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Abstract. Herein, we present a study on frequently visited sets in a simple random
walk in Z2. We estimate the expectation of numbers of j-tuples of favorite points
and obtain an exact exponent.

1. Introduction

We study properties of special points, called favorite points in a random walk
range in Z2, which are sites at which the local time of a simple random walk is close
to the most frequently visited site. In particular, we observe the number of sets of
favorite points in Z2. We call these sets favorite sets. We will define the favorite
set R; n(c) and obtain certain asymptotic estimates of

& € Rjn(a): d(w;,z;) <n’ for any 1 <4,1 < j}|

for ¥ = (21,...,25),0<o,f<land jeN.

Our motivation behind this study is to understand the relationship between the
special points of a random walk and that of the Gaussian free field, such as late
points and high points. In fact, there are several known related results. Dembo
et al. (2006) and Brummelhuis and Hilhorst (1991) computed the number of pairs
of late points in two dimensions. Daviaud (2006) estimated that the high points
of the Gaussian free field in two dimensions has the same forms as that in Brum-
melhuis and Hilhorst (1991); Dembo et al. (2006). We obtain the same form for
favorite points in Okada (2019-+). In each case, there is a certain consistency of the
exponents.

To state our main result, we introduce the following notations. Let d be the
Euclidean distance and N := {1,2,---}. For n € N, let D(z,r) := {y € Z* :
d(z,y) < r} and for any G C Z?, 0G = {y € G® : d(x,y) = 1 for some x € G}.
For = € Z?, we sometimes omit {} while writing a one-point set {z}. Let (Sj)7,
be a simple random walk on the 2-dimensional square lattice. Let P* denote the
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1130 1. Okada

probability of the simple random walk starting at x. Then, we simply write P
for PO, For any A C Z?, let K(n,A) be the number of times the simple random
walk visits A up to time n, that is, K(n,A) = > (1;g,ea}. For a € Z2, let
T, :=inf{m >1:85,, =z} and 7, :=inf{m > 0:5,,, € D(0,n)}.

In two dimensions, favorite points of simple random walks have been studied.
Originally, Erdos and Révesz (1987) suggested several problems related to the local
time of the simple random walk. Approximately forty years later, Dembo, Peres,
Rosen and Zeitouni (Dembo et al., 2007, 2001, 2004) solved many open problems
regarding the simple random walk in Z2. Dembo et al. (2001) showed that for the
simple random walk in Z?

maxgezz K(n,z) 1

li = - as.
i (logn)? T a8

It can easily yield the following

li =
nl—>n<lo (logn)?

maXgezz K (7, ) 4 s
T

given that log7,/logn? — 1 almost surely as n — oo. In Okada (2019 1), we set
x to be a-favorite point for 0 < a < 1 if K(7,,) is larger than 4a(logn)?/m. In
Dembo (2005, 2006); Dembo et al. (2004, 2006), the authors suggested the open
problem for structures of a-favorite points. Next, for 0 < a < 1, we define a-favorite
sets in Z2 such that

Ryn(a) = {fe D(O,n)Y : K (s {21, 2}) > ﬁ‘j(logn)‘ﬂ }

where [a] denotes the smallest integer n with n > a.
Now, we provide our main result on the structures of favorite sets.

Theorem 1.1. For any 0 < o, 5 < 1
. log E[{Z € Rjn(a) : d(xs,2;) < n for any 1 <i,1 < j}]
m

nllmo logn = pj(a76)7
where
5i(0, B) = 2+2(]—1)ﬂ—(17ﬁ)(jﬁ (B<1+ j*{a)’
’ 2(j +1 - 2/7a) (6> 1+15V8),

The above exponent is the same as that of the main result in Okada (2019).

Remark 1.2. We expect the following: the limit of log |[{Z € R; n(c) : d(z;, x;) <
nP for any 1 <i,1 < j}|/logn as n — oo exists almost surely. However, we expect
that this proof does not contribute to this study. Hence, we have omitted the result.

Now, we explain the basic approach of this paper. To show Theorem 1.1, we find
an appropriate estimate of

El{Z € Rjn(a) s d(z,z1) < n? for any 1 <1,l < j}]
= > P(i € Rjn(a)).

d(a:i,ml)gnﬁ R
x; €22 1<V, 1<j

Note that the position of a j-tuple of points determines the value of P(Z € R »(c)).
This value can be expressed by a matrix constructed from G, (z,y) :=
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S o PP (Sm = y,m < 7,) for z, y € D(0,n), which is a Green’s function of
the walk killed when it exits D(0,n). We shall show that uniformity is achieved in
z1,...,z; € D(0,n/10),

P € Ryne) = oxp ( - 20i( (G 19&) g o)

2logn

where a,, &~ b, means log a,/logb, — 1 as n — oo for any sequence and A(A) is the
maximal eigenvalue of A. We obtain (1.1) using the same argument as that of Csaki
et al. (2005) in Lemma 2.9. After computing (1.1), we sum it using the similarity
between Green’s functions and ultrametric matrices (see Section 2.2) as well as
Okada (2019). As a different point from the proof of the result in Okada (2019),
we deal with the maximal eigenvalues of ultrameric matrices while we compute
the summation over all the entries of inverse matrices of ultrameric matrices in
Okada (2019). Then, the key estimate in this paper corresponds to Proposition 2.2.
Essentially, we need original computations.

2. Proofs

In this section, we provide the proof for Theorem 1.1. In Sections 2.1 and 2.2,
we prepare estimates to show Theorem 1.1 and show it in Section 2.3. Hereafter,
the values of the constants ¢ and C may vary from place to place.

2.1. Green’s function. In this section, we introduce estimates of a Green’s function
for a simple random walk in Z2. From Exercise 1.6.8 of Lawler (1991) or (4.1) and
(4.3) in Rosen (2005), we have that, uniformly in 0 < |z| < R,

_ log(R/|z]) + O(|=|"")
log R
Recall that for z, y € D(0,n), we set Gp(z,y) = > oy P*(Sm =y, m < 7,). In

addition, by Proposition 1.6.7 in Lawler (1991) or (2.1) in Rosen (2005), we have
that for any = € D(0,n)

P*(Ty < TR) (14 O((log|z|)™)). (2.1)

Gn(z,0) = Z P*(Sm =0,m <71,) = %bg (d(xnoﬁ) +0((d(z,00") "L +n7Y),

m=0

2
G,(0,0) = —logn + O(1),
T

where a™ := a V 1. Therefore, we have that for z,y € D(0,n/3)

G = 210g () + o) (22

d(z,y
since

- 2
Gr(z,y) < Z P*Y(Sym =0,m < T4p)3) = - log (n) +0(1),

m=0

= 2
Gplz,y) > Z PSSy = 0,m < Topy3) = - log (n) +O(1).

m=0
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2.2. Matrix argument. In this section, we provide matrix properties for ultrametric
matrices. We introduce the following notations and introduce the results proved by
Okada (2019) et al. Our main aim in this section is to prove Proposition 2.4.

Fix0<a,f<landjeN. Given0<n<(1-p0)ApB, let M?’n be a subset
of j x j-(symmetric) strictly ultrametric matrices (a;;)1<ii<; satisfying a;; = 1,
1-p<a;; <1-—mnforl<iz#l<j(see the explanation of ultrametric matrices
in Dellacherie et al., 2014; Martinez et al., 1994). Hereafter, we denote (a;)1<ii<;
as A. For j, € N, let Ay = (az(,k;))lﬁi,lﬁjk € ./\/lfk77 (VE =1,...,m) and j =
>, jk. For the injective function oy, : {1,...,jk} = {1,....5} (Vk=1,...,m)
with U ;Im o, = {1,...,j} and s < min{agi) | ke{l,...,m},i,l € {1,...,5k}},
we let A= AJ' H; ... B, A% if

(k) ; _
. aa,;l(i),agl(l) fori,lelmo,, k=1,...,m,
7 S otherwise.

Proposition 3.4 in Dellacherie et al. (2014) or Proposition 5.1 in Okada (2019) yields
the following;:

Proposition 2.1. It holds that for j > 2 with j € N, A € M?’" satisfies the
following: there exist Ay € Mi" and oy for k. =1,...,m with m > 2 such that
A= A7 H; ... B A9, where s < min{a,z(-,kl) lke{l,...,m},i,le{1,...,5k}}.

To state the following proposition, for a regular matrix A, let yi(A),...,y;(A)
be the solution that satisfies A(yi(A),...,y;(A))T = 17, where T = (1,...,1) and
Xx(A) = zzl yi(A) if x(A) is well defined. Note that if A is a regular matrix,
X(A) corresponds to the summation over all the entries of A=!. Theorem 3.5 in
Dellacherie et al. (2014) yields that a matrix included in Mf "is a regular matrix.
In Okada (2019), we defined = inductively as follows: for A € M, which is equal
to A7 B, ... By A%, set

(A):=> E(A) + (m—1)(1 - s),

k=1
where E(A) := 0 for A € ./\/lf’". Remark 5.3 in Okada (2019) verified that Z is
well defined. Let g := |Im 01|, h := |Im 09| and A(z) := 2E — A for z € R and
a matrix A, where E is an identity of appropriate size. Recall that A\(A) is the

[1]

maximum eigenvalue of A. Let A%) = (ai1)1<ii<; if a;; =1 and a;; = ro for any
1<i#l<j.
Proposition 2.2. Forany j > 2, A€ E'{( - 1)1 -7} N ./\/l]’@’" with A =
B'H, C?,0<r<7<1andx> /\(Aq(;j)),
(i)det(B(x)),det(C(x)) > 0,
(i) there exist y1(A(x)),...,y;(A(z)) and y;(A(z)) > 0 for any 1 < i < j,
(iii)A(A) < MAY) =1+ (j — D)7,
(i0)0 < x(A()) < x(AF (2)).

Proof: Without loss of generality, we assume that o1(i) = ¢ for 1 < i < g and
o2(i) =i+ g for 1 <4 < h. We pick 71 and 7 such that 0 < r < 7 < ry,7y < 1,
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G-1)F=(g—Vra+(h—1)ri+r, BEE ' ({(g—1)(1—rs)}) and C € =1 ({(h —
1)(1—7r1)}). Given that (i¢) yields that A(x) is a regular matrix, we obtain (i47) by
(#4). Then, we only show (7), (ii) and (iv) by induction on j. For j = 2, it is trivial
that (¢), (#4) and (iv) hold. For j € NN {1,2}°, we assume that the claim holds
for 2,...,j — 1. First, we show (¢). Given that ,\(A&Z)) =1+ (g9— e, )\(Agf)) =
1+ (h—1)ry and A(AY)) = 14 (j — 1)7, we have A(A%9) v A(A™) < A(AY)). Thus,
assumlng (m) results in det(B(x)) > 0 under z > A(A&Z)) and det(C(x)) > 0 under

x> )\(A ) Therefore, we obtain (7).
Next, we show (7). First, we prove the following:

1= r2x(B(@))x(C(x)) > 0. (2.3)
The simple computation yields the following:
g h h
X(AY () = X(A) (@) =

z—(g—1)rs—1’
and hence for z > )\(Af;j ))

x—(h—1r —1

(x—(g—V)ro—1)(x— (h—1)r — 1) —r3gh
(x—(g—Dro—1)(x—(h—1)r1 — 1)

((h =1 +7)((g — )2 + 1) —r?gh

(z—(g—Dra—1)(@—(h—=1)r1 —1)
(b= 1)((g — Dr 4 1)~ rgh
_(xf( —Dro—1)(z—(h—1)r; —1)

Then, given that /\(Af;j )) > /\( ) Y )\(Afff)) the assumption of (iv) yields that

for z > )\(Af:j))

0 < x(B(x)) < x(A¥(2)), 0<x(C(2)) < x(AM (2))

1—r2X(Af (2))x (A () =

=0.

and

1= rPX(B@)x(C(x) = 1= r*x(A (@)x(AL) () > 0.
Then, we obtain (2.3). In addition, the assumption of (i¢) results in z > )\(Af;j)) >
AAY v AAM), 4:(B(z)) > 0 for 1 <i < g and y;(C(z)) > 0 for 1 < i < h. By

the same argument as that of the proof of Proposition 5.2 in Okada (2019), (2.3)
and the assumption of (i7), we find the existence of y; (A(z)),...,y;(A(x)),

W1 (A@), -,y (A@) = (L+7 D yi(A@)) W1 (B(2)), .., y4(B(x))),

i*g-&-l
(Wg+1(A(2)), - - 5 (A( 1+7‘Zyz (C(x)), - - yn(C(x)))

and

’ J(A(z)) = f:lyz( ( ))JFTZZ 1yz( ( ))Zil:lyl(C(:E)) 0,
2 ) LY p(B@) Y, w(Ca)
' _ L wlC@) +r T wBE) T w(C@)
S 1=r2 5 yi(B(2) T :(C())
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Hence, we have the desired result.
Finally, we show (iv). For s,a,b > 0 with 1 — s2ab > 0, set
a+ b+ 2sab

A
Since (i9) yields that A(z), B(x) and C(z) are regular matrices, by the Schur
complement, we have
(B @8, C7*)(z)~!
_ (B(z) = R(C(x))'RT)~! —(B(z) = R(C(z))'RT)"'R(C(2)) !
“\~(C(2))'RT(B(z) = R(C(z))'R")™"  (C(x) — RT(B(z))"'R)™!

where R is the g X h-matrix all of whose entries are equal to —r. Hence, by the
simple computation, each summation of all the entries are given as follows:

X(B(z) (BE)NX(C)

T2 (BE)(C@) 1= 2 (B)x(Clw)
NBEXCE) L xC@)

T=rx(Blo)x(C() ™ T=r2x(B)x

(C(2))
given that 1 — r2x(B(z))x(C(z)) > 0. Since det(B(z)), det(C(x)) > 0, we have

x((B7 8, C7)(x)) = f(r, x(B(z)), x(C(x))) (2.4)

(see another proof in Proposition 5.2 in Okada, 2019). Then, by the assumption of
(iv), we obtain

0 < f(r,x(B(2)), x(C(x))) < f(r, x(A (2)), x (A (2)))

since f(s,a,b) monotonically increases in a and b (see the proof of Lemma 5.2 in
Okada, 2019). Hence, it suffices to show

Flr X (AD (1)), x (AD (2))) < f(F x(AD (2)), (AL (). (2.5)

First, we show that if the maximum of f(r,x(Agg (x)),X(Agf)(x))) is attained
at r = ry fixing the value (h — 1)ry + 7 and (g — 1)ry if r; <79 or g = 1. If we set
p=zx—(g—Dra—landg=az—(h—1)r; —r—1,

h+g(q+r)+2rgh s
A® A p
(AR @), X(A @) = P TIED S — ),
In addition, if 1 < rg, (—g — 1+ x)/h < 72 holds. Hence, it suffices to show the
maximum of f(r) for 0 < r < (—¢— 14 z)/h is attained at r = (—¢ — 1 + z)/h.
Moreover, fixing the values p and ¢, we obtain
af(r) B g*h(2h + 1)(r + 51225)2 - h(%ﬁ;};p) + 2qpgh — hp?
o (p(q + 1) —r2gh)? '
Note that p, ¢ > 0 for > (j — 1)7 + 1 and hence —(gq + hp)/(g + 2gh) < 0.
Thus, the maximum of f(r) is attained at » = (—¢ — 1 + x)/h or 0. Then, by an
elementary computation, we have that f((—¢—1+xz)/h) > f(0) for x > (j—1)7+1.
Therefore, given that the maximum of f(r) is attained at r = (—q — 1 + x)/h, the
maximum of f(r) is attained at r = rq.

Now, we show (2.5). By the symmetry of 7y and 79, it suffices to show (2.5) if

r1 <rgand gAh > 2. In addition, since the maximum of f(r) is attained at r = r;
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fixing the value (h — 1)ry 4+ r and (g — 1)r9, it suffices to show (2.5) if r = r; and
r1 < r9. Note that

Flr, x(AD (2)), X (A ())) = f(r, x(AQ B, AV (2)), x (AL (2))).

Set riy1:=((g+i—3)ri+7)/(g+i—2) for 2 <i < h+1. With the aid of the
result for g A h = 1, we obtain

F(r, X(A) (2)), X (AW (2)) < f(rs, (A (2)), X (A (2)) = (AT (2)).
Since f(s,a,b) is increasing on a, we have

FOr x(AD (), x(AP (2))) < f(r, x (AL (@), x (AL ().

If h > 3, we inductively obtain

FOr x (A2 (), x (AP () < Fr, x (A (@), x (AP0 ().
Hence, we have

Fr,x (A9 (2)), x(AM (2))) <f(r, x(AYTED (@), x (A (2)))
<f(rnsa, x(AYT (@), x(AV (2))).

Thus, given that r,4o = 7, we obtain (2.5) if » = r; and r1 < r9. Therefore, we
obtain (2.5) and hence (iv). O

To state the following propositions, we provide some definitions concerning the
configuration of points in Z2. Given real valued j x j-matrices M := (mig)1<ii<js
M' = (m; )1<i<y, let

EM, M'] =E[M, M")(j,n)
={Z € (Z*)7 :my; < d(xs,21) < m;l forany 1 <i#£1<j}.
Note that the set is independent of diagonal elements of a matrix. When for 1 < ¢ #
I < j, m;; is constant and m; ; be, we simply write E[(m; ), (m;;)]. For A € Mf’",
0" >0 let

vl = Evlallim) =€ (5

1—a; i l—a; +6
2" ’l> (@ 1ciig |-
1<i1<;

Now, we provide the following proposition. The proof is given in Proposition 4.1
in Okada (2019).

Proposition 2.3. For any &' > 0 and 0 < n < (1 — 8) A there exists ng € N
such that for any n > ng and ¥ € E[(n"), (nP)] there exists A € Mf’n such that
i € Ey[A] holds.

Next, we select 5o > 0. As per Proposition 2.3, for &' > 0, & € £[(n"), (n”)] and
all sufficiently large n € N, we can set
g/ (%) == inf {JA(B) ' : 7 € Ey[B], B € M7}
Next, we provide the following key proposition.

Proposition 2.4. For any € > 0 there exists C > 0 such that for any n € N and
0<d < 50

Z n72ag5/ () < C’nﬁj (O"ﬁ)+€_ (26)
ze&[(nm),(n?)]
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Proof: (iii) in Proposition 2.2 implies

. : - J
min A(ay <)t = .

PRI ((@ii)1<ii<y) i

Hence, we obtain

J

(Z) = ——.
95 () T

min
AeE-1({t})
Thus, applying the same argument as the proof of Proposition 5.4 in Okada (2019)
yields the following result: for any &’ > 0 there exists C' > 0 such that for any
n > ng, the left-hand side in (2.6) is bounded by
C  max max Z n~209s ()

0<t<(j—1)8 A€E~ ({t})ieéy[A]

<C max 2?2 max 290 (@) <0 max  pPtttep200/0-0),
0<t<(j—1)8 A€E~1({t}) 0<t<(j-1)8

Therefore, given that

2a5
2t +2 — —=— = pi(a, B),
osesins T T T T pile. )
we obtain the desired result. O

Finally, we give the following proposition and remark. We use them to show
Proposition 2.10 in the next section. Let |||| be the matrix norm.

Proposition 2.5. For any € > 0, there exists § > 0 such that for any A € M?’",
symmetric matriz A with ||[A — A|| < 8, A is a regular matriz and

Remark 2.6. It is trivial that Proposition 2.5 yields the following. For any € > 0,
there exists > 0 such that for any n € N and A € MJB " symmetric matrix A
with |[nA — A < dn,

“AA) T <

S|

n

RO

Proof of Proposition 2.5: Since we showed the first claim in Proposition 5.5 in
Okada (2019), we now prove the second claim. Let
M?’n = {(a/i,l)lgi,lgj : Symmetric, 1-— n S (7% S 1 + n,
1-B-n<ay <1-n/2forany 1 <i#l<j}.

Since roots of polynomial are continuous as for polynomial coefficients, A : ./\;lf M
R is continuous. Thus, by the compactness of /\;lf " (see a similar proof in Propo-
sition 5.5 in Okada, 2019), it suffices to show

inf  A(A) > 0. (2.7)
AeMm

Note that all the entries of A € ./\;ljﬁ " are positive. Then, the application of
the Perron-Frobenius Theorem yields the following: A(A4) > 0 for any A € M]B "
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(see Reed and Simon, 1978). Hence, by the compactness of Mf”ﬂ we have (2.7).
Therefore, we obtain the desired result. [

To state the following lemmas, we let the eigenvalues of a symmetric matrix A
be )\(A) = )\1(14) Z )\Q(A) Z [N Z )\J(A), gf)z = ((25@1, N '7¢i,j) the COI‘I‘GSpOHdng
orthonormal eigenvectors to \;(A) and h;(A) == >"7_, ¢i1hi1-

Lemma 2.7. There exist ' > 0 and § > 0 such that if ||A§j_)b — A|| < dn hold for

n<b<p+n,neN and symmetric matrix A, then
~ o’
AA) T = (A) 7Y = —
n’
Lemma 2.8. There exist 6’ > 0 and § > 0 such that if HnA@b — A|| < én hold for
n<b<p+mn,neN and symmetric matrix fl, then
hi(A) > ¢
Proof of Lemma 2.7: (2.7) makes it sufficient to show that there exist & > 0 and
§ > 0 such that if |[nAY), — A|| < én holds for n € N, then

IAA) = Ao(A)] = 0'n.
Note that the simple computation yields
AAP) =14 (= D1 - D),
A (AD),) = b.

Given that the roots of polynomials are continuous for polynomial coefficients, we
obtain the desired result. O

Proof of Lemma 2.8: Using the Perron-Frobenius Theorem, we have the following:
¢$1; > 0forany 1 < ¢ < jand A € /\;lf" Thus, there exists ¢ > 0 such that
¢$1, >cforany 1 <i<jand A € /\;lf-’", which satisfies the assumption, since
)\(Agjzb) =14 (5 —1)(1 — b). Therefore, we obtain the desired result. O

2.3. Proof of Theorem 1.1. In this section, we prove Theorem 1.1 using the results
from the previous section. To show Theorem 1.1, we first prepare the following
lemma and proposition.

Lemma 2.9. Fiz z1,...,x; € D(0,n). It holds that

PR(K (o, {21, s i) > ) Zh( )“

for v = 0,1,..., where A\ = XN(Gn(zy,%1))1<vi<;) and h;
hi (G, 1)) 1<0,0<5) -

Proof: Note that for any m € N

EP K ({2, -z )™ Zl{sle{zl, )]

= Z E“Hl{slbe{zl ..... 231,81,y ensSiy €0D(0,) 15

015eeeybm =0 b=1
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where i_; = 0. By the Markov property, it equals to

> % (m) > SR | (PR E)

k=1ecy,...,cx€[1,m] zi€{z1,...,z; } 0Sur <...<up <oo b=1
c1+...+cp=m 1<Vi<k

where ¢, (2,2") = E*[14g, =2/ u<r,})s 20 = 21 and ug = 0. Given that the remaining
proof is the same as that of Csaki et al. (2005), we omit it. O

Proposition 2.10. For any € > 0 there exist C, ¢ > 0 and 0’ > 0 such that for
any n € N and uniformly in T € Es/[A] with x1,...,2; € D(0,n),

P(ZeRjn(a) < Cn—2095 (T)+e

and uniformly in & € Es [A(]) | with z1,...,2; € D(0,n/10) and n <b < S+,
en~2095 (@A) =¢ < P(Z € Rjn(a)).
Proof: We fix € > 0. First, we show the upper bound. Lemma 2.9 yields

P(K(Tn,{.’l,'l,.. 1‘]}) >u T‘z1 = 11’2212‘71—’ L)

<P(K(r3n,{z1,...,2;}) > u, Ty, = min T},)
1<i<j
J u—1
Z|hk|<1_Ak G3n(xz;xl))1<zl<]) 1) .
k=1

Since maxi<; i<; |¢ii| < 1, it holds that maxi<;<; |h;| < j. In addition, by (2.2) to

achieve uniformity in Z € & [A] with 1,...,2; € D(0,n),
2logn 2 2logn
‘G’gn(asi, xy) — ai g‘ ;(logn —logd(x;, x)t +0(1)) — a;,
21
<max 2 (|by — azg| + &)

=(o(1) + o(8")) log n, (2.8)

where the above-mentioned maximum is over b;; = a;; +o(1) with 1 < 4,1 < j and
0(8") means that it goes to 0 when ¢’ converges to 0. Therefore, by Proposition 2.5
and the symmetry of 1,...,z;,

P(K (p,{x1,...,2;}) > u) < Cn~ 209 (H)Fe
if we select u = [4aj(logn)? /7] and hence the desired upper bound is completed.
Next, we show the lower bound. By (2.1), there exists ¢ > 0 such that for any
n € N and x; € D(0,n/10)

P(T,, <T,) >c.
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Again, Lemma 2.9 provides that for & € &y [A@b] with 1,...,2; € D(0,n/10) and
n<b<f+mn,

P(K(Tna{xh' . 7:Ej}) 2 u)
>P(Ty, < Tn) P (K (Tn, {x1,...,2;}) > u)

2c<h1 (1—>\((Gn(% xz))1<i,l<g‘)_1> u‘}ém” (1_)"“(((;”(93“ xl))m’Kj)_l) u) ’
= (2.9)

Then, if we select u = [4aj(logn)? /7], with the aid of (2.8), Proposition 2.5 and
Lemmas 2.7 and 2.8 indicates that the most right-hand side in (2.9) is larger than

[4aj(logn)? /7]
c<1 (G, IZ))lsi,lgj)1>

WGn(xl .Tl) -1
>exp | — 20| [ ———2 logn + o(logn)
2logn 1<i,1<5

ch—Qagé/(f)—e
for 1,...,2; € D(0,n/10). Therefore, we obtain the desired lower bound. O

Proof of the upper bound in Theorem 1.1: Propositions 2.4 and 2.10 yield that for
any € > 0, there exists C' > 0 such that for any n € N,

Y P(@E€Rjn(a)) < CnfilePte (2.10)
£e€l(nm),(nf)]
Hence, we need only extend the result for “£[(n"), (n®)]" to “£[(0), (n?)]". This

proof is the same as that of the upper bound in Theorem 2.1 in Okada (2019), and
hence we have omitted it. [l

Proof of the lower bound in Theorem 1.1: It is trivial that j)\(Agjzb)*l =j/(1+
(j — 1)(1 = b)). Therefore, if we consider & € £[(n®), (5jn®)] with z1,...,z; €
D(0,n/10) for n < b < B+ 7, then applying Proposition 2.10 yields the following
result:
2jalogn

IR G -DA=0b) +0(1ogn)).

The proof is omitted as it is the same as that of the lower bound in Theorem 2.1
in Okada (2019). O

P(Z € Rjn(a)) > exp <
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