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Abstract. We consider random permutation matrices following a one-parameter
family of deformations of the uniform distribution, called Ewens’ measures, and
modifications of these matrices where the entries equal to one are replaced by i.i.d
uniform random variables on the unit circle. For each of these two ensembles of
matrices, rescaling properly the eigenangles provides a limiting point process as
the size of the matrices goes to infinity. If J is an interval of R, we show that, as
the length of J tends to infinity, the number of points lying in J of the limiting
point process related to modified permutation matrices is asymptotically normal.
Moreover, for permutation matrices without modification, if ¢ and a + b denote
the endpoints of J, we still have an asymptotic normality for the number of points
lying in J, in the two following cases: [a fixed and b — oo] and [a,b — oo with b
proportional to a.

1. Introduction

1.1. Spectrum of random permutation matrices. Looking at the counting function
of eigenvalues of a random permutation matrix, Wiecand (2000) establishes that
the fluctuation of the number of eigenvalues on a fixed arc of the unit circle is
asymptotically Gaussian when the size of the matrix goes to infinity, and gives
asymptotic expressions of the expectation and variance.

In Wieand (2003), Wieand tackles more general ensembles of matrices involving
random permutations, and shows that her normality result on the fluctuation of
the number of eigenvalues holds for these models, with similar behaviors of the
expectations and variances.
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In these results, Wieand considers uniformly distributed permutations on the
symmetric group &,,. Other measures can be relevant to work with. For instance,
the family of Ewens measures are of great interest in population genetics, and have
many nice properties which make the study of random permutations simple (some
of these properties will be highlighted in the present paper). Arratia, Barbour
and Tavaré (Arratia et al., 2003) give and show many results on Ewens measures.
Formally, these measures can be defined in the following way:

Let § > 0 and n > 1. A random permutation o, of &, follows the Ewens(6)
distribution if
eK(Tr)

00+1)--O+n—1)

where K (7) denotes the total number of cycles of m once decomposed into disjoint
cycles. The case 8 = 1 corresponds to the uniform measure.

In this paper we deal with this family of measures on the sets of permutation
matrices (we identify the set of the n-by-n permutation matrices with &,,). We also
consider modifications of these matrices, where the entries equal to one are replaced
by complex numbers of modulus one. These modified permutation matrices can be
seen as elements of the wreath product S &, and for the non-zeros entries we
take i.i.d random variables uniformly distributed on the unit circle. One main moti-
vation of taking such a law is to bring closer the analogy with the Circular Unitary
Ensemble (the n-by-n modified permutation matrices form an infinite subgroup of
the set of n-by-n unitary matrices).

A remarkable property that we would like to point out in this work is the in-
variance of the behavior of the counting function of eigenvalues by change of scale.
Indeed, we observe that the leading coefficients in the asymptotic variances are
typically the same through the two following approaches:

Vi€ &, Plo,=7) = P(Sn)(ﬂ) =

e Count the eigenvalues in macroscopic or mesoscopic arcs of the unit circle
and then let the size of the matrix go to infinity.

e Start from the limiting point process of the microscopic landscape of eige-
nangles, then count the points in any interval and let the length of this
interval tend to infinity.

In order to precise this phenomenon, let us recall a few results which will be
helpful for comparison purposes. We use the following notations:
Let (M,)n>1 be a sequence of random permutation matrices following the

Ewens(6) distribution, and let (M,,),>1 be the sequence of matrices M,, where the
entries equal to one are replaced by i.i.d random variables uniformly distributed on
the unit circle. B
For n > 1, define X! and X! as the respective numbers of eigenvalues of M,, and
Mn which lie in the arc [ := (e%“‘7 eQWﬁ} of the unit circle, for some «, 8 such that
0<a<landa<f<a+l.

For all real numbers « and 3, we set:

n

e =alaf) = lm —3 ({j8} - {ja}), (1.1)

n

&2 = ea(e ) = Tim ({18} — {ja))? (12)
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(=48 -a) —1m1—§:m H1 - {5(8 - ))), (13)

where {z} denotes the fractional part of 2. These limits exist and are finite (see
e.g. Bahier, 2019 for a proof).

Macroscopic scale. The following result has been first established by Wieand (2000,
2003) in the particular case § = 1, then by Ben Arous and Dang (2015) for per-
mutation matrices in the general case § > 0, and can be deduced under stronger
assumptions from a result of Dang and Zeindler (2014) on the logarithm of the
characteristic polynomial of permutation matrices.

Proposition 1.1. Let0<a<landa<f<a+1. Asn— oo,
E(XL) =n(8 — a) — ey logn + o(logn)
Var(X]) = fcy logn + o(logn)
and
Mﬁban—a)

Var(X!) = 6¢logn + o(logn).

See Bahier (2019) for a proof of the two last asymptotic equalities.

Mesoscopic scale. In Bahier (2019), the author of the present paper establishes the
following result:

Proposition 1.2. Assume I to be depending on n, of the form
I=1 = (e2i7ra eQiTr(a—i-én)
- 4in -— b

where o € [0,1) and (0,,) s a sequence of positive real numbers satisfying

6, — 0

n—oo
nd, — +oo.
n— oo
Then, as n — 400,
E(X.) = né, — Oc; log(nd,) + o(log(nd,))
Var(X!) = fcylog(nd,) + o(log(nd,))
and
E(X!) = nd,
Var(X!) = 001og(nd,) + o(log(nd,)),

with, denoting by  any arbitrary irrational number, ¢; = c1(a, k), ca = ca(a, k),
and { = (k) = §.

In fact, the asymptotic of E(X}) is not computed in Bahier (2019) but can be
deduced by the same method as for Var(X]).

Moreover, in both macroscopic and mesoscopic scales, the fluctuations of X! and
X! are asymptotically Gaussian (see Bahicr, 2019).

In this paper we focus on the microscopic landspace of eigenvalues.
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Microscopic scale. A virtual permutation is defined as a sequence of permutation
0 = (0p)n>1 where for all n, 0, € &,, and o, can be obtained from o,41 by sim-
ply removing the element n + 1 in the cycle-decomposition of ¢,,+1. A remarkable
property of the Ewens measures is that if o, follows the Ewens(f) distribution
on 6,41, then o, follows the Ewens(6) distribution on &,,, for every 6 > 0. Conse-
quently the Ewens measures naturally extend to the space of virtual permutations
6.

Let 6 > 0 and let 0 = (0,),>1 be a random virtual permutation following the
Ewens(6) distribution. For n > 1, let £, ; be the length of the j-th cycle of oy,
in order of appearance (that is to say, in the increasing order of their smallest
elements). We complete the sequence (¢, ;);j>1 by zeros. A result of Tsilevich
(1995) states that for all j > 1, as n — oo,

n En,' a.s,
g = Sy, (1.4)

where (y1,y2,...) is a random vector following the GEM(0) distribution. The
rearrangement in decreasing order of the coordinates of a GEM(#) vector follows
the Poisson-Dirichlet distribution of parameter 8 (PD(6)), and conversely a size-
biased permutation of a PD(f) vector has GEM(6) distribution.

For all j > 1, y; has the same law as a product of independent Beta random
variables (in the literature this representation of the GEM(@) distribution is called
stick breaking process, or residual allocation model, see e.g. Kerov and
Tsilevich (1997) and Patil and Taillie (1977)), and a direct calculation shows that
there exist r € (0,1) depending on # and independent on j, such that

E(y;) <r. (1.5)

Now, a basic property on permutation matrices is that their eigenvalues are fully
determined by the cycle-structure of their associated permutation. More precisely,
each j-cycle of any arbitrary given permutation (once decomposed into disjoint
cycles) corresponds to a set of eigenvalues equal to the set of j-th roots of unity.
This supplies us the equalities in distribution

n
ijz = Z]lfn,j>0 Z Twer (1.6)
j=1 ¢

w'n.d=1

and

Xi = Z Ly, ;>0 Z Tyer, (L.7)
j=1

£ 2i7 P

w'nJ =e n,J

where the ®,, ; are i.i.d random variables uniformly distributed on [0, 1), indepen-
dent of the ¢, ;.

Following the same approach as Najnudel and Nikeghbali (2013), since all the
eigenvalues of (modified) permutation matrices are on the unit circle, it can be
more practical to consider the eigenangles. The corresponding random measures

7(M,,) and 7(M,) can be written as

(M) = Z Ls, ;>0 Z 0z (1.8)

z=0(mod. 27 /4y, ;)
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and

00
T(M,) = 1y, 50 > 5o (1.9)
j=1 z=27®, j(mod. 27 /Ly ;)

In particular, this immediately implies that 7(2,)([0,27)) = 7(M,)([0, 27)) = n,
in other words, the average spacing of two consecutive points of their respective cor-
responding point processes is equal to 2w /n. Thus, if we want to have a convergence
of these measures for n going to infinity, we need to rescale them in order to have a
constant average spacing, say, one. That is why we introduce the rescaled measures

Tn and 7, defined as the respective images of 7(M,,) and 7(M,,) by multiplication
by n/2m. One checks that

+oo
= Z; Lymso >0 () (1.10)
J:

kez Vi

and
“+o0
T = Z]ly(ﬁ,)>025k+i>n,j . (1.11)
=1 7 kez o

Define also the random measures

Too ::io > dx (1.12)

j=1kez\{0}

and
—+o0

Too = DY Orie; (1.13)

j=lkez Y

where the y; are given by (1.4), and the ®; are i.i.d random variables uniformly
distributed on [0, 1), independent of the y;.

Proposition 1.3 (Najnudel and Nikeghbali, 2013). For all continuous functions
f: R — R with compact support included in (0, +00),

a.s.
< Ty f> — < Too, >
n—-+oo
under the coupling of virtual permutations, and

< Tp, f > N < Toos f >
n—-+oo

Najnudel and Nikeghbali (2013) tackle more general modifications of permuta-
tion matrices where the non-zero entries are C-valued (not necessarily of modulus
one, so that the matrices are no longer unitary). For the wreath product S11&,
they also consider more general distributions on S! (not necessarily the uniform
distribution) and provide analog results on their limiting point processes of eigen-
values.

In the present paper we will restrain ourselves to the study of the limiting point
processes related to (My,),>1 and (My,)n>1, though the techniques are expected to
extend to other ensembles of matrices involving permutations under Ewens mea-
sures.
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1.2. Main results and outline of the paper. In the next section we establish that
Proposition 1.3 also holds for indicator functions of intervals. This gives a natural
meaning to the convergence of the counting function of the microscopic eigenangles,
to a limiting counting function. More precisely, we have the following result:

Proposition 1.4. For all positive real numbers o and 8 such that o < f3,

Ta((a, ) == Too((a, B])

n—-+oo
under the coupling of virtual permutations, and

d

Ta((@,B]) —= Tool(a, B]).

n—-+oo
Remark 1.5. It is easy to notice that the laws of the measures 7, and 7, are
invariant by translation. Thus the second point of Proposition 1.4 is equivalent to
say that for all positive real numbers A, 7,((0, A]) i: Too((0, A]). Moreover,
n——+0oo
the choice of including or excluding the endpoints of the interval (0, A] does not
have importance for 7, since for all z € R, 7,,(xz) = 0 almost surely. This is clearly

not true for 7,, but it can be proven that for all fixed z > 0, 7,(z) — 0 = 7Too ()
almost surely as n — oo under the coupling of virtual permutations. Indeed,

To(x) = ZJ‘ZI:&L,PO ]lIyyl)eZ, s0 if 0 < z < 1 we have 7,(x) = 0 (since yj(»n) € (0,1]

for all j such that £, ; > 0) and if > 1 we have for all j,

]ly§ll)>(),:cy§n)€Z < ]l:vy;")ZI < ]lsupn y;.TL)Zl/:c < ]lclﬂzl/?j

(see Lemma 2.1 for the last inequality) which is summable, and then by dominated

convergence we get 7,(x) — 0 a.s., since zy; ¢ Z a.s. and then ]lzy(")EZ — 0 a.s.
j

for each j > 1.

More generally, Proposition 1.4 extends to finite numbers of intervals, which im-
mediately implies that both convergences hold for finite combinations of indicator
functions.

Now, we present our two main results, involving 7o, and Ts:

Theorem 1.6. Let A > 1.

0 A—+
\/log A o

Theorem 1.7. Let a and b be two positive real numbers such that a < b,
(i) Asb— +oo,

N(0,1).

E(T((a,a+ b)) = b — glogb—&- Op(1)
and
Var(roo((a,a + b)) = glogb+ Op(1/10g ).
Moreover,
Too((a,a + b)) — E(7o0 ((a,a + b))
v/ Var(to ((a, a + b]))

~4 N(0,1).
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(ii) Let v be a real number greater than 1. As a — +00 and b= (v — 1)a,

E(7o0((a,va]) = (v — 1)a + Op(1)

and
8(1—2L)loga+ Op(VIoga) ifv =" with ged(r,s) =1
Var(7oo ((a, val)) = { gloga + Og(VlIoga) if v is irrational.
Moreover,

Tso((a, va]) — E(1o((a, val))
Var(7((a, val)))
Remark 1.8. Note that Theorem 1.7 can be related to Propositions 1.1 and 1.2. In

fact, the coeflicients in the asymptotic expressions of the expectation and of the
variance behave similarly, in the following sense:

L5 N(0,1).

e Point (i) is linked to the case of a macroscopic arc of the form I =
(ezi’m‘, 62”5] with o = 0 and 3 irrational, and also to the case of a meso-
scopic arc with the same o = 0 and replacing 3 by §,, (where §,, decreases
to 0 slower than 1/n as n goes to 0o). Indeed, a direct computation (see
Wieand (2000)) of ¢1 and ¢z gives ¢; = % and ¢ = % for this particular
case.

e Point (i7) is linked to the case of a macroscopic arc of the form I =
(e2i”a7e2”5] with « irrational and § irrational, and also to the case of
a mesoscopic arc with « irrational and 8 = a+§,,. Indeed, a direct compu-
tation (see Wieand, 2000 and Bahier, 2019, Appendix B) of ¢; and ¢ gives
c; =0 and

o — %(1—%) if 8= Ca with ged(r,s) =1 and £ > 1
2 5 if a and B are Z-linearly independent.

The empirical measures 7, and T, are related to each other by the following
special link:

Proposition 1.9. Let f € C(R,C) with compact support. Let A > 0. Then
<TwoTuf> -5 <Fu,f>,
A—+oo

where T4 is the shift operator defined by Ta : x — x + A.

The paper follows a linear structure: In Section 2 we motivate the study of the
considered limiting objects and give a proof of Proposition 1.4. In Section 3 we
prove Theorem 1.6. In Section 4, we introduce a main tool that we use in Section 5
for proving Theorem 1.7. This tool is an analog of the ubiquitous Feller coupling,
and has interest beyond our study. Finally, in Section 6 we prove Proposition 1.9.

2. Two natural limiting counting functions. Proof of Proposition 1.4

We begin with the following lemma:

Lemma 2.1. There exist p € (0,1) depending on 0, and a random number C > 0
such that a.s., for all j > 1,

§j i= sup yj(-m) <Cpl. (2.1)

m>1
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Proof: First, it can be checked that for all j, the sequence (1{/]3:«9) is a sub-
N>1
martingale with respect to the filtration (Fx) (see e.g. Tsilevich, 1995 for a proof),
where Fy is the o-algebra generated by (¢p,4,1 < p < N,q < p). Moreover, as this
submartingale is positive and bounded in L? (clear since the terms are bounded by

1), then it follows from Doob’s inequality

E (s aE; )2 <4supE (EN’J' )2
up — u
N2p1N+9 - N2p1 N+96

. In -
and then, since 3% is lower than 1,

Un s
E(s?) < 4(1 +6)? sup E <NN+99>

g .
o 2 . N,j
_4(1+9) N1—1>r-Ii-1c>oE<N—|—0>

<4(1+6)? L E(y")

(N

4(1 4 0)%E( v

lim
N—+4o00
4(1 + 0)*E(y;)
<4(1+6)%r7.

where we use the submartingale property for the first equality, the dominated con-
vergence theorem for the second and third equalities, and (1.5) for the last inequal-
ity. Moreover, using Cauchy-Schwarz inequality we deduce E(s;) < 2(1 + 6)r?/2,

and finally p := # € (0,1) gives

, 1 r1/2\?
P(s; > p’) < —=E(s;) <2(1+96) <>
P’ p
which is summable in j, therefore Borel-Cantelli lemma applies. O

Let a and B two real numbers such that 0 < o < 1 and « <£ < «a+ 1. For all
n, the random numbers X! and X! of eigenvalues of M,, and M, lying in the arc
I (e*™ e%7P] are given by the following expressions (see Wicand, 2000):

XE=3 "1, so([lnjB) = o))
j=1

=n(8 —a)— Z]lzn,j>0({€n7j6} —{lnj0})
and

X = Mg, 50([lnjB— @] — [l o — Dy j))
=1

=n(B—a) =Y 1o, ;50 ({€aiB) = {luja} = Lo, <(en,5) + Lo, ,<(t0,0))

Jj=1
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where (@, ;)n;>1 is an array of ii.d random variables uniformly distributed on
[0,1), independent of (o,,)n>1-
If we replace a and §3 respectively by «/n and 5/n, we get

(e2i7'r|1/n e2i7r6/n]

n
X ’ =f-a-3Y. ]1y;n>>0({y§.”>ﬁ} —{y\"a})
j=1

and
. (eZiTru/n7eQi7rB/n:|

n

_ - (n) (n)
=f-a- Z 1y§”>>0 ({yJ By =y et - ﬂq’n,jﬁ{y;”)ﬁ} + ﬂén,jﬁ{yﬁn)a}) '
i=1

From this it seems reasonable to consider the version n = oo of these quantities,
in order to count the points of the limiting point process obtained as the limit of
the sequence of eigenangles multiplied by n/27 (microscopic scale). The following
proposition gives a meaning to the convergence.

Proposition 2.2. We have the following convergences:

(62i7ro¢/n’62111rﬂ/n] ws. too
X =5 B—a— ({yiBy —{y;a}) (22)
=1

under the coupling of virtual permutations, and
~(62i7rcx/n e2i1r/3/n} too

Xn 7 — /8_04_2 ({y; 8} — {yja} - Lo, <{y;5y + ]l‘I’jS{ijé}) (2:3)

n—oo
j=1

where the ®; are i.i.d. random variables uniformly distributed on [0, 1), independent
of the y;.

Remark 2.3. Note that this proposition is a reformulation of Proposition 1.4.

Proof: First, we know that a.s., for all j, y; > 0, hence 1 450 — 1.

n—>OO
Let z > 0. We are going to show that a.s., Z{yj x} — Z{ij} By
j=1 n—oo 217

Lemma 2.1, almost surely there exists p € (0,1) and a random number C > 0
such that for all j and n, yj(.n) < Cp?, then

l\J\»—t

Jjo €N*, Vj>jo, Vn>1, yMa<
Fix jo. Letting n tend to infinity, as y]( m y; a.s., we have for all j > jo, y;o < %
and then

2} — ()] = ™ — ) — 0.
Moreover, obviously for all j and n,
vz} <Mz < Cap?

which is summable in j. Hence, by dominated convergence it follows

+oo +o00
> Ve — > fyd (24)

j=jo+1 Jj=Jjo+1
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almost surely.

For j < jo the idea is to take n large enough such that the only y;z that could pose
a challenge are integers (discontinuities of the fractional part function). Let ¢ > 0.
There exists N € N* such that for all n > N, for all j < jo,

if Y;T € N

£
00}~ el < {
and then

Jo Jjo
ST Va) — {yat e+ Y Ly pen.
Jj=1 j=1

In addition Zj<j0 1y,2en = 0 a.s. since it is a finite sum of indicators of negligible
events. From (2.4) we deduce that a.s.,

“+oo “+o0
Yotyar — Y {ya
j=1 j=1

It just remains to prove the convergence in distribution of

+oo

@n = Z (14’n,1§{y§"’)6} - ]lcbn,js{y;”"a})

j=1

to
—+oo

Q= Z (]li’jé{yjﬁ} - ]l‘i’jg{yja}) '

=1

Let t € R. Denoting w;,, := {yj(-n)ﬁ} — {yﬁn)a}, we have:

E [ (4™ m1 |
—+oo

= H (€"wjnly, >0 + € (=wjn)lu; <o+ 1 X (1= |wjal))
j=1

400
=[] (1 + " = Dwjnle, 50 — (7" = Dwjnly, <o) -
j=1

Taking the logarithm for j large enough, and noting that a.s. there is no j such
that y;a or y;0 is integer («, 8 > 0), the dominated convergence theorem ensures
that

B (e g1 | =2 B w);21]

for almost every realization of (y;);>1. Applying once again the dominated conver-
gence theorem, we get

lim E [E "<

n—0o0

™) imr]] = B [t B [o

n—oo

(yj)jzlﬂ =E [¢"?].
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3. Limiting point process related to permutation matrices with modifi-
cation. Proof of Theorem 1.6

For A > 0, define
X(A)=A+ Z (H‘PjS{ij} - {ij}) :
j=1
According to the previous section, this random variable counts the number of points
in [0, A] of the limiting point process of normalized eigenangles of M,, when n goes

to infinity, i.c we have X (A) = 7o ([0, A]). Then, proving Theorem 1.6 amounts to
show

X(A)—- A
# A—> N(0,1). (3.1)
Llog(A) 77
Let A > 1. We first notice that we can write

“+o0
-A= ZB(pj)

where the B(p;) are centred Bernoulli random variables of random parameters
p;j := {Ay,}, which are independent conditionally on the y;.
Let A\¢p € R and denote A := A0

V5 log(4)

+oo
ix > B(p;)
Ele = | (gmdma HE [ | (g
+oo
_ H (1 +p; (e’»\(lfpj) _ 1) +(1-p)) (e—i)\pj _ 1))
j=1

A—o00

+o00 2
= I1(1-3n-mrom).

Moreover, since the sequence (p;(1 — p;));j>1 is bounded (uniformly in A) and
using the fact that for all complex numbers z sufficiently close to zero we have
1+ 2z = exp(z + O(2?)), it follows that for all A large enough,

“+oo
iX > B(pj) 22
e I=t =E|exp ——1—1—0 E p;(1

Thus we want to show that

)\
Elexp| ——({1+ 0O\ Zp] —> e 2.

A—o0

—+oo
For this purpose, it suffices to show that the random variable Z4 := @ > pi(1—
j=1

p;) converges in probability to % when A goes to +00. Indeed, if we show this, then
Z4(140O()\)) will clearly converge in probability to % and it will just remain to apply
the definition of the convergence in distribution of Z4(1+ O())) (which is positive
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2
for all A large enough) to the bounded continuous function f : x — exp (—%x)

on [0, +00).
Let € > 0. We cut the sum in Z4 into three parts: j > (1+¢)flog A, (1—¢)flog A <
J<(1+¢)flogA and j < (1 —¢)flogA.
+oo

In the first regime, we have, noticing that for all integers k > 1, " y; = I1Y;

j=k+1 =1
where the random variables U; are independent and follow Beta distribution of
parameters 6 and 1,

P > pil—py)>1

j>(1+¢e)flog A

<P > Ay =1
j>(1+e)flog A

=P I u=

j<(14€)0log A

|

1 1
Y (NS < A
(1 +5)910gAjS(1+8)010gA (1+¢)0

As E(logUy) = fol log(2)02?~'dz = =} and
large numbers yields

(1+€) > _71, then the weak law of

P pj(l—pj)ZI — O7
A—o0
j>(1+¢€)0log A
and then .
P
ogd > pil—p;) —0. (3.2)
j>(1+e)flog A
For the j satisfying (1 —¢e)flog A < j < (1+¢)flog A,
1 1
(1—p;) < —— 1
log A Z pi(l=pj) < log A Z
(1—e)0log A<j<(14¢€)0log A (1—e)0log A<j<(1+4€)0log A (33)
20 .
< 20e + log A

Finally, for j < (1 —¢)flog A, let us show that the sum converges in probability to
%(1 —¢). To this end, it is enough to show that its two first moments respectively
converge to %(1 —¢) and (%(1 - e))Q.

Recall that for all j, p; = {Ay;}, so the computation of the moments is not obvious.
Note that p;(1 — p;) = & — Ba(p;), where By is the second Bernoulli polynomial
(Bz(x) = #* — x + %), which gives a simple expression of its Fourier series. More
precisely, for all z € R we have the following expansion in Fourier series:

217rkx

{Jj}(l - {x} 27‘(2 Z 2
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Hence,

1

@ Z pi(1—pj)
j<(1—e)flog A
(1 —¢)flog A] 1 Z eZimkAy;
- ) 2
6log A 2 IOgAjg(l—s)elogAk;éo

For k # 0,

E (ezmkij) ) [E [e2i7rkAU1...Uj,1(17Uj) | (Um)m<j—1”

1
—F |:/ eQiTrkAUl...Uj1(1—£)9$9—1dx:|
0

Let a € (1 —¢,1) and n € (0,1) that we will precise at the end of the proof.
We write

1 1
/ e2Z7TkAU1'“Uj*l(l_a:)gﬁ[]e_ld[[ — / GQZﬂ—kAUl-A.Uj71(1_$)9$0_1dx]lU1...Uj,lgA—a
0 0

no.
+ / e2z7rkAU1...Uj,l(lfw)0x97ldx]lUl.”Uj71>A_a
0

1
+ / teﬂ.kAUl'”Uj_l(lim)exeildx]lUl_'.Uj_l>A7(x
n

|

For the first term on the right-hand side of the equality,

1
E |: / eZZﬂ'k}AUl...UJ‘71(lfx)ezefldzﬂUlH‘UjilgAia
0

1
S / 0x971dx}P’(U1 e Uj—l S Aia)
0

<P 11 Up < A
m<(1—e)flog A
P v Z log Uy, < >
(1—-¢)flog A m<(1 )6 log 4 - (1-¢)0
— 0
A—+oo

by the weak law of large numbers, since ﬁ < E(logUy) = ’71. Note that the

convergence is uniform in j and k.
For the second term,

no_.
/ eQZWkAUlH.Ujfl(lfm)oxefldl,]lUl.“Uj71>A7a
0

n
S/ 02~ dx = n°.
0

For the third term, an integration by parts gives

1
2imk AUy Uj 1 (1=2) g 6—1 4, — | _ & 901
/n © v [ 2inkAUL... Ui |,

1 e2i7T]€AU1...Uj71(17(E) 0—2
(6 — 1)2°~2d
+/,, 2irkAU; ... U;_y (6 = 1)a""dz,

2'L-7!‘kAU1...U_7‘_1(17:E)
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SO

1
/ e2l7Tk?AU1‘..Ujfl(lfaj)olﬂfldx]lUl”.Uj71>A7a
n

20
27T|k|AU1 N Uj_l

(]‘ + noil)]]'Ul...U]‘71>A7a

O 1+ 1AL,

™

IN

It remains to show that we can choose 7 (depending on A) such that the quantity
max(n?, 771 A%~1) converges to 0 when A goes to infinity. If § > 1 it is clear, for

instance we can take n = A~ If <1, 9= AT works.
We deduce

E (eQiTrkAy]‘) B :+ 0(1)
—+o00

where the o(1) is independent of k and j. Consequently,

1
log 4 > pil-py)

j<(1—e)flog A

0 1 1
T (f0-9+00) - (s T )

j<(1—¢)0log A E#0

_ g(l — o) +o(1).

Now, let us show that the second moment converges to (%(1 — 5))2. We have
2
Z pi(1—p;)
j<(1—€)0log A
(1 —¢e)flog AJ? ~ [(I—¢)flog A] Z Z e2imkAy;
36 62 2

j<(1—€)flog A k#0
j1,j2<(1—€)flog A k,l£0
Let j1,j2 > 1 and k,1 # 0.
o If jo > ji, then
E (ezi”A(kyjl +lyj2))

) []E {QQiﬂ'AkUl...Ujl_1(17Uj1)GZiﬂAlUl...UjQ_l(lijz) | (Um)7n§j2—1H

1
— E |:e2i7TAk)U1..‘Uj11(1Ujl)/ eziﬂAlUl...U]'21(1Z)9x9ldx:|
0

and

1
Q2T ARUL..Uj, —1(1=Uj,) / Q2TAIUL.Ujy 1 (1=2) .0—1 4
0
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1
/ eQ’MTAlUl.“Uj271(172)0x971dx
0

so, dividing into three pieces as previously we get E (62”‘4(’”“1 ”91'2)) =o(1)
where the o(1) is independent of k,[, j; and ja.
e If j; = js and k + 1 # 0, then

E (QQiTrA(kyh -Hng)) =K (eziﬂA(k_H)yjI) = 0(1)
as above.
° Ifjl :jQ andk+l:0) then
E (egmA(kthym)) =1.
Thus,

eZiﬂ'A(kyjl +lyj,)

Bl > 53“‘7??“*

j1,52<(1—¢)0 log A k,15#0

=o((log A+ > D 5 =

<(1—e)0log A k#0
= 0((108‘14)2),

and it follows
2

ji<(l—e)flog A

Consequently,
1 p 0
— i(1—p;) — =(1—¢). 3.4
o3 L p-p) -9 (3.4
ji<(1—e)flog A
Let us now finish to prove the convergence in probability of Z4 to %. For the sake
of simplicity, denote

ZA> = 1p7 > pi(1—pj)
j>(14¢€)flog A

Zay = loglA > pi(1—p;)
(1—e)flog A<j<(14e€)0log A

ZA< = 157 > pi(1—pj).
ji<(l—e)flog A

Combining (3.2), (3.3) and (3.4), we have shown:
ZA * S 289 + Toe A gA
ZA < —) 1 - 6)

Let n > 0. We have
IP’(‘ZA—z’ >n> g]P(ZA>> 4)+IP’<ZA* Z)

0 n ¢ _n
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with
Q)
P (ZA7> > 4) A—s+co 0’
P (Z > 9) <1 ,
Ax 4) = 20t a>1
and
¢ n
P||Z ——(1- = —
(‘ A< 6( &)\ > 4> A—+o0

whence taking e sufficiently close to 0 (only depending on 7 and 6, for example
€ = 145 fits well), we get

0
P(‘ZA_ 6‘ >77> A—>—+><x> 0,

and the proof is complete.

4. Continuous analog of the Feller coupling

Let X be a Poisson process with intensity gdx on (0, c0).
In this section we are going to show that one can couple the set of random vari-
ables {yx, k > 1} with a set of independent random variables which has the same
distribution as X N (0, 1), in such a way that these sets are close to each other in
L?, in a sense which is made precise below.

We choose to label the points of X' in the following way:

0< - < X3<Xo< X1 <1< Xp< X1 <X o<+ <00, (41)

For all k € Z, set Yy := X1 — X.
Denote V:={1 — X1, X; — X0, Xo — X5,...}and W:={Y,: k€ Z, Y, <1}.

To begin with, note that we have the equalities in law {yx, & > 1} 2y and

wLxn (0,1). Indeed, this is a direct consequence of the two following lemmas:
Lemma 4.1.
(Y192, 3, ) £ (1= X1, X1 — X2, X2 — X3,...).
Lemma 4.2 (Scale invariant spacing lemma).
Vi, ke Z}Y £ {X,,, k€ 7).

We refer to Arratia (1998) for a proof of Lemma 4.1, and Arratia et al. (2006)
for a proof of Lemma 4.2. As mentioned by Arratia (1998), the scale-invariant
Poisson process X is a continuum analog of the sequence ({;);>1 of independent
Bernoulli variables involved in the Feller coupling for generating permutations (see
e.g. Arratia et al. (2003) for a description of the Feller coupling and related results).
Indeed, for 7 > 1, the numbers of j-spacings between two consecutive ones in the
infinite word &; &5 ... are independent, and similarly by Lemma 4.2 the spacings
obtained from the process X also form an independent process (in the sense that
the numbers of points on disjoint intervals are independent).

Now, we show that the sets V and W are close from each other in the following
sense:
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Lemma 4.3. There exists a constant number C(6) such that
E((#VAW)?) < C(9).

In particular, for all measurable functions f : R — R,

(Z HOEDY f(ff)) < COIfI1%-

zeV zEW
Proof: We write
V={1-X1}U{Yk, k€Z}\{Y, k<1})
={1-X1JUW\{YV:: E<1, Vi <1}).
Thus,
VAW C{l - X1} U{Yr: k<1, YVip <1}

and then it suffices to show that the number of points in {Y} : k£ <0, Y < 1} is
square-integrable. We write

E((#{Yr: k<0, Y}, <1})?)
= Y PM<h+2 > Y O PY<1 Yi<l).

k=0,—1,—2,... k=—1,-2,... 4=0,—1,....k+1
For all £ <0 and all z € (0, 00),

“+o0
P(Y, > x) = / P(Yy > | X =5)fx,(s)ds
1

_ /1 " e (— / o odt) Fx, (5)ds

where, using basic properties of Poisson processes, fx, (the density function of Xy)
is given by

A(s) " )
=

.s+1
1—exp ( fdt)) st
s

> st< 400
s

Vs> 1, fx,.(s) = (s)e*A(S)

with A(s) == [ %dy. Consequently,

Yo PW<1)

k=0,—1,-2,... 1

b

+oo

(4.2)
1-—

1 S+1

(
“(

0
; 0
since 1 — (Sj_l) s
Remark 4.4. 3", -, [x, (s) is the density probability function of having a point of

the Poisson process at s, which directly gives 0/s.

Now, for all k, £ such that 0 > ¢ > k, denoting by f(x, x,) the density function
of the couple (X, Xk),

P(Y, <1, YVip<1)

/ / P(Y, <1,Y, < 1| (Xe, X&) = (5,1)) fix,,x,) (5, t)dtds,
s= t
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where P(Y; < 1,Y;, < 1| (X, Xk) = (s,t)) is equal to the probability that there
exist at least one point of the Poisson process in the interval (s, s+ 1] and at least
one point in the interval (¢,t + 1], that we will denote by A1((s, s + 1], (¢,t + 1]).
Moreover, the numbers of points of every Poisson process in disjoint intervals are
independent. Thus, denoting A;(J) the probability that there exists at least j
points of the Poisson process in the interval J,

PY, <1, Yp<1) / / Ar((s,8 + 1], (t, t +1]) fix,,x,,) (s, t)dtds
/ / (5,8 + 1)) AL ((t,t +1]) fix,,x,) (s, t)dtds.
s= t=s+1
Let us compute an explicit expression for f(x, x,). For =,y > 1,
—+o0
P(X, <z, Xi<vy) :/ P(X, <z, Xp<y | Xy = s)fx,z(s)ds
1
— [ P00 <y X = 9, (5)d
1x
= [ Acalls ) x50
1

Thus, for z < vy,

2
920y (P(X, <z, Xi<y))
0

= a—(Ag_k(($7nyXz(x))

e < eEk:: (¥ Gdt)m exp (_/ly fdt))

:mmfﬁﬁi;?mCéfﬁ

ool ) () ([ 50) ()

2
Z Z f(Xka)('r:y) = i

Ty
k=—1,-2,...4=0,—1,...,k+1

Remark 4.5. This sum is the density probability function of having points of the

Poisson process simultaneously at z and y, which corresponds to the product of

intensities ¢ x 2.
z "y

We deduce
> Z / (5,5 + 1], (t,t + 1)) frx, x,) (5, t)dtds
k=—1,—2,...4=0,—1,...,k+1

s+1 02
/ / —dtds
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+oo 1
§02/ —2ds=92<+oo
s=1 S

and

(8,8 + 1)) A1 ((t,t + 1)) f(x,,x0) (s, t)dtds
Z k+1‘/ /t s+1 X X)

k=-1,-2,...4=0,—1,.

/ / (5,541 })Al((t,t+1])9—jdtds
S t=s+1 S

2
0
< ( A(s,5 + 11>ds) < +o0
s=1 $
by (4.2). Consequently,
Z Z P(Y; <1, Vi <1) < +oc.
k=—1,-2,... 6=0,—1,....k+1

This shows the first part of the lemma. The second part of the lemma immediately
derives from the first part and the classical inequalities

S ) - Y ) <

eV zeW

ST 1@ < If e #Vaw.

TEVAW

O

A key result for proving Theorem 1.7 is the following simple version of the
Campbell’s theorem:

Theorem 4.6 (Campbell). Let N be a Poisson process with intensity A on R.
Let f : R = R be a measurable function, and denote T := Y _\ f(x). Assume

J min(|f(x)],1)A(dz) < +o0.
Then for all real numbers t,

E(e*T) = exp ( /]R (e“f@) - 1) A(dx)) .

T) = / f(2)A(dx)
Var(T) = /Rf(x)QA dz

We refer to Kingman (1993) for a proof of Theorem 4.6.
From Campbell’s theorem, we deduce the following lemma, which will be useful
in the next section.

Moreover,

and

if these integrals converge.

Lemma 4.7. For all w € R%, let f, be function from R to R, and let T, :=

> fuly). We assume that the following conditions are satisfied:
yEXN(0,1)

e There exists K > 0 such that for all u, |f,| < K.
1

e Forallu, [|f.(z)/dz < +oc.
0
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1
° /5 fu(z)zgdx e +o0.

Then as u — 400,
T, —E(T,)

L5 N(0,1).
Var(T,,)

Proof: Denote N, := %, and v, := /Var(T,). By Theorem 4.6 the Fourier

transform of IV, is given by

VteR E(e”Nu) = ex (/1 ( = fnlz) _ 1) Qd ) —iLE(T,,)
P = P € vu T |e w
0 x

= exp (—t; + /01 (:Zikl' (Zlifu(x))k) zdx>

with
+oo s
! [t K =2 fu(x)?
Z 7 (qu ) Z klvk
k=3
3
< w@m (1),
vy Vu
Thus
1 |+o0 & ;
! 0 HEN [P
/ Zm( fu()) da:gexp(H )| /fu
0 . T
k=3
( ) P K
=eXp
w0 OXP 0(1 o(1)
and finally

O

5. Limiting point process related to permutation matrices. Proof of
Theorem 1.7

Let us introduce the random variable X (s, ¢) which counts the number of points,
between the positive real numbers s and ¢, of the limiting point process related to
permutation matrices (without modification), i.e

—+oo
X(s,t) =t —s—> ({ty;} — {s9;})-
j=1
Here, we choose to generate the ensemble {y;, j > 1} using the continuous analog
of the Feller coupling described above.

Let us begin with three lemmas before stating results about X (s,t). Since their

proofs are technical we postpone them in Appendix.
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Lemma 5.1. Let n be a positive integer. Then

1
1
/@dx = —logn+O(1).
0 €T n—r

0 2

1
1 1
/0 {nx}logxdxnioo 2+1210gn+(9< >

Lemma 5.2. Let £ € N*. Then
n—1 o

k k m m .
U L G B EIPA L L I 1
;< {E”} )Ognn—mo 5+ mZ::lg Oggln 20gn+(’)()

n—1 "

k k i . o
20 080 1)iogl = 2425 D
;({én} >Ognn~>oo 2+mzz:1€ Ogg

Lemma 5.3. Let p,q be two positive integers. Then

/1 ({pz} — {gz})?

=—2(p—q) /(Jl({px} — {gz}) logzdz — ”i (2 {qzlz} - 1) o8 (D

1
+ 3 logn + O(1)

k=1
q—1 j j ged(p,q)—1 m
— 2 p}—l)lo (>—2 lo ()
;( { q *\4 mz:; ® \ged(p. q)
Let a,b > 0. Define f, 3 : © — {(a + b)xz} — {ax}, and denote S := > fo4(y) =
yeV
b—X(a,a+b)and T := > fou(y).
yeEW
5.1. Approximation of S by T. Using Lemma 4.3,
[E(S) —E(T)| < E[S = T| < [[fapllC(0) < C(8) (5.1)

and

|/ Var(S) — v/Var(T)|
< VVar(5 —T) < VE((S — T)2) < [|fanlcV/C(8) < /T(6).

Therefore, as soon as Var(T') — oo we will get
E(S)—S EI)-T »

V/Var(S)  \/Var(T)

Moreover, it is easy to check that f(l [fe, a2 Vel gy < 400, as for all z € (0, ﬁ) we

(5.2)

have fq5(z) = bx. We deduce by Lemma 4.7 and Slusky’s theorem that as soon as
Var(T) — +00, we have —2)=5 L5 N(0,1), i.e Xleatt)E(X(aath)) —>N(O 1).

\/Var(9) V/Var(X (a,a+b))

Furthermore, Theorem 4.6 applies and gives

E(T)=160 1 de

0 T
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and

Var(T) = 9/01 fa’bT(x)zdx.

5.2. Proof of point (i) of Theorem 1.7.

5.2.1. Proof for a,b € N*. Assume a,b € N*. Then Lemmas 5.1, 5.2 and 5.3
provides all we need for the computation of the asymptotics of E(T) and Var(T)
when b tends to infinity.

Denote p=a and ¢ = a + b.

If @ is fixed and b goes to infinity, then using Lemma 5.1,

E(T) = g logb + Oy(1) (5.3)

and

—2(p— Q)/O ({pz} — {qz}) log zdx

1 o (3))
— g — I de + - — — +0| -
(q p)(/o{m}ogxx 2 12 ¢ q
_ 1
:qqp(<1+2/ {px}log$d$>q—élogq+0(1)>
0

with ©2 =14 O(3). Besides, clearly since p is fixed

1
q
p—1
k
(2 {kq} = 1) log <> —o(1),
k=1 p p
and using Lemma 5.2,

5l ())

Furthermore, as ged(p, q¢) < p,

ged(p,q)—1 m
log [ — ) = o(1).
2. los (gcd(p, q>> M

m=1

We deduce by Lemma 5.3

[t

1 p—1
P m m 1 1
= <1+2/O {px}logmdx—z—sz_lplogp>q+ (_6+2) logg+ O(1)

1
=3 log g+ O(1).
Indeed,

p—1 k+1

1 P
/0 {px}logxdx = Z/k (pz — k) log zdx

k=0"»p
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Uy E+1l. k+1 k41 Eook ok
—Z Zl log — — | —log———
—\ P P P p P P

i=1 \P
p—1 . .
1
= % + a log J 3
=r p
It follows )
Var(T) = 3 log b + Oy (1), (5.4)

and as ‘\/Var(T) - \/Var(S)‘ = Oy(1), then
1/2 2
Var(X (a,a + b)) = Var(S) = ((glongrOg(l)) +(99(1)>

0
=3 logb + Op(+/logb).
From the previous paragraph we deduce

X(a,a+0b) —E(X(a,a+b)) _4, N(0,1) (5.5)
Var()((a7 a—+ b)) b—00 L .

5.2.2. Generalization for all a,b. Assume now a, b to be positive real numbers, with

b > 1. We have the inequalities
0< X(a,a+0b)—X([a],|a] + |b]) = X(a,[a])+ X(|la] + |b],a+ D))

X(a, [a]) + X(la] + [b], [a] + 2+ [b]),

IN

with

E(X(la] +[b); [a] +2+[b])) = Os(1) (5.6)

by (5.1) and Lemma 5.1.
Moreover,

Nvar(X(a,a +b)) — /Var(X([al, [a] + [b]))
< /Var(X(a,a+1b) - X([al, |a) + [b]))
= \/Var(X(a, [a]) + X (|la] + |b],a +b)
< V3y/Var(X(a, [a])) + Var(X([a] + [b], [a] + b)) + Var(X ([a] + b,a + b))
<3+ Var(X(a, [a])) + Var(X (|a] + [b], |a] + b)) + Var(X (|a] + b,a + b)).

Let us show that Var(X (|a| + |b], [a] + b)) + Var(X(|a] +b,a+ b)) = Opy(1).
For the first term, from (5.2) it is enough to show

J R LSS (IR oy

0 X b—o0

(1). (5.7)
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For the sake of simplicity, denote m = |a|. We have, for all = € [0, 1),
{(m +b)x} —{(m+ [b])x}
= {(m+b)z — (m+ [b])2} = Liim+t)e—(m+|b))z} +{(m+ b))z} >1
= {0}z = Lgyor (ot [0))a}>1
so that

/1 {(le) +0)2} =AU +[OD=D" 1 1 o)
; b

x — 00

where I, := fol %]l{b}x+{(m+|_bj)a:}>1dx~ We want to show I, = O(1). We cut the
integral as follows:

1/ (m+(b]) 1
L :/o Lot {m+p)ay>1de

mALI =L (k1) /(m (b)) 4
+ / “Lityat {(m+ (b))} >1d2.
1 k/(m+|b]) x
‘We have
1/(m+[b]) 1 1/(m4+1b]) 1
/0 Eﬂ{b}z+{(m+LbJ)z}>1dx :/0 ;]l(m+b)z>1dx
1/(m+[b)) ¢ ——
= —dz = log ( >
1/(m+b) T m+ |b]
H s
b—oo

and for all £ > 1,

(k+1)/(m+[b]) | (k+1)/(m+[b]) |
/ —Lipyat{(m+b))er>1dx :/ — Lo (kr1)/(mrvydT
k/(m+[b]) z k/(m+b]) z
1 /(k+1)/(m+LbJ)
< dx
k/(m+ [b]) Jks1)/(m+b)
k+1 1 1
= —_— b —
k (m+15]) <m+ |b] erb)
< 2
~m+ b’
Hence I, < o(1) + 2 = O(1). A very similar computation gives Var(X (|a] +b,a +
b)) = Op(1).
We deduce

VVar(X (a,a + b)) = /Var(X([a], la] + [b])) + Op(1)
which, combining with (5.2), yields

v Var(X(a,a+b)) = \/glong—Og(l). (5.8)
Using Markov inequality, (5.6) and (5.8) imply
X(a,a+0b) - X([a],[a] +[b])

— 0
Var(X (a,a + b)) b—o0
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and applying Slutsky’s lemma it follows

X(a,a+b) —E(X(a,a+10))
v/ Var(X (a,a + b)) bjo NOD

which completes the proof.
5.3. Proof of point (i) of Theorem 1.7.

5.3.1. Case v rational.

Lemma 5.4. Let f be a non-negative function on [0,1] such that f is integrable on
[0,1] and z — @ is integrable in the neighbourhood of 0. Let t € R. Then

Vit '
J F a2 teen) [ sz +o0)

Proof: Let t > 2. It suffices to write

/ f(tz}) o / flz}) 4

/f d+2/k+l feh) g t@dx

Lt]
and to notice that

[t]-1

S [ e 3 [ 10D

1t) f(x ] / f

We are ready to prove point (i7) of the theorem for the case v = = with £ > 1
and ged(r,s) = 1.
Let a € R. We want to show

Xl - GDe o oy

VOloga(§—a7) 7

1
65T
With the notation T'= > {(a + b)y} — {ay}, we established that as soon as
yew

[t)—-

Z/f

and

O

Var(T) — oo,
X(a,a+b)—b+E(T)
Var(T)
Set b = (7 - 1) a. Using twice Lemma 5.4 with the identity function and ¢ = Za
and then t = a, we get by subtraction

E(T )—9( 1og( )—;loga—i—(’)(l)):(’)e(l).

45 N(0,1).
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Now, denoting ¢ := %, for all 2 € [0,1],

{az} — { ax} = {sta} — {rtz} = (s — r){tz} — Z Lipy>m + Z Litay>n.

Hence applying Lemma 5.4 with the function

s—1 r—1 2
frxm ((s—r)x— Zﬂ@% +Z]1“'27>
m=1 n=1

we get

/ ({ax} — { ar})” / f{t= dr = logt / f(z)dz + O(1),

0
The author in Bahier (2019, Appendix B) shows that

1
[tz = tim LS ({sja) - {rja)
j=1

where « is any arbitrary irrational number, and computes this limit explicitly, equal
1

to % — ger» Which gives the claim.
5.3.2. Case v irrational. Let v be an irrational number. For all a > 0, let p, be the
empirical measure of (U, vU,) on (R/Z)?, where U, is a uniform random variable
on [0, al.

Then, the Fourier transform of p, is given for all (k,1) € Z? by

— 1 ¢ T v)x
,ua(k,l) = 7/ 62 (k+l ) dl‘ — ]lk+lV=0-
a Jy a— 00

Since v is irrational, then k + v = 0 if and only if (k,1) = (0,0). We deduce that
Ha converges to the Lebesgue measure of dimension 2 on [0, 1]2.

Let f be a function from (R/Z)? to R defined by f(x,y) = (v —y)%. f is
continuous everywhere, excepted on R/Z x {0} and {0} x R/Z, which are of measure
zero with respect to the Lebesgue measure of dimension 2. Hence by the continuous

mapping theorem,
/fdua // T—y dxdy—*
a—r 00

so that by a change of variables we get

1 a
1 1
/ ({az} — {vaz})?dx = 7/ ({z} — {va})?dz = /fd,ua — —. (5.9)
0 a Jo a—oo O
It remains to show that this implies

1 ! ({azx} — {vaz})? 1
loga/ - de — = (5.10)

a—o0o 6

Assume a > 1. We write

[ ek,

/ flleh ), s /k“ fladvad) [ Faddved)

el x La] x
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with fol de < +oo, and fﬁz] de = O(1) since f is bounded.
Moreover, for all integers k > 1,

1

k+1 k+1 T v k+1
[ ftehepae < [ I as 0 T g, apya,

For the right-hand side inequality, denoting aj, := % and by, := :H f{z}, {va})da,
a summation by parts gives, for all n > 1,

n n n—1 k
Zakbk =an, Zbk - Z Z b (Gk+1 — ax)
k=1 k=1

k=1m=1
1 k-’rl

n+1 n—1 1
= et X s [ e s

n

and from (5.9) we deduce
n n—1
1 1/1
apbry = - +0(1) + — | =+o(1
g:l ke = & +o(1) k§:1 (6 ( ))

1
=3 logn + o(logn)

o~

as n — co. Replacing aj, by %_H leads to the same asymptotic expression. Hence,
from the squeeze theorem,

1 la]—1

loga

b

/k“ [t dvad) 1
k

T a—00
k=1

which gives (5.10).

6. Translation of the limiting point process related to permutation ma-
trices. Proof of Proposition 1.9

In this section we show that the translation of the limiting point process related
to permutation matrices converges to the limiting point process related to modified
permutation matrices. The precise statement corresponds to Proposition 1.9. We
will need the following lemma:

Lemma 6.1. For all j € N*,

({Ay1}7{Ay2}a 7{Ay]}7yla7y]) i> ((I)17a(b]ayl7 7y])

A—o00

where ®1,...,®; are i.i.d random variables uniformly distributed on [0,1) and in-
dependent of y1,...,y;.

Proof: Let j € N*. We know that ¢ := (y1,...,y;) has a density with respect to
the Lebesgue measure (see Arratia et al., 2003). Hence, for all keZiand X € R7,

E [emART+XT) — g [oFErARD | - for AR+ X) — 0
— 00

as soon as k = 0, applying Riemann-Lebesgue lemma. O
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We are ready to prove Proposition 1.9.
Let f be a continuous function from R to C such that suppf C [-M, M] for any
M > 0. With the same notations as in the previous lemma, we want to show:

IO Y ()

kezZ\{0} kcZ
Let jo € N*. The probability that there exists non-zero terms in the sum

j>1 Jj=21
(R s
<)

kEZ
2| <ar)
-1

J=Jjo
:Z P(®; < My,;)+P(1 —®; < My,) + Z P 4>|k*q)j|
£ J = j g > Y Y; = Vi
J=jo k=—|M|-1

k —
]P)<3k€Z7 3]2]07

<Yy |

j>jo kEZ

SE et

-1 [M]+1

; ; Mri Mri
SZ Myl Mri+ > — ]
Jj=2jo k=—|M]-1 k=2
< 2M (1 + log(M + 1))Tj0
- 1—7r

where we recall that r is the constant given by (1.5). Thus

k—®,
IP’(EIijO, 3k € Z, f( J);Ao) — 0. (6.2)
Yj jo—00
Let A > 2M. The probability that there exists non-zero terms in the sum
> f (E - ) 18
keZ\{0}
J=Jjo
. k
P{ 3k e Z\{0}, Jj >jo, | ——A| <M
Yj

k k
=P(4d ZN[1, M+ A], 37> jg, —— <y; <
<k6 ﬂ[, + }7 ]_j07M+A_y]_ >

since 0 < y; < 1 as. for all j. Moreover, the intervals

&

hN

hN
(RES

| S
o
]
o,

{ 12114’ fj]b} overlap if and only if k > 4=

On the one hand,

A-M
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On the other hand, assuming jo > 3, it is easy to check that (y;);>j, < (Py;)j>2
where P := U,...Uj,_1 is a product of j, — 2 independent Beta(6,1) random
variables, and we deduce

- M k k
ea— > i, —— <y, <
]P’(EkeZﬂ[l, Wi } 37 = Jo, MJFA_yJ_A_M)

. (A-M
—]P’(EIICGZO [l,mm (W,P(M—&—A))} ,

37>2 — <y, < — .

T=S Por+A) =Y = P(AM))

Conditionally to P, the corresponding quantity is bounded by the probability that
there is at least one point of X located in the disjoint union

U [P(Mk—l—A)’P(Ak—M)] ’

keZN[1,min( 453, P(M+A))]

hence

A— M k k
<y < ———
]P’(HkEZﬁ oM 3J*JO’M+A yjA—M)

M
P(A—M) ()
<E|1-—exp Zdz
__k X
1<k<m1n 2M P(M+A)) P(M+A)
<1- exp <
<1- exp <

gumin (Z5 PO+ ) ) 1os (1557 ))
<

2M M+A)>>
<1—E (exp(—6MHP

A-M

)
In addition, P converges almost surely to 0 when jg goes to +oo, and 0 <
exp(—6M6OP) < 1, then by dominated convergence E (exp (—6M6OP)) — 1.

]0 ——+o00
Consequently,

sup P <aj > jo, Ik € Z\ {0}, f ( - A> £ o) — 0. (6.3)

] Jo—00

Furthermore, it is easy to check that

Sxs(55h)-

j=1keZ Yi

> (50)

(J,k)€Sj,
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and
Jo
k k—{Ay;
Z Z f(}A)- Z f({y]})
j=1keZ\{0} Yi (4,K)€S5q, Yi

where S;, :=={(4,k) : 1 <j <jo, |k|] < M+1} is finite. Using the previous lemma
and the continuous mapping theorem we deduce

> or(fEe) oy (R (6.4

(Gk)eSs, i Ghes, Y
Now, let g be a continuous and bounded function from R to R. For all j and A,
let Viga:= > f (yﬁ —A), and V; = Y f (k;%). For all jo > 1, denoting
kez\{0o} 7’ kEZ %

Qj, :={¥j > jo, Vj,a = 0}, we have

Efg Z Via =Elyg Z Via ) la, | +E|g Z Via | lge
i>1 3<do i>1 70
=Elg Z Vija —Elyg Z Vi ]IQE
<o 3<jo 0

+E|g ZVj’A ]lQJG'o

i>1
=E{g| Y Via||+0O@E0L)).
3<Jdo
Hence

lim E|g ZVJ‘,A

A—o0 i>1

m Efg| ) Via +O(supP(3j 2 o, Vi.a #0)

Ameo i<io
=E|g( DV +O(supP(3j = jo, Via #0))

J<jo

=E(g|>V +O(P(Fj = jo, V; #0) +5upP(3j = jo, Via #0))

Jj=1

= Elg D Vi|]+o()

Jo—00
’ j>1

where the second equality derives from the convergence in distrbution (6.4), and
the last equality follows from (6.2) and (6.3). This gives (6.1).
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Remark 6.2. This result can be easily extended to simple functions (linear com-
bination of indicator functions) with compact support. In particular we have the
following corollary:

Corollary 6.3. Let s,t € Ry. Using the notations of Sections 3 and 5, we have
i =~
X(s,s+1) el X(t).

Proof: Tt suffices to write

X(s,84+1t) = Too((s, 5+ 1]) Z Lk _se
kezv{o}
§>1
X(t)ZTOO Z]lkd c0.’
kez Y
7>1
and for allz € R, a.s., > 1i-s; I 0, so the continuous mapping theorem applies
i
with f = 1 under a similar reasoning as in the previous proof. O

Appendix

In this section we prove Lemmas 5.1, 5.2 and 5.3.

Proof of Lemma 5.1. Let n € N*. A simple change of variables (t = nx) gives

{m’} /—dt_1+Z/

with for all k> 1 and ¢ € [0, 1]

1
,k+1_t+k§ , thus

121
1+ = Zk+1*/{ }dx<1 5,;E

so that

— 00

1
1

/de = —logn+ O(1).
0o n 2

The same change of variables leads to

1
/{nm}logmdx
0
n—1 1
:Z/ tlog(t—’—k)dt
—=Jon n

n—1 1
1 1
= filogn+ - ZO/O tlog(t+ k)dt

k
n—1 1 2
1 1 1 1 t
=—=1 — —log(l+k)— = dt
QOg”+nkZ:()<20g(+) 2/0t+k )
n—1
1 1 1 1
=-3 — N — - — - —k+ k%1 1+-1).
logn—l— log(n) in an 1<2 + og( +k‘)>
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Moreover, as a consequence of Stirling’s formula,
1

log(n!) = mnlogn—n+ -logn+ O(1),
n—oo 2

and furthermore we have

1 , 1 1 1
L. log (142) = — 1.
g WAk Og< +k>k—>oo3k+o(k2>

We deduce
/Ol{nx}logxdx = —% + % logn + O <le> - % logn + O (711)
= f%JrﬁlognJrO (i) .
Proof of Lemma 5.2. Let £,n € N*. A summation by parts gives

n k k n—1 1 k ]
ZEIOgﬁ:_;bg (1+k)zn

Thus, on the one hand,

n—1 k k n—1 k k -1 n— k
Z{Kn}logn =/ (gnlogn> — Z Zﬂgnggﬁ

k=1
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-1
J4 m m m
= |-= 1— — 4+ log — 1
4+m_1( £+£Ogg) n+ O(1)
-1
V2| m
l4 5t 2 gloeg |t o)

and on the other hand,

n—1 n— £—1 n—
k k k k k
_67 1 7:_4 71 - ]]. 'ml -
0O IS ) DL

k=1 k=1 m=0 k=1
A m m m iy k
= —£+1—§Tlom n+0(1 +Zlof
TlaT2 T Y .

Finally, it just remains to see
n k n—1 1 1
kz::logn ;kog< +k> n+20gn+(’)()

Proof of Lemma 5.5. Let f:x — ({px} — {qz})?. Denote for all positive integers
m, B, = {%, 1<k<m-— 1}, and let E,, = E, U E,. Noticing that z
({px} — {qz}) is a piecewise linear function with constant slope equal to p — ¢ and
jumps at multiples of 1/p and multiples of 1/¢q, the derivative of the distribution
T related to f on (0,1) is given by

(Tf —Tf/—l— Z T—|—0 (T‘—O))(gr

r€Ep 4

=20-q){p} —{aD)+ D (fFlr+0) = f(r—0))s,

rekly, 4
Thus, integrating by parts gives
' f(x) '
[ F e = 26-0) [ (o)~ (azhogads = 3 (5(+0) ~ £~ 0) ogr
0 0 rEEy
If r € E, N Ey, it is easy to check that f(r +0)— f(r—0)=0.
2
Ifr—kg_iE then f(r+0) — {q%} ( { }) :Q{qg}—l.
Symmetrically if r = J ¢ E, then f(r +0)—f(r—0)=2 {pa} - 1.
Finally we get

> (fr+0) = f(r—0)logr

rek, 4

- 2 Ol e() e

1,k
ats

V)

v
-Q

(e 2)e ()

=
—
Q[
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-Gt () S el ()

j=1
ged(p,q)—1 m
+2 log () .
mZ:l ged(p. q)
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