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Abstract. We construct a class of one-dimensional diffusion processes on the par-
ticles of branching Brownian motion that are symmetric with respect to the limits
of random martingale measures. These measures are associated with the extended
extremal process of branching Brownian motion and are supported on a Cantor-like
set. The processes are obtained via a time-change of a standard one-dimensional
reflected Brownian motion on R in terms of the associated positive continuous
additive functionals.

The processes introduced in this paper may be regarded as an analogue of the
Liouville Brownian motion which has been recently constructed in the context of a
Gaussian free field.

1. Introduction

Over the last years diffusion processes in random environment, constructed by a
random time-change of a standard Brownian motion in terms of singular measures,
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appeared in several situations. One prime example is the so-called FIN-diffusion
(for Fontes, Isopi and Newman) introduced in Fontes et al. (2002) which appears for
instance as the annealed scaling limit for one-dimensional trap models (see Fontes
et al., 2002; Ben Arous and Cerny, 2005, 2006) and for the one-dimensional random
conductance model with heavy-tailed conductances (see Cerny, 2011, Appendix A).
Another example is the Liouville Brownian motion, recently constructed in Garban
et al. (2016); Berestycki (2015) as the natural diffusion process in the random
geometry associated with two-dimensional Liouville quantum gravity.

In this paper we add one more class of examples to the collection. We consider a
time change given by the right-continuous inverse of the positive continuous additive
functional whose Revuz measure is the limit of certain random martingale measures
that appear in the description of the extremal process of a branching Brownian
motion (BBM for short). As a result we obtain a pure jump diffusion process on
a Cantor-like set representing the positions of the BBM particles in the underlying
Galton-Watson tree.

Branching Brownian motion has already been introduced in Moyal (1957); Sko-
rohod (1964) in the late 1950s and early 1960s. It is a continuous-time Markov
branching process on a probability space (€2, F,P) which is constructed as follows.
We start with a continuous-time Galton-Watson process (see e.g. Athreya and Ney,
1972) with branching mechanism py,k > 1, normalised such that > >°, pp = 1,
Sore i kpr =2 and K = > 2 k(k — 1)py < co. At any time ¢ we may label the
endpoints of the process i1(t), ..., iy()(t), where n(t) is the number of branches at
time ¢t. Observe that by our choice of normalisation we have that En(t) = e!. BBM
is then constructed by starting a Brownian motion at the origin at time zero, run-
ning it until the first time the GW process branches, and then starting independent
Brownian motions for each branch of the GW process starting at the position of
the original BM at the branching time. Each of these runs again until the next
branching time of the GW occurs, and so on.

We denote the positions of the n(t) particles at time ¢ by z1(t), ..., 2n)(t). Note
that, of course, the positions of these particles do not reflect the position of the
particles “in the tree”.

Remark 1.1. By a slight abuse of notation, we also denote by zx(s) for s < ¢ the
particle position of the ancestor of the particle ix(t) at time s.

Setting m(t) := /2t — % log(t), Bramson (1978, 1983), and Lalley and Sellke
(1987) showed that

P (g 0 =) <) = [0% ] .y
for some constant C, where Z := lims Z; is the P-a.s. limit of the derivative
martingale

Zy= Y (V2t—a;(t))eV2 @OV >, (1.2)

J<n(t)

For 0 < r <t a truncated version of the derivative martingale
Znt(’l}) = Z (ﬁt — X (t))eﬁ(mj(t)_ﬁt) ]l{w(mj(r))gv}, v € Ry, (1.3)
J<n(t)

has been introduced in Bovier and Hartung (2017). Here we denote by v an em-
bedding of the particles {1,...,n(t)} into R4, which encodes the positions of the
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particles in the underlying Galton-Watson tree respecting the genealogical distance
(see Section 2.2 below for the precise definition). In a sense, the embedding =
is a natural continuous-time analogue of the well-established encoding of binary
branching processes in discrete time, where the leaves of tree are identified with
binary numbers. The random measure on Ry associated with Z, ; is given by

M, = Z (\/it —x; (t))eﬁ(mj(t)_\/it)(s,y(mj(r)). (1.4)
i<n(t)
In Bovier and Hartung (2017) it has been shown that the vague limit

M = lim lim M, exists P-a.s. (1.5)

rtoo tToo

Furthermore, in Bovier and Hartung (2017, Theorem 3.1) an extended convergence
result of the extremal process has been proven, namely

(®)
Z 6(7(mk(t),mk(t)—m(t)) = Z 5(qi,p¢)+(0,A§-i))’ on Ry xR asttoo, (1.6)
k=1 2%

where (g;,p;)ien are the atoms of a Cox process on Ry x R with intensity measure
M(dv) x CeV27dz and (A;l))i)j are the atoms of independent and identically
distributed point processes A®) with

n(t)

1) D ;.
A( ) = l‘%\g 5ii(t)—maxj§n(t) ij(t)? (17)

i=1
where #(t) is a BBM conditioned on max;<, &;(t) > v/2t. Recall that in Arguin
et al. (2013); Aidékon et al. (2013) it was already shown that Z’,jg Oar(t)=m(t)
converges to the Poisson cluster process given by the projection of the limit in (1.6)
onto the second coordinate.

1.1. Results. Let (€, (Bs)s>0,0, (Gs)s>0, (Pr)zer, ) denote a one-dimensional re-
flected standard Brownian motion B on Ry. Recall that B is reversible w.r.t.
the Lebesgue measure dx on R;. Then, the positive continuous additive functional
(PCAF) of B having Revuz measure M, ; (see Appendix 2.1 for definitions) is given
by Fy.; :[0,00) = [0,00) defined as
n(t)
Fry(s) i= / LS M, 4(da) = (V2t — a(t)) V2@ O=V2O [1(@0) (1)
Ry =

where {L%, a € R} denotes the family of local times of B. Further, we define
F(s) := / Li M(da), 5> 0. (1.9)
R

Theorem 1.2. P-a.s., the following hold.
(i) There exist a set A C Q' with Py[A] =1 for all x € Ry on which

F = lim lim F, 4, in sup-norm on [0, 5], (1.10)

r1oo tToo

for any S > 0. In particular, F is continuous, increasing and satisfies
F(0) =0 and lims_o0 F(s) = 0.
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(ii) The functional F is the (up to equivalence) unique PCAF of B with Revuz
measure M.

Definition 1.3. We define the process B as the time-changed Brownian motion
B(s) == Bp-1(5, §>0, (1.11)
where F'~! denotes the right-continuous inverse of the PCAF F in (1.9).

By the general theory of time changes of Markov processes, in particular cf.
Fukushima et al. (2011, Theorem 6.2.1), B is a right-continuous strong Markov pro-
cess on supp M, which is M-symmetric and induces a strongly continuous transition
semigroup. Note that the empty set is the only polar set for the one-dimensional
Brownian motion, so the measure M does trivially not charge polar sets. Further,
for any 0 < r <t set

B,.(s) := BF;tl(s), $>0, (1.12)

where F;tl denotes the right-continuous inverse of F.;. Then, as r and ¢ tend
to infinity, the processes B, converge in law towards B on the Skorohod space
D((0,00),R4) equipped with L] -topology (see Theorem 4.1 below). In a sense
B+ may be regarded as a random walk on the leaves of the underlying Galton-
Watson tree. In addition, we also provide an approximation result for B in terms
of random walks on a lattice (see Theorem 4.5 below).
Similarly to the above procedure, for any o € (0,1), one obtains a measure M?
from a truncation of the McKean martingale
n(t)
}/ta — Ze\/ﬁomk(t)—(l-i-<72)t7 t>0. (113)
i=1
Then one can define the process B? as B7(s) 1= B(po)-1(5) With F'7 being the
PCAF associated with M?. We refer to Section 5 for further details.

A diffusion process being similar to but different from B is the FIN-diffusion
introduced in Fontes et al. (2002). It is a one-dimensional singular diffusion in
random environment given by a random speed measure p = >, v;dy,, where (y;, v;)
is an inhomogeneous Poisson point process on R x (0, 00) with intensity measure
dyav=1=%dv for a € (0,1). Let Friy be the PCAF

Frin(s) ::/RLZ(W) p(da) (1.14)

with {L*(W),a € R} denoting the family of local times of a one-dimensional Brow-
nian motion W. Then, the FIN-diffusion {FIN(s),s > 0} is the diffusion process
defined as the time change FIN(s) := W(p,,)-1(5) of the Brownian motion W. At
first sight the measure p and the process FIN resemble strongly M and B, respec-
tively. However, one significant difference is that p is a discrete random measure
with a set of atoms being dense in R, so that p has full support R and FIN has
continous sample paths (see Fontes et al., 2002 or Ben Arous and Cerny, 2006,
Proposition 3.2), while the measure M is concentrated on a Cantor-like set and the
sample paths of B have jumps.

Another prominent example for a log-correlated process is the Gaussian Free
Field (GFF) on a two-dimensional domain. In a sense the processes B or B intro-
duced in this paper can be regarded as the BBM-analogue of the Liouville Brownian
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motion (LBM) recently constructed in Garban et al. (2016) and in a weaker form
in Berestycki (2015). More precisely, let X denote a (massive) GFF on a domain
D C RZ?, then in the subcritical case the analogue of the martingale measure M°
can be constructed by using the theory of Gaussian multiplicative chaos established
in Kahane (1985) (see also Rhodes and Vargas, 2014 for a review). On a formal
level the resulting so-called Liouville measure on D is given by

2
X FEX G g ~v € (0,2). (1.15)
The associated PCAF Fipnm, which can formally be written as
Fip(s) = / X~ BX O gy, (1.16)
0

where W denotes a two-dimensional standard Brownian motion on the domain D,
has been constructed in Garban et al. (2016) (cf. also Andres and Kajino, 2016,
Appendix A). Then, the Liouville Brownian motion {LBM(s),s > 0} is defined as
LBM(s) :=Wp-1 .
Fipnu(s)
In the critical case v = 2 the corresponding analogue of the derivative martingale
measure M can be interpreted as being given by

—(X(2) — 2E[X (2)?]) 2X@-EXE@D g, (1.17)

which has been introduced in Duplantier et al. (2014a,b). The corresponding PCAF
and the critical Liouville Brownian motion have been constructed in Rhodes and
Vargas (2015). In the context of a discrete GFF such measures have been studied
in Biskup and Louidor (2014, 2016, 2018), where in Biskup and Louidor (2016) an
analogue of the extended convergence result in (1.6) has been established.
However, a major difference between the processes B and LBM is that for the
LBM the functional F1 gy and the planar Brownian motion W are independent (cf.
Garban et al., 2016, Theorem 2.21), while in the present paper the functional F'
and the Brownian motion B are dependent since L is the local time of B. A similar
phenomenon can be observed in the context of trap models, where in dimension
d = 1 the underlying Brownian motion and the clock process of the FIN diffusion
are dependent and in dimension d > 2 the Brownian motion and the clock process of
the scaling limit, known as the so-called fractional kinetics motion, are independent.

In Croydon et al. (2017) time-changes of stochastic processes and their discrete
approximations are considered in a quite general framework for the case when the
underlying process is point recurrent, meaning that it can be described in terms
of its resistance form (examples include the one-dimensional standard Brownian
motion or Brownian motion on tree-like spaces and certain low-dimensional frac-
tals). The results cover the FIN-diffusion and a one-dimensional version of the
LBM. However, the results of the present paper do not immediately follow from
the approximation result in Croydon et al. (2017) since the required convergence
of the measures M, ; towards M in the Gromov-Hausdorfl-vague topology on the
non-compact space Ry needs to be verified.

The rest of the paper is organised as follows. In Section 2 we first recall the
definitions of a PCAF and its Revuz measure and we provide the precise definition
of the embedding v and the (truncated) critical martingale measures. Then we
prove Theorem 1.2 in Section 3 and we specify some properties of the process B,
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in particular we describe its Dirichlet form. In Section 4 we show random walk
approximations of B. In Section 5 we sketch the construction of the process B
associated with the martingale measure obtained from the McKean martingale.
Finally, in the appendix we collect some properties of Brownian local times needed
in the proofs.

2. Preliminaries

2.1. Additive functionals and Revuz measures. First we briefly recall the definition
of an additive functional of a symmetric Markov process and some of its main
properties, for more details on this topic see e.g. Fukushima et al. (2011); Chen
and Fukushima (2012). Let E be a locally compact separable metric space and
let m be a positive Radon measure on E with supp(m) = E. We consider an m-
symmetric conservative Markov process (€', G, (Gt)i>0, (Xt)i>0, (Px)zer) and de-
note by {6;};>0 be the family of shift mappings on @', i.e. X;4s = X, 0 0, for
s,t > 0.

Definition 2.1. i) A [0, oo]-valued stochastic process A = (A;)i>0 on (,G) is
called a positive continuous additive functional (PCAF) of X (in the strict sense),
if A; is Gi-measurable for every t > 0 and if there exists a set A € G, called a
defining set for A, such that
a) for all x € E, P,[A] =1,
b) for all t >0, 6,(A) C A,
c) for all w € A, [0,00) 3 ¢t — A (w) is a [0, 00)-valued continuous function
with Ap(w) = 0 and

Apys(w) = Ap(w) + As 0 O (w), Vs, t > 0. (2.1)

ii) Two such functionals A! and A? are called equivalent if P,[A} = A?] =1 for
all t > 0, x € E, or equivalently, there exists a defining set A € G, for both A!
and A? such that A} (w) = A?(w) for all t > 0, w € A.

iii) For any such A, a Borel measure 4 on F satisfying

[ s natan =t [ B[ [ 58] mian 22)

for any non-negative Borel function f : E — [0, 00] is called the Revuz measure of
A, which exists uniquely by general theory (see e.g. Chen and Fukushima, 2012,
Theorem A.3.5).

We recall that for a given a Borel measure p4 charging no polar sets a PCAF
A satisfying (2.2) exists uniquely up to equivalence (see e.g. Fukushima et al.,
2011, Theorem 5.1.3). Observe that in the present setting where m is invariant the
measure L4 is already characterised by the simpler formula

[ st = [ B[ [ 50 miaw) (23)

2.2. Definition of the embedding. We start by recalling the definition of the embed-
ding v given in Bovier and Hartung (2017) which is a slight variant of the familiar
Ulam-Neveu-Harris labelling (see e.g. Hardy and Harris, 2006). We denote the set
of (infinite) multi-indices by I = ZY, and let F C I be the subset of multi-indices
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time

FIGURE 2.1. Construction of T: The green nodes were introduced
into the tree ‘by hand’.

that contain only finitely many entries different from zero. Ignoring leading zeros,
we see that

F = U2, Zk, (2.4)
where Zg is either the empty multi-index or the multi-index containing only zeros.
We encode a continuous-time Galton-Watson process by the set of branching
times, {t; <tz <--- <ty < ...}, where W(t) denotes the number of branching
times up to time ¢, and by a consistently assigned set of multi-indices for all times
t > 0. To do so, (for a given tree) the sets of multi-indices, 7(¢) at time ¢, are
constructed as follows.
e {(0,0,...)} ={u(0)} = 7(0).
o forall j >0, for all ¢t € [t;,t41), 7(t) = 7(¢;).
o Ifu e T(tj) then u + (0,...,0,k,0,...) S T(thrl) ifo<k< lu(thrl) -1,
——
W(t;)x0
where

1“(tj) = #{ offsprings of the particle corresponding to wat timet;}. (2.5)

We use the convention that, if a given branch of the tree does not “branch” at time
t;, we add to the underlying Galton-Watson at this time an extra vertex where
1“(t;) =1 (see Figure 2.1). We call the resulting tree T,.

One relates the assignment of labels in the following backward consistent way.
For u = (u1,u2,us,...) € ZY, we define the function u(r),r € Ry, through

up, ift, <,
= 2.6
ue(r) {Q it > 7 (26)

Clearly, if u(t) € 7(¢t) and r < ¢, then u(r) € 7(r). This allows to define the boundary
of the tree at infinity by 0T = {u € I: Vt < oo, u(t) € 7(¢)}. In this way we identify
each leaf of the Galton-Watson tree at time ¢, ix(t) with & € {1,...,n(t)}, with
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some multi-label u*(t) € 7(t). We define the embedding ~ by

W(t)

~y(u(t)) = Z u;(t)e . (2.7)

j=1

For a given u, the function (y(u(t)),t € R4) describes a trajectory of a particle in
R, which converges to some point v(u) € Ry, as ¢ T 0o, P-a.s. Hence also the sets
~(7(t)) converge, for any realisation of the tree, to some (random) set v(7(c0)).

Recall that in BBM there is also the position of the Brownian motion z(t) of
the k-th particle at time ¢. Thus to any “particle” at time ¢ we can now associate
the position (y(u*(t)),zx(t)), in R4 x R. Hoping that there will not be too much
confusion, we will identify v(u*(t)) with v(zx(t)).

2.3. The critical martingale measure. A key object is the derivative martingale Z;
defined in (1.2). Recall the following result proven in Lalley and Sellke (1987).

Lemma 2.2. The limit Z := lims_, oo Z; exists P-a.s. and minign(t)(\/ﬁt—xi(t)) —
oo ast — oo P-a.s.

For 0 < r < t the truncated version

Znt(’l}) = Z (\/it — X (t))eﬂ(mj(t)iﬂt) ]l{w(mj(r))gv}, v € Ry, (2.8)
J<n(t)

has been recently introduced in Bovier and Hartung (2017). In particular, by Bovier
and Hartung (2017, Lemma 3.2) for every v € R, the limit
Z(v) := lim lim Z, ;(v) (2.9)

r1Too tToo

exists P-a.s. Consider now the associated measures on R given by

M, ;= Z (\/Et — {Ej(t))eﬂ(zj(t)iﬂt)(sv(mj(r)), (2.10)

j<n(t)

and denote by M the Borel measure on Ry defined via M([0,v]) = Z(v) for all
v € Ry. Then, (2.9) implies that P-a.s.
M= liTm I/iFm M., vaguely. (2.11)
rToo tToo
By Bovier and Hartung (2017, Proposition 3.2) M is P-a.s. non-atomic. Moreover,

due to the recursive structure of the underlying GW-tree M is supported on some
Cantor-like set X'

3. Approximation of the PCAF and properties of B

3.1. Proof of Theorem 1.2. Let ' := C([0,00),R) and let W = (W;);>¢ be the
coordinate process on ' and set G% := o(Wy; s < o00) and GY := o(Ws; s < t),
t > 0. Further, let {P,}.cr be the family of probability measures on (€',G%)
such that for each z € R, W = (W;);>0 under P, is a one-dimensional Brownian
motion starting at . We denote by {G; }1c[0,00] the minimum completed admissible
filtration for W and by L(W) = {L{(W),t > 0,a € R} the random field of local
times of W.



Diffusion processes on BBM 1385

Now we set B, := |W|, t > 0, so that (,G, (G)i>0, (Bt)t>o0 c
reflected Brownian motion on Ry. Then, the family L = L(B) = {L{(B),t >
0,a € Ry} of local times of B is given by

Lt =LY (B) =L (W) + L;“(W), t>0,a€eRy (3.1)
(cf. Revuz and Yor, 1999, Exercise VI.1.17).

Proposition 3.1. For P-a.e. w, there exists 1o = 1o(w) such that for allt > 19 and
0 <r <t the following hold.

(i) The unique PCAF of B with Revuz measure M, is given by

n(t)
Fry:]0,00) = [0,00) s > (V2 — a(1)) V2@ OV [a(em) - (3.9)

Jj=1

(ii) There exist a set A C Q' with P,[A] = 1 for all x € Ry, on which F, . is
continuous, increasing and satisfies F,.(0) = 0 and lims_,o0 Fr((s) = 0.

Proof: Recall that min;<,) (v2t — x;(t)) = oo P-a.s. as t — oo by Lemma 2.2.
Then, the statement follows immediately from Lemma A.3 and Lemma A.1. O

We now turn to the proof of Theorem 1.2.

Proof of Theorem 1.2 (i): Fix any environment w € €2 such that Proposition 3.1
holds and (M) converges vaguely to M on Ry. In particular,

lim lim/ fla) M, (da) = f(a) M(da) (3.3)
r1oo tToo Ry Ry
for all continuous functions f on R} with compact support.

By Lemma A.1 there exists a set A C Q' with P,[A] = 1 for all z € Ry such
that (a,t) — L¢(w’) is jointly continuous for all w’ € A. In particular, for any
fixed s € [0,5] we have that a — L%w’) is continuous with compact support
[0, sup,.<, Br(w)]. Now, by choosing f(a) = L2(w') in (3.3) we obtain

lim lim Le(w") M, 4(da) = / L%(w") M (da), (3.4)
r1oo tToo Ry Ry

and therefore pointwise convergence of F,, towards F on [0,S]. Recall that by

Proposition 3.1 the functionals F), are increasing for ¢ > 79(w). Since pointwise

convergence of continuous increasing functions towards a continuous function on a

compact set implies uniform convergence, the claim follows. (Il

Remark 3.2. Alternatively, Theorem 1.2 (i) can also be derived from the result in
Stone (1963, Theorem 1 (3)).

For the identification of F' as the unique PCAF with Revuz measure M we need
a preparatory lemma.

Lemma 3.3. For P-a.e. w, there exists ro = ro(w) such that the following holds.
For anyxz € Ry, S > 0 and any bounded Borel measurable function f : Ry — [0, 00)

the family {fOS f(Bs) dEy 1(35)}e>r>r, 18 uniformly Py-integrable.
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Proof: Recall that P-a.s. Z; — Z (cf. Lemma 2.2), so for P-a.e. w there exists
ro = ro(w) such that Z; < 27 for all ¢ > ry. It suffices to prove that P-a.s. for any
T € RJ”

sup FE,
t>r>ro

[ swaaro

] < 00. (3.5)
Note that

S
/0 FB)dFu(s) = > (V2t—;(1)) V2@ OV f(y(a; () LE ", (3.6)

J<n(t)
so that
s
B || [ £(B)dFa(o)| | 181w 120 B[ sup 23] < 21fl1 2 B2 sup 8],
0 a€Ry a€Ry
(3.7)
and (3.5) follows from Lemma A.2. O

Proof of Theorem 1.2 (ii): Recall that only the empty set is polar for B. In partic-
ular, the measure M does trivially not charge polar sets, so by general theory (see
e.g. Chen and Fukushima, 2012, Theorem 4.1.1) the PCAF with Revuz measure M
is (up to equivalence) unique. Thus, we need show that the limiting functional F’
is P-a.s. in Revuz correspondence with M. In view of (2.3) it suffices to prove that
P-a.s.

(a) M(da) = /R E, [ /O 1 F(By) dF(s)] dz (3.8)

R

for any non-negative Borel function f : Ry — [0, 00]. By a monotone class argument
it is enough to consider continuous functions f with compact support in R;. Note

that E, [fol f(Bs)dL?] = f(a)Ey[L{] for any a € Ry and therefore

B[ [ #B)aF0)] = [ f@BL5) M,i(da) (39)
0 R

By Lemma A.2 we have sup,cp, Ex[L{] < 0o and together with Lemma A.1 this
implies that the mapping a — f(a)E,[L{] is bounded and continuous on Ry . Fur-
thermore, by (i) P-a.s. the sequence (dF;.¢) converges weakly to dF on [0, 1], P,-a.s.
for any z € R;y. We take limits in ¢ and r on both sides of (3.9), where we use
Lemma 3.3 for the left hand side and the vague convergence of M, ; towards M for
the right hand side, and obtain

1
g, / F(B)AF(s)] = [ F(a)EL[L§) M (da). (3.10)
0 Ry

Finally, by integrating both sides over x € R} and using Fubini’s theorem and
Lemma A.4 we get (3.8). O
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3.2. First properties of B. Recall that the process B is defined as the time-changed
Brownian motion

B(s) = Bp—l(s), s >0, (3.11)

where F is the PCAF in (1.9). First, we observe that the continuity of F' ensures
that the process B does not get stuck anywhere in the state space, and B does
not explode in finite time since, P X P,-a.s., lims_,o F'(s) = co. However, F is not
strictly increasing so that jumps occur.

More precisely, by the general theory of time changes of Markov processes we
have the following properties of B. First, in view of Fukushima et al. (2011, The-
orems A.2.12) B is a right-continuous strong Markov process on X := supp M and
by Chen and Fukushima (2012, Proposition A.3.8) we have P-a.s.

P.[B(s)e X, ¥s>0] =1, VaxeAX, (3.12)
where X denotes the support of the PCAF F i.e.
X:={zeRy :P[R=0=1} with R:=inf{s>0:F, >0} (3.13)

By general theory (cf. Fukushima et al., 2011, Section 5.1) we have X C X (recall
that only the empty set is polar) and X\ X has M-measure zero.

Furthermore,by Fukushima et al. (2011, Theorem 6.2.3) the process B is recur-
rent and by Fukushima et al. (2011, Theorem 6.2.1 (i)) the transition function
(Ps)s>o0 of B given by

Py f(z) := E.[f(B(s))], s>0,z€ X, feL*Xx,M), (3.14)
determines a strongly continuous semigroup and is M-symmetric, i.e. it satisfies

/XPsf-ngz/Xf-Psng (3.15)

for all Borel measurable functions f,g: X — [0, c0].

3.3. The Dirichlet form. We can apply the general theory of Dirichlet forms to
obtain a more precise description of the Dirichlet form associated with 5. For
D = (0,00) denote by H'(D) the standard Sobolev space, that is

HY(D)={f € L*(D,dz): f' € L*(D,dx)}, (3.16)
where the derivatives are in the distributional sense. On H'(D) we define the form
1
Efg)=5 | [ g dx (3.17)
2 Jr,

Recall that (€, H'(D)) can be regarded as a regular Dirichlet form on L?(R;) and
the associated process is the reflected Brownian motion B on Ry. By HZI(R.)
we denote the extended Dirichlet space, that is the set of dx-equivalence classes
of Borel measurable functions f on Ry such that lim,,,. f, = f € R dz-a.e. for
some (fn)n>1 C HY(Ry) satisfying limy ;00 E(fx — fi, fx — fi) = 0. By Chen and
Fukushima (2012, Theorem 2.2.13) we have the following identification of H}!(D):

HY(D)={f € L},.(D,dx): f' € L*(D,dx)}. (3.18)
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Recall that X denotes the support of the random measure M. We define the
hitting distribution

Hxf(z) := By [f(Boy)], x € Ry, (3.19)

with oy 1= inf{t > 0: B; € X'} for any non-negative Borel function f on R;. Note
that the function Hy f is uniquely determined by the restriction of f to the set X.
Further, by Chen and Fukushima (2012, Theorem 3.4.8), we have Hy f € H(D)
and by Fukushima et al. (2011, Lemma 6.2.1) Hy f = Hxg whenever f = g M-a.e.
for any f,g € H!(D). Therefore it makes sense to define the symmetric form (£, F)
on L?(X, M) by

Fi= {pe L*(X,M): o= f M-a.e. for some f € H!(D)}, (3.20)
E(p,p):=EHxf, Hxf), ¢€F, o=fM-ae,feH!D). '
By Fukushima et al. (2011, Theorem 6.2.1) (€, F) is the regular Dirichlet form on
L?(X; M) associated with the process B. Since X has Lebesgue measure zero,

it follows from the Beurling-Deny representation formula for & (see Chen and
Fukushima, 2012, Theorem 5.5.9) that B has no diffusive part and is therefore
a pure jump process.

4. Random walk approximations

4.1. Approximation by a random walk on the leaves. For any 0 < r < t we define

B,.(s) := BF;tl(s), $>0, (4.1)

where Frftl denotes the right-continuous inverse of F,. ;. The process B, ; is taking
values in {y(x;(r)), 7 < n(t)} and it may therefore be regarded as a random walk on
the leaves of the underlying Galton-Watson tree represented by their values under
the embedding ~.

Let D([0,00),R4) (or D((0,00),Ry), D([0,S],R4)) be the the space of R-
valued cadlag paths on [0, 00) (or (0,00), [0,5]). We denote by dj, and dps the
metric w.r.t. Skorohod Ji- and M;-topology, respectively. We refer to Whitt (2002,
Chapter 3) for the precise definitions. Further, let

D4([0,00),R4) := {w € D([0,00), R}) : w non-decreasing, w(0) = 0}.  (4.2)
Finally, we set
s
L. = {w € D((0,00),R4) : / lw(s)|ds < oo for all § > O}, (4.3)
0
equipped with the topology induced by supposing
s
wy, — w if and only if / |wn(s) —w(s)|ds - 0 for all S > 0. (4.4)
0

Note that the Llloc—topology extends both the Ji- and the M;-topology since it
allows excursions in the approximating processes which are not present in the limit
process provided they are of negligible L'-magnitude (cf. Croydon and Muirhead,
2015, Remark 1.3).
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Theorem 4.1. P-a.s., for every x € Ry we have under Py,

lim lim B, ; = B (4.5)
rtoo tToo
in distribution on L,
tinuous functions f on L

that is, P-a.s., for every x € Ry and for all bounded con-

1
loc?

r1Too tToo

Remark 4.2. Since the measures M,.; and M do not have full support and F,:tl and
F~! have discontinuities, the locally uniform convergence of the functionals F, ;
only implies the M;-convergence of their inverses. In such a situation the composi-
tion mapping is only continuous in the L{. -topology (see Lemma 4.3 below), which
is why we obtain the approximation in Theorem 4.1 in the coarser L] -topology
only. We refer to Croydon et al. (2017, Corollary 1.5 (b)) for a similar result and to
Croydon and Muirhead (2015); Fontes and Mathieu (2014); Mathieu and Mourrat
(2015) for examples of convergence results for trap models in the L -topology (or
slight modifications of it).

Before we prove Theorem 4.1 we recall some facts about the continuity of the
inverse and the composition mapping on the space of cadlag paths.

Lemma 4.3. (i) For any w1, ws € D([0,S],Ry),
dpr, (w1, we) < djg, (wy,we) < st ] |wi (8) — wa(s)]- (4.7)
s€[0,S

(i) Let (an) be a sequence in D4+([0,00),R4) such that a, — a in Mi-topology
for some a € D+([0,00),R). Then, a,;' — a~! in D((0,0),R4) equipped
with M -topology, where a,;* and a=! denote the right-continuous inverses
of an and a, respectively.

(iii) Let (an) C D+(]0,00),R4) and (w,) C D(]0,00),Ry) such that ap, — a in
M, -topology for some a € Dy(]0,00),Ry) and w, — w in Ji-topology for
some w € C([0,00),R}). Then, wy, 0 a,, = woa in L -topology.

Proof: For the first inequality in (41.7) we refer to Whitt (2002, Theorem 12.3.2) and
the second inequality is immediate from the definition of the J;-metric. Statement
(ii) follows from the continuity of the inverse mapping in D((0, 00), R} ), see Whitt
(2002, Corollary 13.6.5). For (iii) see Croydon and Muirhead (2015, Lemma A.6).

O

Proof of Theorem 4.1: Fix an environment w € €2 such that Theorem 1.2 holds
giving that for any x € R, Py-a.s., F,.; = F locally uniformly as first ¢ 1 co and
then r 1 oco. In particular, using Lemma 4.3 (i) we have that F,, — F in M;-
topology P,-a.s. In particular, for all bounded ¢ acting on D([0,00),R) which
are continuous in M;j-topology on a set with full P,-measure,

lim lim B, [o(F,)] = Ex [o(F)]. (4.8)

rtoo tToo

1
loc

E, [f(BT,t) - f(B)] =E; [f om(Fy 1, B) — fom(F, B)}, (4.9)

Now, observe that for any bounded continuous f on L
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where

71 (D4([0,00),Ry),dar, ) % (D([0,00),Ry),dy,) = Li,  (a,w) —woa '
(4.10)

Thus Lemma 4.3 (ii) and (iii) ensure the continuity of the mapping 7 in M;-topology
on a set with full P,-measure. Hence, (4.6) follows from (4.8). O

Remark 4.4. In the special case x = 0 the convergence result in Theorem 4.1 can
be extended to D(]0,00),R;) equipped with L{ -topology. This is because the
continuity of the inverse map stated in Lemma 4.3 (ii) also holds in D([0,00),R4)
under the additional assumption that a=1(0) = 0 (cf. Whitt, 2002, Chapter 13.6).
Note that by construction the origin is contained in X so that F~!(0) = 0 under
Py. However, an arbitrary = > 0 might not be contained in the support X of the
random measure M, in which case F~1(0) = 0 does not hold.

4.2. Approximation by random walks on a lattice. Next we provide approximation
results for B in terms of random walks on the lattice (1Z), r > 0. For any

0<r<tlet Mr,t be the random measure

Mygi=) bx Y (V2t— (1)) V2=V ﬂ{vu,-(t)eP k)t (4.11)
k=0 j<n(t) T
with the associated PCAF Fj.; : [0,00) — [0, 00) given by
Frt(s) = / L‘;Mrt(da)
Ry
o b ()=
_ L: Z (\/it . xj(t)) e\/ﬁ(zj(t) V2t) ]l{y(mj(t))e[ﬁ,k“)}' (4.12)

Then B,.4(s) := Bp-i1(y), s 2 0, defines a random walk on (L1Z,). Further, let P3™
be the probability measure on D(]0,00),R;), under which the coordinate process
(Xs)s>0 is a simple random walk on Z in continuous time with independent exp(1)-
distributed holding times. Define X, ;(s) := %szﬁfl(s), s> 0.

Theorem 4.5. (i) For every x € Ry, under the annealed law [ P,() dP,

lirm liTm B.. =B, in distribution on Li,., (4.13)
rToo tToo

that is for all bounded continuous functions f on L . we have

lim lim B[, [f(B.)]] = E[E:[f(B)]]. (4.14)

(ii) Under fPéW()d]P), limy oo limyroo Xre = B in distribution on Li_, that is
for all bounded continuous functions f on Li._,

lim lim B [f(Xr.0)] = Eo[£(B)]- (4.15)

Remark 4.6. The proof of Theorem 4.5 relies on the locally uniform convergence

of F,; towards F' in [P x P,-probability, see Proposition 4.9 below. Similarly, by

using Theorem 1.2 instead, one can show that P-a.s., under FJ¥, the processes

(%X,,QF;tl(S))SZO converge towards B in distribution on L] .
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The proof of Theorem 4.5 requires some preparations. For 0 < r < ¢ < oo set

n(t)
2=y (V2t —ag(t)) eV2or 0=V, (4.16)
k=1

where A, := {|y(zx(t) — y(zx(r))| < e "/2}. Next we show that this thinned Z,,
which only keeps track of particles whose values under v do not change much over

time, is close to the original measure Z, ; in probability.

Lemma 4.7. For any ,0 > 0 there exist ro = ro(€) and to = to(€) such that for
any r > 1o and t > 3r Vi,

P[|Z — Z],| > 6] <e. (4.17)
Proof: Ford e R and 0 <r <t < wu < oo we define the event

Arpu(d) i= (¥ < n(u) with i (u) = m(u) > d : y(ex(t) = ()] < e7/2}.
(4.18)

Let F := U{(l’k(s))lgkgn(s), s < t} and for A, A € R with A < A we set ¢(x) :=
1, 7(z). We observe that for any ¢ > 0 the martingale Z; appeared in Arguin
et al. (2012) (see Eq. (3.25) therein) in the P-a.s. limit of

ilTlgloE lE[exp( — g qﬁ(xl(u) — m(u))) ‘]—}H
= ctE{eXp(—O(eﬂé_eﬂA)Zt)} (4.19)

where limgoo ¢; = 1 and C' is the same constant as in (1.1). Similarly, for any
0 < r < t we can consider

(w)
lim E [exp( — Z ﬂAi,t ¢(zi(u) — m(u)))} . (4.20)

uToo

Note that 1; , is measurable with respect to F;. Then, the limit in (4.20) can
be treated similarly as the one in Arguin et al. (2012, Eq. (3.17)). More precisely,
by repeating the analysis therein (where the sum in the analogue to Arguin et al.
(2012, Eq. (3.19)) runs over particles with |y(z;(t)) — y(z:(r))| < e~"/? only) we
obtain

n(u)

i#réloE lE{exp( — Z ]lAiytd)(:Ei(u) — m(u))) ’]'—t”

= E [exp( — C(efﬂé — eiﬂZ)th)} , (4.21)
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where lim1oo ¢} = 1. Moreover, the expectations in (4.19) and (4.21) can be related
as follows,

[exp( "Z ﬂAl - (U))ﬂ
>E :exp( - HZ; dxi(u) — m(u)))} >E [eXp( - %) o(i(u) — m(U))) llAr,t,u@]

_E:exp(—gﬂAhqﬁ(Ii )]lAMu }

ZE:eXp( nZ]lN (i (u )] [ TMA))C]. (4.22)

Let € > 0. By Bovier and Hartung (2017, Lemma 4.2) there exist ro(¢) and to(e)
such that for all ¢ > to(e) and r > ro(e),

lim P[(Ar ()] <e. (4.23)
Hence, by combining (4.22) with (4.19) and (4.21) we get
L E[exp( — (VA — eV 7 )] -
<FE [exp( —Ce VA e*ﬂZ)Zt)}
ScéE{exp(—C(e_ﬁé—e_ﬁZ)ZZt)}. (4.24)

Recall that Z; — Z P-a.s. as t — oo (cf. Lalley and Sellke, 1987), where Z is P-a.s.
positive, and lim4o ¢; = limyqo0 ¢ = 1. Hence, for all ¢ and r sufficiently large,

PHexp( — C(e‘ﬁé — e‘ﬂZ)ZZt) — exp( — C(e_‘/ié — e‘ﬂZ)ZtN > (5} <e

(4.25)
The claim now follows from the continuous mapping theorem since exp is injective
and continuous. ]

In the next lemma we lift the statement of Lemma 4.7 on the level of the PCAFs,
meaning that with high probability the PCAFs F,; and F,.; are close to their
thinned versions F,!;, and F}!; defined by

Fl,(s) = (\/§t — (t))eﬂ(zj(t)*\/it)]ly LY®s(r) (4.26)

r,t

~ > k
Fls) =3 L8 30 (V=) PO 0y W ey

(4.27)

Lemma 4.8. For any ¢,6 > 0 and any S > 0 there exist 11 = r1(g,4,S) and
t1 = t1(g,6,8) such that for all v > r1 and t > 3r V t1 the following holds. There
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exists a set Ay = Aq1(g,9,5,7,t) C Q x Q with Py[A§] < e for all x € Ry such that
on Ay,

sup |Fr7t(s) — F'Yt(s)‘ <4,
s<S

T7

T(s)| <é. (4.28)

s<S

Proof: Recall that by Lemma 2.2 for P-a.e. w there exists 79 = 7o(w) such that

min, <y, 4 (V2t — z;(t)) > 0 for all t > 75. Further, Lemma A.2 gives that for any

€ > 0 there exists A = A(g,.5) such that for all x € Ry,

P.[ sup Lg > <e. (4.29)
ac€Ry

Together with Lemma 4.7 this implies that there exist r = r1(g,6,5) and t; =
t1(g,0,5) such that for all » > 1 and t > 3r V ¢ there is a set Ay = A1(e, 6, S, t)
with P4[A°] < € for all € Ry on which

e 1> Ty,

® Supger, LS <A,

o |Z; — Z;Y,t| <4/
Note that on the set Ay,

sup ‘Fr,t(s) - th(S)‘ <|Z - M| sup max L’Y(zk(’”))
s<8 <5 k<n(t)

<|Zi—Z;| sup Lg <9, (4.30)

a€Ry
which completes the proof of the first statement. The second statement can be
shown by similar arguments. ([

In the following we will write P, :=Px P,, x € Ry for abbreviation.

Proposition 4.9. For every x € Ry and any S > 0,
lim lim sup }FT i(s) — F(s)| =0, in P,-probability. (4.31)

rToo tToo 4
Proof: In view of Theorem 1.2(i) and Lemma 4.8 it suffices to show that

hTm gm sup ’ (8) = F(s)] =0, in P,-probability. (4.32)

By Lemma 2.2, ]P’—a.s., there exists 7o such that min <, (vV2t — 2;(t)) > 0 for all
t > 19, and for such ¢ and any = € Ry we get

sup} F"Y /(s )}
k
<3 3 (VR -y (1) VOV sup L 13|, Lot et B}
k=0 j<n(t) s<8 o
(4.33)
Note that on the event Af; N {y(z;(1) € [£,5L)} we have
Ywj(r)) € [& —e /2 L4 e77/2), (4.34)
which implies |% — y(2;(r))| < 2 + e7"/2. Hence, by Lemma A.1(ii), P,-a.s.,
sup [F),(s) — Fl,(s)| < C1 (L +e7/)" Z,. (4.35)
s<S

Recall that P-a.s. Z; — Z ast — oo again by Lemma 2.2, and we obtain (4.32). O
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Proof of Theorem J.5: (i) By Proposition 4.9, Fr,t — F locally uniformly in P,-
probability as first ¢ 1 oo and then r 1 co. In particular, using Lemma 4.3 (i) we
have that Z*:'T,t — F in M;-topology in P, -distribution, that is for all bounded ¢
acting on D((0,00),R;) which are continuous in M;j-topology on a set with full
P,-measure,

lim lim BB, [p(Fy0)]] = E[Eafo(F)]] (4.36)
The claim follows now similarly as in the proof of Theorem 4.1 above.

(i) Recall that (1X,24)s>0 converges towards B € C([0,00), R;.) in distribution
on D([0,00),R4) in Ji-topology. The statement now follows from Proposition 4.9
and Lemma 4.3 similarly as in the proof of (i) and Theorem 4.1 (cf. Croydon et al.,
2017, Corollary 1.5). O

5. The subcritical case
Recall that the McKean-martingale is defined as

n(t)
Y7 = Zeﬂazk(t)f(lJrcﬁ)t, oe (07 1), (51)

i=1
which is normalised to have mean 1. By Bovier and Hartung (2014, Theorem 4.2)
the limit
Y7 :=limY/’ (5.2)
tToo

exists P-a.s. and in L!(P). For v,7 € R} and t > r, we define a truncated version
of the McKean-martingale Y,” by

()= (1402
}/T(Tt(v) = Z e\/io'wj(t) (1+ )t]l{»y(ml(r))gv} (53)
J<n(t)

Proposition 5.1. For each v € Ry the limit

Y9 (v) := lim lim Y7, (v 5.4
(0) = lim lim Y7, (0) (5.4)
exists P-a.s. In particular, 0 < Y (v) < Y. Moreover, Y?(v) is increasing in v
and the corresponding Borel measure M? on R, defined via M?([0,v]) = Y7 (v)
for all v e Ry, is P-a.s. non-atomic.

Proof: This follows by the same arguments as in Bovier and Hartung (2017, Propo-
sition 3.2). Observe that Y, (v) is non-negative by definition. O

Our goal is to state an analogue to Theorem 1.2 for the subcritical case. This
will be done in Subsection 5.2 below. First we notice that in the subcritical case the
martingales Y7 with o < 1 appear in the description of the limiting extremal process
of two speed branching Brownian motion and that the extended convergence result
can be transferred to this class of models. This is the purpose of Subsection 5.1.
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5.1. The extremal process of two-speed branching Brownian motion. Next we recall
the characterisation of the extremal process for a two-speed branching Brownian
motion established in Bovier and Hartung (2014). For a fixed time u, a two-speed
BBM is defined similarly as the ordinary BBM but at time ¢’ the particles move as
independent Brownian motions with variance

{af, 0<t < bu,

a2t = 0<b<l, (5.5)

o2, bu<t <u,

where the total variance is normalised by assuming bo? + (1 — b)o3 = 1. Then, if
01 < 09 the limit Y7* of the McKean-martingale appears in the extremal process of
the two-speed BBM. More precisely, we have the following result proven in Bovier
and Hartung (2014, Theorem 1.2).

Theorem 5.2. Let Zx(u) be a branching Brownian motion with variable speed
o?(t') as given in (5.5). Assume that o1 < . Then,
(1) limuToo P (maxkgn(u) jk(u) — ’ﬁ’L(u) < y) = E[exp ( — C(Uz)yale_ﬂy)} ,
where m(u) = v/2u — ﬁi logu and C(o2) is a constant depending on os.
(ii) The point process
Z 0z (w)—m(u) = Z 51”_’_02/\;@) as u 1 oo in law. (5.6)
k<n(u) [N
Here n; denotes the i-th atom of a mizture of Poisson point process with
intensity measure C(o2)Y " e V2dy with C(o3) as in (i), and A;l) are the
atoms of independent and identically distributed point processes AD | which
are the limits in law of

Z 5ik(u)—maxj§n(u) ij(U)? (57)

k<n(u)
where Z(u) is a BBM of speed 1 conditioned on max;<p () &;(u) > v20st.

Using the embedding v the convergence result in Theorem 5.2 can be extended
as follows.

Theorem 5.3. The point process
n(t)

D S )an ) = D18 oAl (5-8)
k=1 4,3

in law on Ry X R, as u T oo, where (q;,p;i)ien are the atoms of a Cox process on
Ry x R with intensity measure M7 (dv) x C(o2)e™ V2 dx, where M (dv) is the
random measure on Ry characterised in Proposition 5.1, and A;i) are the atoms of
independent and identically distributed point processes A% as in Theorem 5.2 (ii).

Proof: The proof goes along the lines of the proof of Bovier and Hartung (2017,
Theorem 3.1). Note that by the localisation of the path of extremal particles given
in Bovier and Hartung (2014, Proposition 2.1) the thinning can be applied in the
same way using Bovier and Hartung (2014, Proposition 3.1) which provides the right
tail bound on the maximum. This gives an alternative way to get the convergence
of the local maxima to a Poisson point process. There the McKean-martingale ¥;”*
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appears naturally instead of the derivative martingale and one proceeds as in the
proof of Bovier and Hartung (2017, Theorem 3.1). O

5.2. Approximation of the PCAF and the process. Similarly as in the critical case,
for any fixed o € (0,1) we define the measure M, on R, associated with Y,7, by

D DR s (5.9)
J<n(t)
Then Theorem 5.3 implies that P-a.s.
M? = lim lim M7, vaguely. (5.10)

rToo tToo
Again we are aiming to lift this convergence on the level of the associated PCAFs.
Proposition 5.4. Let o € (0,1) be fixed. Then, P-a.s., for any 0 < r < t the
following hold.
(i) The unique PCAF of B with Revuz measure MY, is given by
n(t) )
FZ,:[0,00) = [0,00) s+ Y eV2om=(tet pyla;(r), (5.11)
j=1
(ii) There exists a set A C Q" with Py[A] = 1 for all x € Ry, on which Fy, is

continuous, increasing and satisfies F,7,(0) = 0 and lim,_,o F)7,(s) = 00.

Proof: This is again a direct consequence from the properties of Brownian local
times in Lemma A.3 and A.1. Note that in this setting the positivity is clear since
exp is a positive function. ([

Next we define

Fe(s) :z/]R L% M?(da), s> 0. (5.12)

Theorem 5.5. Let o € (0,1) be fized. Then P-a.s. the following hold.
(i) There exists a set A C Q' with Py[A] =1 for all x € Ry on which

F? = lim lim F?

rtoo tToo i

in sup-norm on [0, 5], (5.13)

for any S > 0. In particular, F° is continuous, increasing and satisfies
F7(0) =0 and lim,_, F7(s) = 0.

(ii) The functional F7 is the (up to equivalence) unique PCAF of B with Revuz
measure M?.

Proof: This follows by similar arguments as in the proof of Theorem 1.2 above. [

Now we define the process B7(s) := B(po)-1(5), s > 0. Similarly as explained in
Section 3.2 above for B, by the general theory of time changes of Markov processes
the process B7 is a recurrent, M?-symmetric pure jump diffusion on the support
of M7 and its Dirichlet form can be abstractly described. For 0 < r < t let
By, (s) = B;;j(s)’ s>0. (5.14)
Then, from Theorem 5.5 we obtain as in the critical case the convergence of the
associated process.
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Theorem 5.6. P-a.s., for every x € Ry we have under Py,

l = 519
in distribution on Llloc.
Proof: This can be shown by the same arguments as Theorem 4.1. (I

Similarly as discussed for the critical case in Theorem 4.5 above, an approxima-
tion of B in terms of a random walk on a lattice is also possible.

Appendix A. Brownian local times

In this section we consider Brownian local times as an example for a PCAF on
the Wiener space and recall some of their properties needed in the present paper.
Let (¥, G, (Gt)t>0, (Py)zer) be the Wiener space as introduced in Section 2 with
coordinate process W, so that B := |WW| becomes a reflected Brownian motion on
R4+ with a field of local times denoted by {L¢,¢t > 0,a € Ry }.

Lemma A.1. There exists a set A C Q' with Py[A] =1 for all © € Ry such that
for all W' € A the following hold.

(i) For every a € Ry the mapping t — L is continuous, increasing and satis-
fies Lg(w') = 0 and limy_, oo LY (w') = 0o. The measure dL§(w') is carried
by the set {t > 0: By(w) = a}.

(ii) The mapping (a,t) — LE(W') is jointly continuous and for every a < 1/2
and T > 0 there exists C1 = C1(W',a,T) satisfying sup,cg, Ex[C1] < 00
such that

sup | L{(w') — Ly(w')] < C1 |a — b, (A.1)
t<T
Proof: These properties are immediate from (3.1) since the Brownian local time
L(W) satisfies them. We refer to Revuz and Yor (1999, Chapter VI) for details,
in particular Revuz and Yor (1999, Corollary VI.2.4) for (i) and Revuz and Yor
(1999, Theorem VI.1.7 and Corollary VI.1.8)) for (ii) (cf. also Fukushima et al.,
2011, Example 5.1.1). O

Lemma A.2. For any t > 0 there exists \g = Ao(t) > 0 and a positive constant
Cy such that

P,| sup L{ > /\} <y i(fAz/Qt, Ve e Ry, A > ). (A.2)
a€Ry \/Z

In particular, sup,cr, Lf € L3(P,) for any x € Ry.

Proof: In view of (3.1) it suffices to consider the local times L¢ (W) of the standard
Brownian motion W. Note that the event { sup,cp L{(W) > A} does not depend
on the starting point of W. Under P, the tail estimate in (A.2) for sup,cp L (W)
has been shown in Csdki (1989, Lemma 1). The fact that sup,ep, Lf € L*(P)
follows from (A.2) by integration. O

Recall that in dimension one only the empty set is polar for W or B, so trivially
any o-finite measure p on R does not charge polar sets and by general theory
(see e.g. Chen and Fukushima, 2012, Theorem 4.1.1) there exist unique (up to
equivalence) PCAF A of W or B with usa = p. In particular, for any a € R



1398 S. Andres and L. Hartung

the unique PCAF of W having the Dirac measure §, as Revuz measure is given
by L*(W), see Fukushima et al. (2011, Example 5.1.1) or Revuz and Yor (1999,
Proposition X.2.4). This can be easily transferred to the reflected Brownian motion.

Lemma A.3. For any a € Ry, the local time L® is the PCAF of B with Revuz
measure Og.

Proof: We need to show that for any for any non-negative Borel function f on R,

fla) = lgfg ; / f(B dLa dx. (A.3)

We extend f to a function f on R by setting f(x) := f(|z|), € R. Using that
L*(W) is the unique PCAF of W with ppe) = 6, and that for any » € R the
measure dL*(W) is P,- a.s. carried by the set {¢ : W} = a} we have

f(@) = fa) =tim / Fow,) >} da (A1)
- 1&8 8 / F(Bs) dLY( )} dz + 158 7 / F(W,)dLo( )} dz.
Since L*(—W) = L=%(W) (cf. Revuz and Yor, 1999, Exercise VI.1.17) we get

/ /f ) dLe(W )}dx:/ /f §) dL%(— )}da:
_ /R e /O F(BYALT*(W)] do (A5)

and combining this with (A.4) and (3.1) we obtain (A.3). O
Lemma A.4. For any a € Ry,
/ E,[Ly])dz = 1. (A.6)
Ry

Proof: Recall that
B, [L§] = Bo [Li(W)] + By [L74(W)] = Eo[Li(W)] + Eo[LT*(W)]. (A7)

Hence, by the occupation times formula we obtain

E,[L%) da = Ea[/ LE(W) dx} —1 (A.8)
R+ — 00
(cf. Revuz and Yor, 1999, proof of Proposition X.2.4). O
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