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Abstract. We provide a process on the space of collections of coalescing cadlag
stable paths and show convergence in an appropriate topology for coalescing stable
random walks on the integer lattice.

1. Introduction

A system of coalescing Brownian Motions starting at “every” point in R and
evolving independently before coalescence was first introduced by Arratia (1981a,b).
This system has been studied by several authors and motivated the question about
the existence of a system of coalescing Brownian Motions starting at “every” point
in the space-time plane R2. Such an object is called the Brownian Web and was
introduced by Fontes, Isopi, Newman and Ravishankar in Fontes et al. (2004). In
the same paper they prove weak convergence to the Brownian Web under diffu-
sive scaling of the system of simple symmetric one-dimensional coalescing random
walks starting on each point in the space-time lattice Z2. Later Newman, Ravis-
hankar and Sun (Newman et al., 2005) proved an invariance principle related to the
Brownian Web; they established the convergence to Brownian web for systems of
one-dimensional coalescing random walks under finite absolute fifth moment of the
transition probability (allowing for crossing of paths unlike the nearest neighbour
walks).

More recently, Evans, Morris and Sen (Evans et al., 2013) studied a system
of coalescing a-stable processes, « > 1, starting at every point in R. As Arratia
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(1981a) did for Brownian Motion, they proved that the system of a-stable processes
are locally finite for every time ¢t > 0. And based on this, our main motivation here
is to build a stable version of the Brownian Web or simply a “Stable Web” and
also prove an invariance principle for it. We point out that an alternative weak
topology was introduced in Berestycki et al. (2015) to deal with the convergence
of other systems of random coalescing paths that do not have the non-crossing
property.

In this note we make a first step at defining the stable web. In subsequent
work Hao Xue and the last two authors will generalize the domain of applicability
and show that the object defined is equivalent to an object with a more general
“smoother” topology. Our objective here is simply to define a reasonable metric on
the space of collections of cadlag paths that gives convergence to the “stable web”
for suitably normalized coalescing random walks.

The paper is organized as follows. In Section 2 we define the stable aged process
or collection of stable aged paths. This is a collection of coalescing stable processes
equipped with an associated age process, which will be essential for our approach.
Section 3 gives a topology for the space of cadlag aged paths defined in the previous
section which we use in order to discuss weak convergence of processes to “our”
system of coalescing stable processes. We then give a (somewhat involved) set of
criteria for a collection of aged paths to be compact. Section 4 takes this condition
for compact sets and shows that the distribution of stable aged paths is tight.
The penultimate section introduces finite approximations to the stable web which
are used in the last section to establish that in the space presented the suitably
renormalized system of coalescing random walks converges in distribution to the
stable aged process introduced in Section 2.

2. The Age Process

In the following we have for n € Z,, D, = Z/2".
We follow Evans et al. (2013) and consider systems of coalescing identically dis-

tributed stable processes X = {X™% = (X;"")¢>0 : € D, } with stable index
a € (1,2) such that X" = x = 27" for integers ¢ and n. It is not essential but
since establishing our results in greatest generality is not paramount, we will sup-
pose that the processes are symmetric. The stable processes evolve independently
until coalescence. The rules of precedence will be arbitrary for points in D,,/D,,_1

—D, _ =D,
but lower order points will have coalescence precedence so that X © c X "™ for
each n > 1. For x € D = U,>1D,, take n such that x € D,,/D,,_; and simply

. ~ ~Dn
write X™*¥ = X?. Moreover we denote X = U,>1 X and for every ¢ > 0,
~Dn ~ . . .
X, " = Ugep, XF and Xy = Uzep Xy which are the time level sets associated

~Dn ~ .
to the set valued processes X " and X respectively.

Proposition 2.1. There exists K < 0o so that ¥V n > 1 the density of the process,
X7 at time t < oo D(n,t), given by the a.s. limit of
. 1 ~Dn
i, L 0 )
satisfies D(n,t) < &

1
ta
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Proof: To prove this we simply adapt the ideas of Bramson and Griffeath (1980).
Given t > 0 and a positive integer n, we divide up time interval [0, ¢] into intervals
[07 2771(1}’ [271'7,04’ zf(nfl)oz}’ o [27(r+1)a’ 277‘04]7 [277'04’ t]

where r < n is an integer such that 277 <t < 2—(r=De We may assume that
t > 27" since otherwise the density of X is less than 27 < e,

We now fix € > 0 so that for X' and X? independent stable processes starting at
distance less than or equal to ¢ apart, the probability that the two processes meet

before time 1 is at least 2 ((1 - (@)) We fix
82«
e(20 —1)a

Lemma 2.2. If the density of XPn is less than or equal to K/s'/®, then the density
of ng’; is less than K /(2s'/®)

The proof uses only the scaling property of the system of coalescing stable pro-
cesses. Write sg < s1 < 83 for s = 59, 2% = s5 and s; the midpoint between the
two.

We first suppose for i = 0 or 1 that YZ" has density greater than K/(2s'/%).

. . .. wDn o . .
Then the density of points,  in X" so that (z,z + %] contains no points of

Yg" has density less than i of the overall density. We denote these half isolated

points by B. The remaining points are all within distance 85" of another point

of the process at time s;. Accordingly by our choice of K and simple scaling the

probability of such a process coalescing in the next 52(12_1 time units is at least

2 ((1 — (@)) From this we see that the density of X will be less than %

that of the density at time s;. B
This implies that either at time so or at time s; the density of X will be less
than K/(2s'/%) (and so by monotonicity, the density at time s, will also be) or

the density at time sy will be (%)2 that at time syp which again implies that the

density at time sy = 52% will be less than K/(2s'/%).

Applying Lemma 2.2 successively at time 277 yields that the density at time
277 will be less than K27 < K2 /t'/* provided K is fixed large (or equiva-
lently & was chosen sufficiently small).

|

It follows from the fact that O is regular for the stable processes that if we choose
a x ¢ D and start a stable process at x at time 0, it will coalesce with processes
starting at D before time ¢ for any ¢ > 0 (given precedence to the latter), then
P(Xf € X; Vt > 0) = 1. For any =z € R we can indeed unambiguously define a
stable process (X[)¢>o which has the same distribution as a stable process starting
at = and such that ¢ > 0, X7 € X;. So we can think of the above process as
a collection of coalescing stable processes starting “on” R. For any countable set
E C R we denote X = {X*:z € E}. It follows that if for any nested collection
of “translation invariant” points V,, with V. = U,>1V,, dense we have (with the

coalescence rules with X, as above) that yzj " C X; V t > 0 with probability 1.

_ —V . L.
But equally we can show a.s that X; C X, . Furthermore for any strictly positive
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¢ we can choose Vj to be points spaced ¢ apart and containing 0 and V,, obtained
from V,,_1 by adding the midpoints between neighbours. Then we have that

— — — — 1 — —
X" 25X, X)X ad - X 2x0
c
together this yields.

Proposition 2.3. For the process X, the density at time t is equal to k/té for
some k depending on our choice of the stable process.

To construct the stable web we now consider coalescing stable processes starting
at times t € D.

The first step is for Dy = Z'. We define the stable coalescing processes starting
at {i} x R. For t € (i,i+ 1] let this process be X;. At time t =i + 1, Xerl will be
a countable collection of points on {i + 1} x R. As such they can be continued on
interval [i 4+ 1,4 + 2] so that Yi C Yiﬂ for every s € [i + 1,7 + 2] with probability
1. Continuing we have V i < j Y; C Xi V s> jas.

We now proceed in an analogous manner adding in stable coalescing processes
at times D,, /D, _1 to obtain a collection of processes {X }t>d for d € D with the

property that a.s. for every d < d’, t > d’ we have that X C X . We use the
notation X4+4 = (X ’d)tzd to denote the stable process beginning at (dyadic) time
d at spatial (dyadic) point d'.

We now define the age of a process (or path) (y(s))s>aq of X" the age of (v(s), s)

is simply s — inf(d' < d:v(s) € ) So the age of (y(s), s) increases continuously
at rate 1 but then jumps when the path coalesces with an older path. We note that

these age processes are compatible in the sense that if for d’ > d if (y(s))s>¢ of x*

is equal to (7/(s))s>¢ of X on (t,00) for some t > d'), the two age processes agree
n (t,00).
While at time ¢ > d the ages of the different processes of Y? will be unbounded, it

should be noted that by Proposition 2.3 above, the density of points in XV at time
t is equal to k/(N — )"/ which tends to zero as N becomes large for fixed ¢. The

~d . c 1. .
event that any process of X at time ¢ in the spatial interval [—M, M] having age

greater than N —t is precisely the event that XV at time ¢ has points in [-M, M].
This tends to zero as N becomes large (with ¢ and M fixed) . This ensures that

with probability one the ages are all finite for processes of X% in [-M, M] a time
t. Since M is arbitrary we have that all ages are finite.

This idea of age is by no means novel, see Fontes et al. (20006).

We can now define our aged path process. This is a collection of pairs of cadlag
functions (v, a) defined on (o, 00) for some finite o so that for each d € D strictly

greater than o, «y restricted to (d, co) will be an element of X and a on this interval
will be the corresponding age process and ¢ is the smallest possible value in the
sense that a(t) tends to zero as ¢ tends down to o (or equivalently the functions
(7, a) are defined on maximal open intervals).

We call this (random) collection of paths the stable web and denote it by X. It
is defined as a (H, p) valued random variable where H is a set whose elements are
closed subsets of the set (G, p’) of ordered pair of cadlag aged paths (v,a). p’ is a
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compactified Skorohod metric while p is the induced Hausdorff metric on the closed
subsets of G. The spaces and metrics will be defined in the next section. It may be
useful to note that for each dyadic space time point (d,d’), for every ¢ > d’, there
will exist (infinitely many) elements (v, a) defined on (o,00) so that ¢ > ¢ and ~v
agrees with X d.d" o1 time interval [t,00) but there will not typically exist in X a
single (v, a) so that v(d') is defined and equals d. Again this is not dissimilar to
Brownian web behaviour and in no way prevents us talking about a stable process
beginning at (d, d’).

We could equally have defined the stable web X as the limit of the aged paths
{Xd’dl}(d’d/)epn under the topology to be introduced in the next section, where D,,
are finite subsets increasing to D.

We note here one of many similarities with preceding works, in particular Fontes
et al. (2004): For a fixed non random (z,t), we can define a stable process X®*
defined on time interval [t,c0) with X} ' = g by taking the limiting process of
a fixed sequence of “dyadic” processes X 4d" where d converges to z rapidly and d’
converges to t rapidly. Given any countable, dense collection of space time points
{(w;,t;)}52, we can thus obtain a system of coalescing stable processes { X -t} .
Arguing as before Proposition 2.3 we have that with probability one for any (v, a) €
X, a(s) > c if and only if v has coalesced by time s with some X @isti) with
t; < s—c. Thus we could have defined the system X" via such a system of coalescing
stable processes. This shows that the distribution of A" is independent of the dense
countable set of space time points used to obtain a system of coalescing stable
processes.

A key part of our understanding of X will be via its image through the operator
®.. Given (y,a) € X, ®.((7,a)) is the function pair (v, a) restricted to [o.,00)
where o, = inf{s > 0 : a(s) > e}. X, = P.(X) will be called the set of e paths
(for X).

We note (it is proved in the Section Four) that for any bounded space time region
A and any € > 0 the subset of € paths (7, a®) so that 4*(¢) = « for some (z,t) € A
is finite. We note that the set of (y,a) in X so that ®.((7,a)) has this property
will typically be infinite. A.s. the map ®. is infinitely many to one.

The associated age process a(.) and the function ®. may seem artificial but they
are important for our approach as they remove a massive source of irregularities
for our collection of coalescing stable processes. Let us consider the space time
rectangle [0, 1]? (though it could be any bounded rectangle with nonempty interior).
For each positive integers n and M we can cut it into 2" x |2"*| subrectangles
of spatial side 27" and temporal side 27" (plus a small remaining area). If we
consider independent coalescing processes beginning at the centre of each rectangle,
then the number of processes X such that (X¢,t) stays within within their space
time rectangle before making a jump of order M will be of order 2™ with high
probability. This shows that any kind of criterion for tightness such as in Fontes
et al. (2004) is not possible. But overwhelmingly these large jumps result from
processes of small age. By cutting out the (many) stable processes when their age
is small, we remove from consideration the greater part of the overall processes’
wildness.

We now wish to define a general class of “aged path” spaces which generalize the
above, using the preceding construction as motivation, we define first an aged path
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Definition 2.4. An aged path is a cadlag pair of functions (y,a) defined on a
common open half interval (o,00) to R x Ry, so that a(t +s) —a(t) > sV s >0
and ¢t > o.

For A C R xR, we say that v hits A if there exists (z,t) € A so that v(t) = «.
Implicitly ¢ will be such that ~(¢) is defined. Given an aged path (v, a), we say
it hits A if v does so. The operator ®. (by abuse of notation we use the same
notation for this operator on pairs of paths) from the set of aged paths to itself is
defined simply by taking ®.((7,a)) to be the restriction of (v, a) to (oe,00) where
o. = inf{s > o :a(s) >e}.

Definition 2.5. A space or collection of aged paths is a set of aged paths
{(vi, @;) }icr having the property that for for every positive integer N the set of pairs
Py~ ((vi,a;)) that hit [-N, N]? is finite and (b)) is (perhaps as a limit) well de-
fined, where b}, = inf{s > oy-~n A—=N :7(s) € [-N,N]}.

We will define a topology on the sets of aged paths in the next section.
We return to our stable web and note that Proposition 2.3 yields the following
corollary:

Corollary 2.6. The density of points of X with age in the interval (a,a +¢) at a
given time t is equal to k/a'/* — k/(a+¢e)'/.

We will also need the following result which follows from the fact that the density
of processes of age at least M at a particular time tends to zero as M becomes large.

Lemma 2.7. Given ¢ > 0 and N < oo, there exists M = M(e, N) < oo so that
outside probability e every path of X that intersects space time square [—N, N|? has
age less than M at time N.

Proof: This simply follows from the fact that by Proposition 2.3, the density of
coalescing processes, started at time —(N + M) has density k/(2N + M)/ at time
N. So the chance that one such process is in spatial interval [—-N, N] at time N
is less than 2kN/(2N + M)Y/. Let ¢(N) > 0 be the infimum of the conditional
probability a path be in [-N, N] at time N given that it hits [-N, N]? . The
probability that the event of interest occurs is bounded above by 2kN/c(N)(2N +
M) which will be less than & for large enough M depending on N and . O

3. Topology

First recall (see e.g. Ethier and Kurtz, 1986) the definition of the d-modulus of

continuity for a cadlag path 7 : [¢,d] = R:
OJ((;, Y, [6, f]) = inf sup sup h/(t) - ’Y(S)|
timtic120 i steft; ;)

for [e, f] C [e¢,d]. This quantity is important for determining the compactness of
sets of cadlag paths.

We use the metric d; between two cadlag paths v; : [a,b] = Rand 75 : [¢,d] = R
(typically but not always we will have b = d = o) where

d1(71,72) = | tanh(a) — tanh(c)| +

inf | sup e (1 (t),) = (32(9(t)), 9(D)| A1) + sup e g’ (s) = 1]| .
g:la,b]—=[c,d] [a<t<b a<s<b
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where the infimum is over continuous piecewise differentiable bijections g. This
amounts to a compactification of space-time as in Fontes et al. (2004). When
dealing with paths defined in a finite time rectangle, we will use the equivalent
metric

d(y1,72) = la —c|+
il asgigb(l(%(t),t) = (2(9®) 9O) A1) + sup, lg'(s) = 1]| -
In dealing with aged paths defined over finite intervals
(i(t), s 1)) : [eisbi] = R x (0, 00)
for i = 1,2, we simply take
d((y1,01), (12, 02)) = d(m1,72) V d(ay, az).

and similarly for d;. In the following, when speaking of distance between aged
paths (v1,a1), (72, a2), we will abuse notation and write d(y1,72).

A similar topology on cadlag functions was introduced in the recent work of

Etheridge et al. (2017). It follows immediately,

Lemma 3.1. For a cadlag function f:[0,T] — R let f7 be its restriction to [n,T)
(form > 0). Yo > 0, there exists ng so that d(f, f) < o for every 0 <n < nq.

Proof: Take h to be such that sup,j, |f(s) = f(0)| < 0/10. Now (for b > n > 0)
define path g : [0,T] — [n,T] by

g(s)= s for se€[h,T); g¢g(.) is linear bijection [0,h] — [n,h].
Then this shows that d(f, f7) < 20/104+ n/h + n and so the result follows. O

The above argument in fact yields

Lemma 3.2. For any h > n,

d(f"f) <m 4+ 5 +2 sup [£(0) = f(s)].
0<s<h

If we are dealing with aged paths

d(f7,a”),(F,a)) Sn + F+2( sup |F(0) = f()] V a(h) — a(0)).
0<s<h
Corollary 3.3. For a stable process (X (t) : t > 0), Vo > 0 there exists g > 0 so
that VT > 0,

0.2

106
where we consider the restrictions of X and X" to [0,T] and [n,T] respectively.

PV n<n,dX,X")<o)>1-—

Similarly, if for process X and time interval I within its domain of definition, we
write X! as the process with time restricted to I, then we have

Corollary 3.4. For a stable process (X(t) :t > 0), Vo > 0, € > 0 there exists
no >0 sothatVt> ¢ and 0 <n,nm2 <o,

d(X[O,tle[m,an]) <o

outside probability % :
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We will examine the systems of aged paths X and X5 considering them as random
elements of a proper path space which we now define in a natural way based on our
previous considerations. Let G be the space of aged paths: {(o,,a)} where v and
a are cadlag functions defined on (o, 00) and satisfying the conditions given in the
previous section.

Denote by ¥ the map that associates to an aged path (7, a) in G its restriction
to the interval [b);, N] (where b}, is as in the definition of collections of aged paths).
We note that this is not a continuous operator for the given metric between paths.

We denote the composition Uy o &5~ by Iy (recall s is defined at the end of
Section 2).

We have the semimetric pj_y n)2 on G defined by

P[-N,N]2 ((’yva)a(w/aa/)) = d(HN((’Yva))vnN((’Y/va/)))'

We now consider the metric between aged paths (which by abuse of notation we
also denote as p) by

pl((ba 7> CL), (b/a ’}/a G/)) = Z 2_N min {1a lo[fN,N]2 (HN(ba 7> CL), HN(b/7 7l7 al))} .
N=1

The metric is artificial in that it privileges certain cutoffs and rectangles, whereas
the spatial or temporal integer values are not special for stable processes and the
ages 27N are not significant for our coalescing system. However this is a positive
in our approach as we will be able to argue that the lack of continuity of our
projections Il is ultimately not a problem.

We, as usual, take H to be the set of closed subsets of G with the Hausdorff
metric, which, is denoted by p. We have the usual criterion for tightness (see Fontes
et al., 2004).

For every N > 1 fix ey > 0, My > 0 and dy € [0,1)Y a sequence tending to
zero and put ¥ = (en, Mn,dn)n>1. We denote by K (1) the set of collections of
aged paths in G such that for each collection C' € K(¢) and for each integer N > 1:

(i) the number of paths in Iy (C) is less than My;
ii) the age of every path in IIy(C) is less than My throughout;
ii) every path in Il (C) is contained in [—-My, My] X [-N, N] ;
) every path, (b,7,a) € Ix(C) has w(27",v,[Tn,N]) < dn(r) for every
r € N, where Ty = b} ;
(v) every path, (b,7v,a) € HIn4+1(C) has v(Tn) € [-N +en, N — en] and prior
to this it did not enter [-N —en, N +en];
(vi) the age process of every path v € IIy41(C) makes no jump while the age
has value in [27V —en, 27N +ep];
(vil) the age process of every path v € Il (C) makes no jumps within time ey
of each other;
(viii) the age process of every path vy € IIn1(C) does not have age in interval
(27N —en,27N tepn) at times in [-N —en, —N +en] or [N—en, N +en].
(ix) every path, (b,7,a) € Tn41(C) has d(y!TV N yTNvtnuN+mly < 9=r for
every r with 0 < 0n(r) < en/2 and 0 < m1,m2 < dn(r), where again
Ty = b
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Proposition 3.5. The sets K(¥) are compact.

Proof: Given a sequence of collections Cy,Cs, ... in K, we prove that we can find
a convergent subsequence which converges to an element of K.

If we fix N and consider the paths v that are in I (C,,) for some n, then by con-
ditions (iii) and (iv) this set is compact. Similarly (ii) and (vii) ensure that the age
processes will be compact. Since the set of compact sets of trajectories on a bounded
domain endowed with the Hausdorff metric is compact, that is {IIy(C)|C € K} is
compact for each IV, we can take a subsequence, (Cngv) of (Cy,) so that (HN(Cngv))
converges. By Cantor diagonal method, we arrive at a subsequence C,,,,i > 1,
such that for every N the sequence (IIx(Cy,)) converges to some collection Dy.
We must show that from this collection (Dy)ny>1, we can find an aged path col-
lection C' so that C,, converges to C'. It will be clear that any such limit is in
K (9) so the principal task is to produce aged path collectionC' so that for every N,
IINy(C) = Dy. The essential step is to show that for each N, Un(Dyy1) = Dn.
Since Iy (Cyp,) C Iy n41(Cy,) It is clear that Dy C I y(Dyy1). Now we show
that IIny(Dy+41) C Dy by contradiction. Suppose that Iy (Dy41) contains a path
(b,7,a) not in Dy. We have by hypothesis that there is a § > 0 so that (b,v,a) is
distance greater than ¢ from Dy. We consider a sequence of paths v,, € C,, so
that IIn 417, converge to (b',',a’) such that I x((V/,7',a’) = (b,7,a). By condi-
tion (v) and (viii) Tn (7Vn,) must be in time [N +en, N —en] or the age a(Tv) must
be greater than 2= +&yand v, (Ty) must be in spatial interval [~ N +en, N —en].
From this and (ix), we see that IIy-y,, must converge to (b,v,a) and the desired
contradiction is achieved.

To construct our limit set C' (which will clearly be in K), we need to find a
collection of aged paths C so that for each N, IIyC = Dy. Fix (yn,an) € Dy.
By the above paragraph we can find inductively (yar,an) € Dy VM > N so
that TIx((yar, anr)) = (yn,an). So var and aps are cadlag functions defined on
intervals [ear, das] so that

YM>M >N, [earr,dar] C e, das] and
7M|[CM/»dM’] =M, G’MHCM/;dM’] =an-

We also have that dj; tends to infinity as M tends to infinity but that (by condition
(ii)), limpr—s oo car > —00. We define v on (limps— >0 car, 00) by v(s) = va(s)
for any (and by the consistency all) M with s € [cas, dps]. Similarly for a.

We have that (v,a) has the desired property. We take C to be the totality of
paths that can be obtained in this way (i.e. starting from some N and taking a
convergent sequence of aged paths. It is clear C' is our limit. ]

4. Tightness of the Stable web

In this section our main purpose is to show
Proposition 4.1. For each 0, 39 = (en)n>1, (Mn)N>1, (ON)N>1 S0 that
PX ¢ K())] < o?/10°

Remark 4.2. This shows that our measure on aged paths is tight. Given Propo-
sition 3.5 this section will consist of simply working through (not necessarily in
order) the hypotheses of Proposition 3.5.



796 T. Mountford, K. Ravishankar and G. Valle

For N =1, 2,..., we consider 'y as the random collection of aged paths ITx (X).
Let us fix a space time square Sy = [N, N|%.

Definition 4.3. For a cadlag path F': I — R, the variation of f on [a,b] C [Iis
Sup,<s1<p [f(t) — f(s)l-

Proposition 4.4. Given a path (b,7,a) that intersects Sy while of age at least ¢,
let

B =PB(y,e) =inf{t: (v(¢),t) € Sy and (v(¢t),t) has age >e}.
Given N >1 and1 >0 >0 then I n >0 and N' < oo so that

P[H v that intersects Sy while of age at least €
and has variation greater than o/100 on [, 8+ 3m]] < 107%¢2.

and

P[H v that intersects Sy while of age at least €
and after time B leaves [—-N',N']] <107 %0*.

Remark 4.5. Of course we are particularly interested in e of the form 2=V,

Proof: We only explicitly show the first probability bound, the second following in
similar fashion.

We consider paths v for which the 8 as defined above lies in (z%, (i + 1)%] for
fixed 7. There are < % such #’s for £ small). We fix such an 7.

We are interested in the paths’ behaviour after the time ((g). As such it is
only necessary to treat a “good” representative. While it may be true that the
evolution of the age of path v immediately before 3(e,7) was very rapid due to
several coalescences, for every v, the behaviour of the path « on interval [5(7y), 00)
will equal that of a path 4’ on interval [8(7),00) = [B(7'), 00) for some path whose
age at time /3 is at least £/2. As such to establish the proposition it is enough to
treat ~ having this property. Henceforth we drop the dependence of § on 7 from
the notation.

So we are interested in the behaviour on interval [3, 8 + 3m1] of paths v having
the property that at time ic/3 the path has age at least £/2 and such that in
time interval (ic/3, (i + 1)e/3] the path « meets spatial interval [—N, N]. We first
note that by Proposition 2.3, the density of the translation invariant collection of
processes of age at least £/2 at time ic /3 (or indeed any time) is equal to K/(g/2)'/.
We now consider (for comparison purposes) the system of stable processes beginning
with these walkers evolving independently on time interval [ie/3, (i+1)e/3] without
coalescence. This system at time (i+1)e/3 will have the same density (K/(¢/2)"/®)
and will again be translation invariant. Thus the expected number of points for our
comparison system in [N, N] at time (i + 1)e/3 is exactly 2Nk/(¢/2)'/®. By the
Markov property (applied when a process first enters [—N, N]) each process that
touches [—N, N] has a probability > Cy . > 0 of being within interval [-N, N] at
time % where by symmetry e.g. Cn. > 1/3 for € small enough and N large
enough. Thus provided ¢ was fixed sufficiently small, we have that the expectation
of the number of comparison processes that touch spatial interval[—N, N] in time
interval [ie/3, (i + 1)e/3] is bounded above by

6NEk/(/2)Y.
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This bound must then also apply to our original system of coalescing paths by
simple stochastic domination.
So the expectation of the total number (i.e. for every relevant 4) is thus <

wik—;i. By the Markov property (for each stable process) if we choose 71 so that
£)a

€

P(sup |X(s) — X(0)| > ¢/100) < o2/ <7N 6k]\£ .107> )

s<3m € (5)=
we have that outside probability %.27, the variation on [3, B4 3m]] is less than ¢ /100
for all these paths. O

Proposition 4.6. Given a path (b,7,a) that intersects Sy, while of age at least
€, v, let B = B(v,¢e) be as in Proposition 4.4. Given N,o 3 (6(r))r>1 a positive
sequence tending to zero as r tends to infinity so that P[El ~that intersects [—N, N|?

while of age at least € and so that for some r > 1,w(27",~, 8, N]) > 5(7’)] < %.

Proof: The claim follows from the observations w(27", 7, [8, N]) = 0 as r — oo and
the total number of paths is bounded in probability (from the previous proposition).
d

Remark 4.7. The results above speak to properties (i), (iii) and (iv) in the defi-
nition of compact set K((en)n>1, (Mn)~N>1,(0n)n>1) while the next proposition
addresses (iii). Property (ii) follows from Lemma 2.7.

The following result is important in establishing properties (vi) and (vii)
Proposition 4.8. Given 12,0 > 0, there is N’ so that the probability that a path
(b,7,a) satisfies

(i) 7y hits Sy while of age at least 27,
(it) there exists t € [=N, N] so that a(t) > 12 and y(t) € [-N', N']°,
is bounded by o.
Remark 4.9. This result is useful in that it argues that the age is "locally” deter-

mined (to within a certain precision). We do not rule out that the true age is
determined out at infinity, our claim is that the age within 7 is decided locally.

Proof of Proposition /.8: Fix a positive integer k and let Ay be the event that for
some %, there is a path ~ that intersects interval Ij, ( defined below) in time in the
time interval [92, (i + 1)22] so that
i) [B, G+ DB]N[-N,N#0;
(ii) the path has age > % at time “2;
(ili) I = [28NB 281N Y [-2FHINB 2R NP for B > 2.

We have, since the number of such ¢ is bounded above by % and the expected

number of such paths is dominated by 2& ZZN ’ , then the expectation of this number
e
is bounded above by ’
7N 2K2kNP

1 gnN -
2y
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where ¢y is the upper bound over possible initial points of the probability that a
stable process starting at some point in interval Ij visits[—N, N| before time 2N
which is of order N/NBA(e+1)2k(e+1) " Thys for some K’ > 0

TKK'
P(Ay) < — N2 PagTha
1+1
Up)
Since 8 > %, summing this over k > k, gives P(Ug>k,Ar) < o for ko sufficiently
large. Since Up>x, Ak contains the event in the statement we are done. O

We use Proposition 4.8 above to show:

Lemma 4.10. For every N € N and ¢ > 0 there exists n > 0 so that
P(3(b,7,a) so that TIxy # 0 and so that a(-) jumps twice in an interval of length
n while of age at least 2_N) is less than €.

Remark 4.11. Lemma 4.10 above addresses (vii) of the definition of the compact
sets K (9).

Proof of Lemma /.10: We fix N and e. First pick N’ according to Propositions 4.8
and 4.4 applied to N + 1 with 7, =27 /10 and ¢ = £/100. Then pick N in this
way with N’ substituted for N. Pick M so that the probability that the number of
paths in ® N, 5(C) to touch (—N”, N”) x (=N, N) is greater than M is less than
£/100. Let the complements of these “expected events” be denoted by By, Bs, Bs:

B is the event that there exists a path which touches spatial interval [N, N] in
time interval [-N — 1, N + 1] while having been outside spatial interval [N’ N'|
in this time interval while of age greater than 7, = 27 /10, or there exists such a
path which subsequently leaves interval [—N’, N'].

Bs is the event that there exists a path which touches spatial interval [—-N', N']
in time interval [~ N —1, N+1] while having been outside spatial interval [-N" N"|
while of age greater than 7, = 27V /10.

Bs is the event that the number of paths to touch spatial interval [-N", N"|
during temporal interval [-N — 1, N + 1] while having age greater than 2~V —2
exceeds M.

We divide up the event in question into the union of events A(, N) where A(i, N)
is the event that a path of age > 27 having touched spatial interval [-N—1, N+1],
meets two paths also of age > 27 in time interval [in, (i + 2)n] (which intersects
[~N, N]) and all three paths were in (—N", N”) at time in — 2=V ~1L.

It is easy to see that the probability of U;,ec—n—1,n5)A(4, N) occurring but not
one of the B; is less than Const(N/n)22N/ M3n?/*: we simply note that for a fixed
such interval, for the event to occur (and none of the B; ) at time in — 27V /4 all
three of the processes must be among the at most M processes of age at least 27 /2
in spatial interval [-N", N”]. We have at most M? choices for the three processes.
Secondly we see that uniformly over the spatial initial points, the probability for
two independent stable processes to meet in time interval [1,1 + ¢] (one beginning
at time 0) is less than K '/ for some universal K. So, by scaling and the Markov
property uniformly over the positions of the three processes a time in — 27 /4, the
probability that the first two meet and then the third in the given time interval is
bounded by Kn?/*22N/e for some universal K.

Given that our value M has been fixed (and that « < 2) this upper bound will be
less than /100 if 7 is chosen small enough. Thus with these choices of N', N, M
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and 7 the probability of the event occurring is less than /100 + /100 + /100 +
£/100 < ¢ and the result follows.
|

In a similar way we can show the following which is relevant to (vi) of the
definition of K (19).

Proposition 4.12. For each o, > 0, N < oo, dn > 0 so that the probability that
there exists (y,a) so that

(i) 3s so that v(s) € [-N,N] and a(s) € (¢ —mn,e+n) and so that for some
other path (v'a’)

(i) [y(s) =~/ (s)] <n and a’(s) > a(s)

is bounded by o?/10°.

Again by Proposition 4.8 we can restrict attention to paths within N’ of the
origin. Again we bound the number of such paths that touch this spatial interval
during time interval (—N, N) while of age at least 27 ~!. The argument is now as
with Lemma 4.10.

Proposition 4.13. For each o,¢e > 0, N < oo, Jey > 0 so that for event
A(N,en) = {3y having age in interval (27N —en, 27N, +en) at times in (—N —
en,—N +en) or (N —en, N +en) while in interval spatial [-N, N|} satisfies

P[A(N,en)] < o2/10°.

Again we sketch. To see this for the time interval (N —en, N + ey), we first
choose N’ so that (using Proposition 4.8), outside a set of probability ¢2/107. any
path that meets (—N —1, N +1) in time interval (=N —1, N +1) must be within N’
of the origin while having age at least 27V /3. Outside this small probability event,
the claimed event lies in the existence of a path such that at time N — 27N~ lies in
(—N’, N') and has age in interval of length 4¢y around 2=V ~1. Given Corollary 2.6,
we obtain the result.

We can equally address property (v) in our definition of compact K:

Lemma 4.14. For each N and each 6 > 0, 3 ey > 0 so that the probability that
there exists a path v which first hits [N —en, N + en]| at a time before or equal to
its first time of hitting [~ N, N)? while of age at least 2= is less than §.

Proof: We denote the “bad” event whose probability we wish to bound by By. It
follows from the self similarity properties of the stable process that for a stable
process {X(s)}s>0 starting at 1 with 7 = inf{s : X(s) < 0}, we have X(7) < 0.
By quasi left continuity we get that

cle)= P{X()0<s<7yN[-¢,e]#0) — 0
as ¢ tends to zero. So by scaling we have for 7 now equal to inf{s: X(s)X(0) < 0}
sup P*({X(s) 0<s<7}N[—g,e] #0) = c(e/a).

lz]>a
We divide up By into four parts:

- By(1): a path enters [~N, N]? while of age at least 2~ which had been
outside spatial interval [—N’, N'] while of age in [27V/3,27].

- Bn(2): the number of paths inside [-N’, N'] x [-N, N] of age at least
27N /3 is greater than N



800 T. Mountford, K. Ravishankar and G. Valle

- Bn(3): there exists a path that achieves age 2=~ while spatially in [N —
ey, N +ely].
- Bn(4): By occurs through a path that hits [~ N, N|? with age at least 2~V
which achieved age 27 while outside [N — &y, N + &y].
In the above definition N, N and ¢y will be specified as the proof progresses.
By Proposition 4.8 if N’ is fixed high enough, then P(By(1)) < ¢/4. Simi-
larly we have that for N” sufficiently large P(Bn(2)\Bn(1)) < 6/4. By applying
the Markov property at age time 277 /3 we easily see that P(By(3)\(Bn(1) U
Bn(2))) < ON"h2N/e < §/4 if €' is fixed small enough. Finally

P(Byn(4)\(Bn(1) U Bn(2) U BN (3))) < czv"c(?)
N

which is less than 6/4 if e is chosen small enough. O

Propositions 4.6, 4.12, 4.13, Lemma 4.10 and Corollary 3.4 as well as the proof
of Proposition 4.4 yield.

Proposition 4.15. For each o, there exists 9 = ((en)n>1, (Mn)n>1, (ON)N>1)
so that
PlX ¢ K(9))] < o%/10°

Remark 4.16. This shows that our measure on aged paths is tight given Proposi-
tion 3.5.

5. A Discrete Approximation.

The object in this section is to introduce a coalescing process based on a large
but finite number of coalescing stable processes which well approximates the IIy
projection of a given stable web. This approximation result is Proposition 5.3
below. After which some related technical results are prepared. The purpose of the
approximation is to facilitate the proof of convergence in distribution of systems
of coalescing random walks (which are in the domain of attraction of our stable
process) which will be performed in the next section. It is at least plausible that
for 6 small the web on bounded space-time rectangles will be well approximated by
a large but finite system of coalescing stable processes beginning on a fine mesh of
space-time points separated by distance 6.

A 0 process is simply a stable process beginning at a some space-time point in
07Z%. The (0i,075)-process is simply the stable process beginning at position i at
time 05 The 0 stable web is the collection of coalescing 6 processes . We will also
be interested in finite subsets of these processes.

More generally given a space time subset A (either a countable set or a rectangle
[,y] X [s,t]) for a path (v, a)) that is a restriction of a path in X’ we say its A—age,
(a?(s)) (on s € (0,00)) is the supremum of s — ¢ over paths X®* so that

(i) X% has coalesced with v by time s and

(ii) (z,t) is in A (if A is countable) or AN D (for A a rectangle).

If there has been no such coalescence the A-age will be undefined. Obviously the
A-age at time s is less than or equal to a(s).

We say that (given A countable or a rectangle) and (x,t) € A or in AN D)
that X®! §-approximates (7,a) by time s on time interval I if for each u €
(s,00) NI, y(u) = X®*(u) and 0 < a(u) — a?(X)(u) < § where a?*(X) is the
A — age for the process X% .
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Proposition 5.1. V 7, 0 > 0 and positive integer N, there exists 6 > 0 and
finite N so that outside probability o for very path v € X so that n((7,a)) is
nontrivial, there exists (y,s) € A = 0Z*N[-N",N"] x [-N" N] so that X¥*
n-approzimates (v,a) by time oo-~(X¥*, a*(X,.)) on [-N, N].

Proof: We use Vi to denote the set of v which intersect [N, N2 after age 2=~
tacitly identifying paths which agree after age 2~V so we will consider the number
to be finite. For space time rectangle R, we write U (R, ) to denote the set of paths
that hit R after age d(again identifying paths which agree after age J ).

Given N we apply Proposition 4.8 twice. First with (IV,7/8,0/100) to obtain
value N’ so that with probability at least 1 — ¢/100, every path (v,a) that after
age 27" is in Vyy has the property that it for a(s) > n/8 (v, (s),s) € [-N',N'] x
[-N, N].

Next we take M so that every path that hits [—-N’, N'] x [-N’, N] has age less
than M outside probability ¢/100 (we can do this by Lemma 2.7). We now apply
Proposition 4.8 for (N' 4+ M,n/8,0/100) to obtain value N”'.

For a path 7 in Vy we cannot rule out that the age of the path is defined via paths
that “diverge to infinity”. But we have that outside probability 35/100 every such
path has an age determined within 7/4 by paths starting on [-N", N”] x [-N", N]
in the sense that outside this probability, for every (v,a) € Vy) there exists a path
v in U([-N",N"] x [=N",N],n/4) so that (7/,a(y")?) (with A = [-N",N"] x
[-N", N]) n/2-approximates (v, a) by time oo-~ () on [—N, N].

It remains to show that for any relevant 4/, we can 7/4-approximate
(7, a(y)IENTNTIXENTND) by time oy n (7, a(y/) PN IXENT N on [N, N]
by a pair (XV,a(X)?) for A = [~N",N"] x [-N",N]N6Z? and v € 0Z? (outside
appropriately small probability).

We note that by the argument for Proposition 4.8, there exists K = K(N" n) so
that the number of distinct processes in Uy ([—N"', N”| x[—N", N],n/4) is bounded
by K outside of probability o/100.

Now (outside the previously ¢ eliminated” event of probability bounded by
30/100) every +' in Uy remains in rectangle [-N"', N”] x [-N" N] after age n/4.

We fix one such path 4" and consider J = [t,t 4 n/4] N OZ where t is the first
time the age of 7/ exceeds /4. For each s; € J, let z; be one of the spatial points in
0Z closest to 7/(s;). By scaling (and the fact that o > 1) there is a chance greater
than 1/2 (for 6 small enough) chance that 4/ and X (*i-*:) will coalesce in the next
f time units. Since J has cardinality at least n/(50) for 6 small we see that outside
probability o/100 4 K (1/2)"/ 9 every path +/ will be coalesced with a process X
for s € [-N",N"]x[~N",N]NOZ2. The result now follows by taking 6 sufficiently
small that K (N",7).(1/2)"/ (% is less than ¢ /100.

O

Notation: Given A C Z? either countable or a rectangle and (x,t) € A (or
AN D), the age process for X! (given A, a*(X™?') has been defined. We can
accordingly define T4 (X®?) to be the joint process (X, a(X®*) on the interval
[b4, 00) where

b4 = inf{s:a?(s)>27" and (X*!(s),s) € [-N,N]>.

Proposition 5.1 begets
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Corollary 5.2. Given N and o > 0, there exists N’ and 6 > 0 so that if L is the
collection of coalescing stable processes in 022N [—N', N'] x [-N', N], then outside
probability o for every path v with (y(s),s) € [-N, N]? for some s € [—N, N] with
a(s) > 27N, we have ' € £ with distance

P (Mx(7), I (Y) < 0/10

Proof: Given N and o let us apply Proposition 4.4 with e = 2=V to obtain 7,
satisfying the desired condition. We can also, arguing as in Lemma 4.10 suppose
that 7, is sufficiently small that no path hitting [N, N|? while of age greater than
27" has a jump in [a(27) — n1,a(27Y) + n1] outside this probability. Now given
this 7; (which we can take to be small compared to 2 ~%, let 1, be less than
om1/100. We apply Proposition 4.8 with 7 = 1 and o equal to our fixed o2/10°.
This yields our desired N’ (We here also suppose that outside this probability no
path hitting [~ N, N]? has age greater than N’.). Applying Proposition 5.1, with
N, N’,n and o replaced by 02 /10° we have our § and outside of probability 202 /10,
every path v as above has coalesced with a path in ¥, before it has age 2n. The
result now follows from Proposition 4.4. O

Propositions 4.4, 4.8 and 5.1 and Corollary 5.2 yield

Proposition 5.3. Vo > 0 there exists N, N’,0 so that outside probability o the p
distance between the paths resulting from the stable web and the paths resulting from
the 0Z> N [—N',N'] x [-N', N + 1] beginning after age (defined via the processes in
A = 0Z*°N[-N',N'] x [-N',N] ) when the processes touch [—N, N| while of age
greater than 2~V is less than o.

We denote the system of f-processes by X% and the system of §-processes of age
at least § by Xg) . We claim that X? plays the role of an skeleton for the stable
web in an analogous way to the definition of an skeleton for the Brownian Web, see
Fontes et al. (2004).

6. Convergence in Distribution

In this Section we only consider discrete time random walks, although analogous
results hold for continuous time random walks. Consider a random walk (W,,),>1
such that W,, = >_1" | Z, with (Z,)22, iid random variables whose distribution
is in the domain of attraction of a stable symmetric a € (1,2) random variable
X = X0 (X0 defined as in Section 2). Let p(z) = P(Z, = z), = € Z be its
transition probability function. Since the best convergence result is not our focus
we assume that p(-) is symmetric and satisfies

T (x) — C € (0,00), as|z| = o0,

where the C'is chosen to be compatible with X. Thus we have that

<W|_ntj>
né t>0

converges in distribution under the Skorohod topology to (Xt0 ’O)tzo. We have the
Gnedenko local CLT, see Gnedenko and Kolmogorov (1954),

n= P (W, = o) — fx (x?)

na

sup

1
w0l <Kna

—0, asn— o0,
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where fx is the density of X. This is enough to show convergence of the Green
functions: For every 8 > 0
i

Gg(u) = lim nla—b ZP(W]- = [un=])e Pn |
j=1

n—oo

uniformly on compact intervals for u.

From this and standard optional stopping, we have

Lemma 6.1. For every 8 > 0, if W', W2 are two #id random walks with in-
crements distributed as p(-) and starting at W¢ = 0 and W2 = [neu] and T, =
Linf{j W} =W?} then lim, o0 Ee T = Be AT where T = inf{t : X} = X?}
for Xt X2 iid stable processes distributed as X0 starting at X} =0 and X2 = u.
Therefore T, converges to T in distribution.

From this we obtain

Lemma 6.2. For N, N', ¢ and 0 fized positive and finite, the system of coalescing
stable processes starting from points in 0Z% N [—~N',N'] x [N’, N] is the limit as
n — oo of the system of coalescing random walks starting on [fN’ni,N'ni] X
[-Nn, Nn| from points in LGn%JZ x OnZ and appropriately rescaled.

Recall the definitions of Section 2 and Proposition 2.3. The system X of a-stable
processes starting from full occupancy at time 0 is scale invariant and in particular
the density scales as k /t% for some constant k£ not depending on ¢. We now note
that the density for coalescing random walks scales (when suitably renormalized)
in the same way.

Proposition 6.3. For coalescing random walks on 7Z x Zy beginning with full
occupancy at time 0, the density at time n is approximately k/né, meaning that
the ratio goes to one asn goes to infinity, where k is the constant for the continuous
time coalescing processes obtained in Proposition 2.5.

Proof: By Proposition 2.3 for the system of a-stable coalescing processes the den-
sity at time ¢ is the (increasing) limit as 6 | 0 of the processes beginning at 67Z.
Thus for every € > 0, there exists 6 > 0 so that ‘Ehe density of colalescing f-processes
at given times t1, to are greater than (k —¢)/t{ and (k —e)/ts .

We first take t; = 1. Now for 6 as above, we consider the coalescing random
walks beginning at LﬂnéJZ. By Lemma 6.2, we get that for n large the density
of these coalescing random walks at time n is at least (k — 2¢)/n=. Hence by
monotonicity it is at least (k — 2¢)/n= for the full process of coalescing random
walks (i.e. starting from full occupancy on Z).

On the other hand we can via Bramson and Griffeath arguments (Bramson and
Griffeath, 1980), see Lemma 2.2, show that there exists m < oo so that for every
choice of the scale parameter n, the density of the full process of coalescing random
walks at time 7T is bounded above by m/T . In particular at T = rn, r small,
the density is bounded above by m/ (ré n%). We now couple this to a coalescing
system of random walks starting with occupancy at LﬁnéJZ at time T' = rn and
we take t2 = (1 —7) then the density of the full process of coalescing random walks
at time n = rn + (1 — r)n is equal to the density of the |#n= |Z random walks at
time (1 — r)n plus the density of walks of the full process that have not coupled
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with a 6 random walk by time n. But (if # << 1/m is sufficiently small) this latter
density will be smaller than ¢/n'/® . while the former density (by invariance) will

be less than (k4 ¢)/((1 — r)an=). Thus the density of full random walks at time
n will be bounded above by

k+e¢

— T+ +¢e/nt/e.
(1—-r)anw /
We now let r | 0 and then € | 0 to obtain our result. O

From now on consider that we work with systems of discrete time coalescing
random walks starting at points on [né]Z x nZ, making jumps from i to j with
probability p(j — i) after intervals of time with length one. The age of such a
random walk is defined to be continuously increasing at rate 1 on time intervals of
no coalescence and when a coalescence occurs the age jumps to the age of the older
path. We call it an aged random walk. We denote this collection of aged random
walks (7, a) with space scaled by n=/® and time by n=' by W, € (H, p) for n > 1
(so n is the scaling parameter).

Proposition 6.4.
W,=X asn—

Given Proposition 6.3 we can easily prove the following analogue of Proposi-
tion 4.4:

Proposition 6.5. Given an aged random walk path (v,a) € W, that intersects
SNy = [=N, N|?, while of age at least €, let
B =p8(v,e) = inf{t: (y(t),t) € Sy and a(t) > c}.
Given N and o there exists 1 so that for every n
(i)
P[EI (v,a) € W, that intersects Sn while of age at least € and has variation
o2
greater than o on |3, + 3m]] < 106
and (ii)
P[EI v that intersects Sy while of age at least €
and after time B leaves [—-N', N']] <107 %0*.
We similarly have analogues of Propositions 4.6, 4.12, 4.13, Corollary 3.4 and
Lemmas 4.10 and 4.14. This yields:

Proposition 6.6. For each o > 0, there exists 9 = ((en)n>1, (Mn)n>1, (ON)N>1)
so that for each § > 0, there exists ng = ng(d) < oo so that for n > ng

PW, & K°(9)] < ¢%/10°,
where K° = {1 : p(¥, K) < 8}. In particular (Wy)n>1 is a tight family of random

elements of H.

Remark 6.7. We need to consider K° rather than simply K since we need the
convergence of renormalized random walks to continuous time stable processes that
ensures the desired approximation for paths IIyvy, N > 1.
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The aim from this point is to prove weak convergence of W, to X. Our ar-
gument uses the approximation of X by #-processes and we need an analogous
approximation for the system of aged random walks. So we consider the system
of #-random walks associated to the scaling parameter n as the collection of dis-
crete time rescaled coalescing random walks obtained from coalescing random walks
starting at LﬁnéjZ x OnZ that evolves as before (jumps from i to j with probability
p(j —1) after one unit of time), with space scaled by n~a and time by n~!. To sim-
plify notation we write X?% for the #-random walk starting at (Lf)nijnfii, 075).

Given a collection of f-random walks, we can, just as in the original process,
speak of ages of paths: the age of a path X% at time s > j6 is simply

s —inf{@l : Ik : X019 = x0kO0

We then denote by W? the system of aged coalescing #-random walks with scaling
parameter n and given N and N’ we write WP for the system of coalescing -
random walks with scaling parameter n beginning at points inside the space-time
box [-N — 1,N] x [-N’,N’]. (Usually N is given and so is dropped from the
notation.)

As in Proposition 6.6, we can show that (W?),>1 is a tight family of random
elements of H. Moreover, we can prove as in Corollary 5.2 the following result:

Proposition 6.8. Given N, N’ and 6, the coalescing renormalized systems Wg’N/
converge in distribution to XN qs n tends to infinity. Furthermore HN(WQ’N;L)
converges in distribution to Ty (X%N').

We are now ready to establish weak convergence of W,, to X'. (Proof of Propo-
sition 6.4)

Proof: To establish weak convergence it is sufficient to show that for a bounded
and continuous F' on our space

E[FWn)] — E[F(X)]

as n tends to infinity.

We fix ¢ > 0 and a bounded continuous function F' on the set of aged path
collections. Given € > 0, we fix a compact set K of collections of paths as in
Proposition 3.5 so that the probability that X € K is at least 1 — . By the
compactness of K we have that there exists 7 > 0 so that

vy € K, sup  |F(y) = F(¢')] < ¢/2
Pip(h,Y’)<2n

which immediately implies that

Ve K7, sup  [F(y) - FW) < e
Pip(h,’)<n

where again K" = {¢ : p(¢, K) < n}.
By Proposition 6.8 for any 6 > 0 (and N, N'),

lim |E[F(WE)] — E[F(X?)]| = 0.

We choose #, N and N’ according to Proposition 5.3 so that the distance between
X and XY is less than 7 outside probability €. We can take this #, N and N’ so
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that we have equally for each n, the distance between W, and WY? is less than n
outside this probability. We now have

|E[F(X)] — E[F(X?)]] B[|F(x)] - F(x*)|]
E[|F(X) — F(X°)|Ixgk]
+E[|F(X) — F(X%)|Lx.x0)<nIxex]
+E[|F(X) = F(X°)|Lyx,x0)50) -

This latter sum is bounded by 2¢||F||oc + € + 2¢||F |00 < 5e (1 V [|F||oo)-
We also have that for any n > 0, P(W,, € K") > 1 —¢/2 for n large and so we
can argue as above that for universal C'

| BIF(Wa)] = E[FOV,)]| < Ce(1V[|F]|)
for n large which gives that | E[F(W,)]—E[F(X)]| < C’e (1V||F||«) for nlarge. O

[VARVAN

Acknowledgements T. Mounford and K. Ravishankar were supported by Simons
collaboration grant number 281207 awarded to K. Ravishankar. Tom Mountford
would like to acknowledge the support from the grant FAPERJ E-261203048 12016.
G. Valle was supported by CNPq grant 305805/2015-0, Universal CNPq project
421383/2016-0 and FAPERJ grant E-26/203.048/2016. The authors wish to thank
NYU Shanghai where part of this work was done for support and hospitality. The
authors want to thank the referees for carefully reading the manuscript and giving
thoughtful suggestions which improved the presentation.

References

R. Arratia. Coalescing Brownian motions and the voter model on Z (1981a). Un-
published partial manuscript, available from rarratia@math.usc.edu.

R. Arratia. Limiting point processes for rescalings of coalescing and annihilating
random walks on Z¢. Ann. Probab. 9 (6), 909-936 (1981b). MR632966.

N. Berestycki, C. Garban and A. Sen. Coalescing Brownian flows: a new approach.
Ann. Probab. 43 (6), 3177-3215 (2015). MR3433579.

M. Bramson and D. Griffeath. Clustering and dispersion rates for some interacting
particle systems on Z. Ann. Probab. 8 (2), 183-213 (1980). MR566588.

A. Etheridge, N. Freeman and D. Straulino. The Brownian net and selection in
the spatial A-Fleming-Viot process. Electron. J. Probab. 22, Paper No. 39, 36
(2017). MR3646065.

S. N. Ethier and T. G. Kurtz. Markov processes. Wiley Series in Probability and
Mathematical Statistics: Probability and Mathematical Statistics. John Wiley
& Sons, Inc., New York (1986). ISBN 0-471-08186-8. Characterization and
convergence.

S. N. Evans, B. Morris and A. Sen. Coalescing systems of non-Brownian particles.
Probab. Theory Related Fields 156 (1-2), 307-342 (2013). MR3055261.

L. R. G. Fontes, M. Isopi, C. M. Newman and K. Ravishankar. The Brownian
web: characterization and convergence. Ann. Probab. 32 (4), 28572883 (2004).
MR2094432.

L. R. G. Fontes, M. Isopi, C. M. Newman and K. Ravishankar. Coarsening, nu-
cleation, and the marked Brownian web. Ann. Inst. H. Poincaré Probab. Statist.
42 (1), 37-60 (2006). MR2196970.


http://www.ams.org/mathscinet-getitem?mr=MR632966
http://www.ams.org/mathscinet-getitem?mr=MR3433579
http://www.ams.org/mathscinet-getitem?mr=MR566588
http://www.ams.org/mathscinet-getitem?mr=MR3646065
http://www.ams.org/mathscinet-getitem?mr=MR3055261
http://www.ams.org/mathscinet-getitem?mr=MR2094432
http://www.ams.org/mathscinet-getitem?mr=MR2196970

A construction of the Stable Web 807

B. V. Gnedenko and A. N. Kolmogorov. Limit distributions for sums of independent
random variables. Addison-Wesley Publishing Company, Inc., Cambridge, Mass.
(1954). MR0062975.

C. M. Newman, K. Ravishankar and R. Sun. Convergence of coalescing nonsimple
random walks to the Brownian web. Electron. J. Probab. 10, no. 2, 21-60 (2005).
MR2120239.


http://www.ams.org/mathscinet-getitem?mr=MR0062975
http://www.ams.org/mathscinet-getitem?mr=MR2120239

	1. Introduction
	2. The Age Process
	3. Topology
	4. Tightness of the Stable web
	5. A Discrete Approximation.
	6. Convergence in Distribution
	References

