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Abstract. We study the free energy and the ground state energy for the directed
polymer in random environment. The polymer is allowed to make unbounded jumps
and the environment is given by i.i.d. Bernoulli variables. Our goal is to derive
concentrations for the ground state energy of polymers at zero temperature and
the free energy at any temperature. To do this, we control the maximum jump of
any polymer nearly minimizing energy and guarantee that it is not too large with
high probability.

1. Introduction

We discuss the models of directed polymer which have unbounded jumps that
were introduced in Comets et al. (2015). See Comets et al. (2015) for the back-
ground and related works. That paper exhibits the following three results: (i) The
continuity of the free energy with respect to inverse temperature and the appearance
probability of obstacles; (ii) The asymptotic of the free energy as the appearance
probability of obstacles goes to 1; (iii) The continuity of the time constant of First
Passage Percolation (FPP) related to the model. In this paper, we show concen-
tration bounds for the ground state energy, which is nothing but the minimum
passage time, and the free energy. As applications, we derive the so-called “rate of
convergence” results and, based on them, we are able to remove the restriction left
in Comets et al. (2015) on a parameter in (i) and also give an alternative proof of
(iil).

In fact, a concentration bound for the lower tail for the FPP is shown in Propo-
sition 3.1 of Comets et al. (2015). However the upper tail is significantly more
difficult as we need to control the maximum jump of the optimal path. Although
such a geometric property of the minimizing path is usually hard to prove, in this
paper, we succeed in controlling jumps not only of the optimal path but also of
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low energy paths in the directed polymer model. As a result, we can show the con-
centration for the minimum passage time and the free energy. The bound on the
maximum jump itself is of independent interest, see Corollary 2.7 for the precise
statement.

Let us briefly explain the motivation of Comets et al. (2015) and this work. There
has been revived interest on the number of open paths in oriented percolation,
e.g. Fukushima and Yoshida (2012) and Garet et al. (2017). It can be regarded
as a zero temperature limit of the directed polymer in random environment and
hence the free energy, which corresponds to the growth rate of the number of open
paths, is expected to be continuous at zero temperature. Unfortunately, there
seems to be few techniques developed to study the zero temperature limit in this
type of models. In Comets et al. (2015), we introduced a toy model where the
polymer is allowed to make unbounded jumps and established the continuity at
zero temperature by a combinatorial argument. This paper proposes alternative
arguments for the continuity based on the concentration estimates.

1.1. Setting of models. Let ({Xn}nenugo}, P) be the random walk on Z? starting
from 0 and with the transition probability

P(Xpt1 = 2[Xn =y) = fally — 21),
where |z|; := Zle |z;| for # € Z4 and f,, : NU {0} — R is a function of the form

fa(k) = c1 exp{—c2k®}, (1.1)

where o, c; > 0 and ¢, is a positive constant determined as to be } -, 4 fa(ly[1) =1
(see Remark 1.9 for generalizations). The random environment is modelled by
independent and identically  distributed Bernoulli random  variables
({n(4; )} (j,z)enuioy xz4, Q) with parameter p:

Qn(0,0) =1) =p € (0,1).

We introduce the Hamiltonian

and define the partition functions by
Z"P = Plexp{BH"}] for # € R and Z"~>° = P(H" = 0),

where P]-] denotes the expectation with respect to P. Note that Z"~°° is positive
for Q-almost every n, since the random walk has unbounded jumps.
An important quantity in this model is the so-called free energy defined by

1
p(p, B) = lim —log Z;"”
n—o0o N (1 2)
1 .
= lim —Qllog Z""]
n—oo n
@-almost surely, whose existence can be shown by using the subadditive ergodic
theorem. In Comets et al. (2015), the continuity property and some asymptotic
behavior of the free energy were studied.
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Next, we introduce the FPP models related to this directed polymer model. Let
us define a point process representing the sites where 7 takes value zero by

Wp = Z (1 - n(kv'r))a(k,spm); (13)

(k,z)eNxZ

with the scaling factor s, = (1 — p)'/?. This scaling is natural since w, converges

as p T 1 to the Poisson point process w; on N x R? whose intensity is the product of
the counting measure and the Lebesgue measure. With some abuse of notation we
will frequently identify w,, and more generally any point measure, with its support.
Given a realization of wy, we define the minimum passage time from 0 to n by

T, (wp) = min {Z |wp—1 — 2x|{ 20 =0 and {(k,zx)}}_, C wp} . (1.4)
k=1

This is the directed version of Howard-Newman’s Euclidean FPP model in Howard
and Newman (2001). Now, a direct application of the subadditive ergodic theorem
shows that the limit
.1 1
pp = lim =T, (wp) = nlgr;o EQ[Tn(wp)] (1.5)

n—,oo M

exists (Q-almost surely. The limit y, is non-random and called the time constant.
Observe also that definition (1.4) makes perfect sense when p = 1, yielding a limit
w1 in (1.5). It is again shown in Comets et al. (2015) that p, is continuous as p 1 1.

This FPP is related to the ground state at f = —oo of the directed polymer
introduced above. Namely,

sup{P(X; = z; for 1 <i < n):ax; € 2%, n(i,z;) =0} =} exp{—cas, “Tn(wp)}

Furthermore, it is shown in Comets et al. (2015) that as p 1 1, the ground state
gives dominant contribution to the free energy:
p(p, —00) ~ —capr (1 — p)~/4.

Remark 1.1. Tt is standard to show the existence of the free energy and the time
constant by the subadditive ergodic theorem. However, it prevents us from getting
more information about them, such as the continuity and the rate of convergence.
In this paper, we will use a method of concentration of measures to get the rate of
convergence in (1.2) and (1.5) and derive the continuity results as a corollary.

1.2. Main results. First, we shall present the results for our FPP. The first result
is the concentration of the minimum passage time around the mean.

Theorem 1.2. For any 0 > 0 there exist positive constants C1,Co, and X\ € (0,1]
which are independent of p and n such that for any n € N,

QUTn(wp) = Q[T (wy)]] > n=*?) < Crexp{~Can}. (1.6)

The next result is about the rate of convergence. It implies that the fluctuation

exponent (see Krug and Spohn, 1991) is % or less if exists.

Theorem 1.3. For any x > 1/2, there exists positive constant Cy which is inde-
pendent of p such that for any n € N,

gy = Q[Tn(wp)ll < CinX. (1.7)
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Combining (1.6) and (1.7), we have that for any x > 1/2 there exist positive
constants Cy, Cq, Co, A which are independent of p such that for any n € N,

Q(|Tn(wp) — npp| > 2CenX) < Cjexp{—Cyn’}. (1.8)
Corollary 1.4. p, is continuous in p € [0, 1].

Corollary 1 is a slight extension of Theorem 1.5 in Comets et al. (2015) where
the continuity is proved only at p = 1.

Next, we move on to the results for the directed polymer model.

Theorem 1.5. For any q € [0,1), 6 > 0 and Sy € R, there exist positive constants
Cy,C4, and X\ € (0,1) such that for any p € [0,q), 8 € [—o0, Bo] and n € N,

Q(|1log Z1F — Qlog Z1P]| > n3 1) < Cy exp{—Can*}. (1.9)

Theorem 1.6. For any q € [0,1), x > % and By € R, there exist positive constants
€,Co—Cs, and X € (0,1) such that for any p € [0,q), B € [—00, fo] and n € N,

Ing(p, B) — Qlog Z1P)| < Con, (1.10)
Q(|log Z™ —np(p, B)| > 2CenX) < C)exp{—Cyn’}. (1.11)

The following theorem is an extension of Theorem 1.2 in Comets et al. (2015)
where the continuity is proved only for o < d where « comes from (1.1).

Corollary 1.7. ¢(p, 8) is jointly continuous on [0,1) X [—00,0).

Remark 1.8. Corollary 1.4 can in fact be proved by the “coupling method” in
Comets et al. (2015). Nevertheless, we think the line of the argument—proving the
continuity of a limiting quantity like the time constant via a concentration bound—
is of interest. In Corollary 1.7, the method of concentration indeed yields a better
result than the rather bare-handed approach in Comets et al. (2015).

Remark 1.9. The method of this paper works for more general choices of (1.1). For
example if f(k) = cexp{—V(k)} with V satisfying 0 < Cy < V" (x) < C for any
x with some positive constant C7 and Cy or V'’ being regularly varying with index
B > 0. Indeed, all of the statements including the key lemma below can be shown
by the essentially the same way for these choices.

1.3. Organization of the paper. The rest of the paper is organized as follows. In
Section 2, we start with the proof of Theorems 1.2. We divide the proof into two
parts; a < 1 or @ > 1. We first prove the case a < 1 which is relatively easy. To
prove the other case, we need a key lemma in Section 2.2 which gives a control on the
maximum jump of optimal paths as a special case. This lemma is the essential part
of this paper. By using the same lemma, polymers with large jumps can be shown
to have negligible weights under the Gibbs measure. By restricting our attention
to the polymers with small jumps, we can check the condition for the entropy
method (Theorem 6.7 in Boucheron et al., 2013) to show the concentration bound
and obtain Theorem 1.5. In Section 3, we discuss the non-random fluctuations
and prove Theorems 1.3 and 1.6 by using Theorems 1.2 and 1.5, respectively. The
proofs are based on the argument in Zhang (2010). Finally, we prove Corollaries 1.4
and 1.7 in Section 4 as a consequence of the results of Section 3.
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2. Proof of the concentration around the mean
For any n-path v € (R9){Ln}t we write (k) for the k-th point of ~, and
Ay(k) == |y(k) —v(k — 1)|; with the convention v(0) = 0.

Definition 2.1. For any n-path v € (R?){1:7} the passage time t(7) is defined
by

2.1. Concentration for the FPP with 0 < o < 1. We first calculate the probability
that w, has no points inside a box of size r > 0.

Lemma 2.2. There exist C1,Cy > 0 independent of p such that for any sufficiently
large r > 0,
Qw, N [0,7]4 = 0) < Oy exp (—Car?). (2.1)

Proof: Note that for sufficiently large r > 0, [0,7]* N 5,Z% has at least (27 s, 'r)?
points, where s, = (1 — p)*/¢. Thus

Qupn[o.r)* =0) < (P>
Since it is easy to check that SUP,e(0,1] p(l_prl < 1, we complete the proof. (]

Proof of (1.6) for 0 < a <1: We prove (1.6) by using a martingale difference
method. We introduce the filtration
Gm = 0(Wpl[1,m]xra)

and decompose the deviation from the mean into the sum of martingale differences
as

Th(wp) — Q[T (wp)]

Z (QTn(wp)|Gm] — Q[Tn(wp)|Gm—1])

1

m=
n

: Z A,
m=1

We are going to prove that there exists non-random constant ¢ > 0 independent of
p such that

Q [GXP {cIAmId/“} Igm_l} <c! (2.2)

Q-almost surely. Then (1.6) follows by a concentration inequality for martingales,
for example, Theorem 1.1 in Liu and Watbled (2009). Before proving it, let us
introduce some notation. Given two configurations w, and w;, and m € N, we
define the new configuration [wy, wp|m by

/
Wpl[1,m] xR+ Wpl[m+1,00) xR+

Let 7™ = (i, w,(zm)(i))?zo be a minimizing path for this configuration chosen by a
deterministic algorithm (if not unique). Given (n,z), (m,y) € N x R%, we define
|(n,z) — (m,y)|1 = |* —y|i. For a time-space point (k,x) € N x R?, we define
(k,z)*“r to be a point in wy|fryxra closest to (k,x) with a deterministic rule to
break ties and sometimes use the convention that (k,z)**» = (k, 2*“r) with a slight
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abuse of notation.

It is easy to check that the law of (k,z)*“r is independent of (k,z) and by
Lemma 2.2, there exist C7,Cs > 0 independent of p such that for any sufficiently
large r > 0,

Q((k,z) — (k,x)*™r|y >r) < Crexp (—C’grd). (2.3)

Now we rewrite the martingale difference as

Ay = / QA )(To([wpr 1) — To [ Whln1))-

!/

We can bound T}, ([wp, wj,

|m—1) from above by the passage time of the path

T0), .., 7™ (m = 1), 70 (m) s, 7 (m + 1), .., 7 ().

n

By a <1 we have

) (m £ 1) — 7™ (m) "5

n n

< [ (m £ 1) = w7 (m)|§ + w7 (m) — 7™ (m) =g 2
These lead to
To((wp, @hlm) = Tol(@ps whlm—1) > =2[n{™ (m) — 7™ (m)™>[,  (25)
and we get
Bz =2 [ QUef)inf ) 7l ) 5 (26)
Similarly, we have
B 22 [ QUup) I Dom) = 7l D) . (27)

Note that the laws of right hand side of (2.6) and (2.7) are independent of G,,_1.

By Jensen’s inequality, (2.6) and (2.7), if we take ¢ sufficiently small depending
only on C7,Cy > 0 of (2.3), we have
Q [exp {C|Am|d/a} |gm—lj|

< [ Qaw) [ QU exp 2cin™ (m) - xi ()5 )

+ [ Qlday) [ QUawh) exp 2elnf D m) - 7 (el
= 2/Q(dwp) exp (2¢|(k, ) — (k, z)*r|d) < L.
O
2.2. Key lemma (The uniform bound for jumps). As mentioned above, it is more

difficult to prove Theorem 1.2 in the case a > 1. Indeed, we need to estimate the
change of minimum passage time when we replace the configuration on a section
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by another one, but we do not have the triangular inequality (2.5). A natural
alternative way is to use Taylor’s theorem as follows:

T (lwp, wylm) = T ([wp, Wy lm—1)]

< Ofx ™ (m +1) = 7™ (m)|§Hal™ (m) — 70 (m) |y

n

+ 7™ (m) — 7™ (m = 1|7l (m) — 7™ (m)*r y),

with some positive constant C'. Then, the jump size of the optimal path appears
in this change and we need to show that it is not too large. We shall state it in a
slightly generalized way that is useful in the study of the directed polymer model.

Given a configuration w and n-path v, we write v C w if (7,7(i)) € w for any
i=1,---,n. We say that w C N x R? has #-property if

wN (i,z4[0,n%)%) # 0 for any i € N, x € Z¢.

Intuitively, #-property means that configration has no big vacant regions. As
we shall see in Lemma 2.4 that the f-property scarcely influence on the minimum
passage time. The following lemma plays a key role throughout all the results in
this paper. Roughly speaking, any polymer has no big jumps or we can find another
polymer with a smaller passage time.

Lemma 2.3. Suppose that o > 1. For any ¢ > 0, there exist 6 > 0 and N =
N(0) € N such that if n > N, s € {1,---,n} and a configuration v’ C N x R?
satisfies 0-property, then for any n-path v, one of the following holds:

(i) max{Avy(s),Ay(s+ 1)} <nS with the convention Ay(n+1) =0,
(ii) There exist an n-path v" and h € N such that v(i) = ~'(i) for any i ¢
[s,s+h—1], (i,7'(7)) € ' fori € [s,s+h—1] and

t(y') + (h+1n? <t(y).

The proof of Lemma 1 is not long but a bit complicated. Let us explain the
idea of the proof in the case where ~y is the minimizing path for w’. Let Ag be the
point where next jump is larger than n¢ and introduce a sequence of large numbers
satisfying n® > £, > L2>> -+ -.

We draw cones C} with slope Ly starting at Ag and let Ay be the first point
where the optimal path v touches it. Then we draw a straight line between A, and
Ag. Thanks to the @-property, we can find a path v, C @ close to this straight
line. Due to the convexity of | - |, average jumps are better (See Figure 2.1). This
yields that, if we forget about the restriction C @, the straight line connecting Ay
and Ay is the optimal path when o > 1. On the other hand, by definition, v has
a smaller passage time than that of ;. Then it is natural to expect that most of
the jumps of v between Ay and Ay are close to Ly in size. However in the first
Ap — Ag_1 segment, most of the jumps are close to L1 for the same reason and
hence far from L. This implies that the duration of Ag — Aj is much longer than
that of Ag — Aj_1. Based on this observation, we can prove that Ay goes beyond
the n-th section before L£; becomes small. This implies that the optimal path ~
stays outside a cone of very large angle until n. This is very unlikely because the
optimal path has too much passage time between Ay and n-th section, and one can
indeed derive a contradiction.
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FIGURE 2.1.
Left: The passage time of AByC' is smaller than that of AB;C when a > 1.
Right: Drawing cones, we investigate v between Ay and Ay inductively.

Proof: Let m € N such that m > 5/¢, and we take 6 > 0 sufficiently small and N
sufficiently large such that

2°maf < ¢ and Nminfa=L16 5 gatd 2 1)1 4 (2é — 1)L

Suppose that neither (i) nor (ii) holds and we shall derive a contradiction. This
means that we suppose the following two conditions:
(i) max{Av(s), Ay(s+ 1)} > nS,
(ii") For any m-path 4" and h > 0 such that (i) = ~/(¢) for ¢ ¢ [s,s + h — 1],
and (i,7'(i)) € ' for i € [s,s + h], t(v') + (h+ 1)n? > t(7).
We only treat the case Ay(s) > n¢ since the other case Ay(s+1) > Av(s) can
be dealt with by simply replacing s by s 4+ 1 in the following proof.

Step 1 (Preliminary bounds): For any k € {1,--- ,m}, let

0) — -1
L :=1inf{l € [s,n] NN : Bl )f _Z(j_ 1 )1 < nc_(%_l)‘g}.
The points (s —1,7(s— 1)) and (¢x,v(¢x)) correspond to Ag and Ay, in Figure 2.1,
respectively. By the 6-property of w’, there exists an n-path 4" such that (i) = /(%)
for any i < s —1 and (i,7'(i)) € w’, Ay'(i) < dn? for any i > s. If the range of the
infimum of (2.8) is empty, then

t(y) —t(y) = (n—s+1)n’ > (n— s+ 1)(n¢ "D —an? —n?) >0,

and it contradicts (ii’). Hence, the range is not void for k < m and ¢ < n.

Let 4% be a straight line drawn between (s — 1,v(s — 1)) and (€, y(fr)). We
write Ly for a slope % of 4. Since w’ has f-property, there exists an

n-path v, such that (§,7,(j)) € &', [%(5) — V. (j)|1 < dn? for all s < j < 4, and
Y.(0) = ~v() for ¢ <s—1or > Ly Set Ry := 4y —s, Dy :={i€{0,---,Ri}:
Ay(s+i) >ns=2%0Y D¢ = {0, -+, Ry} \ Dg. The set Dy corresponds to the time
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when A~ is close to L, though we put one-sided inequality in the definition.

Let 05 := Ay(s + j) — Ly and 8}, := Ay, (s + j) — L. We note that for any
k>1,[0%,] < 2dnf. Moreover since 5 and v, start and end at the same points,

we have
Ry, Ry,
STaik=0, D 8, >0 (2.8)
i=0 i=0
Note that by convexity of | - |{,
(ﬁk + 51'1]@)0‘ — Eg — Oéﬁg_lisik > 0. (2.9)

These positivities (2.8) and (2.9) will be crucial in the proof.

Step 2 (D41 is much larger than Dy): We have
pS—(@R=1)0 _  C=2K0 < (= (2k=1)6 (2.10)

The proof is deferred to the end of this subsection.

We will show that #Dj1 > n¢/?#D;, for any k < m. Once we get this, by
iteration and Dy > 1, #D,, > n¢™/2 > n5/4 holds, which is a contradiction. Thus
the lemma follows.

Use (2.8) to obtain that

Riq1
Y AL+ Gir)® = Ly — LY b}
=0
Rk+1 Rk+1
=Y {AY(i+9)* =Ly} —alyl Y Sikn (2.11)
i=0 =0
Ry
<Y {Ay(i+ )" — Ly}
=0
When i € D§,;, by (2.10) we have —6; ji1 > Lppq — n¢ 2010 > atlp, ) for
sufficiently large n and hence
a_
5 1 (2.12)

This together with (2.9) and Dy C Dy1 shows that the left hand side of (2.11) is
further bounded from below by

Z {(Lry1 +0iky1)™ = Ly — aﬁ?;lléi,kﬂ}

—1
(Lrg1 4 0iy1) = Loy — Ly Oiky1 >

ieDyUDg,
1 a—1
> Y ALk + i) = L — aLy Sien ) + 5 Y L
1€ Dy, i€ Dy

k41
On the other hand, due to (ii’), the right hand side of (2.11) is bounded from above
by

Ryiq1

> {(Lrsr + 8 40)™ — Loy + 07} (2.13)
=0
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The fact that |a+b|* — |a]® < alb—al(|a|+ |b])*~! for a,b € R together with (2.10)
and |6/ ;1| < 2dn? leads to that for any i € {0,---, Rp11},

a—1

(Lrg1 + 0 )™ — Loy +n? < ddanlo D DO < o (2.14)
Thus, (2.13) is further bounded from above by

S ALk + 0 ) — L A"+ D {(Lrrr 8 p0)* — Lo + 0}

1€ Dk 41 i€Dy
a—1
< Z 4dan(a—1)(C—(2k+l)0)+9 + 5 Z E(l:Jrl'
€Dk 41 i€Dy

(2.15)
With these observations, since §; 41 is much larger than £y, for ¢ € Dy, we have

4da#Dk+1n(a*1)((*(2k+1)9)+9

> {Lrsr+6ix1)™ = Ly — oLy Gikgr}
1€ Dy

> #Dy }é%‘}c{(ﬁ’““ + 0ihr1)® = Ly — oLy ik}

Y

> L yDne2),
-2
Rearranging it, we obtain #Dj 1 > n¢/?#D, as desired. O

Proof of (2.10): Our strategy is to show that the last jump A~(s + Ry) is small or
Ry, is large. We choose ¢/ such that n¢ = Av(s + Ry). By (ii’) and (2.8),

Rk Rk
S Lk +07,)" — L +n° = > {(Le+0ik)* — L —aly "0}, (216)
1=0 1=0

By arguments similar to (2.14), we get (Lx + 9} ;)" — Lf < 4dalLy~'n’. Thus, the
left hand side of (2.16) is bounded from above by

(R + 1)(4dalLy ™ 'n? +nf) < Rynsle-D+20,

On the other hand, by (2.9) and dpx = Avy(s) — L > n¢/2 > n¢~ k=10 > £,
the right hand side of (2.16) is bounded from below by

(ﬁk + 501]@)0‘ — Ly — aﬁg’léo,k) + ((ﬁk + 5Rk1k)a — Ly — Oéﬁgil(st’k)

1 ,
— max {7”L<0‘,77,C O‘} .
2

>

Consequently, we have

Ry > %max{ncfw,nc,o‘f(o‘fl)cde} > max{n¢3 n¢' 3},
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By the definition of Ry, we have |y(s + Ry, — 1) —v(s — 1)|1 > Rpn¢~ ¥~ This
yields

Ly,

Y

T &, (Iv(s+Re —1) =v(s = 1)[1 — Ay(s + Ry))

1
(—(k—1)01 _ .30
n ( g Rk) n
> pl—@k=1)0 _ ¢—2k6

Y

We have £;, < n¢=(2#=19 by the construction and (2.10) follows. O

2.3. Concentration for the FPP with « > 1. In this subsection, we prove Theo-
rem 1.2 for o > 1. We fix a small § > 0. Given a configuration w, C N x R¢, we
define a new configuration w,, as

Wp = wp + Z Lo ({k} x (24 10,n0)4)) =0} O (k) » (2.17)
(k,x)eNxn?7d
i.e. when we find a large vacant box, we artificially add an w-point at a corner. We
first recall Lemma 3.3 in Comets et al. (2015) which shows that T}, (w,) and T}, (wp)
are essentially the same.

Lemma 2.4. There ezists ¢ > 0 independent of p such that for sufficiently large
n €N,

max{Q(Tn(wp) # Tn(wp)), QT (wp) — Tnlwp)|]}

< exp{—cn?}.

Proof: This is proved only for wy in Comets et al. (2015) but the same proof works
for general wy. In fact, it is proved that the probability that the set of all optimal
paths for w, coincides with that for @, is larger than 1 — exp (—en??). The proof
of Lemma 2.9 below contains a very similar argument. (]

Proof of (1.6) for a>1: Fix 6 > 0. Let us denote by (Ijl(jm) the point process
obtained by replacing its {m} x R%section by another configuration w,. We are
going to use the so-called entropy method and it requires a bound on

> (sg,plﬂ(w,ﬁmh —Tn<wp>|> , (2.18)

m=1 P

where the supremum is taken over all configrations w;.

Lemma 2.5. Suppose that o > 1. For any ¢ > 0, there exist § € (0,¢) and
N = N(0) € N such that for any n > N, 1 < i < n, w, C NxRY and a
minimizing path m, for wp,

Amp (i) < nb.
Proof: Let w' = &, and v = m, in Lemma 2.3. Then for any s € {1,--- ,n}, (i) or
(ii) holds. If (ii) holds, it contradicts that 7, is a minimizing path. It follows that
(i) holds and we get the desired conclusion. O

By using Lemma 2.5, we can bound the summands of (2.18) from above by n°(!)
and consequently (2.18) itself by n!*o(),
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Lemma 2.6. For any ¢ > 0, there exist 0, N > 0 such that for all n > N and
wp C N x R4,

|A| < 4nt®,
where A, := sup,, |Tn(@§m)) — T (wp)]-

Proof: We prove the lower bound for A,,. The upper bound can be proved simi-
larly. Fix some w;, and wj,. Let 7, denote a minimizing path for 7},(w,), chosen by
a deterministic algorithm if not unique. We define a new point ﬁfzm)(m) as a point
in @), |{m)xre satisfying

[ (m) — 7™ (m)]1 < dn®. (2.19)

n

Then we can bound 7}, (cD,(,m)) from above by the passage time of the path

7 = (. (1), ... (m = 1), 70 (), ma(m + 1), ..., w0 (n)).

n

By using Lemma 2.5 together with (2.19), for sufficiently small § and large n, we
get

Tn(iz()m)) - Tn(@p) < t(ﬁv(zm)) - t(ﬂ'n)
< 7™M (m = 1) = &M (m)|F + 77 (m) = 70 (m 4 1)[§ (2.20)

<2(n® 4 dn®)* < 4n¢®

as desired. The reverse inequality can be proved by a similar way. O

If we take ¢ sufficiently small, (2.18) is less than Cn'*9. Then, Theorem 6.7
in Boucheron et al. (2013) yields that there exists ¢ > 0 independent of p such that

Q (ITu(@y) = QUTw(@y)]] > n#+7) < expf—en' 7).

By Lemma 2.4, there exists ¢ > 0 independent of p such that

Q (ITu(wp) = QITu(wy)]| > 204+7)
< Q (IT(@y) = QITu(@)]| > n47) + Q (Tu(wy) # Tu(@y)
< exp{—c'n' "7} + exp{~n},
which implies (1.6). O

By the proof of Lemma 2.4, Lemma 2.6 and the Borel-Cantelli Lemma, we also
have the following corollary.

Corollary 2.7. Suppose that o > 1. For any ¢ > 0, the following happens Q-almost
surely: there exists N = N(wp) such that for any n > N and any minimizing path

T, for Ty (wp),

max A7, (i) < nS.
1<i<n
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2.4. Concentration of the free energy. In this subsection, we prove Theorem 1.5.
By the relation

log Z"# = Bn +log Z1~" =5, (2.21)

we have only to consider the case 8 € [—00,0]. Note that, in this case, Zﬁ’ﬁ <1
Q-a.s. For simplicity of notation, we write Z,(w) instead of Z2" where w is defined
as

wi= Y (L=nk2)dka)

(k,z)eNxZd

We write M := 14 a~'. For a given configuration 7, or equivalently w, and an
n-path v, we denote the free energy per path by

Fu(y;w) =2y Ay = B n(i,v(i))= cat(v) — BH(Y),
i=1 i=1
where the constant ¢o comes from (1.1).

We assume that v starts at the origin throughout this subsection. Then we can
write the partition function as

Zn(w) =cf Z e~ Fnviw),
Bt

We define @ by (2.17) and the restricted partition function by
Zn(w) = ¢} Z e~ Fnlriw),
yit(y)<nlt2ef

First, we bound the difference of partition functions 7, (w) and Z,(©). We begin
with the following tail bounds.
Lemma 2.8. The following results hold:

(i) There exists Cy > 0 independent of p € (0,1] such that for all n € N and

m > Cyn,

Q(T(wp) > m) < exp{—m"& /Cy}. (2.22)

(ii) There exist ¢ >0 and N € N such that for alln > N,
142a6

Zn(w) — Zn(w) <e

Proof: (i) The proof is exactly the same as in Lemma 3.2 in Comets et al. (2015).
We skip the details. 3
(if) We bound ¢; "(Z,(w) — Zn(w)) from above as follows:

TN Zaw) = Do) = S0 e RO

t(’y) >n1+2a9

= > e (2.23)

k>2 yipltkad <p(y)<nlt(kt1)ad

1+kab
< E E e " .

k>2 it (y) <nl+(E+Da0
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If t(y) < n'*t(*+1e then » has no jump larger than na**+1¢ and thus

N, < pMA+(k+1)0
max [y(@)h <n

This yields the bound
#{'7 . t(’y) < nl—i—(k-i—l)a@} < nd(M-i—(k-i—l)G)n-
Substituting this into (2.23), for sufficiently large n, we obtain

Zn(w) — Zn(w) <t Z nd(M+(k+1)9)nefc2nl+ka9 <emen
k>2

14+2a6

with some small constant ¢ > 0. O
We define @ as in (2.17).

Lemma 2.9. For any q € [0,1) and § > 0, there exist \, ¢ > 0 and N € N such
that for anyn > N and p € [0,q),

—a

Proof: Since Z,(w) > c¢fe= % ™) Lemma 2.8-(i) and Z,(w) < 1 imply that
there exist C7,Cy > 0 depending on ¢ such that

d
0 e_cln(ma)(ume)

Q(Zn(w) < 0?6_02n1+0¢ ) <
Ql|log Zn(w)[*] < Can?.

Also it is plain to see (from Lemma 3.3 in Comets et al., 2015) that there exists
C'3 > 0 such that

Q(w =@ on [—nMT2 pMH+20)d o g p)) < e=Can® (2.25)
Thus to prove (i), it suffices to show Z, (o) < 2Z,(w) under the two conditions:

Zo(w) > e and w = @ on [—pM*+20 pM+20)d 5 [0 n]. Observe that
Zp(w) < Z,(w) and that if v exits from [—nM+20 nM+201d 5 [0 n], then t(y) >

’ (2.24)

ntt220 a5 it must contain a jump larger than n=2¢. Therefore under the above
conditions, by Lemma 2.8-(ii), there exists Cy > 0 such that
Zn(0) — Zp(w) <t Z e~ Fn(viw)

yimaxy<p<n [7(k) oo >n 20
< Zn(w) = Zn(w)
< e~ Can'2? < Zp(w).
This in turn implies
Qllog Z,(@)] — Qlog Zn (w)]
<Q(Zp(w) > c’fefcwlme and w = @ on [-n™ T2 pMF2014 5 10 n])log 2
+ Q| log Z,, (w)|; Zn(w) < c?efcwlme or w# @ on [—pMF20 R MF207d 5 10 p)]
<1,

where in the last line we have used (2.24), (2.25) and the Schwarz inequality to
bound the second term. O
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From Lemma 2.9, once we show the concentration for @, i.e. for any § > 0 there
exist A € (0,1) and Cp, C7 > 0 such that

Q(|log Z (@) — Q[log Zn(@)]| > n* 1) < Coe~ ", (2.26)

the concentration for w immediately follows. We will use the entropy method as in
the FPP case and the following two lemmas correspond to Lemma 2.5 and 2.6.

Lemma 2.10. Let s € {l,---,n}. We take configurations w,w’ such that
Wiy xre = W'y xra for any £ # s. Then, for any n-path -y, there exists 7' such
that one of the following holds:

(1) for any i # s, v(i) =~'(i), and F,(v;&") < con¢@=D++30 L B (v:0) or
(IT) there exists k > 0 such that for any i ¢ [s,s+ k|, v(i) =~'(i), and
Fo(75@") + ek + 1)n? < F,(v; @),
where the constant co comes from (1.1) and (o —1); = (¢ — 1) V0.

Proof: When o < 1, it is easy to prove that (I) holds for any v. Suppose that o > 1
and we will apply the Lemma 2.3 with w’ = @’. Tt suffices to show that (i) and
(ii) in Lemma 2.3 imply (I) and (II) in Lemma 2.10, respectively. When (i) holds,
we construct a polymer 4" such that +'(i) = (i) for i # s, (5,7(s)) € &'} xras
and |y/(s) — y(s)|1 < dn®. Then, it is trivial that v’ satisfies condition (I). On the
other hand, we can easily check that (ii) leads to (IT) because of the assumption of
B € [—00,0], which is declared at the beginning of this subsection. O

Lemma 2.11. Let w and w' be the configurations as in Lemma 2.10. For any
0 >0, there exist 0 > 0 and C > 0 such that for any n € N,

|log Z, (@) — log Z,(@")| < Cn?.
Proof: Note first that for any w,
Z"(a)) > C?G_CZT"(‘D) > c?e—czdo‘npﬁm

since @ has @-property. This together with Lemma 2.8-(ii) allows us to replace Z,
by Z, in the claim. For a path 4" and k € N, we define the following sets:

Oy (Y) = {7y : t(y) < can' 299 (v,4') satisfies condition (I)},
By (Y) = {7y : t(y) < can' 299 (v,4') satisfies condition (IT) with k},

where (I) and (II) are those in Lemma 2.10. Then any n-path ~ lies in one of the
above sets and

L@zay] ¥ erooy ¥ enow

v ve®i(v) k>1~ye®s x(v')
<c § e~ Fn(¥'@) E pean T + E E e—czkn’
v’ vEP1(v') k>1~ye®s 1 (v')

< 0711 Z e—Fn(V/;w/) |(I)1 (7/)|602n4(a,1)++39 i Z |(I)27k(’7/)|€_02kn9
> E>1
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Since for any v/, |®1(v')] < n2dM+20) and |®q ()| < 2 M2k (vecall the
argument (2.23)), this is further bounded from above by

_ e Cla—1)4 +36 _ 6
C7lz E e Fp(v';@") n2d(M+29)602n + E n2dk(M+20)e cokn
’Y/

k>1

LR (o Cla—1)4 +36 0
< C7lz E e Fp(v;@") n2d(M+29)602n + E e cokn’ /2
7, k>1
Cla—1)4 +30 _ o Cla—1)4 +30 B
< 0711620271 E e Fp(v;@") _ 620271 Zn(w’).
,Y/
With the symmetry between w and w’, this implies

Cla—1) 4 +30

|log Z,, (@) —log Z,(@")] < log{2e?="
< 3egnla=D+430,

}

If we take ¢ > 0 sufficiently small so that 3con¢(@=1++3% < 19 the proof is com-
pleted. 0

Thanks to Lemma 2.11, we can use Theorem 6.7 in Boucheron et al. (2013) and
we get the desired concentration (2.26) of log Z,, (@).

3. Non-random fluctuation

3.1. FPP Case. In this subsection, we deduce the so-called non-random fluctuation
bound (1.7) from the concentration bound (1.6). This is a well-studied subject in
the theory of first passage percolation and we shall adapt the argument of Zhang
(2010) to our setting.

Proof of (1.7): Let x >1/2, M =1+ a ! and 7, = w,(zn), i.e. a minimizing path
for T, (wp). We define a face to face passage time

!
D, (k,lwy) = inf{ Z |zic1 — 2] ¢ |kl < M and {(i, 2}y C wp}
i=k+1

and introduce the events
An) = {w, =@y on [0,2n] x [-n™, 0%},

As(n) There exist 2| < 1/2 and a minimizing path for
2 ®,,(n,2n;w)y) starting at (n, x). ’

Lemma 3.1. We fixz a sufficiently small constant 8 > 0. Then, there exists ¢ > 0
such that for all sufficiently large n,

(i) Q(AT(n)) > 1 — exp{—cn’},
(i) Q(As(n)) > 2 4n—dM,

Proof: The first statement follows from the proof of Lemma 3.3 in Comets et al.
(2015). Since the law of w,, is invariant under time-space shift, the probabilities

@Q(There exists a minimizing path for ®,(0, n;w,)
starting at (0,z) with |2 — y|eo < 1/2)
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for y € Z N (=™, nM)9 are the same as Q(Az(n)). Since the union of the above
events has probability one and the number of possible 3’s is less than (2n™)?, the
second statement is completed. (I

With this lemma and (1.6), we can complete the proof of (1.7). Note first that

on the event A{(n), we have 72, (n) € (—n™ n)4 as the displacement of o, until

O+a~

time n is at most 2n-n? v (2n) " < nM for any sufficiently small §. As a result,

one has
T2n(wp) Z Tn(wp) + (I)n(na 2”;‘*};0)

since the second half of 73, is candidates of the face to face minimizing paths. On
the other hand, from Lemma 2.5, for any ¢ > 0, if we take § > 0 sufficiently small,
on the event on A = Af(n) N Az(n),

@, (n,2n;w,) > T(n, 2n;w,) — Cps@D++0

with some C' > 0 independent of p since only possible differences come from the
starting points, which can be controlled by using the mean value theorem. Therefore
on A, for any x > 1/2 and sufficiently large n € N, we have the following almost
super-additivity:

Ton(wp) = T (wp) + T'(n, 2n;wy,) — nX. (3.1)
Now we use (1.6) to obtain

Q (|Tn(wp) — Q[Th(wp)]| > nX) < Cyexp {—an’\}

and the same bound for 5, (w,) and T, (wy). These bounds and Lemma 3.1 show
that for all sufficiently large n,

AN N {IT(k,l;wp) — QIT (K, I wp)]| < nX}
(k,1)e{(0,2n),(0,n),(n,2n)}
has positive probability and in particular non-empty. Hence we can replace the

passage times in (3.1) by their expectation at the cost of extra —3nX on the right-
hand side to obtain

%Q[TQn(wp)] > %Q[Tn(wp)] — 4pX—1,

Iterating this, we arrive at
1 1 k—1
—QIT(wp)] < 5= Qe (wp)] + dnx =1 Y 2013,

J=1

and letting k& — oo proves Q[T5(wp)] < nu, + CnX. Moreover, due to the usual
subadditivity, we get the converse inequality nu, < Q[T},(wp)]. Thus we have (1.7).
From (1.6) and (1.7), we obtain (1.8). O

3.2. Free energy Case. The proof is almost the same as that for the FPP, so we
only mention the outline here. To prove Theorem 1.3, we again use the argument
of Zhang. Let
Z(kj7€7$7w) = C’f Z 66 Zf:k+1 n(i,v(i))e—w Zf:k+1 AV(i)a_
vy (k)=x
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Let M =1+ é and we define an event A by

A :={Z(n,2n,0,w) = sup Z(n,2n,2,w), Zon(w) < 2Zsn(w)}.
z€[—nM/2,nM /2]d

One can show, as in the case of the FPP, that for sufficiently large n,

1
QA) = o
On this event,
log Z5,, —log2 < log Zom

<log{ ci" Z e Fan(viw)

ymaxi<i<n [7(9)| oo <n? /2

v(0)=0

<logX c} Z Z e_F"(W“)Z(n, 2n,z,w) o,

ze[—nM /2,nM /2] ~v:y(n)=x

v(0)=0

where we have used the argument below (2.23) in the second inequality and divided
paths at its n-th point in the third ineqality. Thanks to the choice of A, this is
further bounded from above by

log ¢ ¢} Z Z e () Z(n,2n,0,w)

ze[—nM /2,nM /2]d v:y(n)=x
~(0)=0

<log (Zn(w)Z(n,2n,0,w)) = log Z, (w) + log Z(n, 2n,0,w).

From the concentration (1.9) and this, for any x > 1/2, there exists constant C' > 0
independent of n such that,

Qllog Z2,] < 2Q[log Z,] + CnX.
In a similar way to the proof of Theorem 1.3, we have that for any k,

Qllog Zy,) _ Qllog 2,
2kn - n

where C’ > 0 is a constant independent of n. As k — co, we have

o(p, B) < %Q[IOg Zn] + C'nX L

Finally, we shall derive the converse estimate by a similar way. Indeed, we replace
A by {Z(n,2n,0,w) = mingec_,n /9 pm 900 Z(n,2n,2,w), Zy(w) < 2Z,(w)}. On
this event, we have

+ "Xt

log Za,, > log Z,, + log Z(n,2n,0,w) > log2 + log Z,, + log Z(n,2n,0,w),
which implies
o(p.5) >~ Qllog Z,] — ',
This yields (1.10). From (1.9) and (1.10), it is immediate to prove (1.11).
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4. Proof of continuity results

Thanks to the non-random fluctuation results, it suffices to show the continuities
of Q[T,] and Q[log Z,] for fixed n € N.

Lemma 4.1. For anyn € N, Q[T (wp)] is a continuous function of p € [0,1].

Proof: Note that T),(-) is continuous on the set of locally finite point configurations
with respect to the vague topology. Indeed for any w, the definition of passage
time tells us that only points inside a compact set matter. By local finiteness we
can choose the compact set in such a way that its boundary contains no points
of w. Now if wy — w vaguely as N — oo, then the points of wy inside the
compact set converge to those of w in the Hausdorff metric and then it easily
follows that T, (wn) — Tp(w). By using the Skorohod representation theorem, we
may assume that @-almost surely, w, — o.); vaguely as p 1T p/. Then by continuity,
Th(wp) — Ta(w,) as p 1 p', Q-almost surely. From this, T),(wp) is continuous in
p € [0, 1]. Since the uniform integrability of {7}, (wp)} pe(0,1) follows from Lemma 2.8,
LY(Q) convergence follows. O

The following lemma can be proved by a similar way to Lemma 4.1.
Lemma 4.2. Q[log Z,,] is jointly continuous on (p,3) € [0,1) x [—00,00).

From Lemmas 4.1 and 4.2, we obtain Corollaries 1.4 and 1.7, respectively.
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