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Abstract. Herein, we describe multidimensional Brownian motions for d = 2,3
with drifts whose order is the same as that of the mean displacement of a Brownian
motion. We consider the probabilities that the processes remain in specific cones for
a considerable amount of time. We obtain exponents expressing the probabilities,
which are different from that of the ordinary Brownian motion. Finally, we suggest
an open problem concerning the exact values.

1. Introduction and Known Results

Herein, we describe Brownian motions with drifts B; + F; whose order is same
as that of the mean displacement of a Brownian motion (B;):>o. Although the
topic is classical, multiple things have been remained and under investigation. A
previous study (Antunovié¢ et al., 2011) considered the standard one-dimensional
Brownian motion B; with a-Holder continuous functions F; with o < 1/2. An-
other study (Peres and Sousi, 2012) showed that the hitting time satisfies the in-
tersection equivalence concerning standard one-dimensional and multidimensional
Brownian motions with 1/2-Hélder continuous functions. Furthermore, previous
research (Morters and Peres, 2010) proposed several other related open problems.
Herein, we investigate the probabilities that the processes remain in specific cones
for considerable amount of time. In particular, we show that the probabilities satisfy
submultiplicativity and supermultiplicativity. This indicates that the probabilities
are of polynomial order. In addition, it shows the existence of cone exponents £ for
the processes. In other words, the probability that a Brownian motion with spe-
cific drifts remains in a specific cone until time n? is asymptotically close to n~¢.
Our results show that the cone exponents are different from those of the ordinary
Brownian motion, and they are positive and finite.
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Next, we introduce the details of known results concerning the cone estimates of
the Brownian motion. If

B =(cos f1,sin ) (d=2),
B =(cos 31 cos fa, sin 1 cos Ba,sin B2)  (d=3)
for some 0 < By, B2 < 2, let arg(3,b) be the angle between the line connecting the
origin and 8 and the line connecting the origin and b. For d =2, 3, 0 < a < 7, and
0 < B1, B2 < 27, define the open cone Wa, 8] := {z € R? : arg(B,2) < a/2}. Let
{B(t)}+>0 be a Brownian motion for d = 2, 3. We denote the Brownian trajectory
for T c Rt U {0} by B[T]. For d = 2, we define C;" (a)(resp., C; (a)) as a set of
times that B spends in W, 8] with some g, i.e.,
Cif () == Ugepo,2m{t € [0,1) : Ih > 0, B(s) € B(t) + Wa, B, s € [t + A},
Cy (@) == Ugepo2nit €10,1) : 3 > 0, B(s) € B(t) + Wla, ], s € [t — h,t]}.
The corresponding points of the Brownian trajectory are called a-cone points. We
let the set of a-cone points be C.f (@) or C; (a), i.e.,

Cl(a) :==Ugcp,2n {Be : t €[0,1)3h > 0, B(s) € B(t) + Wla, ], s € [t,t + h]},
C, () :=Ugep,2x { Bt : t €[0,1)3h > 0, B(s) € B(t) + W[w, 8], s € [t — h, 1]}

It was shown
2
di + — =2— — as.
im(C, (o) N C, () &S

dim(Cf () =2 — g a.s.

in Evans (1985). Another proof was given in Morters and Peres (2010, Section
10.4). Burdzy (1985) and Shimura (1985) independently showed that one-sided
cone points with angle o exist when o < /4. Le Gall and Meyre (1992) showed
that a cone point with angle 7/4 does not exist. Lawler (1999, Section 3) argued
with cone exponents, which describe the probability that the Brownian motion
stays in a cone. For d = 2, the value of cone exponents were obtained (see Morters
and Peres, 2010, Section 10.4). Moreover, in a previous study (Garbit and Raschel,
2014), the tail distribution of the first exit time from a typical cone was observed
for a Brownian motion with a drift of order ¢. The results of Garbit and Raschel
(2014) are not the same as those of this paper since the order of the drift in this
paper is different from that in Garbit and Raschel (2014). In addition, there are
several order results that deal with other rear points e.g., slow points, where the
Brownian motion is slow in Barlow and Perkins (1986); Davis and Perkins (1985).
The following results are not directly connected but important.

2. Main Results

To state the principal results, we introduce the following notation. Let d = 2,
3. For x € RY and r > 0, let B(w,r) := {y € R? : [z —y| < r}. For A C RY,
let DA be the boundary of A. In particular, we write B, for B(0,r) and B for B;.
For any = = (21,...,74) € RY we denote (nwy,...,nzq)(resp., (z1/n,...,xq/n)) by
nz(resp., z/n). For any # € R and A CR% let v+ A:= {z +y € R :y € A}.
Let Fy(t) := (K(t+1)/? — KI'/2,0) (d = 2) and Fy(t) := (K (t+1)'/? — KI'/2,0,0)
(d =3) for I > 0. Let W[a,ﬁ] := Wla/2,6]. Let P* denote the probability of a
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Brownian motion starting at x. For [ > 0, let 7, ; := inf{t > 0: (B+ F})(t) € 9B,}.
For typographical reasons, we write 7(n,l) and B(r) et al. for 7, ; and B, et al,
respectively. Let
Gt = sup P7((B + B)[0,7(e",1)] < Wla, B]).
r€oB
In addition, we write a(n,l) for a, ;. We write F(t), ay, and 7, for Fy(t), a0, and
Tn,0, Tespectively. In the following theorems, we consider the long-time behavior of
an. Without loss of generality, we consider the function Fj(t) that has a one-way
drift. Now, we fix K > 0, «, and /8 unless otherwise stated. We occasionally omit
the symbols K, o and S. Hereafter, the values C' and ¢ might vary from place to
place.
We now state the principal results.

Theorem 2.1. For any K < oo, a and 3, there exists C < oo such that for any
n,m €N

an+nz§;(7ananr
Theorem 2.2. For any K < oo, a and B, there exists C < oo such that for any
n,m &N

ApQm S Can-‘rm-

Remark 2.3. In fact, we have stronger claims. If we fix Ky > 0, we can uniformly
choose C in K € [0, K] in Theorems 2.1 and 2.2. We omit the proof since we can
uniformly choose any constants (C or ¢) in K € [0, Ko] in the proofs of Theorems 2.1
and 2.2.
Corollary 2.4. Thefe exist ¢ > 0, C < 00 and 0 < §(K,«, 8) < oo such that for
anyn € N and x € W N OB

en~¢ < P*((B+ F)[0,7,] € Wla, B]) (2.1)
and for anyn € N and x € W N OB

P*((B+ F)[0,7,] € W[a, 8]) < Cn™*. (
Corollary 2.5. It holds that {(K,a,8) — £(0,,8) as K — 0. If (1,0)(or

!

(1,0,0)) € Wa, A, then £(K,a, ) — 0 as K — co. If(1,0)(or (1,0,0)) € Wa, 3],
then £(K,a, 8) — oo as K — oo, where A denotes the closure of A.

2.2)
)

Corollary 2.6. There exist 0 < C1,Cy < oo such that for any n € N and z €
W nNoB,

Cin~¢ < P*((B + F)[0,n% € Wla, f]) < Cyn”¢.
Remark 2.7. Let Ly := {t : (B+ F)[0,t) N (B + F)(t,1] = 0}. The following result

is obtained by an argument same as that in proof of Lawler (1996, Theorem 1.1)
using Lawler (1996, Proposition 3.15) instead of Corollary 2.6:

K
dimh(Lk) =1- %,
where dim;, denotes the Hausdorff dimension.

Open Problem 2.8. We suggest an open problem concerning the exact values of
E(K,a,B) forany K > 0,0 < a <, and S.
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Now, we provide proofs of the principal results. It is worth nothing that while
Theorem 2.1 for K = 0 (ordinary Brownian motion) is trivial using scaling and
the Markov property, for K > 0 (Brownian motion with drift) is not. Concretely,
while {B(s) : 0 < s < 7,0, B(0) = 2} =4 {B(n?s)/n : 0 < s < Tyimo, B0) =
nx} for x € 0B, the corresponding result for a Brownian motion with drifts does
not hold. Hence, we consider the subsidiary properties in Section 3.1 to show a
result which close to that obtained in Theorem 2.1, i.e., the submultiplicativity of
SUpPg<;<1 Gn,- In addition, we show a particular equivalence of supg<;<; an,; and
a, using geometric structures of the cone and hence obtain the desired result.

3. Proofs

3.1. Preparations for principal results. In this section, we provide the properties of
Brownian motions with drifts that correspond to the elementary properties of the
ordinary Brownian motion.

Lemma 3.1. (The scaling property of Brownian motions with drifts)
Let e be Napier’s constant. It holds that for any r > 0 and x € R?

[(B+F)(s):0< s <r(B+F)0) = o}
=a{e(B + Fije2)(s/€*) : 0 < 5 <7, (B + Fiye2)(0) = w/e}
and for any r > 0 and x € B,
{(B+F)(s):0<s<,,(B+F)(0) =z}
=q{e(B+ Fye2)(s/e*) : 0 < s < 7(r/e,l/e?), (B + Fije2)(0) = x/e}.
In particular, it holds that for any 1 > 0, r > 0 and x € W N B,
P*((B+ F)[0,7,1] C W) = P**((B + Fy2)[0,7(r/e,1/¢*)] € W)
and
P*((B+ F)[0,7] € W) = P*¢((B + Fy)2)[0,r/e*] C W).
Proof: Note that for any 0 < s,s" < oo,
Fi(s) = Fi(s') = e(Fiye2(s/€®) = Fipe2(s'/€?)).

Then, the scaling property of the ordinary Brownian motion yields the desired
results. (]

Lemma 3.2. (The (strong) Markov property of Brownian motions with drifts)
The (strong) Markov property of Brownian motions with drifts holds. For exam-
ple, it holds that for anyl >0, x € OB and 1 < r,r’ < o0,

PI((B + Fl)[O,Tr_;,_T/J] C W)
=E*[PBTD (B + F)[0, 7y 1] € WIF(r))H{(B + F)[0,71] € W}

Proof: The (strong) Markov property of the ordinary Brownian motion yields nat-
urally the desired result. O

Lemma 3.3. (The large deviation estimate of Brownian motions with drifts)
It holds that there exist C' < oo and ¢ > 0 such that for any n € N and s > 0

sup sup P(r(e™,1) > se*™) < Cexp(—cs), (3.1)
>0 z€dB(exp(n—1))
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and
sup sup Po(1(e™,1) < se?") < Cexp(—c/s). (3.2)
>0 zeB(exp(n—1))
Proof: By the scaling property, it suffices to show the result for n = 1. First
we show (3.1). Let 7, := inf{t > 0 : B(t) € 9B,}. Note that given that
max;>o K ((K?/100) A (100K2)~1 +1)1/2 — KI'/2 < 1/10,

K? 1
inf inf P%(r.; <1)>inf inf P%(rp; < — A ——
inf b PH(rer < 1) 2iuf inf PH(7er < 750/ Tooi2)
K? 1
> inf P(4_ Ry .
> ot P10 < 155 To0i2)

Thus, there exist C' < co and ¢ > 0 such that for any n € Nand s > 0

sup sup P%(7e; > s) <sup sup P®(r.; > [s] — 1)
>0 z€0B >0 z€dB

<(sup sup P%(r.; >1))[*171 < Cexp(—cs),
>0 zeB(e)
and hence the desired result holds. Next, we show (3.2). It suffices to show the
result for all sufficiently small s > 0 with K s1/2 < 1. The large deviation estimate
of the ordinary Brownian motion (see Lawler, 1996, (11)) indicates that C' < oo
and ¢ > 0 exist such that for any n € N and s > 0,

sup sup P¥(1.; < s) < sup P*(T,_gq/2 <8)

1>0 zcdB z€dB
< sup P*(7ey < s)
r€eIB
<C exp(*C/S),
and hence, we obtain the desired results. ([l

3.2. Proof of Theorem 2.1. To show Theorem 2.1, we introduce some lemmas. To
begin, we let Go := [0,€?] and G, := [e**,e2(5TV]. Let A, ; be the event such that
(B+ F)[0,7(e™,1)] € W. In particular, we write A,, for A, ¢.

Lemma 3.4. There exists 0 < a < oo such that for any n € N

inf inf P¥(A4,,;) >e "%
zeWnNaB 120

Proof: Let Wa, ] := W|a/4, 8] and WO[a, 8] := W[2a/3,8]. Pick ¢ > 0 such
that e <dist(OW [, 8] N OBy /2, 0W N OBy j5). Then, we have

0< inf P%(B[0,ere] € WO, B], Fere < K262 A1 j9, B(fese) € W).
zeWNOB

Note that for any € > 0 it holds that max;>q F}(K ~%¢?) = €. For any z € W noB
PI(B[Oa 7A-€+E] - Wo[av ﬁ}v 726+E < K7262 A 711/2) B(%e-i-s) € W)
<P*((so( Ayt 0 {(B + F)(re) € W})).
Then, we have

inf inf P*(A;; N{(B+ F))(7e,) € W})
zeWnoaB =0

> inf  P*(Miso(A1 N {(B+ F) (1) € W})) >0,
xEWNOB
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and hence,

a:=—log inf inf P*(A;;N{(B+ F)(1e;) € W}) < cc. (3.3)
zeWNaB 120

Therefore, the strong Markov property yields

inf inf P*(A >e @ inf inf P*(A,,;).
zeWnoB =0 ( n,l) B £€WNB(e) =0 ( n’l)

By iterating it, the scaling property yields the desired result. ([l

To state the next lemma, let L,,; be the event that (B + F})((e",1)) € W and
(B+ F)[0,7(e",1)] € W.

Lemma 3.5. There exists C > 0 such that for any n € N,

inf inf PI(LnﬂAn,l) Z C.
yeEWNOB(exp(n—1)) =0

Proof: Based on the scaling property, the desired result is obtained when the result
for n = 1is proved. Let D :=dist(0W,y) and u,, := Z;in 42277, For all sufficiently
large n € N such that u,, < 1/4, let h,, be the infimum of

PY(L1,4)

Py(Alyl)’

where the infimum is over 0 < r < u,,, ! > 0 and y such that D > 27" and |y| = 1+r
for some r > 0. The lemma will follow if we prove that inf,, h,, > 0. Then, it suffices
to show that h, > 0 for each n € N and that there exists a summable sequence
0n < 1such that hyv1 > hy(1—0,). We first show h,, > 0 for any n € N. Note that
we can find the following infinite cone O based on an argument same as those in
the separation lemma in Lawler (1995); Lawler and Vermesi (2012) and in Lawler
(1999, Section 3),

()2 <oy < 2
100 = * 7Y

- 20’

D D

o<y — < =
@y ez+0, 5=ly-0(+0) <5,

D
3)(=+0)nBC B D)
. . . o

(4)1f V.= (Z + O) N Bexp(l/lﬁ)’ then dlS‘c(@W, V) 2 m

With the aid of (1) (2) and (3), by Lemma 3.4 and the scaling property, there exist
C < oo and 0 < a < oo such that for any [ > 0,

c+exp(1/16)\ " * a
Py((B+E)[O,Texp(1/16)7l] CZ+O) >C<D/1(0({) ZCD .
Thus, with the aid of (4), the strong Markov property yields that

PY(Ly,) > PY((B + F)[0, 7y C240)x inf  P%(Ly,) > CD"
(L11) > PY(( [0, Texp(1/16),1] C 2 )we(z+0)%%86xp<1/16> (L11) >

Hence, h,, > 0.
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Next, we show the second claim. Assume that 0 < r < u,41 and D > o—n—1
Let

w(j) == (1+7r)+4527", D, = dist((B + F})(r(w(j§),1)), W),
2
n
T
Let Cj11,n, be an event such that D;4,; > 27". There exists ¢ > 0 such that the
probability that Cy1 1, starting from a given distribution in 9B(w(j)), is at least

c for any [ > 0 and j. Iterating this, it can be observed that C' < co and b > 0
exist such that for any [ > 0 and y € dB(w(0)),

Pl =inf{j >1:D;; >27"} and p; := min(p’},

2
n
PY(p = I)
<sup sup PY(Cing)sup sup PY(Capny)...sup sup  PY(Cr2/4n,)
1>0 yedB(w(0)) 1>0 yedB(w(1)) 1>0 yedB(w(n2—1))

<Cexp(—bn?).
Using the definition of h,,, we see that for any [ > 0, y with D < 27771

PY(L1;) > PY(Li,N{p < %2}) > h,PY(A1 N {p < %2})
However, we obtain
PY(A, n{p < %2}) > PY(Ay ;) — Cexp(—bn?) > PY(A1;)(1 — Cexp(—bn?)).
Therefore, if we set §,, = C exp(—bn?), we complete the proof. O
Lemma 3.6. There exists C' < oo such that for anyl >0 and n € N
an,; < Capgre
Proof: The strong Markov property and Lemmas 3.4 yield that for any z € 0B
P*((B+ F)[0,7(e",1)] € Wla, B]) <[Lagn—1, PP 10 (A1)
<CE*[1a(n—1,y PP (L y)]
<CP*(Lp,). (3.4)
Hence, (3.3) yields
an1 < C sup P*(Ly, ) x inf inf P*(Ay ;N {(B+ F)(7e;) € W}) < Cany1y

z€0B zEWNOB 120
Therefore, the desired result holds. (I
Lemma 3.7. There exists C' < co such that for anyl >0, n e N andr >1
ang < a(n—r1/e*), (3.5)
any < Ca(n,l/e?). (3.6)

Proof: Note that for any x € WNOB, 2’ € (x+W)NaB(e"),r > 1,y € R if y+x €
W, then y+2' € W. Hence, if B(s)+ Fj(s)+x € W, then B(s)+Fi(s)+2’ € W for
any 0 < s < inf{t > 0: B(t) + Fi(t) + « € OB} and Brownian motion (B(t)):>0
starting the origin (see Figure 3.1). Thus, for any x € WNaB, 2’ € (x+W)NIB(e"),
r>1,and | > 0, it is true that P*(A,,;) < P*(A,,;) given that inf{t > 0 :
Bt)+ Fi(t) + © € 0Ben} < inf{t > 0 : B(t) + Fi(t) + 2’ € OBen}. In addition,
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the scaling property states that P* (A,,;) = P*/ P (A(n —r,1/€?")). Therefore,
from Lemma 3.6, we obtain a,; < a(n — 1,1/e?) < Ca(n,l/e?). Consequently, we
obtain the desired results. O

r+ W

/

Ab‘

FIGURE 3.1.

Lemma 3.8. There exists C' < co such that for anyn € N

sup an,; < C inf Pz'(An).
1eGo z’eWnB

Remark 3.9. Lemma 3.8 yields that there exists C' < oo such that for any n € N

sup an,; < Cay,.
1€Go

Proof: Let

co:=inf{c>0: min dist(W NdB.,d(x+W))=Ke,WNB. Cx+W}.
zeWNoB

Note that max;>o max;eg, |F(t) — Fi(t)| = Ke. Thus, for € 8B, 2’ € WNdB(cy),
y€RY t>0and !l € G, if v +y+ Fi(t) € W, then 2/ + y + F(t) € W given
that dist(z’,2 + OW) < Ke. Hence, if B is a Brownian motion starting at the
origin, x € 9B, |l € Gy, and z + B(t) + Fi(t) € W, then o’ + B(t) + F(t) €
W for any 2’ € W N dB(co)(see Figure 3.2). Thus, we have a(n + logco,l) <
if 0 e pnom(es) P* (A(n+log o)) given that inf{t > 0: B(t)+Fi(t)+x € 0Bensey } <
inf{t > 0 : B(t) + F(t) + 2’ € OBan+co }. Therefore, the scaling property and
Lemma 3.6 yield

an < Ca(n+logey,l) <C  inf p (A(n+1logcy)) =C inf P*(A,).
z’eWNOB(co) reWNoB

Consequently, the desired result holds. (I
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the length of — = K

FIGURE 3.2.

Proof of Theorem 2.1: By the Markov property and the scaling property, we obtain

Unim < sup P*((B+ F)[0,7(e™)] € W;7(e™)e " € Go)

r€edB
x sup sup P*((B+ F)[0, ("™, 1)] C W)
2€0B.n 1>0
—|—Z sup P*((B+ F)[0,7(e™)] € W;T(e")e " € G)
s—1 T€EOB
x sup sup P*((B+ F7)[0, ("™, 1)) € W)
2€dBn 1€G,
= sup P*((B+ F)[0,7(e™)] C W;T(e™)e " € Go)
z€0B
x sup sup P*((B + F})[0,7(e™, )] C W)
2€dB 1>0
+ Z sup P*((B+ F)[0,7(e™)] € W;T(e™)e " € G)
s—1 T€EIB
x sup sup P*((B + F})[0,7(e™,l)] Cc W).
zedBleg,

Note that if 7(e™)e™2" > e, 7(e/,1) —7(e? 71 1) > e TI71es(em)? = e5(e?)2e™ 7 Je
for any 7 = 1,...,n. Then, (3.1) yields that there exists C' > 0 such that for any
s>0

sup P*((B+ F)[0,7(e")] C W;T(ej) — T(ej_l) > %(ej)Qe"_j)
z€OB
Sajasup sup  P(r(el0) = 7(e 1) 2 ()P )

>0 z€dB(exp(j—1))
< Caj_yexp(—Ce’e" ).
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Hence, (3.6) yields
P((B+ F)[0,7(e™)] C W;T(e™)e " € G,)

n o n @iy o

< Z Caj_qexp(—Ce’e"™) =ay, Z C ;n exp(—Ce’e"™7)
j=0 7=0

<Cexp(—Ce®)ay,.

In addition, (3.6) yields that for any s > 0 there exists C' < oo such that

sup sup P*((B + F)[0,7(c™, )] € W)
x€edBleg;

< C sup sup P*((B+ F)[0,7(e™, )] C W).
redBIlEGs_1

Consequently, we obtain

ZCeXp(—C’es) sup sup P*((B+ F})[0,7(e™,1)] C W)
5—0 r€OBIEG,

SCZ C exp(—Ce®)C* sup sup P*((B + F})[0,7(e™,1)] C W)

= x€dB ey
<C sup sup P*((B + F})[0,7(e™,1)] C W).
rEOBIEG

Therefore, by Remark 3.9 we obtain the desired result.

3.3. Proof of Theorem 2.2.

Lemma 3.10. There exist g > 0 and C < 0o such that for any n € N
an < Cayg.

Proof: We pick g such that

Kg'/*(= max|F(t) — F,(t)]) = min max min
t>0 z€WNOB (z,...,x,)E(x+W)NIB, (z1,...,24) EOW

Ty

/—Zl|.

Note that for any y € RY, z € WNoBand 2’ € (x+W)NOB,, if y+ F(s)+x € W,
then y+ Fy(s)+a’ € W. Thus, if B(s)+F(s)+xz € W, then B(s)+ F,(s)+az' ¢ W
for any 0 < s < inf{t > 0 : B(t) + F(t) + * € 9B} and Brownian motion
(B(t))t>0 starting the origin (see Figure 3.3). Hence, for any x € W N 0B there
exists # € WNAB, such that P*(A,,) < P* (A, ,). Therefore, (3.5) and Lemma 3.6
yield that there exists C' < oo such that for any n € N, and x € WNaoB, P*(4,) <

a(n —1,g/e*) < Cay,4 holds.

To show Theorem 2.2, we introduce the following lemma.

O

Lemma 3.11. For any b > 0 and b > 0 there exists C < oo such that for any

neN

an <C inf inf P*(A,,).
zeWNoB b/ <I<b

Proof: Note that for any b’ > 0 and b > 0 there exists ¢ > 0 such that

inf inf inf P((B+ )0, 5] CW; (B+ Eyp)(S)eat (WnB) > e

@COBYSISY ety noB(y/g/2)
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the length of «—
— Kg'/?

FIGURE 3.3.

In addition, we have

sup P7(A, 4) < sup inf P (A g)-
z€HB (Ang) acdB ' €a+(WNB) (Ang)

Because if B(s)+ F,(s)+x € W, then there exists a € 9B such that B(s)+ Fy(s)+
a €W for any 0 < s <inf{t > 0: B(t) + Fy(t) + = € 9B} and Brownian motion
(B(t))t>0 starting the origin and hence for any y € W N B there exists a € 0B such
that B(s) + Fy(s) +y+ a € W. Then, we obtain

sup P*(A,.4)

r€oB

<C inf P*(A,

=Y eapreat(WnB) (Ang)
. . . g g

x inf inf inf P*((B+ F,0)[0,2]CW;(B+ Fy3)(Z)€a+ (WnNB))
a€IBVSISb it o /a730) 9/ 2 9/2)%9

<C sup{ inf inf  P*((B+ Fg2)[0, %] cW;(B+ Fg/Q)(g) ca+ (WnhB))

a€dB VSISb L ovinaB(1/g/20)
X inf  P(A,4)}

z€a+(WnNB)
<C sup{ inf inf PE((B+ F 0,7, %
aeas{b’élﬁbmevvmazs(\/ﬁ) ( 0/2)10: Tng/2] )}
=C inf inf P((B+ Fy/2)[0, 7, g/2] C W)

VSIS peWnoB(/g/21)
< . . . .
<Cinfint PR((B 4 R0, Taaryg] C W)

Finally, by Lemma 3.5 and the same argument as Lemma 3.6, it is bound by

C lﬁf inf PI((B + Fl)[O,Tn’l] C W)
zeWnoB b’ <I<b

Therefore, by Lemma 3.10 we obtain the desired result. O
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Lemma 3.12. There exist C < oo and ¢ > 0 such that for any n € N and
0<b<oo

sup P(A, N{r(e™)e " > b}) < Ce Pa,, (3.8)
r€IB

sup P%(A, N {r(e")e 2" <b}) < Ce “?q,,. (3.9
r€IB

Proof: Lemma 3.6 and (3.2) yield
sup P*(A, N{r(e™)e " < b})

rcoB
< sup PP(A,)sup  sup PUr(eM)e ™ < B) < Celay
xedB >0 yedB(n—1)
Then, we obtain (3.9). In addition (3.7) and Corollary 2.4 yield (3.8). O

Proof of Theorem 2.2: First, Lemma 3.5 and (3.8) yield that there exists C' < oo
such that for any n € N

sup P((B + F)[0,7(e™)] € W;T(e™)e 2" > b) < Ce™%ay,
x€dB

< Ce™ sup P*(Ly ).
z€0B

In addition, (3.9) yields

sup P*((B + F)[0,7(e™)] € W;7(e™)e 2" <)
reOB

< C’e*C/b/an < Ce=c/Y sup P*(Ly, ).
r€OB

If we pick sufficiently small ¥’ and large b, by Lemma 3.4 there exists ¢ > 0 such
that for any n € N

sup P (L, oN{r(e™)e™ " € [V/,b]}) > ¢ sup P"(L,0) > c sup P*(A,).

r€IB r€IB r€OB
Consequently,
Qptm > sup P¥(LyoN {T(e")ef% eW,h}) inf inf P%(Am,)
redB zGWﬂaB(exp(n)) b’ <I<b

>ca, inf inf P*(Apn.).
zeWnaB b <I<b ’

Therefore, from Lemma 3.11, we obtain the desired result. O
Now, we show (2.1) in Corollary 2.4.

Proof of (2.2) in Corollary 2./ : Note that Fekete’s lemma holds: if {b,}52; is a
superadditive (subadditive) sequence with nonpositive elements, (b,,/n) is bounded
below and converges to sup{b,/n : n € N} (or inf{b,/n : n € N}). If we set
ap, :=log(a,/C), then {a,}22, is a superadditive sequence with nonpositive terms.
Thus, Fekete’s lemma implies that there exist C' < oo and € > 0 such that a,, < —&én
and hence a,, < Ce™¢" with the aid of Theorem 2.2. By Lemma 3.4, we obtain
& < oo. Therefore, given that P*((B + F)[0,7,] C W(a, )) is decreasing on n, we
obtain (2.2). O
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Proof of (2.1) in Corollary 2./ : Fekete’s lemma implies that if there exist C' > 0
such that for any n,m € N, a,, < Cana,,, then there exists ¢ > 0 such that a, >
ce™*" with the same argument as the proof of (2.2) in Corollary 2.4. Theorem 2.1
states that there exists ¢ > 0 such that for any n € N, and 2 € W N 9B
en~¢ < sup P((B + F)[0,7,] € W).
r€oB
Subsequently, Lemma 3.8 yields the desired result. O

3.4. Proof of Corollary 2.5.

Proof of Corollary 2.5: First, we show the first claim. Since we emphasize on K in
F(t), we write A, (K) for A,. Let & (K) := supgr«x £(K'). Based on Remark 2.3,
Theorem 2.2 and Fekete’s lemma state that there exists C' < oo such that for any
K <1,and x € 9B

P (A,11(0)) < P*(Niocrc An(K')) < min PP(A, (K')) < Cem 810,

Since &1 (K) > £(0), we obtain & (K) — £(0) as K — 0. To show the other
inequality, let &2(K) := inf < x §(K'). By Remark 2.3, Theorem 2.1 and Fekete’s
lemma yield that there exists C' < oo such that for any K <1 and x € 9B,

P (A1 (0) 2 P*(Urcrei An(K") > max P(A,(K")) > Ce @0,
Since & (K) < £(0), we obtain & (K) — £(0) as K — 0. Therefore, we obtain the

first result.
Next, we show the second claim. By monotonicity, the desired result is obtained

when 8 = (1,0) or (1,0,0) and « is an acute angle. Let Cy(K) :=
inf_ i nop infi<t P(Ley N {7ey < € —1}). It is trivial that as K — oo,
CH(f()‘% 1.

In addition, for any 2 € W N B and n € N
P*(A,(K)) > Cy(K)".

Hence, we obtain the second claim.
Next, we show the third claim. Choose sufficiently large M < oo such that for
any v € N,
lim sup sup P%(Aiogn,i(K)) =0. (3.10)
K—00zedBi<m2y
The large deviation estimate states that C' < co and ¢ > 0 exist such that for any
s <ooand M < oo,

sup sup P*(mar M 2% > s) < Cexp(—cs). (3.11)
K>0,1>0z€dB

Next, fix € > 0 and choose sufficiently large v € N such that

o0 _ A28
Z Cexp(—d'M )< 1 (3.12)

s+1 =y
s=v—1 € 4
In addition, based on (3.10), we can choose K < oo such that

ap, == sup sup sup P*(Aigr,i(K')) <e.
K'>K 2€BI< M2
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Note that (3.5) yields

sup P7(A,;) < sup P*(A(n —1,1/€?)).
z€oB r€eIB
Then, by (3.11) we obtain
an.; < sup sup sup P*((B+ Fl)(O,T(M"'H,l))CW;TMJM_QSMQ”—MQ”_Q)
K'>K z€dB 1< M2
n—2
+ Z sup sup sup P*((B+ F))(0,7(M"™,1)) c W;
S K'>K 2€dBI<M?
TM,lM_2 c [MZS _ MQU—Q’MQS-FQ _ M2U—2D

+ sup sup sup P“(TMJM*2 > M)
K'>K z€dB I<M2v

n
<ea,, + Z C exp(—cM?%)al, _
s=v—1
Hence, if we set b/, = al, /€™, we obtain that for any m > v
eXp /MQS) ,
m+1 m S Z C——a es+1 O

s=v—1

Summing over m = v,v + 1, ...,n, by (3.12) we obtain that for any n > v

n—uv ;, n
b gbﬁgof g2mzzob;n.

Then, the induction yields that for any € > 0 there exists C' < oo such that for any
neN

b, < C3",
and, hence,
i
lim sup 08 8n <loge + 3.
n—o00 n
Therefore, we have the desired result. O

3.5. Proof of Corollary 2.0.

Proof of Corollary 2.6: By monotonicity, it suffices to show that there exist 0 <
C4,Cy < oo such that for any n € N and 2 € W N 8B,

Cre " < P*((B + F)[0,¢*] € Wa, ]) < Coe™ ™.
Equations (2.2) and (3.9) conclude that for any b < oo,
sup P*((B+ F)[0,e*"] c W)
zEWNIB

> sup P*((B+ F)[0,7(be™)] C W)
zeWNoB

— sup P((B+ F)0,7(be")] € Wimne 2 < 1)
zeWNoB

>(be™) "€ — C(be™) te .
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Next, if we choose sufficiently large b < oo, the last expression is greater than
(be™)~¢/2. Hence, we obtain the desired lower bound. We now show the upper
bound. Note that for any x € W N oB

sup_ P*((B+ F)[0,e*"] ¢ W)
zeWnNoB

< sup P*(B+ F)[O,ezn} cwW)
zeWnNoB

< sup P%(A,)+ Z sup  P(Aj_1n{r(e?™1) > e"}).
zEWNIB o3 wewnoB

Equations (2.2) and (3.8) yield that there exist C' < oo and ¢ > 0 such that

sup  P7(A;_1N{r(e?7) > e"}) <C(e? 1)~ exp(—ce™ )

ceWNoOB
=C(e" 1) 75(e" ) exp(—ce™ ).
By summing over j, we have the desired upper bound. ([l
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