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Abstract. The Poland-Scheraga model for DNA denaturation, besides playing a
central role in applications, has been widely studied in the physical and mathemat-
ical literature over the past decades. More recently a natural generalization has
been introduced in the biophysics literature (see in particular Garel and Orland,
2004) to overcome the limits of the original model, namely to allow an excess of
bases —i.e. a different length of the two single stranded DNA chains — and to allow
slippages in the chain pairing. The increased complexity of the model is reflected in
the appearance of configurational transitions when the DNA is in double stranded
form. In Giacomin and Khatib (2017) the generalized Poland-Scheraga model has
been analyzed thanks to a representation in terms of a bivariate renewal process.
In this work we exploit this representation further and fully characterize the path
properties of the system, making therefore explicit the geometric structures — and
the configurational transitions — that are observed when the polymer is in the dou-
ble stranded form. What we prove is that when the excess of bases is not absorbed
in a homogeneous fashion along the double stranded chain — a case treated in Gia-
comin and Khatib (2017) — then it either condensates in a single macroscopic loop
or it accumulates into an unbound single strand free end.
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1. Introduction

The Poland-Scheraga (PS) model (Poland and Scheraga, 1970; Blake and Del-
court, 1998; T. R. Einert and Netz, 2011) played and still plays a central role in
the analysis of DNA denaturation (or melting): double stranded DNA melts into
two single stranded DNA polymer chains at high temperature. The success of the
model is partly due to the fact that it is exactly solvable when the heterogeneous
character of the DNA is neglected. Moreover, solvability has an interest on its own,
from a more theoretical standpoint: phase transition and critical phenomena in the
PS model are completely understood (Fisher, 1984; Giacomin, 2007). However, the
PS model is an oversimplification in many respects: it deals with two strands of
equal length and it does not allow slippages of the two chains. These simplifications
make the model one dimensional, and solvability becomes less surprising. What is
instead surprising is that a natural generalization (Garel and Orland, 2003, 2004;
Neher and Gerland, 2006) — called generalized Poland-Scheraga (gPS) model — fully
overcomes these limitations, retaining the solvable character in spite of the substan-
tially richer variety of structures that it displays. In Giacomin and Khatib (2017) a
mathematical approach to the gPS model is developed and it is pointed out that it
can be represented in terms of a two dimensional renewal process, much like the PS
model can be represented in terms of a one dimensional renewal. The solvable char-
acter of both models is then directly related to their renewal structure. The growth
in complexity from PS to gPS models is nevertheless considerable: the key feature
of PS and gPS is the presence of a localization transition, corresponding to the
passage from separated to bound strands, and for the gPS there are three, not only
one, types of localized trajectories (or configurations). This has been first pointed
out, at least in part, in Neher and Gerland (2006), where one can find theoretical
arguments (based also on a Bose-Einstein condensation analogy) and numerical
evidence that “suggest that a temperature-driven conformational transition occurs
before the melting transition” (Neher and Gerland, 2006, p.3).

In this work we fully characterize the possible localized configurations. The tran-
sitions between different types of configurations have been already studied at the
level of the free energy in Giacomin and Khatib (2017) where these phenomena
have been mathematically identified and interpreted in a Large Deviations frame-
work in terms of Cramér and non-Cramér strategies. This will be explained in
detail below. Here we content ourselves with pointing out that a full analysis of the
Cramér regimes is given in Giacomin and Khatib (2017). However, the non-Cramér
regime, where the condensation phenomena happen, requires a a substantially finer
analysis — moderate deviations and local limit estimates — at the level of the bi-
variate renewals. These estimates, to which much attention has been devoted in
the literature in the one dimensional set-up (see Armenddriz and Loulakis, 2011;
Denisov et al., 2008 and references therein), are lacking to the best of our knowledge
for higher dimensional renewals and they are not straightforward generalizations.
They represent the technical core of this paper.

1.1. The Model and some basic results. We introduce the model in detail only from
the renewal representation. The link with the original representation of the model
is summed up in Fig. 1.1 and its caption, and we refer to Giacomin and Khatib
(2017) for more details.
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We consider a persistent bivariate renewal process 7 = {(Ty(Ll), TT(LZ))}nZO, that is
a sequence of random variables such that 7o = (0,0), {7, — Tn,l}nzo,gw_ is IID and
such that the inter-arrival law —i.e. the law of 7 —, takes values in N? := {1,2,--- }2.

We set P(my = (n,m)) = K(n+ m) with
L(n)

K(n) = 2a

(1.1)

for some @ > 0 and some slowly varying function L(-). Moreover > K(n+m) =
1 since we assumed the process to be persistent.

We consider two versions of the model: constrained and free. The partition
function of the constrained model, or constrained partition function, can be written

as
NAM n

Zirn =Y, >, >, [[ewmEl+1t), (1.2)

n=1 [eN" teN"™ i=1
[l|=N |t|=M

where h € R is the binding energy, or pinning parameter.
The partition function of the free model, or free partition function, is defined by
N M

Zhnrn =33 K@) K () Z% i (1.3)
i=0 j=0

where K;(n) := L(n)n~% for some @ € R and slowly varying function L(-). We
assume that K;(0) = 1 just to prevent this constant from popping up in vari-
ous formulas: this choice has the side effect of making clear that K;(-) is not a
probability.

In Giacomin and Khatib (2017) it is shown that for every h and every v > 0

1 1
._ : _ : f
Fy(h) == N}dfm N log Zy an = N}\ljn N log Zy arp < 00, (1.4)
M/N—~ M/N—

which says that the free energy (density) of free and constrained models, with
binding energy h and strand length asymptotic ratio equal to 7, coincide. A number
of basic properties of h — F.(h) are easily established, notably that it is a convex
non decreasing function, equal to zero for h < 0 and positive for A > 0. This already
establishes that h = 0 is a critical point, in the sense that F,(-) is not analytic at
the origin.

But Giacomin and Khatib (2017) is not limited to results on the free energy:
associated to Z%, ,, ,, and Z 1{, M.k there are two probability measures, that we denote

respectively by P% ,,, and P{v, ap- They are point measures, like the renewal
processes on which they are built. It is standard to see that 9,F(h) (which exists
except possibly for countably many values of h) yields the N — oo limit of the
expected density of points (under P,/ or P]f\,’ M. ,)- Hence for h < 0 the density
is zero, while for h > 0 the density is positive. This tells us that we are stepping
from a regime in which the two strands are essentially fully unbound to a regime
in which they are tightly bound. In Giacomin and Khatib (2017) results go well
beyond this: it is in particular proven that for h < 0 the number of renewal points is
O(1) and these points are all close to (0,0) or (N, M) (see Fig. 1.2). In the polymer
representation, this means that the two DNA strands are completely unbound,
except for a few contacts between the bases just close to the extremities. More
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FIGUuRE 1.1. A configuration of the free gPS model, with one
strand containing 22 bases and the other 14, is represented in two
fashions: the natural (or polymer) one and the renewal one. In
particular we see that (1,1) renewal increments (or inter-arrivals)
correspond to bound base pairs and all other increments (4, j) cor-
respond to unbound regions in the bulk, that we call loops (of total
length ¢ 4 7, with length 4 in the first strand and j in the second
strand). The term unbound is rather reserved to the terminal por-
tion of the polymer: we refer to the free ends as unbound strands.
Throughout this work, a polymer trajectory is always given in the
renewal representation: it is therefore just a point process in the
plane.

precisely, it was found in Giacomin and Khatib (2017) that in the free case, if
a < 1+ a/2 the two strands are free except for O(1) contacts close to the origin,
and if @ > 1 + /2 the two free ends are of length O(1) and a large loop appears
in the system, see Fig 1.2.

On the other hand for h > 0 the situation is radically different. This has been
analyzed in Giacomin and Khatib (2017) but only in the Cramér regime. We are
now going to discuss this in details.

1.2. Binding strategies. A way to get a grip on what is going on for h > 0 is to
observe that we can make the elementary manipulation: for every non negative \;
and Ao

NAM N

Ziaap =M NTNT N T exp (h— Ml = doty) K(Ii +1;) . (1.5)

n=1 |eN" teN" i=1
[L|=N |t|=M



DNA melting structures in the gPS model 997

F1cURE 1.2. A schematic image of the two types of observable
trajectories of the free gPS model in the delocalized (denaturated,
melted) regime, according to whether the exponent @ is smaller
(left picture) or larger (right picture) than 1 + «/2. In the con-
strained case only the trajectory on the right is observed, and the
small free tails are reduced to zero. This case is treated in Gia-
comin and Khatib (2017).

Since h > 0 we identify a family, in fact a curve in [0,00)2, of values of (A1, \2)
such that

D exp(h—Ml—Xt)K(l+t) =1, (1.6)
l,t=1

and (1.6) clearly defines a probability distribution that is an inter-arrival distribu-
tion for a new bivariate renewal process. At this point is not too difficult to get
convinced that Z§, 5/, is equal to eN*+MA2 times the probability that this new
renewal hits (N, M) (we call this probability target probability). If we are able
to choose (A1, A2) so that the logarithm of the target probability is o(NN), then
of course F,(h) = A1 +vA2. This can actually be done: it amounts to solving a
variational problem and the uniqueness of the optimal (A1, A2) follows by convexity
arguments. However the solution may be qualitatively different for different values
of h:

(1) the optimal (A1, \2) belong to (0,00)2, so both components of the inter-
arrival law of the arising renewal have distributions that decay exponen-
tially. We call this Cramér regime because the tilt of the measure (in both
components) is efficient in targeting the point (N, M) to which we are aim-
ing at;

(2) either A; or Ag is zero, so only one component of the arising inter-arrival
law is exponentially tight. For the sake of conciseness we call this for now
non-Cramér regime because the tilt of the measure (in only one of the
component) is only partially successful in making the renewal 7 reach and
visit the point (N, M). To be precise there is in reality a boundary region
between the two regimes, and the notion of non-Cramér regime will be
made more precise just below — this regime is the main issue of this work
— so we will not dwell further on this right now.
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A full treatment of the Cramér regime is given in Giacomin and Khatib (2017),
and the results can be resumed as follows: all loops are small, in fact the largest
is O(log N), and the unbound strands (the free ends) are of length O(1) — see the
leftmost case in Fig 1.3. In the present work, we focus on the non-Cramér regime
and the reader who wants to have an anticipation on the results can have a look
Fig 1.3.

1.3. The non-Cramér regime. In order to make as explicit as possible for which
values of A > 0 the system is in the non-Cramér regime, let us define N(h) > 0 as
the unique solution of

> K(n+m)exp(—nN(h)) = exp(—h). (1.7)

n,m=1

This computation amounts to solving the variational problem we were after, in the
case in which the problem is not solvable in (0,00)? and the optimal tilt of the
measure involves only one of the two components. From (1.7) one can extract a
number of properties of N(-): it is a real analytic, positive, convex and increasing
function (Giacomin and Khatib, 2017). We insist on the fact that, in spite of
being defined for every h > 0, N(h) is not always equal to the free energy. More
precisely in Giacomin and Khatib (2017) it is shown that F,(h) = N(h) if and only
if v & (1/7¢(h);ve(h)), where

5 o M (14 m) exp(—nx(h)
> nm N (n 4+ m) exp(—nN(h)) -

We refer to Giacomin and Khatib (2017) for more details on the form of the func-
tion v.(+) and the switching phenomena between the Cramér and the non-Cramér
regime. In this work, and without loss of generality (by symmetry), we will consider
only the case v > 7.(h). To be precise we will rather consider the case v > 7.(h)
because the phenomenology observed for v > 7.(h), that is for M — v.(h)N > ¢N
for some ¢ > 0 persists also in a part of the window M — v.(h)N = o(N) and we
will analyze the model also in this window. In different terms: the analysis in the
Cramér regime is a Large Deviations analysis, but the whole non-Cramér regime is
equivalent from the Large Deviations viewpoint (the issues there are about sharp
deviations). So there isn’t much conceptual difference between M — ~y.(h)N > ¢N
and M — v.(h)N = o(N), up to when M — ~.(h)N grows too slowly, as we shall
see.

Crucial for us is the probability distribution Ky (-, -) defined by

Ye(h) = (1.8)

Kp(n,m) = K(n +m)el—™") (1.9)

which, as announced informally just above, allows to write the partition function
as

Zy . = exp(NN(h))P (N, M) € 71,) , (1.10)
where 73, is the bivariate renewal process with inter-arrival distribution Kh(~, -, d.e.

L(n + m) eh—nN(h) )

P((%h)l = (n,m)) = Kh(n,m) = (n+ m)i+e

(1.11)

Next, we are going to have a closer look at this renewal process.
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1.4. On the bivariate renewal 7p,. Let us write for conciseness N(h) = N, (a practice
that we will pick up again in the proofs), and drop the dependence on h in 7:
7= (71, #2), In view of (1.11), it is clear that the distribution of this process is
not symmetric, we have the marginals

n—00 exp(h) L(n) —Np7
(14 «) ntte

P(%l(l) =n) = Z K(n+m)exp(h — Npn)

b

m>1
= (1.12)
~(2) _ _ m—o00 exp(h) L(m)
P(7” =m) = glK(n +m)exp(h — Npn) ~ () —1 mee
Let us also denote (the dependence in h is implicit)
fn=E[Y] < 400, g =E[FY] < 400, (1.13)

so that v.(h) = fia/fi1, cf. (1.8).

We notice that the process 7(!) has moments of all orders, and so {%,(Ll)}n:(),lw
is in the domam of attraction of a normal law: we denote a( )= \/n the scaling
sequence for 7 Tn . On the other hand, the process {Tn )}n —0,1,... is in the domain of

attraction of an ag-stable law, with ag := (1+a) A2 > 1: its scahng sequence al? )

verifies

1 1
La@)(aP)™* ~ = ifas <2 and  o(@®)(@®) 2~ = ifay =2
n n
(1.14)

where

o(n) == E[(?*)*1 {A<2)<n}}, (1.15)

and diverges as a slowly varying function if E[( ) | = +oo (with o(n)/L(n) —

+00, see Bingham et al., 1987). Note that o(n) convergeb if @ > 1. In particular,
a'?

ay,’ is regularly varying w1th exponent 1/as = (1 + )7tV (1/2).
As an additional relevant definition, we select a sequence {mg) }n=1,2,... satisfying

n o0 ]-
P(#? > m®) "% =, (1.16)

(2 gives the order of max; << n{T - A(2) } We stress that m!? is

so that m,,
regularly varying with exponent (1+ )71, and that M, )/a(2) € [1/c,c] for some
c>1if a <1, but m /a — 0 when a > 1: in any case, there is a constant

¢ > 0 such that m(z) ca'? for every n, i.e. mP = O(ag)).

1.5. Non-Cramér regime and big-jump domain. We drop the dependence of ~.(h)
on h, and we set
N =M —~.N. (1.17)
Of course, having v > 7. means that ¢ty /N > ¢ for some ¢ > 0. But it is natural
and essentially not harder to tackle the problem assuming only
tN/as\?) — 400 as N — oo, (1.18)
with additionally, in the case o > 1 (recall the definition of o(n) after (1.14))
(2)2 o(an) Nooo  Tx
S\Qf) O'(tN) NO’(tN>

> Cplog N for a suitable choice of Cy > 0. (1.19)
a
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Ifa>1,aswell asif a =1 and o(n) = O(1) (i.e. if E[(TI(Q)) ] < 00), (1.19) simply
means that ty > C)/Nlog N with C} easily related to Cy. Note also that (1.18)
implies ty > NIog NV if E[(#%)?] = oc.

We stress that the constants Cy depends only on K(-) and, for the interested
reader, it can be made explicit by tracking the constants in (3.34) and (3.43) where
the value of Cy is used. This assumption is made to be sure that we lie in the
so called big-jump domain, as studied for example in the one-dimensional setting
in Denisov et al. (2008): in our model it simply means that deviations — and the
event we focus on is (N, M) € 7 — are realized by an atypical deviation on just
one of the increment variables 7,41 — 7;. As we shall, this happens just under the
assumption (1.18) for v < 1 and this condltlon is optimal (see Appendix B.1). For
the case @ > 1 the extra condition (1.19) is not far from being optimal, but it is
not: we discuss this point in Appendix B.2, but we do not treat it in full generality
because it is a technically demanding issue that leads far from our main purposes.

1.6. Main results I: polymer trajectories. Let us now introduce two fundamental
events in an informal, albeit precise, fashion. The two events will be rephrased
in a more formal way in (2.9), once further notations will have been introduced.
Choose sequences of positive numbers {uy}tn=12. ., {mx}n=12. ., {a')\',}N:l,g,___
and {a?\}}]\]:lg,m such that

(2) (2)

uy > 1, ty>mi>mlY, ty>al >d? and tN>>’d;>>a§3). (1.20)

In practlce and to optimize the result that follows, un, my /m , al /ag\?) and

an / Ay ) should be chosen tending to oo in an arbitrarily slow fashion.

We then define the Big Loop event Eéiv ) to be the set of trajectories such that

(1) there is one loop of size larger than tx — aj; and smaller than ¢y + a};, so
that, to leading order, it is of size ty;

(2) all other loops are smaller than m}; (hence there is only one largest loop);

(3) the length of neither of the two unbound strands is larger than uy.

The (large or macroscopic) Unbound Strand event Eéév)

trajectories such that

is instead the set of

(1) all loops are smaller than m};

(2) the length of the unbound portion of the shorter strand does not exceed
UN;

(3) the length of the unbound portion of the longer strand is larger than ¢ —Zi}
and smaller than ¢ty + ?i"]\',, so that, to leading order, it is of size ty.

Note that Eéiv ' n E[(Jév ) = except, possibly, for finitely many N: the two
conditions (1) are incompatible. We refer to Fig. 1.3 for a schematic image of these
two events.

Theorem 1.1. Under assumptions (1.18), (1.19) and (1.20) we have that
lim Py, (B UERY) = 1. (1.21)

N—o00

(1) Moreover, if @ <1 (and hence 3 ; K¢(j) = 0o) then

Jim PRy (B) = 1 (1.22)
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(2) If 3>2; K¢(j) < oo (and hence @ > 1) then

1
14+ QN

QN
1+Qn’

P{V,M,h (EISQ[)) M and P{V,M,h(ElgL].V)) Mo (1.23)

with

_ = L(tn) et Zoio Kf(ﬂ)
= cpN (t @ta)ta 2 d === 7 1.24
QN Ch ( N) L(tN) ana Cp ﬂl(eN(h) _ 1) ( )

For conciseness the case @ = 1 with ) Ky (j) = +o0 is not included in Theo-
rem 1.1, but its is treated in full in Appendix A. It is a marginal case in which an
anomalous behavior appears: a big loop and a large unbound strand may coexist.

: ;
%Z C q
I &

FIGURE 1.3. Schematic image of the observable trajectories of
the free gPS model in the Cramér regime (left), and in the non-
Cramér regime (cf. Theorem 1.1): the Large Unbound Strand
event (center, occurring when @ < a+ 1) and the Big Loop event
(right, occurring when @ > «a + 1). In the constrained case the
Unbound Strand event is not observed, and the free tails are of
course absent. What cannot be appreciated in this schematic view
is the fact that the small loop distribution has exponential tail
in the Cramér regime (hence the largest is O(log N)) and that it
has power law tail in the non-Cramér regime (hence the largest is
O(N*%) for some a € (0,1): O(my) to be precise).

It is worth pointing out that, in most of the cases, the expressions in (1.23)
have a limit — at least if {¢tx}n=1,2, . is not too wild (regularly varying is largely
sufficient) — and it is either one or zero. In particular when ¢y ~ ¢N for some ¢ > 0
we have

] f (N) 1 ifa<a+lorifa=a+1and L(t) t;>OOL(t),
th Py an (EUS ) = o o — tooco
oo 0 fa>a+lorifa=a+1and L(t) < L(t).
(1.25)

(This is true also in the case @ = 1 with } ; K¢(j) = +o0, see (A.6)-(A.7)). Note
that in the case in which @ = v+ 1 and the ratio of the two slowly varying function
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has a limit which is neither 0 nor oo, the limit of the probability of the unbound
strand event exists and it is an explicit value in (0, 1).

Let us also give the following complement to Theorem 1.1 for the constrained
case.

Theorem 1.2. Under assumptions (1.18) (and additionally (1.19) if « > 1) and
(1.20) we have that

. : N
A}l_mo Py arn (E]gL,[))) =1, (1.26)
where E}ggg is the event Eé]{v) with the more stringent condition that the the length

of both the unbound strands is 0.

2. Main results II: sharp estimates on the partition functions

In this section, we give the asymptotic behavior of e=VN» Zimn=P(N,M) €

7) in the big-jump domain. Then we present the asymptotic behavior of Z }i, Mh-
Both in the constrained and free case we also give more technical estimates that
identify some events to which we can restrict the partition functions without mod-
ifying them in a relevant way. Theorem 1.1 turns out to be a corollary of these
technical estimates, as we explain in the final part of the section.

In this section and in the rest of the paper we deal with order statistics and we
introduce here the relative definitions. Consider the (non-increasing) order statistics
{./\/h,k, Mo, ... ka,k} of the IID family {%}2) f%ﬁ)l}j:17___,k. In particular M j
is a maximum of this finite sequence. We will consider the order statistics also for
k random, notably for k = ky, with

Ky = max{i : f'i(l) € [0, N]}. (2.1)

2.1. On the constrained partition function. We start with an important estimate
for the constrained partition function (more precisely for P((N, M) € 7), the the
renewal mass function), that is essential for the study of the free partition function,
as one can imagine from its definition (1.3). It is worth insisting on the link between
P and the measure we are interested in for the constrained case:

Pyan() = PN, M) € 7). (2.2)

Theorem 2.1. Assume that a > 0 and that (1.18) holds. Moreover if a« > 1
assume also (1.19). Recall that 7 has inter-arrival distribution (1.11). Then (recall
that M = ~v.N + tn ) we have that

o N/,
P((N,M) € 7) = P(f,g}g =N, +® = M) N2 EP(TF) - [tN]). (2.3)
Moreover, for every n € (0,1) there exist g > 0 such that for every e € (0,g9) and
N sufficiently large (how large may depend on €), we have

4@ 4@ @
P (Mo = € [ 05 ] M < T o - ) 2

> (1= )P (A7 = 1) 24
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Let us stress that the bivariate renewal process 7, falls in the domain of attraction

of an (a1 = 2,as) stable distribution (see e.g. Resnick and Greenwood, 1979
NOT NN

or de Haan et al., 1984). We have, as n — oo, that {(Tﬂ/ fun 7 #271)}

n>1

agll) ’ a512)
converges in distribution to a non-degenerate (2, as)-bivariate stable law.

We mention that a bivariate local limit theorem is given in Doney (1991) and
multivariate (d-dimensional) renewals are further studied in Berger (2018): local
large deviation estimates are given, as well as strong renewal theorems, i.e. asymp-
totics of P((n,m) € 7) as (n, m) — oo, when (n,m) is close to the favorite direction
— i.e. the line ¢t — tE[r], close to meaning at distance of the order of the fluctu-
ations around that direction. We refer to Berger (2018) for further details (rough
estimates when (n,m) is away from the favorite direction are also given). We stress
that the multivariate case we consider is very special, and that here we need and
obtain estimates that are (much) sharper than what one finds in the literature we
have cited.

2.2. On the free partition function. We now give the behavior of the free partition
function and identify trajectories contributing the most to it. Let us introduce
some notations:

ViV =M - 7@ (2.5)

RN

ViV = N -7,

the lengths of the free parts, see Fig 1.1.
For a set A of allowed trajectories, we define Z]{,’ wm.n(A) the partition func-
tion restricted to trajectories in A (by restricting the summation over subsets of
{1,... N} x{1,... M} to those in A). For example, Z]{,VMJL((N, M) €r)=Z% v

We set K := Y772, Ky(j) if the sum is finite, and we set K = 0if Y, Kf(j) = +oc.

Theorem 2.2. Assume that « > 0 and (1.18). Moreover if o > 1 assume also
(1.19) and if @ = 1 assume that 3 ; K¢(j) < oo. Then for N — oo

— N N R
e—NN(h)ZZJ:LMJL = (1+o(1)K MQ(Z Ky(i)e N(h)>P<T1(2) - [hﬂ)
1

>0
1 "\ o Nk .
+(1 +0(1))ﬂ1(i§OKf(z)e >Kf (ty) . (2.6)

Moreover, for everyn € (0,1) there exist eg > 0 such that for every e € (0,e9) and
N sufficiently large (how large may depend on €), such that

! (V) a1 ay’ ay’ my
e ZL <V1 VS Mgy € [tN - it %] Ma ey < N)

> (1= (X K™ )P (3 =) s @1

i>0

€

(2) (2) (2)
1
e_NNh'Z]{],M’h <‘/1(N) g 7"/2(]\7) €|:t]\/' - aé\[ ’tN + ag :|,M1 . < Tn]V)

WV

= (T mpe ™ )&y (o) - (28)

i>0
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We remark that when @ < 1 (so K = 0), the right-hand side of (2.6) reduces
to one term and (2.7) becomes trivial. The case @ = 1 with }_, K(j) = +oc is
treated in Theorem A.1.

2.3. Back to the Big Loop and Unbound Strand events. The notations we have
introduced allow a compact formulation of the two key events of Theorem 1.1:

Eéiv) = {/\/11,,@\, € [tny —ajy, tn + af], Ma ey < mj, max (Vl(N),VQ(N)> < uN},

N
Eyg

{Ml,w <mb, VIV <un, VIV € [ty — @y, tw +2i}]} .
(2.9)

Proof of Theorems 1.1 and 1.2. This is just a book-keeping exercise using the three
estimates in Theorem 2.2 (or Theorem 2.1 for Theorem 1.2), together with the

definition of K (tx) and the estimate of P(%l(z) = [ty]) in (1.12). O

2.4. A word about the arguments of proof and organization of the remaining sec-
tions. As we pointed out at the beginning of the introduction, condensation phe-
nomena are widely studied in the mathematical literature (see Denisov et al., 2008;
Armendariz and Loulakis, 2011 and references therein), but not in the multivariate
context. The full multivariate context is the object of Berger (2018), where renewal
estimates, i.e. estimates on P((nq,...,nq) € 7), are given: the big-jump domain in
treated in much greater generality, but not with the precision we require. Here we
deal only with the very special bivariate case motivated by the application — which
has the simplifying feature of being highly asymmetric so in the end we can reduce
to a one dimensional renewal — and we need and find the exact local asymptotic
behavior of the renewal function. One of the main difficulties we face is that, on
the event (N, M) € 7, the number xy of renewal points is random and highly con-
strained by this event. We show that in the big-jump domain considered in Section
1.5, the main contribution to the probability P((IV, M) € 7) comes from trajecto-
ries with a number of renewal points that is approximately ky = N/ji1 + O(\/JV)

For this number kp, %,.2}3 does not have to deviate from its typical behavior to be
equal to N, but %83 has to deviate from its typical behavior to reach M and it does
so by making one single big jump, of order ¢y + O(as\?)). In this sense, if we accept
that #y is forced to be N/ji; + O(v/N) by the condition N € #(1) we can focus on
M € #®2) and the problem becomes almost one dimensional. This turns out to be
a lower bound strategy: for a corresponding upper bound we have to show that all
other trajectories bring a negligible contribution to P((N, M) € 7).

In the rest of the paper, we estimate separately the constrained and free partition
functions. We deal with the constrained partition function in Section 3: the main
term (2.4) in Section 3.1 and the remaining negligible contributions in Section 3.2.
The free partition function is dealt with in Section 4: the main terms (2.7) and
(2.8) in Section 4.1 and the remaining negligible contributions in Section 4.2. In
Appendix A we complete the analysis of the case @ = 1. In Appendix B we discuss
the transition from the big-jump regime (a single big jump, with a big deviation of
just one of the two components) to the Cramér deviation strategy (no big jump).

To keep things simpler in the rest of the paper, and with some abuse of notation,
we will systematically omit the integer part in the formulas.
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3. The constrained partition function: proof of Theorem 2.1

3.1. Proof of the lower bound (2.4). We start by decomposing the event of interest
according to ky = k. The probability of such an event, restricted to {ky = k},
becomes (recall that M = ~.N + ty)

P(1Mis—tn] € B0 Mg < TR+ = N+ = ) =
1o @) _ @ Y @
. R X @
P(jL_Jl{TJ 751 €tn +In, I?%X(T *Ti—1)§ - Tk =N, T, M}),
(3.1)
= {—q? (2) : @
where we defined Iy = {—ay’/e,...,ay’/e}. Since ty — ay’ /e is larger than

mg\z,)/s (recall that m? < cal?) for every n, and (1.18)) for N sufficiently large,

the union in the right-hand side of (3.1) is a union of disjoint events that have all
the same probability. This term is equal to

@
kP(7Y € tytly, max (79 —22)) < T AD = N A = yN+ty) =

i=2,... -

BN P(RY =ty 7Y = 2)
yEln xeN
m§ (1) (2)
P(M17k71 < ?Nﬁ'kil =N—z, 7,7, = 7N — y) , (3.2

where we have used that {(%J(l) 7%1(1), %;2) 7%1(2))}]4:27__,7;6 and {(%j(l), @(2))}3':1,...,1@—1
have the same law.
Since we are after a lower bound we may and do restrict the sum over x between

land 1/e and y € Iy = {—ag\%)/a,...,a%)/g}. And using that P(Al(Q) =n) is
regularly varying, we have that uniformly for such x and y € Iy

P(HY =ty +y, 7 =) = (1= om) P(# =t )P(H =0 |37 = tn +y
(3

where oy = dn(e) > 0 is such that limy_o oy = 0. If now we set pp(z) :=
(eNr — 1)e~*"r by using (1.12) we have that

P+ =a, 7% =ty +y)
P(#® =ty +y)

pr(@)K (tn + 2 +y)
K(ty +vy)

P (%1(1) =z

#® =tN+y) =

> (1-6y) > (1—-0n)"palz), (3.4)
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possibly for a different choice of 5 = dn(g). Therefore, going back to (3.1) we see
that (again, by redefining o)

(2)
P(Ml,k €ty + Iy, Moy < m?N 0= N, 72 = M) >
(1—6x)kP(F? = ty)
1/e m(g)
th(x)P<M17k_1 < ?N A(l)l =N —z, T,E 1 — 7N € IN> (3.5)

We now sum over the values of k and we restrict to k € [(N/fi1) —+/N/e, (N/ji1) +
VN/e]NZ = Jn. Hence, redefining dy, the left-hand side of (2.4) is bounded
from below by

1/6

(1- 5N)P(%1(2) = tN) th (3.6)

where we defined, with n} = max Jy,

( )
P.(x) := Z P( max (ﬂ(z) — %i(z)l) < év A,gi)l =N-—-u, %,527)1—%1\/ S IN)

kEJN i=1,..,ny

(3.7
For P.(z), we observe right away that by introducing also nj := min Jy — note
that n% are equal to (N/ji1) & v/N/e — we have
mg\?) (1)
> ) P( 1t < 5T :N—:E>
keJn
(2) (2)
= Y P (Mg < T, = N D o > )
keJn < < (3'8)
(2) (2)
m (1
RSN NI |
keJn

> P (E1NEsy(x) - P (BEf) - P (Ey),
E; = {M nt < miN}v Ey(z) == {er Jw such that 72, = N_x} ’

@) @)
Ef = {%(?2 7N > ‘%} By = {%@) N < ai} (3.10)
nN n

We now estimate separately the probability of these events.

3.1.1. Ej has probability close to one. For this, we use that P(f’l@) > n) is regularly

varying with index (1 + «)~! together with the definition (1.16) of m'? to obtain

that for N larger than some Ny = Ny(e) we have P ( 72 s mS\Z,)) < 2eltaN—L
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Therefore, we have for N > N
nt @
P(E) > (1—2e" TN >3 (3.11)

where we used that n} < N and € small.

3.1.2. Es(x) has probability close to 1/f1;. The probability of Es(z) is estimated
by writing

P(By(x)) =P(N-wei)= 3 P(#)=N-z) - 3 P(3" =N -2)

k<ny k>n?\']
_ A1)y ~(1) _1) ~(1)
>P(N-zec7/))-P(72>N-2)-P(7T/<N). (3.12)
N nN

For the second term we used that P(3k < nj; s.t. %,51) =N-z) < P(%(l_) > N-—xz)

n

together with the fact that + < 1/e (and similarly for the last term).

First, because the inter-arrivals of 7(!) are exponentially integrable, |P(N €
#) —1/f11| < exp(—cN) for N > Ny with ¢ > 0 and N, that depend on the
inter-arrival law (Kendall, 1959). Therefore, uniformly in z = 1,...,1/e, we have
that for N sufficiently large P(N — 2z € 7)) > 1/, — e ¢N/2,

For the remaining terms in (3.12) it is just a matter of using the Central Limit
Theorem. In fact, recalling that ny = N/fi1 — /N/e, we have

P(#V>N-1)=P(#) —juny > e WV L) < (313)
for N larger than some Ny = Ny(¢). On the other hand, we also have that
P(ﬁ%) < N) - P(%%) —junk < — ﬂ15_1/2\/ﬁ) <e ¢, (3.14)
provided again that N is large enough.

Therefore we have proven that for every n € (0,1) there exists g9 and Ny :
(0,1) — N such that for € € (0,&9) and N > Ny(e) we have

L—1n
mi P(E > .
a::l,.}.r,ll/e ( 2(1‘)) - /ll

(3.15)
3.1.3. Egi have a small probability. This is a consequence of the convergence to
stable limit law. In fact, using that v. = fia/fi1 so that v.N = fion}, — fizr/N/e,
we get

(2) (2)
~(2 A a A ~(2 N a
Ef = {77(1;3 — fianfy > % MQ\/N/&:} C {Tfl?g — fianfy > 2]\;}, (3.16)
where the last inclusion holds provided that ¢ is sufficiently small, since there is a
constant ¢ such that QS\?) > ¢V/N for all N (we actually simply need N to be large
if ag\?)/\/ﬁ — 400 for N — oo, which is the case when E[(%l(Q))Q] = 400). Very
much in the same way we get also to

(2)
By C {Tfjj — fiany < —“QJZ} (3.17)
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Since (7 #(2 ) — fion )/ (i) converges in law for NV — oo to a stable limit variable Y,
N
)
i

(2)/ (2 (2)

and using that a — ﬂl/a2 (since n% ~ N/uy and ay,’ is regularly varying

with exponent a2 , recall ag :=min(l + «, 2)), it is straightforward to see that

~1/as ~1/az

limsup P(Ey) < P(Y > 'ul) and limsupP(E;) < P(Y < —Ml> ,

N—oo 2e N—o0 2e
(3.18)

which are both vanishing as ¢ \, 0.

We therefore see that (3.11), (3.15) and (3.18) yield that, provided that gq is
small enough, for every ¢ < gp and N large enough (how large depends on ¢),
P.(z) = (1 —n)/fi1 uniformly for € {1,...,1/e}. If we now go back to (3.6) and
(3.8), and using that 37, -, pn(z) = 1, we obtain(2.4). O

3.2. Proof of (2.3). In view of (2.4), we simply need to give an upper bound on
the probability P ((NV,v.N +tn) € 7). Fix some € > 0.

First step. We control

P(MMN (1—e)tn, 70 =N, 73 = 4.N + tN)

N
<3k > Y P(H = tvty AV = o) P(AY = N a2 =N —y).

k=1 y>—etn z€N
(3.19)

Recalling (1.11) and (1.12), we have that there is some Ny = Np(g) and some
17 =1 (with . — 0 as € | 0), such that for all N > Ny, x < 1/e and y > —cty we
have

L(t
A T R
(tv +y+x)

(3.20)

~Nr_ Note that we also have that there is

where we recall that pp(x) := (e¥» — 1)e
a constant ¢ such that uniformly for x € N

P(f'l@) =z, %1(1) = x) < eL(z)z~ ), (x). (3.21)

We can use that to get that uniformly for y > — tx/2 (so that tx +y > tn/2) we
have that for any x > 1

P( FD — iy +y, 2P = ) < c’ph(:r:)P(f'l(Q) = tN). (3.22)

Then, dividing (3.19) according to whether x < 1/e or > 1/¢ (and summing
over y > ety ), we obtain the following upper bound

1/e

(1+n) th(x)P(ﬂ@) —tv) EN: RP (7, = N - 2)
+e Z p(2)P (77 )ZkP(Tk [ =N-z). (323)

z=1/e



DNA melting structures in the gPS model 1009

The second term is bounded from above by (using also k < n)
cNP (%1(2) = tN) Z pn(z) = ce /5 x NP (%1(2) = tN) . (3.24)
z>1/e

In the first term (3.23), we split the sum according to whether k is smaller or
greater than (14 ¢)N/ji1: we get that

Z RP (7Y, = N —2)

N
< (1+5)ﬂ—P(N—x e #) £ NP(3k > (1+ )N/ju st 7 = N - 2)
1
LN
<(+ers + NP (2 <N = 2), (3.25)

where we used that in the first part & < (1 + ¢)N/fi;, and the renewal theorem
to get that P (N —2 € 7)) < (1 + )N/fi; uniformly for z < 1/e and N large
enough (how large depends on €). The second term is exponentially small since it is
a large deviation for 7() (2 here is bounded by 1/¢). Recalling that 3" p,(z) = 1,
the first term (3.23) is therefore bounded from above by

N
(1 + 77) ((1 + 5)2 + e—csN) ﬂ2P (7@1(2) = tN) , (3.26)
In the end, the left-hand side of (3.19) is bounded by

N
(1+0) 5P (7 =tv)  with o S0, (3.27)
1

Second step. It remains to control
P(MLKN < (1 - €)tN77A-,‘£}\/? =N, 723\,) =N +tN>
= P( My € ety (1= )tn) 70 = N 72 = N + ty) - (3.28)
+P( My Setn, 78 = N A2 = N + 1y ). (3.29)

The first term in the right-hand side, that is (3.28), is smaller than

N (1 E)tN

Zk Z ZP( (2)—2 %(1) )P(T,EQ)l:’YCN+thZ T,E)lszm)

k=1 z=etn z€N

N

< e~ Ha NP (%1(2) — tN) S @)Y P(f,@l > 9N +ety, 7Y = N — x)
€N k=1

(3.30)

where we used (3.21) uniformly for z > ety and then summed over z to get the first

inequality. Then, we split the last sum into two parts. For k < kzg\? = N/jiy +&%tn,
we have
k)

ZP (Tk 1 = 7N+ stN,%,gl_)l =N - x) < P(%}E(zg) >v.N + stN) ,  (3.31)
N
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since the events on the left side are disjoints. Then, provided that € has been fixed
small enough so that v.N + ety > ﬂgkﬁ) + %é‘t]\r, and since tN/aS?,) — 400 (and

af(z) < ag\?)), we have
N

lim sup P (%]fg) > 7N + etN) —0. (3.32)
N

N—o00

On the other hand, for k > £, we have

N
S op(A =N-2)< P(%ligi)) <N-z) < P(i—égl; < k) ity ).
b=k +1
(3.33)
and since tN/\/JV — 400, also this terms goes to 0 as N — co. In the end, we get
that the term (3.28) is negligible compared to NP (?1(2) = tN).

Then, it remains to bound (3.29), and a first observation is that we can restrict
it to having ky < k;{, := N/f1 + tn/(4fi2). Indeed, we have that

P(Mi .y <ety, 70 =N, 72 = 4N +tn, 6n > k)
<P = Nosn > k) SP(RY SN = ik = (N = k)

<exp (= (N —jukf)?/kY) <exp (¢ (tn)?/N).
(3.34)

We mention that the bound for P(%&) < i kzﬁ fj) comes from the fact that 7721(1)

is bounded (so it has exponential moments and one can use a Chernov bound,
leading to this Gaussian bound).

Now, the last term decays faster than N P(i—l(z) = tN) because of assumption
(1.19), provided that Cy had been chosen large enough.

It remains to control

kN
> P(Mup <ot 7Y = N AP =N+ 1) (3.35)
k=1

We write that each term in the sum is

dn
S P (Mige @0y 27ty 7Y = N A =N+ i) (3.36)
j=log5(1/¢)

where gy is the smallest integer such that 2= (@~+tDty < 1) s0 gy = O(log, N).
Then, using (3.21), each term in the sum (i.e. for every k and j) is bounded by a
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constant (not depending on j and k) times

27 JtN

L(277t
k Z Z 2 th ;V+a) h( )X

2z=2—0+¢yN a:EN

P (70 = N =242 =N+ ty - 2, Ml,k_l < 2*th)

NL(t . .
< 4]524(-;\[) th(x)ZJ(?’*O‘)P(T,il_)l:fo T;E 12 ’)’CN+ — Mlk 15277 )

zeN
(3.37)

where we used that provided that ¢y is large enough, L(277tyx) < 2/ L(tyx) (this is
a direct consequence of Potter’s bound for slowly varying functions, see Bingham
et al.,, 1987, Th. 1.5.6) and summed over z. Recovering the sum over k and j, we
therefore need to show that

> 3 e

k=1 j=log,(1/e) x€N
P70 = N =0, 42, > 9N 4ty /2, Mygor <2770n) - (3.38)

is small for N large. B
Then, for every j, we define {7}, }r—0.1,... (with law P(), carrying the dependence

(1) )

on j) as an i.i.d. sum of k variables with dlstrlbutlon (7 7'1( 1o 2,th}): we
Tl X

therefore obtain that for k < k7

P(f’él_)l = N*JI,%,EQ_)l = ’)/CNﬁLtN/Z,MLk_l < 27th)

N

13 )(T]gi) :N—l‘ Tk(:2)1 ’}/CN+tN/2)

N

PO (7 = N - 2,72 > N + tn/2).
Using this inequality and summing it over k in (3.38), (and then using that
> . Pn(x) = 1), we obtain that (3.38) is smaller than
qn
Y 2i6+0pW) (f&) > ik + tN/4) , (3.39)
j=log,(1/e)
where we used that v, N > [Lgkj{, — it ~- Then, we may use a Fuk-Nagaev inequality,

see for example in Nagaev (1979), to control the last probability — we regroup the
inequalities we need under the following lemma.

Lemma 3.1. Let {X;}i—12,... be a sequence of i.i.d. non negative r.v. with P(X; >
x) ~ p(x)x=” with p > 1 and ¢(-) a slowly varying function. Denote p := E[X]
and o(y) = E[X{1;x, < y3]. We have that there exist constants ¢,¢’ > 0 such that
foranyy <z

S T —ex/y —cz?/no
=1

(3.40)
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Moreover, for any u > 0 there is a constant ¢, such that, if x/(np(y)y'=*) < u,

then
2

P(iZj;Xil{Xigy}un>x> < exp(—cu#(y)). (3.41)

The first term on the right hand side of (3.40) roughly corresponds to the proba-
bility to make z/y anomalous jumps of order y, and the second term to a collective
Cramér strategy, with no exceptional jump.

Lemma 3.1 can be extracted from Nagaev (1979): (3.40) is taken from Nagaev
(1979, Theorem 1.2) (p € (1,2)) and Nagaev (1979, Corollary 1.6) (p > 2); (3.41)
comes from Theorem 1.3 in Nagacv (1979)—we use that o(y) = E[X{1x, < ] is
larger than ¢’y?~Pp(y), so that log(1l + c'z/(np(y)yt=r)) = duzy/no(y) provided
that ¢’z/(nyp(y)y' ~?) < u (this is condition (1.4) in Nagaev, 1979, Theorem 1.3).

Applying (3.40) to Xy = %1(2) (i.e. p = 14 a and ¢(-) a constant times L(-)),
and x = ety, y = 277tx (so y < z in the summation range for j, cf. (3.39)), we get
that (using that o(y) < o(z) and k3, < N for the term a > 1)

—ce2? +2
g2 N
te o I Nazay-

(3.42)
The second term poses no issue: summing it for j € [logy(1/€), ¢,], we get that

£27

NP(r{? > 2-ity)

PV (%ﬁ) > uzk}+t1v/4) < (1+c’
N

QH
. 76” 2 . a 70” 2 o
Z 9i(3+a) ,—c"t% /N (tN)l{a>1} L N3tag—c"ty/N (tN)l{a%% (3.43)
j=logy(1/¢)

and this is small when N — +o00 thanks to assumption (1.19), provided that the
constant Cj has been fixed large enough in the case a > 1.

For the first term in (3.42), let j. = je(tn) be the first j such that NP (7'1(2) >
2_th) > /e427 for some constant A large enough (the precise choice is made
below): note that 277ty is larger than as\?) (since NP(71(2) > as\?)) — 1), so that
Je = 10g2(tn/a§\2,)) — 400. Summing over j € [logy(1/¢), je) the first term in (3.42),
we get with the choice ¢(A — 1) > 4 4+ « and ¢ sufficiently small

Je—1 ) je—1 »
Z 2j(3+a) (1 + 51*14) —ce2? < Z 2j(3+a)50(A71)a2]
j=log,(1/€) j=log,y(1/€)

< Z2(3+a)(j+10g2(1/6))—(4+a)(2j—1)logz(l/f)—(4+a)10g2(1/6)
=0
—¢ Z 9(3+a)j—(4+a) (27 —1)log,(1/€) < 2. (3.44)
=0

For j > j., we use (3.41). In the case a > 1, we therefore have the same
reasoning as in (3.43): the sum for j € [jc, qy] is small. If o < 1, then o(y) =
E[X?1y, < 43) <Pe(y)y~?, and (3.42) becomes, for j > j.

PW (7"]53) > ugk]J\r,—i—tN/él) < exp (—0522j(NP(71(2) >277tn)) ) < exp (—c2Y),
N
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where we used in the second inequality that (NP(7'1(2) > 277ty))~! is bounded
above by a constant if j > j.. Then, summing over j € [jc, qn], we get

aN )
ST 2B L0 as N - oo (3.45)
j=Jje(tn)
All together, we have shown that (3.39) is small. O

4. The free partition function: proof of Theorem 2.2

We will first prove (2.6) for the case _; K (j) < co. Many estimates are in com-
mon with the case ) ; K¢(j) = oo that we treat right after, and we will stress along
the proof when the estimates are dependent or not on the fact that 3, K (j) < oco.
Also, the proof of the lower bounds (2.7) and (2.8) are contained in the proof of
(2.6) as we explain along the way.

Proof of Theorem 2.2. As announced, we start with the proof of (2.6) and assume
Z K¢(j) < oo. Let us fix n > 0, and € > 0 small, how small depends on 7 as will
be stressed in the proof.

We decompose the free partition function into several parts:

ZL ain :I+II+III+IV+V
with  T= 2§, (WY > 1/¢)
= Z};Mh(vl(m <1/e;VaN < 1/e)
I = NMh(Vl <1/e Vz( ' e € (/e tn — 7@(2)))
1V = Z{ (VY <1/ V™Y € ftn — Lad tn + 2a)))
V=2 n (Y <1613 >ty + La).
The main contribution comes from the terms II and IV. We first estimate these
terms, before showing that all the other ones are negligible compared to max(IL, IV).

4.1. Main terms, and proof of (2.7) and (2.8).

4.1.1. Analysis of II and proof of (2.7). Recall (1.3) and (1.10). The term II can
be written as

=3 N Kp()Ep(j)eNTNP((N — i, M — j) € 7), (4.2)
i<l/ej < 1/e

and it is just a matter of estimating P((N — i,M — j) € 7) uniformly for
0 <i,j < 1/e. We have from Theorem 2.1, uniformly for i,j < 1/¢,

N—i N
P(N—i,M—j)e) N2> PP = M —j— 7o (N —i)) ~ ﬂ—P(ﬁ(Z) =ty).

I i w3
(Recall t,, := M — v.N and (1.12).) Hence,
N __ — .
1T ~ PP(T1(2 =tn)e™n ST ™K > K(). (4.4)

1 1< 1/e j<1/e
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Hence, if K = > jen K7 (j) < 400, we get that provided that e has been fixed
small enough (depending on 1]) for all N sufficiently large,

> (1-nK (Ze%NhK ) (()*tN)’
(4.5)
n<(1+nkK (ZeﬂNhKf ) PP =ty).

The lower bound (2.7) is obtained simply by using the estimate (2.4) instead of
(2.3) in (4.2): the straightforward details are left to the reader.
4.1.2. Analysis of IV and proof of (2.8). It can be written as

1
tN+ga§\?)

V=Y > KOE(eNNP(N — i, M~ j)er).  (46)

SR VLS TS W C)
15

We have that uniformly for j € [ty — 7(15\,),1% + EV)], K(j) ~ K¢(tn). We can
1

therefore focus on estimating, uniformly for ¢ <

1
<1/e
tN+%a§5)

> P((N-i,M-j)e7)

j=tn—2al®
= P(for some k, %,gl) =N —i %IEQ) € [v.N — *agv),%l\H— a(2)]) ’
and now we prove that this term is close to 1/4;. In fact we have
P(for some k, T(l) N —i %,52) € [yeN — 1CL§3),%N+ 1 (2)})
=P(N—ie+M)— (for some k, Tkl) N—i, 7 A(z) ¢ [y.N— *Gg\?),%N—i—l (2)])’

and we now show that, provided that ¢ had been fixed small enough, uniformly for
i < 1/e and N large enough:

P(%,El) =N—i 7-,9) <N — la(Q) for some k) <n, (4.7)
P(ﬂgl) — N _— A( ) > YN +1 ( ) for some k:) <n. (4.8)

This will be enough, since by the Renewal Theorem we have that P(N —i € +(1)) —
7" uniformly for i < 1/e.

To treat (4.7), define ky := %N 2; Eaf,). we have uniformly for ¢ < 1/¢
P (for some k, 7 = N =i, 7% < 7N = Lal)
= P(for some k < kn, T A(l =N—1 T,g ) < VN — %aﬁ?)
+P(f0r some k > kn, T A(l) =N—1 7A_]§2) < YN — %ag\z,))

<P( (1) 71/€)+P<T,512V)<%N71 %)
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Now, it is easy to see that the two terms in the last line are small: we indeed have
that for arbitrary n’ > 0, one can choose € small enough so that for all N large
enough,

(1 (1) - i (2
P(TIEN) >N—1/€) :P(Té]\?}ﬂ N 2ﬂ2€a§\7)_1/€> Sn/’
L(2) @) _p (-2 _ L @
and P( < YN — €GN>—P(TkN</L2k —2€aN><n

For the first line, we used that 2Z1€ al? — 1/e > e V/2/N > ¢=Y2,/ky provided

that N is large enough (and € small), and then simply Chebichev’s inequality. For

the second line, we used that 7. = [ia/f11 to get that 7.N = fiokn + éag\z,), and

then the approximation of (a,(j\)f)_l(%klv — knjiz) by an as-stable distribution, as

done in (3.18).

(4.10)

For (4.8), we define kfy = iN + 2;26a§\2,), and similarly to what is done above,
we have

P(for some k, 7'(1) N — i,%,gz) > v N + laE\Q,))
<P (7’,5,1) < 2) +P (715,2) > veN + a(2)) ,

and both terms are smaller than 1’ provided that ¢ had been fixed small enough
and N is large, for the same reasons as in (4.10).

In the end, we get that provided that £ had been fixed small enough, for all
sufficiently large N

V> (1- ) Kf(tN NN N e TN K (i)
i<l/e (4 11)
1 NN iN .
IV < (14 n)—Ky(tn)eN™ > e ™ Ky(i).
'u i<1l/e

Obviously, since the last sum converges, we can replace it with the infinite sum,
and simply replace n by 2n provided that € is small enough. This competes the
analysis of IV.

For what concerns (2.8) we simply need to show that

Vb _Z{VMh(V(N’< Vi € iy = Lot + Lald], My, > 2

tn+lal?

-y Z Kf(i)Kf(j)eW—i)NhP((N—i,M—j)e%,MMN> mﬁ))

i < 1/Ej:tN—la§3)
£

is negligible compared to (4.11). But again, uniformly for the range of j considered,
we have K;(j) < 2K(tn) (provided that N is large enough). Then, dropping the
event N —i € 7, and summing over j, we get that

Vb < 2Kf(tN)eNN"( S Kf(i)e—iNh)P(Mlm > m§3>)
i<1l/e
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Then, using that ky < N, we get that
©) @) _ .2y 1 @ +(2) ©)
P(Ml,RN >%mN) SP(lISI}caSXN(Tk —Tk_1)>gmN) < NP(#” > 1my),
which can be made arbitrarily small by choosing ¢ small (uniformly in N), thanks
to the definition (1.16) of mf,). Hence IVD is negligible compared to IV. We also
stress here that to estimate IV — in particular to obtain (4.11) —, we did not make
use of the assumption ) K (i) < +oo.

4.2. Remaining terms. It remains to estimate the terms I, IIT and V in (4.1), and
show that they are negligible compared to (4.4) or (4.11). We start by parts III
and V.

4.2.1. Analysis of III. Assume that N is large enough, so that ,aﬁ)
write

11 < ZNMh(Vl( <1/e;V2(N)e(1/e,§tN)) (denoted TTTa)

1
< §tN we

+ ZNVM_’h(Vl(N) <1/e; V™ € (Ltn, by — 7a§3>)) (denoted TTTb) (4.12)

The first term is
tn/2
Ma= > Y Kii)Kp(j)eN ™ MP((N —i,M —j) € 7). (4.13)
i<l/e j=1/e
Now we can bound, uniformly for ¢ < 1/e and j < tn/2 (so that (M — j) —v.(N —
1) > ty/4 for N sufficiently large, and we can apply Theorem 2.1)

P(N-i,M—j)e7)<ecN sup PHED =m)<INPHD =ty).  (4.14)

m > tn/4
Hence we get
tn/2
Illa < ¢ NP (%1( ) = tN) NN Ze—ZNhKf 3 Ky (4.15)
j=1/e

and in the case when ) Ky(j) < 400, the last sum can be made arbitrarily small
by choosing € small. Hence, recalling (4.4), we get that IIla < n x II for all N
sufficiently large, provided that e is small enough.

For the term IIIb, we use that K,(j) < cK (ty) for j between ¢ /2 and ty —
e~ 53) < 2ty (Ky(-) is regularly varying), to get that

thfag\?)

Mb< > Y Ee(i)eKs(ty)e™N =P (N —i, M - j) € 7)
i< /e j=tn/2
< ch(tN)eNN"Z e~ ™" K (i)P (for some k, 7, M= N — ( ) > YN +1 (2)).
i< 1/e
Since we have seen in (4.8) that the last probability is smaller than some arbitrary
7’ for all N large enough (provided that ¢ > 0 is small enough), uniformly for all

i < 1/e we have that IIIb < 7 x IV (recall (4.11)). We stress that, here again, we
do not make use of the assumption > K (i) < 4o00.

In the end, we obtain that IIT < n x (II4+1V) (provided that N is large enough).
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4.2.2. Analysis of V. Let us split V into two parts:

Va= 2§, (WY <1/6v3™ € (ty + Lal), 2tn)),

Vb =Z{ 1 (VY < 1/6 VY > 2ty).

Let us start with Va. We proceed as above: using that K;(j) < cK(tn)
uniformly for j € (tn,2tn), we get that

> Z K;(i)cK(tn)eN =P (N —i, M — j) € 7)

igl/aj>t +2 a(z)

< cKy(tn)e NN, Z e_zNhKf (for some £k, 7'(1) =N—3 T,i ) < YN — ag\Q,))
i< 1/e

Now we again recall (4.7), which tells that the last probability is smaller than some
arbitrary o’ for all N large enough (provided that & > 0 is small enough, uniformly
for all i < 1/e). In the end, in view of (4.11), we get that Va < n x IV, and here
again we did not make use of the assumption Y Ky (i) < +oo.

For the term Vb, we write

= > > Ki@)Kp()eNTNP((N —i, M —j) € 7). (4.16)

1< 1/ej =2 2tN

Then, we estimate the last probability: by setting ky := 1 -N — 7 j (for some
small ¢g), we obtain as in (4.9)-(4.10) that

P((N—i,M—j)e?)< ( > 1/5)+P< < 7N — )
>

)+ P (32 < fiakn — j/2).
(4.17)

< P(T]SV) kN

2u

Then, the two terms are bounded by e=<*/kn; recall that #() has an exponential
tail, and that —72) is bounded above, so that they have some exponential moments
(and we may use standard Chernov bounds, as in (3.34)). All together, we get that

M
Vb < eNNh( 3 Kf(z')e—iNh)( 3 Kf(j)e—cjz/N) < CN“exp (- ct3/N),
i< 1/e j=2tn

(4.18)
where we used that K¢ (j) is bounded by N¢ for all j < M, for some ¢ > 0. Then, if
a < 1 then there is a & > 0 such that ty > a's) > N2+ 5o that exp(—c(tn)2/N)
decays faster than any power of N. In the case o > 1, we get thanks to (1.19) that
exp(—c(tn)?/N) decays faster than N—¢C0: hence choosing Cy arbitrarily large,
we get that (4.18) is negligible compared to IV.
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4.2.3. Analysis of 1. We separate it into two parts: Vl( ) > (log N)?, and Vl(N) €
(1/¢, (log N)?). We have

N
Zhean (V™) > (l0g N)?)

M
= Y D Ki()Kp(j)eNTINP((N =i, M — j) € 7)
i > (log N)2 j=0

M N
g (ZKf(j)>€NNh Z —ZNhKf( ) < CNZC—‘,-Q NNy, —(IOgN) Nh (419)
7=0 i=(log N)2

where we first simply bounded the probability by 1, and also that there is some
constant ¢ > 0 such that K;(i) < ¢N°¢ for i < N, M Clearly, in view of (4.11)

(or (4.4)), we get that ZN,M’h(Vl( ) > (log N)?) = o(IV), since 1/K(ty) and

1/P(7; 2 tn) are O(N®') for some ¢ > 0. Again, we did not use that > K (i) <
400, even if it would have simplified the upper bound.

We now turn to the case when Vl(N) < (log N)2. We write
Zearn (V™ € /e, (tog N)?)) = 24000 (V) € [1/2, 10 N)2), VY <t /2)
+ ZNMh<V(N) /e, (log N)?), V™) > tN/2> .
For the first term, and using that P((N —i,M — j) € 7) < cNP(f'l(Q) = tn)

uniformly for i < (log N)? and j < tx/2 (since then we have M —j — N —i >ty /4
for N large enough, similarly to (4.14)), we have

Zhoa (VY € [1/2, (1og N)?), VI <t /2)

in/2
< Y0 KK ()N e NP(# = ty)
i>1/e j=0
in/2
C(ZKf(j))N (#2 = tn)e™ 3 Kp(i)e ™. (4.20)
§j=0 i>1/e

When ), Ky (j) < +00, then recalling (4.4), this term is smaller than 7xII provided

that ¢ is small enough.
For the second term, similarly to term V, we split it according to whether VQ(N) €

(tn/2,2tN) or VQ(N) > 2tx. The first contribution is

Zarn (V) € (1/e, (1og N)?), Vi) € (b /2,2tn) )
2ty —1
= > KOEp()eNT I P((N =i, M~ j) €7)
i > 1/ej=tn/2+1
< cKp(ty)e™N Y Kp(i)e™ ™ (4.21)
i>1/e

where we used that Kf( i) < cKy(tn) for j € (tn/2,2tn), and that the sum over
j of P(( — i, M —j) 7°) is bounded by 1. Then, the last sum can be made
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arbitrarily small by choosing e small, so that in view of (4.11), this term can be
bounded by n x IV.
The second contribution is

ZJfV,M,h (‘G(N) € (1/e, (log N)z),VQ(N) > 2tN>

M
— _Z Ki(i)Kp(j)eN =M P((N —i, M — j) € 7)

M
< CeNN;L Z Kf(j)@—ch/kN < C«eNN;L]\[c-l-le—ct?\,/N7 (422)
J=2tNn
where we used (4.17), and (4.18). Then, this term decays faster than IV, provided
that Cj has been fixed large in (1.19), as for the term Vb.

4.2.4. Conclusion in the case of 3_; K¢(j) < co. We have therefore proven that for
any 1 > 0, we can choose € > 0 small such that, for all N large enough (how large
depend on €),

I+1V < Z{ 30p < (1420 + (1 + 4n)IV (4.23)

and the two terms behave asymptotically respectively as (4.4) and (4.11): this
proves (2.6) for >, K¢(j) < oc.

4.2.5. The case of ) ; Ky¢(j) = oo, with @ < 1. This time we have to show that
IV dominates. We go through the various terms, but as pointed out during the
proof, we have not used > K¢(j) < oo in estimating IV, so (4.11) still holds. We
retain, for local use, that IV behaves (and, in particular, is bounded from below
by) a constant times Ky (tn)exp(NNp).

The estimate (4.4) for II is still valid. This term can be dealt directly without
troubles, but it is more practical to observe that II (and the right side of (4.15),
which bounds IIa) is bounded (for N large) by a constant times

NP(Al(Q) :tN> exp(NN) S KS(). (4.24)
J<tn/2
Therefore, in view of the behavior of IV that we have just recalled, this term is
negligible if
NtNP(f-l(z) :tN) <1, (4.25)

since 3o 0 Kp(j) < estinKy(ty) ifa < 1.

But the left-hand side is equivalent to NL(ty)/ty* and hence (4.25) directly
follows by recalling the definition (1.14) of ag\gf) and that ty > a%). This shows that
both IT and of the right side of (4.15) (which bounds I1Ia) are negligible compared
to IV.

The estimates for IIIb and V, as already pointed out, are valid without assuming
that > . Kf(j) < oo, so we are left with controlling I. Recall that we split the
contribution of I into three parts: (4.19), (4.20) and (4.21). As noticed above, the
fact that » . Kf(j) < oo was not used in estimating (4.19) and (4.21). Moreover
(4.20) we can be bounded like (4.15) (in fact, it is much smaller), that was found
above to be negligible compared to IV. We therefore conclude that I is also negligible
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compared to IV, and this completes the analysis of the case > y K¢(j) = oo, and
of the proof of Theorem 2.2. O
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Appendix A. The case @ = 1 and Zj Ks(j) =400

Recall the definition (2.9) of the Big Loop and Unbound strand, and when @ = 1
with » . Kf(j) = 400, define the new event g™

mized

Mi
Ev(nj\z{a)ced = {% S [1 —EN, 1+6N] s MZ,;{N <mx, VI(N) <up, V2(N) S [UN7 5NtN]}
(A1)
where vy > 1 and ey < 1 are chosen such that
K(uy) < Kl(entn), K(enty) VRE K(ty). (A.2)

The event Ey(n]\irg)ced is therefore a set of trajectories with both a big loop (of order
tn), and a large unbound strand (of large order, but much smaller than ty) — to
optimize the interval for the length of the unbound strand, one can take vy — 400
and ey — 0 as fast as possible, with the limitation given by (A.2).

Theorem A.1l. Suppose that « > 0 and (1.18), and if « > 1 assume additionally
(1.19). We assume that @ =1 and that ) ; K¢(j) = +00, and we denote K(z) :=
> i—1 Ks(j). Then, as N — oo,

Zan = O+ 0200 (ESa) + 002000 (BSD) . (A3)
with
_ N Nooo N A - N —3
2 (Brnea) " ¥ P = 0K en) (3K ()e™), (A4)
1 i>0
oo 1 N i
efNNhZ]@’M’h(El(]J\év N2 ﬂl( Z Ky(i)e Nh’)Kf (tn) - (A.5)

i>0
Obviously, this theorem can easily be translated in term of path properties.

Indeed, since P(i'l(z) =tn) ~ cst.tf\,lP(f'l@) > ty) and Kp(ty) = Ltn)ty', we
have the asymptotic of the ratio

_ _ Al (N) 74
Qn = Qn(ty) = —NJ;,MJL( mg;jd) N2 est. NP(7?) > t) z(:N)’ (A.6)
Zy i (Evs) (tn)
with K(x)/L(z) — 4+oc as a slowly varying function. Therefore, we obtain
N)y Nooo 1 N) \ Nooo Qn
P;V,M,h(El(JS)) < = and P{V,]v[,h(Er(nin)ced) == (A7)

1+QnN 1+ Qn

We stress that, when a > 1, the ratio @N always goes to 0 as N — oo: indeed, in
that case N P(%l(z) > tx) decays faster than any slowly varying function. However,
in the case a € (0, 1], the ratio Qu diverges when ¢ — +o00 slowly enough, showing
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that there is a regime under which the mixed trajectories described in the event
EWN) 4 occur, in the sense that P{VAM)h(E(N) ) —1as N — oco.

mize mized

Proof: We treat this case in a concise way because most of the technical work has
already been done above. To summarize — recall the different contributions in (4.1)
— the term IV is well estimated in (4.11) and the terms I, ITIb and V were found to
be negligible compared to it — this was valid even when _, K(j) = +oc. When
Zj K{(j) = 400, then the term II is found to be negligible compared to the right
side of (4.15) (which bounds IIIa), and we therefore focus on this last term.

We can again decompose IIla into two contributions:

Ma = Z{ 10 (Vl(N) <1/e;VV e (1/5,5tN)>
+ Z{ i (VI(N) <1/e; vV e (EtN,tN/2)> .

The second one, exactly in the same manner as for IIIb, can be shown to be negli-
gible compared to IV as N — oo. Then, the first term is equal to

etn

Ma' = Y > Kp(i)Ks(j)e™N "M P((N —i, M — j) € 7).
i<l/ej=1/e

Then, thanks to Theorem 2.1, for every n > 0 we can choose € > 0 small enough
and N, large enough so that uniformly for the range of ¢ and j considered, and
N > N,

~(2
> (1-n)EPHY = ty),

< (1+mEPE =tw),

and we stress that the main contribution to this probability comes from a big loop
event, of length larger than (1 — €)ty. We therefore get that, for N large enough,
and denoting K (z) := Z?Zl K(j) which is a slowly varying function,

P((Ni,Mj)G%){

etn

N . ,
MM’ > (1 — 1) 5P :tN)eNN’( 3 Kf(j)) 3 Kp(i)e ™
H j=1/e i<l/e
N _ , .
> (1= 1) PG = ) K (tw)e™ (3 Kpi)e™ ),
1

i>0
and similarly for an upper bound with 1 — » replaced by 1 + 7.
We are actually able to narrow the condition VQ(N) € (1/e,ety) in I/ to a

smaller interval (vy,enty) without changing the estimates, provided that vy —
+oo and ey — 0 slowly enough, so that condition (A.2) holds. |

Appendix B. About the transition between Cramér and non-Cramér
regimes

In this Appendix, we discuss the condition (1.18)-(1.19) ensuring that one lies
in the big-jump regime described by Theorem 2.1. We focus on the constrained
partition function — or rather the probability P((N, M) € 7) — to study the tran-
sition between the condensation phenomenon that we highlighted and the Cramér
regime, but all the observations made here could also apply to the other results.
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Like in Section 4 we omit integer parts, so 7.N stands for the (upper or lower, as
one wishes) integer part of v.NN

B.1. Between Cramér and non-Cramér regimes I. If one sets M = ~.N, or in other
words if ¢ty = 0, then Berger (2018) proves that
P((N,7N) € 7) V2 i‘;) , (B.1)
where the constant ¢y > 0 is explicit. The heurlstlcs of this result can be easily
understood: the typical number of renewal is ky = N/ji;+O(v/N) and, for each k in
that range, Doney’s Local Limit Theorem (Doney, 1991) gives that P (7, = (N, M))
is equivalent up to a multiplicative constant to (ag\?)\/ﬁ )~1. Hence, neither 7
nor 7®) have to make an atypical deviation, and the term (ag))_l simply comes
from a local limit theorem: there is no condensation phenomenon, i.e. the typical
trajectories contributing to the event (N,~.N) € 7 do not exhibit a big jump.
However, we are not in the Cramér regime — one component of the inter-arrivals
does not have exponential tails, so there are jumps that are luch larger than log N
— and we can see this critical situation as a moderate Cramér regime, because
(moderate) deviations are carried by both components, like in the Cramér regime
the (large) deviations are carried by both components.
A behavior like (B.1) also holds when tN/aS\Q,) — t € R: the constant ¢ is simply
replaced by a constant ¢; depending on ¢. When « € (0, 1), the fact that one lies in

the big-jump regime (and Theorem 2.1 holds) as soon as tN/aE\z,) — +o00 is optimal,

in the sense that when supy tN/ag\Q,) < 400, then the typical trajectories do not
exhibit a condensation phenomenon.

B.2. Between Cramér and non-Cramér regimes II. When « > 1, the situation is
more involved because the condition ¢y / ag\Q,) — +o00 alone is not enough to ensure
that the model is in the big-jump domain.

We conjecture that when o > 1, there is some a. = a.(a) — that we give explicitly
below — such that the big-jump regime holds when ¢y > a+/N log N with a > a. (i.e.
Theorem 2.1 holds), and a moderate Cramér regime holds when ¢ty < a/N log N
with a < a. (we give an explicit conjectured analogue of Theorem 2.1, see (B.5)
below). Note that having ¢ty > ay/Nlog N corresponds to our condition (1.19),
except that our constant Cj is not optimal. Finding the correct threshold when
a =1 is even more involved and we prefer to leave it aside.

So let us now focus on the case @ > 1, and develop some heuristic arguments to
conjecture the asymptotic behavior of P((N , M) € %), and the typical behavior of
trajectories contributing to this event. We take ag\?) = /N, and we are considering
the case ty /v N — oo (the case ty/vN — t € R being given in Appendix B.1),
with ¢y < Cop/Nlog N (otherwise we already know we are in the big-jump domain).
Writing

P((N,7.N +ty) € 7) Z P( N7 = 4N + tN) (B.2)

then, the k’s bringing the main contribution to the sum are either k¥ = N/f; +
O(V/'N), in which case the deviation is entirely carried by 7); k = N/ji; +tn/fiz +
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O(V/'N), in which case the cost is brought by #(1); or more generally k = N/ji; +
Otx/fi2 + O(v/'N) with some § € R (it is natural to expect § € [0,1], but 6 ¢
[0, 1] should not be excluded), in which case the cost is shared jointly by the two
coordinates 7(1), #(2).

Then, having a look at Nagaev’s Theorem 1.9 in Nagaev (1979) suggests that
for any k, only two possible behavior can contribute to P (7 F =N,7 A(2) =v.N +
tx): having one large jump (in which case, and since 7(?) has a heav1er tail, the
probability is maximal when k = N/ji; + O(\F) so that only 7(?) has to make a
large jump), or using a collective joint strategy with no big jump (i.e. a moderate
Cramér regime). The first possible behavior is therefore the big-jump strategy that
we already identified, and we would therefore have that

P((N,7.N +ty)€7) = (1+ 0(1))5P(ﬂ(2> —ty)

N
ZP (1) A(2) =7.N + ty, “with no big jump”), (B.3)
k=1

where by “no big jump” we mean that all jumps are O(my).

Using a local moderate deviation theorem for the probability when no big jump
occurs (such a local moderate deviation theorem should hold because ¢y is not too
large, tny < Cov/Nlog N), we would have that, for k = N/ji1 + 0tn/fio

P (7 = N, A = 5N + ty, “no big jump”)
~ 1+4+0(1) (N — ik YN +ity — ﬂzk)
k Vi Vk

(14 0(1))f11 exp ( 2(1;1_1153,2)]\7{ 0> ) 6(1—6) N (1-6)2 }) |

27N /(1 — p?)o2o3 V207 P Ve0102 o3

(B.4)

where g(-, -) is the bivariate normal density of the limit \% (7 — (fu1, fi2)k), which is

centered with normalized covariance p = (o109) *Cov(7; ) %f2)) € (-1,1) — and
02,03 are the respectlve variances of 7'(1) %1(2). For the second equality, we used
that N — jik = 7. 10tn, 7N +tn — ik = (1 — 0)tn and k = (1 + o(1))N/ 1.

Hence, in the sum over k in (B.3), the main contribution should be for k =
% + %tN +O(V/N), with 6y minimizing Q(0) := 02 2p00=0) 4 (A1=0)" 9) — after

Vio Y0102

some calculation we find that min Q(6) = (1 — )(’yc 0% + 2p7.0102 —|— 02) . We
end up with the following conjecture in the case a > 1, when tN/\ﬁ — 400

2

P(#? =tx) +(1+ o(l))\% exp (—CtﬁN>’
(B.5)

P((N.V + t) €7) =(1 +o(1) 2

with ¢ := &L (1207 + 2py.0102 + 03) "1, and the constant ¢; could in principle be
made exphc1t

Plugging ty = ay/NlogN in (B.5), we find that the first term is regularly
varying with index —a/2 and that the second term has index —1/2 — ca®. Hence,
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depending on a we can identify the dominant term in (B.5):

a—1
2¢

We therefore interpret this as a. = y/(a — 1)/2¢, where a. is the critical value men-

tioned at the beginning of Appendix B.2, separating a big-jump domain (when ¢ty >

ay/Nlog N with a > a.) from a moderate Cramér regime (when ¢ty < av/N log N

with a < a.).

a—1
1% term is dominant if a > \/ e and 2" term is dominant if a <
c

, ! moderate
Cramer : Cramér non-Cramér
a<l 3 e : _
tn=( =N ¢ tv=0lay) tx > al)
7<% ! —tny < N |
3 | moderate non-Cramér
- Cramér e e
" >

tn = (7 — 7N v < aJ/W% Conjecture: PN Coy/NTog N
v < Ye L —INKN Cac=Cy

FicUure B.4. A schematic sum-up of the correspondence of the

the values of ty = (v — v.)N with the different regimes. We treat

the big-jump domain and it is the one to the right of the right-
most dashed line. We believe that to the right of the moderate
Cramér regime there is the big-jump domain — put otherwise, the
non-Cramér regime coincides with the big-jump domain — but this

is proven only for a < 1.

Notice that, when ty/v/N — —o0, one could develop an identical argument
(except that the big-jump term disappears), provided that a local moderate devi-
ation theorem as (13.4) holds — i.e. provided that |tx|/v/N is not too large, how
large depend mostly on the tail exponent 1 + a > 2 of 7(?). In the end, the sharp
asymptotics of P((N YN +tn) € %) should also be given by the second term in

(B.5) — as already seen in the case ty/v/N — t € R in Appendix B.1.
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