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Abstract. The present paper aims at describing in details the asymptotic compo-
sition of a class of d-colour Pélya urns: namely balanced, tenable and irreducible
urns. We decompose the composition vector of such urns according to the Jordan
decomposition of their replacement matrix. The projections of the composition vec-
tor onto the so-called small Jordan spaces are known to be asymptotically Gaussian,
but the asymptotic behaviour of the projections onto the large Jordan spaces are
not known in full details up to now and are described by a limit random variable
called W, depending on the parameters of the urn.

We prove, via the study of smoothing systems, that the variable W has a density
and that it is moment-determined.

1. Introduction

A Pélya urn is a discrete time stochastic process which was originally introduced
by Eggenberger and Pdlya (1923) to model the spread of epidemics. Since then, they
have been useful in many different areas of mathematics and theoretical computer
science and are therefore broadly studied. We can for example cite applications
to the analysis of random trees (AVL' Mahmoud, 1998, 2-3 trees Flajolet et al.,
2005), to the analysis of the Bandit algorithm Lamberton et al. (2004), or to the
reinforced random walks (see for example the survey of Pemantle, 2007).

The range of methods used to study this random object is also very large. His-
torically studied by enumerative combinatorics (see for example Bagchi and Pal,
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1985), Pélya urns have been efficiently studied by embedding in continuous time (or
poissonization) since the works of Athreya and Karlin (1968) (see for example Jan-
son, 2004). In parallel, since the seminal paper by Flajolet, Dumas & Puyhaubert
(Flajolet et al., 2006), the analytic combinatorics community successfully tackles
the problem in the two-colour case.

A Pélya urn process is defined as follows: an urn contains balls of different
colours, let us denote by d the number of different colours available. Fix an initial
composition & = {ay, ..., aq) € N?, meaning that there are c; balls of colour i at
time zero in the urn, for alli € {1,...,d}. Fix a d x d matrix R = (a; j)1<i j<d With
integer coefficients. At each step of the process, pick a ball uniformly at random
in the urn, denote its colour by ¢ (c € {1,...,d}), put this ball back in the urn and
add into the urn a.; balls of colour ¢ for all 1 < ¢ < d. The standard question asked
is “how many balls of each colour are there in the urn” at time n? when n tends
to infinity?

Of course, the answer depends on the initial composition vector and on the
replacement matrix chosen, and many different behaviours are exhibited in the
literature. The aim of the present paper is to investigate into more detail the
asymptotic behaviour of a very large class of Pélya urns: the d-colour, balanced,
tenable and irreducible urns. This framework is very general and includes, among
others, Pélya urns modelling m-ary trees (Chern and Hwang, 2001; Chauvin and
Pouyanne, 2004), paged binary trees (Chern and Hwang, 2001; Mahmoud, 2002) or
B-trees (Chauvin et al., 2016). Our precise assumptions are the following:

(T) The non-diagonal coefficients of R are non-negative, and, for all 1 <1i < d,
either a; ;, > —1 or —a;; is the ged of {a14,...,aa,:, a;}.

(B) The urn is balanced, meaning that there exists an integer S, called the
balance, such that, for all c € {1,...,d}, Z‘;:l ac; = S.

(I) The replacement matrix R is irreducible, meaning that for all 1 < ¢, < d,
there exists n > 0 such that (R").; > 0.

These assumptions ensure us that S is the eigenvalue of R having maximal real
part. We then consider the Jordan decomposition of the matrix R and fix one
Jordan block: this Jordan block is associated to a stable subspace E (containing
a unique eigenline) and to an eigenvalue A. Note that several Jordan blocks can
correspond to the same eigenvalue. We are interested in the behaviour of the
projection of the urn composition vector on FE, asymptotically when n tends to
infinity. When o := Rels < 1/2. This projection, appropriately renormalised,
converges in law to a Gaussian distribution, independent of the initial composition
« of the urn. However in the case of “large” eigenspaces, i.e. if o > 1/2, we observe
a different behaviour, which we aim at describing better in the present paper.

The projection on a large eigenspace E of the composition vector of the urn at
time n, renormalised appropriately, converges almost surely and in all LP(p > 1) to
a complex random variable W27 times an eigenvector v associated to E. Moreover,
if we embed the urn process in continuous time, the obtained Galton-Watson process
UCT(t), projected onto FE, and correctly renormalised, converges almost surely and
in all LP(p > 1) to a complex random variable W7 times v. Our main goal is to
gather information about the two random variables W27 and WS7.

The discrete time and the continuous time process are closely related and one of
our main tools will be to transport information from one setting to the other. The
three main results of the paper are: for all initial composition «,
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e the support of the random variables W27 and WS7 is the whole complex
plane if A € C\R and the whole real line if A € R;

o WPT and WET both admit a density on C (resp. R if A € R);

o WDPT and WS are moment-determined (the Laplace transform of W27
converges on the whole plane).

These results are the first results in the literature about the variables W induced
by multi-colour urns.

To prove them, we first use the branching property of the urn process to prove
that it is enough to consider the d atomic initial compositions e. (¢ € {1,...,d})
defined as follows: all the coefficients of e. are zero except the cth which is equal to 1
ifac. > 0, and to —a. . otherwise. The branching property of urn schemes is largely
used in the literature; the novelty of our approach is that we can include the case
of Pélya urn schemes with diagonal coefficients possibly less than —1. Using again
the branching property, we prove that (We’:fT7 . WeDdT) (resp. (WeclT, ol WeC;T))
is solution of a system of smoothing equations.

To our knowledge, this article contains the first analysis of such a smoothing
system: the literature contains examples of smoothing systems of two equations
with real random variable solutions (see Chauvin et al., 2015 for an example) or one
smoothing equation with complex solutions (see e.g. Chauvin and Pouyanne, 2004),
but no smoothing system with complex solutions as in the present article. Such
an analysis needed the development of new arguments and this approach would be
useful in any other context where such smoothing systems would appear. In a very
recent article (appeared on arxiv.org while the current paper was under review),
Leckey (2016) gives a survey about smoothing systems and their applications, as
well as general results about them.

From the smoothing system in discrete time, we deduce a system of equations
verified by the Fourier transforms of the WP7's, and prove that these Fourier trans-
forms are integrable, inducing the existence of densities. We then show how to de-
duce the same result for the continuous time W, and for any initial composition.

From the system in continuous time, we deduce an induction formula for the
moments of the WT's. We then prove by induction that these moments are small
enough to apply Carleman’s criterion to conclude that they are moment-determined.
We then transport the result in discrete time and for all initial initial composition.

Plan of the paper: We first describe in Section 2 our framework and the state
of the art concerning the asymptotic behaviour of the multi-colour urns; at the
end of Section 2, we also state our main results (namely Theorems 2.9 and 2.10).
Section 3 is devoted to characterise the random variables W7 as a solution of
a system of fixed point equations in law. In Section 4, we use these systems to
study the moments of the W’s and prove that they are moment-determined, both
in continuous and in discrete time. In Section 5, we imply, from the continuous
time systems and from the moment study, that the random variables W27 are also
characterised as a solution of a smoothing system. Finally, Section 6 contains the
proof that the W’s admit a density, both in discrete and continuous time. It is very
interesting to see how we will travel from discrete to continuous time all along the
paper and how going from one world to the other is very fruitful. But first, let us
discuss our set of hypothesis: (T), (B) and (I).
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1.1. Discussion of the hypothesis. Different hypothesis are made in the literature,
in order to control the behaviour of Pdlya urns:

(T—1) The coefficients of R are all non-negative except the diagonal coefficients
which can be equal to —1.
(T) The non-diagonal coefficients of R are non-negative, and, for all 1 <1i < d,
either a; ;, = —1 or —a,; is the ged of {a14,...,aa,, @}
(B) The urn is balanced, meaning that there exists an integer S, called the
balance, such that, for all ce {1,...,d}, Z?zl Qe = S.

Assuming (T_;) or (T) permits to avoid non-tenable urns, i.e. urn schemes in
which something impossible is asked: an example would be that you must subtract
3 balls of colour 1 from the urn while there is only 1 such ball in the urn. Allowing
only non-negative coefficients in the replacement matrix and coefficients at least —1
on the diagonal permits to ensure that the urn is tenable. It is proven in Pouyanne
(2008) that assumption (T) has the same effect although it is much weaker and
allows to include a much wider class of Pdlya urns into our framework. Some
authors prefer working without such an assumption but then make all reasoning
conditioned to tenability, i.e. conditioned on the event “no impossible configuration
occur” (see for example Janson, 2004, Remark 4.2).

The balance assumption (B) is quite standard in the literature, though it is not
always necessary (this assumption is not needed in Janson (2004), for example).
This assumption implies that the total number of balls in the urn is a deterministic
function of time and this property is the foundation of combinatorics approaches
while continuous time analysis of Pélya urns can be done for non-balanced urns.

Finally, we will assume that the urn is irreducible, meaning that any colour can
be produced from an initial composition with one unique ball: for a two—colour urn,
being irreducible means having a non-triangular replacement matrix. The following
definitions define the notion precisely.

Definition 1.1 (see Janson, 2004, page 4). Let ¢,i € {1,...,d}, we say that ¢
dominates i if there exists n > 1 such that (R").; > 0. A colour ce {1,...,d} is
said to be dominating if it dominates every other colour in {1,...,d}.

Definition 1.2 (see Janson, 2004, page 4). We say that an urn of replacement
matrix R is irreducible if and only if every colour is a dominating colour.

(I) The replacement matrix R is irreducible.

Note that it is sometimes enough (see, for example, Janson, 2004 and Pouyanne,
2008) to only assume the following weaker version of the irreducibility assumption.
First note that the domination relation is transitive and reflexive and thus partitions
the set of colours into some equivalence classes:

Definition 1.3 (see Janson, 2004, page 4). We say that two colours ¢ and j are in
the same class if ¢ dominates j and j dominates i. A dominating class is a class
of dominating colours. An eigenvalue A\ belongs the one of the equivalence class D
if the restriction of R to D admits A as an eigenvalue.

We are now ready to assume this weaker version of irreducibility, which we call
(8) for simplicity:
(S) The largest real eigenvalue Ay,q. of R is positive and is a simple eigenvalue
of R. Furthermore, there is at least one ball of a dominating colour in the
urn at time 0, and A4, belong to the dominating class.
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Note that under (B), S = Apnaz. We refer the reader to Janson (2004, page 5) for
a discussion of this weaker assumption.

Cases of non-irreducible urns are studied in the literature: the diagonal case
R = S1; is the original Pélya-Eggenberger process and its behaviour is well de-
scribed in Athreya (1969); Blackwell and Kendall (1964); Johnson and Kotz (1977);
Chauvin et al. (2015), and triangular urn schemes are developped in Janson (2006);
Bose et al. (2009).

Note that a large two-colour urn cannot have negative diagonal coefficients,
whereas there exists d—colour Pélya urns with possibly negative coeflicients having
large eigenvalues. We thus have to include such urns in our study, that is why we
only assume (T) and not the more restrictive assumption (T_4). In the present pa-
per, we thus choose to assume (T), (B) and (S) (although it is necessary to assume
(I) for Theorem 2.10): we can cite many examples of urn processes that fall in this
framework (see for example m-ary trees (Chern and Hwang, 2001; Chauvin and
Pouyanne, 2004), paged binary trees (Mahmoud, 2002; Chern and Hwang, 2001),
B-trees (Chauvin et al., 2016) and we will see all along the paper how each of these
assumptions is used in the proofs. We are interested in the asymptotic behaviour
of an urn under these three conditions.

The present setting is different from Janson (2004)’s setting for d—colour Pdlya
urns (d = 3), where (T_;) is assumed with further assumptions, but (B) is not: it is
however mentioned in Janson (2004, Remark 4.2) that Janson’s main results hold
under our set of hypothesis. We will thus be able to apply Janson’s results before
going further in the study of the asymptotic behaviour of the urn.

The following section is devoted to summarising the results of the literature
needed as preliminaries to state our main results.

2. Preliminaries and statement of the main results

The behaviour of the urn process is already quite well known: We recall hereby
the main results of the literature (mainly by Athreya, 1969, Janson, 2004 and
Pouyanne, 2008) and thereafter state our main results.

2.1. Jordan decomposition. In view of (B) and (8), the matrix R admits S as a
simple eigenvalue, and every other eigenvalue A of R verifies ReA < S. The matrix
R can be written on its Jordan normal form, meaning that it is similar to a diagonal

of blocks diag(Jy,..., J.) where each J; is a matrix shaped as follows:
Al 0o ... 0
0 A 1
J = RE
Al
0 0 A

where A is an eigenvalue of R. Note that several Jordan blocks can be associated
to the same eigenvalue. In the following, we chose a Jordan block and study the
behaviour of the projection of the composition vector onto the subspace associated
to this Jordan block. Note that the fact that R is irreducible implies that S is a
single eigenvalue of R.
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Definition 2.1. Let A\ be an eigenvalue for R and o = Rer/s. We call A a large
eigenvalue of R if 1/2 < 0 < 1, or a small eigenvalue if o < 1/2.

A large Jordan block is a Jordan block of R associated with a large eigenvalue
of R and a small Jordan block is a Jordan block associated with a small eigenvalue
of R.

We denote by Uy(n) = U(n) € N the composition vector of the urn at time
n (the subscript « is the initial composition of the urn): its i*! coordinate is by
definition equal to the number of balls of colour i at time n in the urn. We are
interested in the behaviour of U(n) when n tends to infinity. It is showed in the
literature that U(n) is easier to describe when decomposed according to the Jordan
block decomposition of R. For every stable subspace E associated to a Jordan block
of R, we will denote by 7wg the projection on E relative to the direct sum of all
Jordan subspaces of R, and we will study separately each projection on a Jordan
subspace F.

It is standard to embed urn processes in continuous time (see for example Athreya
and Karlin, 1968): each ball is seen as a clock that rings after a random time with
exponential law of parameter one, independently from other clocks in the urn.
When a clock rings, it splits into a; ; + d; ; balls of colour j (Vj € {1,...,d}) if the
clock had colour i (where we uses Kronecker’s notation: d; ; equals 1 if ¢ = j and 0
otherwise). We denote by 7, the time of the n*! ring in the urn and by U7 (¢) the
composition vector of the (continuous time) urn at time ¢t. We have the following
standard connection: almost surely,

(U(n))n>0 = (UCT(Tn))n>O~ (21)

In addition, the process (U(n))n>o is independent of the sequence of stopping times
(Tn)nZO-

The asymptotic behaviour of the different projections of U(n) and UST(t) is
partially described in the literature:

e In continuous time (see Janson, 2004),

— small projections have a Gaussian behaviour, and

— renormalised large projections converge almost surely to a random
variable W¢T,

e In discrete time,

— if R has only small eigenvalues apart from S, if F is one of the largest
Jordan block associated to the eigenvalue A realising the second highest
real part (after S), and if 0 = ReA/s = 1/2 then projections onto F have
a Gaussian behaviour (see Janson, 2004, Theorems 3.22 et 3.23); and

— renormalised large projections converge almost surely to a random
variable WPT (see Pouyanne, 2008).

As one can see, the behaviour of small projections (i.e. projections on a small
Jordan block) in discrete time is not known yet in full generality: Subsection 2.2
is devoted to describing the behaviour of mg(U(n)) for all small Jordan space of
R. However, the main aim of the paper is to describe the unexplored W7 and
WET: Subsection 2.3 will state the results concerning the projections on large
Jordan spaces (i.e. associated to a large Jordan block), as a preliminary to our
main results.
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2.2. Projections on small Jordan spaces. As explained above, the behaviour of the
projections of the composition vector (in discrete time) onto the small Jordan blocks
is not known yet in full generality. Although our main aim is to focus on the less
understood projections onto large Jordan blocks, we sketch here a proof of a general
result for small Jordan blocks in order to complete the theory of Pdlya urns under

(B), (T) and (8).

Theorem 2.2. Under assumptions (B), (T) and (8S), if E is a block of size v+ 1
associated to a small eigenvalue A of R, then there exists a covariance matrix X
such that

o IfReX = % then
™5 (Ua(n))
VSnIn®tn

in distribution, asymptotically when n tends to infinity.

o IfReX < £ then

— N(0,%),

75(Ua(n))
VSn

in distribution, asymptotically when n tends to infinity.

— N(0,%),

Moreover, 3 does not depend on cx.

Let E and A as in Theorem 2.2. The following result by Janson is the key of the
proof of Theorem 2.2:

Theorem 2.3 (Janson, 2004, Theorem 3.15 (i) and (ii)). Under assumptions (B),
(T) and (S), for all vector b e R?, define
m(n) = inf{t =0 | (b, UST (1)) = n}.
Then,
(i) If ReX = £, then
N
VSnIn**tn

i distribution, where o is a covariance matriz.
(ii) If ReX < %, then

Te(UST (15(n))) — N(0,0),

% Tp(UST (1(n) — N(0,0),

n distribution, where o is a covariance matrix.

Theorem 3.15 in Janson (2004) is slightly different than the above version. The
above version corresponds to the special case z = n in Janson’s Theorem 3.15. The
(7) of Janson (2004, Theorem 3.15) concerns the projection on the union of the
small Jordan spaces, and it implies the (i) above by projection on a specified small
Jordan space. The (i7) in Theorem 3.15 Janson (2004) is more general than the
above version, which is the special case k = v of Janson’s result. The matrix o is
given by Equations (3.11) and (2.15) in Janson (2004) for case (i) above, and by
Equations (3.12) and (2.16) in Janson (2004) for case (i7) above. It is important to
note that o does not depend on a.

Theorem 2.2 can be proved by using the dummy balls idea used in the proof of
Theorems 3.21 and 3.22 in Janson (2004):
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e Consider the continuous time urn with d + 1 colours, such that the d + 1
first colours evolve as the original d—colour process except that each time a
ball splits, one ball of colour d + 1 is added to the process. When a ball of
colour d + 1 splits, it splits into itself, adding no new balls in the process.

e Apply Theorem 2.3 to this d + 1—colour process (this process satisfies (8)).

e Go back to the original d—colour process by appropriate projection.

We do not develop the proof since no new idea is needed from there.

2.3. Projections on large Jordan spaces. Except for this digression on small eigen-
values, we are interested in the present paper in the behaviour of U(n) along large
Jordan blocks. We will from now on fix £ a Jordan subspace of R asso-
ciated to a large eigenvalue A\. We denote by v + 1 the size of its associated
Jordan block (being also the dimension of E) and we denote by v one eigenvector
of E associated to the eigenvalue \.

2.3.1. State of the art. The asympotic behaviour of U(n) projected onto the sub-
space E is described by the following theorem:

Theorem 2.4 (cf. Pouyanne, 2008). Under (B), (T) and (8), if £ <o <1, then,

lim M = lWDTU
n>m n¥SIn"n v ’
a.s. and in all LP? (p = 1), where ng(U(n)) is the projection of the composition

vector at time n onto E (according to the Jordan decomposition of R).

Remark 2.5. Note that different choices for v are possible, and that the random
variable WPT" depends on this choice. The random variable W7 should actually
be denoted by W27 since it depends on the Jordan subspace E fixed and on the
choice of v. For clarity’s sake, we will stick to the ambiguous but simpler notation
WPT; there is no ambiguity since E and v are fixed all along the present paper.
Note that one could also choose to include the 1/v! into the definition of WP7; we
choose to leave it outside as done in Pouyanne (2008).

In continuous time, the composition vector projected on a large stable subspace
satisfies

Theorem 2.6 (see Janson, 2004). Under (B), (T) and (8), if 3 < o < 1, then,
almost surely and in all LP (p = 1),
t 1
m me(U(1)) = —WOTy,
t>+ow  treit !
where g is the projection on the large stable subspace E. Moreover, the random
variable WET admits moments of all orders.

Remark 2.7. Note that Theorem 2.6 is proven in Janson (2004) under (T_;) and
not (T); but Janson explains in his Remark 4.2 how to make it hold under (T).

We are interested in the two random variables WPT and W7 defined in The-
orems 2.4 and 2.6. These random variables actually depend on the initial com-
position of the urn, denoted by a =! (ai,...,a4), meaning that there are, for
all 4 € {1,...,d}, o; balls of type ¢ in the urn at time 0. It is thus more rigor-

ous to denote by WET (resp. WST) the random variable associated to the initial
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composition a, emphasizing that we have to study two infinite families of random
variables.

Connection (2.1) implies connections between the random variables W induced
by the discrete and continuous processes. We need the following result to deduce
them:

lim ne ™ = ¢, (2.2)

n—oo
almost surely, where £ is a random variable with Gamma law of parameter (a;+. ..+
ag)/S. This result is shown for two—colour urns in Chauvin et al. (2011), and can
be straightforwardly adapted to the present case, using the balanced hypothesis (B).
We do not develop this proof, which is very standard in the study of Yule processes
(see for example Athreya and Ney, 1972, page 120). We have
g (U°T (1)) 75 (UPT(n)) n¥sIn"n

TV @ATn n¥s1n” n TV @A

Moreover, Equation (2.2) implies li—n” — S when n tends to +00,

A/Sl v 1 v
o <Hn> (ne™ 7)Y — SETe,

TV eAn Tn
Thus, for all initial composition a, we have (already mentioned in Janson, 2004):

law

2 gre s wRT, (2.3)

a1 +...+og
S

WST (

where £ is a Gamma-distributed random variable with parameter
where ¢ and WPT are independent.

We also have that (UPT (n(t)))i=0 = (UCT (t))i=0 almost surely, where 3¢ a; +
Sn(t) is the total number of balls in the continuous time urn at time ¢. It implies
that, for all initial composition c,

, and

woT (8 g T, (2.4)

where ¢ is a Gamma-distributed random variable with parameter % but
where ¢ and WST are not independent, which can be verified via a covariance
calculation.

2.3.2. Statement of the main results. The aim of the present paper is to gather
information about W27 and WST. We will prove the two following theorems,
which happen to be the first results on the variables W induced by a multi—colour
urn.

Definition 2.8. A complex-valued random variable Z is moment-determined if for
all random variable Y,

E[Y?Y] =E[2°Z9] (Vpq=1) = v '@z

Theorem 2.9. Under assumptions (B), (T) and (8), for all initial composition c,

(i) the random variable W™ is moment-determined.
(ii) the Laplace series of WPT converges on the whole plane, which implies that
WET is moment-determined.
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Note that it is an open problem to determine whether the Laplace transform
of WET' converges in a neighbourhood of 0. A similar result is already proved
in Chauvin et al. (2015) in the two—colour case under assumptions (B), (T_;) and
(I). Our proof is similar to the one developed there, although more involved due to
the higher dimension and to the less restrictive tenability assumption: new higher—
level arguments are needed here when simple calculations were sometimes enough
in the two—colour case.

Theorem 2.10. Under assumptions (B), (T) and (1) for all initial composition a:

o If X e C\R, then the random variables WST and WEPT both admit a density
on C, and their support is the whole complex plane.

o If N e R, then, the random variables WET and WET both admit a density
on R, and their support is the whole real line.

A similar result is proved in Chauvin et al. (2011) or in Chauvin et al. (2015) for
two—colours urns with the tenability condition (T_;) where the random variables
WET and WPT are real. Note that in dimension 2, an urn with negative entries in
its replacement matrix admits no large Jordan block. Since the random variables
WET and WPT can be non-real in the multi-colour case, the proof of Theorem 2.10
needs additional input; for example, proving that the support of W7 is the whole
complex plane becomes a non trivial step in the present article whereas the fact
that the support was the whole real line it was straightforward in the real case.

3. Continuous time branching process — smoothing system

In this section, we focus on the continuous—time process and show how to use
the tree-like structure of the process. It is the first step of the proofs of our two
main results Theorems 2.9 and 2.10. As already mentioned, seeing urn schemes
as branching processes is standard in the literature; the novelty of our approach is
that we extend this analogy for urns that do not fall under the strong tenability
condition (T_;) but only under the weaker (T).

First, we reduce the study to only d initial compositions (instead of an infinite
number), namely the initial compositions with a unique ball. Said differently, it is

enough to study the random variables We,, ..., We, where, for alli e {1,...,d}, e;
is the vector whose coordinates are all 0 except the i*" which is 1 if a;; = —1 and
—a; ; otherwise. We call ey, ..., eq the atomic initial compositions of the urn.
We then show, again using the tree-like structure of the process, that the random
variables We, , ..., We, satisfy a system of d smoothing equations.
First introduce further notations: For all i € {1,...,d}, let us denote
(67 if Qi = 71,
Q; = s (3.1)
! otherwise,
]
and for all i,c € {1,...,d}, let us denote
Qe if Qi = -1,
ei = . (3.2)
—2% otherwise.
Qi

)

In view of Assumption (T), for all i,c e {1,...,d}, G, and &; are integers.
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FI1GURE 3.1. Decomposition of the urn process in continuous time
— example.

Remark 3.1. If we suppose further that (T_;) holds, then &; = «; for all i €
{1,...,d} and a;; = a; j for all i,j € {1,...,d}.

3.1. Decomposition. To explain how to decompose the continuous time urn process,
we will focus on an example, before generalising to any urn process that satisfies
(B), (8) and (T). Assume for example that

6 2 0
R=|5 -2 5
0 2 6

One can verify that the urn process defined by R satisfies (B), (I) and (T). More-
over, its eigenvalues are 8, 6 and —4. In particular, 6 is a large eigenvalue which
allows us to apply Section 2 and define WS through Theorem 2.6 for any initial
composition . In the following, we will denote by Fg the one-dimensional Jordan
stable subspace associated to this eigenvalue 6 and by mg the Jordan projection
onto it.

Note that we can decompose the multitype branching process as shown in Fig-
ure 3.1, which gives the following

2 4 5
cr (law) (k) (k) (k)
Uguy = Z Utoo + Z Up2,00 + 2 U0,0,1°
k=1 k=3 k=5

where the U®) are independent urn processes.

Let us quit the example and make the same reasoning as above in full generality
under (B), (S) and (T). Recall that, for all ce {1,...,d}, e. has all its coordinates
equal to zero except for the ¢, which is equal to 1 if ac,c = 0 and to —a. . otherwise.
We get

d B
(law)
st =T Y Y v,

c=1p=Bc_1+1

where By = 0 and 3, = ngc &, and where the Uéf) (t) are independent copies of
UST(t), independent of each other.

Dividing this equality in law by #“e*!, projecting onto the fixed large Jordan
subspace F via mg, and applying Theorem 2.6 gives
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Proposition 3.2 (already mentioned in Janson, 2004, Remark 4.2). For all re-
placement matrices R and initial composition o satisfying (B), (S) and (T),

d B
wer e NN w,
c=1lp=Bc_1+1

where the Wéf) are independent copies of We(’;T, independent of each other and
independent of U.

Proposition 3.2 allows to reduce the study to only d random variables, namely
(WeC;T, ceey WeC;T) instead of having to study an infinite family of such variables.
Any information gathered about those d random variables will a priori give us some

information about any WS7.

3.2. Dislocation. In view of Proposition 3.2, it is enough to focus on the d atomic
initial compositions eq,...,eq. Recall that for all i € {1,...,d}, e; is the vector
whose all components are zero, except the i** which is equal to 1 if a;; = 0 and
to —a;,; otherwise. We will from now on denote by 6; € {1,2,...} the non zero
component of e;:

1 ifa;; =20
6; = i 2 (3.3)
a;; otherwise.
Let us again study first the particular example given by
6 2 0
R=1[5 -2 5
0 2 6

The three atomic initial compositions are given by e; = (1,0,0), e2 = (0,2,0) and
es = (0,0,1), since aj,1,a33 = 0 and ag2 = —2. In all three cases, the first step
is deterministic: we know the colour of the first ball to be drawn and we therefore
know what is the composition of the urn after the first split time (cf. Figure 3.2).
We therefore have that,

e 8
(law)
gt = 3 ol - W)+ Y ol - W),
k=1 k=8
(law) < S
UGt = U=y 4 Y UR -7,
k=1 k=6

8
Rl SRTI CITRC) S SR CIRC) S

1 k=2

-

>
Il

where the U®) are independent continuous time urn processes with replacement
matrix R, where 7()| 7(2) and 7(3) are independent random variables exponentially
distributed of respective parameters 1, 2 and 1. The random variables 7(1), 7(2)
and 7) are the first split times that occur in urns of respective initial compositions
e1, ez and es.
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FIGURE 3.2. Dislocation of a continuous time urn process — the
different atomic initial compositions and their composition after
the first drawing.

The same reasoning in full generality, for all replacement matrices R satisfying
(B), (8) and (T) gives that, for all ce {1,...,d},

(e)

d i
ver e NN uPe -1,
=19 41

where W(gc) = 0 and 'yi(c) = Dlj<ie,i + e, 7() is an exponentially distributed
random variable of parameter 6. (which is a positive integer), and the U ) are
independent continuous time urn processes with replacement matrix R. We recall
that E is a fixed Jordan space of dimension v + 1 associated to a large eigenvalue
A. Dividing the previous equality in law by t“e*!, projecting onto F via 7g, and
applying Theorem 2.6 gives

Proposition 3.3 (already mentioned in Janson, 2004, Theorem 3.9). Under as-
sumptions (B), (S) and (T), for all ce {1,...,d},
(o)
d Yi
wor () e S i) (3.0
=1 =1 11

where ’y[()c) =0, 'y-(c) =

K2

2j<il@cj + dcj) (using Kronecker’s motation d.; = 1 if
¢ = j, 0 otherwise), where U is a uniform random variable on [0,1], and where the
Wéf) are independent copies of We(’:T, independent of each other and of U.

Remark 3.4. If we assume (T_;) instead of (T) in the result above, we get
(law) d %
WeccT @) A Z Z We(f)7
=1 k=y{?) +1
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where 'y(()c) =0, ’y(C)

i = 2j<i(@cj + dcz), where U is a uniform random variable on
[0,1], and where the Wéf) are independent copies of WgT, independent of each

other and of U.

Remark 3.5. One can prove that the solution of System (3.4) is unique at fixed mean
and under a condition of finite variance. A very similar proof in done in Janson
(2004, Proof of Theorem 3.9(iii), page 232-233).

4. Moments — Proof of Theorem 2.9

This section is devoted to the proof of Theorem 2.9. We study here the moments
of the random variables (WET);eq1,qy and (WET )seq1,..qp- First note that the
convergence in all LP (p > 1) stated in Theorems 2.4 and 2.6 ensures us that those
random variables admit moments of all orders. The first step in the proof is the
following lemma, which concerns the continuous time process: Equation (2.4) will
then allow us to infer results about the discrete time process.

Lemma 4.1. Let (X1,...,X4) be a solution of System (3.4) with moments of all
E|LX:|P

p!ln® p

orders. Then the sequences ( > ' , forallie {1,...,d}, are bounded.

Proof: Let (X1,...,X4) be a solution of System (3.4), let ¢(p) := InP(p + 2) and
let, for all 1 € {1,...,d},

@) ._ E|Xi\1’.
P ple(p)
Let us prove by induction on p > 1 that, for all i € {1,...,d}, the sequence

ple(p)
apply the multinomial formula. Since E|UP | —ang for all p e C (with U
uniformly distributed on [0,1]), for all c € {1,.

1
(E‘X”p) " is bounded. Raise the equations of System (3.4) to the power p and

7

d
1
E|X. P dci-l-(sciEXip
Xl < (2 + Bl

R I O]

PLttp (o) IJH1<J<"/()p] i=1p_

7 +1
p]<p 1
which means
MO
d
Re)\ -
< QaEXPE ) g |1_[ 1_[ E| X"
i=1 PrtFP (o) =P 1<]<"/()p] =1 gy () 41
7Y

pjpl

It implies that, for all c€ {1,...,d},

pRe)\ (c) Z G, ’Lu(z) + Z 1_[1— H H u;ng) (41)

pi+...+p (p)=17 =14 _ ,YZ(C)lJrl
P;<p— 1
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Let
[licjey e #p))

Oo(p) = ), (4.2)
- o(p)
7d
pj<p—1
A slight generalisation of Chauvin et al. (2015, Lemma 1) ensures that
(e)
P.(p) < (1+8In(p+2))" , (4.3)

for all p > 2, as soon as 'y((ic) > 1; recall that ’ydc) = Z?:l(ac,i +6c4) = 1.
Denote by A, the determinant of pReA® — R where © = diag{6;"',...,0,'}

and R = (aw)1<w<d This determinant is non-zero for all p > 2 since
A, = det(pReA® — R) (1—[ 0; )det pReAly — R)

and since pRe\ > S (as, by assumption, ReA > 5/2). Note that, under (T_,), we
have © = 1.
Recall that 0; > 1 for all i € {1,...,d} (see Equation (3.3)), and note that
[PReAO — R o 1
pReA ming <;<q 6;

when p tends to 400, implying that there exists pg = 1 such that, for all p > py,

[PReA® — R .2
pRe = miné;

(4.4)

In addition, let us denote by A,(j,4) the determinant of pRe\® — R in which the
b column and the j*" line have been removed. For all 1 < 4, j < d, the polynomial
Ap(j, i) has degree at most d — 1 in p, which implies

1<i,j<d 1Ay p

when p goes to infinity, and there exists a constant n > 0 and an integer p; = po
such that, for all p > py,

1801

1<ij<d  |Ap] p
Finally, let us denote by A,(c) the determinant of the matrix pReA® — R in which
the ¢ column has been replaced by a column of 1. We know that A, has degree d

in p whereas A,(c) is a polynomial with degree at most d — 1 in p. It implies that

there exists an integer py > p; such that, for all p > po, for all c€ {1,...,d},
Ay(c) (o) 1
— (1 +38l1 2)% < ———— 4.5
A (s ) < s (45)
where the choice of the right-hand side constant will become clear later on.
Let us define
A= max{( )q 1< q< p?a <i< d}7
and prove by induction on p > ps that, for all ¢ < p and ¢ € {1,...,d}, (u,(f))% <

A. Fix p > po and assume that the induction hypothesis is true for p — 1; then
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Equations (4.3) and (4.1) imply

SH

pRe)\@uz(f) < Z dc,iuz()i) + AP@.(p).
i=1

Let (v1,...,vq) be the solution of the system

d
pReAOv, = Z ac,ivi + AP®(p).

i=1
We thus have that v, > u,(f) for all 1 < ¢ < d. Solving this Cramr system, we get,
in view of Equations (4.3) and (4.5),
Ap(c) < AP

A,  pnd2Re)’
For all p > ps, using the fact that for all d-dimensional matrix M and all vector v,
Moo < d|Mlloo|[v]co, we get

ve = AP®.(p)

ReX©® — R)u®) < (pReX® — R Re\® — R

(p Jut™ < (p Jv < |p loo == IR
where u(?) and v denote the vectors of respective coordinates (u;))lsigd and
(vi)1<i<d, where w is the vector whose all coordinates are equal to 1, and where the
sign < between two vectors is to be read coordinate by coordinate. In particular,

we have

. Re\© — R)| P
2O — @ < APHp—OO < AP E
I(pReA® — R)u® |, P =t

where we have used Equation (4.4). Let us denote M = pReA®—R. The coefficients
of M~ are given by

)

—1N . (_qY\itd Ap(4,9)
(M) = ()2
where A, is the determinant of M, and A,(j,%) is the determinant of the matrix
M in which the j** line and the " column have been removed. By definition of
p2, for all p > pa,

_ — n
[M~ o = sup [(M~1);5] < =,
1<i,j<d p
which implies that, for all p > ps,
[u® ] < M7 o APE < A7,
n
Finally, for all c€ {1,...,d}, uﬁ”) < AP, which concludes the proof. O

Proof of Theorem 2.9: (i)To prove that a real-valued random variable X is moment-
determined, one can show that it satisfies Carleman’s criterion:

O 1

M E[x] T = e,

k=1
For a complex-valued random variable Z, one can for example apply Janson and
Kaijser (2015, Theorem 10.3), which states that, if all moments of |Z] are finite
and if |Z| satlsﬁes Carleman’s criterion, then Z is moment-determined in the sense
of Definition 2.8. Lemma 4.1 implies that, for all ¢ € {1,...,d}, the random vari-
able |[WET'|, which admits moments of all orders in view of Theorem 2.6 satisfies
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Carleman’s criterion. Therefore, Wec;T is moment-determined. Proposition 3.2
eventually allows us to generalise Lemma 4.1 to any initial composition: For all
initial composition a, [IWST| also satisfies the Carleman’s criterion.

(i) By Lemma 4.1, we have the following inequality: there exists a constant C'
such that, for all integer p > 2, for any initial composition,

It implies, via Equation (2.3), there exists a constant D such that, for all integer
P =2,
DT \|p p
EWTY W
: pReA+1
’ ()

where we recall that ReA > S/2 > 0. This implies that the Laplace series of |[WPT|
has an infinite radius of convergence. Since (¢, WPT) < 2|t||WPT|  this implies
that the Laplace transform of W27 converges on the whole complex plane. O

Theorem 2.9 gives an upper bound for the moments of WET and WPT: note
that no lower bound is known up to now.

5. Discrete time urn process — Smoothing system

5.1. Smoothing system in discrete time. This subsection is devoted to deduce from
Sections 3 and 4 that the random variable (WD, ..., W2T) is a solution of a
smoothing system:

Proposition 5.1. Under assumptions (B), (T) and (S), for every colour 1 < ¢ < d,

d '71@ Ns
wor ey Y (W) . (1)

i=1 k:'«/.(c)1+1

i—

where g = 0 and ’yi(c) = Z;Zl(dc,j + dc;) for all i e {1,...,d}; where the Wéf)
are independent copies of W£T, independent of each other; and where V(¢ =

V..., VA/@)) is a Dirichlet-distributed random vector independent of the W and
d

of parameter m, given by
me=0/s if A% <k <A,

Remark 5.2. If we assume (T_1) instead of (T) in the theorem above, we obtain the
following system:
I N
IR Y YR AR
i=1 k=’y§c>1+l

i—

where 79 = 0 and %(c) = 23:1(%,7' + 6c;) for all ¢ € {1,...,d}; where the

Wék) are independent copies of W£T, independent of each other; and where V =

(V1,...,Vs41) is a Dirichlet-distributed random vector of parameter (%, ey é),
independent of the W.
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Proof: We will present two proof for this statement: the first one is a moment proof,
developed hereafter, the second one is the classical one based on the branching
property of the urn process, we will detail this other proof in Subsection 5.4.

Let us prove that, for all p,q > 1,

pT\P (77PT\a| _ 4 Ns (k) P& G Ns7r7(k) !
E[(Wec ) (Wec ) ] =E Z Z Vk Wei 2 2 Vk Wei :
(

i=1p_y() 41 =1 p=ry () 11

Since, We[zT is moment-determined in view of Theorem 2.9, this will conclude the

proof. Let us use Connection (2.1), which gives, for all c€ {1,...,d},
E[(WST) (Wl )] = serovg[e” ¥ |R[WE P (W) (5.2

where £, is a Gamma-distributed random variable, of parameter 9¢/s.
Let V. be a Beta-distributed random variable of parameter (%:/s,1). Note that
if U is uniformly distributed on [0, 1], we have

(law)

Ve =0 U

Let (i k)1<i<d:k=1 be a sequence of independent, Gamma-distributed random vari-
ables of parameter ¢¢/s. The random variable

A/(C)

d i
Cc = ch Z Z Ci,k
=1 k=77(i)1

is Gamma-distributed with parameter 6</s (it can be verified by calculating its
moments). Finally, let

Gik
© :
d Vi )
D=1 Zk:%ﬂ Gie

v =

Then (see for example Bertoin, 2006, Lemma 2.2), the 'yéc)—dimensional random

vector V() whose coordinates are given by

VO =1 iy < k<

i— i
is Dirichlet-distributed of parameter w = (71, . .. ,W’y(c))7 where
d

mo=0fs it Y <k <A,

K2



Balanced multicolour Pdlya urns via smoothing systems analysis 393

and independent from (.. Thus, System (3.4) together with Equation (5.2), gives
that, for all c€ {1,...,d},

S(p+q)v]E[£:A§qx] E[(WezzT)p (WZT)q] (5.3)

a  n PG
= E[(V%/s Z Z WCT,(k)>p ( Vs Z Z Wcmm)‘]]
C e; e;

==y +1 Up=r(®) +1

(©
[(Z Z VA/SSVCX/SWDT )p<zdl 'Yil VCA/SS”C:fWeDiT’(k)f]

=1 k=9 +1 =1 p—r() 41

a p,d ) ) p
=S(p+q)uE[<Z Z (Ci,ch)A/SW,QT’(kQ (Z Z (Ci,ch)A/SWZT7(k)>].

k=41 =7 +1
(5.4)

We also have that, by independence of V(¢ and ¢,
a 10

E[CCM?A]IE[(Z 3 (‘Qf?)VSWQT’(k))p(E Z (VZ(Z>/ZT(k)>]

1 (e)
= k= ii1+1

d o
B E[<Z 2 (CCViEZ)))\/S WelzT’(k)> (Z > (CCV;(; ) ¥s WZT (k)> ]

Zzlk:yf";’l-u =1 =y 41
(
d i
—DT,(k
[(Z Z (GiVe) */SWDT““) (Z 2 (Gate) YW ”)}. (5.5)
==y (241 =L =+

The result follows from Equations (5.4) and (5.5), using the fact that WP7T is
moment-determined. O

5.2. Unicity. The main goal of this section is to prove that the solution of Sys-
tem (5.1) is unique. We therefore use the so-called contraction method. This
method, presented for example in Neininger-Riischendorf’s survey (Neininger and
Riischendorf, 2006) consists in applying the Banach fixed point theorem in an ap-
propriate complete Banach space. It has already been used in a Pélya urn context
in the literature. In Knape and Neininger (2014) the contraction method is used
as a new approach to prove an equivalent of Theorem 2.4 for large and small eigen-
values (for discrete time two-colour urns). In Chauvin et al. (2015), it is used as in
the present paper, to prove the unicity of the solution of a two-equation system, in
the study of large two—colour Pélya urns. In Janson (2004), it is also used to prove
the unicity of the solution of system (3.4): therefore, we will only develop the proof
for the discrete case. Similar proofs can be found in Knape and Neininger (2014)
or Chauvin et al. (2015).

Let M5 be the space of complex-valued square integrable probability measures.
For all A € C, let MS(A) be the subspace of measures in My with mean A. We
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consider the Wasserstein distance as follows: for all i, v two measures in MS(A),

dW(:uﬂ V) = X~Ln{’~u HX - YHQa

where | - ||2 is the L?-norm on C.

For all A;,...,As € C. Let us denote by X?:l ME(A;) the Cartesian product
of the spaces M$(4;). We define the Wasserstein distance on this space as follows:
for all g = (p1,...,pq) and v = (v1,...,1v4) two elements of X;lzl MS(Ay),

d(p,v) = max {dw (ui, vi)}-

We know that (MS(A),dw) and thus X?zl ME(A;) are complete metric spaces
(see for example Dudley, 2002).

The random vector (WET, ..., WET) is a solution of System (5.1):

we SN () .

=1 p—y() 41

For all g = (u1,...,1q) € X?:l MES(my), for all ce {1,....,d}, let

d 7 Ns
Km=c|> > (W) xM],

=1 e @, 11

where vy = 0, %(c) = Dj<il@c;j +0c;) and for all i € {1,...,d}, the (XZ-(k))KKd are
independent random variables, independent of each other and of vector V', which

is Dirichlet-distributed of parameter (ﬂc), .. .74%), and, for all 1 < ¢ < d and
Ya

1<k<A,
'yi(i)l +1<k< 'yi(c) = X" < 4 and 71'1(:) =6,/S. (5.6)
We define the function K as
K(p) = (Ki(p), - - Ka(p)),

and prove the following result:

Proposition 5.3. For all large eigenvalue \ of the replacement matriz R, for all
A= (Ay,...,Ay) € C, denote by W(A) the vector whose coordinates are given by
A
TN+ 6;
where A + 6; # 0 since ReA > 5/2 >0 and 6; > 1.
(i) For all A = (Ay,...,Aq) € C¢ such that U(A) € Ker(R — M), the function
K is an application from X?Zl MES(A;) into itself.

(i) Moreover, the law of(WeDlT, el WezT) is the unique square-integrable solution

of (5.1) at fized mean.

U(A); forallie{l,...,d},

Remark 5.4. If we assume (T_) in addition, then, remark that U(A) € Ker(R—\Iy)
if and only if A € Ker(R — \y).
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Proof: (i) First remark that

because (V1,...,Vsy1) is independent of (Xi(l),...,XZ.(SH))KKd. Since, for all
pefl,...,S+1}, for allie{l,...,d},EXi(p) = A;, we have

RISy

d )‘/S
EK(m)=> 4 Y, E(V)
N
d (c) (¢) d -
_ Y Tien N g Gei + 0
—§ 1+)\9‘ _;Allmei—l
& it 0eilhi §
; ¢ 9 Y = i;(am + 5@,191)3

C)>A/S (law) Uoe for
all pe {1,...,5+ 1}, where U is a random variable uniformly distributed on [0, 1],
and because ReX > S/2, which implies A\ # —6, since 6. > 1 (see Equation (3.3)).
Since A is an eigenvalue of R, and B = (By,..., Bg) € Ker(R — Al4), we have

where B = U(A). The above calculations are true because (Vp

d
Z ac)iBi = )\BC

i=1
for all 1 < ¢ < d. It implies
ERK.(u) = (A+0.)B. = A,

for all u € X?Zl MES(A;). Moreover K(u) is square-integrable, which implies
that K is indeed a function from X?zl ME(A;) into itself, for all A such that
U(A) e Ker(R — \y).
(i3) Let p = (p1,...,pq) € szl MS(A) and v = (vy,...,1v4) € X?Zl ME(A;)
be two solutions of System (5.1), meaning that
Kp=p and Kv=v.

Let us prove that d(p,v) = 0, using the total variance law: it is enough to prove
that, for all ¢ € {1,...,d}, dw(u;,v;) = 0. Kantorovitch-Rubinstein’s theorem
implies that, for all 1 < i < d, there exists two random variables X; ~ pu; and
Vi ~ v; such that dw (i, v;) = |X; — Vi|2. Fix 1 < ¢ < d, and let V be a Dirichlet-

distributed random variable of parameter WEP),. w(p()c) (as in Equation (5.6)),

X = (Xfc), . ,X(fz)) and Y = (Yl(c), . Y((C)) be two sequences of independent
7

d
random variables such that X and Y are both 1ndependent of V' (but not necessarily

independent of each other) and, foralll1<i<dand 1 < k < VC(IC),

nh 1<k <a? = L Y“)) = L(:, %) and 7 = 0,/S.
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We thus have, for all c€ {1,...,d},

2
~©)
N\ E k
s = dw (K K7 < |5 S (V)™ (x® —v®)
=1 'yli)l-ﬁ-l 9
d ’Y;C) 2)/s k) NG
<Y X (W) |mu® -y
i=1p—y( 11
(@)
d Vi 2/s
= NEx -2 Y E‘(V,j@) :
1=1 k='y,§i)1+1
implying that
d C) (¢) d -
’Yi 1 ac % + 60 [ 2
d Kc d iy P d iy Vi) -
w(Ke() ; DReAg 1 11 W ) ; DRerg 1 11 W i)
If we let A; = %, for all i € {1,...,d}, we get that, for all 1 < ¢ <d,
d
2ReAA, < )] a;cA; = (RA)..
Let v = (v1,...,v4) be a horizontal vector with positive entries such that vR = Sv,

then
v(RA) = SvA.

The existence of such a v is a consequence of the irreducibility of the urn, namely
hypothesis (8), as explained in Janson (2004). It implies that,

d
S Z VAo = Z Ve(RA): = 2Re) Z VA

c=1 c=1

Since ReMs > 1/2, this last inequality implies that

d
Z veAe =0,
c=1
and thus, by positivity of the v. and non negativity of the A., we get, for all
cef{l,...,d}, A. = 0. It thus implies that, for all c€ {1,...,d},
e = Ve, and thus p=v,
which concludes the proof. ([l

5.3. Decomposition in discrete time. The argument used to prove Proposition 5.1
can also be used to prove the following result from Proposition 3.2 and Theorem 2.9:

Proposition 5.5. Under assumptions (B), (T) and (S), for all initial composi-
tion
d Be
wr e $ S e,
c=1p=fc_1+1
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where By = 0, B; = ngi aj; where the Wéf) are independent copies of WQT,
independent of each other; and where Z = (Z1,...,Zg,) is a Dirichlet-distributed
random vector independent of the W and of parameter m given by

e = %/s if i1 <k < f;.

Remark 5.6. If we assume (T_1) instead of (T) in the theorem above, we obtain the
following equation: for all initial composition «,

d Be
(law)
w38 g,
c=1p=fc_1+1
where By = 0, 3; = ngi a;; where Z = (Z1,...,Zg,) is a Dirichlet-distributed

random vector of parameter (%, ceey %), and where the We(f) are independent copies
of W2 independent of each other and of Z.

5.4. Tree structure in discrete time. Propositions 5.5 and 5.1 can be proven from
scratch by an analogue of the proof of Propositions 3.2 and 3.3, using the underly-
ing tree structure of the urn. The analysis of the tree structure in discrete-time is
however more intricate since the subtrees of the considered forest are not indepen-
dent. Such a tree decomposition in discrete-time is already proposed in Chauvin
et al. (2015) (for two-colour urns) or Knape and Neininger (2014) but both papers
assume (B), (I) and (T_;). We will develop this alternative proof of Proposition 5.5
because it happens to be more complicated due to the possibly negative diagonal
coefficient of the replacement matrix.

Alternative proof of Proposition 5.5: The discrete-time urn process can be seen as
a forest whose leaves can be of d different colours: we refer to Figure 5.3 A time
zero, the forest is composed of &; roots of colour ¢ (for all 7 € {1,...,d}), each of
these roots contains ; balls of colour ¢. At each step, we pick up uniformly at
random a ball: this ball belongs to a leaf. The picked leaf then becomes an internal
node, which has 7((16) children, amongst them a; ; + J; ; contain 6; balls of colour j
(for all j € {1,...,d}) if the picked up leaf was of colour i.

The composition of the urn is thus described by the set of leaves of the forest.
Let us number the subtrees of the forest from trees rooted by colour 1 up to trees
rooted by colour d. If we denote by Dp(n) the number of balls in leaves of the
pt* subtree of the forest, then this p'" subtree of the forest at time n represents
the composition vector of an urn process with inital composition of cardinal 6. if
Be—1 < p < B, taken at internal time Sp(n) = %. Indeed, the internal time
in the pt" tree is the number of its internal nodes; the fact that the urn is balanced
means that all internal nodes of the tree have given birth to S + 1 balls, which give
the above relationship between leaves and internal nodes in the pt" subtree.

We thus have

i B oy
Ual) ™ 3 S ) (Dp(”;p> (5.7)

c=1p=Fc_1+1

2Figure 5.3 is an example of a two-colour urn. The example taken is chosen for it simplicity
even if the chosen urn only has small Jordan blocks: it is called a small urn in the literature. It
does not affect the arguments developed in the proof.
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FIGURE 5.3. A realisation at time n = 7 of the forest associated
to the urn process with initial composition %2,2) and with replace-
ment matrix R = ;2 E)l . Remark that S1(7) = 3, S2(7) = 3

and S3(7) = 1. Moreover, D1(7) = 8, D2(7) = 3 and D3(7) = 1.

o)

o) QO
QO €O

QO

where By = 0, where for all ¢ > 1, 8, = >/, &; where w, = 0; if 8,_1 < p <
Bi; and where the urn processes Uéf) are independent copies of the process Uk,
independent of each other. We are thus interested in the asymptotic behaviour
of the vector (D1(n),...,Dg,(n)) when n grows to infinity. This vector happens

to be the composition vector of a <ﬂd = Z?Zl di>fcolour Pélya urn with initial

composition w = {wy,...,wg,), where
WE = 91 if 51'71 <k< 61

Indeed, forget the initial colouring of the leaves and colour the leaves of the ith
subtree with colour i; at each step, a leaf of the forest picked up uniformly at
random becomes an internal node and gives birth to S+ 1 leaves of its same colour.
Such a diagonal urn is called a Pdlya-Eggenberger urn and has been long studied
in the literature. We can for example cite this result by Athreya (1969) (for a
complete proof, see Bertoin, 2006 or Chauvin et al., 2015):

Theorem 5.7. Let p and K be two positive integers and (D1(n),...,Dy(n)) the
composition vector at time n of an urn process of initial compositionv =4 vy, ..., Vp)
and with replacement matriz K1,, then, asymptotically when n tends to infinity,
almost surely,

1
% (Dl(n)’ e 7Dp(n)) —Z = (Zla .. '7Zp)
where Z is a Dirichlet-distributed random vector of parameter (%, e %”)

Thus, projecting Equation (5.7) onto F via 7, renormalising it by n*1In"n
and taking the limit when n — +00 gives Proposition 5.5. O

6. Densities — Proof of Theorem 2.10

In this section, we prove Theorem 2.10 via an analysis of the Fourier transforms of
the random variables W7 and WPT. We generalise the method developed by Liu
(1998, 2001) for smoothing equations with positive solutions and refer to Chauvin
et al. (2014) for a similar proof in the case of m-ary trees where a complex fixed
point equation (but not a system) is studied. A similar result is also proved for
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the two—colour case in Chauvin et al. (2015), but due to both the higher dimension
and the weaker tenability condition, the present proof follows a different route.

The strategy of the proof is the following. First focus on the discrete time case,
i.e. on WPT:

e We prove that the support of W£T contains some non-discrete set.

e It implies that the Fourier transform of W27 is integrable and thus invert-
ible (see Lemmas 6.4, 6.5 and 6.6), so that the variable W7 has a density
on C.

e We finally deduce from the existence of a density and from Lemma 6.2 that
the support of WP is the whole complex plane.

Via the martingale connection (2.3), one can consequently infer that, for all ¢ €
{1,...,d} WECCT has a density on C. Propositions 5.5 and 3.2 permit to generalise
to any initial composition.

We assume (B), (T) and (I) and recall that the eigenvalue A, the Jordan subspace
FE, and its dimension v + 1 are fixed.

Lemma 6.1. There exists 1 < ¢ < d such that IEWeLZT # 0.
Proof: Tt is known (see for example Pouyanne, 2008) that, for all c€ {1,...,d},

1
W v
vl G

= lim (1+'Rp)" (1+ R\ L 7177 (Ue, (n))
oo B 1+ 1+(n—1)8 BT ec )

as a martingale almost sure limit, where tR| g stands for the restriction of the endo-
morphism induced by R to the Jordan subspace E (note that the unique eigenvalue
of R is thus A and since ReA > S/2, the inverses above are well defined). Thus,
EWPTv = ving(ec). Note that, if EWL v = virg(e.) = 0, for all 1 < ¢ < d,
then, 7y = 0, which is impossible. [l

Lemma 6.2. For all z = (21,...,24) € X?:l Supp(WET), for all ¢ € {1,...,d},
for all (vy,... ,vw(c)) in the support of a Dirichlet- distributed random wvector of
d

parameter w = (wy, ... ,w’ym), where w; = 9i/s for all i€ {1,...,c}, we have
d

a

As DT
Z Z v, " z; € Supp(We. " ).
i=1 k:='y,§i)1+1

Note that the support of the Dirichlet distribution of parameter w is

7§

(e)
{(Ula e a/U,y((ic)) € [0, l]wd . kzlvk = 1}

Proof: Recall that for a given complex random variable Z, for all z € C,

z € Supp(Z) < Ve > 0,P(|Z — 2| <¢e) > 0.



400 C. Mailler

Let z, ¢ and (vy,..., vv(@) satisfying the hypothesis of the lemma and let n > 0.
d
We have

() PR
DT Vs | (law) @Y \ Ys
IS YD Y > Z v "L wa
1= 1k ’Yli)l'i‘l 1= 1k ’Yli)l'i‘l =1 k= ’Yi(i)l"rl

~{9

(law) ¥s d \ Ns
£ 3 @) w0y (-

== 'Yzi)l"'l 1(6)1‘*'1

where V' = (Vl(c), cee VA/(L(:C))) and the Wéqk) are defined as in Theorem 5.1. Thus,
since (z — 2”) is continuous on C, we have, with positive probability,

W =<y and 0 - (V)] <n,
which imply

(e)

\ Ya A/S d
WPT _ 2 2 v/ 2| <1 Z (VP(C)) ’ +1 2 |2
=1y 11 p=1 i=1

< (Y + Jzl)m < (S + 1+ |z])m,

where |z]; = Z?zl |zi|]. Foralle > 0, we fixn = to conclude the proof. O

&
S+1+] 2]

Lemma 6.3. There exists a non zero zg such that, for allt € (0,1),

d
(Y5 + (1= t)Y%)z9 € [ Supp(WET).
i=1
Proof: Thanks to Lemma 6.1, there exists a colour 1 < ¢ < d such that there
exists zg # 0 € Supp(WeDcT). Applying Lemma 6.2, for all ¢ € {1,...,d} such that
ac;i 70, 29 € Supp(WeEi’ T). Iterating this argument allows us to conclude that, for
allie{1,...,d} dominated by ¢, zg € Supp(WgT). By Assumption (I), all colours
are dominating, and thus c is dominating, meaning that

d
20 € ﬂ Supp(WéjiT).

i=1

Therefore, still by applying Lemma 6.2, for all ¢ € [0, 1],

d
S+ (1 =)z e ﬂ supp(W2T). O

i=1
The three following lemmas are proven via very similar arguments as the ones
developed in Chauvin et al. (2015). There is no additional idea to the proof here,
except being careful to the slight changes induced by the higher d > 3 and by the
weaker assumption (T) instead of (T_;). Forallce {1,...,d}, let ¢.(t) = Eei(t:Wel

for all t € C and ¥(r) = supjy_, [¢c(?)]-

Lemma 6.4. For allce {1,...,d}, for allr >0, ¢.(r) <1
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Proof: We know that 1.(0) = 1 and that ¢.(r) < 1 for all » = 0. Let us assume
that there exists . > 0 such that v¢.(r.) = 1. Then, there exists z. € C and 6. € R
such that |z.| = r. and

Eei<ZC’W<22T> _ ezac
Thus, the complex random variable e Wl D= Lag mean 1 and takes its values

in the unit disc. It is therefore almost surely equal to 1, implying that almost surely,
(26, WPT) € 6. + 27Z. Therefore, there exists @ € Z such that, for all ¢ € [0,1],

(e, (8% + (1= 1)7%)z0) = 7% + (1 = 1), 2e20) = 0. + 2700,

Note that if w € C\{0} and z € R, then the set {z € C: {(z,w) = =} is the line

z/w + iwR. Therefore, for all ¢t € [0, 1],
0.+ 2 )
P (1— )5 e T 2FT L R, (6.1)
Z0%c

If A € R, then tY + (1 — )Y € R for all t € [0,1] which implies that both
(0. + 2wm)/(Z02.) and iZyz. are real, which is impossible. If A € C\R, then, the
left-hand side of (6.1) is a spiral and thus contains at least three non-aligned points
whereas the right-hand side is a line, which is impossible, and thus concludes the
proof. O

Lemma 6.5. For all ce {1,...,d}, lim,_,q ¢.(r) = 0.

Proof: In view of Equation (5.1), for all c€ {1,...,d},

d 7. N
oot) =Eexp [i(t, Y] >, (V) Wil

=1 p=q) 11

Cofefen (05 8 () i)

=1 p=y{? +1

d M , NG
-s[] ] E[ew,(vs )

implying that

‘/1,...,V7[(ic>+1]]

Vi Voo,

bl

EH H wi((vk(c))ReA/sr).

=l =y (9 41
By Fatou’s Lemma, since IE”(V(C) =0)=0foralll<k<x< 7C(IC)7 it implies
lim sup ¥.(r IEH lim sup ;(|V; /s‘ ))&c,i“r&c,i.
r——+00 r—4om

Let us assume that there exists a colour ¢ such that limsup,._, ., ¥.(r) = 1. Let us
define ¢ (r) = maxj<i<q ¥i(r), then limsup,_, , ¥ (r) = 1. According to Lemma 6.4,
forallie {1,...,d}, ¥;(1) < 1, and thus, (1) < 1. Let £ € (0, 1—(1)), and define:

r1(e) = max{r € (0,1),¢(r) =1 —¢}
ro(e) = min{r > 1,9 (r) =1 —¢}.
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These definitions are legal since 1) is continuous, ¥(0) = 1 and limsup,._,, ¥(r) = 1.
Moreover, we have ¢(r1(g)) = ¥(r2(e)) = 1 — ¢, and for all r € [ri(e),r2(e)],

P(r)<1l—e.
We know that for all ce {1,...,d}

(C)

cofT T w(oior).

=1 =y 11
In particular, for all r > 0,
belr) < By (V1)

where V. is Beta-distributed with parameter (6./S,1). For all 1 < i < d, let

(A](j))kgl be a sequence of i.i.d. random variables having the same law as |Vj/ °.
Iterating the last identity, we get

belr) < Egpe(rAl? ... A).
Let us define, for all i € {1,...,d}, for all integers n
AD(r e) = P(ri(e) < rAW .. AD < ry(e)).
For all r > 0, for all i € {1,...,d},
Pi(r) < Ewc(rAll ...AS)) <A =) AD(re)+1 =2 (re) <1 —eXD(r,¢).
For all ce {1,...,d}, we have,

In view of Lemma 6.4, r1(¢) — 0 when ¢ — 0, implying that, for all i € {1,...,d},
when ¢ goes to zero,

AD (V) o)) —» PO < (V)40 A0 <1) = 1.
Thus, for all ce {1 cooydy
SR IL 0, (1= 2 (0) ). 9))

9

()+1

d
- E(dc,i + 56,%’) = 'Yéd)'

i=1

Now note that
L—e=1(ra(e)) = max 1he(r2(e))

ce{l,..., }

< max E H H (1 _ 8)\%1') ((Vk(c))R,ox/:’sr2 ©), E)) 7

ce{l,..d
=1z _ ,YZC)lJrl
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which implies that minge(; . 4 'yc(lc) < 1. Recall that, in view of Equation (3.3),

d d
1 =14 Paci=1+ ), 20 > 1,
i=1 i=1 ¢

since at least one of the a.;’s is non-zero as their sum is equal to S > 1. We have
thus reached a contradiction, implying that for all 1 < ¢ < d,

limsup ¢.(r) = 1. O

r—00

Lemma 6.6. For all c€ {1,...,d}, for all p € (0,9/Rex), asymptotically when |t|
tends to +0, ¢.(t) = O(Jt| 7).

Proof: Let ¢ > 0. In view of Lemma 6.5, there exists T > 0 such that, for all
r>=T, forallie{l,...,d}, ¥;(r) <e. We already have proved that

a R
ve(r) <E]] ] %((Vk(c)) e/sr).

=1 p=r( 11
< T) ,

where j(c) is any integer from {1, ... 7al}\{’ycc)}. Recall that V’Y((cc)) (aw) 175/6c and
Vj((cc)) (9) 17%;(0) where U is a uniform random variable on (0,1). Then, for all
r>T,

Thus, for all » > T,

(& e c A/S
o) < BV + 2 (|(vi2)

T Oc/Rex
Ye(r) < E]E’Q/JC(URe)‘/ej<“)T) + () .
r
Said differently, there exists a positive constant C such that, for all r > T,
1 P
e(r) < eBap (URN%r) 4+ C () ;

r

for all p € (0, 0/Rex). For such p (and actually for any p), EU "R < 400, and
we can thus apply a Gronwall-type lemma (Liu, 1999, Lemma 4.1), which implies

Cr—r
<
wc(r) = 1— 5]EU_pRe>“9J'(C) )
provided that e satisfies 1 — eEU ~PReM0i0) > (). O

Proposition 6.7. If A € C\R, the distribution of WEIZT admits a density on C and
its support is C, for all ce {1,...,d}.

If A € R, the distribution of WECT admits a density on R and its support is R,
forallce{l,...,d}.

Proof: Let us apply arguments already used in Chauvin et al. (2015, page 22) to
prove that ¢. is integrable for all ¢ € {1,...,d}. Recall that, for all » > 0,

a 1
'(/Jc(?”) < EH 1_[ wz((Vk(C)) e /57“).

=1 e, 41
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In view of Lemma 6.6, there exists a constant x > 0 such that, for all ¢ € {1,...,d},
for all p; € (0, 9:/Rex), for all |¢| large enough, |¢;(¢)| < k|t|7*:. Let n. = Z?Zl(&c,i +
d¢,i)pi, for all r large enough, we have

g d
) < m ] [T ) =0 ().

=140 11

Note that, for all 1 < ¢ < d, in view of Equation (3.3),

d d

_ 0; Ge,i + 0i6c; 0

Z(am— +5c,i)§l = 2 ot Tt 14 E >1,
i=1 i=1

implying that we can choose p1,..., pg such that p; < 6;/S and n. > 1. Therefore,

¢. is integrable and thus that W,,i T admits a bounded and continuous density on

C, for all ce {1,...,d}.

Fix a dominating colour ¢ (actually, by Assumption (I), all colours are dominat-
ing, but for this argument, () would be enough). Since W27 admits a continuous
density, we know that there exists zg € C and € > 0 such that the opened ball
centred in z of radius e, which we denote by B(z,¢), is contained in Supp(W2T).
In view of Lemma 6.2, for all colours ¢ dominated by ¢, and thus for all colours i
since c is dominating,

supp(W,.") < Supp(We, "),

implying that B(zg,e) < ﬂie{lw’d} Supp(WPT). By Lemma 6.3, we get that, for
all ¢t € [0, 1],

(15 + (1 =1)"*)B(z0.e) = (| supp(WET). (6.2)

ie{1,...,d}
Let us first assume that A € C\R. Note that when ¢ is tending to zero, V5 + (1 —
t)Vs = 14 ¢V5 + O(t), where, for all complex functions 7(t), we denote 7(t) = O(t),
if |n(t)] = O(t). The function ¢t — ¢V maps any neighbourhood of 0 to an infinite
spiral around 1 in the complex plane: the module of t¥$ goes to zero when ¢
goes to zero, while its argument, which is equal to ImAlogt/S goes to —oo. In
particular, the trajectory of ¢t — 1 + t”/5 intersects infinitely many times the set
B(z0,£/2) n {|z| = 1}\{1}. Therefore, since ¢V + (1 —t)”s = 1 + V5 + O(t), when
t goes to zero, we get that there exists tg > 0 such that
6% + (1= t0)Y| = 1, arg(t)® + (1 —to)Y*) ¢ 2nZ and |t + (1 —to)Y* — 1] < /2.
Therefore, the application
2 (tas +(1—t0)")2

is a rotation of an angle sufficiently small so that B(zg,e) intersects its image.
We also know, by Lemma 6.3 that ﬂie{lw’d} Supp(WelzT) is stable by this rotation.
Therefore, if we iterate this application, we get that there exists & > 0 {z € C: |zo|—
& <|2| < |20l + &} is contained in ey 4 Supp(WZ)") (one can for example take
€ = ¢/2). In particular, —zy € ﬂie{l ) Supp(W2ET). Using Lemma 6.2, we get

that

(%)Vs (B(20,¢) = 20) = B(0, (1) e) = [ supp(WET).
ie{1,...,d}
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Finally, recall that, in view of Lemma 6.3, (N,c(y Supp(WZT) is stable by

20 (Y2)V° 7z,
which sends any ball B(0,7) to the larger ball B(0, (1/2)*Y5~1r) (recall that ReX <
S). TIterating this application thus sends B (0, (1/2)R6A/56) to C, implying that

Nicqr,..ay supp(WET) = C.
It remains to treat the case A € R. From Proposition 5.1, we have, for all

cef{l,...,d},
EWET  EWPT

d
; (e +00i) G = A G x

First assume that, for all 1 <i < d, EWP? = 0. Then, if we take ¢ such that
EWDT EWDT

€;

0.+ X 1<z<d 0; + X’

we get (see Equation (3.3))

]EWDT d EWDPT EWDPT

1 =
(5+1) ;ac#&” 0; + X 0.+ N\’

implying that ]EWQT =0 since A < § by assumption. The same reasoning holds if
we assume that IEW?E T <0 for all 1 <4 < d. Therefore, either there exists ¢ such
that ]EWeEZT = 0, or there exist ¢ and j such that EWe’?T <0< EW,QT.

First assume that exists ¢ such that IEWEDCT = 0, and recall that, in view of
Lemma 6.1, there exists a colour ¢ such that EWDT # 0. Therefore, there exists
z; # 0 in the support of WD T, Since we have assumed that the urn is irreducible
(assumption (I)), and thus, in particular that i is a dominating colour, we get,

by Lemma 6.2, that z; € ﬂj=1 SuppW£T. Similarly, the support of VVQDCT7 and
thus ﬂjzl SuppW£ T contain either 0 or some z. chosen such that z; and z. have
opposite signs. In the first case, since Wé?T admits a continuous density for all
1 < j < d, there exists ¢ > 0 such that [—¢,¢] € ﬂjzl SuppW 2" In latter case,
applying Lemma 6.2 implies that the segment [z;, z.] (or [z, 2], depending on the
signs) in contained in ﬂ?=1 SuppW,g T, This segment contains 0, and thus, in both
cases, there exists € > 0 such that

d
c ﬂ SuppW£ T

Finally, by Lemma 6.2, ﬂ;;l SuppWelJ)_T is stable by the application z — (1/2)Y5712
and iterating this application sends [—¢,¢] to R, which gives

d
ﬂ SuppW,gT =R,
j=1
as desired.
It now remains to treat the case when there exist ¢ and j such that ]EWe[i’T <
0 < EWPET. This is very similar to the previous case: there exists z; < 0 in

SuppWé?T and z; > 0 in SuppWeL;T. By irreducibility, and applying Lemma 6.2,
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(2, 2] < ﬂ;—l=1 SuppWe[;T. This segment contains 0 in its interior and is therefore
sent to R by iterating the application z — (1/2)¥9~12z, under which ﬂ;l=1 SuppWe[;T
is stable. (]

Proof of Theorem 2.10: Connection (2.3) allows to transfer results stated in Propo-
sition 6.7 to WET for all c € {1,...,d}, since £ and W27 both admit a density and
are independent. Finally, Propositions 5.5 and 3.2 allow to generalise to any initial
composition a. O

Remark 6.8. For two-colour Pélya urns, it is proven under (B), (I) and (T_;) by
Chauvin et al. (2011) that the density of WS explodes in zero for all initial com-
position a. Is it possible to prove the same result for d-colour urns? We believe
that the proof is similar to the one developed in Chauvin et al. (2011) if X is real,
and under (T) instead of (T_;), but what can be said about W7 in zero when A
is complex?

7. Conclusion and open problems

This paper contains the first results concerning the W random variables exhibited
by the asymptotic behaviour of a multi—colour Pélya urn process projected along
large Jordan blocks: we proved that W is moments-determined and admits a density
both in discrete and in continuous time.

However, many questions still remain about the random variables W: some of
them are solved in the two—colour case (by methods that do not seem easy to
generalise to multi—colour urns) but other are not proved even in the two—colour
case. Can we find a lower bound for the moments of the W’s (Chauvin et al., 2011
for two—colour urns)? What is the exact order of their moments? Is the Laplace
transform of WT convergent (this is false in the two—colour case Chauvin et al.
(2011))? Is the Fourier transform of W7 integrable (also false in the two—colour
case Chauvin et al., 2011)? Is the density of W7 continuous (also false in two-—
colour Chauvin et al., 2011)? Do the W’s have heavy tails?
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