

/Rd %Wu(dﬁ) < 0. (1.2)

This result was extended to any dimension d in Conus and Dalang (2008). In Conus
and Dalang (2008), it was also proved that the solution of the wave equation with
affine term o(u) = w + b is Holder continuous, provided that p satisfies:

B
/]Rd (1—|—l|‘§|2> u(d€) < oo, for some S € (0,1). (1.3)

A deeper study of the Holder continuity of the solution of the wave equation in
dimension d = 3 (with general Lipschitz function o) was carried out in Dalang and
Sanz-Solé (2009) and Hu et al. (2014). Exponential bounds for the moments of the
solution of the Hyperbolic Anderson Model in dimension d = 3 were obtained in
Dalang and Mueller (2009). The fact that the solution of the wave equation (with
general Lipschitz function o) has a density was proved in Sanz-Solé and Siifi (2015)
for any dimension d. In Hu et al. (2015a), it was shown that this density is smooth
for dimensions d = 1, 2, 3.

The existence and Holder continuity of the solution of equation (1.1) with noise
W which is fractional in time with index H > 1/2 and has a spatial covariance
function given by the Riesz kernel f(z) = |z|7%,0 < a < d was proved in Balan
(2012) under the conditions « < 2, respectively «/2 < 8 < 1 (which are restate-
ments of conditions (1.2) and (1.3) for the Riesz kernel). The goal of this article
is to extend these results to the case of a Gaussian noise with general temporal
covariance kernel v. In the case d > 3, the definition of solution given in Balan
(2012) is incorrect since the product between the distribution G(t — s,z — -) and
the function u(s, -) is not well-defined. For this reason, we propose a new definition
of the solution, and we prove its existence and uniqueness.

This article is organized as follows. In Section 2, we gather some preliminary
results about the space of integrands with respect to the noise W, and conclude with
some elements of Malliavin calculus. In Section 3, we study the kernels f, (-, ¢, z)
which appear in the Wiener chaos representation of the solution, and we show that
the multiple Wiener integral I,(f,(-,t,x)) is well-defined. In Section 4, we show
that the series Y < Ip,(fn (-, ¢, 2)) converges in L?(£2). The existence of the solution
is proved in Section 5, for any temporal covariance function v and for any spectral
measure p which satisfies (1.2). In Section 6, we show that this solution is unique.
In Section 7, we show that the solution has uniformly bounded moments of order
p > 2 and is continuous in LP(Q2). Section 8, we prove that this solution is Holder
continuous in time and space, provided that p satisfies (1.3).

We specify the notation used in this article. We let D¢ (R?) be the set of complex-
valued C* (i.e. infinitely differentiable) functions on R% with compact support.
We let LE(RY) be the space of complex-valued functions ¢ on R? such that |p|?
is integrable with respect to the Lebesgue measure. We let Sc(R9) be the set of
complex-valued rapidly decreasing C°° functions on RY. We denote by Si(R?) the
space of all complex-valued tempered distributions on R¢. Similar notations are
used for spaces of real-valued elements, with the subscript C omitted. We denote by

Ty = E?Zl x;y; the inner product in R and by |z| = (z-)'/? the Euclidean norm
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in RY. We let Fp(&) = [pa e "¢p(2)dz be the Fourier transform of ¢ € L*(R%).
The inverse Fourier transform of <p € S(RY) is F~lp = (2m)"9Fp. We use F to
denote the Fourier transform of functions on R, R? or R, but whenever there is
a risk of confusion, the notation will be clearly specified.

We end the introduction with some basic facts about distributions (see e.g.
Rudin, 1973). The Fourier transform of F € Si(R?) is a distribution FF de-
fined by (FF,¢) = (F,F¢) for all $ € S(R?). For any F € S'(R?) and x € R4,
F(x — ) is the distribution in &’(R?) defined by (F(z — ), ¢) = (F,¢(x — -)) for
all ¢ € S(R?). The product between a distribution F € S'(RY) and a function
k € S(RY) is a distribution Fk € S'(RY) defined by (Fk,¢) = (F,k¢) for all
¢ € S(R?). The convolution between a distribution F' € S’(R?) and a function
¢ € S(RY) is a O function F * ¢ € S(RY) with polynomial growth, defined by
(Fx¢)(x) = (F(x— "), $); its Fourier transform in S'(RY) is F(F *¢) = (FF)(F¢).

2. Preliminaries

In this section, we give a rigorous definition of the noise W, we establish a
criterion for integrability with respect to W, and we introduce the basic elements
of Malliavin calculus.

We assume that W = {W(¢); ¢ € D(R x R?)} is a zero-mean Gaussian process,
defined on a complete probability space (2, F, P), with covariance

E[W (p1)W (p2)] = /}RWM Yt = s)f(x —y)pi(t, z)p2(s, y)dzdydtds =: J (1, p2),

where 7 : R — [0,00] and f : R? — [0,00] are continuous, symmetric, locally
integrable functions, such that v(f) < co a.e and f(z) < oo a.e.
We denote by H the completion of D(R x RY) with respect to (-, )3, defined by

(p1,02)n = J(p1,02)-

We are mostly interested in variables W () with ¢ € D(R; x R?).
We assume that the functions v and f are non-negative definite (in the sense of
distributions), i.e. for any ¢ € S(R) and ¢ € S(R?)

/ (6B (H)dt >0 and / (0% B)(@) f(x)dz > 0,
R

]Rd
where ¢(t) = ¢(—t) and 3(z) = o(—z).
By the Bochner-Schwartz Theorem, there exists a tempered measure v on R such
that «y is the Fourier transform of v in S;.(R), i.e.

t)dt = /.7-"41) v(dr) forall ¢ € Sc(R).

We identify two functlons 71 and 72 such that 3 = 7 a.e. Similarly, there exists a
tempered measure p on R? such that f is the Fourier transform of z in Sf(R9), i.e.

/R e f@de = [ Fe(eu(de) forall o€ Sc(®). (2.1)

R4
We identify two functions fi; and fo such that f; = f5 a.e.
It follows that for any functions ¢1, g2 € Sc(R) and ¢y, 02 € Sc(R9)

// (t — 5)1 (1) a3 dtds—/ﬂm \Foa(rw(dr) (2.2)
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and
/ / f(& — )¢r (2) pa(w)ddy = / For&Foa@ulde).  (23)
Re JR4A Rd

The next result shows that the functional J has an alternative expression, in
terms of Fourier transforms. In particular, this shows that J is non-negative defi-
nite.

Lemma 2.1. For any 1,02 € D(R x R?), we have:

Heren) = [ | Forlr O Foalrom(dria(ds), (2.4

where F denotes the Fourier transform in both variables t and x. Moreover, J is
non-negative definite.

Proof: Since ¢y (t,-) € D(R?) for any t € R and k = 1,2, by (2.3) we have:

Honga) = [ [ =9 ([ Forte. Tl 1@ntde) ) aras.

For any ¢ € R? fixed, we denote ¢E (t) = Foi(t, )(€) = [gae T pp(t, x)dz. Note
that qﬁék) € Dc(R) for any ¢ € R? and k = 1,2. Hence, by Fubini’s theorem and
(2.2), we have

soven = [ ([ [ 0s o eas) ag
/Rd/ﬂf% (7)o (r)v(dr)ude), (2.5)

where for any 7 € R and k£ = 1,2, we denote

Folr) = [P o= [ ([ ot ain) di= Fone),

This proves (2.4). Consequently, for any ay,...,a, € C and ¢1,..., @, € Dc(Ry X
R9),

Z ajarJ (i, ¢x) /Rd/ Zagﬁp] 7,8)| v(dr)u(d§) >0

7,k=1

This proves that J is non-negative deﬁmte. ([l

The map ¢ — W () is an isometry which can be extended to H. For any ¢ € H,
we say that W () is the Wiener integral of ¢ with respect to W and we denote

_ /R/R o, )W (dt, dz).

We note that the space H may contain distributions in S’'(R4*+1) (see Theorem 3.5.
of Basse-O’Connor et al., 2012 with F = v x p).

Let |H| be the set of measurable functions ¢ : R, x R? — R such that H@H\QHI =
J(|¢l, |]) < oo. Since |H| is a complete with respect to || - [|j and || [[% < |- [lj2,

IH| M. (2.6)

To obtain a criterion for integrability, we need the following approximation result.
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Lemma 2.2. If u is a tempered measure on R, then F(D(R?)) is dense in
LE(RY, ), where

LE(RY, p) = {p € LA(RY, 1); p(€) = 9(—€) for all £ € RY}.

Proof: We refer the reader to the proof of Theorem 3.2 of Jolis (2010) for the case
d = 1. The same argument can be used for higher dimensions d. O

We also need the following result on the “energy” of a complex-valued function
¢ with respect to a kernel .

Lemma 2.3. Let m be a tempered measure on R? whose Fourier transform in
SE(RY) s a locally integrable function k : R — [0,00] such that k(z) < oo a.e.
Then for any bounded function o : R* — C with bounded support, which is contin-
uous a.e., we have:

&) = [ nlo—nplaeidedy = [ 1Fol©Pmlde). (1)

Remark 2.4. If we assume that k is a kernel of positive type (i.e. the measure m
is absolutely continuous with respect to the Lebesgue measure), relation (2.7) can
be deduced from Lemma 5.6 of Khoshnevisan and Xiao (2009) for any function
¢ € LL(RY) with &.(|¢]) < oo. In the proof of Theorem 2.6 below, we will use
relation (2.7) for the kernel k = v on R and the measure m = v. We do not
use the result of Khoshnevisan and Xiao (2009) since we do not assume that v is
absolutely continuous with respect to the Lebesque measure. (Relation (2.7) will
also be used in the proof of Theorem 3.5 below for the kernel x = v, on R™, with

Yoty ootn) =TT g v(t:).)

Proof: (of Lemma 2.3) Suppose that ¢ = 1 + ips, |p(z)] < K for all z € R®
and the support of ¢ is contained in the set {x € R™;|z| < M}. We proceed by
approximation. Let p € D(R™) be such that p > 0, f]R" p(z)dz = 1 and the support
of p is contained in {z € R™;|z| < 1}. For any ¢ > 0, we define p.(z) = e ~9p(x/e)
for all z € R?. Let

Pe = Q*Pe = Pe,1 +ipe 2,

where .1 = @1 % p. and p.o = @2 * p.. Then ¢, € Dc(RY), |p.(z)] < K for
all z € R, o (z) — @(x) for any continuity point = of ¢, and the support of
¢. is contained in the set {x € R% |z| < M + 1}, for any ¢ € (0,1). Moreover,
Fo. = FoFp:. — Fp as € | 0 and |Fo.| < |Fp|. By the definition of the Fourier
transform in Si(RY), for any € > 0,

/]Rd /Rd K(r — y)%(fﬂ)mdxdy = /Rd |f§05(£)‘2m(d§> (2.8)

Note that

1im/ / (@ = y)pe () e (y)dady = / / Kz —y)e(@)p(y)dedy.  (2.9)
el0 Jrd JRd Re JR4

(This follows by applying the dominated convergence theorem to the real and imag-
inary part of the integrals above. In fact, since the integral on the right-hand side
of (2.8) is real-valued, the term on the left-hand side has to be real-valued for any
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e > 0, and hence its limit as ¢ | 0 is real-valued.) On the other hand, by Fatou’s
lemma,

[ 17 e Pmid) < timint [ |7 pu(6)Pm(ae). (2.10)
Rd el0 R
From (2.8), (2.9) and (2.10), we obtain that

I GRGE / | e~ we(eieudady.

Hence, if the right-hand side of (2.7) is infinite, so must be the left-hand side. If
the right-hand side of (2.7) is finite, then by the dominated convergence theorem,
we have:

[ 1Fe©Pmide) =tim [ |Fou(e)Pm(dg). (2.11)
Rd el0 Jpd
In this case, relation (2.7) follows by (2.8), (2.9) and (2.11). O

Remark 2.5. Recall that the Fourier transform FS of a distribution S € S'(R?) is
defined by (FS, ¢) = (S, Fe) for all ¢ € S(R?). When S is a genuine distribution
and FS = g is a function, this means that

/Rd 9()p(&)de = (S, Fp) forall ¢ e SRY). (2.12)

In this case, FS is understood as the equivalence class of all functions g which
satisfy (2.12). If g is an element of this class, we say that g is a version of the
Fourier transform FS. If g; and g, are versions of F.5, then g; = g- a.e.

This leads us to the following hypothesis.
Hypothesis A. p is absolutely continuous with respect to the Lebesgue measure.

Using the alternative expression given by (2.5) for the inner product (¢1, p2)n
and the previous lemmas, we obtain the following criterion for integrability with
respect to W.

Theorem 2.6. Let R > t — S(t) € S'(R?) be a deterministic function such that
FS(t,-) is a function for all t € R. If FS(t,) is uniquely determined only up to
a set of Lebesque measure zero, we assume that p satisfies Hypothesis A. Suppose
that:
(i) for each t € R, there exists a version of FS(t,-) such that (t,&) — FS(t,-)(§) =:
¢¢(t) is measurable on R x RY;
(i) for all € € R?, [o |¢e(t)|dt < oo.

Then the followmg statements hold:

a) The function (1,§) — Foe(T) is measumble on R x RY, where Fe¢ denotes
the Fourier transform of ¢¢, i.e. Fe(T fR Tl (t)dt, T € R.

b) If
I813:= [, [ 1FoetnPridnnas) < oo (213)
then S € H and ||S|13, = ||S|3.
¢) Assume in addition that S(t,-) =0 for all t &€ [0,T], for some T > 0. If for

every &€ € RY, the function t — FS(t,-)(€) is continuous a.e. and bounded on [0, T,
and

Iy = / / / (t — $)FS(t, ) FSE V@) dtdsp(de) < o0
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then (2.13) holds, S € H and ||SH§{ =52 = Ir.

Proof: a) This follows by Fubini’s theorem, using the fact that (¢,7,€) — et p¢(t)
is measurable on R x R x R?, by hypothesis (i).

b) Let a(1,£) = Foe(r). By (2.13) and part a), the function a lies in LZ (R4 1, 1I),
where

II(dr, d§) = v(dr)p(ds).

We denote LZ(R™1TI) = {¢ € LA(RU T0); o(7, ) = p(—7, —€) for all 7 € R, € €
R9}. We observe that a € LZ(R4*1 1I), since by Lemma 3.3 of Basse-O’Connor
et al. (2012),

$-g(t) = FS(t,)(—€) = FS(t,)(§) = ¢¢(t) for all € € RY,

and hence

a(—1,-€) = /Re”tqﬁ_g(t)dt = /Re—”tgbg(t)dt =a(r,6) forall 7T € R, ¢ cR™L

By Lemma 2.2, F(D(R%t1)) is dense in E%(RdH,H). Hence, for any ¢ > 0,
there exists a function | = [(g) € D(R4*1!) such that

/ la(r, €) — Fl(7,)[2TI(dr, de) < &2
Rd+1

Note that the previous integral is [pa1 [Foe(T) — Fipe(7)[PTI(dr, d€) =: ||S — 1|3,
where F1)e is the Fourier transform of the function t — ¢ (t) = FI(¢,-)(§). The
conclusion follows using expression (2.5) for the inner product in H.

c) For every ¢ € R? fixed, we apply Lemma 2.3 to the bounded function ¢¢ :
R — C which is continuous a.e and has support contained in [0, T]. We apply this
lemma for the measure m = v and the kernel k = v on R. We obtain that, for any
£ R,

/T /Tv(t — 5)¢e(t)e(s)dtds = / | Foe (7)[20(dr).

We integrate with respect to u(d¢) and we multiply by (27)~?. We obtain that

Ir— / / | Foe(r)Pu(dr)u(de) =: |IS|2.

Since I < oo, it follows that ||S||3 < oo. The conclusion follows by part b). O

We are interested in applying Theorem 2.6 to the case when ¢ is related to the
fundamental solution G of the wave equation on R, x R%. We recall that:

1 .
G(t,x) = §l{|x\<t} ifd=1
1 1 .
1
G(t,) = Tﬂ_tgt, lfd:?)7

where oy is the surface measure on the sphere {x € R3;|z| =t}. If d=1or d =2,
G(t,-) is a non-negative function in L!(R?), and if d = 3, G(¢,-) is a finite measure
in R3.
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If d > 4 is even, G(t,-) is a distribution with compact support in R? given by:

1 1o\ 22
1~3~...~(d1)<t8t> (L),

1 t
Ti(p) = /B(O ; Ly)d%

 wat V1—|z]?

and if d > 5 is odd, G(t,-) is a distribution with compact support in R? given by:

(d—3)/2
Gt ) ! (1 0 ) (14-25,),

G(t, ) =

T13-...-d-2) \tot
Si(p) = — o(t2)do(2),
wd JoB(0,1)

where wy is the surface area of the unit sphere 9B(0,1) in R?, and o is the surface
measure on 0B(0,1) (see e.g. Theorem (5.28), page 176 of Folland, 1995).
It is known that for any d >1, the Fourier transform of G(t,-) is given by:

sin(t|¢])
IS

Note that when d = 1,2, 3, the previous formula uniquely determines FG(t,-) as
the Fourier transform of a function in L!(R?) for d = 1,2, or the Fourier transform
of a finite measure for d = 3. But when d > 4, (2.14) is interpreted in the sense of
distributions, and the definition of FG(t, ) is unique only up to a set of Lebesgue
measure zero.

We have the following result about the integrability of G.

FG(t,)(6) = ¢ eRY (2.14)

Theorem 2.7. For anyt > 0 and z € R?, we define g (s,-) = G(t—s,x—)1j9,4(s)
for any s € R. If d > 4, we assume that p satisfies Hypothesis A. Suppose that

I = /Rd/o /0 ~y(r — S)sin((t — r)|§:és2in((t — s)|§|)drds,u(d§) < 00 (2.15)

for any t > 0. Then, for anyt >0 and v € R?, g, , € H, the stochastic integral
t
v(t,x) = / / G(t— s,z —y)W(ds,dy)
o Jr

is well-defined and Elv(t,x)|* = I;. In particular, (2.15) holds for any t > 0 if the
measure [ satisfies (1.2). (Note that v is the solution of the linear wave equation
%(t7 z) = Av(t,x) + W(t,x),t > 0,2 € R with zero initial conditions.)

Proof: By applying Theorem 2.6.c) to the function S = g¢; , we infer that g, , € H
and ||g+.2 /|3, = lgt,2||3 = I;. To see that g; , satisfies the conditions of this theorem,
we note that, due to (2.14), for all s € R and ¢ € R?,
—ig S = 5)[€])
Pe(s) = Fgru(s,)(€) = e Tl[o,t](S)-

Then |¢e(s)] < (t — 5)1j,(s) < tljgy(s) for all s € R and £ € R. It follows that
gt satisfies conditions (i) and (ii) of Theorem 2.6. By the construction of the
stochastic integral, E|v(t,z)|* = ||g:.. |3 = I

Note that I; coincides with the term «; (t) which appears in the series represen-
tation (7.1) of the second moment of the solution w(t,z) to equation (1.1). (See
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definition (4.12) of a,(t) below.) By relations (4.15) and (4.16) below, we see that
if (1.2) holds, a4 (t) < oco. O

Remark 2.8. Theorem 2.6.c) can also be applied to the function S = g;, where
gt,m(sv ) = G(t — 5T = ')1[0,15] (3) and

G(t,z) = 1 ex —@ (2.16)
= arnaz TP\ Ty '
is the fundamental solution of the heat equation % = %Au on Ry x R Since

gr.2(8,+) € L*(R?), its Fourier transform is uniquely determined and we do not need
to assume that p is absolutely continuous with respect to the Lebesgue measure.
Note that g;, € H provided that, for any ¢ > 0,

I := /]Rd /Ot /Ot ~v(r — s)exp (ﬁ;)ﬂz) exp <(t;)|£|2> drdsp(dg) < oo.

In this case, v(t,2) = W(gy,,) is the solution of % = %Av—&—W and E|v(t, z)|? = I;.

We conclude this section by recalling briefly some basic elements of Malliavin
calculus (see Nualart, 2006 for more details).

It is known that every square-integrable random variable F' which is measurable
with respect to W, has the Wiener chaos expansion:

F=E(F)+)Y_ F, with F,€H,,

n>1

where H,, is the n-th Wiener chaos space associated to W. Moreover, each F,, can
be represented as F,, = I,,(f,) for some f, € H®", where H®" is the n-th tensor
product of H and I, : H®" — H,, is the multiple Wiener integral with respect to
W. By the orthogonality of the Wiener chaos spaces and an isometry-type property
of I,,, we obtain that

E|F| = (EF)’ + Y EIL(f)* = (BF)* + Y 0!l fullfen,

n>1 n>1

where f; is the symmetrization of f, in all n variables. We note that the space
H®™ may contain distributions in S’(R™4+1).

We denote by 6 : Dom(6) € L?(;H) — L?(Q) the divergence operator with
respect to W, defined as the adjoint of the Malliavin derivative D with respect to
W. If u € Dom §, we use the notation

o(u) = / / u(t, )W (dt, dz),
0 JRrd
and we say that d(u) is the Skorohod integral of u with respect to W. In particular,
E[6(u)] = 0.
3. The kernels f,

In this section, we give the definition of the kernels f,(:,¢, ) which appear in
the Wiener chaos representation of the solution to equation (1.1), and we prove
that they are integrable with respect to the noise W.
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Let t; > 0,...,t, > 0 be arbitrary. If d < 2, for any z1,...,z, € R? we define

ot 21, ot T, 6, 7) = Lo <ct, <ty G(E =t @ — ) ... G(t2 — t1, 22 — 71).

In this case, f,(t1,-,...,tn, ", t,2) is a function in L*(R™?) whose Fourier transgir)l
is
Flnltty oo ostn,t,2) (&1, .. &) = (3.2)
= 1{0<t1<u.<tn<t}e_i(£1+"'+£")'z
CFG(tr —t1,)(61) FG(ts — ta, ) (& + &) ... FG(t —tn, ) (&1 + .. +&n)-
Ifd > 3, welet f,,(t1,-,...,tn, ", t,2) be the distribution in S&'(R"?) whose Fourier
transform is given by (3.2). More precisely, the action of the f,(t1,-,...,tn, ", t, )

on a test function ¢ € S(R"?) is given by:
(fn(t17'>"‘7tn7'7t7x)u¢) = (]:fn(tla'7"'7tn7'7t7x)7f_1¢)

= Ljocti<..<t <t} /Rnd e Ot AT EG (ty — t1,)(&1) - FG(ts — ta, ) (61 + &) - .-
FG(t—tn, )&+ ... + &) F L6, ..., &)dE ... dE,y,.
(3.3)

Lemma 3.1. f,(t1,-,...,tn, - t,x) is a well-defined distribution in S'(R"%).
Proof: First, note that for any ¢ > 0 and ¢ € R?, letting C; = 2(t V 1), we have:

1

GO < O

(3.4)

sin? . sin? .
since S ) <42 <422 if ¢ < 1and D < o < 22 i g > 1
The integral on the right-hand side of (3.3) is finite, since F~1¢ is in L' (R"?) and
FG(t)(© < ¢} forany ¢ > 0,6 € RL The map ¢ > (fultrys- st 1,2), 6)
is clearly linear. To show that this map is continuous, assume that ¢ — ¢ in
S(R") as k — co. Then F~1¢p — F~1¢ in Sc(R") as k — oo, and hence for any
integer m > 0,

Ty:= sup  (L+[&P)™ .. (L+ &+ &)™ F H(de— ) (&, ... &) = 0,
€1, ,n ERE
as k — oo. Using (3.4), we see that ’(fn(t1,~,...,tn,',t,a:),gbk fgb)’ is smaller
than
1,1 / (#)MH./.Q.( 1 )mH/fzg L de
t {0<t1<...<tn, <t} a1+ |£1|2 1+ ‘51 +..._~_§n‘2 1 ns

and hence converges to 0 as kK — oco. The last integral is finite if 2m +1 >d. O

We will need the following result. Recall that for any ¢t > 0, G(¢,-) is a distribu-
tion with compact support (hence is in S’(R%)).

Lemma 3.2. For any ¢ € S(RY), G(t,-) * ¢ is a well-defined function in S(R?).



810 R. M. Balan and J. Song

Proof: We first show that G(t,-) * ¢ is well-defined. For any = € R, we have

(6(t.) % 6)(w) = (Glt,z — ).6) = (FG(t,z ~ .7 0)
= [ Fotr - yoF o= [ e D pogeiae (35

R4 R4 |€|

The function h(§) = %,f € R? is analytic (hence infinitely differentiable), be-

ing the Fourier transform of a distribution with compact support (see e.g. Theorem
7.23 of Rudin, 1973). It can be shown that the partial derivatives of h are bounded.
Therefore, the function g(&) := h(&)F14(£),£€ € RY is in S(R?), and its Fourier

transform lies in Sc(RY). Since g(—¢) = g(€) for any ¢ € R, the Fourier transform
of g is real-valued. O

The next result identifies the action of the distribution f,(¢1,-,...,tn,,t,x) on
a product test function ¢ = ¢1 ®...Q ¢y, ie. d(x1,...,2,) = d1(x1) ... dn(xy,) for
any ,..., &, € R%

Lemma 3.3. If ¢ =1 @ ... ® ¢, with ¢1,...,0, € S(R?), then
(Faltrss st £,2),8) = Gults. bt 2),
where the pairs of functions (1, ¢1), ..., (
Y1 =01, @1(t1,ta,-) = Lo, (t1)G(t2 — t1,-) * 91,
Ya(ti,ta, ) = Papr(ti, ta, ), palti,ta,t3,) = Lo, (t2) Gtz —t2, ) xha(ts, t2,-), . . .,
Yn(ti, - otn, ) = dnon—1(t,- .. tn, ),
On(ty, st t, ) = Lo, (tn)G(t —tny <) * Yn(te, .. tn, ).

Proof: The statement is clear for n = 1 since by (3.5),

U, ©n) are defined recursively as follows:

(fl(tl»'»tvx)a¢l> = 1(0,t)(t1)/Rd e T FG(E —t1,)(61) F 1 (61)dé
= L(0,0) L)(G(t — t1,-) x ¢1)(2).

Assume that n > 2. Note that F'¢p = by ® ... ® hy,, where h; = F~1¢; for
i =1,...,n. Using the change of variables ny =& + ...+ & with k=1,...,n, we
see that relation (3.3) can be written as

(fn(tl, et -,t,:v)7¢)

=L, (tn) /]Rd e_in"w]:G(t —tns ) (M) Gn (1, - - tny ) Ay

where

gty -t Me) = Lot <<ty y<ty} /(k o FG(ty —te—1,-)(Mr—1) - -
R(k—

FG(ta —t1,-)(m)hai(m)ha(ne —m) .. he(ne — nr—1)dn .. . dig—1
for k =2,...,n. We show that for
gty oty ) = F Yty ... te,-) forallk=2,... n. (3.6)
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This is proved by induction on k. For k = 2, we have:

1 ,
F M ha(tr, t2,-) (1) = @) /d e "2 o (m2)p1 (b1, t2, w2)dw:
R

(Qi)d/Rfmwz%(z?)l(wz)(tl)(/Rfim'z?fG(b - tl,~)(771)f’1¢1(m)dm)d:r2

= Soan(t) | FGT =10 00m) Fontm) (G [, €17 d(aa)de) m

= 1(0,4,)(t1) /d FG(ta —t1,)(m) F o1 (m)F g2 (na — m)dm = ga(ti, ta, m2),
R

where we used the definition of ¢; and (3.5) for the second equality. Assume that

the statement is true for kK — 1. Then
— 1 Nk
Flhp(tr, ot ) () = @ /d eIy () pr—1(t1, - -5 b, Tr)dy
R

1 ) .
— W /Rd e“’]k'wk¢k(xk)1(07tk)(tk71) <‘/Rd e*mkfl-a:kf_'G(tk —tiu_1, ')(nkfl)

F Y q(te, .o tie, ')(nk—1)d77k71)dﬂck

= 1(0,%)(151@71)/ FG(te —tho1, ) Me—1) F " r—1(tt, . te, ) (k—1)
Rd

1 .
(N —Mk—1) Tk
((27r)d /Rd e ¢k(9€k)d$k) dni—1
:1(0,tk)(tk—1)/d]:G(tk—tk—h')(kal)gkq(thu-,tkfb77k—1)]:71¢>k(77k—?7k71)d77k
R

= gk(tla e atk7nk)7

where we used the definition of ;1 and (3.5) for the second equality, and the
induction hypothesis for the fourth equality. This concludes the proof of (3.6).
Using (3.6), it follows that

(fn(tb Ty 7tn7 ~,t,9§'), ¢)
= l(O,t) (tn) /Rd 6iinn.sz(t —tn, ')(nn)filwn(tla <, )(nn) dnn

=1(0,0)(tn) (Gt = tn, ") x u(ts, ..., ty, ")) (2)
= @n(tl’ e ,tn,l'),

where we used (3.5) for the second equality. O

Remark 3.4. Lemma 3.3 gives the relationship between the kernels f,,+1 and f,:

<fn+1(t1’ Tyeee atn-‘rla ',t,l’), ¢1 ®...Q ¢n & d)n-‘rl) =
1(0,t)(tn+1)(G(t - tn_t,_l,.]f - ')7 ¢n+1(fn(tla s lng *)a ¢1 ... ¢n))a
where on the right-hand side we have the action of the distribution G(t — 41,2 —-)
on the function Yy ¢n+1(y) (fn(t17 BEEE 7tna B y)7 (ybl D...Q (bn)

To check that the kernel f,(-,¢,x) lies in H®", we need the following result,
which is the counterpart of Theorem 2.6 for multiple Wiener integrals of order n.
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Theorem 3.5. Let R™ 3 (t1,...,t,) = S(t1,+ ..., tn,*) € S'(R™) be a determin-
istic function such that FS(t1,-, ... ,tn,") is a function for all (t1,...,t,) € R™. If
FS(ty,-, ... tn,+) is uniquely determined only up to a set of Lebesgue measure zero,
we assume that 1 satisfies Hypothesis A. Suppose that:

(i) for each (t1,...,t,) € R™, there exists a version of FS(t1,+,...,tn,) such that
the function (t1,...,tn,&1,.-,&n) = FS(t1,. o ytn, )&, &) =
Gey.en(t1, .. ty) is measurable on R™ x R"4;

(it) for all &1, ..., 60 € R, [ |bey,en b1y tn)|dt ... dt, < oc.

Then the following statements hold

a) The function (T1,...,Tn,&15- - €n) = Fbey .. e, (T1,- .., Tn) is measurable on
R"™ x R™ where Foe,,...c. denotes the Fourier transform of ¢¢, . ¢, i.e.

]:¢§1,...,§” (7_17 o 77_“) _ / e—i(T1t1+...+Tntn)¢€1’m’€” (t1> . 72‘/-n)dt1 . dtn
b) If
190 = [ [ 1Fbe e (e ) Pl vldr il () < .

(3.7)
then S € H®™ and ||S]3,0. = [IS]I5.,-
¢) Assume in addition that S(ti,-,...,tn,") = 0 for all (t1,...,t,) & [0,T]",
for some T > 0. If for every &i,...,&, € RY, the function (t1,...,t,) —
FS (1, stn,)(&1,-.., &) is bounded and continuous a.e. on [0,T]", and
/ / Hvt — 5)FS(t1, s sty ) (E)
Rrrd J1o,7)2n 5
FS(s1,%y-ny8n,)(€)dtdsp, (dE) < oo,

then (3.7) holds, S € H®" and ||S|3,6. = Ir(n). In the integral Ir(n) above,
t=(t1,...,tn), s = (s1,...,8n) and p,(d&,...,d&,) = H;.Lzl w(d€;) is a measure
on R,

Proof: We argue as in the proof of Theorem 2.6. Part a) follows by Fubini’s
theorem and hypothesis (i). For b), we note that a € LZ(R™%1 TI,), where
a(Tlv"'anvgla"wgn) :f¢§1 ,,,,, En(Tla'“aTn) a’nd

IL,(dm,...,d7n, déy, . .. dE) = v(dm) .. v(dr)pu(d€r) - .. w(dEy).
By Lemma 2.2, F(D(R™?+1)) is dense in z%(R"(d"‘l), I1,,). Hence, for any € > 0,
there exists a function | = I(¢) € D(R™¥+1) such that
e = Ulown ;:/ la— FI?dIl,, < &2,
Rn(d+1)

The conclusion follows since H®" is the completion of D(R™+1)) with respect to
the inner product (-, -}yen defined by

(p1,92)Hen =/ Foo) e (m )

Rn(d+1)

FOD o (e ) In(dr, . dry, . dEn)
where ?bé et tn) = Fete, oot ) (G, &) for k= 1,2,
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c) For every &1,. .., &, € RY fixed, we apply Lemma 2.3 to the bounded function
bey,... 6, - R" = C which is continuous a.e. and has support contained in [0,7]".
We apply this lemma for the measure m = v,, and the kernel x = ,, on R", where
vn(dry, ... dm,) = [j_, v(drj) and yu(t1, ... tn) = [1j_; 7(t;). We obtain that,
for any &;,...,&, € RY,

/ 1t — 5:)6e,...c. (636, e, (S)dtds = /
[O’T]Q"j:l

where t = (t1,...,t,) and s = (s1,...,8,). We integrate with respect to
pin(dEy, ..., d&y). We obtain that Ir(n) = ||S|[5,,. Since Ir(n) < oo, it follows
that (3.7) holds. The conclusion follows by part b). O

}_¢51, 7571(7-17"" )| Vn(dT)

n

As a consequence of the previous theorem, we obtain the following result.

Theorem 3.6. Suppose that u satisfies (1.2). If d > 4, suppose in addition that
Hypothesis A holds. Then for anyt >0, x € R? andn > 1,

fuCot,2) € HE™and || ful t @) 300 = T(n),

where

/ /Sln to — 11 |£1|).sin((t3—t2)\§1 —‘y—ng Sin((t—tn”fl —l——i—fnl)
Rnd J[0,¢ €1 €1 + &2 |61+ + &l

sin((s2 —s1)&1]) sin((s3 —s2)[6 + &) sin((t — sn)|&1 +- ..+ &nl)
|€1] €1+ &2 |61 4. + &l

n

117 = sp)dts .. dinds ... dspp(déy) . .. p(déy).

j=1

Proof: We apply Theorem 3.5.c) to the function S = f,, (-, ¢, ) for fixed ¢t > 0 and
r€RY ie. S(ty,... tn) = fu(ti, ... tn, - t,x). Tosee that f,(-,t,z) satisfies the
conditions of this theorem, recall that for any (¢i,...,t,) € R and &i,...,&, € RY

¢§1 ..... §n(t17 v 7tn) = ]:fn(tla I ;tn; 'atvl.)(gh s vgn)

— ¢~ &t 4n)

“FG(ty —t1,) (&) FG(tz —t2,)(§1 + &2) .. . FG(t —tn, ) (&1 + .- + &)
—i(E14..+Epn) T

=e
Csin((t2 — t1)[&1])  sin((ts —t2)[6 + &) sin((t —ta)|& + - .-+ &nl)
(31 €1 + &2 &+ + &nl
if0<ti <...<t, <tand g, ¢, (t1,...,tn) = 0 otherwise. Hence,

|G, en 1y tn)| S (B2 —t1) oo (B — ) Ljo<ty <<t <ty < " 1[0 gm-

It follows that f, (-, ¢, ) satisfies conditions (i) and (ii) of Theorem 3.5.

Similarly to the calculations done in the proof of Theorem 4.4 below, one can
prove that I;(n) < oo, under condition (1.2). By Theorem 3.5.c), we conclude that
fu(t,z) € HE™ and || fu (-5 8, @) ]300 = Le(n). O
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Remark 3.7. Theorem 3.5.c) can also be applied to the function S = f,(-,t, z)
where f,,(-,t,z) is defined by (3.1) and G is the fundamental solution of the heat
equation, given by (2.16). Using the same argument as in the proof of Theorem
3.6, we infer that, if u satisfies (1.2), then f, (-, t,x) € H®" for all t > 0 and = € R%.

4. Summability of the series

In this section, we show that under condition (1.2), for any ¢ > 0 and z € R%,

Yl Falst @) [5en < 00, (4.1)

n>1

where f,(-,t,z) the symmetrization of f,(-,t,x) defined as follows. Let t; >
0,...,t, > 0 be arbitrary. If d < 2, for any z,...,z, € R%, we let

~ 1
fn(thxla ooy tn, mn,t,:v) = E Z fn(tp(1)7xp(1)> s 7tp(n)>xp(n)>tax)a

" pEP.
where P, is the set of all permutations of {1,...,n}. If d > 3, we let
falti,... tn, - t,z) be the distribution in S’(R"?) defined as follows: for any 1 €
S(Rnd),
1

(ﬁl(tlv ey tn, 'vt7x)a ¢) = ﬁ Z (fn(tp(l)a Tyeee 7tp(n)7 '7t7x)7wp)7 (42)
" pEP,
where
Yo(@1, .y Tn) = P(Tp-11y, -, Tpo1(y)  forall xq,... 2, € RY. (4.3)

It follows that for any d > 1, the Fourier transform of fn(tl, ceiytn, oy t,x) is the
function

‘F};’L(t].)' .. 7tn7 -7t,.'1/')(£1, v 7£n)
—1 1t +E€n T 1
— i€ mt )m Z FG(tp2) — to)s ) (Epr))
pPEP,
FGE—tpmys ) Ep) T Epm) Lio<t,y <. <tpmy <t} -

To prove (4.1), we need some preliminary results. The first result is based on
the fact that the function f is non-negative. (See also relation (3.4) of Dalang and
Mueller, 2003 for a related result.)

Lemma 4.1. Let p1 be a tempered measure on R? whose Fourier transform in
SE(R?) is a locally-integrable function f : R — [0,00] such that f(z) < oo a.e.
Then for any 5 > 0,

sw [ (M)ﬂ““@ - /. (uﬂsz)ﬁ“‘d@' (44)

Proof: We prove the result in a similar way as in Remark 5.8 in Song (2017). We
assume that the right hand side of (4.4) is finite, otherwise it is trivial. Note that
for ¢ >0 and 8 > 0,

1 oo
P = —/ tP=te=ctat. (4.5)
0
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Fix n € RY. We apply (4.5) to ¢ = 1 + |€ +n|? and then integrate u(d¢). Using
Fubini’s theorem, we obtain:

/Rd <1+51+77|2>ﬁ“(d5> = ﬁ /Ooo’fﬁ e ( /[R ) e‘“*”'%(d&)) dt.

Let pi(x) = (27rt)_d/26_|”’|2/(2t). Note that for any &,1 € R?,
Fle " pyy)(€) = / e T poy () da = Fpar(§ +1) = e~ternl”,
]Rd

By applying Parseval’s identity (2.1) to the function ¢ = e~ 'py; € Sc(R?), we see
that

[ e @ @ = o [ et g

Hence, by applying Fubini’s theorem,

[ () a0 = g [0 (Lo miosoe)a

1 / ,

= —— [ e""Gyp(r)f(r)de, 4.6
w5 L (@)1 (@) (16)

where Gg g is the Bessel kernel:

1 oo
Gap(z) = —/ tP=te " py, (z)dt > 0.
ETG) o ’f

We take the modulus on both sides of (4.6) and we use the fact that the left-hand
side of this relation is non-negative. We use the inequality | [...| < []...] on the

right-hand side. Since |[e=®*| =1 and f is non-negative, we obtain that

/Rd <1+|gl_n|z>ﬂu<df> < /R Gau(@)f()da = /R d (Jw)ﬁuwg).

O
Based on the previous lemma, we obtain the following result.
Lemma 4.2. For anyt > 0,
s [ VFGE €T <47 [ e @D
and
s [ G nPu) <200V [ hennan. @

Proof: We first prove (4.7). Note that hzﬂﬁ < H% for any « > 0. (This can be seen

} s | sin z| 2 : | sin z| 1 _2
ia{b follows: if z <1, then —— <1< Trao and if x > 1, then =—— < + < 1+w')
ence

sin?(t|§|)< 4t2 - 4t2
€2 T @ +eE)? T L+

[FG(t,)(©) =
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It follows that

442
sup FG(t, ) (€ +n)Pu(dé) < sup/ o dE) =
s Rdl (t,-)( )7 1(d8) i ) A e (d€)
1 1
4t2sup/ ———u(d =4t2sup/ —— s (dE),
P Je T T =4S | T et

where p; = poh; ' and hy(€) = t&. We now apply Lemma 4.1 (with 8 = 1) to
the measure p;. To justify the application of this result, we note that the Fourier
transform in S’ (R?) of the measure j; is the non-negative definite function f; defined
by fi(z) = f(tz),z € R?, since for any ¢ € S(R?) we have:

/ Fo(&)u(de) = / Fop(t&)p(dg) = / Fo () p(de)
]Rd ]Rd ]Rd
= / e (2) f(z)dz = / o(2) fr(x)dz,
R4 Rd

where @) (z) = t~p(x/t). It follows that

1 1 1
:él]}gd /]Rd m'nt(dg) = /]Rd Wﬂt(df) = /Rd Wﬂ(d{)

Inequality (4.8) follows similarly, using (3.4). O

We will need the following elementary result.

Lemma 4.3. For any n > 1 and for any function h : [0,t]" — R which is either
non-negative or integrable,

/ / H’}/(tj —Sj)h(tl,...,tn)dtl...dtnd51...dSn
[Ovt]" [O’t]n j:l (4 9)

gry/ \h(ty, ... tn)|dty ... dt,,
[0.4]"

where Ty = fit v(s)ds = 2f0t v(s)ds.

Proof: We consider only the case when h is a non-negative function. The proof for
an integrable function h is similar. We use an induction argument on n > 1. For
t—s

n = 1, we note that fot Y(r —s)dr = [~ " ~(r)dr < Ty and hence

/Ot h(s) (/Otv(r - S)dr) ds <Ty /Ot h(s)ds.
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For the induction step, we assume that the inequality holds for n — 1. Then

n—1
// — Sn / h(tl, e ,tn) H ")/(tj — Sj)dtldsl e dtn—ldsn—l dtndsn
(0,t] j=1

R 2(n—1)

t t
< / / V(tn — Sn) (Fgl / h(th C 7tn)dt1 . dtn1> dt,ds,,
[0,¢]n—1
_Fn 1/ </ / tl,,tn)dtnd3n> dt1~-~dtn_1
Ot]n 1
<TIp- 1/ (rt/ hity, ..., n)dtn) dty ... dt,
[0,¢]—1 0

where we used the induction hypothesis for the first inequality, and inequality (4.9)
for the case n = 1 for the last inequality. For the equality above, we used Fubini’s
theorem whose application is justified since h is non-negative. ([l

2). Ifd > 4,

Theorem 4.4. Suppose that d > 1 is arbitrary and p satisfies (1
1) holds for any

suppose in addition that Hypothesis A holds. Then relation (4
t>0 and x € R,

Proof: We will prove that

1
> —an(t) < oo, (4.10)
s
where
an(t) = Bl Ta(t,2)]* = BT (fa( 6, 2))° = ()| fa (- £, 2) [3en- (4.11)
For this, we proceed as in the proof of Theorem 3.2 of Hu et al. (2015b). In
the integrals below, we use the notation t = (t1,...,t,), S = (S1,...,8n), X =

(z1,...,2n) and y = (y1,...,Yn). Then

/ H’y (t; — 5;)Un(t, s)dtds, (4.12)
[0,t]2
where
alts) = | Fa" b6 E)FR ()€ Gnld) - plda)
and

gén)(7t7‘r) :nlﬁl(tl777tn77t7x) (413)

If the permutation p of {1,...,n} is chosen such that ¢,y < ... <{,), then

Fo (o 60) = ¢ B ST F Gty — o) ) o)
FG(to@) = o)) (o) +Ep2) - FG(E = ﬂ<")")(ff’(1)+"'+§”(")) (4.14)

By the Cauchy-Schwarz inequality and the inequality ab < (a®+4b?)/2, we obtain:

Un(6,5) < Un(6,6)/200(5,9) 1 < 5 (00(6,8) + vils.5).
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Using (4.12) and the symmetry of the function 7, it follows that

an(t) < /[o o H Yy(t; — sj)d)n(t’t) ;ﬂljn(s’ S)dtds

- / H Y(t; — 55)¢n(t, t)dtds.
[0 t]2" 1
Using Lemma 4.3 for the function h(t) = ¢, (t,t), we obtain:

an(t) < F? wn(tat)dt' (415)
[O,t]"

We now estimate v,,(t,t). We denote u; = t,(;4.1) —t,¢; for j = 1,...,n, where
tp(n+1) = t. We have:

un(tt) = [ PG, )P 1FCuz, ) + )l
[FG (s ) (€p1) + - -+ Epgmy) P1(da) - . pu(dEn)
= [ eGP ([ naeh) Gl (6 + P
([ 76t e ot €DPuta) ) ).
where for the last equality we used the change of variable &} = &,(;) for j = 1,...,n

Using Lemma 4.2 it follows that

n(t,t) gH (Sup /d|J-'G(uj,.)(5j+n | ud@) H/ 1+u2|§ PM( &)-

neR?
(4.16)
We now go back to the estimate (4.15) for «,(t). We decompose the set [0, ¢]™
into n! disjoint regions of the form ¢,(1) < ... <,y with p € P,. Using (4.16), it
follows that

n

n 4(t iy —t A)2
VST D / / [] e n(dg) .. pld€)de
(1)< <tp(n) Rnd j=1 +( |

peP, Jto to(i+1) tp(j)) |£]

n

A(tjpq —t;)?
=TI7n! / / J z w(d&y) ... p(dgy,)dt
0<ty <... <ty <t JRd jI;[l L+ (tj1 — £5)%1&5]7

o / / Aw?
= n!
— 1+ w2

= P! 10 (1) (4.17)

dwp(dér) ... p(d€y)

th 1

where S; ,, = {(w1,...,w,) € [0,t]" ;w1 + ... +w, <t} and w = (w1,...,wy). As
in the proof of Lemma 3.3 of Hu et al. (2015D), since S, C Sf x SI° the integral
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I (t) is smaller than

Tt Z /R an Hl{\fa|<N} / H 1+w2|£ |2 H“(dgj)

I1c{1,...,n} jJerI (4 18)
1 N / deL 1% d§
/Rdllc le_.!” {1& >N} ]_3 1+w2\§ 2 gle_}[v J
where S/ = {w; = (w;)jer;w; > 0,3, w; <t} and SE = {wre = (w))jere;

w; > 0,3 . w; < t}. Here [I] is the cardinality of I and N > 0 is arbitrary.
For the integral over the set S} we use the bound

4w2

1+ w2|§ >~
and so, this integral is bounded by (4¢)1!l [, dw; = 413111 /|I|1. For the integral
over S/°, we have:

/SI” 11 1+ 2Ié T+utfgP ™ = H/ 1+w2|§ R

i jele jere

_ Tl
/ R 11 w

jelIe

4w < 4t2

We denote

Cy = d¢) and Dy = de).
N /{|£|>N} 195 HdE) e N /{|£|<N}u( )

It follows that

311 . "
J(E) < 4 Z T Dn oy = Z( Z) TR N
Ic{1,.. ‘ ‘ k=0
tn+2k
< 4"22" DkOvF = KM (t). (4.19)
Hence
n 1 n & tn+2k n—
an(t)ﬁl"tn!(27r)nd8 > o Dk.crk (4.20)
k=0 ’
and
1 no o nt+2k X k t2k ok
Zﬁan(t) < ZF?S”ZTDNC}\L, :ZFDNC’N > (8CNTut)"
n>0 n>0 k=0 ’ k>0 n>k
12k _
=y ﬁD?VCN’C(schtt)k > (8CNTt)™.
k>0 n>0

Due to condition (1.2), Cnx — 0 as N — oo. Hence, there exists N; > 0 such that
8CnTyt < 1 for all N > N;. We choose N > N; arbitrary. We have:

1 1 1
()< —— SDNT ) = — — (SD I‘t3) .
;n!a()_1—8CNI‘t Zk'( ND) = 1= 8CnT,t P (SPNLet ) < o0
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This concludes the proof of (4.10). O

Remark 4.5. In the proof of Theorem 4.4, we expressed a,(t) as an integral which
depends on the measure p (instead of the kernel f); see (4.12). However, the fact
that the Fourier transform of p is the locally integrable non-negative function f was
used in Lemma 4.1.

5. Existence of the solution
In this section, we show that the process u = {u(t,z);t > 0,z € R4} defined by:
u(t,) =143 Li(fa(t,x), t>0,2€R? (5.1)
n>1

is a solution of (1.1). (Note that the series above converges in L?(Q), due to (4.1).)

The results of Sections 3 and 4 (in particular, Theorem 3.5 which gives criteria
for integrability, and Theorem 4.4 which gives the summability of the series) play a
crucial role in the proof of the existence of solution. Generally speaking, a solution
of (1.1) is a process u which satisfies the equation:

u(t,x) =1+ /0 y Gt — s,z —y)u(s,y)W(ds, dy), (5.2)

where the integral is interpreted in the Skorohod sense. To give a rigorous meaning
to this equation, we need to discuss separately the cases d < 2 and d > 3.

5.1. The case d < 2. In this case, the solution is defined exactly as in the case of
the Parabolic Anderson Model.

Definition 5.1. Assume that d < 2. A square-integrable process u = {u(t,z);t >
0,z € R?} with u(0,z) = 1 for all z € R and Wiener chaos expansion

u(t,x) =1+ Y In(kn(-t,2)), t>0,z€R, (5.3)
n>1
for some symmetric non-negative functions k, (-, t,z) € H®", is a solution to
equation (1.1) if the following conditions are satisfied:
(a): u has a jointly measurable modification (denoted also by u) and

sup Elu(t,z)]* < 0o for all T > 0; (5.4)
(t,z)€[0,T] xR%

(b): for any t > 0 and z € R%, v(**) € Dom § and u(t,z) = 1 + 6(v(**)) in
L?(2), where
v (s,9) = 1o (5)G(t — 5,2 —y)u(s,y), s>0,y € R™ (5.5)

The proof of the existence of the solution is identical to the parabolic case. We
include it for the sake of completeness.

Theorem 5.2. Suppose that d < 2 and condition (1.2) holds. Then the process
{u(t,z);t > 0,2 € R} given by (5.1) is a solution of equation (1.1).

Proof: We apply Proposition A.1 (Appendix A) to the process v Fors >0,y €
R?,

U(t’w) (&y) = Z In(gy(y,t7w)(7svy)) in L2(Q)7
n>0
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where gﬁf’m)(-, 5,9) = Lo,p(8)G(t —s,2 —y) fu(,5,y). We use Remark A.2 to verify
hypothesis (i) of Proposition A.1. By Theorem 7.1 below, u is L?(Q)-continuous
and satisfies (5.4). By Theorem 30, Chapter IV of Dellacherie and Meyer (1975), u
has a jointly measurable modification. We work with this modification. It follows
that v(t*) is also jointly measurable. Note that

E

/< 106 == oo, 2 sy
R+ xRd

:/ Y(is—=r)fly—2)G(t — s,z —y)G({t —r,z — 2)
((0,t)xR%)2
- Elu(s, y)u(r, 2)| ds dy dr dz < oo,

since by Cauchy-Schwarz inequality and (5.4), for any s € (0,t), y € R? and z € R4,
Elu(s,y)u(r, z)| < (E|u(s,y)\2)1/2 (Elu(r, z)\2)1/2 < Cy, where Cy > 0 is a constant
depending on t. Hypothesis (7i) of Proposition A.1 holds since gff’m) = far1(,t,x) €
H®("+1) by Theorem 3.6. By Theorem 4.4, V(#2) .= S~ Ini1(frs1(,t,2)) con-
verges in L%(Q). -

By Proposition A.1, it follows that v(**) € Dom ¢ and §(v(*®)) = V(%2) On the
other hand, by (5.1), u(t,z) = 1+ V®*) in L2(Q). Hence u(t,z) = 1 + §(v“®)) in
L3 (). O

5.2. The case d > 3. In the case d > 3, the definition of solution proposed in Balan
(2012) is incorrect since the product between the distribution G(t — s,z — -) and
the (random) function wu(s,-) is not well-defined. We give below a new definition
of the solution, and we prove the existence of a solution. With this new definition,
we will also be able to prove the uniqueness of the solution in Section 6 below. In
this section, we assume that Hypothesis A holds.

If u = {u(e);p € S(RY)} and v = {v(p);p € S(RY)} are two collections of
random variables defined on the same probability space (2, F, P), we say that u is
a modification of v if u(p) = v(yp) a.s. for any ¢ € S(R?).

A distribution F € 8'(R"?) is symmetric if (F,¢) = (F,v,) for any for any
Y € S(R™) and p € P, where ¢, is defined by (4.3).

Definition 5.3. Assume that d > 3. A square-integrable process u = {u(t,z);t >
0,2 € R?} with u(0,2) = 1 for all z € R? and Wiener chaos expansion (5.3) with
k,(-,t,x) € H®", is a solution to equation (1.1) if the following conditions are
satisfied:
(a): forany s >0andt; >0,...,¢, > 0, we have: (i) k,(t1,,...,tn,", 8, ) is
a symmetric distribution in &'(R"?) for any x € R?; (ii) for any ¢ € S(R"™?)
the function

RY> 2 — (kn(t1,~,...,tn, -,s,x),z/)) = hy(z) isin S(RY);

(iii) the map 9 ~— hy is continuous from S(R"?) to S(RY);

(b): for any t > 0, € R%, s > 0 and ¢ € S(RY), SL"*¥) € HE" and
the series > -, In(ST(f’x’s’“D)) converges in L%(Q), where ST2) s de-
fined in Remark 5.4 below; for any ty,...,t,, the Fourier transform of

S,(Lt’z’s’“a)(tl,~,...,tn,-) is a function which has a version such that
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(t1y ooy tn, &1,y &n) — fST(Lt’m’S“p)(tl, eeostny V(&1 ..., &) I8 measurable

(see Remark 2.5 for the definition of a version of a Fourier transform);
(c): for any ¢t > 0, € R? and s > 0, the process {(v®?)(s,-), p); p € S(R?)}

defined by

(05 (s,),90) = (Gt = 5,2 =), 0) + > T (SH*9)),
n>1

has a modification with values in &’(R¢) which satisfies hypotheses (i)- (iv)

of Proposition A.4 (Appendix A);

(d): for any t > 0,2 € R%, v*®) € Dom 6 and u(t,z) = 1+ 6(v®?) in L?(Q).
Remark 5.4. For any t; > 0,...,t, > 0,5 > 0 and ¢ € S(R™), we consider
the product between the distribution 1¢ 4 (s)G(t — 5,2 — -) and the function y
(k‘n(tl, ety S, Y), 111). This product, which we denote by (gg’x)(tl, ey
tn,, 8,%),0), is a distribution in &’(R?) whose action on a test function ¢ € S(RY)
is given by:

((gff’””)(tl, ertn, s, *),w),w)
= 10,6 (8) (G(t — s, o —*), (%) (kn(tl, eyl Sy %), @[J()))
Due to condition (a).(iii) in Definition 5.3, for each ¢ € S(R?) fixed, the map

S(Rnd) > 'l/} — ((gsw) (tlv Ty e e 7tn7 5 S, *)7¢)7SD>

is a distribution in S’'(R™?) which we denote by Ghes#) (t1,+, ... tn,). This dis-
tribution is symmetric since k,(t1,-, ..., t,, -, s,x) is symmetric for any = € R?.

Remark 5.5. Intuitively, the process v(:*) given by Definition 5.3.(c) should satisfy
v (s,-) = G(t — s, — -)u(s,-) where u is a solution. Since u(s,-) may not be
a smooth function, this product is not well-defined. For this reason, we define the
process v(*®) using its Wiener chaos expansion.

The following theorem establishes the existence of the solution. This result is a
correction to Theorem 2.8 of Balan (2012) whose proof is incorrect since the claim
on page 14, line 15 (that the convolution of the distribution G(¢ — s,-) with the
infinite series ), <, #Jn(s,-) is equal to the series > - (¢Jn(s,-) * G(t —s,-))(x))
cannot be justified. -

Theorem 5.6. Suppose that d > 3, p satisfies (1.2) and Hypothesis A holds. Then
the process {u(t,z);t > 0,z € R%} given by (5.1) is a solution of equation (1.1).

Proof: We show that u satisfies the conditions of Definition 5.3 with k,(-,¢,z) =
fn(t, ). N

Step 1. (Verification of condition (a)) From the definition of f,(-,t,2), we see
that it is enough to show that (a) holds when k, = f,. Property (a).(i) is clear.
To prove (a).(ii), note that hy(z) = Hy(z,...,z) for all x € R, where

H¢(.’L’1, e 7.'L'n) = 1{O<t1<,..<tn<s} / e—i(fl~x1+.4.+§n'w")]:G(t2 - tla )(é-].) e

Rnd

FG(s —tn, )& + ... + &) F (&, ..., 6)dEq, . .. dEy,
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for any x1,...,2, € R? and ¢ € S(R"?). The function

sin((t2 —t1)[&1])  sin((s —ta)l61 + ... + &)
|€1] |61+ ...+ &l

is infinitely differentiable on R™® and has bounded partial derivatives of any or-
der. Hence the product FF~ 14 is a function in S(R™), and therefore H, =
Lio<t,<..<tn<s}F(FF71P) is in S(R™). Consequently, hy € S(R?). To prove
(a).(iii), note that if ¢, — ¢ in S(R™), then FF~ 1y, — FF 1 in S(R™) and
Hy, — Hy, in S(R™), by the continuity of the Fourier transform. From this, we
deduce that hy, — hy in S(R?). This proves (a).(ii).

In the argument for (b) below, we will need the following fact. Using the change
of variables ny =& + ... + &,k =1,...,n, we see that

F(Sl?"'agn):: y 51,...,§n€Rd

hy = 1ot <...<tn<s}F (FG(s — tn, ) Vi), (5.6)
where
Volm) = [ FGlta—tr.90m) . FGlon — b N 1)
RTL —1
F Y mu,me =01,y — Ma—1)dn - . dnp1, M € RY
(5.7)

Since h,, € S(RY), it follows that FG(s — t,, )Vy € S(RY).

Step 2. (Verification of condition (b)). We fix t > 0,2 € R% s € (0,t),0 €
S(RY). We first show that condition (b) holds when k, = f,. Since ¢,z,s and

@ are fixed in this step, we denote Sff’r’s’w by S, for simplicity. We prove that
S, € H®™ using Theorem 3.5.b).
By definition, for any ¢ € S(R™), we have:

(Sn(th Ty atna )7¢) = (G(t — 5T = ')a (P(fn(tla Ty atna S, *)7¢)> (58)
We treat first the case n = 1. By definition, for any ¢ € S(R?),

(Si(t1, ). ) = (G(t = s,) * ohy) (),

where hy(y) = (f1 (t1, ~,s,y),w). We first show that the Fourier transform of
S1(t1,-) in S'(RY) is a function and we identify this function. By (3.5), for any
Y € S(RY), we have:

(FS1(t1,-),v) = (S1(t1,-), Fo) = (G(t — s5,-) % phry) (x)

— / e—i&-x Sil’l((t — S)lf‘) ]:_1((Ph]-'¢)(§> df
R i

— Ad e*ig'l’ Sln((t|2| S)|£D (Fﬁlw*‘rilh}‘w)(f) dé-

Note that by the definition of fi(¢1,-,s,y) and (3.5),
hry(y) = (fi(tr, - 8, 9), FU) = Lio,5)(t1)(G(s — t1, ) * F) (y) =

L.t [ eier Byt = 100007 (FGG =1 T 0) ),
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and hence F~'hry = 19 4)(t1)FG(s — ty,-) 1. Therefore,

(FS1(t1,), ) = Lo.s (h) /Rd e Sln((tlf_IS)lgD

(/ F ol - &)Ww@)d&)df

= L(0,9)(t1) /Rd y;(ggw

| (/R e _1(@€_i£1')(£)d£> &,

sm((

— 10 (0) [ 06 =D (G 5 4 i) @),

where for the second equality we used Fubini’s theorem and the fact that

Fee - = g [ SOt = F e ), (69

and for the last equality we used (3.5). This proves that (a version of) the Fourier
transform of Sp(t1,-) is the function

sin((s — t1)[&1])
|€1]

To prove that S; € H, we apply Theorem 2.6.b). The function (¢1,&1) —
¢e, (t1) == FSi(t1,-)(&1) is measurable by Fubini’s theorem. The function ¢, —
¢, (t1) is integrable on R and its Fourier transform is

Foe, (1) = /Rd e T e, (t)dty

]:S(tla )(61) = 1(075)(t1) (G(t -5, ) * @eiigli)(z)r §1 € Rd'

= (Gt —s,") x pe ) () /OS e~ imt Sm((|§1|)|£1|)dt1.

We denote

1

1508 = g [, [ 1P () Pridrutder).

By (3.4), for any & € R,

‘(G(t—&) *@e_igl‘)(m” = e—iE-wM

Flle - fl)df'

€] (5.10)
<t F gl =: Crg,
where || - ||; denotes the norm in L*(R¢). Hence,
\]:¢51 (Tl)| < C«t#) / it Sln((S — t1)‘§1|)dt1 ’
0 €1
and
1 * imnsin((s —t)l&])
SilP<C?, —— e ZTltl—dt dr)u(d
|| 1”0 = Yt (27T)d+1 v J |§1‘ ( 1)“( 51)

:CtQ,Lp ||f1(a3ay)H?-l < oo for a‘nnyRda
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where the last equality is due to the fact that fi(t1,-,s,y) = 10,5 (t1)G(s —t1,y —

-) =: gsy(t1,-) and in the proof of Theorem 2.7, we showed that ||gs || = ||gs,yllo0 =
1 (s). This proves that Sy € H and ||S1[3, = [|S1115 < CZ,IIf1(5 s, )15,

Next, we treat the case n > 2. By definition, for any 1 € S(R"?),

(Snlt1, . ostn, ) 00) = (Gt — s,-) * phy) (),

where hy(y) = (fn(tl7 T ~,s,y),1/)). First, we show that the Fourier trans-
form of S, (t1,,...,tn,-) in 8’'(R™) is a function and we identify this function. By
(3.5), for any 1 € S(R"?), we have:

(J:Sn(tla ERER 7tn7 )7w) = (Sn(th ERER atna )a]:w) = (G<t -5, ) * Soh]:d))(m)

e Sin((t —s
[ e S
R 14
e SIN((t — 8)|€ _ _

By (5.6), ]—'_lhfw(nn) = liocti<...<tn<s}FG(5 = tn, ") (1) Vip(1n). Therefore,

. sin((t — s
(.FSn(tl’ e ,tn),'lp) = 1{0<t1<~~-<tn<s} /Rd efzf-w ((§|)|£|)

—1 Sin((s - tn)‘”n')
([, 7ot =y g, ) ag

sin((s —tn)|7n
= 1{0<t1<...<tn<s}/ Vw(nn)((—w
R4 |"7n|

(Lo g0 r ot e ) i,

where the second equality is due to Fubini’s theorem. Using definition (5.7) of
Vi (nn), followed by the change of variables & = 11,8, = i —ng—1 for k =2,...,n,
we obtain:

(FSu(try s tns ) ) = Ljpcts <. <t <5} /Rndz/)(gl,...,gn)Sin((t?_tl)le o

1]
sin((s —tn)[61 +. .- +&nl) —igaSI(E=9)E) 0y o >
.. d&,.
By (5.9) and (3.5), (a version of) the Fourier transform of S, (t1,-,...,t,,) is the
function:
-FSn(th Ty e 7tn7 ')(517 e 7671) = 1{0<t1<...<tn<s}Sin((t2|;1|tl)|§1|) o
sin((S |—€1t:_)|§1‘:—£n+ €n|) (G(t — s, ) * (pe—i(gl-s-...-s-gn).)(x). (5.11)

To prove that S, € H®", we apply Theorem 3.5.b). The function (t1,...,t,) —
Geren (i, ty) == FSp(t1,- - tn, ) (&1, ..., &) Is integrable on R™ and its
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Fourier transform is

Foeynea (Moo t) = [ TG ()
R

= (G(t — 8, ) * @e*i(§1+-~~+§n)-)(x) / efi(‘f‘lt1+“.+7'ntn)
{o<ti<...<t,<s}
sin((ta — t)l6)  sin((s = ta)léa ot &al)
6] €1+ + Gl
We consider the quantity || - |lo,, defined in Theorem 3.5. By (5.10) and the

calculation of ||fn(~,3,y)\|§{®n given in the proof of Theorem 3.6, we see that
190150 < CELllfn(ey8,9)]13,6n < 00 for any y € RY. This proves that S, € H®"
and [|S,[l3,60 < CZy (a8, 9)[F0n-

To show that condition (b) holds when k,, = fn, we denote by S, (t1, e ytn,-)
the distribution in &'(R"?) given by: for any 1 € S(R"?),

(gn(tlu Ty 7tn7 )7'¢)) = (G(t — 5T = ')790(}:1@17 ERKE 7tn7 S, *)71/}))

Note that S,, is the symmetrization of S,,, i.e. for any 1) € S(R?),

1
Z (Sn(tp(l)7 IR atp(n)a 'at7$>7wp>>

ol
PEPx

(gn(tlv Ty e e atna 'at7x)aw)

where 1), is defined by (4.3). Similarly to the case k,, = f,, it can be proved that
S,, € H®" and for any y € R?,

18nl3en < C2y 1 £n (5, 9) I3g0n- (5.12)

By (5.12) and Theorem 4.4, 5>, o, 0! |SplZ o0 < C2o sy 0 1fa (s 8, 9) 200 <
oo, and therefore, the series > -, I,(S,) converges in L?(Q).

Step 3. (Verification of condition (c)). In this step, we denote Glheee) by

Sff’“a), since t and z are fixed. By the linearity of the multiple integrals I,,, the map
@ (VB(s,-), ) is linear from S(R?) to L3(2). This map is L?(2)-continuous,
since if p5, — ¢ in S(RY),

2
2 ~
E ‘ (v(t,w)(s, Y, or — 90)’ — E Z In(Sr(Ls,wk—w)) — Z nl ”Sr(Ls,wk—v)”%[@n
n>0 n>0
< C??,ka—cp Z Hf;l(asvy)H?-[@n -0 ask— o,

n>1

where the inequality is due to (5.12), and we recall that Cy, = ¢||F'¢|;. By
Corollary 4.2 of Walsh (1986), the process { (v (s,-), ); ¢ € S(R?)} has a mod-
ification with values in &’(R?), which we denote also by v(*)(s,-). We prove that
this modification satisfies hypotheses (i)-(iv) of Proposition A.4 (Appendix A).

Hypotheses (ii)-(iv) are easily verified. (%) holds since by Remark 3.4 and defini-
tion (5.8) of S5 for any s € (0,t), there is a distribution in S’(R(*Y%), namely
fre1(t1, 5.« ytn, 8, t, o), which satisfies

(fn+1(t1a Tyeee atna S, '7tax)7w ® 410) = (ST(LS’AP)(th Ty 7tn7 )7’(/))
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(#ii) is clear since Ffni1(t1,y.--ytn, S, t,x) is measurable in (t1,...,¢n41,

&1, ,&n+1), bounded, continuous a.e. in (t1,...,tpt1) and || foi1 (- 6 @) [[yomin <

oo (see the proof of Theorem 3.6). To check (iv), we need to prove that the function
h(é-) = -an+1(t17 Ty e e 7tn7 S, '7t7$)(§17 ceegees 7£n7§)¢(§)7 6 S Rd

is in S(RY), for any t1,...,t,,s € (0,t), &,...,& € RY and ¢ € S(R?). This

is clear since h(¢) = Cg(&)¢(€), where g(&) = e™€® blll((t‘&ﬂl&i&ifrﬁ‘) and C

is a constant depending on &i,...,&,. (Since g is a C* function with bounded

derivatives, g¢ € S(R9).)

It remains to check that the process v(**) has a modification which satisfies hy-
pothesis (i) of Proposition A.4. For this modification, we will show that
Fo®®)(w,s,-) is a function and we will identify this function. We know that the
Fourier transform of v(*)(w, s, -) is a distribution in S’(R?) which satisfies: for any
p € S(RY),

(Fo® (5,4, ) = () (s, =Y L(SFT?)) in L*(Q). (5.13)

n>0

For any ti,...,t,, s € (0,t) and & € RY we consider the distribution

Fés’f)(tl, .oty ty, ) in 8’(R™) whose Fourier transform is the function
‘FFr(LS’g) (tla eyt ')(517 s ,gn) = 1{0<t1<...<tn<s} 672’(§1+...+£"+§)-w
csin((t2 —t)[&])  sin((s —8)[& 4.+ &) sin(E—s)[& 4.+ &+ E)
|§1‘ |€1+---+§n| |§1+---+fn+§|

_igw SI((t = 8)[61 + .+ & +E])
6 4.+ &+ £ '

:‘an(tla'a"' ny S, )(gla--wgn)e (514)

Similarly to Lemma 3.1, it can be shown that Fyss’g)(tl,~,...,tn, ) is a well-
defined distribution in &'(R"). Using inequality |sinz| < |z| for the last term in
(5.14) and Theorem 3.5.b), we see that F{*% € #4®" . The same argument can be
used to show that

IES D G en < 21 falys,2) 500, (5.15)

where ﬁ}ﬁ’f) is the symmetrization of FT(Ls’f) defined similarly to (4.2).

Recall that In(Ffls’E)) is a square-integrable random variable which is identified
with any other random variable that is equal to it in L?(Q). It is possible to chose

the random variable In(Fy(LS’E)) such that (w,s,&) — In(Fy(f’E)) is measurable.
We claim that
]:S,Sls’fw)(tla cee 7t’ﬂ)(£la cee 7£n) = /Rd ]:Fy(ls,g)(th Tyeee 7tn, ')(617 e afn)‘P(f)df

(5.16)
To see this, note that by (5.11),

sin((t2 — t1)[&1])
(31 o

+&nl) (G(t = 5,-) % (Fg)ei€rt+€0) (),

fSr(LS’]:w)(tla SRRERRLY ')(517 s 7571) = 1{0<t1<...<tn<s}

sin((s —tn)|&1 + - ..
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and by (3.5),
(G(t = s,-) % (Fep)e " ErttE)) ()
- /Rd e SW}‘I((]—‘@)Qi(£1+...+§n).)(§)d€

[ sl
Rd [3

since F~(pe 1) (€) = (F~1¢)(€ — a) for any ¢ € S(R?) and a € RZ. This proves
(5.16).
For any 1 € S(R"), define

(=& — ... —&n)dE

(Tésw)(tla EREE 7tn7 )a'l/}) = /]Rd (F'r(ts’g) (tlv Ty s tn, )7¢)@(£)d£

= /IR o FESO (ot )y E)F (o, E0)p(€)dEy ... dEndE.

Similarly to Lemma 3.1, it can be shown that 7%’ (t1, ... tn,-) is a well-defined
distribution in &’ (R"?). Tts Fourier transform is a distribution in S’'(R"¢) given by:

(-}—Trgs’¢)(t17 Tye e 7tn7 )7¢) = (Tr(zs’%)(tlu Tyeee 7tn7 )u]:w)
= /Rnd ( . ]-'F,(ls’f)(tl,~,...,tn,~)(§1,...,fn)w(f)dg) V(€. .., 6)dEr .. dE,

= Rnd]-'S,(f’f"’)(tl,',...,tn,~)(§1,...,§n)w(§1,...,§n)d§1...d§7
for any 1 € S(R™?), where we used (5.16) for the last equality. This shows that the
Fourier transform of T,Ss’w)(tl, ..., ty) is a function, namely FT# (t1, . ytn) =
FSieFe) (t1,...,tn). By Step 2 above, ST ¢ 9®n Hence, T € H®™ and
T3 — S92, = 0, which implies that I,(T\"?) = L,(S7?)) in L2(9).
We claim that:

L,(S¢F)) = I, (T¢9) = / L(FS9)p©)de i LA(Q). (5.17)
Rd

To see why the second equality holds, note first that E|In(T,({()"“0))|2 = ||T,(Ls’¢)|\$_l®"
= ||S7(187F¢)||3{®n. By Fubini’s theorem,

2
E

JREGRIEEL

= [ BRSO FE O ple)(e e
= i el (8,8) ot & d
/(]Rix]Rd)n 21;[17(1;1 Sz) (/l\@d ]:Fn (tl’ 7t )(617 7£ )@(5) g)

( . FES (4, ) (& ,fn)w(f’)dg’) p(déy) . .. p(déy)dtds

= [lS57¢

)”?-[@TH
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where we used (5.16) for the second equality. To justify the application of Fubini’s
theorem, note that by Cauchy-Schwarz inequality and (5.15),

S ! S 1/2 S !
E|Ly(FO) L (B < (BIL(F9)?) (B (F)))
= nll| ES O pgon | FS O lagn < 11 fals502) 30

and the remaining term |p(&)p(E")] is clearly d¢d¢’ integrable.  Similarly,

1/2

E [ #P fRd 75) )o(€)d ] HS(‘(’ FP) HH@“ y (5.13) and (5.17),
(Fo'(s,,0) = 3 / L(FS)p(e)de in L2(Q). (5.18)
n>0

We claim that:
Z/ Ly (F)(€)de = / ZI (FSO)p(e)de in LXQ).  (5.19)

To see this, we denote X = [p. 3,50 L(FS9)p(€)de and X, = JaIn (R
o(&)dé. We first show that X is a random variable in L?(£2). Note that
> om0 I,(F$9)) converges in L2(Q) since

Yo IEEO s <Y nlIfaly s, ) [Fen < 00
n>0 n>0

by Theorem 4.4. By Minkowski’s inequality, || X ||z < [5.|| ZnZOIn(F,gs’g))||2|g0(§)|d§

<20 fpa lp(€)|dE < 00, where Cs = 37, o n! I f (-, $,2)|13,0n- To show that X =
> ons0 Xn in L2(Q), it suffices to prove that E(GX) = (GX ) for any G = I,,(g)

with g € H®" symmetric. This is true since E(GX,) = [z, E| LB N (€)de
- fRd TL' ng >H®” (f)df and

B(GX) = /ZI () n(£)de
Rd

m>0

= [ B X @m0 | eterie

m>0
= [ ntto. Faysen o€,
Rd
From (5.18) and (5.19), we obtain that for any ¢ € S(R?),

(Fo'(s,- / S L(ES)p€)ds in LX(Q). (5.20)

n>0

For any s € (0,t) and ¢ € RY consider the random variable U(s,{) :=
> >0 In(FT(Ls’f)), and define

(@(tw)(sj ), Fp) = /]Rd Ul(s,&)p(&)de, for all € S(RY).

Due to (5.20), for any ¢ € S(R?), (v o) (s ), Fop) = (0P (s,-), Fep) in L*(Q)
(hence a.s.). This proves that {(v(“®)(s,),¢);¢ € S(R?)} is a modification of
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{(v®D(s,),9);¢ € S(RY)} which we will denote also by v(t®). For any w € Q
and s € (0,t), the Fourier transform of v (w, s,-) is the function U(w, s, ). We
denote

4700 = P56 = L)

n>0

The map s +— Fob®) (w, s,-)(£) is square-integrable (hence integrable) on (0,1),
for almost all (w,&) € Q x R?. To see this, let ¢ > 0 be an arbitrary function in
S(RY). Then

) (s (Vs ) de — | A [ ECO12 . deds
B[ w@ ([ i so@pas)a= [ [ o© S oo

n>0
t ~
< [=s7 [ o© S ntIF s o) e deds

n>0
t
< C’t/ (t— 3)2/ p(§)dEds < o,
0 Rd

2((t—s)|&1+...+En+E])
[€14...+En+E]?

< (t = s)? for all &,...,&,¢ € R?, and for the second inequality we used
Ym0 1 fn(8,2)130n < Cs where Gy > 0 is a non-decreasing function of s
(see the proof of Theorem 4.4).

For any 7 € R, we let ]:(bét’x)(T) = f(f e s Fot) (5, -)(€)ds. Similarly to (5.19),
it can be proved that for almost all (7,¢) € R4+,

Fo (1) =3 L(GT9) in LX(Q),

where for the first inequality we used (5.14) and the fact that 2

n>0
where GSIT’@ € H®" is such that for any ty,...,t, € (0,s), G(T 5)(tl, yeoosln, ) isa
distribution in S’(R™?) whose Fourier transform is the function:
t .
]-'Gﬁf’f)(tl,-,...,tn,~)(£1,...,£n):/ e TIFESO (b, -ty ) (& En)ds.
0
(5.21)

To see that condition (A.6) holds for the process v(**), we note that

[/ [ o R ] /. / 32 IG onvdr)nte),

(5.22)
where G5 is the symmetrization of G, We need to compute Héﬁf’@ 13,&n - For
this, we define (;55 _____ . (t1y. ooy tp) = ]-'CNJ%T’E)(tl, ey tny )€1y, &n). By (5.14)
and (5.21),

t . ~
z;bgf)_,gn(tl,...,tn):/ e TSFESO (ty, -ty )€, En)ds
0

e s((t = 8)[61 + ot 6 €D

€14+ ...+ & + € ds.

t ~
:/Oe_iTs]:fn(tla'a--- ns s S, )(51""7571)6
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For any t1,...,tn,s > 0, let fr  (t1,-,...,tn,-,s,,t,x) be the distribution in
S'(R(*+14) whose Fourier transform is the function
]:f;z-l,-l(tla Tyees atna S, 'at7m)(€17 e 7€n7£)

et =S . &t €D
&+ &+ € {s<t}-

Note that fy, (-, t,x) is similar to fas1(-,t,2). Then

=Ffalts, o tn, s s,2) (&0, ... En)e

,,,,,,,,,,

t
(b(T €) e (i tn) = / e TS nH)’n (t1y.. . tn,8)ds,
0

1
where ¢(n+ 7)5771,5(7517 s 7tna S) = ff;:—}—l(tla EREE 7tn7 Sy 7t x)(glv s agnvf)' It fol-
lows that the Fourier transform of the function (¢y,...,t,) — ¢£T 5) Aty tn)
is

..........

¢
:/ e—m-s/ ) e—i(nt1+...+rntn)¢gt‘1’)§’:’§(tl7_”,tn)dtds
0,s)"

1),
= f(égf (T o, 7).

Coming back to (5.22), we see that

I= 7;)11' /R(nﬂ)d /}Rn+1 gbgf e, (115 ) [Pu(dm) v (dry v (dr)
p(d&r) - .. p(d€n) p(de)

- /R N |Fo é?j_l)émg(Tl, T, T)Pv(dr) . . v(dT, v (dT)

p(d&r) - . p(d€n) pu(dS)

]:(b(TE (7-17-“,7-71):/ —1(T1t1+ A Tntn )(b("'f n(t17’tn)dt
(0,8)™

_Z”'/

n>0 R

= Z”! Hf2+1(vta$)\|3{®<n+n < 0.
n>0

(The last series converges by the same argument as in the proof of Theorem 4.4.)

This shows that the process v(“*) satisfies hypothesis (i) of Proposition A.4.

Step 4. (Verification of condition (d)). We apply Proposition Proposition A .4
to the process v(»*). Recall that hypothesis (ii) of this proposition holds for the

distribution fr4+1(t1, ... tn, S, t,x). The symmetrization of f,4+1(-,¢,2) in all
n + 1 variables is f,+1(-,¢,@). As in the last part of the proof of Theorem 5.2, we
conclude that v(*®) € Dom § and u(t,r) = 1+ 6(v®®) in L2(Q). O

6. Uniqueness of the solution

In this section, we establish the uniqueness of the solution. We discuss separately
the cases d < 2 and d > 3.

In the case d < 2, the proof of the uniqueness of the solution is the same as
for the Parabolic Anderson Model (see Section 4.1 of Hu and Nualart, 2009). We
include this proof for the sake of completeness.
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Theorem 6.1. If d < 2 and p satisfies (1.2), then the unique solution (up to a
modification) of equation (1.1) is the process u given by (5.1).

Proof: Let u be a solution of equation (1.1) with Wiener chaos expansion (5.3) for
some symmetric non-negative functions &, (-, t,r) € H®". We fix t > 0 and = € R%.
Let ko(t,z) = 1. We will show that ky(-,t,2) = fo(-,t, %) for any n > 1. Let v(t:®)
be the process defined by (5.5).

For any s > 0 and y € R?, v (s,7) = Y onsoIn (g,(f x)( -, 8,Y)), where

gg’m)(tl,ml, ot T, 8,Y) = L) (8)G(t — 5,2 —y)kn(tr, 21, .. tn, Tn, 5, Y).
(6.1)
We apply Proposition A.1 to the process v(&2), Hypothesis (i) of this proposition
is verified as in the proof of Theorem 5.2. Hypothesis (%) holds i.e. gg’I) € HOM+1),
since

2 lg e = / Vs =1 fly =Gt =5, —y)G(t =1,z —2)
n>0 ((O,t)XRd)Z
Z ! {kn(-, 8, y), kn (-7, 2))ondsdydrdz
n>0
= / v(s—=1)fly—2)GEt— s,z —y)G{t —r,x — 2)Elu(s, y)u(r, z)|dsdydrdz
((0,t) xR%)2

< Gy / Y(s=1r)fly—2)G(t — s,z —y)G(t —r,x — z)dsdydrdz < oo,
((0,¢) xR4)

using Cauchy-Schwarz inequality and (5.4). (Since g,(f ) i non-negative, it follows

that gi" e [H®O+D| ¢ HEOFD | where the space [HE"| is defined similarly to
|H[; see (2.6).)
Since u is a solution, v»*) € Dom ¢ and u(t,x) = 1 + 6(v* ) On the other

A~

hand, by Proposition A.1, §(v(*®)) = Ym0 Inﬂ(g,(f’z)), where gé ) = g(gt ) and

—

forn>1, g(t *) is the symmetrization of g( ) in all n+ 1 variables, defined by:
gsvm)(thxl?"'7t’na‘rn7s7y) +1 |:gy(1,tw)(t17x17'"7tn7xnasay)+ (62)

E g tlvxlv"',tiflaxi*hsvyvt’i%*lax’i%*la"'atnaxnvtiaxi) .

This shows that ano Inv1(kni1(t2) = u(t,z) — 1 = ano In+1(g'§1 z))
L?(Q). By the uniqueness of the Wiener chaos expansion with symmetric ker-
nels (see e.g. Theorem 1.1.2 of Nualart, 2006), it follows that for any n > 0,
kn+1(" t7 1‘) = gf(lt,m)7 ie.

kn-‘rl(tly L1y atna T,y tn+1a Tn+1, ta .I) = g’f(“b ’ )(tla T, .- tnv xnv n+1, 1"714‘1)

(6.3)

The functions ky,(-,t,z) can now be found recursively. By (6.3) with n = 0, we

obtain:

e

ki(t, @t x) = g5 (t,21) = 950" (t, 1) = Lo, (0)G(E — b, — a1).
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—_—

Using (6.3) with n = 1, followed by the definition of g§t’r) and relation (6.1), we
obtain:

—_—

ko(ty, z1,t0, 22, t, ) = gf’m)(tl,whtz,wz)

1

~ 3 {gﬁt””)(tl,xl,t%@) + ggt’w)(tm@,thxl)}
1
=3 [1(O,t)(t2)G(t —ta,x — w2)k1(t1, 71,12, 72)

+ Lo.0)(t1)G(t —t1, 2 — xl)kl(t%m%tlvl'l)]'

‘We now use the formula for k; that we found above. This leads us to conclude that
1
ko(ty, w1,to, w2,t, ) = 3 [1((),t)(t2)G(t —to,x — 22)1(0,4,)(t1) G (t2 — t1, 22 — 21)
+ 10,0 (t1)G(t = t1, 0 — 1)1 (0,4, (t2) G(t1 — t2, 21 — 332)} ;

that is ko(-,t,2) = fg(-,t,x). Tterating this procedure, we infer that k,(-,¢t,z) =
fu(-,t,x) for any n > 1. O

The next result gives the uniqueness of the solution in the case d > 3. For this,
we use Lemma 3.3.

Theorem 6.2. If d > 3, u satisfies (1.2) and Hypothesis A holds, then the unique
solution (up to a modification) of equation (1.1) is the process u given by (5.1).

Proof: Let u be a solution of equation (1.1) with Wiener chaos expansion (5.3) for
some elements k,,(-,t,z) € H®" as in Definition 5.3. We fix t > 0 and = € RY. Let
ko(t,z) = 1. We will show that ky (-, t,2) = fy(-,¢,2) for any n > 1.

By definition (see Remark 5.4), for any s > 0 and ¢ € S(RY), (v(t:2)(s,-), ) =

ano In(S,(f’x’S"P)), where Sét’x’s’w) = l,(s) (G(t - s,z — ), go) and

Sﬁf’I’s’“&)(tl, ... tn,+) is a symmetric distribution in S’'(R"?) which satisfies, for

any 1 € S(R™?),

(Sét’I’S’Lp)(tla EEEE atna ')a ’l,[}) = l(O,t)(S) (G(t—S, T — ')7 @(kn(tla Ty 7tna S, *)7 7#))’
(6.4

)
where % denotes the missing argument of the function hy(y)
= (kn(t1, - o, 5,9), ).

We apply Proposition A.4 to the process v(t:*). Hypotheses (i)- (iv) of this propo-
sition are verified due to condition (c) in Definition 5.3. In particular, by hypoth-
esis (i1), we know that for any tq,...,t,,s € (0,t), there exists a distribution

in §'(R("+14) wwhich we denote by gﬁf’m) (t1,7y .- stn,+, 8, ), such that for any ¢ €
S(R") and ¢ € S(RY), (gﬁf’x)(h, Gentn s, )Y @ @) =
(Sﬁf’“”s’“’)(tl, ey tn, -),w). Due to (6.4), this means that for any ¢ € S(R"?)
and ¢ € S(RY),

(g'l(Lt,w)(th Tyeee at’nu S, ')’ ’l/} ® SD)

6.5
= l(O,t)(S)<G(t757')*(P(kn(tla'a"'atna'asa *),1)[}))(1’) ( )
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Since u is a solution, v**) € Dom § and wu(t, z) =1+ §(v®®)). On the other
hand, by Proposition Ad, §(vb) = > n>0 Inﬂ(g,(y )), where g(()t"r) = g(gt"r) and

forn>1, g( @) is the symmetrization of g( ) in all n + 1 variables. In particular,
for ¢1, .. .,¢>n,¢ € S(RY),
(g’glt)m)(tla'a"' ns s S, ) ¢1 ®¢n®¢) (66)
1
= T (1, by 8, )
n+1|:(gn (177 ylny *y Sy )7¢1® ®¢n®¢

n
Z < . I) tlu'7~..7ti717'7sa‘7ti+17'7'"7tn7.7ti7.)7

¢1®---®¢i_1®¢®¢i+1®...¢>n®¢i)]

This shows that > - Int1(kns1(t,2) = ult,z) =1 = 37 In+1(g$zt i))
in L2(9). By the the uniqueness of the Wiener chaos expansion, for any n > 0

kn_t,_l(',t,ilf) - g’gft m)7 Le.

kn+1(t17 Ty e 7tn7 '7t’n+17 '7tu l’) - g’Slt m)(tlu Ty e 7tn7 '7tn+17 ) (67)

The elements k,(+,t,2) can now be found recursively. By (6.7) with n = 0, we
obtain:

Bt t.2) = g (11, ) = g8 (1) = Loy ()Gt — 0 — ).

Using (6.7) with n = 1, followed by the definition of ggt’x) and relation (6.5), we
obtain:

—_—

(Ka(ty, - b2, t,x), ¢1 @ ¢2) = (g B (b, b, ), ® ¢2)
[( (tz)(th b2, ) ¢1®¢2) ( )(t27 ,tlv')7¢2®¢l)]
|:1(0,)] (t2) (G(t — ta, ) * ¢2 (kl(th -y ta, *)7 ¢1)> ($)+
Lo,y (t1) (G(t —t1,+) * o1 (k1 (2, -, t1, %), ¢2)> (x)}
We now use the formula for k; that we found above. Note that
(k1(t1, - ta, @2), 1) = L(o,4) (t1) (G(t2 — t1, 22 — ), b1)
= 1(0,t5) (t1) (G(t2 — t1,-) * ¢1) (w2).
A similar formula holds for (ki(t2,-,t1,%), ¢2). This leads us to conclude that
(kQ(tlv '7t27 '7ta x)v ¢1 & d)Z)
1
= 5 [100 )10, (1) (Gt = t2,5) # 62(Glt2 — 1,) £ 61) ) (@)
1o (1)1 0.0 (t2) (Gt = t1,7) % 61 (Gt — t2,) % 62) ) ()]

By Lemma 3.3, the last term above is exactly (fg(tl, Jlo, ot ), 01 ® (;52) (Recall
definition (4.2) of f2( t,x).) Hence, ko(t1,-,ta,,t,x) = fg(tl, yto, -, t,x) for any

1
2
1
2
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t1 > 0,12 > 0. Tterating this procedure, we infer that k,(-,t,2) = fn(, t,x) for any
n>1. O

7. Moments of the solution

In this section, we show that the solution to equation (1.1) is LP(2)-continuous
and has uniformly bounded moments of order p, for any p > 2. Similar results
exist for parabolic equations (see for instance, Theorem 3.2 of Hu et al., 2015b and
Theorem 5.2 of Song, 2017). Recall that

1
Blu(t,z)|* = Z aan(tL (7.1)
n>0
where a,(t) is given by (4.11).
Theorem 7.1. Suppose that the measure u satisfies condition (1.2). If d > 4,

suppose in addition that p satisfies Hypothesis A. Then for any p > 2, the solution
u to equation (1.1) is LP(Q2)-continuous, and

sup Elu(t,z)|? <oo forall T >0.
(t,z)€[0,T] xR

Proof: Step 1. We show that the p-th moments of u are uniformly bounded.
We proceed as in the proof of Theorem 4.2 of Balan (2012). We denote by || - ||,
the LP(2)-norm. We use the fact that for any F € H,, and p > 2,

I1Elly < (0= 1)" 2| F 2 (7.2)

(see last line of page 62 of Nualart, 2006). Using Minkowski’s inequality, applying
(7.2) for F = J,(t,x), and invoking (4.11) and (4.20), we see that:

lutt, 2)llp < D 1 n(t,2)lp < Y0 = 1)"2[Jn(t,2)]l2

n>0 n>0

=> (p- ”/2< !an(t))l <> -

n>0 n>0

t/QH“ k/2 (n—k)/2

n/21’\n/28n/2 Z
k=

The last term is uniformly bounded for (,x) € [0,T] xR? (using the same argument
as in the proof of Theorem 4.4).

Step 2. We show that u is LP(Q)-continuous.

The argument in Step 1 above shows that for any 7" > 0 and p > 2,

sup || Ju(t, 2)|lp < Orp < 00
n>0 (t,z)€[0,T] xR

Hence {u,(t,z) = >}y Jk(t,2)}n>1 converges to u(t,z) in LP(£), uniformly in
(t,z) € [0,T] x RY. By Lemma 7.2 below, J,, is LP(Q)-continuous, and hence u,, is
LP(Q)-continuous. Therefore, u is LP(£2)-continuous. O

The following result is an extension of Lemma 4.2 of Balan (2012) to the case of
an arbitrary covariance function v(t).

Lemma 7.2. Under the conditions of the Theorem 7.1, we have:
a) foranyp>2,n>1 andt >0,

E|J,(t +h,x) — J.(t, )P =0 as h — 0, uniformly in x € R%
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b) for anyp>2,n>1,t>0 and z € R?
E|J(t,x + 2) — Jo(t, )P — 0 as |z| — 0,z € R
Proof: a) We assume that |h| <1 and h > 0. (The case h < 0 is similar.) By (7.2),
[Tt + hyx) — Ju(t )2 < (p—1)"E|Ju(t+ h,x) — Ju(t, 2)]?
(p = )"0 I fa st 4 hyw) = fulyt2)[3g0m

S (1" 2 (Al k) + Ba(t, 1)), (73)

where
Au(th) = D[ Falot+ Ry @)L g — Fulst2) 3o (7.4)
Bu(t,h) = ()| falst+h) L, o\ o [3ien- (7.5)

We evaluate A, (¢, h) first. We have:

n(t, h) / H'yt — ;)00 (t,8)dtds,
[0,¢]2
where

it = [ FlCern - o) @6
F ot ¢t 4+ hia) = gt 2)] (60 Gl d€) - i de)

and gén)(~,t,x) is given by (4.13). By the Cauchy-Schwarz inequality and the
inequality ab < (a? + b?)/2,

s < (en) " (669) " < (60 1o s9)
Using the symmetry of the function v and Lemma 4.3, it follows that

n(t,h) / H'y DU (6, t)dbds < T} ™ (t,t)dt.  (7.6)
[0,8]2n 5= .4~

Using definition (4.14)) of the Fourier transform of gin)(~, t,x), we see that

Witt) = /an(ul,-)(gp(l))\z...vc;(un_l,.)(gp(1)+...+g,,<n_1))\2
\FIG (un + R, + ) = Gun, - ) (Epry + - -+ Eoiy) [P1(da) .. p(dEy)
/RM | FG(ur,- )EDP - FGun—1,- )& + ...+ & 1)

\FIG(un + hy ) = Glug, )& + ..+ &)Pu(de]) . . u(dE,), (7.7)
where uj = {p(41) = Lp(j)s & = &) and 0 < tya) < oo <ty < = Ly
By the continuity of the function t — FG(t,-)(§) and the dominated convergence
theorem, 1/)?}3 (t,t) — 0 as h — 0. To justify the application of this theorem, note

Q . / 1\ |2 1 - _
that by (3.4), |FG(uj, )] + ... + &> < Ct71+‘5,1+_”+53|2 forj=1,...,n—1,

1
L+ [€ + .+ &

FIG (un + by ) = Glup, - )€1 + ...+ &,)F <AC
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and by Lemma 4.1 and condition (1.2),

1 1 , )
/Rd THIER (/ 1+ g +...+§;L|zﬂ<dfn>> SRICSY

: (/ i +1|52“(d§)>n <o

We claim that

™ (6, )dt — 0, as h— 0, (7.8)
o,

and hence, A,(t,h) — 0 as h — 0, due to (7.6). To prove (7.8) we use the
dominated convergence theorem. To justify the application of this theorem, we use
some estimates borrowed from the proof of Theorem 4.4. First, note that from
(7.7), we infer that:

(.t < H (sup dIFG(ij)(Ej+n)l2u(d€j)> (7.9)

j=1 \n€R?

 sup |FG(un + h, ) (€n +n) — FG(un, ) (&n + 77)|2U(d5n)-
neRd JRd

Using Lemma 4.2 and relation (3.4), it follows that

— 2
(n) !
(t,t) < ——=——u(d&;) | 4C, T pidé
o< T [ i) € e

/4@6? (d¢;) | 4c,C 'thc—/ e
Rdl+u§|€]|2ﬂ J tYy w1 = Rd1+|§|2u .

The dt integral of the last term on [0, ¢]" is equal to

4C,C v/t / ﬁ / Atjr — 1) (d&;))dty ... dt,_y)dt
n! " i oo dt,— n
o \Jocticctn <t o1 el + (G = 15)2[€51 PP !

t
= 4Ct0n!/ I (t,)dt,, where I (t) is defined by (4.17).
0

S <
_

Jj=1

To see that the last integral is finite, we recall that I~V (t,) < J»=V(t,) <
K®=1D(t,), where J™(t) and K™ (t) are defined by (4.18), respectively (4.19).
This shows that the application of the dominated convergence theorem is justified

and concludes the proof of (7.8).
As for the term B, (t, h), note that

Bu(t, 1) / H (tj—s; %h( s)lp,, (t)1p, ,(s)dtds,
[0,t4+h]2" 57
where Dy, = [0,¢ + h]"\[0,¢]" and

W) = [t b 6)

Fgi (-t by x) (e ) p(dEr) - p(dEy).
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By the Cauchy-Schwarz inequality and the inequality ab < (a? + b?)/2,

s < (10w0) T (0e9) < L (100 P ss) .

Using the symmetry of the function v and Lemma 4.3, it follows that:

Ba(t.,h) < / IRIGC — 5 (6,6) 1, (6)1p,, (5)dtds
Ot+h2"

< / IR Vth(t t)1p, , (t)dtds
[0,¢+h]2" 5

< [ o, (7.10)
[0,t+h]™
We observe that for any t = (t1,...,t,) € [0,¢4 h]", if we denote u; = t,(;4+1) —

togy for j=1,...,n—1 and u,, =1t —t,(,), where p € P, is such that 0 <, <
o <tpm) <t+ h, then

%(71) (t>t) = /nd |]:G(’LL1, ')(gp(l))|2 s |]:G(un*1= ')(f,o(l) +...+ fp(nfl))‘2

‘fG(un + ha ')(gp(l) +o+ 'gp(n))|2,u(d£1) s :u'(dfn)

= 1:[1 (:;15 y [ FG(uj,-)(&; +77)|2u(d§j)>
(S;R% » | FG(up + h,-) (&, + n)|2ﬂ(d§n)> (711)

which is bounded by a constant of the form C}* for any h € [0,1], due to (4.8). The
fact that B, (t,h) — 0 as h — 0 follows from (7.10) by the dominated convergence
theorem, since Dy, — 0 as h — 0.

b) By (7.2), we have:

1
1Tt 2+ 2) = Ju(z, 2) 5 < (p= D" ElJu(t, 2 +2) = Ju(t,2)* = (0= 1)" —Cut, 2),

(7.12)
where

Cn(t, ) ()?[[fa(sts 4 2) = Falst,2)|3gm

=)o H (t; — ;)i (t,5)dtds (7.13)
t :

and
(”)(t s) = / ]-'[ M (tx+2) — gl (~,t,x)} (&1,...,6,)
R
FlaCta+2) = o) (@ 6)u(de) - p(dsy).
By the Cauchy-Schwarz inequality and the inequality ab < (a? + b?)/2,

s < (o2 0) " (6e9) " < L (e 1)
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Using the symmetry of v and Lemma 4.3, it follows that

Chlt, 2) < / [Tt — 5wl (6, t)dtds < T (6, 0)dt. (T.14)
0,620 55 [0,4]"

Using the definition (4.14) of the Fourier transform of gén)(~, t,x), we see that
Qe = [ 1FC )P PG ) + o)

‘]:G(’Uq“ )(Ep(l) + ... fp(n))‘2|1 - eii(£1+..'+£n)iz|2u(d§1) s /u((dg;llgb
where u; = Loi+1) — Eo(h) and 0 < tor) < v <Tpm) <t =1yme1). By applying

twice the dominated convergence theorem, we conclude first that wi’nz) (t,t) = 0
when |z| = 0, and then that C),(¢,z) — 0 when |z| — 0. O

8. Holder continuity

In this section, we assume that the spectral measure p satisfies (1.3) and we show
that the solution of equation (1.1) has a Hélder continuous modification. Note that
(1.3) implies (1.2).

We will need the following results.

Proposition 8.1 (Proposition 7.4 of Conus and Dalang, 2008). Let G be the fun-
damental solution of the wave equation in dimension d > 1. If u satisfies (1.3),
then:

(i) for any T > 0 and M > 0, there exists a constant C > 0 depending on T,d, M, 3
such that for any h € R with |h| < M

sup SUP/ [FG(t+h,-)(E+n) = FG(t,-) (E+n)Pp(dé) < CIpPP~?; (8.1)
te[0,TA(T—h)] neRd JR4
(i) for any T > 0, there exists a constant C > 0 depending on T,d, B such that for
any t € [0,T]
sup [ |FG(t,)(€ +n)*u(dE) < Cr—27; (82)
neRe JR4
(iii) for any T > 0 and for any compact set K C R?, there exists a constant C' > 0
depending on T, K, d, 3 such that for any z € K,

sup  sup / [FG(t ) (€ +m)P|L = e EF 2P u(dg) < O~ (8.3)
t€[0,T] neRd JRE

Lemma 8.2. For anyt >0 and h > —1

n—

Tn(t, h) :z/
0<ty <o <ty <t

Jj=

C(1+h)"tt n(1+h)

1(tj+1 —t;)"(t —tn)"dt = T+ h) +1)

We are now ready to state our result about the Holder continuity of the solution.

Theorem 8.3. Suppose that p satisfies (1.3). If d > 4, suppose in addition that p
satisfies Hypothesis A. Let u be the solution of equation (1.1). Then:

a) for any p > 2 and T > 0 there exists a constant C' > 0 depending on p,T,d and
B such that for any t,t' € [0,T] and for any v € R?,

lu(t, 2) = u(t’,2)ll, < Clt - ¢']'~7; (8.4)
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b) for any p > 2, T > 0 and compact set K C R?, there exists a constant C > 0
depending on p, T, K,d and 8 such that for any t € [0,T] and for any x,2’ € K,

lu(t, @) = u(t,2)l|, < Cla —a'|"7. (8.5)

Consequently, for any T > 0 and for any compact set K C R, the solution
{u(t,z);t € [0,T),z € K} to equation (1.1) has a modification which is jointly
0-Holder continuous in time and space, for any 6 € (0,1 — ).

Remark 8.4. If f(z) = |z|~% is the Riesz kernel for some 0 < o < d, then the
spectral measure g is given by p(d¢) = Cyal€| (4= d¢, where Cpgq > 0 is a
constant which depends on « and d. In this case, condition (1.2) holds for any
0 < a < 2 and condition (1.3) holds for any 8 with «/2 < § < 1. Therefore, for any
T > 0 and for any compact set K C R, the solution u = {u(t,z);t € [0,T],r € K}
has a modification which is jointly #-Holder continuous in time and space, for any
0 € (0,25%). This result coincides with Theorem 5.1 of Balan (2012).

Proof: (of Theorem 8.3): a) Let t,t € [0,T] and = € R? be arbitrary. Assume that
h:=t —t>0. (The case h < 0 is similar.) By Minkowski’s inequality, (7.2) and

(7.3),
lu(t +h,z) —ult, ), < D (p— 1" Jult +h,2)) = Ju(t,2)]2

n>0

1/2
S0 (G0 4 Buen)]) (50)

n>0

IA

where A, (t,h) and B,(t, h) are given by (7.4), respectively (7.5).
To estimate A, (t, h), we use (7.6). Note that by (7.9), (8.1) and (8.2), we have

W (t,8) < O™ (uy - un—1h) >,

where u; = t,11) —t,;) and 0 < t,1) < ... <tp;n) <t =1ymq1). By invoking
Lemma 8.2, it follows that

n—1
An(th) < h22PTRCmp) / T (tiss — t)> Pt .t
0<tr <<t <t 2

t
h2=28TR M) / Tp_1(tn,2 —2B)dt,
0

- : I3 -—28)" b o)
h2=28T7 ") / tn=DE=28) gy,
! P((n=1)3-28)+1) Jo
‘We now use the fact that for all @ > 1 there exists a constant C' > 0 such that
I'lan+1) > C(nh)* for allm > 1. (8.7)
It follows that
1
2-2B8pncm n—1)(3—28)+1
A, (t,h) < B*2PTRC (n!)th( )(3=28)+1, (8.8)

To estimate By, (¢, h), we use (7.10). First note that by (7.11) and (8.2),

yt(j;f (t,t) < C™[us ... tno1(up + h)]>25,
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where u; = t,41) — tp) and 0 < it,q) < ... <lym) <t =t,ns1). We observe
that if (¢1,...,%,) € Dy = [0,¢+ h]™\[0,¢]™ then there exists at least one index ¢
with ¢; > t. So,

Dijp = U {(t1, ) 10 < tpay < oo S tpinat) < tpmyst < tpmy < t+ R}
pPESK

By applying Lemma 8.2, it follows that

Bu(t,h) <T% hC"Z/Hh/

PESn 0<ty(1) <o <tp(n—1)<tp(n)

H(tpml) — o)) PPt B — ) ? P dt

j=1

t+h
=T},,C"n! / Tt (tn,2 —2B) (t+ h —t,)* %t
t

R v - (f;é 2_% 1) / M- g,
G D ) (49
<TG g

Using (8.7), it follows that
B(t, h) < h2*25rg0”7(n!;_2 ST D=2, (8.9)

Relation (8.4) follows from (8.6), (8.8) and (8.9).
b) Let ¢ € [0,7] and z,2’ € K be arbitrary. We denote z = 2/ — z. By
Minkowski’s inequality, (7.2) and (7.12), we have:

lu(t,z + 2) = ult,z)|lp, < > (0= D)™2(Jn(t,z + 2) = Jn(t, 2)|2
n>0
_ o2 (Lo
S0 (56n02).

where C),(t, z) is defined by (7.13). To estimate C,,(t,z) we use (7.14). Note that
by (7.15), (8.2) and (8.3),

W (6,8) < C™ 2220 (un . un1)? 2P,
where u; = t,;41) — tp) and 0 <{,0) < ... <t,m) <t =1,my1). Hence

n—1
Cn(t,2) < \z|2_QﬂC"an!/ H<tﬂ’+1 )2t

0<t1<...<tp <t j=1

Using the same estimate for the last integral as above, we infer that

1
Cn(t, 2) < |z\2_2BC"F?mt("—l)@—%)-&-l

Relation (8.5) follows. The final statement is a consequence of Kolmogorov’s con-
tinuity theorem. O
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Appendix A. Malliavin calculus results

In this section, we give some results which allow us to compute the Skorohod
integral of a process u (which may be a distribution in the space variable) based on
its Wiener chaos expansion. The first result is the simplest one (when the kernels
are functions in all variables) and is used for proving the existence and uniqueness
of the solution to equation (1.1) in the case d < 2. The last result is used in the
case d > 3.

Proposition A.1. Let u = {u(t,z);t > 0,7 € R} be a process defined on a
probability space (Q, F, P), such that for any t > 0 and v € R, Elu(t,z)]*> < 0
and
u(t,z) = Z L(fa(-t, @) in Lz(Q)a
n>0

where fo(t,x) = Elu(t,x)] and for n > 1, fo(,t,x) is a symmetric function in
HE™.

Suppose that:
(i) u € H a.s., the map w — ||u(w)|n is measurable and E||u||3, < co;
(i) fn € HEHD for any n > 0.

We denote by fn the symmetrization of f, in alln+1 variables. Then u € Dom §
if and only if V := 3" oo Int1(fn) converges in L*(Q). In this case, §(u) = V.

Remark A.2. Due to (2.6), condition (i) above holds if u is jointly measurable and

E / Y(t = 8)f(z —y)lul(t, x)u(s,y)|dtdrdsdy | < oo. (A.1)
(Ry xR%)2

Proof: (of Proposition A.1) We use the same argument as in white noise case
(see Proposition 1.3.7 of Nualart (2006)). We include the details for the sake of
completeness.

Step 1. We prove that for any G = I,(g) with g a symmetric function in
D((RJr X Rd)n)7

Bl(DG,uwyn] = EGL(fa1)]- (A.2)
Since Ds ,G = nl,—1(g(-, s,y)), by the orthogonality of the Wiener chaos spaces,
E[u(t7x)Db,yG] = n(n - 1)' <fn_1('7t,$),g(', Svy)>7{®(”’1)'

Hence,

E[(DG, u)] = /(R 7 @ ) Blutt 2D, Gy

= n!/ vt =s)flx —y) (fam1(t,2),9(-, 8, y)) yeom-—ndedydtds  (A.3)
(Ry xR%)2

n—1 n—1
Zn!/ W(t—s)f(m—y)H’Y(fi—si)Hf(iﬂi—yi)
(Ry xRA)2m i=1 i=1
fn71<t17x1a e atnfhxnfht?x)g(sla Y, 538n-1,Yn-1, S, y>dthdey

=g, fa—1)pen = n!{g, fa—1)nen = BGIy(fuo1)].

Step 2. We prove that relation (A.2) holds also for G = I,,(g) with g € H®"
arbitrary. Since D((Ry x R?)") is dense in H®", there exists a sequence (gy)s of
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functions in D((Ry x R)™) such that gx — g in H®". Hence Gy = I,(gx) = G =
I,,(g) in L?(2). By Step 1, relation (A.2) holds for Gy, for any k. Letting k — oo,
we infer that this relation also holds for G. On the left-hand side, we use the fact
DG — DG in L?(Q;H). To see this, note that D is a closable operator from
L%(2) to L?(Q;H) and (DGy)y converges in L(€;H) (since E||DGy, — DGy||3, =
nn!llgr — gill30n — 0 as k,1 — c0).

Step 3. Suppose that the series V converges in L?(Q). We show that u €
Dom ¢ and §(u) = V. Let FF € DY? be arbitrary. Say F = > n>01n(gn) with
gn € HE" symmetric. Let Fxy = YN I,.(gn). Note that E||DFy — DFy|2, =
ZQJZNH nnll[gn |l yen — 0 as N, M — oo since -, nE|I,(gn)|*> < oo by Propo-
sition 1.2.2 of Nualart (2006). Hence (DFy)x converges in L?(2;H). Since D
is a closable operator from L?(Q) to L?(Q;H), DFx — DF € L?(Q;H). Let
Gy = Ii(gi) for k> 1. For any k= 1,..., N, by (A.2), we have

B[V Ix(gr)] = Elli(fi-1)Ie(o)] = E[(DGy, u)n].
For k = 0, E[Vgo] = goE(V) = 0. The sum of these equations for k = 0,..., N,
leads to E[VFyn] = E[(DFy,u)y]. Letting N — 0o, we obtain:
E[VF] = E[(DF,u)],
using on the right-hand side, the fact that Ellu[|3, < oo, which is hypothesis (7).

This shows that |E[(DF,u)y]| < ||[V]2]|F||2 for any F € D'2. Hence, u € Dom §
and §(u) = V.

Step 4. Suppose that u € Dom §. By (A.2), for any G = I,,(g) with g € H®"

symmetric, B
E|Gé(u)] = E[(DG,u)y] = E[GI,(fn-1)]-

This shows that I,,(f,—1) is the projection of 6(u) on Hp, ie. 5(u) =3, 5 In(fn-1)
and the series converges in L?(). O

The next result will be used in the proof of Proposition A.4 below, where it will
be applied to a regularization u. of the process u.
Proposition A.3. Let u = {u(t,x);t > 0,z € R} be a process defined on a
probability space (Q, F, P), such that for any t > 0 and x € R, E|u(t,z)|* < oo,

u(t,x) = Z In(fu(,t, ) in LQ(Q)v

n>0
where fo(t,z) = Elu(t,x)] and for n > 1, f.(-t,z) € H®" is such that
Falti, . stn, - t,2) is a symmetric distribution in S'(R™) whose Fourier trans-
form is a function which has a version such that (t1,...,tn,&1,...,&n) +—
Flnlti, . ytn, - t,x) (&1, ..., &) is measurable.

Suppose that u(t,-) =0 if t > T and:
(i) u € H a.s., the map w — ||u(w)|y is measurable and E||u||3, < co;
(ii) for any n > 1 and ty,...,t,,t € [0,T], there is a distribution

Fu(t, sty t,0) in S'(RMTVY) such that for any ¢ € S(R™) and ¢ € S(R?),
(fn(tla EREE 7tn7 ’7ta ')a 1/} Y SD) = /d (fn(tla Ty 7tn7 '7tax)a 1/})90(%)611’,
R
(#ii) for any ty, ..., ty,t € [0,T), the Fourier transform of fn(t1, ... tn, - t,") is

a function which has a wversion such that (t1,...,tn,t,&1,...,&n,&) —
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Flnlttyyeoostn, 5t ) (&1, ..., En, &) is measumble for every &1, ..., 6,6 € R?, the
function (t1,...,tn,t) = Ffn(t1, - ostn, st ) (&1, ..y En, &) s bounded, continu-
ous a.e. on [0, T|"*! and satisfies

n

/([OT] Ryt [Tt = sv(t = ) F faltrsss oo tnst ) (s s ©)
X n+1 1

Flonrr e 5mas NE B OOp(dEs) . (€ dbdsdtds < oo.
() for any t = (t1,...,t,) € [0,T]" and £ = (&,...,&) € R™, the map
= Ffn(ts, oo tn, 1, 2) = @re() is in S(RY).

We denote by fn the symmetrization of f, in all n+1 variables. Then u € Dom &
if and only if V:= 3", <o Int1(fn) converges in L3(Q). In this case, 6(u) = V.

Proof: We use the same argument as for Proposition A.1. We only need to show the
statement in Step 1, since Steps 2, 3 and 4 remain valid without any modification.

Hypothesis (iii) guarantees that f, € H®™*D for any n > 0, by Theorem 3.5.c).
Hypothesis (4) implies that, for any 1 € S(R™) and ¢ € S(R?),

(an(th-’... n,-) w@@) /Rd (f”(tl’.""’t”?'7t7x)afw).7g0($)daj
= /l;d - an(tl, ey tp, st )({1, c ,{n)’(/)(fh - ,fn)]:(p(x)dé'l o dﬁndx
_ /Rnd | Foug@p(@p(er, . &a)der . dende,

using Plancherel theorem and hypothesis (iv) for the last equality. This shows that
for almost all &1,...,&,, €& in RY,

fwt,é(g):"rfn(tlv'v"' ny a )(flaagn) (A4)
Note that y — Fg(s1,+ ..., 8n,5y)(&, ..., &) is a function in S(RY) whose
Fourier transform evaluated at £ is equal to Fg(s1, -, ..., Sn—1, 8, )(&1, -+, En—1,&).

We use (A.3), but we express differently (f,—1(-,t,2),9(", $,y))yewm-1 using the
Fourier transforms in the space variables. Using also Fubini’s theorem, we obtain:

n—1
BUDG ] =t [ o= [[at=s) [ ulag). (g
i=1

2n
R+

([, doduf@ = )F faaltrs st b2 € o)
R2d

fg(51,~,...,sn_l,-,s,y)(fl,...,En_1)>dtdsdtds

n—1
:n'/ﬂgi](t - S);I;[lry(tz - Si)/l\g(n—l)d( Rffn—l(tla ERER atn—lv'vta ')(é-la R 7671—176)
fg(sla'w- ySn—1,"S )(gla,gn—lag):u‘(dg))lu‘(dgl)“(dfn—l)dtdetds

= nl{g, fo1)pen =nlg, fo1)nen = E[GL,(fa-1)).
Note that the second equality above is justified by (A.4) and hypothesis (iv). O

The next result is used to prove the existence and uniqueness of the solution
to equation (1.1) in dimension d > 3, being applied to the process v®?) given by
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Definition 5.3.(c). This result gives a correction to Proposition 2.5 of Balan (2012),
whose proof is incorrect since the second equality on page 12, line 18 (which states

that the action of the random distribution u(e) on . * 5 is equal to the series

> >0 In((fa(:; @), % x ¢))) cannot be justified.

Proposition A.4. Let u = {u(t,-);t > 0} be a process with values in S'(RY),
defined on a probability space (2, F, P) such that for any t > 0 and ¢ € S(R?),
E|(u(t,-),¢)* < 0o and

(u(t,), @) = Y _In(SE?) in L*(Q), (A.5)
n>0
where Sg¥ = E|(u(t,-),p)], and for n > 1, SL¥ € H®" is such that
SEP(ty, ... tn, ) is a symmetric distribution in S'(R™®) whose Fourier transform
is a function which has a wersion such that (t1,...,tn,&1,...,&,) +—
FSEP (b1, s stn, ) (&, .., &n) s measurable.

Suppose that u(t,-) =0 if t > T and:
(i) for any (w,t) € Q x [0,T], the Fourier transform of u(w,t,-) is a function
which has a version such that (w,t, &) — Fu(w,t,-)(§) is measurable, the map
t > Fu(w,t,-)(&) is integrable on [0,T] for almost all (w,&) € Q x R?, and

“\ L,

(ii) for any n > 1 and ty,...,t,,t € [0,T], there is a distribution

T 2
/0 e T Fu(t, ) (&)dt| v(dr)p(dé)| < oo; (A.6)

Fu(ti, ooty t,-) in S’ (ROHEDD) sych that for any ¢ € S(R™) and ¢ € S(R?),
(fn(th Ty 7tn7 '7ta )aw oy (p) = (Sffp(th Tyeee atna ')a w)v (A7)
(13) fr(t1, ... tn, " t,-) satisfies assumption (iii) of Proposition A.53;

(iv) for any ti,...,tn,t €[0,T), &1,...,& € RY and ¢ € S(R?), the map &
Flnlte, s otn, )&y, €n, §) () ds in S(RY).

We denote by f, the symmetrization of f,, in alln+1 variables. Then v € Dom 9
if and only if V:=3", <, Ini1(fy) converges in L2(Q). In this case, 6(u) = V.

Proof: We use the same argument as in the proof of Proposition A.1. We only
need to show the statement in Step 1, since Steps 2, 3 and 4 remain valid without
any modification.

Hypothesis (i) guarantees that u € H a.s. and E|ju|3, < oo, by Theorem 2.6.b).
Similarly, hypothesis (%) implies that f,, € H®™ by Theorem 3.5.c).

We prove relation (A.2) by regularizing u in space. Let ¢ € D(R?) be such that
¢ > 0, the support of ¢ is included in the unit ball in R¢, and fRd o(z)dx = 1.
For any € > 0, let ¢.(z) = e %¢(x/¢) for all z € R?. Then Fp.(§) =+ 0ase — 0
and |Fo-(€)] < 1 for all ¢ € RE. For any w € Q, t € [0,7] and = € RY, let
ue(w, t,x) = (u(w,t,) * ¢c)(z). Then u(w,t,-) is a C*°-function with polynomial
growth (hence a distribution in &’(R%)), whose Fourier transform is the function
Fu(w,t,-)(&) = Fu(w,t,-)(§)Fpe(§) (see Theorem 7.19 of Rudin, 1973). Hence

fOT e T Fuc(t,)(&)dt = Foe(€) fOT e Tt Fu(t, )(&)dt for any 7 € R and ¢ € R9.
This implies that E [fRd I ‘foT e~ Fu(t, ) (€)dr 2 V(dT)/J,(df):| < oo using (A.6)
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and the fact that |F¢. ()| < 1. By Theorem 2.6.b), u. € H a.s. and El|u.||3, < co.
Moreover, by the dominated convergence theorem and (A.6), as € — 0,

2 — 12
Blu.—uly =2 | [ [ 1700 -1

By (A.5), uc(t, x) has the Wiener chaos expansion:

ue(t,x) = (ut, ), pe(z — ) = Y In(fnc(-t,2)) in L2(Q),

n>0

/0 eI Fu(t, ) (©)dt| v(dru(de)| — 0.

where f,, (-, t, ) = 559<@=)  The idea is to write relation (A.2) for the process
ue and let ¢ — 0. For this, we need to check that u. satisfies the hypotheses
of Proposition A.3. We have already proved that w. satisfies hypothesis (i) of
Proposition A.3. It remains to check hypotheses (ii)- (iv).

First, note that relation (A.7) allows us to compute Ffy, c(t1,-, ..., tn, 1, ).
For any 1 € S(R™) and ¢ € S(R?),
LHS of (A7) = (Ffultis s stn, 1), F lp @ Flp) =
L[ttt €10 60, 07 QA e )
and
RHS of (A.7) = (FSE2(tr, ... tn, ), F 1) =
» FSEP(ty, oy ytn, €L, &) F (&, €0)dEr . .. dEy.

Since this happens for any ¢ € S(R"?), we infer that for any ¢ € S(R9),
‘FSZ?¢(t17')"' 7La')(§13"'a§n)
= ]:fn(tla'a"' ny 7 )(517a§n7€)f_1¢(€)d5

Rd

Recalling the definition of f, ., we obtain that:
-anstla,“' n 7t x)(flav&n)* St¢£ (tlaa"'atna')(fla"'vfn)
/ ‘an t1, 5. tn, 7‘)(517...7£n7£)f71¢5($7')(§)d€

zgzr
(27'(') / ]:fn(tla yoee n7 7 )(51,,£n,§)f¢5(£)d§ (A8)

THFfaltr, sty oty )(51,...,,5”,*)%8)(3:), (A.9)

where for the last equality we used hypothesis (iv).

We show that f, . satisfies hypothesis (%) of Proposition A.3. For any ti,...,
tn,t € [0,T), let fnc(ti,« .-+ tn, -t ) be the distribution in S'(R"*+H) whose
Fourier transform is the function

‘an,E(t17'7" 7L7 %y 7 )(Eh"wgnvg)

A.
= ffn(tla'a"' ny a )(glaagnag)‘/—:(ﬁs(g) ( 10)
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More precisely, for any h € S(R("“)d)7

(fn,e(tlv'v"'7tn7'7ta')7h) :A(7l+1)d ‘an(tla'a-~'atna'at7')(§17"'7§7L7£)F¢6(€)

F 06, .o &, E)dEr . . . dEnde
= (fn(tlv'v' .. 7t’n7'7ta ')aHh),

where H, € SR™DY) is such that F1H,(&,...,60,8) = Fbe(€)

F (6, 60 6)
We claim that for any 1 € S(R™) and ¢ € S(R?),

(fn,e(tlv'v-"7tn7'7ta')aw®SD) = /]Rd (fn,s(tla'a"'7tn7'7taz)7w)¢(x)dx' (All)

To prove this, note that the right-hand side of (A.11) is equal to
/d (]—"fn,a(tl, ety ot a:),]-"flw)go(x)da:
R

:/]Rd< -an,s(tlv Tyeee atna 'atvx)(glv cee 7§n)]:71w(£17 e 7£n)d£1 cee dgn) QD(lL')d.’E

Rnd

= /R(m)d Flalti, o tn, 6, )&, 6, ) F o (O F 1b(&r, ..., )

((Q;d /Rd eié'ﬂp(m)dx) déi ... d&,de

= o F bt )6 60 F (O

Fp(&r, . 6n)Fp(€)dés .. déndg
= (fn,a(tlv BRI 7tn7 '7ta )»1/1 & SO),

where we used (A.8) for the second equality.

The fact that Ff,, c(t1,-,...,tn,, t,) satisfies hypothesis (444) of Proposition A.3
follows from hypothesis (44i), (A.10) and the fact that |F¢.(£)| < 1 for all ¢ € R4,

Finally, f, . satisfies hypothesis (iv) of Proposition A.3 since for any t =
(t1,...,tp) € [0,7]" and ¢ = (&,...,&) € R"™ the map =
Fhnetiy oot t,x) =t ore(z) is in S(R?) by (A.9) and hypothesis (4v). This
concludes the verification of hypotheses (i)-(iv) of Proposition A.3 for the process
Ue.

By Theorem 3.5.c), we infer that f, . € HE+D) for any n > 0. By the domi-
nated convergence theorem and (A.10), |[fne = fall3,ems1, — 0 ase = 0.

We are now ready to conclude the proof. We write (A.2) for the process u.:

E[(DG,uc)u] = ElGI(fa-1,))-

We let ¢ — 0. Using Cauchy-Schwarz inequality, we see that the left-hand side
converges to E[(DG, u)y], since E||u. —ul|3, — 0 as ¢ — 0. Similarly, the right-
hand side converges to E[GI,(fn_1)], since [ fr-1,e = fu-1ll3,0n — 0 as e — 0.
Relation (A.2) follows. O
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